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We find that the Berry curvature splits the edge plasmons propagating along the opposite direc-
tions in quantum anomalous Hall insulators even with vanishing Chern number. When the bulk is
insulating, only one unidirectional edge plasmon mode survives whose direction can be changed by
external fields. The unidirectional edge plasmon in the long-wavelength limit is acoustic and essen-
tially determined by the anomalous Hall conductivity. The group velocity of the chiral edge plasmon
would change its sign for a large wave vector, which originates from the k-quadratic correction to the
effective mass. The impacts of the Fermi level and the wave vector on the bulk and edge plasmons
are discussed. Our work provides a well quantitative explanation of the recent observation of the
chiral edge plasmon in quantum anomalous Hall insulators and some insight into the application of
realistic topological materials in chiral plasmonics.

Introduction.--Berry phase is a key ingredient of mod-
ern quantum theory and plays an important role in the
development of topological phases of matter and topo-
logical materials [1]. Recently, the Berry phase effect on
the plasmon excitations in solids has attracted increasing
attentions [2–11]. Several theoretical works have shown
that the Berry curvature, an effective magnetic field in
momentum space, should split the energy spectra of edge
plasmons in the metallic systems such as photo-excited
two-dimensional (2D) gapped Dirac materials at zero ex-
ternal magnetic fields [4, 5]. Unlike the conventional
magnetoplasmons [12–16], magnetic fields are not need
to break the time reversal symmetry and to rise a defi-
nite chirality of magnetoplasmons. In addition, the chiral
plasmons induced by the Berry curvature are themselves
handed and essentially differ from those ones in either
metallic handed nanoparticles or handed groupings of in-
dividual resonant nanoparticles for chiral plasmonics [17].

Topological materials including topological insulators
(TIs) [18, 19] and topological semimetals [20] provide us
promising platforms to investigate the impacts of the
topology of the Bloch bands on collective excitations
[21, 22]. Recently there have been a series of impor-
tant experimental progress on plasmon excitations in the
topological materials [23–32]. In particular, the con-
tactless microwave circulator response suggests the ex-
istence of the chiral edge plasmons in magnetized disks
of TIs, Cr-doped (Bi, Sb)2 Te3, that support the quantum
anomalous Hall effect (QAHE) [33–35]. These chiral edge
plasmons exhibit a strong magnetic-free nonreciprocity
that enables us to design and implement nonreciprocal
devices in photonics [36] and transceiver technology [37–
39]. Unlike the conventional band insulators, the QAH
insulators host robust chiral edge states [40–45], which
may support the chiral edge plasmons. However, a thor-

ough and direct theoretical explanation of the chiral edge
plasmons in QAH insulators as well as their manipulation
remain unexplored.

In this work, we show that the Berry curvature splits
the energy dispersion of edge plasmons in the magnet-
ically doped thin films of TIs. When the bulk is insu-
lating, only one unidirectional edge plasmon mode sur-
vives, whose direction can be changed by external fields.
The unidirectional edge plasmon in the long-wavelength
limit is acoustic and entirely determined by the quantum
anomalous Hall conductivity and the effective dielectric
constant of the environment. For a large wave vector, the
group velocity of the chiral edge plasmon would change
its sign, which originates from the k-quadratic correction
of the effective mass. The behaviors of both the bulk
and edge plasmons dependent on the Fermi level and the
wave vector are discussed.

Formalism of edge plasmons.--We begin with a phys-
ical model of the system, in which a 2D semi-infinite
QAH system occupying the region x < 0 is put on

Figure 1. A schematic drawing of the physical model of edge
plasmons ω± near the edge between the QAH insulator and
a vacuum. The 2D semi-infinite QAH system is put on the
substrate, occupying the region x < 0.
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the substrate, as shown in Fig. 1. The effective di-
electric constant of the substrate (z < 0) is ǫsub, and
there is a vacuum for z > 0. We consider an edge
along the y direction. The edge plasmon excitations
are governed by a set of self-consistent equations [46]:
the Poisson’s equation ∇· [εE(r)] = ρ(x, y)δ(z), and the
equation of continuity ∇ · j(x, y) = iωρ(x, y), where
ρ(x, y) = ρ(x)ei(qy−ωt) is the charge density fluctuation
and jα(x, y) =

