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MAXWELL’S AND STOKES’ OPERATORS ASSOCIATED WITH
ELLIPTIC DIFFERENTIAL COMPLEXES

A.A. SHLAPUNOV, A.N. POLKOVNIKOV, AND V.L. MIRONOV

ABSTRACT. We propose a new technique to generate reasonable systems of par-
tial differential equations (PDE) that could be potential candidates for depict-
ing models in natural sciences related to quasi-linear equations. Such systems
appear within typical constructions of the Homological Algebra as complexes
of differential operators describing compatibility conditions for overdetermined
systems of PDE’s. The related models can be both steady and evolutionary.
Additional assumptions on the ellipticity of the differential complex provide a
wide class of elliptic, parabolic and hyperbolic operators that could be gener-
ated in this way. In particular, it appears that an essentially large amount of
equations related to the modern Mathematical Physics is generated by the de
Rham complex of differentials on the exterior differential forms. These includes
the elliptic Laplace and Lamé type operators; the parabolic heat transfer equa-
tion; the Euler type and Navier-Stokes type equations in Hydrodynamics; the
hyperbolic wave equation and the Maxwell equations in Electrodynamics; the
Klein-Gordon equation in Relativistic Quantum Mechanics; and so on. Our
model generation method covers a broad class of generating systems, especially
in higher spatial dimensions, due to different basic algebraic structures at play.

INTRODUCTION

The vast majority of differential equations of modern Mathematical Physics was
constructed with the use of the standard time derivative 9y = 0/0t, gradient op-
erator V, the divergence operator div and the infinitesimal circulation operator
curl, known since Hamilton [I4] and Maxwell [17]. The operators satisfy familiar
relations

(0.1) curlo V =0, div o curl = 0,
generating the elliptic Laplace operator
A=divoV,

which is used in the parabolic heat transfer and duffusion equations (operator d; —
A) and in the hyperbolic wave equations (operator 97 — A).

Advanced algebraic concepts, such as Dirac matrix algebra, Pauli matrix algebra,
Clifford algebra, quaternionic (octonionic, sedenionic) constructions and so on, were
used within Mathematical Physics in order to express physical laws in more clear
and compact ways, see, for instance, [6], [26], [2T], [I6] and many others.

In this paper, using Stokes’ system of Hydrodynamics as a model example, we
propose a more general algebraic construction related to Homological Algebra that
helps to describe physical laws in a unified form with the use of elliptic differential
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complexes, see, instance, [34]. The approach does not give a precise description
of the related models, but it suggest dimensions of the corresponding known and
unknown vectors and type of equations up to (both linear and non-linear) pertur-
bations. The other details depend usually on the particular type of the processes
and symmetries behind them.

Of course, there are other ways to generate mathematical models in standardised
ways, for instance, in the frame of General Relativity Theory, see, for example, [2§].
But in the present paper, instead explaining how considerations in Physics involve
partial differential equations, we illustrate how a system of PDE’s may generate
more extensive mathematical model within Mathematical Physics.

We also indicate simple conditions, providing (Petrovskii or Douglis-Nirenberg)
ellipticity of the related steady Maxwell’s and Stokes’ type systems and, conse-
quently, parabolicity or hyperbolicity of the related time dependent systems. Ac-
tually, this opens a way to construct easily parametrices and fundamental solutions
to Maxwell’ and Stokes’ type operators under the considerations.

1. DIFFERENTIAL COMPLEXES

Let us shortly recall the notion of differential complex and related matters.

1.1. Differential operators. Let X be a (C'°°-smooth Riemannian manifold of
dimension n > 2 with a smooth (possibly, empty) boundary 9X. We tacitly assume

that it is enclosed into a smooth manifold X of the same dimension. Let also )O(
denotes the interior of X.

For any smooth C-vector bundles E and F' of rangs k and [, respectively, over
X, we write Diff,,(X; F — F) for the space of all the linear partial differential
operators of order < m € Z, between sections of the bundles £ and F. Then, for

an open set O C X over which the bundles and the manifold are trivial, the sections
over O may be interpreted as (vector-) functions and A € Diff,,, (X; E — F) is given
as (I x k)-matrix of scalar differential operators, i.e. we have

A=A@ D)= > aa(x)d"

laf<m

where a,(z) are (I x k)-matrices of C*°(O)-functions, 9; = %, 0% = oft ... .o,
Denote by I, the identity operator on sections of the bundle E (a unit (k x k)-
matrix in the local situation) and by E* the conjugate bundle of E. Any Hermitian
metric (.,.)g,, on E gives rise to a sesquilinear bundle isomorphism (the Hodge
operator) xg : E — E* by the equality (xgv,u)p ., = (u,v)5, for all sections u
and v of E; here (.,.)g , is the natural pairing in the fibers of E* and E. Pick a
volume form dx on X, thus identifying the dual bundle, the conjugate bundle and
the Lebesgue space L?(E) with the inner product induced by (.,.)g .. Then for
A € Diff,,,(X; E — F) denote by A* € Diff,,,(X; F — E) the corresponding formal

adjoint operator. Let also D be a bounded domain (i.e. open connected set) in X.

1.2. Compatibility differential complexes. We recall that a differential oper-
ator A is called overdetermined on X if there is a non-zero differential operator B
over X such that

(1.1) BoA=0.
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An operator B, satisfying ([T, is called a compatibility operator for A if for
any operator B satisfying B o A = 0 there is an operator C' such that B = C o B.
Clearly, a compatibility operator is not uniquely defined; however it gives necessary
solvability conditions to the operator equation

Au= fin D

in a domain D C X, i.e. Bf = 0. However, a compatibility operator may also
contain addition information on a physical model where the operator A appeared.
Of course, the operator B can also be overdetermined.

Thus, our principal object to discuss will be a complex {A4,, Eq}évzo of partial
differential operators over X (see, for instance, [32], [34]),

(12) 0= C®(Ey) X Cc=(B) & 0%(By) — ... 55" 0%(Ey) — 0,

where E, are bundles of rangs kg, respectively, over X and A, are differential
operators from Diff,,, (X; Eq — Eqy1) with

(1.3) Ag10A4,=0;

we assume that A; = 0 for both ¢ < 0 and ¢ > N. Actually, it is often convenient
to consider complex {Aq,Eq}éVZO as a graduated operator A" of degree 1 over a
graduated topological vector space & = EBN 0©(Ey,) in such a way that A'u = Agu
for a section v € G(E,) of the bundle E,.

It may happens, see examples below, that orders mg of the differential operators

A, are different; so we set m = max  mq. But the most simple constructions
0<¢g< 1

corresponds to the cases where
(1.4) mj=mforall0<j<N -1

As above, we fix Hermitian metrics (-, )¢, = (*,*)E,,« in each fiber E .

The differential complex {A4,, E,} is called a compatibility complex for Ay if for
each ¢ > 0 the differential operator A,;1 is a compatibility operator for A,. As
the compatibility operator is not unique, the compatibility complex is not unique,
too. The notions of homotopical equivalence of complexes ([34, Definition 1.1.17])
and equivalent operators [34) Definition 1.2.5]) help to improve the situation. In
particular, homotopically equivalent complexes have isomorphic cohomologies over
many standard functional classes, see [34, Proposition 1.24]. According to [34]
Propositions 1.2.7 and 1.2.8], if differential operators Ay and Ay are equivalent
and the operator Ay is included into a compatibility complex {Ay, B} then for
the operator Ay there is a compatibility complex {Aq, E } ", and, moreover, the
corresponding complexes are homotopicaly equivalent.

The algebraic structures lying at the bottom of the theory of differential com-
plexes are rather natural, see [34) Ch. 1], though this depends on the class of
considered operators. Namely, let us consider the two typical cases.

If X =R" and A = A(D) is an (I x k)-matrix differential operator with constant
coefficients then one may use P-modules of the ring P of all the polynomials with
complex coefficients, see [25], [34) §1.2], or elsewhere. Let us denote by P* the
direct sum of k copies of the ring P and denote by A(¢) the polynomial matrix

AQ) = ) aaliQ)*, ¢eCm

laf<m
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Then the transposed matrix A’(¢) naturally defines a mapping A’(¢) : P! — PF.
As the ring P is Noetherian, then the P-module P*/A’(¢)P! is finitely generated,

i.e. there are natural numbers N, kq,...kx and polynomial (k;y1 X k;)-matrices
A0 =Y @) 0<g< N1,
|a|<mq

such that ko = k, k1 =1, Ao(¢) = A(C), Ay(¢) 0 A} 1(¢) =0 for all ¢ € C, and the
following sequence is exact, see Hilbert Syzygies Theorem, [3] §8],

(% (2 Ay (=
0 PFJA(C)P  Pho D) phy B pra AP e

Then the related operators

[a]<mq

with constant coefficients form the desired compatibility differential complex (L2))
for A = Ap; it is called the Hilbert complex associated with the P-module for A.
Actually, if D is a convex domain in R™ then for any section f € C°°(D, Ey41)
satisfying Ag41f = 0 in D there is u € C>(D, E,) satistying A,u = f in D, i.e. the
Hilbert complex gives both necessary and sufficient conditions for the solvability of
the related operator equations in this particular situation, see, for instance, [25].

