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Mossbauer spectroscopy is a technique employed to investigate the microscopic properties of
materials using transitions between energy levels in the nuclei. Conventionally, in synchrotron-
radiation-based Mdssbauer spectroscopy, the measurement window is decided by the researcher
heuristically, although this decision has a significant impact on the shape of the measurement spectra.
In this paper, we propose a method for evaluating the precision of the spectral position by introducing
Bayesian estimation. The proposed method makes it possible to select the best measurement window
by calculating the precision of Md&ssbauer spectroscopy from the data. Based on the results, the
precision of the Mossbauer center shifts improved by more than three times compared with the
results achieved with the conventional simple fitting method using the Lorentzian function.

I. INTRODUCTION

Mossbauer spectroscopy is an technique employed to
investigate the properties of materials based on the nu-
clear transitions occurring between specific energy levels
in the nuclei [I]. This technique enables the study of the
hyperfine interactions and vibrational states of atoms at
the probe nucleus. Therefore, Mossbauer spectroscopy
has been applied in the fields of materials science, solid-
state physics, geoscience, and biophysics. Accordingly,
this technique has contributed to the elucidation of the
functions and properties of new materials by revealing in-
sights into their microscopic electronic states and atomic
dynamics [2], [3].

Mossbauer spectroscopy using radioactive isotopes (RI
Mossbauer spectroscopy) is a conventional Mossbauer
spectroscopy technique that employs radioactive isotopes
(RIs) as the beam source. In RI Mossbauer spectroscopy,
the sample to be measured is irradiated with gamma rays
to investigate the hyperfine interactions at the probe nu-
cleus position in the material [I]. Synchrotron-radiation-
based Madssbauer spectroscopy (SR-based Mossbauer
spectroscopy) adopts SR as the incident radiation in-
stead of gamma rays. This technique proceeds as follows
M, [5], [6]: two samples containing the same resonant
Mossbauer nuclei are prepared, one as a transmitter and
the other as a scatterer. The experimental setup includes
monochromatized SR and a silicon Avalanche photodiode
detector to measure the Mdéssbauer spectra, which reflect
the hyperfine interactions at the probe nucleus position.
The probe nuclei in the sample excited by the SR release
internal conversion electrons [7], fluorescent X-rays, and
gamma rays during de-excitation. When the resonance
energies of the scatterer and the transmitter coincide, the

SR absorption by the transmitter is enhanced and the
scattering from the scatterer is reduced. The resonance
energy of the transmitter or the scatterer is controlled
by the Doppler effect of light, i.e., by varying its velocity.
Thus, by measuring the scattering from the scatterer as
a function of the energy difference between the resonance
energy of the scatterer and that of the transmitter, a lo-
cal minimum (absorption peak in the spectrum) can be
observed when the energy difference is zero. The scat-
tering intensity that depends on this energy difference is
graphed as the Md&ssbauer spectrum.

Theoretically, the SR-based Mdssbauer spectrum is de-
termined by two factors. The first is the hyperfine inter-
action, which is the interaction between electrons and
the nucleus. The hyperfine interaction reflects the elec-
tron density, electric field gradient, and magnetic fields
created by electrons at the nucleus. The second is the res-
olution function of the Mossbauer spectroscopy measure-
ment system. This is a unique property brought about by
the use of pulsed SR, and it is not usually treated in RI
Mossbauer spectroscopy where nuclear gamma rays are
employed instead. In this study, we focus on the shape
of the resolution function. The spectral resolution func-
tion in SR-based Mdossbauer spectroscopy is determined
by two parameters: 7 and 7 (7‘1 < Tg)7 which represent
the start and end of the measurement window [4], [5].
Note that when 7 = 0 and 75 = oo, the function is ap-
proximated by the Lorentzian function used in the simple
SR-based Mossbauer spectroscopy [§], [9], [10]. Further-
more, the shape of the resolution function depends on
71 and 7. Although the measurement window, deter-
mined by 7 and 7o, affects the counting efficiency and
energy resolution, which are in the relation of trade-off
for the precise determination of the absorption peak, the
determination of this parameter is left to experts. For



a more precise analysis of the spectra, it is necessary to
establish a theoretical basis for selecting the optimum
measurement window.