∑

β

σαβEβ(x, y, z = 0) is the current den-

sity. The frequency and wave vector dependent electri-
cal conductivity tensor σαβ(q, ω) is calculated through
the general Kubo formula [47]. ε = ǫ0 for z > 0 and
ε = ǫsubǫ0 for z < 0. In this work, we use the average
surrounding dielectric constant ǫ = (1 + ǫsub)ǫ0/2 = 7ǫ0
to directly compare with the recent experiment, in which
the QAH insulator is grown on the substrate of semi-
insulating GaAs [33].

The dispersion relations of plasmons can be obtained
from solving the set of self-consistent equations above.
By means of the Laguerre series [46, 48], one gets the
numerical solutions in a matrix equation:

det [Jmn + (η1 ± χ)Im − δmn] = 0, (1)

where the parameters are η1 = |q|σxx

iǫω
, η2 =

|q|σyy

iǫω
and

χ =
|q|σxy

ǫω
. We leave the specific expressions of Jmn and

Im given in the Supplemental Material [49].
After choosing the approximate expression of the in-

tegral kernel [12, 13], one can analytically solve the self-
consistent equations and yield the corresponding disper-
sion relation of the edge plasmons [49]

η1η2 − 2η1 − η2 − χ2 ± 2
√
2χ = 0, (2)

where the plus (minus) sign denotes that the edge plas-
mon propagates along the y (−y) direction. From Eq.
(2), one clearly sees that a non-zero transverse conduc-
tivity or anomalous Hall conductivity σxy breaks the de-
generacy of the edge plasmons propagating in opposite
directions, yielding a pair of chiral plasmons. For the
time reversal invariant system, the anomalous Hall con-
ductivity σxy should vanish. Thus the two edge plasmon
modes are degenerate. Note that taking η1 = η2, Eq. (2)
would reduce to the counterpart for the edge magneto-
plasmons in 2D electron gases [50, 51].

Chiral plasmons in doped QAH insulators.--Let us con-
sider the behaviors of plasmons near the edge of the QAH
insulators. To demonstrate the main physics, we choose
the effective model for QAH insulators in magnetically
doped thin films of three-dimensional strong TIs V- and
Cr-doped (Bi, Sb)2 Te3 [6, 52]:

H = H0 +
m

2
τ0 ⊗ σz, (3)

where m is the exchange field originating from the mag-
netic dopants, effectively acting as a Zeeman field. H0 is

given as [53]

H0 = −Dk2 +

(

h+ (k) V
V h− (k)

)

, (4)

with

h± (k) =

(

±(∆2 −Bk2) ivFk−
−ivFk+ ∓(∆2 −Bk2)

)

, (5)

where h± (k) describes the 2D Dirac fermions with a k-
dependent mass. k = (kx, ky) is the 2D wave vector and
k± = kx ± iky. vF is the effective velocity. The D term
breaks the particle-hole symmetry and splits the longi-
tudinal bulk plasmon modes [6]. ∆ is the hybridization
of the top and bottom surface states of the thin film. V
measures the structural inversion asymmetry between the
top and bottom surfaces. Pauli matrices τ0 and σz act
on the pseudospin space related to the top and bottom
surfaces and the real spin degree of freedom, respectively.
Here we primarily consider the insulating phase that re-
quires |D| < |B|. In addition, we take the parameters in
real calculations such that the theoretical calculations of
energy bands are in a good agreement with experimen-
tal observations [41, 42]. Specifically, vF = 3.0 eV · Å,
∆ = −0.01 eV and B = −30 eV · Å2.