In the general case of differential operators with variable coefficients (or even
operators on manifold), to construct a compatibility complex for an operator A is
a more delicate procedure, see [12], [29], [32]. In particular, the related complex
might be not finite. D.C. Spencer [32] granted existence of a (finite) compatibility
differential complex for any ”sufficiently regular” differential operator with infinitely
smooth coefficients, see also [34, §1.3] for a more advanced discussion. To define
the concept ”sufficient regularity” one should consider jets j° of sections F and F'
over X of finite length s and the prolongations j® o A of the differential operator A
to the spaces of jets J°(F), see [34, §1.3.2]. More precisely, let n(A) : J™(E) — F
be the bundle homomorphism satisfying n(A) o j™ = A and

R (z) =ker{n(j° ™0 A): T*(E)s = T ™(F),}, v € X.

The operator A is called ”sufficiently regular” if 1) the dimensions d(s,z) of the
spaces J3%(x) do not depend on = € X for s > m and 2) the natural "projections”
w5251 M52 () — 3% (x) have constant rank for all s, > s1 > m. Of course, the
operators with constant coefficients are ”sufficiently regular”.

1.3. Elliptic differential complexes. Let 7 : T*X — X be the (real) cotangent
bundle of X and let 7*E be a induced bundle for the bundle E (i.e. the fiber of
7*F over the point (z,() € T*X coincides with E,). We write 0(A) : 7*E — 7*F
for the principal homogeneous symbol of the order m of the operator A, see, for
instance, [34] §1.1.9]. Of course, in a suitable local chart we have

o(A)(x,¢) = Y aal@)()*, x €O, (€R",
lor|=m
where ¢ is the imaginary unit. We recall that A is called elliptic on X if k¥ = [ and the
mapping o(A)(z,() : 7*E, — 7 F, is invertible for (z,() € T*X with ¢ # 0, see,
for instance, [1I0, Ch 1, §3, Ch. 2, §2]. Sometimes A is called overdetermined elliptic
if k <! and the mapping o(A)(z,() : 7*E — 7" F is injective for all (z,() € T*X
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with ¢ # 0, but not surjective for some (z,¢). A typical operator with injective
symbol is a suitable connection Vg related to a bundle F, i.e. a first differential
operator of the type E — E ® T*X, compatible with Hermitian metric (-, )g 4
in each fiber E,, see, for instance, [37, Ch. III]. In particular, for a trivial vector
bundle E = R" x C¥ we have Vi = I}, ® V with the usual gradient operator V in
R"™ where M7 ® M5 stands for the tensor product of matrices M; and Ms.

Recall that an operator A of an even order m = 2p and of type F — F is called
strongly elliptic, if

R(o(A)(x, Q) w,w)g,, > 0 for all (x,¢) e T*X \ {0},w € E,; \ {0},

where 1 a is the real part of a complex number a. A typical strongly elliptic operator
of the second order is given by the 'Laplacian’ V}, V. For a trivial vector bundle
E =R" x CF we have Vi,V = —I} ® A with the usual Laplace operator A in R".

A more general notion of ellipticity was introduced by A. Douglis and L. Niren-
berg, [9] (see also, for instance, [10, Ch. 1, §3] or, [38, §9.2]). Namely, let the
entries of an (k x k) matrix linear operator A be scalar differential operators

AWPr) = 2 lal<m 06 alPr ( )0 with a((f’r)(x) being the components of the functional

(k x k)-matrix alP” )( ). Given two vectors 5,7 € R¥, the (8, #)-principal part of the
operator A is the (k x k)-matrix linear operator A with components

Alpr) — Z\a| sp—tr aap’r)( )0, sp >t
sp < tr.

Then (5, t)-principal symbol of A is the (k x k)-matrix oz f(X)(z, () with the com-

ponents
> a7@)ee).

la|=sp—tr

The operator A is called Douglis-Nirenberg elliptic, if there are two vectors §,¢ € Z¥
such that

det oz #{X)(,¢) # 0 for all x € X, ¢ € R™\ {0}.
Next, for the principal symbols of the operators from complex (2], we have
(1.5) 0(Agy1) 00(Ay) =0.
Complex ([I.2)) is called elliptic, if the corresponding symbolic complex,

(Ao) U(ﬁ;) U(AN 1)

0—>7T*E0 *El 7T*E2—>.. *E —>O

is exact for all (z, z) € T*X \ {0}, i.e. the range of the mapping o(A4,) coincides with
the kernel of the mapping o(A,41). In particular, o(Ay) is injective and o(An_1)
is surjective for all (z,z) € T*X \ {0}. Of course, an operator Ay is elliptic if and
only if the following complex is elliptic:

(1.6) 0= 1B "4 B 0.
There is also a Douglis-Nirenberg type ellipticity for elliptic complexes see [2].

For the sake of notations, we set o, = 0(Ay) and d;, = 0,0, + 04—10,_1; then
o, = o(A;) and according to (L), for all 0 < ¢ < N —1 we have

q-1

x % - - - % * - * % *
(1.7) 0,011 =0,041104 =040 =0j0,0q,0,0q41 =040; =0,040,.
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Lemma 1.1. Complex ([([L2)) is elliptic if and only if the mappings 64 : T*Eq —
w*Eq are bijective for all (x,z) € T*X \ {0} and all 0 < ¢ < N.

Denote by A, the Hodge’s Laplacians of complex (L2):
Ag=AtAg+ Ay 1 AT, 0< g < N.

q—1
If mg = mg_1 then 6, = o (A Ag+A,1A; ). According to Lemmal[LLT] if complex
(C2) satisfies ([I4]) then, for the complex to be elliptic, it is necessary and sufficient
that the Laplacians A, of the complex are strongly elliptic differential operators of
order 2m for all 0 < ¢ < N.

Next, given a pair p,, consisting of formally non-negative self-adjoint differential
operators u((zo) € Diffos, (X, Eqy1 — Egq1) and ugl) € Diffos, (X, Eq-1 — E4-1),
0 < ¢ < N, with some numbers my,m, € Z4, satisfying 0 < my < m — my,
0 <mg <m —mg_1, we denote by A, , the steady Lamé type operators

ANgp= A;“gomq + Aqul(]l)Aj;_l.

If orders ™, and 7, equal to zero then strong ellipticity means that ugo), uéQQ

are bijective self-adjoint non-negative mappings. In general, we may produce the

operators u((zo), [1,((11) with the use of connections over Fy4, and E,_1, respectively:

“1(10) = (vKﬂvKﬂ)mq’ “1(10) = (vKﬂvK—l)ﬁlq'

On this way, taking m = m — mg, M = m — my_1 we may achieve that all the
operators A, , have the same order 2m. For this reason we will often use the
following assumption.

(0)

J

)

Assumption 1.2. The formally self-adjoint non-negative operators p; and p;

are strongly elliptic.

* 0 1 *
Set 511;# = Uq U(p“(l )) Uq + Uq—l U(NSZ )) O-qfl'
Lemma 1.3. Let complex ([L2) be elliptic. If 0 < j < N then, under Assumption
L2l the mapping 0;, : 7 E; — n*E; is bijective for all (x,z) € T*X \ {0}; in
particular, the operator A;,, is strongly elliptic self-adjoint non-negative, too, if we
additionally have mj +m; = mj_1 + m;.

Remark 1.1. Clearly, the generalized Laplacians can be factorized as follows

(O)A
(1.8) Agp = ( A Agoapd) ) < ha ),OSqSN.

q—1
As we have noted above, a compatibility complex {A,, E,} for an operator Ay is
not uniquely defined. For this reason, formula (L)) suggests the following natural

conditions for the operators uék):

(1.9) A gy p® A =0forall 0 < g < N —1.
On the symbolic level this means
(1.10) Og+1 U(ué{é) U(Hgo)) og,=0forall0<¢g<N -1

If the complex {4, E,} consists of the operators with constant coefficients then we

may set u((zo) = (=1)MaI}, 41 ® A™, ugl) = (—=1)™aI}, 1 ® A™s; in this case,

p’t(IO)Aq = (_1)Thqu(qu ® Aﬁlq)v AQ+2N¢(122 = (_1)mq (qu+3 ® Amq)Aq-i-%
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and hence ([3), (TI0) hold true. In general case we should look for suitable

commutative relations between ugo), [1,((122, Ag and Agqo that is not a trivial task.

