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Summary

A common goal in clinical trials is to conduct tests on estimated treatment effects ad-
justed for covariates such as age or sex. Analysis of Covariance (ANCOVA) is often
used in these scenarios to test the global null hypothesis of no treatment effect using
an 𝐹 -test. However, in several samples, the 𝐹 -test does not provide any information
about individual null hypotheses and has strict assumptions such as variance ho-
moscedasticity. We extend the method proposed by Konietschke et al.1 to a multiple
contrast test procedure (MCTP), which allows us to test arbitrary linear hypotheses
and provides information about the global- as well as the individual null hypotheses.
Further, we can calculate compatible simultaneous confidence intervals for the indi-
vidual effects. We derive a small sample size approximation of the distribution of the
test statistic via a multivariate t-distribution. As an alternative, we introduce a Wild-
bootstrap method. Extensive simulations show that our methods are applicable even
when sample sizes are small. Their application is further illustrated within a real data
example.
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1 INTRODUCTION

A common goal in clinical and pre-clinical research is to estimate and test the impact of factor levels and their combinations on
an outcome. Even in complete randomized designs, the outcome is often not just dependent on the factors of interest, but also on
other variables such as age, gender, weight, etc. which are called covariates. They can distort the factor effects and thus bias the
results and especially the treatment effect estimates. Therefore, the chosen model needs to adjust the treatment effect estimates
for their impact, which is usually carried out in a so-called Analysis of Covariance (ANCOVA) model. In statistical practice, es-
pecially in early and pre-clinical stages, researchers are often confronted with other data situations than (multivariate) normality
and homogeneous variances; rather skewed data and especially variance heteroscedasticity are no rarity. The traditional 𝐹 -test
(which assumes homogeneity and normal errors) is thus often not applicable in these situations and therefore there is a need for
statistical methods that neither postulate a specific data distribution nor homogeneous variances.
Different methods have been proposed to address the problem of variance heteroscedasticity in the general ANOVA designs
without covariates2,3. More recently Konietschke et al.1 introduced a method for the general ANCOVA allowing for group-wise
variance heteroscedasticity. In their paper they propose new test statistics, using methods of moments to get unbiased estimators
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2 BECHER ET AL

of the variance components. They approximate the distribution of the test statistics with Box-type approximation methods.
One downside of these types of methods is that they can only be used to test the global null hypothesis 𝐻0 of no effect difference
between any groups. Finding significant differences in effects between specific groups of interest and computing corresponding
simultaneous confidence intervals (SCIs) requires three steps. First, the global null hypothesis is tested. Then, multiple compar-
isons are tested to evaluate the individual hypotheses. Lastly, the SCIs are computed. There are, however, some problems with
this approach. The global null hypothesis may be rejected, but none of the individual and vice versa. In addition, even if an in-
dividual hypothesis is rejected the corresponding SCI may include the null, i.e. the value of no treatment effect.
To address these problems multiple contrast test procedures (MCTPs) were developed. These test procedures along with compat-
ible SCIs were derived by Mukerjee et al.4 and Bretz et al.5. Within the MCTP framework, multiple individual null hypotheses
are tested with adequate test statistics. Since they are not necessarily independent, critical- and p-values are computed from their
joint distribution taking their correlation into account. The global null hypothesis is rejected if any of the individual ones are
rejected. This way the results of the individual null hypothesis tests are consonant and coherent with the result of the global null
hypothesis test. MCTPs are highly flexible and can be used to test a variety of contrasts including all-pairs, many-to-one, trends,
etc. As a result, they can be adapted depending on the research question.
Hothorn et al.6 have a proposed a method to apply the MCTP framework to general parametric models such as linear regres-
sion or ANCOVA. However, their method relies on distributional assumptions, at least asymptotically. In small sample sizes,
the tests often behave liberal and over-reject the null hypotheses.
In this article, we aim to close that gap and approximate the distributions of the tests for small sample sizes. In addition, this ap-
proximation works under group-wise variance heteroscedasticity. Finally, we also introduce a wild-bootstrap-based method to
estimate the distribution of the test statistic, when complete variance heteroscedasticity is present. The remainder of the paper is
organized as follows: In Section 2, we introduce the statistical model as well as the effect and variance estimators. In Section 3
we extend the introduced methods to the MCTP framework and present our approximations of the distribution of the test statis-
tic. We will evaluate our new methods using a simulation study in Section 4. This is followed in Section 5 by a data example
using data from a toxicological animal study. Finally, we will discuss our findings in Section 6.

2 BACKGROUND

2.1 Statistical model
We consider a one-way layout involving 𝑎 groups of 𝑛𝑖 independent subjects each that have been (will be) observed under the
respective treatments as well as under 𝑀 covariate conditions. Of major interest is estimating and testing treatment effect(s)
adjusted for the impact of the covariates. Here and throughout, the assumption(s) on the variances of the data plays a major
role in the inferential framework. The covariates and/or the treatments may induce heteroscedasticity group-wise (often in pre-
clinical trials) or even subject-wise on an individual level (e.g., in observational trials). The common ANCOVA model assumes
homogeneity and therefore does not constitute a suitable framework. Here and throughout, we consider a general ANCOVA
model

𝑌𝑖𝑗 = 𝑏𝑖 +
𝑀
∑

𝑙=1
𝑝𝑙𝑀

(𝑙)
𝑖𝑗 + 𝜖𝑖𝑗 , 𝑖 = 1,… , 𝑎; 𝑗 = 1,… , 𝑛𝑖,

where 𝑏𝑖 denotes the fixed and unknown effect of treatment 𝑖, and 𝑝𝑙 the regression parameter of the 𝑙𝑡ℎ covariate. Two-way and
higher-way layouts in means of general factorial designs are obtained by sub-indexing the index 𝑖. No less important, 𝜖𝑖𝑗 denotes
the error term with 𝐸(𝜖𝑖𝑗) = 0 and either group-wise variance 𝑉 𝑎𝑟(𝜖𝑖𝑗) = 𝜎2