By the numerical solutions to Eq. (1) and the ap-
proximate analytical results from Eq. (2), we obtain
the plasmon dispersions in doped QAH insulators in
both the topologically trivial (ξ ≡ −m/m0 < 1 with
m0 =

√
4V 2 +∆2) and nontrivial (ξ > 1) phases, as plot-

ted in Fig. 2. The plasmon modes possess several key
features. First, there are two edge plasmon modes prop-
agating in opposite directions near the edge for both the
topological nontrivial (Fig. 2(a)) and trivial (Fig. 2(b))
phases. It is a sharp contrast to the previous theoret-
ical work on metallic systems that requires a nonzero
anomalous Hall conductivity or mean Berry curvature to
split the edge plasmon into a pair of chiral edge plasmons
[4, 5, 54]. We define the mode propagating along the y
direction as ω+, and the opposite mode as ω−. Second,
Fig. 2 shows that the two edge plasmons are not degen-
erate and the energy of mode ω+ is higher than mode
ω−. Third, the numerical results are well consistent with
the corresponding approximate analytical solutions, and
the energy of the former is slightly higher [55]. Fourth, in
contrast to the conventional magnetoplasmons in the con-
text of 2D electron gases [12, 13, 46], both of the two edge
plasmons are gapless. When the wave vector q is small,
ω+ and ω− are nearly degenerate. As the wave vector q
increases, the split of the two edge plasmon modes be-
comes pronounced. The energy of the edge plasmons is
lower than the bulk plasmon that is determined by the
zeros of the complex dielectric function ε(q, ω) [6], i.e.
ωbulk > ω+ > ω−. In the direction perpendicular to the
edge of the material, mode ω− decays faster than ω+.
For a sufficiently large wave vector q, the fast mode ω+



3

Figure 2. The bulk plasmon (green lines) and chiral edge plas-
mons (blue and purple lines) of semi-infinite QAH insulators
in different topological phases: ξ = 1.5 for a nontrivial phase
with a unit Chern number in (a) and ξ = 0.5 for a trivial
phase with a vanishing Chern number in (b). The orange
lines refer to the boundary of the interband SPEs. The solid
(dashed) line indicates the numerical exact (approximate) so-
lutions. The parameters are µ = 0.09 eV and V = 0.03 eV,
D = 10 eVÅ2.

will merge with bulk mode ωbulk. Consequently, only the
edge plasmon ω− survives along the edge until it enters
into the intraband single-particle excitations (SPEs) re-
gion. In fact, the interband SPEs have little influence
on the plasmons because of tiny overlap of energy bands
for the frequency range we discussed here. In addition,
comparing Figs. 2(a) with 2(b), the behavior of the chi-
ral plasmons in different phases are similar, while the
energy splitting of ω± in the nontrivial phase is much
bigger than those in the trivial phase.

Unidirectional plasmons in intrinsic systems.--When
the bulk is insulating, the bulk plasmon ωbulk will dis-
appear due to lack of free bulk electrons at the Fermi

level. But the edge plasmon still exists and is unidi-
rectional. From the perspective of semiclassical dynam-
ics, the Berry curvature Ω(k) acts as an effective mag-
netic field in momentum space and modifies the kine-
matic equation of electrons with an anomalous veloc-
ity − e

~
E ×Ω(k), which essentially accounts for various

anomalous transport and optical properties of Bloch elec-
trons in solids [1]. The sign of the Berry curvature deter-
mines the direction of the anomalous velocity then sig-
nificantly affects the behaviors of edge plasmons. Specif-
ically, for a nonzero wave vector q, there exists a single
unidirectional edge plasmon propagating on the edge of
the magnetically doped TIs, even when it is topologically
trivial.

