arXiv:2404.13758v1 [math.QA] 21 Apr 2024

On commutative set-theoretic solutions of the Pentagon
Equation

Marco CASTELLI

Abstract

We extend the so-called retract relation given in ﬂa] for involutive set-theoretic
solutions of the Pentagon Equation and we introduce the notion of associated
permutation group to study the family of the commutative non-degenerate ones.
Moreover, we develop a machinery to construct all these solutions and we use
it to give a quite explicit classification of the irretractable ones. Finally, non-
degenerate solutions on left-zero semigroup are studied in detail, with an em-
phasis on the ones with cyclic associated permutation group and on the ones
having small size.
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Introduction

A pair (8,V) is said to be a solution of the Pentagon Equation if V is a vector
space, S is a linear map and the equality

823813812 = 812823

holds, where S;; is the map from V@V ®V to itself that acts as S on the (i, 5)-
factor and as the identity on the remaining factor. Solutions of the Pentagon
Equation appeared in several context, such as Hilbert spaces, quantum groups
and Hopf algebras; here, we give only some references @, @, @, @, @, @]

In recent years, several people studied this equation using teqniques and ideas
that are similar to the ones used for the Quantum Yang Bazter equation, another
famous equation that comes from the field of Mathematical Physics. In the
context of the Quantum Yang Baxter equation, several papers, following the
approach suggested by Drinfield (see [7]), focus on the classification-problem
of the simplified case of set-theoretic solutions. Bijective non-degenerate set-
theoretic solutions received a lot of attention and several authors developed
various teqniques to find and classify them (see for example ﬂg, 9,10, ]) In this
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context, two useful tools reveal their importance: the retract relation, introduced
in [8] for involutive solutions and considered in [12] for bijective solutions, and
the associated permutation group. The retract relation, which is an equivalence
relation defined on the underlying set X of a solution, allows to construct new
solutions of smaller cardinality and provides a way to study an arbitrary solution
focusing on the so-called retraction-process. The associated permutation group,
which is a permutation group generated by two standard maps provided by
a non-degenerate solution, allow to give structural informations on solutions
and provides a natural approach to find and classify bijective non-degenerate
solutions: indeed, given an arbitrary group G, one can try to construct and
classify all the bijective non-degenerate solutions with associated permutation
group isomorphic to G. Even if we are far from a complete classification of
set-theoretic solutions of the Yang-Baxter equation, several families of solutions
are completely understood (see for example [3, 111, 13, 127)).

As we said before, some authors introduced in the context of the Pentagon
Equation some ideas and tools used to study Yang-Baxter Equation. In that
regard, in 1998 Kashaev and Sergeev [17] began the study of the set-theoretical
version of this equation. Specifically, a pair (S,s) is said to be a set-theoretic
solution of the Pentagon Equation if the equality

523513512 = 512523

holds, where s12 = s x id, s23 = id x s and s13 = (7 x id)(id x s)(7 x id) are map-
pings from S to itself and 7 is the flip map. Similarly to what happens in the
context of Quantum Yang-Baxter Equation, every set-theoretic solution (.S, s)
induces a solution of the Pentagon Equation (V,S), where V is a vector space
having S as a basis. Following the terminology given in [4] and writing the
the map s as s(x,y) := (z-y,0,(y)) for all 2,y € S, several authors investigated
these solutions by several algebraic structures associated to the operation - or
to the maps 6,. In [17], Kashaev and Sergeev completely describe the invert-
ible solutions under the assumption that (5,-) is a group. This description has
been extended by Catino, Mazzotta and Miccoli in [4], where the invertibility
of solutions is dropped. Moreover, they completely classified all the solutions
(S,s) for which the operation x * y := 6,(y) makes S into a group structure.
Other remarkable results has been obtained in [21], where the authors studied
solutions on Clifford semigroup.

By a different point of view, other papers focus on the map s. In [5], maps s
which makes (.9, s) into a set-theoretic solutions of the Pentagon Equation that
is also a set-theoretic solution of the Yang-Baxter equation have been charac-
terised. In [19] Mazzotta studied idempotent solutions, i.e. solutions (S,s) for
which s? = s, while in [6] Colazzo, Jespers and Kubat provide a complete de-
scription of involutive solutions, i.e. solutions (S, s) for which s? = idgxs. The
main tool used to describe involutive solutions is the retract relation, which is
very similar to the one introduced by Etingof, Schedler and Soloviev to study
involutive solution of the Yang-Baxter equation [§]. Further results involving
set-theoretic solutions of the Pentagon Equation and other areas of Mathemat-
ics can be found in [2, [14, [16].