𝑖 > 0 for 𝑖 = 1,… , 𝑎, or subject-wise variances
𝜎2
𝑖𝑗 > 0, for 𝑖 = 1,… , 𝑎; 𝑗 = 1,… , 𝑛𝑖, respectively. For ease of reading, we tackle both heteroscedastic models simultaneously

and not separately. The test statistics proposed in the coming sections use variance estimators, which are consistent in either

model, and therefore, the risk of confusing them is minimal. The total number of subjects is denoted by 𝑁 =
𝑎
∑

𝑖=1
𝑛𝑖. In matrix

notation, the model can be written as

𝐘 = 𝐗𝐛 +𝐌𝐩 + 𝛜,

where 𝐘 denotes the 𝑁 × 1 response vector, 𝐗 =
⨁𝑎

𝑖=1 𝟏𝑛𝑖 the design matrix, 𝐛 = (𝑏1,… , 𝑏𝑎)′ the vector of treatment effects,
𝐌 the 𝑁 × 𝑙 matrix of the covariates, 𝐩 = (𝑝1,… , 𝑝𝑙)′ the vector of regression parameters, and 𝛜 the vector of the independent
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error terms with

𝐸(𝛜) = 𝟎 and 𝑉 𝑎𝑟(𝛜) =
{

𝚺𝐺 =
⨁𝑎

𝑖=1 𝜎
2
𝑖 𝐈𝑛𝑖 , (group-wise), or

𝚺𝐼 = 𝑑𝑖𝑎𝑔
(

𝜎2
11,… , 𝜎2

𝑎𝑛𝑎

)

, (subject-wise). (1)

The latter variance structure refers to complete heteroscedasticity in which the random variables from each subject may have
different variances and thus may come from different populations. Of major interest is making statistical inferences in estimating
the unknown model parameters 𝐛, 𝐩, 𝚺𝐺 and 𝚺𝐼 , as well as testing the null hypotheses

𝐻 (𝑏)
0 ∶ 𝐂𝐛 = 𝟎 and 𝐻 (𝑏)

1 ∶ 𝐂𝐛 ≠ 𝟎

formulated in terms of the treatment effects 𝐛. Here, 𝐂 denotes the hypothesis or contrast matrix, which we will discuss in more
detail in the next subsection.

2.2 Hypotheses and contrast matrices
In studies involving more than two randomized treatment levels of the factor, research questions are manifold and rarely restricted
to testing the global null hypothesis 𝐻 (𝑏)

0 ∶ 𝑏1 = … = 𝑏𝑎 solely. If 𝐻 (𝑏)
0 gets rejected by an appropriate test procedure (e.g.,

𝐹 -test), any of the 𝑎 groups differ. The arising question is “Which ones?”, which then can only be answered using omnibus test
procedures (post-hoc) and multiplicity adjustments. Hence, testing 𝑞 multiple local null hypotheses (alternatives)𝐻 (𝓁)

0 ∶ 𝐜′𝓁𝐛 = 0
with a user-defined 𝑞 × 𝑎 contrast matrix 𝐂 is of major interest. Here, 𝐜′𝓁 = (𝑐𝓁1,… , 𝑐𝓁𝑎) denotes the 𝓁th row vector of 𝐂,
𝓁 = 1,… , 𝑞. For instance, many-to-one comparisons (so-called Dunnett-type contrasts7) are performed using

𝐻0 ∶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑏1 = 𝑏2
𝑏1 = 𝑏3

⋮
𝑏1 = 𝑏𝑎

⇔ 𝐻0 ∶ 𝐂𝐛 =

⎛

⎜

⎜

⎜

⎜

⎝

−1 1 0 0 … 0
−1 0 1 0 … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮
−1 0 0 0 … 1

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

𝑏1
𝑏2
⋮
𝑏𝑎

⎞

⎟

⎟

⎟

⎟

⎠

= 𝟎,

whereas all-pairwise comparisons (Tukey-type8,9) or comparisons to the mean (Grand-mean type5) are performed using

𝐻0 ∶

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑏1 = 𝑏2
𝑏1 = 𝑏3

⋮
𝑏1 = 𝑏𝑎
𝑏2 = 𝑏3

⋮
𝑏𝑎−1 = 𝑏𝑎

⇔ 𝐻0 ∶ 𝐂𝐛 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−1 1 0 0 … 0
−1 0 1 0 … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮
−1 0 0 0 … 1
0 −1 1 0 … 0
0 −1 0 1 … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 0 … −1 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

𝑏1
𝑏2
⋮
𝑏𝑎

⎞

⎟

⎟

⎟

⎟

⎠

= 𝟎, or

𝐻0 ∶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑏1 = �̄�.
𝑏2 = �̄�.

⋮
𝑏𝑎 = �̄�.

⇔ 𝐻0 ∶ 𝐂𝐛 =

⎛

⎜

⎜

⎜

⎜

⎝

1 − 1∕𝑎 −1∕𝑎 −1∕𝑎 −1∕𝑎 … −1∕𝑎
−1∕𝑎 1 − 1∕𝑎 −1∕𝑎 −1∕𝑎 … −1∕𝑎
⋮ ⋮ ⋮ ⋮ ⋮ ⋮

−1∕𝑎 −1∕𝑎 −1∕𝑎 −1∕𝑎 … 1 − 1∕𝑎

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

𝑏1
𝑏2
⋮
𝑏𝑎

⎞

⎟

⎟

⎟

⎟

⎠

= 𝟎, �̄�. =
1
𝑎

𝑎
∑

𝑖=1
𝑏𝑖,

respectively. Which contrast to use depends on the research question of interest and cannot be recommended in a general way.
Bretz et al.5 provide an overview of different contrasts, which are also implemented in the R function contrMat within the
multcomp10 package. Note that the Grand-mean type contrast matrix is the centering projection matrix 𝐏𝑎 = 𝐈𝑎−𝐉𝑎 well known
from linear model theory.

