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Abstract

Let F,G € Z[X,Y] be binary forms of degree > 3, non-zero discriminant and with
automorphism group isomorphic to Dy. If F(Z?) = G(Z?), we show that F and G are
GL(2, Z)—equivalent.

1 Introduction

This paper is the continuation of [I] and deals with the following question:

Question 1.1. Let d > 3 and let F(X,Y) and G(X,Y) two binary forms of Bin(d, Q) (the
set of binary forms with degree d, with rational coefficients and with discriminant different

from zero) such that F(Z?) = G(Z?*). Does there exist y := <ch Z) € GL(2,Z) such that

F(aX +bY,cX +dY) = G(X,Y)? (1.1)

If there exists no such matriz 7y, the pair (F,G) is called an extraordinary pair and the form
F' is called extraordinary.

In order to answer this question, the article [I] shows the crucial importance of the group
of automorphisms of F' defined as

Aut(F,Q) :={y € GL(2,Q) : Foy=F},

where F' o denotes the action of v by linear change of variables (see (II])). It is known that,
for any F' € Bin(d, Q), the group Aut(F,Q) is GL(2,Q)—conjugate to one element among the
set & of ten subgroups of GL(2,7Z) defined by

R={C1,C2,C3,C4,C¢,D;1,D2,D3,Dy, D¢}, (1.2)

where the letters C; and Dy respectively correspond to cyclic and dihedral subgroups with
cardinality k£ and 2¢. For the definition of these subgroups, we refer the reader to [I, Lemma
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5.1]. In [I], we treated the cases of Ci, Cy, Cs,Cy,Cgs,D1,Dy, where we prove that an
affirmative answer to Question [[LT] depends on the existence, in the group of automorphisms,
of elements of order 3 with special type. The cases of D3 and Dg will be treated in [2],
bringing to light a similar characterization but in a more intricate context.

In the present paper, we are concerned with the case of Dy, which is the dihedral subgroup
of GL(2,Z) generated by the two matrices

0 1 q 0 1
1 0) -1 0/
This subgroup has order 8 and every element has order 1, 2 or 4. Write

G(X,Y)=agX? +ag 1 XY+ + a1 XY 4 gpY?

Let G € Bin(d, Q). It is not difficult to show that D4 C Aut(G, Q) if and only if one has the
equalities
ar =01 k=1mod?2 and a, = aq_p for 0 < k <d. (1.3)

In particular, d is even so d > 4. Furthermore, we have Aut(G,Q) = Dy, since, in the list
R (see (L2)) there is no group with cardinality strictly divisible by 8. Finally, every form F
satisfying Aut(F, Q) = A~!Dy)\, with A € GL(2,Q), has the shape

F=GoA,
where G satisfies (L3]). This follows from the general conjugation formula Aut(F o A\,Q) =

)FlAut(F, Q).
Our central result is

Theorem 1.2. Let d > 4. Then there is no extraordinary form F such that
Aut(F, Q) ~qr2,0) Da-
This theorem was already announced in [I, Theorem A]. One simple consequence is
Corollary 1.3. Let F' € Bin(4,Q) such that
F(Z?) = {m:m = t* +u* for some (t,u) € Z*}.
Then there exists (a,b,c,d) € Z*, with ad — bc = +1, such that
F(X,Y) = (aX +cY)* + (bX +dY)*.

The corollary follows upon combing Theorem with [3, Lemma 3.3|, which asserts that
Aut(X*+Y* Q) = Dy.
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2 From extraordinary forms to coverings

2.1 Some definitions

By a lattice, we mean an additive subgroup of Z? with rank 2. This lattice is proper when
it is different from Z2. If A is a lattice generated by @, € Z?, the index of A is the positive
integer

22 : A] = |Z2/A| = | det(@, 7). (2.1)

Definition 2.1. Let v € GL(2,Q). By definition the lattice associated to v is the subset L()

of Z? defined by
L(v) := {(:U,y) €7y (g) € ZQ} .

We will use the obvious remarks

L(y) = L(—7) (2:2)

and
L(y) = Z* <= ~ has integer coefficients. (2.3)

We recall the following property, which is proved by a direct calculation (see [I, Lemma 6.9]).

Lemma 2.2. Let v € GL(2,Q). Then [Z?: L(v)] is an integer multiple of | det~y|~*.

Several times we will use the next easy lemma, where va(n) is the 2-adic valuation of the
integer n with the convention v2(0) = +00.

Lemma 2.3. Let o, 8,y € Z with v # 0. Suppose that va(a) < va2(B) and va(a) < va(7).
Then the lattice defined by the equation

axy + Bro = 0 mod vy

1s included in the lattice
{(z1,22) : 1 = 0 mod 2}.

Definition 2.4. Let Fy and F» be two forms in Bin(d,Q). By definition, an isomorphism
from Fy to Fy is an element ¢ € GL(2,Q) such that Fy o ¢ = Fy. The set of all such
isomorphisms is denoted by Isom(F; — F», Q). Suppose Isom(Fy; — F5, Q) is not empty and
let p be one of its elements. Then we have the equalities

Isom(F; — F5,Q) = p- Aut(F, Q) = Aut(F1,Q) - p
Isom(Fy — F1,Q) = p~ - Aut(F1,Q) = Aut(F,Q) - p~ L.

We extract from [1] the following key proposition

Proposition 2.5. Let d > 3 and let (Fy, Fy) be a pair of extraordinary forms. Then there
exists p € GL(2,Q), a pair of extraordinary forms (Gy,G2) and a pair (D,v) of positive
integers such that

1. we have F} = Fy 0 p,



2. we have
<G1 ~ar(2,z) F1 and G2 ~qr(2.z) F2> or <G1 ~ar(2,z) 2 and Ga ~qr(2.7) F1)7

3. we have
D,v>1,Dv>1,D|vand1<v< D% (2.4)

vi= (10) D%) (2.5)

The matrix

satisfies G1 = Gg 07,
4. we have

[Z*: L(v)] = min {[Z* : L(7)] : 7 € Isom(G1 — G2,Q) UIsom(G2 — G1,Q)}, (2.6)

5. and finally, we have the two coverings

72 = U L() = U L(7).

T€lsom(G1—G2,Q) T€lsom(G2—G1,Q)

This proposition essentially gathers the following contents of [I]: Lemma 2.4, §7.1, §7.2
(particularly the relations (7.7), (7.8), (7.9)) and Proposition 9.1.

Comments 2.6. 1. This proposition is quite general, since it requires no assumption con-
cerning the automorphism groups of Fy or Fs.

2. Item 1. will not be used in the sequel of the proof of Theorem[L.3. It recalls the starting
point of the construction of v and it implies that both Aut(Fy,Q) and Aut(Fy, Q) are
GL(2,Q)—conjugate by the formula (4I]).