Finally, if mg+mg = mg—1 414, we may consider the Helmholtz-Lamé operators

(1.11) Dy =Ny pu+ > do(2)0
|a| <2(mq +iing)—1

that are strongly elliptic if the operators [1,((10), ugl) are strongly elliptic (9, corre-

sponds to the case where u((zo) = I, +1, ugl) = I, 1)
Note that the most natural part of the low order perturbation of the Laplacian

Ay is usually given as follows:
(1.12) Cydq+ ClA; | + M,

with a formally self-adjoint operator M, € Diffo(X, E; — E,), and operators C' €
Diﬁlquerq,l(X, Equl — Eq), Ce Diﬁ‘mq71+2mq,1(X, Eq,1 — Eq)

1.4. The induced complexes and time dependent processes. The construc-
tions considered in the previous subsection are fit for steady models of Mathemati-
cal Physics. To use the differential complexes for time dependent models, one may
introduce the so-called induced complex

0= CF(X, Eo(1) 29 ... .. 1 0o (X, En(t)) — 0,

where sections of the induced bundles E,(t) and the coefficients al? of the dif-
ferential operators A, depend on both x and the real parameter ¢{. The induced
complex {Ay, E,(t)} is elliptic on X x [0,T) with a (possibly, infinite) time T, if
the corresponding symbolic complex,

0= 7 Eo(t) "5 B (1) "B By () . T BN () > 0,

is exact for all (z,z) € T*X \ {0} and each ¢ € [0,T). Note that for some kind of
problems one needs a more subtle notion of ellipticity with a parameter, see, for
instance, [I] or [I0, Ch 2, §2].

In any case, one may easily introduce the operators

Lop =0+, Hop =07 +Dgp

over X x [0,T'). Note that £, , is strongly parabolic, if D ,, is strongly elliptic, see
[11], [10, Ch 1, §3, Ch. 2, §5] and H,,,, has the "hyperbolicity’ properties if ©, , is
strongly elliptic, see, for instance, [I0, Ch 1, §3, Ch. 2, §4].

2. MAXWELL’S AND STOKES’ TYPE OPERATORS FOR DIFFERENTIAL COMPLEXES

It is well known that Stokes’ system S = Sy ,,(d, 0;),

ey s(D)=(8n TV (D) =(])

plays an essential role in mathematical models for incompressible fluid with given
the dynamical viscosity pu > 0 of the fluid under the consideration, the density
vector of outer forces f, the search-for velocity vector field ¢ and pressure p of the
flow, see, for instance, [33], [15], [36]. Actually, Stokes’ system S and its steady
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version give the principal linear parts of the steady and evolutionary Navier-Stokes
equations in R™, n > 2, endowed with the non-linear perturbation given by

m = (70 )= (]izjaj)ﬁ 2

It appears, that S can be easily written in the context of the de Rham complex
{V,curl,div} in R? at the step ¢ = 1 with

Ay = —AI3 = curl*curl + div*div = curl curl — V div.

A generalisation of Stokes’ type operators for elliptic complex ([2]) was proposed
in [I9 formula (1.2)] (cf. [31] for the de Rham complex):

5,400 = (g et Yo,
q,

It was noted in [31 Proposition 2.2] and [27, formula (0.4)] that for ¢ > 2 one more
natural line should be added to Stokes’ type operator associated with complex (L2))
that is missed for ¢ = 1:

. Lop Ag
Sy(A,8) = A;_l 0 ,0< ¢ < N.
0 A;_Q

Actually the additional operator equation provides some uniqueness for Stokes’
type equations. However, adding this natural equation we see that new operators
becomes overdetermined. This fact may complicate essentially the theory of Stokes’
type equations for the complex (L2]) at the degrees ¢ > 1. To overcome this
difficulty, let us introduce slightly different generalisations of Stokes’ type operators.

2.1. Steady Maxwell’s and Stokes’ type operators for elliptic complexes.
Consider the following steady Maxwell’s and Stokes’ type operators related to com-
plex (L2) at degrees 0 < g < N. Namely, set ry = (3_7_ k), 0 < ¢ < N. By BN
we denote (N + 1) x (N 4 1)-block matrix (in fact, it is a (ry X ry)-matrix), such
that each its block bﬁ is a (kn—it1 X kn—jt1)-matrix. Let B; be such a matrix
with b;-\]’- = I, and Bﬁé =0 for p # j or q # j. Clearly,

(2.2) B;B; =B, B;B; =0if j #1
and all the blocks of the matrix B; BY B; equal to zero except the block
(B:BY B;)ij = b}y .

For this reason, if P is an operator of type En_;4+1 — En—;4+1 then we denote by
B;PBj the (N +1) x (N + 1)-block matrix with all the block being zero except the
block bg =P.

Next, set &; = @?:OEj, 0 <gq< N. Given set u = (g, - -, H,) of pairs of
differential operators, we introduce the following Maxwell’s type operators acting
on sections Uy = (ug, . .., un) of the bundle &x: MB?ZL(A) =0, M((JlL(A) =0,

(2.3) MO

au(A) = (Bj+1H§0)Aij + BjA§3j+1)= 1<g<N,
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—

o

(24) M) = (Bj+1AjN§-l+)13j + BjAijH), 1<g<N.
=0

Obviously, M, (A) = M{L(A), if

(2.5) A3H521 = (O)Aj forall 0 <j <g;

consequently, we will write M, ,(A) for /\/l(] ) p(A) in this case. In particular, we
will use the notation M,(A) in the simplest case where ugo) =Ip,rs ug.l) =1Ii;_,
forall 0 <j <gq.

Similarly, we introduce Stokes’ type operators

(26) q a A @ ZB 93 HB +a Z ( J+1Aij —+ BjA;Bj+1),

with a = a4 being equal to O or 1.

In fact, by the construction, the operators MSZL(A), Sq,1(A,D,,) act on sections
Ug = (uo, . .., uq) of the bundle €, and hence we will identify them with the lower
right (rq X r¢)-minors of the related full (rx % ry)-matrices. For instance, in a more
bulky matrix form the operator Sq1(A4,D,) may be written as

Dyp  Ag 0 o 0 0 ... 0

Ay Dy A2 000 .0
0 A, Dgou Az 0 0 ... 0
0 - - 0 A3 Dop A 0O
0 .0 AT Dy, A
0 .0 A Do,

More compact notations ([23]), (Z4]), (Z6]) echo with the sedeonic form of equations

of Mathematical Physics proposed in [20], [21], [22], [23].
Let’s explain the connection between Maxwell’s and Stokes’ type operators.

Lemma 2.1. If [IL9) is fulfilled for all 0 < j < q, then we have

qg—1
(2.7) MO (AMECL(A) = ByAgpl AL By + " BjA; uB;.
j=0

In particular, if D, = Aj,,i_ forall0 < j < N, then
Sg.al(A,Du) = MU (AMP) (A) + BATuD A By + a My(A), 0 < g < N.

Next, we note that Stokes’ type operator So(A, Do) = Do, is elliptic and

strongly elliptic on X if the operator u(()o) is strongly elliptic. As it is known, see,
for instance, [I8] Ch. II, §4, Example 1], Stokes’ operator (21)) is Douglis-Nirenberg
elliptic over R™. Then the following two statements are rather expectable. To
formulate the statements, we set

)_.

q—

UMEIOI)L ( i1 0( p,] )oj Bj —i—BJU BJ+1>
qg—1
(MW, (A)) = (B- o;o(u\))) B, + B; 0" B,
o J+1 05 O\ 1) D j 05 Dj+1)-
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Proposition 2.2. Let complex [L2) be elliptic, Assumption[[2 be fulfilled for all
0 < j < N and [LIQ) be true for all 0 < j < N. Then the symbolic matrices

6(M§\1})7H(A)), i =0,1, are invertible for all (z,¢) € T*X \ {0}. In particular,
e the operators ./\/1537)”(14), Mg\l,?M(A), N > 1, are elliptic if [(L4) is true for
al0<j<N;
e the operator Sy o(A, D), N > 1, is elliptic for any a if for all 0 < j < N
(28) mj —|— ’ﬁ’Lj = mj,1 —|— T?Lj =m;

o under (L) the operator Sn,1(A, D), N > 1, is elliptic if

(2.9) p” =0 forall0 <j<N—1, pl =0 forall1 < j < N.

e the operators MES?H(A), M%?H(A), N > 1, are Douglis-Nirenberg elliptic;
e the operator Sn1(A,Dy), N > 1, is Douglis-Nirenberg elliptic.
Proof. Indeed, similarly to (Z7)), under condition (IIT), for all 0 < ¢ < N we have
q—1
(2.10) FMM(A)F(MO),(A)) = Byogaplor 1By + > Bjdj B
=0

In particular,
(2.11) FMGL(A)FMY, (A ZB 3ju, B

Hence, as the symbolic matrices 5]‘7#]- are invertible for all (z,¢) € T*X with { # 0
and all 0 < j < N (see Lemma [[3)), then the matrices &(Mg\??#(A)), &(MS?H(A))

are invertible for such (z, (), too.

