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NORMALIZED GROUNDED STATES FOR A COUPLED NONLINEAR
SCHRODINGER SYSTEM IN R3

CHENGCHENG WU

ABsTrACT. We investigate the existence of normalized ground states to system of coupled Schrédinger equa-

tions:

©0.1) —Aui + AMup = ul‘u1|p172u1 + ﬁ?"1|u1‘”72u1|u2‘rz in RB,

—Aus + Aouo = ug‘u2|p2_2u2 —+ 57"2|u1‘h |u2‘r2—2u2 in RS,
subject to the constraint Su; X Say = {ur € HY(R®)| [ ulde = a?} x {uz € HY(R3)| [p3 uZdz = a2}, where
wi, 2 >0, r1,r2 > 1, and B > 0. Our focus is on the coupled mass super-critical case, specifically,

10 .
3 < pi1,p2,r1+12 <27 =6.

We demonstrate that there exists a 3 > 0 such that equation (0.1) admits positive, radially symmetric, nor-
malized ground state solutions when g > B Furthermore, this result can be generalized to systems with an
arbitrary number of components under some assumptions, and the corresponding standing wave is orbitally

unstable.
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1 Introduction

This article investigates the existence of normalized ground state solutions to the coupled nonlinear

Schrédinger equations:

—Auy + Mg = pyfug [P 2wy + Brofug [ 2ug us|™ in R?,

(1.1)

—Aus + Aots = pio|us[P2"2us + Brofus [ uz| " 2uy  in R?,

subject to the constraint (uj,us) € S,, X Sa,, where A\; and )\ are interpreted as Lagrange multipliers.
Parameters pq, s > 0, r1,79 > 1, ay,a2 > 0, and § > 0 are defined accordingly. These equations arise

from the study of solitary waves for the system of coupled Schrédinger equations:

T4

=2
—15; Py = AD; + 1y 0517705+ 30, Biri | B
(1.2) O =d;(z,t) €C, j=1,... .k,
Q;(x,t) = 0 as |z] = +o0.

(I)j|7”j*2(bj (I,t) c RS X R,

Here, 11; > 0 represents the self-focusing effect within the j*" beam component, while 3;; denotes the inter-
action strength between the i** and j*" components, with attractive or repulsive interactions depending on
the sign of f;;. The system (1.2) is applicable in various physical contexts, particularly in nonlinear optics.
Furthermore, it is analogous to the Hartree—Fock theory describing a binary Bose-Einstein condensate in

distinct hyperfine states(cf. [16]).
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To obtain solitary wave solutions of system (1.2), we assume ®;(z,t) = e**'u;(z), which allows us to

convert the system into a set of steady-state, N-coupled nonlinear Schrodinger equations given by

|77 2u; =0 in R3

Ay — Njuj + pylug [P =2uy + 37,51 Bl |
uj(r) € H'(R?)

(1.3) ji=1,... k.

We make the assumption that 3;; = 8;; > 0 for all ¢ # j, and fix yu; > 0. There are two viable approaches:
one can either consider the frequencies \; as constant or incorporate them as unknown variables, prescribing
the masses accordingly. The latter approach is particularly compelling from a physical perspective, as it
treats \; as Lagrange multipliers associated with the mass constraint.

The issue of fixed A; has been extensively researched over the past decade. For systems with two
components and the existence of positive solutions (i.e., uy,us > 0 in R?), the understanding is relatively
comprehensive. Interested readers are referred to the literature, including [1, 2, 3, 4, 9, 10, 13, 14, 15, 20,
21, 22, 23, 24, 26, 27, 28, 29, 30, 31| and their citations.

In contrast, fewer studies have addressed the existence of normalized solutions. References on this
topic include [5, 6, 7, 8, 11, 17, 18|, among others. Specifically, only the works [6, 11, 17, 18] tackle the
issue of normalized solutions for system (1.3) with j3,; > 0.

We define the sets D,, = {u € H'(R®?)| [, u?dx < a3}, 0D, = S,; = {u € H'(R?)| [3, v dx = a3},
and u = (uy, us, ..., u) and B = (B2, -+, Bk, - - -, Pr_1x). Additionally, (H'(R3))* denotes the Cartesian
product of H'(R?) with itself k times.

The constrained energy functional is given by

(1.4) Z/ yvuﬁdw—z“ﬂ/ ;[P do — Z 51]/ lu;

1,j=1,i#j

T4

u;|" da.

Since Eg(u) is unbounded on S,, x ... x S,,, we utilize the Pohozaev-Nehari identity:

Z/ |Vu]]2dx—ZM/R ;[P da

k

(1.5) - Z 3B (r: +TJ — / |w;|" u; | de.

i,j=1,i%j

We will show that all solutions to (1.3) satisfy (1.5). The set Mg is defined as {u € (H'(R?))*\{0}|Jg(u) =
0}, where u # O indicates that at least one u; # 0. A normalized ground state solution to (1.3) is a
nontrivial solution that minimizes Fg(u) among all nontrivial solutions. Specifically, if u solves (1.3) and
Eg(u) = infs, X X Sa, Mg Eg, then u is a normalized ground state solution.
We examine the scalar problem defined by the following system of equations:

—Aw+ M w = plw|P72w  in R3,
(16) plwl

Jos w? dx = a®.
According to [19], this system has a unique positive solution, denoted by w,,,,. Additionally, wq, ,

belongs to the set P(a, 1, p) and satisfies I, ,, p(Wa,p,p) = i0fwepa,pp) Lo,up(w), where

-2
P(a,p,p) ={w e S, : / |Vw|* dz = M/ |w|P da}
R3 2p R3
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and
1
Iy pp(w) == |Vw|* do — H/ |wl|? d.
2 R3 P Jrs

Furthermore, we define £(a, f1,p) == L4 1 p(Wa,pp) > 0.

1.1 Case: k=2

Firstly, we examine the scenario where k = 2, and equation (1.3) is equivalent to (1.1).

For the case p; = ps = 4 and 11 = ro = 2, [6] demonstrated the existence of a normalized solution with
Morse index 2 when [ is less than a certain positive constant. Additionally, they showed the existence
of a mountain pass solution on the constraint, which also represents a normalized ground state solution
when [ exceeds a fixed positive constant. [11] verified the existence of a normalized solution for 8 across
a wide range, employing a novel method based on the fixed point index in cones, bifurcation theory, and
the continuation method. However, they did not confirm whether the normalized solution corresponds to
a ground state. Under the following conditions:

(Ho) N > 1,1 <p,g <24 4,r1,m2> 1,24+ 1 <1y +712 < 2%

(H)N > 1,2+ % <pog <2 ry,re > 1iry 410 <24 %, [17] obtained a multiplicity result.