3. The pair (G1,G9) is extraordinary with automorphism groups GL(2,7)-conjugate with
the automorphism groups of Fi and Fs.

4. The initial problem is symmetrical in (Fy, Fy). We eventually break this symmetry in
item 4. to ensure the minimality of the index in (28). Note that [Z? : L(y)] = vD™L.

5. Since 7y belongs to Isom(Goy — G1,Q), we can explicitly write the isomorphisms appear-
ing in item 5. in terms of v and Aut(G1,Q) or Aut(Ga, Q) (see Definition [2.7).

6. In fact, we will only use the first equality written in item 5. The second one will be used
m [2/.

3 About coverings

3.1 General notions
Let a, b, c and d be four integers. To shorten notations, we write
a c a ¢
2()+2 ()= i ]

for the subgroup of Z? generated by (a,b)” and (c,d)”. Recall that if ad — bc # 0, this
subgroup is a lattice. Furthermore, if |ad — be| > 2, this is a proper lattice.



Definition 3.1. Let k > 1 be an integer and let (A;)i1<i<r be k lattices. We say that
C={A1,..., A}
is a covering of Z* (or a covering) if and only if
U A =72,
1<i<k

Definition 3.2 (Minimal covering). Let k > 1, let A; be lattices and let C = {Ay,..., Ay} be
a covering. We say that C is a minimal covering of length k if and only if replacing any A;
by some proper sublattice A G A;, the set

/
{A17 .. 7Ai71)Ai,Ai+la cee aAk;}
1s mot a covering.

If C is a minimal covering and if 1 <7 # j <k, we never have A; C A;. In particular, for
k > 2, every A; is a proper lattice. The following lemma asserts that from any covering one
can extract a minimal covering

Lemma 3.3. Let k> 1 and let
C:= {Al,...,Ak}

be a covering. Then there exists an integer 1 < k' < k, an injection ¢ : {1,...,kK'} —
{1,....k}, and lattices A (1 < j <K'), such that

C={A},..., A}
is @ minimal covering, and for all 1 < j < k' one has A} C Ay

Proof. By reordering and suppressing some A; if necessary, we suppose that

U A;=7? and U A #7% forall1<j<s (3.1)
1<i<s 1<i<s
i)

for some 1 < s < k. The case where s = 1 is trivial, so we suppose s > 2. Let
Ly = {M, lattice : My C Ay, Ay UAyU---UA,_y UM, =7Z?}.

We then have the equality
ZP=MAU---UA_ UA,, (3.2)

with A := ﬂMseﬁs M. The set A is a subgroup of Z2. Its rank can not be 0 or 1, because
we would have the equality Uj<;<s—1A; = Z?, which contradicts (B). So A/ is a lattice and,
by construction, it is the smallest lattice included in A and satisfying (3.2)). We continue the

same process for the covering
{A1, A9, Agq, AL}

to replace As_1 by a smaller lattice A’_;. By iterating this process, we prove the existence
of lattices (A],...,A}) with the following three properties

1. (inclusion) A, C A; for 1 <i < s,



2. (covering) U ;< A} = 72,

3. (partial minimality) let 1 < k < s and let M}, be a lattice such that My C A% and such

that
AU UA g UM UA U UA, =72, (3.3)
then Mj, = Aj.
We now prove that (A},...,AL) is a minimal covering associated with {A1,...,As}. So

we consider lattices M; such that M; C A; and such that
Z? =M U---UM,. (3.4)
Our aim is to show that M; = A}. The equality (B3.4]) implies
Z>=A U---UA;_1 UM,

Therefore we deduce from the partial minimality property (see ([33])) that My = A’,. We now
have the equality
7P =M UMyU--- UM, 1 UA.,

which implies
Z2=AUAyU---UA;_oUM,_; UAL

From the partial minimality property (see (3.3])) we obtain the equality Ms_; = A’_;. The
end of the proof is by induction. O
3.2 Minimal coverings with length at most 4

We now list all the minimal coverings with length bounded by 4.

Theorem 3.4. The following is a complete list (up to permutation) of the minimal coverings

of Z? of length at most four
10
to 1} 6

{_fl) g_’_g (1)1 gf g} (3.7)
to o 0o WY 59
GIETETE D .



Proof. By [1, Lemma 6.6 & 6.7], there is no minimal covering with length two and only one
with length three. So we are left with finding all the minimal coverings with length four.

o Checking that the sets of lattices (B.1), B8)), B3) and BI0) are coverings. One way to
prove this is to give explicit equations of these lattices. Let us focus on (8.9) since the other
cases are similar. The equations of the four corresponding lattices are respectively

y=0mod 2, z=0mod 2, 3z +y =0 mod 4, x + y = 0 mod 4.

It remains to check that any pair (a,b) of congruence classes modulo 4 satisfies at least one
of the four equations above.
o Construction of the minimal coverings. Let Ly, ..., Ly be such that

LiULyUL3ULy =72

Ruling out the trivial covering (3.5]), we may assume that Li, Lo, Ls and L4 are all proper
subgroups of Z2. The argument will proceed by repeatedly looking at points outside of
L1ULsUL3ULy and then analyzing in which possible L; such a point can be. For convenience,
these points will be chosen with small coordinates.

By permuting the L; if necessary, we may assume without loss of generality that

(e

Since L # Z?, we see that (?) ¢ Li. By permuting the L; again if necessary, we may

()<t

Finally, a similar argument shows that we may assume without loss of generality that

1
<1> € Ls.
Summarizing, we have so far

(er (em (er

We will now consider the vector (1, —1)7, and the proof naturally splits into two cases (case
1 and case 2). Note that we must have (1,—1)” € L3 (case 1) or (1,—1)T € L4 (case 2).

assume without loss of generality that

Case 1

Let us assume that (1,—1)7 € L3. Then we have

1 0 1 1
e @ ern net 2]



Note that equality must indeed hold for Lg, since the subgroup

1 1

b
has prime index in Z? and L3 # Z? by assumption. For the rest of the proof, we will often
use the above observation implicitly. Looking at the vector (2,1)7, we get two further cases,
namely (2,1)7 € Ly (case 1.1) or (2,1)7 € L4 (case 1.2), since the cases (2,1)T € L; or
(2,1)T € L3z are impossible (because this forces L; = Z? respectively Lz = Z2).

Case 1.1

In this case we have (2,1)7 € Ly and therefore

1 0 2 11
R i R 1

Considering the vector (1,2)7 yields two subcases: (1,2)7 € Ly (case 1.1.1) or (1,2)7 € Ly
(case 1.1.2).
Case 1.1.1
We have
imlo o) =) el
which corresponds to the covering (B.6]).