If all the operators Ay, 0 < ¢ < N — 1, have the same order m then the orders

of the operators ugi) equal to zero and hence

GMY,(A) = oMY, (A)), 5(MG,(4) = a(M,(4)),

i.e. the operators Mg\??u(A) M%)H(A) are elliptic.
Moreover, under (2.8]),

o(Sn.a(A,D,) ZB(SJMB

and then Sy q(A,D,,) is elliptic for any a because of Lemma [[3l
If (T4 is fulfilled then

0(SN.a(A,Dp)) = ao(My u(A)).
Thus, in this case the operator Sy o(A4,D,) is elliptic, too, if a = 1.
If N =1 (that corresponds to an elliptic operator with symbolic complex (L))
then operators Mg?L(A), MglL(A) are always elliptic because the orders of the
operators u( 2 equal to zero.

If N > 2 and the orders m, of the operators A, are different, then, we may solve
the following system of 4N equations with respect to 4(N + 1) unknown numbers
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NONS Sg@ Lt tg&p i=0,1:
(2.12) st =t =mn—y iy, s -6 =my_j, 1SN,
ggl_t(l) =Mmy—j +my—j, Sgl)_tﬁ)l =mn—j, 1<j<N,

As 4(N +1) — 4N = 4 we set tgo) = téo) = tgl) = té ) = 0 and then

(0) ~ (0) (1) (1) 5
§1  =MN-_1+MN-1, Sy =MN-1,S] =MN-1, Sy =MN-_1+MN-1,

and we obtain a recurrent formula:

8 =5 —my_y — iy, s =ma_y + 1, 2<j <N,

;1) —-my_j, 2<j<N.

Hence we obtain a solution 59, #1951 1) to system (ZIZ) with integer com-
ponents. Then there is a nonjnegative integer ¢ such that the vectors §7) =
(s 4o, sg\J,)H to), 19 =P +e,. E\J,)H +c¢), j = 0,1, are solutions to (ZI2)
with non negative components. Assigmng the values s( 2 t( ? for each component
of the block M%)“(A,p, ) in the block matrix ./\/15\1,)#( ) we see that

FMWLA) = 0 ) 10/ MV, (A), 5(MY,A) =050, m(ME&L(A)).

Thus, Lemma [[3] and formula (ZI1]) imply that the operators /\/l M(l)
Douglis-Nirenberg elliptic. In particular, My, is Douglis- Nlrenberg elhpt1c too
And, finally, under (29) we have

050 710 (SN1(A, D)) = 5(Mn(4)).
Therefore the operator Sy,1(A4,®,.) is always Douglis-Nirenberg elliptic. O

Proposition 2.3. Let complex (L2) be elliptic, (LIQ) be true, N > 2 and 0 <
g < N-—1. If @8) and Assumption [[2 are fulfilled for all 0 < j < q, then the
Stokes operator Sy q(A, D) is (Petrovskii) elliptic. If mg + Mg = mgq_1 + My, and
Assumption[L2A is fulfilled for j = q then Sq1(A, D) is a Douglis-Nirenberg elliptic
operator.

Proof. For ¢ = 0 we always have So(A4,D,) = Do, i.e. it is strongly elliptic if the

differential operator u( ) is strongly elliptic on X. Moreover, under the hypothesis
of the first part of this proposition we have

0(Sq.a(A, D) ZB@HB

As in this particular case, A; ,, are strongly elliptic operators, see Lemma [[.3] we
conclude that the operator Sq q(A,D,) is elliptic, too.

Let us prove the second statement of the proposition. With this purpose, let us
solve the following system of (2¢ + 1) equations with respect to 2(¢ + 1) unknown
numbers S1,...8¢41,%1,. .. tgy1:

{ ST —t1 = 2(mq + ﬁ’Lq) = 2(mq_1 + ’ﬁ’Lq),

2.13 .
(2.13) 55 = ljt1 = Mg—j, Sjy1 —tj = Mg, 1<j<q

As 2(qg+1) —2g+ 1 =1, we set t; = 0 and then

S1 = 2(mq + mq)a lo = 2(mq + mq) - Mg—1,
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and we again obtain a recurrent formula:

tiv1 =8 —mpy_j, Sj+1 = mn—_; +1;, 2<j<N.
Thus, system (ZI3) has a solution 5, £ with integer components. Then there is a
non-negative integer ¢ such that the numbers s1 +¢,...sq41 + ¢, t1 +c¢, ... tq41 +c
are solutions to (2.13) with non negative components. Again, assigning values s, t,

for each component of the block Sy 1(A4,D,),p,r) in the block matrix Sg1(A4,D,))
we see that

05#(9,1(A, D)) = Bydq,u, By + 5(Mq(A)).
Next, using (7)) we conclude that

* 0 * 0 0 * 0
Sjuoio(we; = ato(p\)osoto(W)o; = oo (ul)o;6;

and, if the matrix J; , is invertible, then
* 0 — — 0
(2.14) o5 (u)0ib; = 0 uosolu)o;.
Consider the following matrix:
(2.15) N = Byo, Loro(pi)oy B+
Byog-1Bg-1 + Bg-10(p ())qlB — By1o(p ())qloq 1Bg-1.
Then, properties (Z2) of matrices B; and formulae (Z10)), (Z14) imply
Byq,uBy (Néq)‘i‘&(Mq—l(A))) :qu;U(“z(zo))Uqu+Bqu—10(“511))0;71011—1311—17
5(Mg(A))G(Mg-1(A)) = 6(Mg-1(A))5(Mq-1(A)),
&(Mq(A))Néq) = quq_la(ugl)) o; 1By + By 10q 1 (6;; qo‘(ugo)) q)Bq—i—
By-10y_104-1By4—1 — Bqaq,la(ug ))U;‘_laqleqfl—l—
By20y_ 2‘7(%(11)) 04-1Bq = Bq%a;—zo’(ﬂgl))ff;—lUqleqfl =
Bqaq,la(ué ))O';leq + Bq,103710q713q71 - Bqaq,lJ(ugl))aa‘flaq,qu,l.

Thus, we arrive at the following identity:

(2.16) 05 (501 (4, 9)) (N9 + 5(My-1(4))) = By Byt
qg—1
> Bjd;Bj + By20;_50(ni")o; 1 By — Byaoy_s0(u{))oy 1041841
j=0

Now, if U = (u1, ... u,) satisfies
0o (S0 (A, D) (L + (M1 (A))U =0,

then
5(17”’&(1 =0, 5q,1uq,1 =0, 5‘Uj =0,0<7<q—3,

0372‘7(#5)) Oq1lg— Og_ 20(11((1)

Immediately we see that u; =0 forall 0 < j < g, j # ¢—2, because symbolic matri-
ces 0g,u, 0; are invertible for all (z,() € T*X with ( # 0. Therefore §;_sug—2 =0
and then, again u4,_s = 0 for the same reason. Hence the matrices

05501 (A,D,)) (NED + 5(My-1(4)) ) and o 4S4,1(4,D,))

oy 04—10q—1Ug— 1+ 0g—2uqg—2 = 0.
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are invertible for all (z,() € T*X with ¢ # 0, too, i.e. the operator Sy 1(A,D,) is
Douglis-Nirenberg elliptic. O

2.2. Maxwell’s and Stokes’ type operators for induced elliptic complexes.
For N > 1 introduce non-steady Maxwell’s type operators

q
M, (A,bdy) = > Bjb;B;oy + M), (A),i = 1,2,
j=0
with a vector b = (b1, ...b,) consisting of complex entries.
Lemma 2.4. Let the coefficients of the operators A;, 0 < j < N —1, do not depend
on the time variable t. If [L3) and X)) are fulfilled for all 0 < j < g then for any

real vector b we have

MG (A, =bO) M (A, b0r) =
q—1
By(Ag1n) Ay = 0208)By + Y By(Aj — V302 By + Bo(Ao,p — 0307) B,
j=1

1 < q < N. In particular, Maxwell’s type operators M%?H(A,:I:bat) are elliptic
for N> 1, ifb € R, m; =1, |bj|] > 0, and Assumption [L2 is fulfilled for all
0<j<N.