2.3 Effect and variance estimators
To test the null hypotheses formulated above, the unknown model parameters 𝐛 and 𝐩 as well as the variances of their estimators
must be estimated from the data. We use least squares for the former and obtain the well-known generalized least squares
estimators (GLS)

�̂�𝑐 =
(

𝐗′𝚺−1
𝑐 𝐗

)−1 𝐗′𝚺−1
𝑐

(

𝐘 −𝐌�̂�𝑐
)

and �̂�𝑐 =
(

𝐌′𝐐𝚺−1
𝑐 𝐌

)−1 𝐌′𝐐𝚺−1
𝑐 𝐘, 𝑐 ∈ {𝐺, 𝐼},
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with the projection matrices 𝐏 = 𝐗(𝐗′𝐗)−𝟏𝐗′, 𝐐 = 𝐈𝑁 − 𝐏, and covariance matrix 𝚺𝑐 as defined in (1). As usual, the ordinary
least squares estimator (OLS) is obtained with 𝚺𝑐 = 𝐈𝑁 . Since 𝚺𝐺 and 𝚺𝐼 are unknown, they must be replaced by consistent
estimators. For the ease of representation, we define the generating matrices

𝐀𝑐 =
(

𝐌′𝐐𝚺−1
𝑐 𝐌

)−1 𝐌′𝐐𝚺−1
𝑐 and 𝐃𝑐 =

(

𝐗′𝚺−1
𝑐 𝐗

)−1 𝐗′𝚺−1
𝑐 −

(

𝐗′𝚺−1
𝑐 𝐗

)−1 𝐗′𝚺−1
𝑐 𝐌𝐀𝑐 , 𝑐 ∈ {𝐺, 𝐼}, (2)

with the use of which the estimators �̂�𝑐 and �̂�𝑐 as well as their variances can be easily written as �̂�𝑐 = 𝐃𝑐𝐘, �̂�𝑐 = 𝐀𝑐𝐘, and

𝚿𝑐 = 𝐶𝑜𝑣(̂𝐛𝑐) = 𝐃𝑐𝚺𝑐𝐃′
𝑐 and 𝚵𝑐 = 𝐶𝑜𝑣(�̂�𝑐) = 𝐀𝑐𝚺𝑐𝐀′

𝑐 , 𝑐 ∈ {𝐺, 𝐼}, (3)

respectively. This representation is charming because the covariance matrices 𝚿𝑐 and 𝚵𝑐 can be written as matrix products
(Sandwich)11 with 𝚺𝐺 and 𝚺𝐼 being the only unknown components. An unbiased estimator1,12 of 𝚺𝐺 is given by

�̂�𝐺 =
𝑎

⨁

𝑖=1
𝜎2
1𝟏𝑛𝑖 , where 𝜎2

𝑖 =
𝐘′

𝑖𝐐𝑖𝐘𝑖

𝑛𝑖 − 1 − 𝑟𝑎𝑛𝑘(𝐌𝑖)
(4)

is an unbiased estimator of 𝜎2
𝑖 . Here,𝐘𝑖 is the 𝑛𝑖 × 1 vector of the response in group 𝑖, 𝐐𝑖 = 𝐈𝑛𝑖 − 𝐁𝑖(𝐁′

𝑖𝐁𝑖)−1𝐁′
𝑖 is a projection

matrix, 𝐁𝑖 = (𝐗𝑖,𝐌𝑖), 𝐗𝑖 = 𝟏𝑛𝑖 , and 𝐌𝑖 is the group specific matrix of covariates, respectively. Similarly, a heteroscedasticity
consistent estimator13,14 of 𝚺𝐼 is given by

�̂�𝐼 =
𝑎

⨁

𝑖=1

𝑛𝑖
⨁

𝑗=1
𝜖2𝑖𝑗 . (5)

Finally, we obtain consistent estimators �̂�𝑐 and �̂�𝑐 of 𝚿𝑐 and 𝚵𝐺 by replacing 𝚺𝐺 and 𝚺𝐼 with their estimators �̂�𝐺 and �̂�𝐼
in (3), respectively. For making inferences, information about the (asymptotic) joint distribution of the estimators is the only
remaining missing information at this stage. It can be shown that for increasing (large) sample sizes, i.e., if 𝑁 → ∞ such that
𝑁∕𝑛𝑖 → 𝜆𝑖 < ∞, and under a few mild assumptions on the variances, the estimators follow multivariate normal distributions,
i.e.,

√

𝑁
(

�̂�𝑐 − 𝐛
)

∼.. 𝑁
(

𝟎, 𝑁𝚿𝑐
)

, and
√

𝑁
(

�̂�𝑐 − 𝐩
)

∼.. 𝑁
(

𝟎, 𝑁𝚵𝑐
)

,

where 𝚿𝑐 and 𝚵𝑐 are as given in (3), respectively. Next, different test statistics for testing the null hypotheses motivated above
in Section 2.2 will be introduced.

3 MULTIPLE CONTRAST TEST PROCEDURES

Since the pioneering works of Dunnett and Tukey7,8, and many others for making multiple comparisons, multiple contrast tests
are well established tools in (bio)-statistical sciences. They have been developed for testing multiple null hypotheses formu-
lated in different effects such as mean differences (or ratios thereof)5,15,16,17,18, proportions19 or purely nonparametric relative
effects20,21,22,23. In the following, we will revisit the general terminology for testing null hypotheses in ANCOVA models in line
with Hothorn et al.6 and propose small sample size approximations of the distributions of the test statistics afterward. To test
the individual null hypothesis 𝐻 (𝓁)

0 ∶ 𝐜′𝓁𝐛 = 0, consider the test statistic

𝑇𝓁,𝑐 =
𝐜′𝓁𝐛𝐜

√

𝐜′𝓁�̂�𝑐𝐜𝓁
, 𝑐 ∈ {𝐺, 𝐼}, 𝓁 = 1,… , 𝑞. (6)

Even though each test statistic 𝑇𝓁,𝑐 follows a 𝑁(0, 1) distribution for large samples sizes, its finite and small sample size dis-
tribution is yet unknown. Furthermore, the test statistics 𝑇𝓁,𝑐 and 𝑇𝓁′,𝑐 ,𝓁 ≠ 𝓁′, are not necessarily independent. Ignoring their
dependency by using the Bonferroni inequality within the inferential framework would result in a loss of power. We therefore
collect them in the vector 𝐓𝑐 =

(

𝑇1,𝑐 ,… , 𝑇𝑞,𝑐
)′ and use its joint distribution for the computation of critical- and p-values. Here,