Case 1.1.2

Currently, we know that

1 0 2 1 1 1
A S O

We analyze the possibilities for the vector (1, —2)7. If we add this vector to Ly, then the re-
sulting covering is not minimal, as L, may be removed to obtain the covering ([3.6]). Therefore
we arrive at the covering

1 0 2 1 1 1 1
<0>€L1, L2_[1 1], Ls—[l _1], [2 _2}§L4-

To finish the argument for this case, we consider the vector (1,4)7. If we add it to Ly, then
the corresponding covering is not minimal, as L; may be removed to get the covering (B.6l).
Thus we obtain

1 1 0 2 1 1 1 1
Ll — |:0 4:|, L2 — |:1 1:| ) L3 — |:1 _1:|, L4 — |:2 _2:|7

which is the covering (B.8]).



Case 1.2

At this point we have

1 0 1 1 2
e @er oot 2] Qe

We have that (—2,1)7 € Ly (case 1.2.1) or (=2,1)T € Ly (case 1.2.2).

Case 1.2.1

The following information is available to us

1 0 -2 11 2
O A R I B R

Since the vectors (2,1)7,(1,-2)7,(1,2)7 together generate Z2, at least one of (1,—2)7 or
(1,2)" must be in L;. Thus we get the covering (3.6) after removing Ly.

Case 1.2.2

We obtain that

1 0 1 1 2 =2
Qe Qe ol 2 [ en

We must have that (1,—2)7 € L;. We will now consider the vector (4,1)7. We either have
(4,1)T € Ly, in which case we have the covering B.1), or (4,1) € Ly, in which case we get
the covering (B.0]) after removing Ls.

Case 2

We will now assume that (1, —1)” € Ly. Then we are in the situation

e Qe ()en (en

Inspecting the possibilities for the point (2,1)”, we come to the conclusion that (2,1)T € Ly
(case 2.1) or (2,1)T € Ly (case 2.2).

Case 2.1

We have arrived at the following configuration

1 0 2 1 1
e b Qen (2)en

Considering the vector (1,2)7, we will split into the cases (1,2)7 € Ly (case 2.1.1) or (1,2)7 €
Ly (case 2.1.2).



Case 2.1.1

Gathering the information so far, we have

11 0 2 1 1
el me i () en (B)en

We inspect the different locations for the vector (3,1)7. If (3,1)7 € L3, we obtain the cover
(B8] after dropping the lattice Ly. Suppose instead that (3,1)” € Ls. Then we have

11 0 2 1 1 3
Ll - |:0 2:| ) L2 - |:1 1:| I <1> € L37 |:_1 1:| g L4-

At last we consider the vector (3, —1)7. If (3, —1)T € L3, we get

11 0 2 1 3 1 3

which corresponds to the covering [3.3). If instead (3, —1)T € L4, we get the covering (3.6)
upon removing Lsj.

Case 2.1.2

At this stage we may write

1 0 2 1 1 1
e 3 Qe [4 Yen

Looking at (3,1)7, we obtain (3,1)” € L3. Then looking at (3,2)”, we conclude that (3,2)” €
Ly. Once we discard Ly, we get the covering (3.0]).

Case 2.2
We know that

1 0 1 1 2
<0> S Ll, <1> < LQ, <1> S Lg, Ls= [_1 1] .

Considering the vector (3,1)7, the argument splits in two cases, namely (3,1)7 € Ly (case
2.2.1) and (3,1)T € L3 (case 2.2.2).

Case 2.2.1

We have arrived at

1 0 3 1 1 2
e -f Y (es ne[l )

This forces (4,1)7 € Lz and then (1,3)T € Ly, thus giving

11 0 3 14 12
O e PO O O R

This is precisely the covering (3.10]).

10



Case 2.2.2

Finally, we have to consider the configuration

1 0 1 3 1 2
(e Qere -3 ae[2 ]

Considering the vectors (2,3)” and (3,2)” simultaneously, this gives two cases

13 0 2 13 12
I e o R

1 2 0 3 1 3 1 2
e e VO O (O R SO
In the first case, the lattice Ly is redundant, and we get the covering (B.6]) upon discarding

L4. The last case does not correspond to any non-trivial minimal covering. Indeed, all the
L; have prime index, but their union does not contain the point (1,4)7. O

and

Theoretically speaking, the method employed above leads to the complete list of minimal
coverings with length < k, where k is a given integer. The case k < 6 is vital for our work [2],
which handles the case where the automorphism group is conjugate to D3 or Dg. However,
when k = 5 and k& = 6, the number of cases is huge and the method is no longer feasible to
execute by hand. This is the reason why we have written algorithms to produce the list of
9 minimal coverings with length equal to 5, and the list of 49 minimal coverings with length
equal to 6. To make this paper independent of computer calculations, we have decided to
prove Theorem [B.4] by hand, but the results of Theorem B.4] are rapidly reproduced by our
algorithms that will be published in [2].

4 Proof of Theorem

4.1 Preparation of the covering

The proof of this theorem is accomplished by contradiction by exploiting Proposition
We start from a pair of extraordinary forms (Fi, F2) such that Aut(Fi,Q) ~qr2,0) Da. By
Comment 2 of L6 we also have Aut(Fs, Q) ~qr,2,0) Da. By item 2. of Proposition 23] we
also have

Aut(Gy,Q), Aut(Gy, Q) ~aL(2,0) D4

thanks to the conjugation formula
Aut(F o), Q) = A 'Aut(F,Q) A, for all A € GL(2,Q) and for all F € Bin(d, Q).  (4.1)

Recall that
G1ovy ™t =Gy,

where 7 is defined in (2.5]). We write Dy explicitly as

D4 == {1d7 A17 A27 A37 _1d7 _Ala _A27 _A3}7

11



with

0 1 0 1
A1:<_1 O>,A2:<1 O>,andA3:<

So we have the equality
Aut(Go, Q) = Ty ' Dy T,

where T3 is some matrix of GL(2,Q) that we write as
t1 t
= (t; ti) |
where the t; are coprime integers. An important integer is
dy := |det Ty| = |t1tq — tots).
Thus we split Aut(G2, Q) into two disjoint sets
Aut(Gs, Q) = & U (—6),

with

G = {id, Ty LA Ty, Ty L ATy, Ty P A3To ).

(4.2)

Furthermore, we have Isom(Gy — G, Q) = v~ 1Aut(G2, Q), by Definition 2.4 and we put

Ao) :={xeZ®: v lo(x) € Z*} = L(y 10),

(4.3)

see Definition 2.1 The equality A(—o) = A(o) follows from (2.2)). Combining these remarks

with the first equality of item 5. of Proposition 2.5, we have the covering of Z?2

7? = J Alo)

ceS

(4.4)

by at most four lattices. We will require the explicit equations defining the A(o). By a direct

computation we have

Lemma 4.1. For o € &, the lattice A(c) is the set of (x1,x2) € Z* such that

=0 dD
AGdy: ¢t T
vry = 0modD

(tltz + t37f4)$1 + (t% + ti)xz

ANTy AV T)
(Ty A T5) {V((t%—i-tg)m+(t1t2+t3t4)m)

(t3t4 — tltg)m'l + (ti — t%)xg

ATy AoTy) -
(T " AlTy) {V((t% _ t§)$1 + (t1ta — tatq)x2)

A(TQ_ 1 A3T2) .