Recently, [18] established the existence of normalized ground state solutions for Equation (1.1) in the
mass super-critical case, specifically for 2 + % < p1,p2,71 + 12 < 2%, where 1 < N < 4, with 2* denoting
the critical Sobolev index and 2 + % the mass subcritical index. However, the parameters r; and r, were
required to meet the conditions 1 < 7 < 2 or 1 < ro < 2. Motivated by [12], this paper introduces a
distinct approach for investigating the existence of normalized ground state solutions, and our findings
generalize those of [18] for N = 3. Furthermore, our approach requires only that r1,7, > 1 and 1+, < 6,
indicating a relaxation of the conditions on r; and r, compared to [18].

We define v(8) = infp, xp,,nrm, Es(ur, uz). We present the main results below.

Theorem 1.1. Assume that % < p1,p2, 71+ 19 < 6 with ri,r9 > 1. There exists a non-negative constant
/6~’. The function v(8) and B possess the following characteristics:

(i) ¥(B) is continuously defined on [0, 00);

(ii) For B € [O,B], v(B) is giwven by min{l(ay, 1, p1), l(as, pa,p2)}, and it is strictly decreasing on
(B,00);

(#ii) As B — oo, v(5) — 0.

Theorem 1.2. Assume that % < p1,p2,71 + 19 <6 and ri,r9 > 1. Then equation 1.1 possesses positive,

radially symmetric, normalized ground state solutions (A1, Ay, uy,uz) for 5 > 5

Remark 1.3. B is a fixed constant. According to [18, Theorem 2.2|, we can obtain the concrete value of B

under some assumptions.

Theorem 1.4. Assume that % < p1,p2,T1 + 12 <6 and ri,79 > 1. Let B > B and consider a sequence
B, — B with B, > B There exists (Uyn,Usn) € Say X Say N Mg, that achieves the minimum energy
Eg, (u1n,u2n) = Y(Bn). Then (w1, usn) is a Palais-Smale sequence for the functional Eg restricted to
Sa, X Sa,. Moreover, there is a normalized ground state solution (uy,us2) of Eg such that (uy n,us,,) —
(ur,ug) in HY(R?) x HY(R?) up to a subsequence.



We define the set Kz = {(u1,u2)|(u1,u2) € Sa;, X Say N Mg, Eg(ur,us) = v(B8)}. It follows that
K C H}(R?) x H}(R?) and, according to Theorem 1.4, Kz is compact. The expressions for d;(8) and
d,(B) are given by

di(B) = inf / lup|™ uz|™ de =  min / lug | us|™ de,
(ul,uz)EKg R3 (ul,uz)EKg R3

(il(ﬁ) = sup |up|™ uz|™ dx =  max lug | us|™ da.
(u1,uz)eK s JR3 (u1,u2)€EKg JR3

The functions d;(8) and d,(3) are well-defined for 8 € (3, 0).

Theorem 1.5. Assume that 13—0 < p1,p2,71 + 12 <6 and r1,r9 > 1. Then v(B) is differentiable at almost
everywhere 3 € (8,+00). Furthermore, for By € (8,+00),

fim 2B =050 _ g osy w28 =7(5)

s-s8 B—Fo sogy  B—Bo ~dh(fo)-

In particular, dy(Bo) = d1(Bo) < ~(B) is differentiable at By and v (Bo) = —d1(Bo).

Theorem 1.6. Assume that % < p1,p2, 1+ 12 < 6 and 1,79 > 1. Let (u13,us3) be the normalized
ground state solution of Eg for B > B. If \(B) and \y(B) are the Lagrange multipliers associated with
(u1,3,us23), then

(i) M(B) and \y(B) are continuous on (B,00) and are strictly positive;

(i) as  — oo, A (8) — 0 and A\2(B) — 0.

1.2 Case: k=3

In the case where k = 3, it has been shown by [6] that when p; = py = p3 =ps =4 and r = ry =
rs = 2, a normalized solution exists for 3;;, 1 <1 < j < 3, sufficiently small. This result was established
using an implicit function argument. Moreover, [6] proved the existence of a mountain pass solution within
a certain range of (fi2, 513, f23). In this work, we build upon these findings from [6] to provide further
insights.

For the sake of simplicity, we take f(ay, p1,p1) = min{l(ay, p1,p1), £(az, p2, p2), £(as, 3, p3)}. An
analogous consideration applies to the other instances. We define

123(B) = inf Eg(u),

Doy XDayXDag NMpg

where 3 = (B12, f13, 23) and w = (uq, us, u3z). We introduce the notation

Vij (Bij) = Da, Xg?zmeBij EBU (ui’ uj)a

with f;; as defined in Theorem 1.1 for the functional Ej,, (u;,u;), for 1 <i < j < 3. We denote

E = {(B12; P13, B23)|Br2, Bu3, B2z = 0}

According to Theorem 1.1, there is a 823 > 0 for which v(B23) = £(ay, ju1,p1).
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Theorem 1.7. Suppose 3 0 < p1,pa,ps, 1 F 7o, + 13,70 + 13 < 6 and 71,72,73 > 1. Then, the function

v123(8B) has the following characteristics:

(i) y123(8B) is continuous over the set =;
(ii) As |B] — oo, where |B| = (81, + Bis + B23) 2, we have y123(8) — 0;
(#ii) Let (a1, pr,p1) = min {€(ay, g1, p1), £(az, o, p2), £(as, s, p3)}. Then, the following holds:

Y123(B12,0,0) = 712(B12)

Y125(0, B13,0) = m3(B13)
Uay, pa,p1)  for 0 < Bag < Pos
v(B23) for B2z > fos.

Let Q = {(B12, 13, B23)|1123(Bi2, B3, Paz) < vi(Bis), 1 < i < j < 3}

’7123(0 0 /323

Theorem 1.8. Suppose 13—0 < P1,P2,P3, 71+ To, 1 + 13,70 + 13 < 6, with ri,ro,m3 > 1, and £(ay, p1,p1) =
min{l(ay, 11, p1), l(az, 2, p2), l(as, 3, p3)}. Furthermore, if there exists j € {1,2,3} such that r; < 2,
then:

(i) Q is a non-empty, unbounded, simply connected open subset of =;

(ii) Equation 1.3 has positive radially symmetric normalized ground state solutions (A1, Ao, Az, U1, Uz, ug)

for B € Q.

Remark 1.9. Under the same hypotheses as above but with r; = ro = r3 = 2, and for (812, f13, 523) €
(Biz, +00) X (P13, +00) X (Ba3,+00), assume the existence of (us,us), (@1, as), and (@, is) such that
Y23(Ba3) = Epyy (U2, u3), 712(B12) = Epg,, (U1, U2), and v13(513) = Eg,, (U1, Us). By analogy with the proof
of [18, Theorem 7.2|, to establish Q # ), one must find (B2, 513, F23) satisfying the following three
inequalities for h € H'(R?) \ {0}:

(i) —2Ah < Bia|us|?h — Bis|us*h in R?;

(ii) —3Ah < Bio|ta|*h — Bos|us|?h in R,

(iii) —2 Ah < Bia]ta|*h— Bas|ts|*h in R®. We indetermination the existence of (812, Bi3, B23) satisfying

three inequations.