In this paper, we study commutative non-degenerate set-theoretic solutions of
the Pentagon Equation. By results contained in [6, Section 3], this family of
solutions includes the involutive ones, even if we will explicitly provide exam-
ples that are different from the ones given in [6]. To our goal, we will introduce
two key-ingredients: the retract relation, which is consistent with the one intro-
duced in [6] for involutive set-theoretic solutions, and the associated permutation
group, which is similar to the one introduced in [§] for involutive set-theoretic
solutions of the Yang-Baxter equation. As a first main result of the paper, we
will show that the action of the associated permutation group is always semi-
regular. This fact will be useful in two directions: in the first one, it provides a
method to construct all the commutative non-degenerate set-theoretic solutions;
in the second one, it allows to detect and characterise easily all the irretractable
solutions, which will be studied in detail in Section 4. In the main result of this
section, we will show that the isomorphism class of the associated permutation
group is all we need to construct all the finite irretractable solutions. As a corol-
laries, we will extend some results contained in [6] in the context of involutive
solutions.

Following |20, Problem 7], in the last part of the paper we will focus on solutions
on left-zero semigroups. Here, we will develop an extension-tool useful to con-
struct all the non-degenerate ones. A family of solutions that includes the one
exhibited in |6, Proposition 5.1] will be provided. Moreover, the non-degenerate
ones having cyclic associated permutation group will be classified. We will close
the paper providing some classification-results on solutions having small size.

1. Basic definitions and results

Let S be a non-empty set and s a map from Sx S to itself. Then, the pair (S, s)
is said to be a set-theoretic solution of the Pentagon Equation if the equality

523513512 = 512523

follows, where s15 = s x id, sa3 = id x s and s13 = (7 x id)(id x 8)(7 x id)
are mappings from S® to itself and 7 is the map from S x S to itself given by
7(x,y) == (y,z) for all z,y € S. From now on, the pair (5,s) will be simply
called solution.

We say that (S,s) is finite if S is finite as a set and bijective if s is a bijective
map. Moreover, we will refer to the order of a bijective solution (S, s) as the
order of the map s. Writing s(x,y) = (z-y,0.(y)), by a routine computation,
one can show that a pair (S, s) is a solution if and only if the following equalities

(zy)z=2(y2) (1)
02(y) oy (2) = 02 (y-2) (2)
90m(y)9w~y =0y (3)

hold for all z,y,z € S. If (S,s) is a solution, by Eq. (1)) the algebraic structure
(S,+) must be a semigroup that we will call the underlying semigroup and we
will say that (S,s) is a solution on the semigroup (.5,-).



Examples 1. a) If (S,-) is a semigroup and f an idempotent endomor-
phism, then the map s from S x S to itself given by s(z,y) := (z-y, f(v))
give rise to a solution of the Pentagon equation (see [4]).

b) If (S, +) is an elementary abelian 2-group, then the map s from S x S to
itself given by s(z,y) := (z,z + y) give rise to a bijective solution of the
Pentagon equation (see [6]).

c) If S'is a a set and f,g are idempotent commuting maps from S to itself,
then the map s: 5 xS — S xS given by s(z,y) = (f(x),9(y)) give rise
to a solution of the Pentagon equation (see [22]).

A special classes of solutions that are considered in literature are the commu-
tative solutions (see [1]) and the non-degenerate solutions (recently introduced
in [20]).

Definition 1. A solution (S, s) is said to be commutative if and only if s15813 =
513512.

By a simple calculation, we have that (S,s) is a commutative solution on a
semigroup (S,-) if and only if

Ty z=x2Y and Opy =0y

for all z,y, 2z € S. The semigroups satisfying the first equality will be called weak
commutative semigroups.

Definition 2. (|20, Section 1]) A solution (S, s) is said to be non-degenerate if
0. is bijective for all x € S.

Example b) of Examples [l provides a family of commutative non-degenerate
solution. By results contained in |6], commutative solutions and non-degenerate
solutions contain the family of the involutive ones.

Proposition 2 (Corollaries 3.3 and 3.4, [6]). Every involutive solution is com-
mutative and non-degenerate.

Other examples of commutative or non-degenerate solutions come from solu-
tions on left-zero semigroups, where a semigroup (.S,-) is said to be a left-zero
semigroup if z-y = x for all z,y € S.

Proposition 3. Let (S,s) be a solution on a left-zero semigroup. Then, (S, s)
is a commutative solution. Moreover, (S, s) is bijective if and only if it is non-
degenerate.

Proof. Staightforward. O

For a non-degenerate solution (S,s) we introduce a standard permutation
group.



Definition 3. Let (S,s) be a non-degenerate solution. Then, the subgroup
of Sym(S) generated by the maps 0, will be called the associated permutation
group and will be indicated by G(S, s).

Example 4. If (S, +) is an elementary abelian 2-group and (.S, s) is the solution
given by Example b) of Examples[I] the permutation group G(.S, s) is isomorphic
to (S,+).

Definition 4. Two solutions (.5, s) and (7, t) are said to be isomorphic if there
exist a bijection ¢ : S — T such that (¢ x ¢)s =t(¢p x @)

By a standard calculation, one can show that if ¢ is an isomorphism of two so-
lutions (S, s) and (T,t), then the underlying semigroups of these two solutions
(S,-) and (T, ») are isomorphic and ¢ also is a semigroup isomorphism.

We close the section giving the new (but standard) notion of subsolution.

Definition 5. Let (.5, s) be a solution on a semigroup (S,-). A subset T of S
is a subsolution of (S,s) if (T,s,,,) again is a solution.