12

= 0 mod dyD
= 0 mod do D

= 0 mod dy D
= 0 mod dyD

(tgtg + t1t4)$1 + (2t2t4)x2 = 0 mod dy D
u((2t1t3)x1 + (tgtg + t1t4).%'2) = 0 mod dyD.



By (24)), the second equation of (45 is redundant and thus we have the equality
[Z? : A(id)] = D. (4.9)
Several times we will use the following important lemma.

Lemma 4.2. We adopt the hypotheses of Proposition and the notations above. Then the

covering ([A4) satisfies
A(o) # Z* for all o € &. (4.10)

Proof. For the sake of contradiction, suppose that A(c) = Z? for some ¢ € &. By the
definition (@3] and the remark (Z3)), the matrix associated with y~!o (with o € Aut(Gs, Q))
has integer coefficients. This means that there exists a matrix M; with integer coefficients
such that

G1 (¢} M1 = GQ. (411)

We use the minimality of the index of L() (see item 4. of Proposition 2.5]) to write
1= [22: A@0)] = [22: L(y"'0)] > [22: L(7)] > 1.

Again by the remark (23]) we deduce that the matrix My associated with v (see (2.1))), has
integer coeflicients. So we have the equality

G2 o} M2 - Gl.
Combining with (1), we obtain
Gio(My- M) = GgoM; =Gy,

which implies that |det(M; - Ms)| = 1, hence |det M| = |det M| = 1. So the matrices
M; and My belong to GL(2,Z). Therefore the equality (AI1]) shows that G; and Gy are
GL(2,Z)—equivalent, which is contrary to the hypothesis that (G1,G2) is an extraordinary
pair (see Comment 3 of 2.0)). O

We now initiate the proof of Theorem by successively restricting the values of D.

4.2 The integer D satisfies 2 < D <4

We want to prove the inequality
2< D <4, (4.12)

We separate our discussion into two subcases based on the value of the union of the lattices
A(o) with o # id.
4.2.1 If the last three lattices do not cover Z2

We suppose that
24+ | Ao (4.13)

ce6S—{id}

13



This condition means that A(id) is essential to obtain the covering (4.4]). By Lemma we
know that none of the lattices appearing in this covering are trivial. By the existence of a
minimal covering (see Lemma [3.3]), there exist four subgroups A} (0 < i < 3) such that

A} is either {0} or a proper lattice,

Ay C A(id) and A, C A(Ty P A T) (1 <i < 3),

Uo<i<sAj = 72,

C :={AL: A # {0}} is a minimal covering of Z2.
In particular, by (@4) and by (@I3), we deduce that A{ # {0}. Thus the covering C con-
tains three or four lattices and C appears as one of the minimal coverings (B.0)), ..., (B.10)
of Theorem 341 Thus the lattice A{) is necessarily one of the lattices of these five minimal
coverings. By (2], all these lattices have an index equal to 2, 3 or 4. In particular, we have
[Z2 : A)] € {2,3,4}. Finally, [Z%: A(id)] is a divisor (different from 1) of [Z? : A}]. By (&3),
we deduce the inequality 2 < D < 4, and (£I2) is proved.

4.2.2 If the last three lattices cover Z2

We now suppose that

2= |J Ao (4.14)

ce6S—{id}

By (&I0), the equality (EI4]) exhibits a non-trivial covering of Z? by three lattices. By
Theorem [B.4] and by Lemma [B.3] we have the equality

{A(Ty YA Ty), ATyt Ao Ty), ATy F A3To)} = {Ag, Ay, A}, (4.15)
where the covering (B.6]) is written as {Ag, A1, Ao} respectively.

4.2.2.1 If (4I4) holds, then the integer D is not divisible by an odd prime p

For the sake of contradiction, suppose that D is divisible by some p > 3. We will show that
there exists at least one 0 € & — {id} such that

p|[Z*: Ao)]. (4.16)

Such a divisibility is impossible since, on the right—hand side of ([&I3]), all the lattices have
an index equal to 2. To prove (416, we will argue by contradiction. So we suppose that

p1 [Z2 : A(o)] for all o # id. (4.17)

By keeping only the first equation of the systems defining the lattices modulo p, we see
that the lattices A(Ty 'A1Ty), A(Ty ' AoTy) and A(T, 'A3Ty) (see (&B), @T) and [EF)) are
respectively included in the following lattices £,

£p(T;1A1T2) : (tltz + t3t4).%'1 + (t% + ti)wg = 0 mod p, (4.18)
£p(T2_1A2T2) : (t3t4 — tltz)xl + (t?l — t%)wg = 0 mod p, (4.19)
£p(T2_1A3T2) : (t2t3 + t1t4).%'1 + (2t2t4)1‘2 = 0 mod p. (4.20)
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The index of these three lattices is 1 or p. It can not be equal to p, otherwise we would
have ([4I6]) for some o. So the index is always equal to 1, which means that p divides all the
coeflicients

(titg + tsty), (13 +13), (t3ty —tite), (13 —13), (tots + tits) and (2toty). (4.21)

This implies that p divides to and t4. Let g := ged(to,t4, p™) > p,ta = ta/g,t4 = ts/g. We
observe that g divides da, by its definition ([@2]). We return to the original system of equations
(458), (£7) and (L8], where we keep the first equation of each system. After division by g, we
observe that the lattices A(Ty *A1Ty), A(Ty ' AyTy) and A(Ty * A3Ty) are respectively included
in the following lattices

Ep(TglAng) : (7517?2 + t37§4)$1 = 0 mod p, (422)
EP(TQ_lAQTQ) : (t3£4 — tlfz).%'l = 0 mod p, (4.23)
Ep(T2_1A3T2) : (7?2753 + t17§4)$1 = 0 mod p. (424)

We observe that ged(t1,t3,p) = 1 (otherwise the integers ¢; would not be coprime altogether),
and that ged(fz,t4,p) = 1.

— Suppose that p does not divide (t1#2 + t3t4), then the lattice /jp(Tz_lAng) has its index
equal to p, and since this lattice contains A(T} ' A, Ty), we obtain a contradiction with (IT).

— Same type of reasoning when p does not divide (t3t — t1t2).

— Now suppose that p divides (t1ts + t3t4) and (t3t4 — t1t2), then p divides t1fo and t3ty.
The above coprimality conditions imply that p does not divide the coefficient of z1 in (£24]),

contradicting (A.I7T).
So D has no odd prime divisor when (€.I4]) holds.