Theorem 1.10. Suppose < P1yDP2,P3, 71+ 12,11+ T3, 70 + 13 < 6, with r, 19,73 > 1, and £(ay, p1,p1) =

mln{é(al,ul,pl),K(ag,ug,pg),ﬁ(ag,ug,pg)}. Furthermore, there exists j € {1,2,3} such that r; < 2. If
B € Q and B, € Q converge to B in R3, then there exist sequences w, = (U1 n,Usn,Us,) Such that
Eg, (uw,) = 7123(8,). Consequently, we can obtain w = (uy,us,u3) in (H'(R?))* such that w,, up to a

subsequence, converges to u and Eg(u) = v(03).

We define the set Kg = {(uy, ug, us)|(ur, uz, u3) € Suy X Sy X Say N Mg, Eg(uy, us, uz) = v(3)}, and
which is a subset of H!(R?) x H}(R?) x H}(R?). By Theorem 1.10, it is established that Kg is compact.
The following quantities are defined for 1 <i < j < 3:

¢ij(B) = inf |uz "y de = mln/ ug|" Juz| ™ dx
uekp
and
¢i;(B) = sup | " uy |7 d = maX/ | Ju; |7 d.
ueKpg JR? ueKp Jps3
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Theorem 1.11. Suppose % < p1,p2,P3,T1 + 1o, + 73,2+ 15 <6, with ri,re,r3 > 1, and l(ay, p1,p1) =

min{l(ay, pt1,p1), l(az, p2, p2), (as, pi3,p3) . Furthermore, there exists j € {1,2,3} such that r; < 2. The

partial derivatives of v(B) exist almost everywhere 3 € Q. Furthermore,

‘m (B + 5ﬁij) -v(8)
6Bi;—0F (5/8”

= —¢;5(8)

and

Y(B+B;;) —v(B) .
5&;210* i = —eulB).
Here 5,312 = (5512,0, 0), 5ﬁ13 = (O, 5513,0), 6,323 = (0,0, 5523) cmd 1 < Z <j < 3
Specifically, c¢;j(B) = ¢;(B) < the partial derivative of () with respect to ;; at By exists and
B _ —ci;(8)
0B v :

Theorem 1.12. Suppose % < P1,D2,P3, 71+ 12,11+ T3, 70 + 13 < 6, with 1,719,173 > 1, and £(ay, p1,p1) =
min{l(ay, 11, p1), l(as, 2, p2), (a3, i3, p3) }. Furthermore, there exists j € {1,2,3} such that r; < 2. Let
(u1,8,u2 3,u33) be a normalized ground state solution of Eg for B € Q. Let Ai(B), X2(B) and X3(B) be
Lagrange multipliers of (u1,8,us2,8,usp). Then

(i) M(B), X2(B) and A3(B) are continuous on 2. Moreover, A\1(8), A2(8), A3(8) > 0;

(ii) M\(8), A\2(B), A3(B) — 0 as |B] — +oc.

1.3 Case: k>3

We can extend Theorems 1.7, 1.8, 1.10, 1.11, and 1.12 to the corresponding versions of Equation (1.3)
for k > 3. However, the corresponding results are omitted here for simplicity.
Let us proceed to investigate the orbital stability of solitary waves for the system
'a¢> =Ad O.|Pi 2P ;" | D" 2P R3xR, j=1 k
—ig: @5 = A%, + 1P G Y Bir| @[5 i (@) eERPXR, j=1,... .k,
i
which are associated with the solutions obtained in Theorem 1.8, or Theorem 1.2 when k = 2. By [5,

Theorem 1.8], the following theorem can be established.

Theorem 1.13. Let k > 2. Suppose (A1, ..., Ak, U1, ..., uy) represents the solution obtained from Theorem
1.8 (or Theorem 1.2 when k = 2). Then the associated solitary wave is orbitally unstable by blow up in

finite time.

We outline our approach to finding normalized ground states for equation (1.1). We employ the
framework from [12] to identify the minimizer (uy,us) of Eg(uq,us) over the set D,, x D,, N Mgz. We
then demonstrate that if v(8) < min{l(ay, u1,p1), €(az, g2, p2)}, the pair (uy,us) resides in S,, X S,,-
According to [18, Lemmas 4.8 and 4.9], My is a natural constraint, implying that (u;,us) serves as a
normalized ground state solution to (1.1). Furthermore, we investigate the range of 8 for which v(8) <
min{4(ay, 11, p1), {(asz, 2, p2)}. We establish the monotonicity of v(3), which guarantees the existence of
a > 0 such that v(3) is constant on [0, 3] and strictly decreasing on (3, +00). Ultimately, we show that
~(0) = min{l(ay, u1,p1),(az, p2,p2)} and v(B) \( 0 as  — 400, indicating the existence of B such that
for 8> B, (8) < min{l(ay, p1,p1), £(az, p2,p2)}-



When k = 3, we can employ a similar approach to establish the existence of a minimizer for

inf E U12,U13, U23 ).
Do, XDay X Day Mg (ﬁlzﬁwﬁzs)( ) ) )

Subsequently, we investigate the interrelation between ~;;(5;;) and 7125(8). In contrast to the case with
k = 2, it is necessary to show that ) is non-empty. However, we merely demonstrate that if there exists
an index j € {1,2,3} such that 1 < r; < 2, then Q is indeed non-empty. Ultimately, we can derive the
corresponding result for 3 € .

The structure of the paper is as follows: In Section 2, we investigate the properties of Eg(u,uz)
and Jg(u1,u2) and demonstrate the existence of infp, w«p, Am, £s(ur,uz). Section 3 is dedicated to the
case k = 2, where we establish that the minimizers of Eg(uy,us) within D,, x D,, N My are exclusively
contained in S,, X S,, under an assumption of 3. Subsequently, we examine the characteristics of v(53).
In Section 4, we consider the scenario £ = 3. We generalize some findings from Section 2 and explore the
relationship between v(f;;) and v(8), for 1 < i < j < 3. Finally, we demonstrate that € is non-empty.

Let us establish the following notations. The L” norm, denoted as | - |,, is considered for p > 1. We
define H'(R3 R¥) as (H'(R?))*, and its corresponding norm is given by

k K
sy w) i o ey = D gl + D Va3
=1 =1
For (uy,...,ux) € HY(R3 R"), we simplify the notations as |(uy,...,ux)3 = 25:1 lu;|3 and

k
IV (urs )3 =) [Vl
j=1

Furthermore, u = (uy,...,u;) # 0 signifies that there exists at least one j € {1,...,k} such that u; # 0.
Lastly, (H}(R?),R*) denotes the product of k copies of H!(R?®), with H!(R®) representing the space of

radially symmetric functions in H*(R?).