By a standard calculation, one can show that T is a subsolution of a solution
(S,s) if and only if T is a subsemigroup of (S,-) and 0,(y) € T for all x,y e T

Example 5. Let (S, s) be a finite solution on a left-zero semigroup (.9, ). Then,
every union of orbits (respect to the action of G(S,s)) of S is a subsolution of

(S,s).

2. Commutative non-degenerate solutions and semi-regular groups

In this section, we focus on some properties relating the structure of the as-
sociated permutation group, the underlying semigroups and the maps 6,. In
particular, we show that the action of any associated permutation group is semi-
regular and we provide a construction of commutative non-degenerate solutions
starting from a weak commutative semigroup (.9, ) and a semi-regular subgroup

G of Aut(S,-).

At first, we show two technical lemmas. Recall that a permutation group G
acting on a set S is said to be semi-regular whenever the equality g(s) = ¢'(s),
with g,¢’ € G and s € S, implies g = g’ (or, equivalently, every element s € S has
trivial stabilizer, see |25, pg. 31]).

Lemma 6. Let (S,s) be a commutative non-degenerate solution. Then, for
every orbit S; (respect to the action of G(S,s)), there exist z € S; such that
0. =1ids.

Proof. If x is an arbitrary element of S; and we set z := 6, (x), we obtain that
z € S; and by Eq. (3) we have 6, = 9w9;1 =idg, therefore the thesis follows. [

Lemma 7. Let (S,s) be a finite commutative non-degenerate solution and z an

element of S. Then, Oy, =0.g7" for all g€ G(S,s).



Proof. Since S is finite, every element g € G(S,s) can be written as 0,,...0;,
for some suitable n € N and z1,...,z, € S. Therefore, we show the claim by
induction on n. If n = 1, being (S, s) commutative, the thesis follows by Eq. [@).
Now, suppose that 0p, g, (2)= 0.(0s,...0,, )" for a fixed n € N and every
Z1,..,Tp-1,2 €S. Then by inductive hypothesis we have

09, ..0,, (=) = 09, (z)(Oy 0, )"

Tn

for all z1,...,x,,2 € S and applying again Eq. (B]) we obtain
0o, (+)=0:05" (0,00, )" =0.(0,...0,,)7"
therefore the thesis follows. O

As a first result of the section, we show that the action of the permutation
group G(5, s) of an arbitrary finite commutative non-degenerate solution is semi-
regular.

Theorem 8. Let (S,s) be a finite commutative non-degenerate solution. The
action of the group G(S,s) on S is semi-regular.

Proof. If g,¢g" € G and z € S are such that g(z) = ¢’(z), then we have that
0y(z) = 04(2) and by Lemma [T the equality 6.g™' = 6.¢'~" follows, hence g = ¢’
and the thesis follows. O

Remark 1. In [6, Lemma 2.4] it was shown that if (.S,s) is a bijective solution
on a left-zero semigroup, then (S,s) is non-degenerate and all the 6, that are
different from the identity map are fixed-point-free permutations. Since all the
bijective solutions on left-zero semigroups are commutative, Theorem B give an
extension of the second part of [6, Lemma 2.4] in the finite case.

Following |29, Chapter 1], if G is a group acting on a set S, a subset Sy of
S is called a block if for each g € G the set g(S1) coincides with S; or has no
elements common with S;. A partition {51, ..., S, } of S is said to be a system of
blocks if each S; is a block. The following result provides a method to construct
new commutative non-degenerate solutions on a weak commutative semigroup.

Theorem 9. Let (S,-) be a weak commutative semigroup, ~ a congruence of S
such that S| ~ is a left-zero semigroup and G be a subgroup of Aut(S,-) such that
its action on S is semi-reqular. Suppose that Si,..., S, are the orbits respect to
this action and T = {T1,....,T} the partition induced by ~. Moreover, assume
that every S; is a set of representatives of S| ~ and T is a system of blocks of
g.
Now, choose T in T and let 0 be the map from S to G given by 05 := ids and
Og(s) = gt for all seT and g€ G. Then, the map s: S xS —> S xS given by
s(z,y) = (z-y,0:(y)) give rise to a commutative non-degenerate solution.

Proof. Being (S,-) a semigroup, Eq. () follows. Now, since the action of G on
S is semi-regular and |S; nT;| =1 for all i € {1,...,7}, j € {1,...,m}, a standard



calculation shows that the map 6 is well-defined. Moreover, being S/ ~ a left-
zero semigroup, we have that z-y ~ x for all z,y € S and hence 0., = 0, for all
x,y € X. This facts, toegheter with G < Aut(S,-), implies Eq. [@). Therefore,
to show the thesis, since 0,, € Sym/(S) for all x € S and S is a weak commutative
semigroup, it is sufficient to prove the equality

09, (y) = 040,

for all x,y € S. Let a,b e S and consider i € {1,...,7} and s € S such that be S;
and s € S; nT. Therefore there exist g € G such that g(s) =b and hence

0o, () = 00, (g(s1)) = (0ag) ™" = g710," = 006"

and since a and b are arbitrary elements of S the thesis follows. O

We apply the previous Theorem on a simple example.