4.2.2.2 If (414) holds, then the integer D is not divisible by 8

The strategy is the same as in §£.2.2.011 We suppose that D is divisible by 8. We will prove
that there is a 0 € & — {id} such that

4 [Z* : A(o)]. (4.25)

Such a divisibility contradicts the equality (£I3]), since all the lattices A; (1 < i < 3) have
index equal to 2. To prove (4.25]), we will argue by contradiction. So we suppose that

4422 : A(o)] for all o # id. (4.26)

The lattices A(Ty ' A1Ty), A(Ty ' ATy) and A(Ty, ' A3Ty) are respectively included in the fol-
lowing lattices

ﬁg(TQ_lAng) : (tltz + t3t4).%'1 + (t% + ti)xg = 0 mod 8,

£8(T2_1A2T2) : (t3t4 — tltz)xl + (t?l — t%)xg = 0 mod 8,

£8(T2_1A3T2) : (tgtg + t1t4).%'1 + (2t2t4)1‘2 = 0 mod 8.
These lattices have an index equal to 1, 2, 4 or 8. It can not be divisible by 4 (otherwise, we

would contradict ([4.26])). So these indexes are equal to 1 or 2, which means that 4 divides all
the coefficients listed in (4.21]). This implies that 2 divides to and t4. Let g = (t2,t4,2%°) > 2,
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ty = ta/g, t4 = t4/g. We return to the initial definitions of the lattices (&6)), (@7T) and
(4.8]), where we only keep the first equation. Since g divides da, we observe that the lattices
ATy A Ty), A(Ty P AxTy) and A(Ty P A3Ty) are respectively included in the following lattices

Eg(TQ_lAlTQ) : (tlgg + t3£4)1‘1 + g(l% + t?l).%'g = 0 mod 8, (4.27)
Lg(Ty ' AgTy) « (tsly — trta)ay + g(f] — 13)79 = 0 mod 8, (4.28)
ES(T£1A3T2) : (£2t3 + tlf4)$1 + 9(2527?4)$2 = 0 mod 8. (429)

We exploit the coprimality ged(t1,t3,2) = 1 (otherwise, the integers t; would not be coprime
altogether) and the coprimality ged(fa,%4,2) = 1 to deduce that at least one of the three
coefficients attached to x1 in (d.27), (£.28]) and (4.29) is not divisible by 4. This implies that
the corresponding lattice L£g(o) has index equal to 4 or 8. Hence the associated lattice A(o)
(contained in Lg(c)) has index divisible by 4. This contradicts our assumption (28]

We have considered all the possible cases. The proof of (412 is complete.

4.3 The integer D is different from 3

Our task is to prove that
D #3. (4.30)

We will now assume that D = 3 to derive a contradiction. We already know that [Z? :
A(id)] = D = 3 by ([@9) and A(o) # Z? for all 0 € & by Lemma Reasoning as before,
when we obtained (AI6]), there exists o € & — {id} such that

311Z%: A(o)].

Then the minimal covering contained in the covering {A(c) : ¢ € &} (see (£4)), which
exists by Lemma B3] can only be the covering ([B.I0) by Theorem B4l Then the covering
{A(0) : 0 € &} from (£4]) must coincide with (B.I0).

Write g = ged(ta, t4,3%), t2 = ta/g and t4 = t4/g. We now split our discussion according
to the classes modulo 3 of the numbers g, t5 and t4.

4.3.1 If3|g

We follow the arguments that led to equation (416)). In particular, consider the three lattices
L, defined by (£22)), 23] and ([£24) with p = 3. At least, one of the coefficients of z; is

non-zero modulo 3. Thus we get the existence of some o € & — {id}, such that
A(o) C{(z1,22) : 1 = 0 mod 3}.

But A(id) = {(z1,22) : 21 = 0 mod 3} (see (45 and (24])). So the covering (A.4]) can never
be equal to (BI0]), which is the desired contradiction.

4.3.2 If31’g,31’t2,31'7f4 and t2£t4 mod 3

Under these assumptions, we have the congruences

2+ 12 = 2mod 3, 2tsty = 2 mod 3
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and
tity + tgty = tots + t1t4 mod 3.

By (@I8) and (#20), we see that the lattices L3(T5 ' A1Ty) and L3(Ty ' A3T») coincide. Both
have index 3. This implies that the two lattices A(T, *A1Ty) and A(T, *A3Ty) sit inside the
same lattice with index 3. We obtain the same contradiction as in §4.3.11

4.3.3 If31’g,31’t2,31'7f4 and t2§ét4 mod 3

In this situation, we obtain
t2 + 13 = 2 mod 3, 2tyty = 1 mod 3

and
tito + t3ty = (2t2t4)(t1t2 + t3t4) = 2(t1t4 + t2t3) mod 3.

Up to a factor 2 the equations ([£I8]) and ([£20) coincide. Once again, this implies that two
of the lattices appearing in the covering (4.4]) are sublattices of the same lattice with index
3. We obtain the same contradiction as above.

4.3.4 1If 3tg and if either 3 |ty or 3|ty

Consider the lattices L3(Ty 'A;Ty) and L3(Ty ' A9Ty) defined by @IR) and @I9). Their
equations reduce to +(ax; + x2) = 0mod 3 (for some integer a). So these two lattices
coincide, and A(T, *A;Ty) and A(T, ' A9Ty) are both included in the same lattice with index
3. Therefore we obtain a contradiction with the covering (4.4)) in this case as well.

The proof of (A30) is complete. Combining ([AI2) and (£30), we have reduced our

theorem to the following situation.

4.4 Study when D € {2,4}

Our first task is to circumscribe the possible values of v. Recall the conditions (24]). They
lead to the following possibilities for (D,v): (2,2), (2,4), (4,4), (4,8), (4,12) and (4,16). We
will restrict this list to

(D,v) € {(2,2),(2,4), (4,4), (4,8)}. (4.31)

To prove ([£31]), we start from the covering (4.4 with the condition (ZI0]). Two possibilities
occur

e If for some o € &, one has Usee—{ot}A(0) = Z2. This is a covering by three lattices.
By Theorem B4, these three lattices have index 2. So we have

[Z2 : A(op)] = 2 for some o # id. (4.32)

e If such a of does not exist. The covering (&3] corresponds to one of the coverings (3.7)),
B3), B9) or (3I0) of Theorem B4l Since A(id) has index equal to 2 or 4, we can
eliminate the covering (3.10) (because the lattices comprising this covering all have an
index equal to 3). Now, in the coverings (3.7), (3.8) and (B.9), there are exactly two
lattices with index 2. So (4.32]) is also true in that case.
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We now exploit the relation (Z.6]), with the choice 7 = 7, and the relation [Z?: L(v)] = v/D
by Comment 4 of to obtain
vD™t <2

f— )

which leads to the divisibility
v|2D,

since vD~1 is an integer. This gives the condition (3T]).
We can further restrict the set of possible values for the pair (D, v) as follows. By (£3),

we have A(op) = L(y tog), where o satisfies (32). But |det(y 'og)| = $z. By Lemma

22 we deduce that 2 is a multiple of D?/v. This gives the inequality D? < 2v. So we know
that the set defined in (A3]]) is restricted to

(D,v) € {(2,2),(2,4), (4,8)}. (4.33)

4.5 Possible values for ds

We now investigate the possible values for ds.