Next, for b € C? we set
Spa(A,bL,) = Zq: B;ib3 (01 + Dj,u) Bj + aMy(A),
j=0
representing models with the leading 'parabolic’ part, and
Sp.a(AbH,,) = zq: Bjb (0} + ;) B; + aMy(A)
j=0
corresponding to models with the leading "hyperbolic’ part (as before, a = a4 equals
to 1 or 0). It is worth to note that, similarly to steady case, the main part of the

Stokes operator Sy o(A, D, bd?) could be easily factorized if one chooses suitable
operators ©; ,, and numbers b;.

Lemma 2.5. Let the coefficients of the operators A;, 0 < j < N —1, do not depend
on the time variable t. If for all 0 < j < q identities (L) and ZI) are fulfilled
then for any real vector b € RY we have

MU(A, =bd)MP) (A, 1bdy) =
Bgb2 (92 + A1 pl A% ) B, +ZB 03 (07 + Aj ) By
In particular, if ©;, = Aj,, for all0 < j <gq, then

Sn.o(A, bH,) = MY (A, —bd) M) (A, b0,).

Thus, for the first order complex ([2)) one may treat operator M((I?,)L(A, (bd;) as
the first order 'wave operator’.
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2.3. Parametrices for steady Maxwell’ and Stokes’ operators. At this point
we note that the (both Petrovskii and Douglis-Nirenberg) ellipticity implies the reg-
ularity property for solutions to the operators My ,(A), Sq,1(A,D,) and existence
of parametrices (and even fundamental solutions) for them, see, for instance, [II,
B4, §2.3], B8, §2.2.9, §4.4], [I0, Ch. 2], [38] Theorem 8.69]. This actually re-
sults in many useful integral formulae for solutions to related systems of differential
equations, see for instance, [34] §2.4, §2.5].

Let us indicate a way to construct parametrices for Maxwell’s and Stokes’ op-
erators using suitable kernels for the generalized Laplacians A ,, of elliptic com-
plex (L2). Namely, if A, are strongly elliptic operators, each of them admits
a parametrix, say, ®;,, i.e. such a pseudo-differential operator on X° that on
C5° (X, Ej) we have

(2.17) FWAVIRES H]L,;L =1, Aju®ju+ Hﬁu =1,

with pseudo-differential operators wa Hﬁ . of negative orders, where 0 < j < N

and I is the identity operator; in some situation one needs smoothing operators

Hf‘“, Hﬁ u 1-€. the pseudo-differential operators of order minus infinity. If Hﬁ w=0
=0

in ZI7) then ®; ,, is a left fundamental solution for A ,, on X; similarly, if I, =

then ®; is a right fundamental solution for A; , on X. In particular, if A; ,, satisfy
the so-called Uniqueness Condition in small on X then HJL” = wa =0, ie ®;,
) Rk

is the bilateral fundamental solution for A, on X, see, for instance [35] §4.4].

Theorem 2.6. Let complex ([L2)) be elliptic, Assumption[L2 be fulfilled, (LIQ) and
m; +m; =mj_1 +m; =m for all0 < j < N. Then the operator

N-—1
}‘](\}1“(14) = Mg\?,)”(/l)( > Bj‘l’j,qu),
3=0

is a parametriz for M%)”(A) Moreover, if ®;,, 0 < j < N, are right fundamental
solutions for Aj,, then .7-'](\,1);‘(14) is a right fundamental solution to M%)“(A)

Proof. Tt follows from (27) that the operator F ](\?)M(A) is a right parametrix for
M%)M(A) if ®;,, are parametrices for Aj; ,,, respectively (similarly, a right funda-
mental solution if Hf‘“ =0), 0 < j < N. Finally, we note that for ’elliptic’ operators
a right parametrix is a left parametrix, too, see, for instance, [35, §2.2.9]. O

Similarly, we obtain the following statement.

Theorem 2.7. Let complex ([L2) be elliptic, Assumption L2 be fulfilled, (LIT]) be
true and mj +m; = mj_1 +m; =m for all 0 < j < N. Then the operator

N—-1

0 — 1
FOLA) = (3 Bj®;uB; ) MU (4)
j=0
is a parametric for Mg\?))“(A). Moreover, if ®;,,0< 37 <N, are left fundamental
solutions for A;,, then .7-'](\2);‘(14) is a left fundamental solution to Mg\??u(A).
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Finally, let us write down a fundamental solution to Stokes’ operator Sq 1(A, D)
in a particular case. With this purpose, let N9 (A) be given by

(2.18)

By®g p Aspl) Ay By+ ByAq—1Bg 1+ Bg1plV A% By~ By (VAL Aq-1By1.
Theorem 2.8. Let complex ([L2) be elliptic, [LI) be true, N > 2 and 1 < g <
N — 1. Let also mj = m andugl) =0 forallt=1,2 and all 0 < 57 < q—1,
mg + Mg = m, Assumption[L2 be fulfilled for j = q and
(2.19) Ar DA =o0.

If ®; are right fundamental solutions for A;, 0 < j < q—1, and P4, is a bilateral
fundamental solution to Ay ., then the operator

qg—1
gq,u(A) = (N(q) (4) + Mq—l(A)) (qu)q,qu + Z qu)ij)
j=0

is a right fundamental solution to Sq1(A, AL).
Proof. Indeed, as A;41 0 A; =0 then we have
(220) Aj oA, =0, Aj1 Ay = AN = LAV A, AT A1 = NA] = ATAAT.
Next, using (220) we conclude that
* 0 * 0 * 0 * 0
Ajy/-"Ajll’; )Aj = Aju§ )AjAjN‘S' )Aj = AjHS- )AjAJGu
and, if ®; , is a bilateral fundamental solution for A; ,, then
* 0 * (0
(221) Aj[l,;- )Aj(l)j)u = (I)j)“Aj[,L; )AJ

Hence calculating as in the proof of Proposition [Z3] (see formulae (ZT13), 2I6))
and applying (Z19), we obtain

qg—1
(222)  Syu(A, A (ND(A) + My1(4)) = ByAguBy + > BiABy,
=0
i.e. §q,u(A) is a right fundamental solution for Sg1(A, A,). O

Note that for the de Rham complex the pseudo-differential operator

~Llorotrot -V
gl,u(d) = ( s Sfﬁvw 4 —():I )

is closely related to the so-called steady Ozeen tensor for Stokes’ system Sq 1(d, A)
in 3D-Hydrodynamics, see [24], where ¢ is the standard fundamental solution of
the Laplace operator in R?, ugo) = uly, ugl) =, > 0.
2.4. Parametrices for evolutionary operators. Under very mild assumptions
on the coefficients of the operator £; ,,, 0 < j < N, it admits the (unique) funda-
mental solution ¥; , on X X [0, T solving the Cauchy problem for £; ,,, with initial
data on the plane ¢ = 0, see, for instance, [I1], [I3, Ch 1, §7 and Ch. 9].

Again, let us write down a fundamental solution to Stokes’ operator Sq 1 (A4, bL,)
in a particular case. With this purpose let A9 (A, t) be given by

ByWo u AL A, Byt ByAg1 By 4By (D A%y BBy 1 (VAL Ag140:) By
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Theorem 2.9. Let complex ([L2) be elliptic, [LI) be true, N > 2 and 1 < g <

N — 1, and the coefficients of the operators Aj do not depend on t. Let also b
0,0,...,0,1), m; = m and ugi) =0 for all i = 1,2 for all 0 < j < q — 1,
mg + Mg = m, Assumption [[2 be fulfilled for j = q and @I9) hold true. If ®;
are right fundamental solutions for Aj, 0 < j < q—1, and ®,,, ¥4, are bilateral
fundamental solution to Ag ., (0; + Ag ), respectively, then the operator

q—1
FonA) = (VDA 1) + My-1(4)) (By®yuBy + > Bi®;B))
=0

is a right fundamental solution to Sq1(A, b(0r + AL)).
Proof. Indeed, similarly to (2.21]), if the coefficients of the operators A; do not

depend on t and ¥, ,, is a bilateral fundamental solution to (9; + A, ,,), then
« (0 « (0
(2.23) Arp VA, =, A0 A,

Hence calculating as in the proof of Theorem 28] (see formulae (ZI8), (Z22])) and
applying (219) and ([223)), we obtain

q—1
S0t (A, 4+ 8,) (N (A,0) + M-1(A)) = By By + Y By By,

j=0
ie. §qu(A,t) is a right fundamental solution for Sy 1 (4,0 + AL). O
2.5. Natural perturbations. In order to define suitable perturbations of Stokes’
type systems Sq(A) (and S4(A)) related to the Navier-Stokes equations, [27] pro-
posed to introduce two bilinear mappings Q, ;, satisfying