2 Prelimainaries

In this section, we demonstrate several properties of Eg(u1,us2) and Jg(u1, uz) that can be generalized

to the scenario where k > 2.

Lemma 2.1. (|18, Lemma 4.1]) Let % < p1,p2, 1+ T < 2%, ri,re > 1, and > 0. If (ug,uz) # 0 is a
weak solution to Equation 1.1 restricted to S,, X Sa,, then Jg(u) = 0.

Lemma 2.2. (|18, Lemma 4.4]|) Assume ? < p1,p2 < 2% and ry + 1o < 2%, with ri,ro > 1 and § > 0.

There exists a positive constant Cy, dependent solely on py,ps, 11,72, sSuch that
Eﬁ(ul,’UQ) Z CO (|VU1|§ + |VUQ|§)
holds for any (u1,us) that fulfill Js(uy,us) = 0. This indicates that Eg is coercive on the set Dy, XDy, NMg.

Lemma 2.3. (|18, Lemma 4.6]) Suppose % < p1,p2 < 2% and ri,ry > 1 with ry +ry < 2%, and let B> 0.
There exists some 0 > 0 such that the following holds:

inf (IVui]3 + [Vual3) > 6,

(ul,uz)EDal XDa2 ﬂ./\/l[-;
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implying v(8) > 0.

We define ¢ % (uy, us) = (ul,ub) = (t3uy (t), t3us(ta)) for all ¢ > 0. It is straightforward to show that
IV (t* (u1,u2))|2 = |V(u1,uz2)|2. The following proposition can be derived.

Proposition 2.4. (|18, Lemma 4.2 and Corollary 4.3]) Suppose that ? < p1,p2, 71 +Te <25, T, > 1,
and > 0. If (u1,uz) € Dy, X Dy, with (uy,us) # 0, there exists a unique to > 0 such that

I?ngﬁ(t* (u1,u2)) = Eg(to* (u1,uz))

and to * (u1,us) € Dy, X Dy, N M.

Lemma 2.5. (|18, Lemma 4.8 and 4.9]) Assume that 13—0 < p1,p2, 11+ 1o < 2%, with ri,r9 > 1 and 8> 0.
For any critical point of Eg on Dy, X D,, N Mg, there exist A1, A2 € R such that

Eé(uh ’LLQ) + )\1(U1, 0) + )\2(0, UQ) =0.

Before demonstrating that the infimum infp, ., ~m, Es(u) is achieved, we require a result regarding

profile decomposition, which is a generalization of |25, Theorem 1.4].

Lemma 2.6. Let (uy,,u2,) C H'(R?* R?) be bounded. Then, for any n > 1, there exist sequences
(@5, U2,)5 0 C H'(R®,R?) and (y%);—, C R® such that y% =0, |y}, — yi| — 0o as n — oo for i # j, and,

upon passing to a subsequence, the following conditions hold for any ¢ > 0:
Uy (-4 yh) = G, in H'(R?) as n — oo,

Unp (- 4 yh) = Ta; in H'(R®) as n — oo,

n—oo

i
lim / Uy n|® + |ug.pn|* de = Z/ Vi ;|? + |V ;| doe + lim / Vol |2+ |Vl |*dx,
R3 = R3 n—00 [p3 ’ ’

. ;L . . P .
where vy, 1= u1n — 3o U (- —yh) and vy, 1= Uz, — 35 Uo (- — y3,). Furthermore, we have

n—roo

limsup | H(uyn,us,)de = Z/ H(ty,, Uz,;) dz,
R3 ‘]70 R3
where the functional H is defined as

H(up,up) = 22 / st d + 22 / s} dz + / s [ ]
P1 Jrs P2 Jgrs R3

We draw upon [12, Lemma 2.7| and [18, Lemma 5.1] to establish the following lemma. The proof is

analogous to those provided therein, and thus, it is omitted here.

Lemma 2.7. Suppose that % < p1yp2 < 2F and v +ry < 2%, with r1,79 > 1 and B > 0. The minimizer

infp, .. .nm, Es(0) is achieved by a non-negative, radially symmetric function over the interval [0, +00).

3 case: k=2

In this section, we demonstrate that the minimizers of Eg(uy,us) € Dy, X Dy, N Mg only belong to
8., X Su, under the assumption that is v(8) < min{l(ay, p1,p1), €(az, p2, p2)}. Additionally, we discuss

certain properties of the function v(3).



Lemma 3.1. Assume that 13—0 < p1,p2, 1+ 1o < 2%, with ri,ry > 1 and B > 0, if

~(8) < min{l(aq, p1,p1), l(as, 12, p2)},
then for any (uy,us) € (Day X Day \ Say X Say) N Mg, it follows that

inf FEg < Eg(uy,us).
Suy X8y My P o(ur, )

Proof. Suppose by contradiction that there is (u1,us) € D4, X Dy, N Mg such that [, uide < a; and
Y(B) = E(ui,uz) < infs, xs,,nm, Es. We claim that u; # 0. If not, we would have u; = 0. Since
(u1,u2) € Mg, we have uy # 0. We easily have |uz|s = a2 according to [12, Lemma 2.8|. Then ~(5) =
l(az, pi2, p2), which is a contradiction.

According to Proposition 2.4, there exists a unique t = t(I) such that (¢%lu; (tx), t2us(tz)) € Mg for
any fixed [ > 0 and ¢(1) = 1. This leads to the following equality:

3 -2 3 —2)
P2\ Vuy |5 + 2| Vus |3 = %lmt%’l_slullﬁ + %t%m_ﬂuﬂg;
D1 D2
3 -2 :
+ B(rl +27"2 )lTlt%(TlJr’l“g)?)/ |U1’T1’U2’T2dm,
R3

from which we derive
dt|l B 2|Vu1|§ _ 3(?12*2)M1IU1’51 N Bﬁm(h;rrr?) f]RS ]u1I”|u2|”dI
J711=1 T Bpi—2 1, 3(p2—2 2 | 3(ritra—2 , o A
dl 22 (2p) —5) i |ur 5} + 282 (3py — B)pafualh + 22 (B (ry 4 15) = 5)B fpa ur |71 |uz| 2 dx

Given that (uq,us) € Mg, it follows that

1
Eg(u1,ug) = Eg(ur, uz) — §Jﬁ(u1au2)

_ 3@’1;7;)_4“1@1 n 3@2;7;)—4“2% ey 300t 2 2) — 4/3/[&3 ] gl d
Since y(B8) = E(uy, uz), we have
OB (t3 lug(tx), t3 uy(tx))
ol =1 = 0.
Direct computation and the fact that (u;,us) € Mg lead to
(3.1) [Vusl3 — pafus Bt —ri 3 /]R3 |uq | |ug|"™2dx = 0.