We solve the matrix equation in Eq. (1) in the un-
doped case and plot the dispersion curves of the edge
plasmons in Figs. 3(a)-3(d) [56]. When m < 0, both Eq.
(1) and Eq. (2) have only one solution, in which the wave
vector q is positive. So the edge plasmon is an unidirec-
tional mode and propagates in the positive direction, i.e.
ω+. If m > 0, the sign of Berry curvature changes and
the unidirectional edge plasmon will accordingly become
mode ω−. This salient character agrees with the recent
experiment about magnetoplasmons in a QAH insulator
[33]. In their experiment, the frequency of the edge plas-
mon is about GHz, which is marked in the insert of Fig.
3(b). Our numerical results show that the velocity of the
edge plasmon is about 2.93 eV · Å and well consistent
with the experimental data 2.63 eV · Å [33]. Figure 3(c)
shows the dependence of energy dispersions of the chi-
ral plasmons on the exchange field m for µ = 0 eV and
µ = 0.02 eV. For the Fermi level in the band gap, the
frequency of chiral plasmons is independent on the mag-
nitude of exchange fields, which is well consistent with the
experimental result [33]. On the contrary, the frequency
of chiral plasmons strongly depends on the magnitude of
magnetization for the lightly doped case.

In the long-wavelength limit q → 0, we have σxx ≈
σyy ≈ 0, and σxy ≈ ±e2/h for the nontrivial phase (h is
Planck’s constant and e the electron charge). Inserting
σxy into Eq. (2), one immediately gets the dispersion
relation of the edge plasmon:

ωH+ (q) =
qσxy

2
√
2ǫ

=
|q|

2
√
2ǫ

e2

h
. (6)

It is clear that such edge plasmon is an acoustic mode
whose velocity is solely determined by the quantum Hall
conductivity e2/h and the effective dielectric constant of
the environment, but independent of the detailed pa-
rameters of the system. The corresponding velocity of
the edge plasmon in the long-wavelength limit is about
1.46 eV · Å and much less than the experimental value
[57]. This is a unique collective mode appearing only in
the QAH insulators. The numerical solutions share the
same character, as shown in Fig. 3(a). When the system
is in a nontrivial phase (ξ > 1), all the dispersion curves
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of the edge plasmons approach the same asymptotic line
in the long-wavelength limit. While for a trivial phase
(ξ < 1), the dispersion curves tend to zero. Thus, the
dispersion properties of the unidirectional edge plasmon
strongly depends on the topology of the system. In sum,
our work could reproduce all key features of the chiral
edge plasmons in the QAH insulator. It is one of the
central results in this work.

Origin of negative dispersion.--Figure 3(d) shows that,
when the wave vector q is large enough, the dispersion
starts to bend downward such that the group velocity of
the edge plasmons could become negative. It happens
in both the topologically trivial and nontrivial phases.
In the rest of this section, we would like to reveal the
mechanism for the negative dispersion of edge plasmons.

For simplicity, we assume V = 0 and D = 0, the effec-
tive Hamiltonian in Eq. (3) reduces to two diagonalized
blocks with replacing ∆/2 with M± = (m±∆) /2 in
h±(k). When B = 0, the Hamiltonian above describes
2D massive Dirac fermions with mass of M±. By use
of the Kubo formula, one can calculate the transverse
conductivity in the intrinsic case (ω > 0) [49]

σxy(q, ω) =
e2

h

∑

a=±

Ma
√

υ2

F q
2 − ω2

(

arctan
2 |Ma|

√

υ2

F q
2 − ω2

−
π

2

)

,

(7)

where the exchange field m gives rise to a non-zero
transverse conductivity. In the limit q → ∞, we have
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Figure 3. (a) Energy dispersion of the unidirectional edge
plasmon for selected values of ξ. (b) The theoretical disper-
sions of the chiral edge plasmon in the long-wavelength limit
is in accordance with the experimental results in Ref. [33].
(c) The dependence of frequency of the chiral edge plasmon

with q = 10−4/Å on ξ for different chemical potentials. (d)
The velocity of the edge plasmon in topologically nontrivial
phase with ξ = 1.5 becomes negative for a sufficiently large
wave vector q. The parameters are D = 0, and V = 0.01eV.