𝐓𝑐 follows, for large sample sizes, if 𝑁 → ∞ such that 𝑁
𝑛𝑖

≤ 𝑁0 < ∞ (and further mild assumptions on variances being finite),
a multivariate normal distribution with expectation 𝟎 and correlation matrix

𝐑𝑐 = 𝑑𝑖𝑎𝑔
(

𝐂𝚿𝑐𝐂′)−1∕2 (𝐂𝚿𝑐𝐂′) 𝑑𝑖𝑎𝑔
(

𝐂𝚿𝑐𝐂′)−1∕2 . (7)
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For large sample sizes, the null hypothesis 𝐻 (𝓁)
0 ∶ 𝐜′𝓁𝐛 = 0 will be rejected at level 𝛼 ∈ (0, 1), if |𝑇𝓁,𝑐| ≥ 𝑧1−𝛼(𝐑𝑐). A compatible

(1 − 𝛼) simultaneous confidence interval for the treatment effect 𝛅𝓁 = 𝐜′𝓁𝐛 is obtained from

𝐶𝐼𝓁 =
[

𝐜′𝓁𝐛𝑐 ± 𝑧1−𝛼(𝐑𝑐)
√

𝐜′

𝓁�̂�𝑐𝐜𝓁
]

, 𝓁 = 1,… , 𝑞, (8)

where 𝑧1−𝛼(𝐑𝑐) denotes the two-sided (1 − 𝛼)-equicoordinate quantile of the 𝑁(𝟎,𝐑𝑐) distribution6. For large sample sizes, the
global null hypothesis 𝐻0 ∶ 𝐂𝐛 = 𝟎 will be rejected at level 𝛼, if

𝑇0,𝑐 = max
{

|𝑇1,𝑐|,… , |𝑇𝑞,𝑐|
}

≥ 𝑧1−𝛼(𝐑𝑐). (9)

For small sample sizes, however, the MCTP does not control the type-1 error rate, behaves liberal and over-rejects the null
hypothesis, resulting in false positive conclusions. We therefore develop an approximation of the joint distribution of 𝐓𝑐 for
small sample sizes in the next subsections. We hereby differ between group-wise and complete heteroscedasticity and develop
MCTPs for each model separately.

3.1 A small size approximation of the distribution of 𝐓𝐺

Group-wise heteroscedasticity is a common assumption in pre-clinical and clinical trials. Motivated by the Satterthwaite-Welch
𝑡-test and its generalization to MCTPs15, we aim to approximate the distribution of 𝐓𝐺 by a central multivariate 𝑡(𝜈,𝐑𝐺, 𝟎)-
distribution with 𝜈 degrees of freedom and a correlation matrix𝐑𝐺. The correlation matrix is derived as shown in (7) based on the
group-wise variance estimator we introduced in (4). A straight forward computation of the degree of freedom 𝜈 is, however, not
possible in the statistical model considered here: First, the multivariate 𝑡-distribution is, by definition, homoscedastic. Second,
the variances of the contrasts 𝐜′𝓁𝐛𝐺 differ in their degrees of heteroscedasticity. We therefore compute the degree of freedom
of the distribution of each test statistic 𝑇𝓁,𝐺 separately using a Box-type approximation, and select one of the 𝑞 candidates to
approximate the joint distribution conservatively in a second step. Later, we compare the qualities of the different selections in
extensive simulation studies in Section 4. To begin with the former, we approximate the distribution of the estimated variance
of 𝐜′𝓁𝐛𝐺 by a scaled 𝜒2

𝑓𝓁
distribution,

𝐜′𝓁�̂�𝑐𝐜𝓁 ≈ 𝑔𝓁𝜒
2
𝑓𝑙
,

such that the first two moments coincide and obtain

𝜈𝓁 =
𝑑𝑖𝑎𝑔(𝐜′

𝓁𝚿𝐜𝓁)𝟐

(𝐤′

𝓁𝐗)2𝐃�̂�
2𝛀−1

, 𝓁 = 1,… , 𝑞, (10)

where, 𝐤𝓁 = (𝐜′

𝓁𝐃)
2 denotes the 𝓁th row of the matrix 𝐊 = (𝐂𝐃)2, 𝐃�̂� = 𝑑𝑖𝑎𝑔

(

�̂�2
1 ,… , �̂�2

𝑎

)

denote the diagonal matrix of the

variance estimators 𝜎2
𝑖 as given in (4) and 𝛀−𝟏 = 𝑑𝑖𝑎𝑔

(

1
(𝑛1−1−𝑟𝑎𝑛𝑘(𝐌1))

,… , 1
(𝑛𝑎−1−𝑟𝑎𝑛𝑘(𝐌𝑎))

)′
denote the diagonal matrix of their

numerators (degrees of freedom) of each variance estimator separately. As potential candidates for the degree of freedom of
the joint distribution, we choose the minimum, maximum, or mean (rounded to the nearest integer) of the candidate values 𝜈𝓁 .
The larger the degree of freedom the closer will be the joint distribution to the asymptotic 𝑁(𝟎,𝐑𝐺) distribution, or, in other
words, the larger 𝜈, the more liberal will be the approximation. The individual null hypothesis 𝐻 (𝓁)

0 ∶ 𝐜′

𝓁𝐛 = 0 will be rejected
at multiple 𝛼 level of significance, if |𝑇𝓁| ≥ 𝑡1−𝑎(𝜈,𝐑𝐺). Compatible (1 − 𝛼)-simultaneous confidence intervals are given by

𝐶𝐼𝓁 =
[

𝐜′

𝓁𝐛 ± 𝑡1−𝑎(𝜈,𝐑𝐺)
√

𝐜′

𝓁�̂�𝐜𝓁
]

,𝓁 = 1,… , 𝑞. (11)

Finally, the global null hypothesis 𝐻0 ∶ 𝐂𝐛 = 𝟎 will be rejected at a significance level 𝛼, if

𝑇0 ≥ 𝑡1−𝑎(𝜈,𝐑𝐺)

with 𝑡1−𝑎(𝜈,𝐑) the (1 − 𝛼)-equicoordinate quantile of the multivariate 𝑡(𝜈,𝐑𝐺, 𝟎) distribution. Note that the correlation matrix
𝐑𝐺 is unknown in applications and must be estimated from the data. We recommend to replace 𝐑𝐺 with the consistent estimator