Notice that v(8) = infuep, n{ul(uus)eMs) Eg(u,us) = Eg(ur,us) and uy € Dg, \S,,, there exists A such
that

— Au;y — u1|u1|p1_2u1 — 57"1|ul|”_2ul|uQ|T2
FA(—2Au; — 73(1)127 2)M1’U1|p172U1 - 3pn(r 2+r2 ~2) |U1|T172U1|U2|T2) =0
or equivalently
3A(p1 —2) 3A(r1 +12—2)

—(1+2X)Au; — (1+ Y |ua [P Puy — (14 )71 Blua | P fus|™ = 0.
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This implies that u; satisfies the Nehari-type identity

3)\(271 - 2)
2

3)\(7“1 + ro —

2
(L+ 20| Vi3 = (1+ gy + (g 222, / | |
]RS

In conjunction with (3.1), we can conclude that A =0 or

3(p1 —2)
2

3(7"1 +7“2*

2
2} = sty + 25222 [ sl
i

Case 1: A =0.
‘We have

—Aul — M1’U1|p172’ul - BT’1’U1’T272U1’U2’T2 =0.

Thus u; satisfies the Pohozaev identity:
2 _ H1 p1 T1 T2
Vuilz = 6(—[wa[5} + B [ |ua]™ uz|™dz).
b1 R3

From Equation (3.1), it follows that

6 —

1

p ™1 T2 J—
1M1|u1|21+<6m6/ s |2 de = 0,
]RS

which implies a contradiction since u; # 0.
Case 2: 2|Vu,|3 = wuﬂuﬂgi + WHB Jas [ur] |ua | da.

Utilizing Equation (3.1) yields

3p1 —10 3(7"1 + 7"2) —10

1 pafur [ + 1 57‘1/ luy |™ a2 da = 0,
R3

which again contradicts the assumption u; # 0. Thus vy € S,,.

An analogous argument shows that uy € S,,, completing the proof.

We will now proceed to discuss the characteristics of the function v(8).

Proposition 3.2. Assuming that % < p1,p2 < 2% and ri,7m9 > 1 with ry +ry < 2*. v(B) is non-increasing

over the interval [0, 4+00).

Proof. Let us assume that 0 < 8; < 2. For any arbitrarily small € > 0, there exists (u;,us) € Mg, such

that Eg, (u1,u2) < v(B1) + €, with u; and uy both nonzero. Proposition 2.4 ensures the existence of a

unique ¢ > 0 for which t* (u1, us) € Mg, and Eg, (t*(u1,u2)) < Eg, (u1,uz). It follows from the expression

of Es that the following chain of inequalities holds:

Y(B2) < Ep, (t * (u1,u2)) < Eg, (tx (u1,u2)) < Eg, (u1,u2) <v(B1) +e.

Consequently, we deduce that v(52) < v(81).

The proof of Theorem 1.1 (i). Due to Proposition 3.2, we need only demonstrate that for any se-

quence 3, — A7, the inequality holds:

(3.2) Y(B) < lim ~(B,).

n—-+o0o
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Let € > 0 be arbitrarily fixed. Suppose there exists a sequence (uy ,,u2,) € Dy, X Dy, N Mg, such
that Eg, (u1n,u2,) < Y(Bn) + €. According to Proposition 2.4, there exists a sequence ¢, such that
tn % (U1, U2n) € Mp. Notice that

3(r1+ro—2)
Y(B) < Eg(tn * (u1,n,u2,n)) = Eg, (tn* (U1, u20)) + (Bn — B)tn 7 / Uy | Uz, | dz.
R3

By Proposition 2.4, we have Eg, (t, * (u1,n,u2n)) < Eg, (U1,n,u2,n) < 7(Bn) + €. Therefore, it suffices to

show that
3(rq1+ro—2)
— / g o 1120
RS

is bounded. Proposition 3.2 and Lemma 2.2, yield

Co(|Vurnl3 + [Vuznl3) < v(Ba) + <v(B) +&.

This implies that (uy,,us,,) is bounded in H'(R* R?) and [ [u1,,|™ [ug,,|dz is bounded. Since t,, *
(U1,n,U2.,) € Mg, We obtain

3p1-2) 53 -2 3pa=2 53 -2
122 ,u“1<p1 ) |u1 |p1de +t, 2= -2 M2< )
2p; 2p> R3

3(T1+T2 2) 235 71 +7‘2

+tn / [y | ug,n| 2 d.

[V, n|2 + [Vug, n|2 =tn |ug, | dx

Assume that p; = min{py, pe, 1 + r2}, then by (uy,,,u2.,) € Mg, , we obtain

3(p1—2) 3 /Bn*/B T+ Ty — 2 r T
(3.3) |vu1,n|§ + |vu2,n|§ =tn * 2(|vu1,n|§ + |vu2,n|§ - ( )(21 : : /s U1 | U0 | d)
R

3a=2) 5 3= o 3 (py — 2)
R o
( ) 2])2

3(ri+ra—2) 3(p1—2) 3
J,-(tn 1472 2 . Pl 2> ,8T1+7'2 / |U1n| |u2n|T2dI

Again by Proposition 3.2, we know that v(f3,,) has a positive lower bound, which implies |V |3+ |Vua, |3
3(p1—2)
2

|uQ n|P2dx

possesses a positive lower bound. Notice that —2 > 0, we infer from Equation (3.3) that for ¢, > 1,

the following inequality holds:

3(p1-2) o 3 /Bn /6 ri+r ,
Vs a3 + [Vugnls = tn (IVurnl3 + [Vuga 3 — ( ) — / urn|™ Uz | dz).
This implies that t¢,, is bounded, thus completing the proof. O
For any 5 2 07 Eﬁ(wal,ul,pu 0) = €<a17 Mlapl) and Eﬂ<07 waz,u1,p2) = E(a% ,u27p2>~ So we have

~(8) < min{l(aq, p1,p1), (az, pa, p2)}.

The proof of Theorem 1.1 (iii). We assume that (u;,u2) € D,, X D,,, where u; # 0 and us # 0.
According to Proposition 2.4, there exists a sequence t,, such that ¢, x (u1,us) € Mg, . Notice that

3p1-2) 3
B(usl+ (Tusfp) = 05 PP s
+t 3(132 2) 3M2<p2 — 2)/ |u |p2d_’p
n 2p2 2

3(rq+r 2)3 7" r
d TR [,
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which implies t,, — 0 as 3,, — +00. Since Lemma 2.2 and

1
Y(Bn) < Eg, (tn * (u1,us2)) < §tfl/ |V | + [Vus|*dz,
R3
we have v(8) — 0 as  — +o0.

The proof of Theorem 1.1 (ii). Step 1: v(0) = min{l(ay, 11, p1), £(az, 12, p2)}
Notice that

Bo(ur, us) = / IV |2 + [V dac/ B o+ “2|u P2 dg:
R3

and

3 3
Mo = {(u1,2) # O}y us) = [V [+ Vgl — 2101 =2) / e 20222

/ |ua|P2dz = 0}.