(2.24) Qe Egt1,2 ® Eqo = Eqzy Qq2,0t Ego ® Eqo = Eq—1,0,

at each point x € X. Then one may set for a sufficiently differentiable section v of
the vector bundle Fj:

(2.25) No()(2) = Q1.0 ((Aq0) (), v(w)) + Ag-1Qq,2.0(v(), v(2)).
For the de Rham complex at the degree ¢ = 1, corresponding to the classical Navier-
Stokes equations, this leads to the so-called Lamb form (see [15] §15] for n = 3) of
the related non-linear part:

N1 (v) = *(*d1v A v) + do* (v A*v)/2 = ((curl ) x 7+ (1/2)V|7]? for n = 3),

where x : A? — A" ? is the Hodge *-operator, A is the exterior product of the
differential forms (and ¢ x d stands for the vector product of 3-vectors & and cf)

Apparently Stokes’ type systems Sy (A, D,,) have a more complicated structure.
In the simplest case where all the orders m; are the same for all 0 < j < ¢ we suggest
to introduce multi-linear differential operators of order (m — 1):

Qg1 : (O E) ® (B Ei) = ®oE;, Qg2 : (BLoE:) ® (DL Ei) — &1 E;,
and to set the following natural non-linear perturbations
No(Uq) = Qa1 (A Uy, Uy) + A'Qq2(Uy, Uy),

of the differential operator Z?:O B;®; ,Bj acting on sections Uy = (ug, ..., uq) of
the bundle ¢, = ®J_E;, 0 < ¢ < N.
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3. MAXWELL’S AND STOKES’ TYPE OPERATORS FOR THE DE RHAM COMPLEX

3.1. The de Rham complex. Let TZX be the complexified tangential bundle of
X and let A = AYTEX be the bundle of complex valued exterior differential forms
of degree g, 0 < ¢ < n, over X. In each coordinate neighbourhood O on X any
differential form v admits local representation

ujo(z) = Z uy(z)dxr
#I1=q
where, for #I = ¢, we consider I = (i1,...1,) as a multi-index with 1 <i; <--- <
ig < n, dvy = dxi; Ao Ndwy, {dr;}7_ is a basis in T¢X and A is the exterior
product of differentials satisfying
(31) dx; N\ dl‘j = —diL'j A dz;.

Then the exterior differential operator d, is defined by local representations

n

deujo(x) = Z Z Oyur(x)dx; A dry.

i=1 #I=q
Using ([B0]) we easily conclude that
(3.2) dgt10dy =0
and then we obtain the de Rham complex
(3.3) 0= C®(X,A%) % 0®(X, A1) B 0=(X,A2) = ... 3" 0®(X, A") - 0,

of exterior differentials on the differential forms, see, for instance, [4, Ch 3, §2.5], [5],
[34] §1.2.6]. Of course, for X = R" the bundle AY may be identified with R™ x CFa

with k, = ( Z ) and its sections can be treated as vector-columns of functions with

kq components. Then the de Rham complex is the Hilbert compatibility complex
degenerated by the gradient operator V = dy. In this case, in addition to (3.2]), we
also have
Ag= dj;dq + dq—ldj;—l = _Alkqa 0<g<mn,
where A is the usual Laplace operator in R™.
For three dimensional space, more familiar within classical Physics, we may
interprete the de Rham complex as follows:

0 =03 0o
(34) do = V, dl = curl = (93 0 —61 s d2 =div = (81, 82, 83)
-0y 01 0

However we still may define the compatibility de Rham complex in R? with the use
of the classical algebraic constructions:

dlu:Vx{j,dgv:V-U

for vector fields @, U (here - d means the inner product of vectors & and cf) In the
higher dimensions the standard algebraic constructions do not work in general.
As N = n, Stokes’s operator Sq(d,A) over the field R has dimension r, =

q

=0 ( ;L ); in particular, ro =1,y =1+n, r,—1 =2" — 1, r, = 2™. Of course,

the dimension 7, ¢ over the field C equals to 2rg; in particular, r, ¢ = ontl,
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3.2. Maxwell’s and Stokes’ type systems in R3. For the de Rham complex
over R? we have: rg = 1, 1 = 4, ro = 7, r3 = 8; in particular, r, ¢ = 16. Thus,
our method echoes with the sedeonic approach by V.L. Mironov and S.V. Mironov,
see [20], [21], [22], [23], for compact symmetric formulations of the Laws of classical
Physics in R3.

The typical form of Stokes’ system Sy(d, £,,) is the following:

So(d, L) = 0 + Do = 0 — divu'V + o - V + My,

with a self-adjoint functional matrix uéo), a scalar function My and a functional

vector dp, see (L)), (LI2)), that is a standard second order equation of the Math-
ematical Physics.

Next, according to (LI, (II2), we have
Dy = curlugo) curl — V ugl) div + Cy curl + d; div + M,

)

with self-adjoint functional (3 x 3) matrices ugo , My, a functional (3 x 3)- matrix

C1, a functional 3-vector @ and a scalar function ugl). Then the typical steady

Stokes’ type system 51 (d,®,,) is given by

_( ®Pin \
(3.5) S1,1(d, D) = ( —div. Do ) .
Similarly, at the second step of the de Rham complex over R? we have:

Dop=-V uéo) div + curl uél) curl + C curl + ds div + M

). My, a functional (3 x 3)-matrix

(0
2

with self-adjoint functional (3 x 3) matrices ugl

(4, a functional 3-vector dy and a scalar function p ), Consequently,

Do, curl 0
Sgyl(d,gu) = curl @1_# \Y%
0 —div. Dg,

Finally, at the third step we have

D3, = —divp)V + ds - V + Ms,

with a self-adjoint functional matrix ugl), a scalar function M3 and a functional

vector dz. Then

D3, div 0 0

-V Dy, curl 0
0 curl ©y, V
0 0 —div Do

(3.6) S3(d,D,,) =

Of course, we may double the dimension of the related matrices Sy(d,®,) and
change signs of entries outside the diagonal with the use of the imaginary unit.
Let us interprete these Stokes’ type operators within classical models of the
Mathematical Physics. We consider three model examples only, because much
more equations, that fit into our scheme, could be found in [20], [21], [22], [23].

Example 3.1. We begin with the equations of electromagnetic field. Let ¢ stand
for the speed of light. Then the Maxwell’s type operator tM3(A, bd;) gives us the
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classical Maxwell equations for electromagnetic field in a vacuum:

o, div 0 0 Q 0
\Y ¢ o, curl 0 H 0
(3.7) ‘ 0 —curl ¢ 9, V E | —Arc 1], |7
0 0 div ¢ 19, 0 47 e

where E, H represent the electric and magnetic field strengths, p. is the volume
density of electric charge and je is the volume density of electric current (here the
number ¢ is introduced for the related matrices to be self-adjoint).

Taking into account the magnetic charges and currents in the Dirac monopoles

[7, [8] and Schwinger dyons [30] models, the equation (B77) can be rewritten in
more symmetric form

¢! Oy div 0 0 0 47Tpm
vV 9, curl 0 H B —Are 1,
(38) ‘ 0 —curl ¢71o, \Y E |~ —Arc i, |
0 0 div. ¢ 1o, 0 AT pe

where p,,, is the volume density of magnetic charge and jm is the volume density
of magnetic current. Significantly, Lemma immediately gives us the so-called
wave equations for the field’s strength related to model (B8)). Indeed, if we denote

the d’Alembert operator as
- 1 02
D= (c_2_8t2 —A) ,

then we get

D 0 0 0 0 fi
0 D 0 0 H f2
3.9 . -
(3.9) 0 0 D 0 E fa |’
0 0 0 D 0 fa
where
.fl [ 1 8t —div 0 0 4-7Tpm4
fa | -V 19 —curl 0 —drc g,
f3 o 0 curl ¢19, -V —4wc_1je
f4 0 0 —div ¢ 19, A7 pe

The matrix equation ([B.9) is equivalent to the following system

1 02 - 471'(9]1 4 -
<§@_A>E__4”W8_c_2ﬁ_7{VX]’”}’
1 62 ~ A7 O AT -
<czw‘A 1= —AnVpm =5 G+ L [V x T
3Pm - - 8pe 2\
= +(V~ ) =0, =2 +(v je)—O,

where the last two relations are the laws of conservation of electric and magnetic
charges.