σxy = −e2mπ/2hυF |q|. Consequently, from Eq. (2) one
get a single unidirectional edge plasmon, whose energy

is independent of q: ωH+ = e2|m|π
4
√
2hǫυF

. For V 6= 0, this is

also true suggested by the numerical results (seen in Fig.
3(d)). Thus, for a large enough wave vector q, the dis-
persion curve of the unidirectional edge plasmon (green
and blue lines) becomes a flat band, and no negative dis-
persion appears in the system.

When υF = 0, Eq. (5) reduces to a model for the
conventional 2D semiconductors. Accordingly, the inte-
grand in the Kubo formula becomes an odd function of
kx, and then one gets σxy(q, ω) = 0. As a result, ω+

vanishes. More generally, this is true even in the situa-
tion that V 6=0 and D 6=0 so long as there is no term like
knx in the Hamiltonian where n is an odd number. Thus,
there is even no edge plasmons in the conventional 2D
semiconductors with a vanishing σxy.

One thus finds that the negative dispersion of edge
plasmons requires the coexistence of the linear and
quadratic terms of k. It is entirely different from the
previous mechanisms [47, 58, 59]. In this situation,
ω ∝ qσxy is still satisfied but the quadratic term Bk2

will change the behavior of the transverse conductivity.
In the limit q → ∞, our numerical calculation implies
that σxy ∝ |q|−α with α ≈ 4. As a result, the group ve-
locity of the edge plasmon (red and orange lines) becomes
negative, as shown in Fig. 3(d).

Manipulation of chiral plasmons.--It has been demon-
strated that the transverse conductivity σxy(q, ω) plays
a crucial role in forming the chiral plasmons [60]. Thus,
one could manipulate the chiral edge plasmons including
the number and the direction of the modes by tuning
σxy(q, ω) in experiments. Specifically, the tunable Fermi
level through the gate voltage, ionic liquid or doping [61]
could change σxy(q, ω) even its sign. For instance, for the
n-doped case, the bigger the Fermi energy µ, the smaller
σxy(q, ω). As a result, the energy split of the chiral plas-
mons ∆ω ≡ ω+ − ω− will decrease. On the other hand,
higher Fermi energy can also increase the gap between
ωbulk and ω+, preventing ω+ from merging with the bulk
mode.

Figure 4 depicts the behaviors of the bulk and chiral
edge plasmons versus the wave vector q and the Fermi
energy µ. For a larger enough Fermi energy µ, the edge
plasmons ω± and the bulk plasmon ωbulk coexist. As
µ decreases, ω+ mode becomes delocalized along the di-
rection perpendicular to the edge and gradually merges
with the bulk plasmon. Then the ω− mode and the bulk
mode ωbulk will enter the intra-band SPE region succes-
sively and are damped, leaving no plasmon excitations.
Note that this always happens for a general wave vector.
It is worth pointing out that when the Fermi level lies in
the band gap, there exists only one single edge-plasmon
mode ωH+, which is dominated by the transverse con-
ductivity. Meanwhile, when the system is lightly doped,
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Figure 4. Dependence of the bulk and edge plasmons on the
Fermi energy and the wave vector. The horizontal dashed
line indicates the magnitude of band gap. Parameters are
identical to those in Fig. 2(a).

ωH+ can also survive until the longitudinal conductivity
becomes comparable to the transverse one.

In summary, we showed that the Berry curvature splits
the degeneracy of edge plasmons, leading to the chiral
plasmons in the QAH insulators. When the system enters
into the QAH phase, only one unidirectional edge plas-
mon survives, whose propagation direction can be flipped
by the external magnetization. In the long-wavelength
limit, the unidirectional edge plasmon is acoustic and
entirely determined by the anomalous Hall conductivity
and the effective dielectric constant. We provide a quan-
titative explanation of the recent observation of the chiral
edge plasmons in QAH insulators and find the negative
dispersion of chiral edge plasmon and reveal its unusual
physical origin. Therefore, our work could be applicable
to the tunable intrinsic magnetic topological materials
hosting QAHE, such as MnBi2Te4 [62–65].
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