Consequently,
_3 3 —2
MO_ U{ ul;Uz 0|/ |V Ml( ) |p1dx_ / |V :u2< >| 2|p2d$:—A}
A€R
and Fo(uy,ug) = (M )u_’u i3 (Buz(;fﬂ) _

)52 uzlp? for (u1,uz) € Mo. Furthermore, let

2
A= () 0] [ V= P2 s, [ vt - 2= e — ),
2

and

3 —2 3 -2
°={<uhw>#0|/ |Vm|ﬂ%|ul|mdx:o,/ Ty ? + 222 =2)
R3 1 R3

)i
2dxdr = 0}.
o ol = 0}
We claim that

i ) - i ) 9 9 ) 9
(un ) (I)Ilf o X Do, E0<U1 Ug) mln{(?(al 1251 pl) (((12 1253 pg)}
and

(u17u2)e%[%f7)al . Eo(u1,uz) = min{l(aq, pt1, p1), £(az, 2, p2)}-

Notice that

. 1 1
inf Eo(ui,ug) = inf [= |Vu ?dx — — |uq|Prdx]
(u1,u2)€0NDa; XDay Doy {ur €H (R3)]| IK3 |V [2— 3(?1 2)u1 lui|P1dz=0} 2 P1 Jrs
1 p2
+ inf [= |Vu2| de — — |u P2 dzx].
DayN{u2€H (B9)| fua [Vua|?— 223202 4y [p2 da—0} 2

Since either u; # 0 or uy # 0, it follows that infy,, v,)co Fo(u1,us2)
according to [12, Lemma 2.8]. For a given A > 0, we define

min{4(as, p11,p1),{(az, 12, p2)}

3 -2
B = {uy € Hl(R3)|/ |Vug|? — Mmﬂmdﬂc =—A}
R3 2p;

and

3 -2
C={use H1<R3)\{o}y/ Vu|” — 7“2%’; ) \uy|P2dz = 0.
R3 2

12



For any u, € H'(R3)\{0}, we consider the functional

3 p2 3 2
I(ub) =t |Vug|2dr — w3 3pta(p2 = 2) |us |P?dz,
2 2
R3 P2 R3

which implies that %8 is homomorphic to €, and there exists ¢(u) > 1 such that u**) € B for any u € €.
Consequently, we have inf(y, u,)canp,, xD., Fo(ur,uz) = infuZempw(W — 1)75(u)3(p2 ”—|u1|
{(az, p12,p2). Similarly, for A < 0, we obtain inf(, u,)ep,, xD,, na Lo(u1,u2) = £(a, p1,p1)- Therefore,

v(0) = min{l(ay, pt1, p1), £(az, 12, p2) }-
According to Proposition 3.2, Theorem 1.1 (iii) and step 1, there exists 3 such that

v(B) = min{l(ay, p1,p1), (az, pa,p2)}

for 8 € [O,B] and v(8) < min{l(a, u1,p1),(az, p2,p2)} when g € (B,—&—oo).

Step 2: v(8) is strictly decreasing on (3, +00).

For any 8, > (3, according to Lemma 3.1, there exists (u1,0,u20) € Say X Sa, N Mp, such that
v(Bo) = E(uq,0,us20). Similar to Proposition 3.2, we can infer v(5y) > v(8) for any 8 > S. O

The proof of Theorem 1.2. From Lemma 2.7, Theorem 1.1 (ii) and Lemma 3.1, We have (8) can be
obtained by (u1 g, us ) in the set S,, X S,, N Mj in the interval 3 € (3, +00). Furthermore, it follows
from Lemma 2.5 that S,, X S,, N Mp is a natural constraint. The combination of Lemma 3.1 and the

maximum principles leads to the completion of the proof. O

The proof of Theorem 1.4. Since Eg, (Ui, us,) = Y(5n) and (u1,n, u2,n) € Say X Sa, N Mg, , it follows
that (uq pn,u2,) is bounded in H'(R3 R?). Notice that

Eﬂ(“l,na u2,n> = EBn (ul,na u2,n> + (Bn - B)/ |u1,n|r1 |u2,n|r2dm~
R3

We derive Eg(uqp,u2,) — v(8) by Theorem 1.1 (i). Furthermore,

n |T272u2.,n)-

Eﬁ|:9a1 xSay (ULins U2,) = B, |:9a1 % Say (Ulins U2,) + (B = Bn)(rifus, T [T L P (T L (7
Consequently, E5|:ga1 %Sy (Wns U2,n) = 0 in H™H(R?). Notice that

e e AT

Ja(U1,n, u2n) = I, (U1 0, U2 n) +

which means Jg(u,,) — 0.
Hence, (uq,,,us2,,) is a Palais-Smale consequence of E3 constrained S,, x S,, with Jz(u1,,, u2,) —
0. According to [18, Lemma 8.1], there exists a normalized ground state solution (uj,us) satisfying

(U1 s u2,) — (u1,uz2), up to a subsequence. This completes the proof. O
The proof of Theorem 1.6. We have

M(B) = 1 fgs [ur,gPrda + Bry [o [uy g|™ Jug g2 de — [os |V g|*de
1 - p)

ay

and

th2 Jgs (2,872 dx + Bry [oo [us g™ [uy g|" do — [Gs [Vug, g|*da
X2 (B) = 5 .

as
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Hence,

M (B)ai + Xa(B)a3 = palur pBt + polusp|P? + B(ry 4 12) / lu1,5]" Jug,g|"™ da — [Vuy |5 — [Vuz,sl3,

where (u1,5,u2,3) € Mpg. we obtain

3(?1 - 2) 3(?2 - 2)
2 2 1 2
A(B)at + Aa(B)a; = (1 — T Jua|ur glpr + (1 — T )iz |ug gl
3(ry +1r - -
4 2032, 08 [ Ju ol sl

Given that £ < py,ps,r1 + r2 < 6, it follows that A;(8)a? + A2(B)a3 > 0, indicating that A;(8) > 0 or
A2(B) > 0. Assume by contradiction that A\;(8) > 0 and A\y(8) < 0. We then have

— DNy g = —Xotin g + palta p|P* " 2ugp + Brofus g|™ ug 5™ *usp.

According to Lemma 3.1, both u; g and us g are non-negative, leading to — Awuy g > 0, which would imply
ug,3 = 0. This is a contradiction. Consequently, A;(3), A2(3) > 0.