Example 10. Let (S,-) be a left group. Then, S can be identified with F x G,
where F is a left-zero semigroup and G a group. Let G be a regular permutation
subgroup of Sym(E) and ~ be the congruence on S induced by the equality
of the first component. With the same notation of Theorem [@ we have that
T = {{e} x G}ecr and identifying G with a subgroup of Aut(S,-) by g(e, f) :=
(g(e),f) for all ge G, e € E and f € G, we obtain that every orbit S; of this
action is of the form E x {g;}, with ¢g; € G. Moreover, we have that |S; nT;| =1
for all 4,5 and g({e} x G) = {g(e)} x G for all e € E and g € G, therefore every
S; is a set of representatives of S/ ~ for every i € {1,...,r} and T is a system of
blocks of G. Therefore, all the hypothesis of Theorem [ hold and hence we can
use them to construct a commutative non-degenerate solution on (S,-).

We close the section showing that the construction exhibited in Theorem [0 can
be greatly simplified if we want to provide solution on left-zero semigroups.

Corollary 11. Let (S,-) be a left-zero semigroup, G be a subgroup of Sym(S)
and suppose that the action on S is semi-regular. Moreover, let Si,...,.S, be the
orbits of S respect to this action. For everyie€ {1,...,r}, let s; be an element of
S; and let 6 be the map from S to G given by O, = ids and 0, :== g~ for all
x; €S; and i€ {l,...,r}, where g is the unique element of G such that g(s;) = z;.
Then, the map s : S xS — S xS given by s(x,y) = (x,0,(y)) give rise to a
commutative non-degenerate solution on the semigroup (S,-).

Proof. Clearly, it is not restrictive supposing that G is a subgroup of Aut(S,-).
Now, for every g € G, set T, := {g(s;)}s;es,- Clearly, T := {T,}4ec is a system of
blocks for G and, if we take ~ as the equivalence relation induced by T', every S;
is a set of representatives for ~. Therefore, the thesis follows by Theorem[@ O

3. Retraction of commutative non-degenerate solutions

Following [20, Problem 4], in this section we extend the notion of retraction,
introduced in [6, Section 4] for involutive solutions, to non-degenerate commu-
tative ones. We will show that some properties proved in [6, Section 4] for



involutive solutions also follows in this more general context. As a main appli-
cation of the retract relation, we will show that the construction provided in
Theorem [9] allow to construct all commutative non-degenerate solutions.

Given a commutative non-degenerate solution (S,s) on a semigroup (S,-),
consider the relation ~, which we will call retraction, given by

Ve,yeS x~yie=0,=10,.

Now, we show that ~ induces a solution on the quotient S/ ~ (the idea is the
same used in [6], but here we can not use the hypothesis s = idgxg). Suppose
that x; ~ 2 and y; ~ y2. Then, we have that 0,,.,, = 0, = 0y, = 04,4, for
all x1,x92,y1,y2 € S, hence ~ is a congruence of the semigroup (S,-). Moreover,
since all the 6, are bijective, it follows that

0o, (5) = O Oryy = 0010t = 04,03 = 0,020 = 0, (4a)

Yivxiy1 Y1 xy Y2 xo Y2V xoy2

and hence 0, (y1) ~ 0, (y2).

In this way, denoting by Z the ~-class of an element = of S, we showed that
the product Z-§ := Ty and the map 0z (y) := 0, (y) are well-defined. These facts
allow to provide a solution § on S/ ~ by 5(z,9) := (Z-4,0z(y)) for all Z,5 € S/ ~.
We will call this solution retraction of (S,s) and we indicate it by Ret(S,s). By
a standard calculation, it follows that § again is commutative and the semigroup
S:= S/ ~ is a left-zero semigroup. Clearly, all the maps f; are surjective, hence
(S,3) is non-degenerate if S has finite size. In the following, we show that
finiteness is not necessary to non-degeneracy.

Theorem 12. Let (S,s) be a commutative non-degenerate solution. Then,
Ret(S,s) is a commutative non-degenerate solution.

Proof. By commutativity of (5,s), the one of Ret(S,s) also follows. We only
have to show that Ret(S,s) is non-degenerate. Since all the maps 6, are sur-
jective, we obtain that all the maps 0 also are surjective. By Lemma[B] there
exist z € S such that 6, = idg, hence we have that 0 = ids/w. Since égi(g)éf = ég
for all Z,7 € S if we set 7 := Z we obtain

ééi(i)éi = idS/N
hence ; is injective and therefore the thesis follows. O

Definition 6. A commutative non-degenerate solution (.S, s) is said to be irre-
tractable if (S, s) = Ret(S, s), otherwise, we will call it retractable.

In the following result we show that all the commutative non-degenerate solu-
tions arise by Theorem [Ql At first, we need a crucial lemma for the rest of the

paper.
Lemma 13. Let (S,s) a finite commutative non-degenerate solution and g €

G(S,s). Then, for every orbit Z respect to the action of G(S,s) there exist a
unique x, € Z such that 05, = g.