20 A.A. SHLAPUNOV, A.N. POLKOVNIKOV, AND V.L. MIRONOV

Example 3.2. Let us discuss the matrix representation of the hydrodynamic equa-
tions. As we noted at the beginning of §2 the Euler and the Navier-Stokes’ equa-
tions for incompressible fluid fit perfectly to this scheme with Maxwell’s type oper-
ator operator M, (d, d;) and Stokes’ type operator Si(d, A, d;) as principal linear
parts, respectively, for instance, [I5],
T+ (T-V)T+p 'VWp=Ff, [(8—pA)T+(T-V)i+p 'Vp=F,
divy =0, divd =0,
where ¥ is a local flow velocity, p is a pressure, p is a fluid density, p is viscosity

and f is the vector of outer forces. Next, as is known [15], the vortex-less free fluid
is described by the following system of equations

T+ (T-V)T+p 'Vp=0,
(3.10) Op+ (V- V)p+ pdivi =0,
curlv = 0,

with the same entries as above.
Let us assume that the flow is isentropic (i.e., the entropy s is a constant). Using
the thermodynamic relation for enthalpy h per unit mass

dh=Tds+ p~tdp

we can introduce new function u according to the following relations

3

1 1 )
du=—dh = —dp=Sdp
s csp p

where ¢, is the speed of sound (¢2 = (Op/dp), = const). Then taking into account
that the total time derivative is given as

=0+ (7-V),
we rewrite the system ([B.I0) in the following symmetric form
;00 + Vu =0,

¢, "o + divi = 0,

curl v =0,
or in the following matrix form
;1. div 0 U 0
(3.11) L Vo oty curl ¢ =101,
0 —curl c;lbt 0 0

where the principal linear part matches with the introduced above Maxwell’s type
operator tMs(d, c;10y).
In order to interprete Maxwell’s type operator tMs(d, ¢;10;), we rewrite (B.II):

<o, div. 0 0 u 0

Vo o 'or curl 0 | [0

(3.12) oo Zewl <o, W o || o
0 0 div o, 0 0

Next, to consider the vortex flow we introduce two new functions £(7, t) and (7, t)
which describe the field of vortex tubes. The value W is proportional to the angle
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vector of tube rotation, while ¢ characterizes the twisting of vortex tubes [22]. Then
the equation [BI2)) for vortex flow is written as

c;lbt div 0

0 U
\Y ;1oy  curl 0 R
(3.13) 0 —curl ¢ 1o, A\ wo| 0.
0 0 div. ;o &

Finally, taking into the account the dissipation we obtain the related equations of

viscous vortex flow, including the Stokes’ type operator ¢S5 1(d, ¢;*0; + A,) with

N((JO) = u, ugo) = ugl) = uls, uél) = p as the principal linear part:

;L0 — puA) div 0 0

u
\% o; (0 — pA) curl 0 vl 0

‘ 0 —curl o; 10 — pA) \Y% (A
0 0 div 1, —uA) )\ ¢

where the parameter p represents kinematic viscosity. This matrix equation is
equivalent to the following system, see [22]:

—

¢; O+ (U-V)—pA)U+ curl @+ Vu =0,
;1 (0 + (U-V) = pA)u+div i =0,
;O + (U V) — pA) b — curl 7+ VE =0,
;1 (0 + (U-V) — pA) € +div @ = 0.

Example 3.3. Consider the quadrupling of the imaginary de Rham complex over
R3: Ag =114, ®V, A =11y ®curl, Ay = 1 I, @ div. Then, for a real number M,
we have Ay =1y @div, A = -t @curl, A5 =11, @V, (M)* = - M.

Set pl” =0, ut” =0, uV =0,

0 0 0 -M 0 —curl 0 -M

0 o0 M 0 curl O M 0
Pow=t1 9 _m o0 o0 R I S Y curl |’

M 0 0 O M 0 —curl 0

in particular, the operators g ,, ©1, are formally self-adjoint. Then Stokes’
operator Sy ,c-1(A,D,,,d;) coincides with tc™ (9, + Do ).

Next, Stokes’ system Sy ,.-1(A4, £,,) matches with the operator related to equa-
tions for the vector and scalar field’s strengths in sedeonic field theory for the case
of fields with non-zero mass of quantum my [20],[23]:

w o+ D1, @V
LIy @ div e 19, + Dop )
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This leads us to the following matrix equation

% 0 0 -M div 0 0 0 0 @
0O o0 M O 0 div 0 0 g2 q2
0 —-M o 0 0 0 div 0 g3 q3
M 0 0 O 0 0 0 div 94 | @
\Y 0 0 0 0y  —curl 0 M Cil o {1 ’
0O VvV 0 0 cul 0 -M 0 G2 J2
o o0 Vv 0 0 M 9 cul Gy J3
0 0 0 V -M 0 —curl O G4 Jy
which is equivalent to the following system (see [20]):
c_latgl + diVél — Mg4 = 47Tp1,
C718t92 + diVéQ + Mgg = 47Tp2,
C718t93 + diVég — MQQ = 47Tp3,
c_latg4+divé4+Mgl :47Tp4,
. . . A7 -
¢ 19,G1 + Vi — curlGo + MGy = —T”jl,
1 = = = 471'—,»
C 815G2+V92+C111‘1G1—MGgZ—Tjg,
1 = = = 471'—,»
c 8tG3+Vgg+CuI‘1G4+MG2:—Tjg,
1 = = = 471'—,»
C 3tG4+Vg4—curlG3 —MG1 = —T_]4

Here ¢g; and C_jl are scalar and vector field strengths; ¢; = 4mwp; (where p; are
volume densities of charges); J; = —%’ﬁ (where ji are volume densities of currents);
(i € {1, 2, 3, 4}); &, = ¢ '9y; M = mgc/h, see [23).

The approach predicts two more Stokes’ operators related to this mathematical

model. One may conjecture that uéi) =0, [Lél) =0 and D, ,, D3, are given by

0 yocurl 0 as M 0 0 0 asM
0, Focurl 9 BoM 0 Du - 0 9 BsM 0
el o BoM 0 Socurl |" 73T 0 BsM 0 0 ’
@M 0 dscurl 0 asM 0 0 0

respectively, with complex numbers o, 8, v;, ¢; (highly likely, 4¢) and then

e 1o, + Doy 1y ®curl 0
So.c-1,(A, 0, +Dp) = —y@curl WO +D1y L4V ,
0 vy @div 00y + Do p
8154-@37” Iy ® div 0 0
. I, ®V Cilat +©27M Iy ® curl 0
S3.0(4, L) =1 0 —1I4 ® curl c_lf)t—i—@l,u L, ®V

0 0 I, ® div C_lat-i-@o)“
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4. SOME TYPICAL ELLIPTIC DIFFERENTIAL COMPLEXES
Consider some other typical examples of elliptic complexes.

Example 4.1. A large part of complexes represents the so-called Koszul complexes.

Namely, let Ag be a column of scalar differential operators (Q1,...Qn)T over an
open set X C R”, 1 < N < n, satisfying the following commutation assumptions:
(41) Qin = Q]Qz forall 1 <i<j<N.

Setting E, = X x C*« with k, = ( f]\] ) we may define differential operators

A=Y Qi(z)dy; Ny, m € X CR",
#I1=q

where y = (y1,...,yn) are coordinates in RY. Again A,11 0 A, = 0 and hence
we obtain a differential complex {4y, B } o, see [34] §1.2.8], that is usually called
Koszul complex associated with the set (Q1,...Qn).

According to [34, Proposition 1.2.51] this complex is elliptic if and only if the
principal symbol of the operator Ay = Zil Qi (x)dy; is injective; of course we may
interpret A; as matrix differential operators:

Q1
Ao=1{ - |, s Avai=(Qui,..,Qn )
QN

In particular, for operators with constant coefficients we have Q7Q); = Q;Q; and

N
A, = (Z Q;‘Qi)lkq.
=1

If the operators @; has the same order then the Laplacians A, are strongly elliptic.

Unfortunately the Koszul complexes are not always compatibility complexes.
For operators with constant coefficients one may use [34, Proposition 1.2.52] giving
a simple sufficient condition providing the compatibility property: the dimension
of the algebraic variety

N(Ag) ={2€C":Qi1(2) =--- = Qn(2) =0}

is no more than (n — N). Again, for N = 3 with the use of the classical algebraic
constructions we obtain:

Aoh = (Q1h, Q2h, Qsh)T, Ayii = Ag x i, Ag¥ = Ay - 7,

—

for (vector-)functions h(z), u(z), v(z) of n variables = (x1,...2,) with n > 3.
Of course, the initial operator Ayp may be non-homogeneous.