Recently, Bayesian estimation has found application
in various areas of solid-state physics [11], [12], [13], [14],
including Mossbauer spectroscopy [15]. In this study,
to overcome the aforementioned problems, we propose a
new numerical method that uses Bayesian estimation to
analyze the peak positions in the SR-based Mossbauer
spectroscopy spectra. We introduce a discretization cal-
culation method to efficiently compute multiple integrals
in the resolution function. The Bayesian estimation ap-
proach makes it possible to obtain information about the
absorption peak position in the spectrum as a proba-
bility distribution from the resolution function and the
measurement window obtained from past experiments
[16], [I7], 18], [I9]. Our proposed method allows the
discussion of the resolution function position and a com-
parison of different measurement windows. We show
that our proposed method improves the estimation pre-
cision of the resolution function based on the measure-
ment window, compared with the precision achieved us-
ing the conventional simple method, i.e., by fitting with
the Lorentzian function. Here, precision is defined as the
degree to which the peak position estimated from the
data coincides with the true peak position.

The paper is organized as follows. In Section[II] we in-
troduce the resolution function and the Bayesian estima-
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The SR-based Mossbauer spectra are represented by
I (ws, Aw,m1,72) in Eq. (1), where ws is the energy
difference between the transmitter and the scatterer.
As shown in Eq. (1), I(ws,Aw,m,72) is the sum
of three channels, T4 (ws, Aw, 11, 72), I (ws, Aw, 71, T2),
and Ig. Ia(ws, Aw,7,T2) represents the nuclear res-

tion framework for SR-based Mossbauer spectroscopy. In
Section [T} we evaluate the effectiveness of the proposed
method by analyzing the generated data. In Section [[V]
we employ the analysis results to discuss the measure-
ment window. Section 5 presents the conclusions.

II. FORMULATION

In this section, we describe the spectral resolution
function of the measurement system for the SR-based
Moéssbauer spectroscopy and a framework for introduc-
ing Bayesian estimation into the resolution function. A
method for estimating the center position of the absorp-
tion peak in an SR-based Mdssbauer spectroscopy spec-
trum by Bayesian estimation is also presented.

A. Model

Here, we introduce the spectral resolution function of
the SR-based Mossbauer spectroscopy measurement sys-
tem based on the information in [5]. We simulated the
resolution function using 151FKu Mossbauer spectroscopy
with 21.5 keV resonance. This was applied to estimate
the absorption peak in the Mossbauer spectrum using
Bayesian estimation. A parameter that indicates the
center position of the absorption peak of the spectrum
is introduced in the resolution function.
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onant scattering of SR without recoil at the scat-
terer, Ic (ws, Aw,T1,72) represents the scattering by
the photoelectric effect at the scatterer, Ip repre-
sents other scattering processes, including nuclear res-
onant inelastic scattering. Details of the calculations of
T4 (ws, Aw, 11,72) and Ic (ws, Aw, 71, 72) are expressed



in Eq. (2)-Eq. (5), where z;(z;) is the thickness of the
transmitters (scatterers), pint(fins) is the linear absorp-
tion coefficient for nuclear resonance in the transmitters
(scatterers), pet(tes) is the electronic absorption coeffi-
cient of the transmitters (scatterers), E;(FE;) is the am-
plitude of the propagating coherent radiation field of the
transmitter (scatterer), and Eo:(FEos) is the amplitude
of the radiation field at the incidence of the transmitter
(scatterer). C'4 and C¢ are constants, and 71 and 75 are
the start and end times of the time window measured in
lifetime units of the nuclear excited states, respectively.

We introduced a parameter (Aw), which indicates the
center position of the absorption peak in the Mdssbauer
spectroscopy spectrum at the relative energy (ws). Aw
is set to 0 when generating the data in this study, and
this means that the true value of the center position of
the absorption peak in the spectrum is set to 0. Theo-
retically, if we set 7y = 0 and 75 = oo, then the left-hand
side, I(ws, Aw, 11, 72) of Eq. (1) assumes a shape that
can be approximated by a Lorentzian function [§]. If
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the time window is chosen so that ™ and 71 are small,
the signal intensity is relatively large because the time
evolution shows the exponential decay, and the statisti-
cal preciseness of the spectrum can be easily improved.
However, the line width increase, and the ambiguity of
the absorption peak position in the spectrum is magni-
fied. Conversely, if the time window is chosen so that 7
and 7; are large, the line width decreases and the am-
biguity of the absorption peak position in the spectrum
reduces, whereas the signal intensity decreases dramat-
ically, making it difficult to improve the statistical pre-
cision of the spectrum. In addition, a small interval be-
tween 7 and 7o strengthens the effect of the limited time
window, which generally makes the complex undulation
in the background area more distinct.

Here, to reduce the computational cost associated with
Eq. (1)- Eq. (3), the model is modified as in Eq. (6)-
Eq. (8). The reason for modifying Eq. (1)- Eq. (3) as
Eq. (6)- Eq. (8) is that Eq. (1) must be repeated when
introducing the Bayesian estimation framework, and its
computational cost is enormous.