Proof. Let Z be an orbit of S respect to to the action of G(S,s). Then, by
Lemma [6 there exist z € Z such that 0, = idg. By Lemma [{lwe have 0,-1(.) = g,
and since g71(2) € Z the existence follows. Now, if 2 and y are two elements of
Z such that 0, = 6, = g, if we call h the element of G(.S, s) such that h(x) =y by
Lemma [ we obtain g = 6, = 0p,(,) = 0,h~' = gh™!, therefore h = idg and hence
the thesis follows. o

Corollary 14. Every commutative non-degenerate solution can be constructed
by Theorem [9.

Proof. Let (S,s) be a commutative non-degenerate solution on a semigroup
(S,-). By commutativity of (S,s) it follows that the semigroup (5,-) is weak
commutative. By Eq. ([2) and by commutativity of (S, s), it follows that G(S, s)
is a subgroup of Aut(S,-) and by Theorem [ it acts semi-regularly on S. If
we take ~,. as the rectract relation and 7 := {T1,...,T,,} the partition induced
by ~., by Lemma we have that every orbit S; is a set of representative of
S/ ~, and by Lemmal[7l 7 is a system of blocks for G(S,s). Therefore, using the
same notation of Theorem [ the solution (.5, s) can be constructed taking the
semigroup (S,-) and setting G := G(S,s) and ~i=~,. O

Corollary 15. FEvery commutative non-degenerate solution on a left-zero semi-
group can be constructed by Corollary [Tl

Proof. Using Corollary [[1]instead of Theorem @ the proof is similar to the one
of the previous corollary. O

In [6, Lemma 5.2] Colazzo, Jespers and Kubat showed that all retract classes
of an involutive solution have the same cardinality. In the next result, which
closes the section, we show that this fact indeed holds for an arbitrary finite
commutative non-degenerate solution. Moreover, we show that the associated
permutation group allows to determine the size of every class.

Proposition 16. Let (S,s) be a finite commutative non-degenerate solution.

Then, |Ret(S,s)| = |G(S,s)| and all the equivalence classes of S respect to the
5]

1G(S,9)"

Proof. By Lemmal[I3] we have that |Ret(S, s)| is equal to |[G(S, s)|. By the same

lemma, the cardinality of every retract class is equal to the number of orbits of

the action of G(S,s). Since this action is semi-regular, the thesis follows. O

retract relation have cardinality

4. Irretractable solutions

In this section, we focus on irretractable solutions. In particular, we charac-
terise these solutions by the associated permutation group and we provide a
simple method to construct them and to cut the isomorphism classes.

At first, we extend the result obtained in [6, Proposition 4.2] on the retraction-
process of involutive solutions to commutative non-degenerate solutions.



Proposition 17. Let (S,s) be a commutative non-degenerate solution. Then
Ret (S, s) is an irretractable solution.

K

Proof. Let x,y € S such that 05 = ég. Then

z = Uy <~ Hez(z) :Hey(z) VzeS
— 0.0,.=0.0," VzeS
Eq. @) |

0.0, =0.0," VzeS
(S,s) commutative
— 0, =0,
<~— r=y
Therefore the thesis follows. O

The next two results show that retractability of a solution (S,s) can be de-
tected by studying the action of G(S, s).

Theorem 18. Let (S, s) be a finite commutative non-degenerate solution. Then,
(S, s) is irretractable if and only if G(S,s) acts regqularly on S.

Proof. Suppose that (S,s) is irretractable. If G(.S,s) does not act regularly on
S, let S1 and S> be distinct orbits of S. Then, by Lemma [6] there exist z; € S;
and xy € Sy such that 6., = 6,, =idg, a contradiction.

Conversely, suppose that G(S,s) acts regularly on S. If 8, = 6,, let g € G(S, s)
such that g(z) = y. Then, by Lemma [7l we have that 6, = 6,(,) = 697" hence
¢ ' = idg and the thesis follows. O

Now, we present a construction of irretractable commutative non-degenerate
solutions. An arbitrary (finite or infinite) group is all we need. Moreover, we
show that by this construction isomorphic solutions arise from isomorphic group.

Proposition 19. Let G be a group and sg be the map from G to itself given by
sg(g,h) = (9,97 h) for all g,h € G. Then, (G,sq) is a bijective irretractable
commutative non-degenerate solution and G(G,sq) = G.

Moreover, two groups G and G' are isomorphic if and only if (G,sg) and
(G',sgr) are isomorphic.

Proof. By a standard calculation, one can show that the map s¢ is bijective. To
show that (G, sg) is a commutative solution we only have to prove that Eq. (B8]
follows. Indeed, if g, h,¢ are elements of G, then

0o, ()09 (1) = (97 h) g ™hi = Vi = 0, (0)

and hence (G, sg) is a solution. Since the left multiplication by an element g of
G is bijective, we obtain that (G, sa) is non-degenerate. Finally

99:9h<=>gflz:h71z VzeG<=g=h

10



hence (G, sg) is irretractable. Clearly, the subgroup generated by the maps 6,
is the one generated by the left multiplications ¢, : G — G, h ~ gh, therefore
G(G,s¢) 2G.