We can directly deduce (i) from Theorem 1.4. Moreover, Theorem 1.1 (iii) and Lemma 2.2 imply that
v(B) = 0 as B — +oo, which in turn indicates that |Vu 5|3 — 0 and |[Vus g3 — 0 as 8 — +o0o. Notice
that

3 3
B/ iz |7 fur | e = / (Vo2 + [Vt Pl ”17 / g oz — 2202 = 2) / g P dz,
R3 R3

we can establish (ii) by the Garliardo-Nirenberg inequality. O

Lemma 3.3. Assume that (u1 g, 5) € Kz and (uy g, U p,) € Kg,, where 8,80 > B. Let tox(uy g, us 5) €
Kpg, and t * (uy,g,,u2,8,) € Kzg. We have

0

Eg(u1,p,u2,) < (Bo — B) /Rg U g " (U g, "2 d 4 By (1,505 Uz,5,),
By (U150, Uz,6,) < (B — Bo) / ] [ug s |2 d + Ep(ua g, us ).
Proof. Notice that

Eg(uy5,u25) < Eg(t* (u1,5,,u2,5,))

= Bt (1500 02,)) + (B = B) [ [, " 5,

< (60 - 6) /]RS |u‘i7ﬂ0|ﬁ |ug,BO|T2d.’E + Eﬁo (ul,ﬁm u2,ﬁ0)7

and

Eﬁo (ul-ﬂoﬂ u2-ﬂ0) < Eﬁo (ui(jﬁv ugo,ﬂ)
= Bp(ulprufy) + (8- 50) [ Julty Iyl

< (5 — BQ) /]Rd |U§‘fﬁ|h|ué‘fﬁ|rzd5€ + EB(Ulwﬁ,UQ,B).
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The proof of theorem 1.5. According to Lemma 3.3, we deduce that
(5o =) [ty il <9(8) = 2(60) < (5o = B) [ Ik " "

where to* (u1, g, u2,5) and t*(uy g,, u2 g,) are given in Lemma 3.3. By the definition of M and Proposition
2.4, it follows that t — 1 as 8 — f.

First, assuming 3 > 3y, we obtain

7‘1 T2 ( ) 7‘1 T2
/|u "2 < 57 [l 75,

lim sup 77(5) — () < —lim inf/ |t ﬂ0|”|ug 5012 dx
— + bl ’
B—BF 6 /60 B—By JR3

On the one hand,

— _ﬁiﬂiﬁf/s £ g |7 g, g |7 e
0

== [l

From the arbitrariness of (u1 g,,u2,3,), we conclude

1(8) = ~(Bo)

lim sup < —di(Bo).
gﬁggr /6 - 60 1( 0)
On the other hand,
lim inf 77(5) — () hmmf/ |u‘i°ﬂ|r1 |l ’5|"dz = —lim sup |u§°5|”|u§°ﬂ|”dﬂc.
s—s5 B — Do p-pt  Jrs pops Jre ’
By Theorem 1.4, there exists (u1,0,u2,0) € Kg, such that
lim sup |u§‘fﬁ|”|u§‘jﬁ|”dgp = / |u1,0]™ |ug,0| 2 dx.
Therefore,
V(B) — /
liminf —5——7+~—= Uuy,0|"ug 0| dx =
ﬁ*}ﬂo 6 /60 | 1 Ol | 20| ( )
yielding limg_, 5+ W = —di(Bo).
Analogously, one can demonstrate that
_ (B) —(Bo)
lim DTN g 8,).
sy B—D5o 1(5o)
Since v(f) is continuous and strictly decreasing, v(/3) is differentiable almost everywhere in g €
(B, +00). Consequently, we have dy(8) = di(8) < ~(8) is differentiable at 3 and v/(3) = —d,(3). O
4 case: k=3

In this section, we demonstrate the existence of a normalized ground state solution for Equation (1.3)
in the case where k = 3. We define # * (u1, ug, us) = (ul, ub, ul) = (t2uy (tx), t2uy(tx), t2us(tz)) for t > 0.

Following a similar argument to that of Proposition 3.2, we establish the following proposition.
15



Proposition 4.1. Suppose that 13—0 < p1,p2,T1 + 12,1+ 13,70 + 13 < 6 and 1,792,735 > 1. Then, v123(3)

is monotonically non-increasing on the ;5 —axis for 1 <i < j <3 where ;5 = {B:|B8:;; > 0}.

The proof of the Theorem 1.7 (i). We choose B, = {fi2,0,513.0,P230} € Z. Ve > 0 and B =
{B12, 13, B2z} € B:(By) N E, there exists u = {uy,us,us} € Mg such that Eg(u) < v123(8) + €, where

B.(8B,) ={B € R?||B, — B] < el}.

Step 1: we demonstrate v123(8,) < 7123(8) + €.

According to Proposition 2.4, there exists ¢ > 0 such that t xu € Mg, and v123(8,) < Eg,(t *x u),
with ¢ = ¢(u). Notice that

3(r1+ro—2) r r
(41) Eﬂo (t*ll) = Eg(t*u) + (,812 — 51270>t 2 / ’U1’ 1’U2| 2dx
RS
3(r14r3—2) r ”
+ (813 — Bis o)t = / |ur|™ [uz|™ dz
RS
3(ro+r3—2) r ”
+ (Ba3 — Bas o)t = / |ua|"™ uz|™ dz
RS

and Eg(t xu) < y123(8) +¢.

Subsequently, we verify that t(w), [o, |ui|™ [uz|dx, [4o [ui]™ lus|"dz and [g, [ug|™ |us|"™® da are bounded
on R for any 8 € B.(By) NE and u € {u € D,, X Dy, X Do, N Mg|Eg(u) < v123(8) + €}. Notice that
Y123(8) < €(ay, p1,p1) and

(12)  Epw) = Bo(w) - 5Js(w)

;-2 . m =)
_ (AL A B wi|Prde + (—=——2 —1)== us|P2dx
( 4 )P1 R3’ ! ( 4 )P2 R3’ d
3(pa — 2 3(ry + 1y — 2 r r
4 (ps )_1>@/ |u3,p3dm+(w_1)ﬁl2/ |ug | Jug|™ da
4 D3 Jgs 4 R
3(ri + 15 —2 —_ 3(ra 75 — 2 " [y "
+ (% — 1)613/ ur | uz|™ dz + (% - 1)/323/ |ua|" |us|™ d.
R3 R3

Thus, [oo |ur|™ [ug|™dx, [Gs lui|™ Jus|"de and [o, [us]™*|us|™da are bounded due to 3(171_2) -1, 3(Ti+lj_2) -

1> 0, where 1 < ¢ < j < 3. On the other hand, similar to the argument with Theorem 1.1 (i), we can

prove t(u) is bounded.

Finally, we conclude that for all £ > 0, there exists 6 > 0 such that v123(8,) < V123(8) + € for any

B € Bs(By) NE.

Step 2: we prove Y123(3) < 7123(8,) + €.