Example 4.2. Let X = R"™ and p € N, p > 2. For a ¢-differential form u we set

n

Agp)u(x) = Z Z Pur(x)dz; Ndxy.

i=1 #I=¢q

Using (3] we easily conclude that
(p) —
(4.2) Al o AP =0
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and then we obtain a Koszul complex {Aép),Aq}. In this case N = n and the
algebraic variety N (A(()p )) is trivial, i.e. {ASIP ), A%} is a compatibility complex for

oy
the operator A,(Jp ) = . , see Example [I] above. Of course, in addition to
o
(p) _ (P)\x 4 (P) (p) P \« _ (_1\p n 2p
[@32), we also have A7 = (Ag")"Aq" + A Z1(AZ)" = (=D)P( 2252, 07 ) Ik,
0 < ¢ < n. Again we still may define this compatibility complex in R? with the use
of the classical algebraic constructions: A u = AP x u, APy = AP .y
Example 4.3. Consider the differential operator
0 —0s
- 03 0
A= -0y 01
—01 —0s
in R3, that is closely related to the de Rham complex on the plane Oz x5:

do == Vg = ( g; ) , dl = Cu1”12 == (—(92,(91), dg = —dng = —((91,(92).

Alledgedly, the related system of equations

831)1 = O,
831)2 = O,

(4.3) curly¥ = —0v1 + O1v2 = fi,
—divet = —01v1 — Oav = fo,

was pointed out by L. Euler for the description of the velocity ¢ = (v1,v2) of a
plane-parallel flow on layers {x3 = const} with given plane rotation’ f; and 'plane
source’ fo in the case where the flow does not depend on the layer. Taking a
complex valued functions 0(z1, z2) = —t(v1 — tva), f($1,$2) = f1 — tf2 one easily
reduces the last two equations in (@3] to the non- homogeneous Cauchy-Riemann
system 8% = f on the plane Oz;s.

Clearly, for the differential operator

(8 - 0 -0
B—(31 0 0)

we have Bo A = (. Passing to the polynomial matrices, we see that if a differential
operator B satisfies B o A = 0 then for B({) = (b1(¢), b2(¢), b3(¢),b4(¢)) we have

(4.4) (b2 — C2bg — Ciba = 0, —(3b1 + C1bg — (2ba = 0,
and hence
¢|?bs = (1¢abr + Calsba, [C[*bs = —(aCabr + C1sba.
In particular, this means that there are polynomials ¢;(¢), ¢2(¢) such that
b3(C) = Gse1(€), ba(C) = Cze2(Q)
and then, taking into account (44,
B(() = (Gier — Gaea, Ciea + Grea, (e, Gsea) = ((— ea, e1) B(Q).
Thus, {Ag = A, Ay = B} is a compatibility complex. Moreover, as the related

Laplacians have the following form: Ay = —Aly, Ay = —Aly, Ay = —Al,, where
A is the usual Laplace operator in R3, we conclude that this complex is elliptic.
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For system (£3) the compatibility conditions induced by the operator B just
mean that the data fi, fo do not depend on the variable x3:

Situation becomes more complicated if we consider the system

O3v1 = g1(z1, 22, 23),

(4 5) O3v9 = gg(:vl,ibz, $3)=
’ curly¥ = vy — Oov1 = f1(x1, 22, 23),
—divot = —0 vy — Doy = f2(5171a T2, 173)7

i.e. we are looking for ’planar’ velocity ¥ = (v1,v2) of the flow on each layer
{x5 = const} with given 'plane rotation’ f; and ’plane source’ f5 in the case where
the flow depends on the layers. Then the compatibility conditions are the following:

{ curly § = 0192 — 0291 = O3 f1(21, 22, 23),
—divy § = —0191 — 0292 = 03 fa(w1, 2, 23).

The related linear Maxwell’ type operators M, (A, 9;) are the following:

d 0 0 0 0 —0s

0 O 0 0 0s 0

0 0 O 0 =0 0O

0 0 0 o0 -0 -0 |’
0 —05 0 O O 0

035 0 =01 0 0 Ot

Mi(A,0,) =

O 0 0 -0 0 =03 O 0
0 O O O 03 0 0 0
—0y —01 0 O 0 0 0 —0s
0 -0 0 O 0 0 03 0
0 —0s5 0 0 Ot -0y O
03 0 0 0 0 O —01 —02
0 0 0 —03 02 01 O 0
0 0 03 0 =01 O 0 O

MQ(A; 8t) =

o

Now, taking into the account the following relation between the two-dimensional
and the three-dimensional rotation operators, curla(vy, ve) = curls(vy, v2,0), we see
that the related Maxwells’ system M (A, d;) is reduced to system Moy(d, d;) for
the de Rham complex with ¢ = (v1, va,v3) truncated to (v1, v2,0) that corresponds
to one line missing in (BI1)):

—Oowq + 1w + O3u + 0;v3 = 0.

The similar fact is valid for Stokes’ operators S1(A, D, 0;) and Sa2(d, D, 0;) with
the missing line in the corresponding non-linear perturbation of Sy (d, ®,,, d¢):

—Obwy + Orwo + d3u + (Dt — ,LLA)’Ug =0.

Significantly, Ma(A,d;) coincides with M3s(d,d;) up to the order of lines and
columns, and similarly for S2(A,D,,,0;) and Ss5(d, D, 0;), i.e. the missing compo-
nent vz and the missing lines are restored automatically on the last step.
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Example 4.4. Let X = R? and

o 0
A=| 02 O
0 0

Then its principal symbol is injective because

A*A = — ( aAa 3f2 ) ,det(a(A*A)(C)) = [¢|* — ¢2¢3 > 0 for all ¢ € R?\ {0}.
102

Clearly, for the polynomial vector B(¢) = (¢3, —(1(2,(}?) we have B(()A(¢) = 0. If
a vector B(C) = (b1(¢), b2(C), bs(¢)) satisfies B(¢)A(¢) = 0 then

b1(¢)¢1 + b2(¢)¢2 = b2(C)C1 + b3(()C2 = 0.

Hence by (2 = b3¢2, and for the polynomial p(¢) = bs/¢? we have B(¢) = p(¢)B(C),
i.e. the differential operator B = (03, —9,02,0%) is a compatibility operator for A.
As the mapping B(¢) : P3 — P is surjective for ¢ € R™ \ {0}, we see that any
polynomial C(¢), satisfying C(¢)B({) = 0, is identically zero. Thus operators A
and B form a compatibility differential complex.

Moreover, if w = (w1, wa, wg)T is a complex vector, satisfying

B(Qu = Gui — Glwz + w3 =0
then there is a complex vector v = (vy,v2)” such that w = A(¢)v if ¢ € R?\ {0}:

wy; = 0,01 = %,’UQZ % 1f<1 :O,<2750,
G2 G2
wy = 0,v1 = E,WZ &2 if ¢ #0,6=0,
G1 G
2 2
wp = ZUAT WG WL W if ¢ #0,C #0.
GG G G

Thus, the range of the mapping A(¢) : C* — C3 coincides with the kernel of the
mapping B(¢) : C3 — C! if ¢ € R?\ {0}. As the mapping A(() is injective and the
mapping B(() is surjective, we conclude that the related complex is elliptic.
However, the operators in the complex have different orders and, unfortunately,
we can not decrease the order of B. Of course, Ay = A2 — 9703 is a strongly elliptic

operator, but taking ;L(()O) = —Al, ugl) = —Al3 we obtain

A% - 9203 90 203

2 12 102 12

AO""“_< aAAa 81AA282 > ALy = 0{0y  A*+0707  0:03 :
1= 9202 0,03 A? — 9293

strongly elliptic non-negative self-adjoint operators.

Example 4.5. Consider the compatibility complex for the multidimensional Cau-

chy-Riemann operator d in C* =2 R?", n > 1, i.e. for n-vector column with the

components %, 1 < j <n, where, as usual, z; = x2j_1 + 1T2;, Zj = Toj—1 — LT2j,
J

o (00N o _1( 0 0N,

6zj 2 (95[:2]‘_1 (95[:2]‘ ’ (fﬁj 2 6$2j_1 (95[:2]‘ E=I=
Then the Dolbeault complex is the elliptic compatibility Koszul complex related to
the column 0, see [34] §1.2.7] or Example[ITlabove. As 9 =- ( 6%1, A % ),
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then we easily calculate the related Laplacians A, = (—=1/4)Al,, 0 < ¢ < n, where
A is the usual Laplace operator in R*" and k, = ( Z )

The simplest related Stokes’ type operators arising in C? = R* with the coordi-
nates (21, 22) = (x1 + w2, x5 + tx4) = (21, Y1, T2, y2) can be written as follows:

Oy —puA 0 0 0 curly, 4,

0 O —pA 0 0 divy, 2,
S$1(0,00+A,) =1 0 0 O —pA 0 curly, 4, ,

0 0 0 O — A divg, s,

curly, . —Va e, curly . =V, o, (0 —pd) Iy

where p is a positive real number and
Cur112j71112j = (_82j782j71)7 d1V12j71,I2j = (823'*1’8%)'
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