4.5.1 The integer d; has no odd prime divisor

We will prove that
dy € {1,2,4,8,16,... }. (4.34

)
Suppose that dq is divisible by some odd prime p. We recall that v € {2,4,8} (see (£33)
and we return to the definitions (&6), (7)) and @S] to deduce that the lattices A(T; *A1Ty),
ATy P AgTy) and A(T, ' A3Ty) are respectively included in the following lattices

{(tltg + t3t4)$1 + (t2 + t4 x9 = 0 mod p,
(

)
{2 + t2)1'1 + (tltz + t3t4).%'2 = 0 mod p,
(t3t4 — tltg)m'l + (t4 12 )
MQ’p 2
(2 — 3)x1 + (t1ta — tgts)xa = 0 mod p,
(tgtg + t1t4)1‘1 + (2t2t4)x2 = 0 mod p,
(2t1t3)1‘1 + (tztg + t1t4).%'2 = 0 mod p.
We use a combinatorial lemma dealing with the antidiagonal coefficients in the above system

of equations.

Lemma 4.3. Let p be an odd prime. Let (ty,t3,13,t4) € Z* be such that p { ged(ty, ta, t3,1t4).
Consider the following three 2—sets of quadratic forms

Spi= {2+ 2,12 442}, Spi= {2 — 1342 — 12}, Sy = {2tyty, 2113},
Then for all pairs (i,j) with 1 <1i < j <3, there exists P € S;US; such that p{ P.
Proof. Omitted. O

Lemma [£3] implies that there exist 7 and j such that ./\/lZ p and M; , have index divisible
by p. Hence the indices of the corresponding lattices A(Ty ' A;Ty) € M;,, and A(Ty ' A;Ty) C
M, are divisible by p. This is incompatible with the covering (£.4]) and Theorem B4 since
the index of A(id) is 2 or 4. The proof of ([4.34]) is complete.
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4.5.2 The case dy = 1 is impossible

Recall that D € {2,4}. By keeping only the first equation in the systems (@5]), (4.0, (L7
and (L)) and by replacing doD by 2, we deduce that the four lattices A(o) (o € &) are
respectively included in the four lattices defined by the equations

L(id
Lo(Ty AL Ty)
Lo(Ty P AsTy)
Lo(Ty ' A3Ty)

:x1 =0 mod 2,

(t1to + taty)xy + (13 4 t2)29 = 0 mod 2,
(tsty — tita)xy + (12 — t3)29 = 0 mod 2,
(tats + t1t4)r1 = 0 mod 2.

~— ~— ~— ~—

The assumption dy = 1 implies t1t4 + tot3 = 1 mod 2, from which we deduce the equality
Lo(id) = Lo(Ty 1 AsTy).
Considerations of parities also lead to the equality
Lo(Ty P A1Ty) = Lo(Ty H AxTy).

Again playing with the parities of the t; and using 1 = dy = t1t4 + tot3 mod 2, we see that
we never have t1ts + t3ty = t3 +t2 = 0 mod 2, which means that £2(T2_1A1T2) +£ 72. These
considerations show that the covering (4.4)) leads to the non-trivial covering

7% = Lo(id) U Lo(Ty P A1),

which is in contradiction with Theorem [3.41

4.5.3 The case dy = 2 is impossible

The strategy is the same as in the section above, but more intricate since we will distinguish
cases based on the parity of to and t4. We suppose that do = 2 and we will arrive at a
contradiction. Since 4 | daD, the four lattices A(o) (o € &) are respectively included in the
four lattices defined by the equations

Lo(id) : 1 = 0 mod 2,
Ly(Ty " A1 Ty) : (titg + taty)wy + (13 +t3)22 = 0 mod 4,
L4(T, 1AQTQ) (tsty — t1te)x1 + ( — t2)x2 = 0 mod 4,
L4(Ty A3T2) (tats + t1tg)x1 + (2tats)xe = 0 mod 4.

Recall the equality [titg4 — tots]| = do = 2.
4.5.3.1 If {5, and ¢4 have different parities
We then have the equalities
ged(th + t1,4) = ged (] — 15,4) = 1,

which implies

[ZQ . £4(T2_1A1T2)] - [Z2 . £4(T2_1A2T2)] =4
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by a direct study of the equations defining these lattices. Furthermore, the coefficient of xq
in the equation defining L£4(T} 1A3T2) satisfies one of the following two relations

do + 2tots3 = 2 mod 4

(4.35)
do + 2t1ts = 2 mod 4.

totg +t1ta = {

This implies the equality between lattices
Lo(id) = L4(Ty 1 A3Ty).
The covering (£4]) leads to the covering
77 = Lo(id) U L4(Ty P A1 To) U L4(Ty F A T),

which is nonsense, since the index of these three lattices are 2, 4 and 4 respectively. Therefore
this covering does not correspond to a minimal covering in Theorem 3.4

4.5.3.2 If ty and t4 are both even

Under this assumption, we have the following similarities between the coefficients of the
lattices £4(T271A1T2) and £4(T271A2T2) defined in §45.3t

24+ 12 =12 — 2 =0mod 4,

and
tito + t3ty = t3ty — t1t9 = 0 mod 2.

We now discuss on the class t1ty + t3t4 = t3ty — t1to mod 4.

4.5.3.2.1 If t; and t4; are both even and if tity + t3t4 = t3t4 — t1t9 = 2 mod 4. We
return to the definitions of the lattices to deduce the equalities between lattices

Lo(id) = L4(Ty YA Ty) = L4(Ty P ATy,

which certainly can not lead to a covering.

4.5.3.2.2 1If ty and t4 are both even and if tity + t3ty = t3ty — t1to = O mod 4. In
(435]), we have already seen that

tots + t1t4 = 2 mod 4. (4.36)
We split our discussion according to the value of D (see (£33])).

o Case 1: D = 4. In that case, we have v = 8 and doD = 8, so the second equations of
(£8), (1) and ([A38) are automatically satisfied. We observe that

A(id) = {(z1,22) : 1 = 0 mod 4}.
By (4.36]), we have the inclusion

ATyt A3Ty) C A(id).
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The covering (4.4)) is simplified to the covering
72 = A(id) U ATy YA T) U A(Ty H Ao Ty),

where the first lattice has index 4 and where the last two lattices have an index > 2. This
covering with three lattices does not resonate with Theorem [B.41

¢ Case 2: D = 2. We then have
dy=D=2, ve{24}, to=t4=0mod2 and tity+ t3t4 = 0 mod 4.