If G and G’ are isomorphic then (G,sg) and (G’,sg) are clearly isomorphic.
Conversely, if we suppose that G and G’ are groups such that (G,sg) and
(G, sgr) are isomorphic, let ¢ be a bijective map from G to G’ such that (¢ x

®)sc = sa(¢ x ¢). This implies that ¢(g~*h) = ¢(g) 'é(h) for all g,h € G.
Therefore if we set g = 1 we obtain ¢(h) = ¢(1)"'¢(h) for all h € G and hence
#(1) = 1, moreover if we set h = 1 we obtain ¢(g~ ') = ¢(g)~* for all g € G and
hence

$(gh) = ((97) 7 h) = 697" ) "o (h) = o((g7))e(h) = ¢(9)(h)
for all g, h € G, hence the thesis follows. O

In the following results we show that all the finite irretractable solutions arise
from the construction of the previous proposition.

Theorem 20. Let (S,s) be an irretractable finite commutative non-degenerate
solution. Then, (S,s) = (G(S,s),5g(s,s))-

Proof. Let (G',0) be the opposite group of G(S,s). Let z be the element of S
such that 6, = idg and ¢ be the function from S to G’ given by ¢(z) = ids and
#(g(z)) =g for all ge G'. Then

(px9)s(g(2),h(z)) = ¢ x 0)(9(2),04(z) (h(2)))

(
(¢ x9)(9(2),97" (1(2)))
= (¢ gT'm)™)
(67 h7 (g™)™)
(97 (g7) " oh™)
= sg(gh T
= 5g(dx9)(9(2),h(2))

for all g € G', then (S,s) = (G',sg/). Since by Proposition (G',sgr) =
(G(S,5),58g(s,s)), the thesis follows. O

Corollary 21. Let G be a finite group. Then, (G,sg) is the unique irretractable
finite commutative non-degenerate solution with permutation group isomorphic

toG.
Proof. 1t follows by Theorem O
We close the section recovering |6, Proposition 4.5] in the finite case.

Corollary 22. If the solution (G,sg) constructed in Proposition [I9 is an ele-
mentary abelian 2-group, then sg is an involutive solution.
Conwversely, every finite irretractable involutive solution (S, s) can be constructed
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by Proposition[I9, using an elementary abelian 2-group. Moreover, if (S, s) and
(S’,s") are two finite irretractable involutive solutions, then (S,s) = (S',s") if

and only if |S] = |S’].

Proof. If (G, sg) is such that G is an elementary abelian 2—group, one can easily
show that s is an involutive solution.

Conversely, if (S, s) is a finite irretractable involutive solution, then it is commu-
tative and non-degenerate by [0, Corollaries 3.3 and 3.4] and all the elements of
the group G(9, s) have order 2, hence G(S, s) is an elementary abelian 2—group
and by Theorem 20] (.S, s) is isomorphic to (G(S,s),sg(s,s)). Finally, since two
finite elementary abelian 2-group are isomorphic if and only if they have the
same cardinality, the last part of the statement follows by Corollary 211 O

5. Non-degenerate solutions on left-zero semigroup

Following [20, Problem 7], in this section we focus on solutions on left-zero
semigroup. At first, we show the relation between retraction and subsolutions.
In the core of the section, an extension-tool useful to construct all the commuta-
tive non-degenerate solutions on left-zero semigroup is provided, giving a partial
extension of the result obtained in |6, Proposition 5.3]. Finally, an explicit clas-
sification is given for the solutions having cyclic associated permutation group.

Recall that every solution on a left-zero semigroup is always commutative,
therefore the adjective ”commutative” could be dropped. At first, we show that
for solution on left-zero semigroups the retraction always is isomorphic to a
subsolution given by an arbitrary orbit.

Proposition 23. Let (S,s) be a finite commutative non-degenerate solution on
a left-zero semigroup (S,-) and let Z be an orbit of S respect to the action of
G(S,s). Then, the solution Ret(S, s) is isomorphic to (Z,s|, ).

Proof. Let ¢ be the map from Z to Ret(S,s) given by ¢(z) := z for all z € Z.
By Lemma [I3] the map ¢ is surjective and by Proposition [[6, Z and Ret(S, s)
have the same size, then ¢ is bijective. Now, if x,y € Z we have

AL PIC) (¢ x¢)(x,0:(y))
(2,02(y))
= (7,0:(9))

5o x9)(z,y)

therefore the thesis follows. O

Inspired by dynamical extensions of set-theoretic solutions of the Yang-Baxter
equation (see [28]), in the following theorem we develop a method to construct
all the finite commutative non-degenerate solutions on left-zero semigroups.
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Theorem 24. Let G be a group, X a set and 7: G x G — Sym(X), n(a,b) =
Tap @ map such that me-1p g1.Tac = My for all a,b,c € G. Then, the pair
(X xG,s) given by s((x,a),(y,b)) := ((z,a), (map(y),a b)) is a bijective com-
mutative non-degenerate solution on the left-zero semigroup having X x G as
underlying set. Moreover, Ret(X x G,s) 2 (G, sq).