�̂�𝐺 = 𝑑𝑖𝑎𝑔
(

𝐂�̂�𝐺𝐂′
)−1∕2 (

𝐂�̂�𝐺𝐂′
)

𝑑𝑖𝑎𝑔
(

𝐂�̂�𝐺𝐂′
)−1∕2

in (8),(9), (11), and (12) above, respectively.
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3.2 A small size approximation of the distribution of 𝐓𝐼

In the previous section, we introduced an approximation of the distribution of the maximum test statistic 𝑇0,𝐺 (𝐓𝐺) for small
sample sizes under group-wise variance heteroscedasticity assumption, also known as the Behrens-Fisher situation. In statistical
practice, e.g., in observational studies, however, the assumption may be too strict and unrealistic. We therefore also investigate
a multiple contrast test that is valid under complete heteroscedasticity. In this situation, approximating the distribution of the
test statistic by a multivariate 𝑡-distribution results —if it is even possible —in very cumbersome computations of its degree of
freedom. We, therefore, propose a Wild-Bootstrap resampling-based approximation as proposed by1,14. Let 𝑊11,… ,𝑊𝑎𝑛𝑎 be
independent and identically distributed random weights with𝐸(𝑊11) = 0 and𝑉 𝑎𝑟(𝑊11) = 1. We use random signs (Rademacher
weights) throughout, i.e., 𝑃 (𝑊11 = 1) = 𝑃 (𝑊11 = −1) = 1∕2, independently of the original data. The resampling variables are
now computed by multiplying the random weights with the (scaled) residuals

𝑌 ∗
𝑖𝑗 = 𝜖𝑖𝑗𝑊𝑖𝑗(1 − 𝑝𝑖𝑗)−1∕2.

Here, 𝑝𝑖𝑗 denotes the diagonal elements of the matrix 𝐏 = 𝐁𝐏𝐵 , where 𝐁 = (𝐗,𝐌) and 𝐏𝐵 = (𝐁′𝐁)−1𝐁′ denotes a projection
matrix, respectively. To approximate the distribution of 𝑇0,𝐼 for small sample sizes, consider the conditional (i.e., given the data
𝐘) distribution of the maximum test statistic

𝑇 ∗
0,𝐼 = max

(

|𝑇 ∗
1,𝐼 |, ..., |𝑇

∗
𝑞,𝐼 |

)

, where 𝑇 ∗
𝓁,𝐼 =

𝐜′𝓁𝐛
∗
𝐼

√

𝐜′𝓁�̂�
∗
𝐼𝐜𝓁

, 𝓁 = 1,… , 𝑞. (12)

In comparison with the test statistic 𝑇𝓁,𝐼 given in (6), 𝑇 ∗
𝓁,𝐼 is computed with the resampling variables 𝑌 ∗

𝑖𝑗 instead of 𝑌𝑖𝑗 , i.e.,
�̂�∗𝐼 denotes the OLS estimator as given in (2), and �̂�∗

𝐼 the upper left block matrix of the matrix 𝐏𝐁�̂�∗
𝐼𝐏𝐁

′ with �̂�∗
𝐼 denoting the

estimator as given in (5) computed with 𝑌 ∗
𝑖𝑗 instead of 𝑌𝑖𝑗 , respectively. The individual null hypothesis 𝐻 (𝓁)

0 ∶ 𝐜′

𝓁𝐛 = 0 will be
rejected at level 𝛼 ∈ (0, 1), if

|𝑇𝓁,𝐼 | ≥ 𝑇 ∗
1−𝛼 ,

where 𝑇 ∗
1−𝛼 denotes the (1 − 𝛼) ⋅ 100% quantile of the distribution of 𝑇 ∗

0,𝐼 as given in (12). Compatible simultaneous confidence
intervals for the treatment effects 𝛅𝓁 = 𝐜′𝓁𝐛 are obtained from

𝐶𝐼∗
𝓁 =

[

𝐜′

𝓁𝐛 ± 𝑇 ∗
1−𝛼

√

𝐜′𝓁�̂�
∗
𝐼𝐜𝓁

]

.

Finally, the global null hypothesis 𝐻0 ∶ 𝐂𝐛 = 𝟎, will be rejected at level 𝛼, if

𝑇0,𝐼 ≥ 𝑇 ∗
1−𝛼 . (13)

The numerical computation of the critical values 𝑇 ∗
1−𝛼 (or p-values) is as follows:

1. Given the data, compute the test statistic 𝑇0,𝐼 in (9).

2. Generate 𝑁 random weights 𝑊𝑖𝑗 and compute the statistic 𝑇 ∗
0,𝐼 . Safe the value in 𝑇0,𝐼,1.

3. Repeat the previous step a 𝑛𝑏𝑜𝑜𝑡 times, e.g., 𝑛𝑏𝑜𝑜𝑡 = 10, 000, and obtain the values 𝑇0,𝐼,1,… , 𝑇0,𝐼,𝑛𝑏𝑜𝑜𝑡 .

4. Estimate the critical value 𝑇 ∗
1−𝛼 by the empirical (1 − 𝛼) × 100%-quantile of the values 𝑇0,𝐼,1,… , 𝑇0,𝐼,𝑛𝑏𝑜𝑜𝑡 .

Note that the bootstrap approach is constructed in such a way that the correlation matrix of the multiple test statistics 𝑇𝓁,𝐼
must not be estimated from the data. The information about the correlation is implicitly involved in the (resampling) distribution
of 𝑇 ∗

0,𝐼 (i.e., in 𝑇 ∗
1−𝛼). The approximation quality will be investigated in extensive simulation studies in the next section.