I (ws, Aw, 7) = Ip (ws, Aw, T) + Ic (ws, Aw, 7) + I (6)
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As shown in Eq. (7) and Eq. (8), it is possible to
lower the computational cost by omitting the integral
calculation of 71 to 72 in Eq. (2) and Eq. (3) and using
one parameter, 7, to represent time.

Moreover, I (ws, Aw, 71, T2) on the left-hand side of Eq.
(1) can be calculated from I (ws, Aw, 2) on the left hand
side of Eq. (6), as shown in Eq. (9):
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Next, in this study, Eq. (1) is defined as follow:

f(ws,®) = Iws, Aw, 11, 72) = / dr I (ws, Aw, T),

(10)
where parameter © = {Aw} represents the parameter to
be estimated in the resolution function. In this study,
the simplest case is assumed, where the transmitter and
scatterer are the same standard sample and conditions
are the same as those in [5].

Since the observed data in a SR-based M&ssbauer spec-
troscopy experiment indicate the count of the X-rays and
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electrons scattered from the scatterer, we assume that
they are generated using a Poisson distribution. The ob-
served data, y, is written as follows:

T2
= dry (11)

1

yr ~ Poisson(I(ws, Aw, T)) (12)

B. Bayesian formulation

In this section, we describe a framework for apply-
ing Bayesian estimation in SR-based Mdssbauer spec-
troscopy.

In this study, data are generated for N relative en-
ergies, ws", w2, -+ ,w,"V. The generated observed data
are Y1, Y2, -+ ,yn. Lhe generated observed data are mod-
eled as a Poisson distribution, as shown in Eq. (12). The
probability of obtaining observed data y for a given rel-



ative energy w; is calculated as follows:

P (y | ws, 9) _ f(wsv @)y GX;(_f(wsv @)) (13)

Assuming that the observed dataset Data =
{ws?,y;} Y, follows an independent and identical distri-
bution, the likelihood function is written as follows:

N
= HP (yi | ws',©) := exp(—NEn(0)).

=1

P (Data | ©)

(14)
The cost function En(O) is defined as

NZ wg, +Zlog]
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From Eq. (14) of showing likelihood function, the pos-
terior distribution, P (© | Data), can be written as fol-
lows using Bayes theorem:

P (Data | ©) P(O)
P(Data)

:%exm—NEN(e))p(@). (17)

P (© | Data) = (16)

where Z is the normalizing constant and p(©) is the prior
distribution. In this study, the prior distribution is de-
fined as p(©) = p(Aw). Thus, p(Aw) is written as

p(Aw) = Uniform(Aw | Awpaz, AWmin), (18)
where Uniform(Aw | Awmaz, AWmin) represents the
uniform distribution of the maximum Aw,,q,; and mini-
mum AW,in.

III. NUMERICAL EXPERIMENT

The performance of the proposed method described in
Section [[] is evaluated through numerical experiments
using the generated data.

A. Generation of the observed data

When generating the observed dataset, Data =
{ws?,y;} Y1, in this study, the variables that need to be
specified are N, wy, Aw, 71, 72, and M. As described, w;
is the relative energy, Aw is the center position of the ab-
sorption peak in the spectrum, and 7; and 7 are the start
and end times of the measurement window, respectively.
N is the number of data, and M is the discretization size
of the measurement window. The discretization size (M)
of the measurement window is a variable employed to nu-
merically calculate the integral for 7 in Eq. (10) and Eq.

_ing Eq. (19).
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(11). In numerical calculations, Eq. (10) is calculated as
Eq. (19) and Eq. (11) as Eq. (20):

f(ws,© Z I(ws, Aw, T) (19)

T=T1

=3 (20)

T=T1

The procedure for generating the observed data, v,
is shown below. First, for a given w and © = {Aw},
the data from the resolution function are generated us-
Next, we create the observed data (y)
based on the assumption that the data from the reso-
lution function follows a Poisson distribution, as in Eq.
(20). We set N = 128 and Aw = 0. The range of w; is
set to —21.54 ~ 21.54, and thus, w,' = —21.54,w,? =
—91.2007874, - - - , w12 = 21.54.