Conversely, every finite commutative non-degenerate solution on a left-zero
semigroup can be constructed in this way.

Proof. Let G, X, m and s as in the statement and let (x,a) (y,b) be arbitrary
elements of X xG. By an easy calculation one can show that the map 0, ) given
by 0(z,0)(2,¢) = (Ta,c(2),a7 ¢) is bijective. Moreover, since 44 € Sym(X) for
all a,b € G, the bijectivity of s also follows. Therefore to show the first part of
the statement we have to prove that the equality 99(1’@(%;,)9(1@) =0(y,p)- Then,
we have

00y w0)00as0) (2:€0) = Ot y(y),0-10) (Tae(2), a7 )
(ﬂ-a‘lb,a‘lc(ﬂ—a,c(z)), (a_lb)_la_lc)

(b, (2), b le)
e(y,b) (Za C)

for all (z,¢) € X x G, hence the pair (X x G, s) is a bijective commutative non-
degenerate solution on the left-zero semigroup having X x G as underlying set.
Now, since 0, q) = 0474 if and only if a = a’, it is well-defined the map ¢ from
Ret(X x G, s) to (G,sg) by ¥((x,a)) :=a for all (x,a) € X x G. By a standard
calculation, we obtain that v is an isomorphism.

Conversely, suppose that (5, s) is a finite commutative non-degenerate solution
on a left-zero semigroup and set G := G(Ret(S,s)). Then, by Proposition [I6]
Proposition [[7 and Theorem S can be identified with the set X x G for a
suitable set X, where 0, 4y = 0, 1) if and only if a = b. Under this identification,
there exist a function ¢: G x G x X — Sym(X), q(a,b,z) := ga . such that s
can be written as

s((:v,a), (yvb)) = ((xva)a (Qa,b,m(y)aa_lb)

for all (x,a),(y,b) € X x G. Since 0, ) = O(yp) if and only if a = b, we obtain
Qa,b,z = Gab,y for all a,b e G and z,y € X, therefore, if = is an arbitrary element
of X, we can set 7(a,b) = gqp, for all a,b € G. Finally, since (X x G,s) is a
solution, we have that m,-14 ¢-1,7q4,c = 75, for all a, b, c € G and hence the second
part of the statement follows. o

Remark 2. Actually, we do not know if the ”converse part” of the previous
theorem holds for infinite solutions.

By Theorem 24 we are able to obtain a family of solutions that includes the
one constructed in |6, Proposition 5.1]
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Proposition 25. Let G be a group, X a set and o : G — Sym(X), o(a) =04
a map from G to Sym(X). Then, the pair (X x G,s) given by

S((Iaa)a (yab)) = ((:E,CL), (Ua‘lobagl (y)aa_l ©° b))

18 a commutative non-degenerate solution on the left-zero semigroup having X x
G as underlying set. This solution is involutive if and only if G is an elementary
abelian 2—group. Moreover, Ret(X x G,s) = (G, sg).

Proof. Let 7 the map from G x G to Sym(X) given by 74 = 04-1505 " for all
a,be . Then

7T-a‘lb,a‘lco—a‘lco'c_l (Z)

_ -1 -1
= Oplag-1¢0,-1,0a-1c0, (%)

7Ta‘lb,a‘lcﬂ—a,c(z)

= Ub’lcagl(z)
= mpe(2) (4)

for all a, b, c € G, therefore the first part of the statement follows by Theorem 241
By the same theorem, we have that Ret(X x G, s) is isomorphic to (G, sg).

Finally, if the solution is involutive, then so is (G, s¢), hence G must be an
elementary abelian 2—group. Conversely, if G is an elementary abelian 2—group,
by [6, Proposition 5.1] we have that (X xG, s) is involutive, hence the statement
follows. O

Even if we restict to non-degenerate solutions on left-zero semigroups, provid-
ing a quite explicit classification seems to be hard. However, in the following
theorem we show that this is possible if we consider solution on left-zero semi-
groups with cyclic permutation groups.

Theorem 26. Every commutative non-degenerate solution on an arbitrary left-
zero semigroup of size v with cyclic associated permutation group is completely
determined by two positive integers m and n such that mn =r, where m is the
number of the orbits respect to the action of the permutation group and n is the
size of every orbit.