Ve > 0, there exist uy = {u1,0, us,0,us,0} and ¢t > 0 such that Eg (1) < 7123(8,) + € and uf € Mg.
Notice that

(4.3) T123(8) < Ep(uh) = B, () + (Broo — fro)t™ 5 /Rs |u 0™ [uz,o| " dz
+ (B30 — 513){%“%%72) /]RS |us,0]™ |us o] d
+ (B23,0 — 523)15%%72) /]RS |u2,0]" |uz 0| dz.
Similar to the argument with Theorem 1.1 (i), we can prove ¢ = t(83) is bounded. Thus we complete the

proof. O
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The proof of Theorem 1.7 (ii). The proof resembles that of Theorem 1.1 (iii), and thus, we omit the
details here. O

The proof of Theorem 1.7 (iii). Firstly, we demonstrate that v123(812,0,0) = y12(512). We have

3 3
1 L _
Epi200= § ,_/ Vu,|*da — E —J/ U"pjd:v—ﬁm/ |uq|™ ug |2 dx
B — 2 RS | .7| = p] RS ’ J -

and
3 3#
Missoo = {(us,uz,ua) € H'RRNON Y [ [Vufide = ) #00=2 / P de
=1 R3 o 1
~ Sralnatre = /rmwmw@—m
We define
3 -2 3 —2
N ={(ur,us, us) € Hl(R3,R3)\{O}|/ V|2 + |Vu2|2dx/ %mﬂm J3e2m ) g,
RS D1 2po
3 (r +r ” ” 3 -2 A
/312 1 2 — / ]u1| 1|u2| 2y — / |v MB( )| 3|p3d1: = —A},

Therefore, we have

M(ﬂu,o,o) = U NAa

A€eR

and

3(p1 — 2 3(py — 2
Bpran (i) = (L2 -2 [ sy G222 [ g
3 R3

4 D1 b2
3(ps — 2 3(ry +ry —2 L, |
+ (M _ 1)”3/ lus|P*dx + (M - 1)512/ ur | |ua | d
4 Ps3 4 R3

for (u1,us2,u3) € M(g,,,0,0)- We claim that

inf E U, Uz, Us) =
(11 su,103) ENO Dy XDy X Doy (ﬁlz,o,o)( 1, U2, 3) 712(/312)
and
inf E U, Ug) = .
(u1,uz,u3)ENANDay XDay X Dag (812,00 (U1, 42) 2 712(12)
We define

Q0 = {(u1,uz) € H'(BR)\ (0)] [ Vil + [Vuafdo - [ W|
R3 1

3
Jaln tre / " uo "2 = 0}

3 -2
wi | — f2(p2 )

us|"?dx
2p2 | 2|

and

— fus e HUE)\ O} [ [Vuoft - 22222
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Notice that

i : 3(171 - 2) M1
f E = f VL T A )L )
(ul,uz,ug.)e./\/olrrﬁll)alXDGZXDaS (ﬂ1270,0)<u1au2au3) [Qorﬂ;g ><Da2( 4 )p1 - |U1| xX
3(172 - 2) %51
+(———-1)— P2
( 4 )p1 - ’U2’ T
3(ri+7ry —2 ; .
( (ry¥r2—2) 42 ) _ 1)512/ [u | Jus | dx)
R3

3(ps —2
+ inf (Ml)@/ |us|P® da.
PoNDay 4 P3 JRrs

By considering the cases when either (uy,us) # 0 or ug # 0, we obtain

inf E Uy, U, U3) =
(ul,uz,uz)GNoﬂDal><Da2><Da3 (ﬂ1270’0)< b 3) ’-Y12<I812>

since £(as, p3, p3) = £(ay, p1,p1)-
For any A € R, we assume A > 0. We can make same argument with Theorem 1.1 (ii) to obtain

. . 3ws-2 3pusz(ps — 2) )
f E > f ¢ 2z Podae >4
(t1,02,206)ENANDay X Dy XDy 512,0,0(U1, Ug, uz) > ety (u) o, g lus|P2da > €(as, s, p3),

where t(u) > 1. For any A < 0, we have

lllf E@ 1)“(u u; U3) > Y (; )
12,U, I ) = 2 2
(u UQ,’LL;})ENA Ea] XDGQXEG/S

Similarly, The other two formulas also can be showed. We complete the proof. O

The proof of Theorem 1.8 (i). We assume, for simplicity, that 1 < r; < 2. For a fixed 12 > 0,
it follows from Theorem 1.7 (i), (ii), (iii) and Proposition 4.1 that there exists unbounded, simply
connected open subset I'1(812) = {(B13, B23)|71123(B12, 13, B23) < 712(B12)} with respect to RT x R*.
Analogously, for a fixed f13 > 0, there exists unbounded simply connected open subset T'y(513) =
{(B12, B23)| 7123 (P12, P13, B23) < Y13(B13)} with respect to RT x RT. By imitating the proof of [18, Theorem
7.2], we obtain vi23(B12, f13, f23) < Y23(Ba3) provided Boz > Baz and (Bi2, B13) # (0,0). Consequently, for
any (S12,013) # (0,0), there exists some Bas such that (B12, P13, Pag) € 2 for [agz > Bas. Furthermore,
according to Theorem 1.7 (i), (ii), 2 is demonstrated to be an unbounded, simply connected open subset

of Z. We complete the proof. O

Lemma 4.2. Assume that % < p1,P2,P3,T1 + 1o, 11 + 13,0 + 13 < 6, T1,7r9,73 > 1 and (ay, p1,p1) =
min{€<a17 Mlapl)a €<a27 N2ap2)a E((Zg, M?np?))}' If’}/123</3) € Q, then fO’f’ any u € (Dal X Dag X Da3\8a1 X Sag X
Suy) N Mg, there holds

EB < EB(’U,)

inf
Say XSay XSazNMg

Proof. Suppose by contradiction that there exists u = (uy,us,u3) € Dy, X Dy, X Dy, N Mg such that

Jps uidz < ay and y193(8) = Eg(u) < infs, xs,, xs.,nmp Eg. We assert that uy # 0. If not, we could

assume u; = 0. Then v123(8) = infp,, «p,,(Mps,, Esss (U2, u3) = Y23(B23), which is a contradiction.
Aualogous to the argument in Lemma 3.1, we can conclude that u; € S,,. Similarly, (ug,us) €

Say X Say. This completes the proof. O
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The proof of Theorem 1.8 (ii). Combining Theorem 1.7 with Lemma 4.2 and be similar to Theorem

1.2,

we can derive the result. O

The proof of Theorem 1.10. The proof is similar to the one of Theorem 1.4, so we omit details. [

The proof of Theorem 1.11. The proof is quite similar to the one of Theorem 1.5 and we ignore
details. (I

The proof of Theorem 1.12 . The proof is similar to the one of Theorem 1.6, so we omit details. [
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