Referring to [5], data with different 71, 72 values were
generated for the three cases: (a), (b), and (c), as shown
in Figure 1, and the values of 71, 72 in cases (a), (b), (¢)
are as follows:

(a)7y = 5.7, 72 = 17.0,
(b)Tl == 817 To = 170,
(C)Tl = 105, To = 17.0

Further, note that M = 0.1; therefore, the numbers
of 7 required to be added together in cases (a)—(c) are
114, 90, and 66, respectively. Figure 1 shows SR-based
Mossbauer spectroscopy data generated for each case.
The data are for the 151 Eu Mossbauer spectroscopy spec-
tra, where the lifetime of the excited level is 14 ns and the
natural width is 1.3 mm/s. The horizontal axis represents
the relative energy, whereas the vertical axis represents
the intensity. The lines indicate the values of f(ws, ©),
which are the data generated from the resolution func-
tions, and the dots are the values of y, which are the
generated observed data.

B. Calculation of the posterior distribution by
Bayesian estimation

We describe the calculation of the posterior distribu-
tion of the peak center in the SR-based Mossbauer spec-
troscopy spectrum by Bayesian estimation.

First, the hyperparameters, Aw;,q: and Awp,n, of
the prior distribution (p(©)) are set as Aw,q, = 5 and
Awpin = —15, respectively , based on previous research
on 151Eu Maéssbauer spectroscopy [20]. Next, since
the posterior distribution P(© | Data) only takes val-
ues above zero in the range of Aw = —15 ~ Aw =5 for
the setting of the prior distribution, the posterior distri-
bution P(© | Data) can be estimated by calculating the
cost function, Fxn(0), in this range.
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FIG. 1. The SR-based Mossbauer spectroscopy data generated in the measurement windows of (a)m1 = 5.7(ns), 72 = 17.0(ns),

(b)m1 = 8.1(ns), 72 = 17.0(ns), and (¢)rn = 10.5(ns), 2 =

17.0(ns). The horizontal axis expresses the relative velocity

corresponding to the relative energy (mm/s), whereas the vertical axis express the intensity. The lines represents the f(ws, ®)
values of the data generated from the resolution function, and the dots represents the values of the observed data, Y.

We calculated En(A) in 40,001 equal divisions in the
range of Aw = —15 ~ Aw = 5 and saved the results
of Ey(Aw = —15.0), En(Aw = —14.9995), Ey (Aw =
—14.999),--- , Ex(Aw = 5.0). Figure 2 shows an ex-
ample of the posterior distribution calculated from the
results of En(0©). Figure 2 shows the bin width of the
observed data in this study and one-tenth of the ideal
line width using RI Mdossbauer spectroscopy. No notice-
able difference in the estimation performance is observed
among measurement windows (a), (b), and (c) because
the deviation of the estimated central position of the
spectrum is less than one-fifth of the bin width of the
observed data in this study.

C. Evaluation of the posterior distribution

In this section, we first describe the evaluation method
for the posterior distribution obtained from the calcula-
tions in Section [[ITB] Thereafter, we compare the results
with those of the conventional method. To compare the
posterior distributions of Aw for each case, we approxi-
mate the posterior distribution by a normal distribution
and compare the mean and standard deviation of those
normal distributions. This study follows the above pro-
cedure to generate data for 121 cases with 7, given as 5.0
with 0.1 increments, and 75 given as 17.0.

Figure 3 shows the error bar graphs resulting from
changing the random seed of Poisson noise 10 times and
approximating the posterior distribution for each case
with a normal distribution. In Figure 3(a), the horizontal
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FIG. 2. An example of the posterior distribution of the center of the spectrum (Aw), estimated by Bayesian estimation for the
three cases of measurement windows(a)ms = 5.7, 72 = 17.0, (b)7y = 8.1, 72 = 17.0, (¢)71 = 10.5, 72 = 17.0. In the upper part of
each figure, the bin width of the observed data in this study and the ideal line width in RI Md&ssbauer spectroscopy are shown.
The horizontal axis represents the Aw value, and the vertical axis represents the probability. The bars on the distribution are
the typical sizes from the generated observed data. The upper bar is the bin width of the generated observed data, whereas
the lower bar is one-tenth of the ideal experimental width in RI Mdssbauer spectroscopy. Deviations that are reasonably less

than these two typical sizes are experimentally negligible.

axis represents the value of 7y for each case, the vertical
axis represents the mean of the approximated normal dis-
tribution, and the error bars indicate the standard error
of the mean. In Figure 3(b), the horizontal axis repre-
sents 7; for each case, the vertical axis represents the
standard deviation of the approximated normal distri-
bution, and the error bars represent the standard error
of the standard deviation. The dashed lines in Figures
3(a) and 3(b) indicate the mean and standard deviation
approximated by the normal distribution of the poste-
rior distribution estimated by the conventional method
using the Lorentzian function, respectively. Specifically,
they are the mean and standard deviation of the poste-
rior distribution estimated by the Lorentzian function for
the spectral center position (Aw) for the observed data
artificially generated by the resolution function, with
T = 0,7’2 = 100