Actually, the case v = 4 can never happen. Indeed, by the formula given in Lemma 1], with
the values do = D = 2, v = 4 and the constraints of the congruence modulo 4 of the ¢;, we
see that A(Ty ' A Ty) = Z>. This is forbidden by Lemma

So we restrict to v = 2. The equations of the lattices A(o) (0 € &) given in Lemma [ET]
are equivalent to a single equation

(id) 1 = 0 mod 2,
(Ty ' ATy) 2 (82 + )2 = 0 mod 2,
ATy AsTy)  : (12 —t2)x; = 0 mod 2,
ATy A3Ty) @2 =0 mod 2.

Since A(0) # Z? by Lemma 2] this implies that the coefficients of x1 in the second and the
third equations are odd. We deduce that these four equations show the equality

A(o) = {(z1,22) : z1 = 0 mod 2} for all 0 € &.

This contradicts the covering (4.4]).

4.5.3.3 If t, and t; are both odd
The equality t1t4 — tots = £2 implies that ¢; and t3 have the same parity. We now split the

argument according to this parity.

4.5.3.3.1 1If t, and t4 are both odd and if ¢t; = t3 = 0 mod 2. Since dy = 2, these
conditions imply that (¢1,¢3) = (0,2) or (2,0) modulo 4. Therefore we have

tito + tgty = tgty — tito = totsz + t1t4 = 2 mod 4.

We implement these congruences into the first equations of ([&6]), (1) and (48] to deduce
the inclusions

A(T{lAng), A(T{lAgTQ) - {($1,$2) : 21 + 29 = 0 mod 2},

and
A(T5 ' ATy) € {(x1,22) : #1 = 0 mod 2}.

Recalling the inclusion

A(id) C {(z1,22) : 1 = 0 mod 2}, (4.37)

and returning to the covering (&4, we obtain a covering of Z? by two lattices with index 2.
This contradicts Theorem [3.41
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4.5.3.3.2 If {3 and t4 are both odd and if t; = t3 = 1 mod 2. Since dy = 2, the
following congruences hold

tity + t3ty = totg +tit4s =0mod 4 and 3ty — t1t9 = 2 mod 4.

We insert these congruences and the condition 4 | doD into the first equations of the systems

(486)), (A1) and (48] to obtain the inclusions
A(T{lAlTQ),A(T{lAgTQ) g {($1,$2) X9 = 0 mod 2},

and
A(T271A2T2) C {(z1,22) : 1 = 0 mod 2}.

These inclusions and the inclusion ([£.37) contradict (£4]), since we would once more obtain
a covering of Z? by two lattices with index 2.
Gathering all these cases, we proved that dy # 2.

4.5.4 The case 4 | d; is impossible
We will suppose that 4 | da to arrive at a contradiction. This implies that 8 | daD thanks to
([£33]). We divide our proof according to the parity of ¢ and t4.
4.5.4.1 If {5, and ¢4 have different parities
In that case, we have ged(t3 & 2,8) = 1 and the first equations of (&6) and (A7) give the
divisibility

81(2%: ATy, P ATy)]  for i€ {1,2}.
The covering (4.4 can not hold: we would obtain a covering with four proper lattices, with
at least two with index divisible by 8. This does not exist by Theorem [3.4
4.5.4.2 If t; and t4; have the same parity
Our first step is to show that we necessarily have

t = tg mod 2. (438)
Suppose that this does not hold. We always have
2+ t2 =7 — t2 mod 2.

We argue as follows:

o If t1 # t3mod 2 and t3 = t4, = 0 mod 2. By (@33)), we know that 2 | doD/v. By the
first equation of (4.5)) and the second equation of (.6l and (L7]), we deduce the inclusions

A(o) C{(z1,22) : 21 =0 mod 2} for 0 € & — {T{lAng}.
By (44]), we would obtain a covering by two proper lattices, and this contradicts Theorem [3.4]

o If t; # t3 mod 2 and ty = t4 = 1 mod 2. We only study the first equations of (4.6]), (£.7])
and (4.8). We use the congruences

tito + i3ty = t3ty —tito =tots +t1ity =1mod 2 and 8 ’ do D
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to deduce that
81[2%: ATy, A Ty)]  for 1 <i<3.

The covering (44]) then would be incompatible with Theorem 341 So (£38]) is proved.
To summarize, we necessarily have the congruence conditions

to = t4y mod 2 and t; = t3 mod 2.

Recall that the ¢; are coprime altogether, so modulo 2, the quadruplet (¢;,t2,t3,t4) belongs
to the following set €2 with three elements

Q:=1{(1,0,1,0),(0,1,0,1),(1,1,1,1)}.

These possibilities will be the basis of our discussion below.

4.5.4.2.1 If (t1,t9,t3,t4) = (0,1,0,1) or (1,1,1,1) mod 2. We then have the congruences
3+ t2 = 2 mod 8 and 2tsty = +£2 mod 8. By considering the first equations in the systems
(£6)) and (48], we obtain the inequality

va([Z2 : A(Ty P A Ty)]) > 2 for i € {1,3}.

Furthermore, for this to be an equality, we must have doD = 8, which means do = 4 and
D=2

When (D, dy) # (2,4) (which is equivalent to 16 | dyD), the lattices A(Ty ' A;Ty) for
i € {1,3} have index divisible by 8. The covering (44) is therefore impossible thanks to
Theorem [3.4

When (D, d2) = (2,4), the congruences

+dy = t1ty — tot3 = 4 mod 8,
and to = t4 = 1 mod 2 imply
4 = tyty — toty = toty(tits — tals) = tity — tsty mod 8.
Since we also have 2 — t3 = 0 mod 8, we conclude that
ATyt AsTy) C {(x1,22) : 1 = 0 mod 2}

by (A7) and by Lemma 2.3l Since A(id) satisfies the same inclusion (see ([4.37))) we obtain a
contradiction with (#4)), since we would obtain a covering of Z? by three lattices with index
2, 4 and 4.

4.5.4.2.2 If (t1,t9,t3,t4) = (1,0,1,0) mod 2. This case is more delicate. We handle this
case by splitting the proof in three cases.

o Case 1: va(t2) # va(ta) (> 1). We have the sequence of relations
2 < Ug(dg) = min(vg(tg), 1)2(t4)) = ’Ug(tltg + t3t4) = UQ(t3t4 — t1t2) = UQ(t2t3 + t1t4),
and the inequalities (recall that D € {2, 4})

2min(v2(t2), Uz(t4)) = Uz(t% + ti) = Ug(ti — t%) Z Uz(ng) and U2(2t2t4) Z Ug(dzD).
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With these remarks, we consider the first equations of the systems (£.5)), (£.6), (£.7) and (£.8)

to deduce the inclusions
A(o) C{(z1,22) : z1 = 0 mod 2} for all 0 € &.