4 SIMULATION

4.1 Setup
All of the methods investigated are approximate. We therefore examine their behavior (type-I error rate control and power to
detect selected alternatives) in small samples in an extensive simulation study; each with 𝑛𝑠𝑖𝑚 = 𝑛𝑏𝑜𝑜𝑡 = 10𝐾 simulation and
bootstrap runs. As a benchmark we use the general linear hypothesis multiple comparisons for parametric models (glht) proposed
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by Hothorn et al.6, which we mentioned in chapter 1. We compare both the bootstrap method from 3.2 and the approximation
with the t-distribution as described in 3.1 to the benchmark. For the latter, we consider three possibilities (min, max, mean) to
choose from the candidates for the degrees of freedom of the joint distribution (10).
First, we examine the ability of the methods to accurately control the nominal type-1 error rate 𝛼 = 5%. In the second step,
we conduct further simulation studies to estimate the power of the methods to detect selected alternatives. We would like
to investigate whether the methods are applicable in a range of possible settings. Therefore, we generate data using different
parameter combinations to emulate various scenarios. Data has been generated from

𝑌𝑖𝑘 = 𝑏𝑖 +𝐌′

𝑖𝑘𝐩 + 𝜖𝑖𝑘, 𝑖 = 1,… , 𝑎; 𝑘 = 1,… , 𝑛𝑖,

𝜖𝑖𝑘 = 𝜎𝑖𝑘 ∗
𝑍𝑖𝑘 − 𝐸(𝑍𝑖𝑘)
√

𝑉 𝑎𝑟(𝑍𝑖𝑘)

Here, 𝑍𝑖𝑘 are random values to base the error terms drawn from one of the following distributions: 𝑁(0, 1), 𝑡5, 𝜒2
12, or 𝐸𝑥𝑝(1)

to evaluate the methods in symmetric and tailed distributional scenarios with different numbers of groups (𝑎 ∈ {3, 4, 5}) and
sample sizes. Throughout, we use m=4 covariates drawn from 𝑁(7, 1) and set 𝑏𝑖 = 7 (under the null hypothesis). The covariate
effects are given by 𝐩 = (0.2, 1, 1.5, 2)′. In the case of variance homoscedasticity, we set 𝜎1 = … = 𝜎4 = 𝜎5 = 1; otherwise
in case of group-wise heteroscedasticity we choose 𝜎1 ∈ {2, 4, 6}; 𝜎2 = 1.5; 𝜎3 = 1; 𝜎4 = 0.5; 𝜎5 = 0.75, and for complete
variance heteroscedasticity 𝜎𝑖𝑘 ∼ 𝑈 (0.5, 4), respectively.
We examine balanced and unbalanced designs with sample sizes 𝐧 = (8, 8, 8, 8, 8) + 𝑖,with 𝑖 ∈
{0, 2, 4,… , 18} in the balanced design and 𝐧 = (8, 10, 13, 17, 20) + 𝑖 or 𝐧 = (20, 17, 13, 10, 8) +
𝑖 for negative pairing (NP) or positive pairing (PP) respectively,with 𝑖 ∈ {0, 2, 4,… , 18}. We investigate the impact of differ-
ent contrasts ("Dunnett", "Tukey", and "GrandMean") on their type-I error rate control.
The implementation and simulation were done in R24 version 4.2.2. Computation has been performed on the HPC for Research
cluster of the Berlin Institute of Health. The code for the simulation and the data example can be found in the following
repository on the GitLab of the Charité (https://git-ext.charite.de/matthias.becher/mctp-ancova).

4.2 Results
Due to the many different settings, we will only present a few selected scenarios and discuss general findings in this section.
The full results are provided in the supplementary material.

Table 1 Overview of the different parameter constellations and statistical models being simulated.

Setting Number Number of Groups Balanced/Unbalanced Variance Structure

1 3 Unbalanced NP Group-wise heteroscedasticity
2 5 Balanced Complete heteroscedasticity
3 3 Balanced Homoscedasticity
4 4 Unbalanced Homoscedasticity
5 3 Unbalanced Complete heteroscedasticity

The different parameter constellations and models simulated are summarized in Table 1. For each setting, we show the results
for all different distributions and contrasts by sample size. The results are shown in Figure 1.
There are a few general observations we can make regardless of the setting. Firstly, we can see that glht is quite liberal in all
settings and only converges towards the nominal type-1 error rate slowly with increasing sample sizes. Our methods outperform
the competitors in all settings. Another observation we can make is that the bootstrap method appears to be slightly less stable
than non-bootstrap methods. However, for very small sample sizes the bootstrap method performs best overall.
In setting 1 there are a few important points. As mentioned, we can see that glht is quite liberal, especially for small sample
sizes, and converges to the nominal type-1 error rate with an increasing number of observations. In comparison, our methods
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generally work well even when sample sizes are small, even though mean and max tend to be liberal with very few observations.
We can also see that the methods perform best with symmetrical distributions, while skewed data, especially the exponential,
poses a bigger challenge. This is expected, but overall the performance is still quite good.

Figure 1 Type-I error simulation results of the competing methods in the five settings given in Table 1.