Considering the instrumental resolution obtained in
actual SR-based Mossbauer spectroscopy experiments,
no deviation is considered when the deviation from the
peak center is extremely small. Intervals where the de-
viation is less than 0.015 and greater than -0.015 are
indicated by dotted lines in Figure 3(a). Therefore, ac-
cording to Figure 3(a), there is no deviation between the
estimated position of the center of the spectrum and the
true center in most cases using resolution function with
the measurement window. In the interval, 7, = [6,11],
the resolution function with a measurement window has
a smaller deviation from the peak center than that for the
conventional method using the Lorentzian function. Fig-
ure 3(b) shows that in the interval, 7, = [6, 14], the stan-
dard deviation is relatively stable and small. As shown
by the arrow in Figure 3(b), the 71 with the smallest stan-
dard deviation is 9.8. In addition, the resolution function
with the measurement window showed a standard devi-
ation that was one-third smaller than that of the con-

ventional method using the Lorentzian function. These
results indicate that when the end time 75 of the measure-
ment window is fixed at 17.0, the estimation precision of
the SR-based spectra is better than when the start time
71 is in the [6, 14] interval. A comparison with the con-
ventional method shows that the estimation precision of
the resolution function using the proposed method is bet-
ter than that achieved with the conventional method. In
this study, we established a method that enables us to
find the condition to determine resonance line position
precisely by optimizing the measurement window.

IV. SUMMARY

In this paper, we proposed a method to evaluate the
position of absorption peaks in the SR-based Mdssbauer
spectroscopy spectra based on probability distributions
by introducing Bayesian estimation to address the spec-
tral resolution function of the measurement system con-
sidering the measurement window. The proposed method
achieved the following:

1. The estimation performances of theoretical mod-
els with different time windows were compared,
and a theoretical background on the selection of
the measurement window for SR-based Mossbauer
spectroscopy was established.

2. The theoretical model for determining the measure-
ment window for SR-based Mdossbauer spectroscopy
is shown to be superior to the conventional simple
fitting function method (i.e., the Lorentzian func-
tion).

3. This method provides a theoretical basis for the
analysis of general SR-based Mossbauer spectra in
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FIG. 3. Error bar graphs resulting from changing the random seed of Poisson noise 10 times and approximating the posterior
distribution of each case with a normal distribution. In (a), the horizontal axis represents the value of 71 for each case, the
vertical axis represents the mean of the approximated normal distribution, and the error bars indicate the standard errors
of the mean. In (b), the horizontal axis represents the value of 71 for each case, the vertical axis represents the standard
deviation of the approximated normal distribution, and the error bars represent the standard error of the standard deviation.
The dashed lines in (a) and (b) represent the mean and standard deviation approximated by the normal distribution of the
posterior distribution estimated by the conventional method using the Lorentzian function, respectively. The dotted line in (a)
indicates the interval at which the deviation is insignificant due to the instrumental resolution of the experiment. According to
(a), based on actual experimental measurements, it can be assumed that there is a deviation less than the experimental limit
between the estimated position of the center of the spectrum and the true center in most cases using resolution functions. In
the interval, 71 = [6,11], the resolution function exhibits a smaller deviation from the peak center than the results observed for
the conventional method using the Lorentzian function. According to (b), in the interval, 71 = [6, 14], the standard deviation is
relatively stable and small. As shown by the arrow in (b), the 7 with the smallest standard deviation is 9.8. In addition, the
performance of the resolution function with the measurement window is validated by the standard deviation being one-third
smaller than that obtained using the conventional method, i.e., using the Lorentzian function. In this study, we established
a method that enables us to find the condition to determine resonance line position precisely by optimizing the measurement
window.

which a finite number of hyperfine interactions is
observed using an optimized measurement window.

Unlike the analysis of RI-based Mossbauer spectra
in the previous study [I5], the analysis of SR-based
Mossbauer spectra generally requires computational re-
sources for the optimization of the resolution function in
addition to the selection of the Hamiltonian. However,
we anticipate that the analysis approach of the SR-based
Mossbauer spectra that involves observing a finite num-
ber of hyperfine interactions will become feasible, con-
sidering future computational resources. The knowledge

obtained in this study will enable the precise analysis
of hyperfine interactions in probe nuclei with more com-
plex crystal and electronic structures by optimizing the
measurement window for the SR-based Mossbauer spec-
trum analysis. The method established in this study is
expected to serve as a foundation for further studies re-
lated to SR-based Mé&ssbauer spectroscopy in materials
science.
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