Proof. Let m,n be positive integers such that mn is equal to r and S :=
{%ij}ieqr,...,m} je{1,...,ny De a the set having size r. Take a the permutation
given by a(z; ;) = z; j+1 for all ¢,7, and § the map from S to < a > given by
Or, ; = o7 forallie {1,...,m},je{1,...,n}. By astandard calculation, one can
show that S and 6 give rise to a commutative non-degenerate solution (.S, s) on a
left-zero semigroup on S. Moreover, G(S, s) is isomorphic to the subgroup gen-
erated by a. To prove the statement we have to show that every solution with
cyclic permutation group and m orbits of size n is isomorphic to (S,s). Now,
let (S’,s") be a commutative non-degenerate solution having size r and such
that the permutation group is a cyclic group and has m orbits of size n. Then,
after renaming the variables, we can suppose that S”:= {y; j}ic(1,....m}.je(1,...,n}
and G(9’,s') is generated by the permutation o’ given by o/(y; ;) := y; j+1 for
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all 7,j. Moreover, by Lemma [[3] after renaming again the variables, we can
suppose that 6,,, = o for all i € {1,....,m}. By a standard calculation, we
obtain that 6y, ; := o/*77 and the map ¢ from S to S’ given by @(x;;) = yi;
for all i € {1,...,m} and j € {1,...,n} is an isomorphism from (S,s) to (S’,s"),
therefore the claim follows. O

6. Solutions on left-zero semigroups having small size

As a consequences of the results obtained in the previous sections, we provide
some classification results on solutions having small size.

Proposition 27. There exist 2 commutative non-degenerate solutions on a left-
zero semigroup of prime size p:

1) the solution (Z[pZ,s) given by s(x,y) = (z,—x +y) for all x,y € Z|pZ;
2) the solution (Z[pZ,s) giwen by s(x,y) = (x,y) for all x,y € Z|pZ.

Proof. Since by Theorem [ the action of the permutation group of a commu-
tative non-degenerate solution is semi-regular, if (S,s) is a commutative non-
degenerate solutions with size p we must have one of the two following condition:

- a unique orbit of size p, hence |G(S, s)| = p and by Corollary 2] (S, s) is
isomorphic to the solution 1);

- p orbits of size 1, hence (S, s) must be the solution 2).

O

Corollary 28. For every prime number p, there exist a unique irretractable
commutative non-degenerate solution (S, s) of size p and it is given by S := Z[pZ
and s(x,y) == (z,—x +y) for all x,y e S.

Proof. Since the underlying semigroup of an irretractable solution must be a
left-zero semigroup, the thesis follows by Proposition 27] O

Proposition 29. Let p,q be distinct prime numbers with p > q. A complete list
of the commutative non-degenerate solutions of size pq on a left-zero semigroup
is the following:

1) the solution (Z[pqZ,s) given by s(x,y) = (z,y) for all z,y € Z/pqZ;
2) the solution (Z/pqZ,s) given by s(x,y) = (z,—x +y) for all z,y € Z/pqZ;

3)if p—1 =0 (mod q), the solution (Z[pZ x Z]qZ,s) given by s(x,y) =
(z,27  oy) for all x,y € Z|pZ =« Z.|qZ;

4) the unique solution of Theorem with cyclic permutation group and p
orbits of q elements;
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5) the unique solution of Theorem with cyclic permutation group and q
orbits of p elements.

Proof. Suppose that (9, s) is a commutative non-degenerate solution of size pq
on a left-zero semigroup. Since by Theorem [§ G(S,s) is semi-regular, we have
that |G(S,s)| € {1,p,q,pq}. If (S,s) is irretractable, then by Theorem [I§] we
must have |G(S, s)| = pg and hence by Corollary 2T we have the solution 2) or,
if p—1=0 (mod ¢), we can have solution 3). Finally, if (5,s) is retractable
we have |G(S,s)| € {1,p,q} and hence G(S,s) is a cyclic group. Therefore, by
Theorem 26 we find solution 1), solution 4) or solution 5). O

Corollary 30. Let p,q be distinct prime numbers with p > q. Then, the irre-
tractable commutative non-degenerate solutions of size pq are the following:

1) the solution (Z[pqZ,s) given by s(x,y) = (z,—x +y) for all x,y € Z|pqZ;

2)if p—1=0 (mod q), the solution (Z[pZ x Z|qZ,s) given by s(x,y) =
(z,27  oy) for all x,y € Z|pZ x 7] qZ.

Proof. Since the underlying semigroup of an irretractable solution must be a
left-zero semigroup, the thesis follows by Theorem [I8 and Proposition O

The proofs of the following results, that classify commutative non-degenerate
solutions of size p?, are omitted since they are similar to the ones of the previous
results.

Proposition 31. Let p be a prime number. A complete list of the commutative
non-degenerate solutions of size p*> on a left-zero semigroup is the following:

1) the solution (Z|p*Z,s) given by s(z,y) = (x,y) for all z,y € Z[pqZ;
2) the solution (Z/p*Z,s) given by s(x,y) = (z,~x +y) for all x,y € Z/pqZ;

3) the solution (Z[pZ x Z[pZ,s) giwven by s(z,y) = (x,—x +y) for all z,y €
Z[pZ x LI pZ;

4) the unique solution of Theorem with cyclic permutation group and p
orbits of p elements.

Corollary 32. Let p be a prime number. Then, the irretractable commutative
non-degenerate solutions of size p* are the following:

1) the solution (Z[p*Z,s) given by s(z,y) = (x,~x +y) for all x,y € Z|p*Z;

2) the solution (Z[pZ x Z[pZ,s) given by s(x,y) = (x,-x +y) for all z,y €
Z/pZ x 7| pZ.
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