In Setting 2 in which contrasts of 𝑎 = 5 groups are tested, we can see that the methods behave more liberally than in situations
with fewer groups when sample sizes are small. The bootstrap method generally outperforms the other methods for small sample
sizes. As before, glht is liberal in all scenarios and never manages to reach the 5% even with a higher sample size. In this setting,
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the multivariate t-approximation methods also tend to be liberal in small samples. While the mean and max methods are liberal,
min is overly conservative. However, the type-I errors of the methods converge quickly towards the nominal 5% level and show
promising results when a moderate number of samples are available. The one exception to the overall good performance in
Setting 2 is the case with the exponential distribution and the GrandMean contrast. There the methods are converging towards
around 8%. They tend to be accurate with large sample sizes (𝑛 = 100). That being said, this specific setting is a somewhat
extreme scenario and the results are expected. The performance overall in Setting 2, especially from the bootstrap method is
very good.
Setting 3 is probably the "easiest" setting. As expected all of our methods perform well across the board, although the bootstrap
method is a bit less stable. Nevertheless, there are no major deviations and it manages to control the type-1 error rate well overall.
In contrast, the competitor again is liberal for small sample sizes and only slowly converges towards the 5% level of significance.
Settings 4 and 5 again show that among the 3 parameters we are varying here, the number of groups has the strongest impact on
the performances of the methods. Both settings are unbalanced and Setting 5 has complete variance heteroscedasticity compared
to homoscedastic variance in Setting 4, which should be more challenging. However, with 3 groups in Setting 5 being involved,
all of our methods control the nominal type-1 error rate in all scenarios for almost all sample sizes. In contrast, with 4 groups in
setting 4, the performance suffers especially when only a few samples are available. Similar to Setting 2 the bootstrap method
performs best at very small sample sizes.
Overall, some general observations can be made across all the results. First, the choice of the research question and as a result
the choice of the contrast has a sizeable effect on the performance of the methods. Since the GrandMean contrast induces a
negative correlation among the test statistics, it is more demanding, particularly when combined with a skewed distribution like
the exponential. This leads to the next observation. In general, symmetric distributions are handled a bit better. However, even
for skewed distributions the performance of our methods, and in particular the bootstrap method, is still good, even with only a
few or a moderate number of samples. As one would expect the performance gets worse with an increasing number of groups
being compared. Somewhat counter-intuitively the performance is mostly better in the unbalanced design. This is likely due to
the simulation setup where the unbalanced design has an overall larger sample size. Consequently, the total number of samples
is more important than some imbalance. We also investigated settings where 𝑁 was constant between balanced and unbalanced
scenarios (Figure A1 in the appendix), but there was no major difference between the two. Results were slightly better for
positive pairing compared to negative pairing, especially for small sample sizes. This is expected as negative pairing combines
the problems of small sample size and large variance, whereas in positive pairing one is offset by the other. For a comparison
we refer to Figure B2 in the appendix. Interestingly, group-wise heteroscedasticity seems to be a bit more challenging for the
bootstrap method, compared to complete heteroscedasticity, though it still generally performs well even in those scenarios.

4.3 Power simulations
In the previous section, we investigated the ability of our methods to control the type-1 error rate. In practice, we are also
interested in the statistical power of the tests. To that end, we conduct an extensive power simulation study based on the simulation
setup described earlier. Of course, there is a wide range of possible alternatives to test. We investigate two possible alternatives:

Alternative 1: 𝐛′ =
(

7𝟏′

𝑎−1 − 𝛿, 7𝟏′

𝑎−1
)

and Alternative 2: 𝐛′ =
(

7𝟏′

𝑎−2 − 𝛿, 7𝟏′

𝑎−2 + 𝛿, 7𝟏′

𝑎−2
)

.

Here 𝛿 ∈ {0, 0.2,… , 2} is the effect we want to detect. It is the same across all settings. We only estimate the power for the
smallest sample sizes 𝐧 = (8, 8, 8, 8, 8) and 𝐧 = (8, 10, 13, 17, 20) in the balanced and unbalanced designs respectively. As we
have seen the competitor is quite liberal in virtually all scenarios at that sample size. We therefore exclude it from the power
analysis.
We present the results for the same settings we showed for the type-1 error simulation. The results for Alternative 1 are shown
in Figure 2. We can see that the most important impact on the power is the variance. In Settings 3 and 4 with homoscedastic
variances, the power rises much faster with an increasing effect 𝛿 compared to the group-wise heteroscedasticity (Setting 1)
which in turn has a higher power compared to complete variance heteroscedasticity (settings 2 and 5).
Overall, the methods perform comparably across the 5 settings. The min-method tends to have slightly lower power, especially
in the settings with more than 3 groups (Settings 2 and 4). This is in line with the previous results where it was the most
conservative.
As before, positive pairing leads to better results compared to negative pairing, which can be seen in Figure B3 in the appendix.
Additionally, in the case of group-wise heteroscedasticity the variance of the first group 𝜎1 had a noticeable difference on the
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power, with a larger 𝜎1 and therefore a larger difference in variance between the groups, leading to lower power.
In the situations considered here, the choice of contrast seems to have a significant impact on the power of the methods; this is
different in other alternatives. Furthermore, since all error distributions are standardized, they seem to impact the power only
on a minor level. This is in contrast to the results we have seen in the type-1 error simulation.
The results for the same settings with alternative 2 are shown in Figure C4 in the appendix. Overall, the results for Alternative 2

Figure 2 Power analysis results for the 5 settings with alternative 1

are similar to Alternative 1. The power generally is higher which we would expect, as there are two groups with effects compared
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to one. The most important factor influencing the power is still the variance structure.
We can also observe again, that the min-method tends to have the lowest power of our proposed methods.

5 DATA EXAMPLE

To illustrate the need for the methods and their applications, we consider a subproject of a toxicological study on pyridine
(number C55301B) from the US National Toxicology Program (https://manticore.niehs.nih.gov/cebssearch/test_article/110-86-
1; assessed November 2020). In this animal study, the researchers investigated the effect of pyridine on various clinical chemistry
parameters. As the outcome of interest, we chose blood urea nitrate (BUN) measured in mg/dl. The study included N = 120 rats
(60 male and 60 female) randomly assigned to one of six treatment groups, six dose levels of pyridine (0, 50, 100, 250, 500,
1000). BUN was measured twice, once at baseline and once after 90 days. BUN after 90 days is the outcome of interest. As
covariates, we include BUN at baseline as well as the change in body weight during the trial. This trial can then be analyzed as
a two-way factorial design with the factors dose (6 levels), gender (2 levels), and 2 covariates. Figure 3 shows a boxplot of the
outcomes for each combination of the factor levels. We can see a difference in the outcome between male and female rats but
no obvious relationship between dose levels and the outcome. Based on the boxplot no distributional assumptions can be made.
In addition, the empirical variances between the different factor combinations are quite different, so we cannot assume variance
homogeneity.

Figure 3 BUN at day 90 stratified by factors sex and dose
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The trial can be statistically modeled using a general ANCOVA design

𝑌𝑖𝑗𝑘 = 𝑏𝑖𝑗 +
2
∑

𝑙=1
𝑝𝑙𝑀

(𝑙)
𝑖𝑗𝑘 + 𝜖𝑖𝑗𝑘, 𝑖 = 1, 2; 𝑗 = 1, ..., 6; 𝑘 = 1, ..., 𝑛𝑖

where 𝑌𝑖𝑗𝑘 is BUN on day 90, 𝑏𝑖𝑗 are the factor-wise treatment effects, 𝑀 (1)
𝑖𝑗𝑘 and 𝑀 (2)

𝑖𝑗𝑘 are BUN at baseline and change in body
weight with 𝑝1 and 𝑝2 the corresponding coefficients. Their OLS estimates are �̂�1 = −0.036 and �̂�2 = −0.009, respectively, i.e.,
none of them significantly impacts the response.
We now use our method to test for group-wise differences for either the individual factors or the combination of the two. Testing
the null hypotheses of no gender effect, no dose effect and no interaction between dose and gender with global testing procedures,
e.g., with the ones proposed by1, yields global significant dose and gender effects at 5% level of significance. Which dose levels
differ from each other is unknown but of paramount importance for the researcher. To illustrate the benefit of analyzing using
MCTPs, we use the same contrasts as being used by the ANCOVA and show the results for testing the global null hypotheses
in Table 2. We see that all methods detect a significant effect on the individual factors. The data do not provide the evidence
to reject the null hypothesis of no interaction effect. Since the sample sizes are very small (𝑛 ≤ 10 in every cell), we tested
the interaction effect with the bootstrap method only. As already mentioned, one of the advantages of the MCTP framework is

Table 2 Global test results for the individual and combined effects for each our different methods

Method Effect Test statistic p-value
Dose 3.525 0.015 *min Sex 4.591 0.000 *
Dose 3.525 0.009 *mean Sex 4.591 0.000 *
Dose 3.525 0.008 *max Sex 4.591 0.000 *
Dose 3.544 0.013 *
Sex 4.291 0.000 *boot
Dose × Sex 5.231 0.139

the ability to also test the individual hypotheses. Based on the global results we know that there is a significant effect of the
dose levels. However, we do not know which levels deviate from the average. Using MCTP we can look at the results for the
individual hypotheses. Table 3 shows the results for individual dose levels calculated using the bootstrap method. This allows
us to see not only that there is a difference between dose levels, but also which levels differ from the overall mean. In this case,
dose levels 250 and 1000 both differ significantly from the overall mean at 5% level of significance.

Table 3 Individual results for dose level estimated by the bootstrap method

Contrast Effect CI_Lower CI_Upper Test statistic p-value
1 0 0.27 -1.20 1.74 0.55 0.99
2 50 -1.07 -2.59 0.46 2.07 0.28
3 100 -0.07 -1.75 1.62 0.11 1.00
4 250 -1.70 -3.11 -0.28 3.54 0.01 *
5 500 0.20 -1.58 1.99 0.34 1.00
6 1000 2.77 0.42 5.12 3.49 0.01 *



BECHER ET AL 13

6 DISCUSSION

ANCOVA is one of the most widely used methods in clinical and non-clinical research to estimate and test null hypotheses
concerning adjusted treatment effects. However, common ANCOVA models have several important limitations. Firstly, as para-
metric models, they rely on strict distributional assumptions such as normality and variance homoscedasticity. Secondly, the
commonly used ANCOVA 𝐹 -test is limited to assessing the global null hypothesis of no difference in effects between groups
only.

Konietschke et al.1 addressed the first issue by proposing an alternative approach for the analysis of covariance in general
factorial designs using Box-type approximation methods, which are also valid under variance heteroscedasticity.

In this paper, we extended their approach to the MCTP framework, thereby addressing the second shortcoming. This extension
allows us to test not only the global null hypothesis but also individual null hypotheses and construct consistent simultaneous
confidence intervals. To achieve this, we derived a small sample size approximation for the distribution of the test statistics via a
multivariate t-distribution, which does not necessitate variance homoscedasticity but is also applicable for group-wise variance
heteroscedasticity. Additionally, we proposed an alternative method using a wild-bootstrap approach to empirically approximate
the distribution of the test statistic through resampling. This method further relaxes the model assumptions and is also valid in
the presence of complete variance heteroscedasticity in the data.

To evaluate the ability of our methods to control the type-1 error rate, we conducted a simulation with various settings. As a
point of comparison, we utilized an approach by Hothorn et al.6, which is based on general parametric models.

Our simulations demonstrated that our methods outperformed the competitor in all scenarios, particularly in small sample
sizes. In complex settings with numerous groups and very few samples, only the bootstrap method outperformed the multivariate
t-approximations. However, with increasing sample sizes, the type-I error rates of the methods quickly converged towards the
nominal level, demonstrating their applicability even with a moderate number of samples.

Furthermore, we conducted a power analysis, which revealed that the degree of variance heteroscedasticity primarily impacts
the power of the procedures. The procedures attained the highest/lowest power under homoscedasticity/complete heteroscedas-
ticity, respectively. Except a few scenarios in which the min-method exhibited significantly lower power compared to the other
methods, all methods displayed similar power.

Consequently, the general recommendation would be to employ the bootstrap method when faced with few samples or chal-
lenging scenarios such as skewed data or a large number of groups. The downside of the bootstrap method is its computational
cost compared to the other methods. However, if a moderate or large number of observations (𝑛𝑖 > 15) is available per group,
then the approximate methods also consistently perform well. All of the methods discussed are mean-based and thus, only appli-
cable in metric models. MCTP for nonparametric ANCOVA models, e.g., probabilistic index models25,26, will be part of future
research.
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APPENDIX

A BALANCED VS UNBALANCED WITH CONSTANT 𝑁

To compare balanced and unbalanced designs with the same 𝑁 for both we also ran the following setting in addition to the ones
discussed in 4. In the balanced case 𝑛𝑗 = 10+𝑖 for all groups. In the unbalanced case 𝐧 = (8, 10, 12)+𝑖 or 𝐧 = (8, 9, 10, 11, 12)+𝑖
for 3 and 5 groups respectively with negative pairing and equivalently for positive pairing. Figure A1 shows the results.

Figure A1 Type-I error simulation balanced vs unbalanced with constant 𝑁
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B NEGATIVE PAIRING VS POSITIVE PAIRING

Figure B2 Type-I error simulation results negative pairing vs positive pairing
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Figure B3 Power simulation results negative pairing vs positive pairing
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C POWERANALYSIS FOR ALTERNATIVE 2

Figure C4 Power simulation results for alternative 2
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