These relations obviously contradict the covering (4.4)).

Now we suppose that ve(t2) = wva(ts) (> 1). Since, by hypothesis, the integers ¢; and
ts are both odd, we have vy(ds) > va(te) = va2(t4). So we split our forthcoming discussion
according to the difference between vo(dy) and va(ty) = va(ts).

o Case 2: va(t2) = v2(t4) > 1 and va(da) = va(t2) + 1. Under these hypotheses, we have
va(tity + taty) > vo(ds) and vo(t3 +13) > va(da). (4.39)
For the first equality of (4.39]), we use that
tito + taty = tity + tots = +dy + 2otz = 0 mod 2ds.

For the second equation, we use the equality ve(t3 + t3) = 1 + 2va(t2). By (@33), we have
three possibilities

(do, D,v) = (4,2,4), wvy(dyD/v)>1 or D=4 (4.40)
e The first possibility is impossible because, with the above values of dy, D and v and with
the conditions on the 2-adic valuations of the #;, the two equations defining A(Ty ' A;T3) (see

(£8)) are congruences modulo 8, and all the coefficients of z1 and x2 are = 0 mod 8. So we
would have A(Ty ' A1Ty) = Z2, which is contrary to Lemma

e The second possibility of ([4.40]) can not hold for the following reason: consider the second
equations of the systems (£.6]) and (£8). We benefit from the congruences

2 + t% = 2t1t3 =2 mod 4
to deduce the two inclusions
A(T{lAiTQ) C {(x1,22) : x1 =0mod 2} for i e {1,3}.

Since the same inclusion holds for A(id) and since A(Ty 'AoTy) # 72, the covering @) is
impossible by Theorem [3.41

e We now prove that the third possibility of (£40]) can not hold. Indeed, suppose that D = 4
and, as usual, let g := ged(t2,t4),t2 := to/g and #4 := t4/g. Since g | da, g is necessarily a
power of 2 and we have v3(g) = va(t2) = va(ts) = va(dz) — 1 (> 1) and the integers #5 and #4
are odd. We then have

2= t1t~4 — £2t3 = (tltg)(t1t~4 - Egtg) = t3£4 — tlfz mod 4,

and therefore
1)2(t3t4 — tltz) = Uz(dz). (4.41)
Since wva(t2) > 1, it follows that

t3 —t3 = 0 mod dyD. (4.42)
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To prove ([E42)), write to = 2'as, t4 = 2'ay with odd as and a4 and t > 1. Then t2 — 3 =
22t(a2 — a%) = 0 mod 2%*2. Furthermore, doD = 21 .4 = 2143, We obtain the desired
congruence (4.42]), since 2t +2 >t + 3 for t > 1.

By the first equations of (435]) and (£7), by (4£41)) and ([£42]) and by the hypothesis D = 4,
we obtain the inclusions

A(id), ATy AsTy) C {(z1,22) : 21 = 0 mod 4}.

These inclusions are not compatible with the covering ([4.4]), since we would obtain a covering
of Z2 by three lattices containing one lattice with index 4 (see Theorem [34]). Hence the case
D = 4 does not happen.

o Case 3: va(t2) = va2(ty) > 1 and wva(da) > va(t2) + 1. We will first prove the two
equalities
U2(t1t2 + t37f4) = ’UQ(tQ) +1 and ’Ug(tgtg + t1t4) = ’UQ(tQ) + 1. (443)

e To prove the first equality, we write
va(tity + taty) = vo(titats + taty) = vo(ty (tity & do) + t3ts) = v (2 + t3)ty + t1dy).
We now observe that
va(Etida) = va(da)
and
Vo (11 + t3)ta) = v2(t] +13) + va(ta) = va(t2) + 1,

because t1 and t3 are both odd. Therefore we conclude that
Ug(tltz + t3t4) = ’UQ((t% + tg)bl + tldg) = UQ(tQ) + 1,

since va(t2) + 1 < v2(d2) by assumption.
e To prove the second equality of (£43]), we write

U2(7f27f3 + t1t4) = U2(2t2t3 + tity — t2t3) = 1)2(2t27f3 + d2) = U2(2t2t3) = 1)2(2752) = U2(7f2) + 1.

The proof of (Z43]) is complete.
We now use ([£.43]) to deduce from the first equations of (4.6]) and (48] the two inclusions

ATy A Ty) C {(x1,29) : 21 =0mod 2} for i € {1,3}. (4.44)

e Proof of (A44]) for i = 1. The coefficient of z; in the first equation of (40) satisfies
va(tita + taty) = va(ta) + 1 < va(de) < wa(daD). Furthermore, the coefficient of z, satisfies
va(t3 +12) = 1+ 2u3(t2) > va(ta) + 1 = va(t1ty + t3ts). Lemma 23] gives the inclusion (E44)
when ¢ = 1.

e Proof of (£44) for i = 3. The coefficient of z; in the first equation of (48] satisfies
va(tats + tity) = va(ta) + 1 < va(de) < wa(daD). Furthermore, the coefficient of x5 satisfies
va(2taty) = 2ua(ta) + 1 > wva(ta) + 1 = va(tats + t1t4). Lemma 23] gives the inclusion (4.44)
when i = 3.

The proof of (4.44]) is complete. Combining the inclusions (4.44]) with the inclusion A(id) C
{(z1,22) : 1 = 0 mod 2} and with the covering (&), we arrive at a covering of Z2 by two
proper lattices, which does not exist by Theorem [3.41

We investigated all the cases to assert that 4 { dy. Gathering the properties of dy proved

in 451 §4.5.2, §4.5.3 and §L5.4], we see that do does not exist.
The proof of Theorem is complete.

25



References

[1] E. Fouvry and P. Koymans, Binary forms with the same value set I. Preprint.

[2] E. Fouvry and P. Koymans, Binary forms with the same value set I1I. The case of D3
and Dg. Preprint.

[3] C. L. Stewart and S. Y. Xiao, On the representation of integers by binary forms. Math.
Ann. 375 (2019), no. 1-2, 133-163.

26



	Introduction
	From extraordinary forms to coverings 
	Some definitions

	About coverings 
	General notions
	Minimal coverings with length at most 4

	Proof of Theorem 1.2
	Preparation of the covering
	 The integer D satisfies 2D 4 
	 If the last three lattices do not cover Z2 
	 If the last three lattices cover Z2 
	 If (4.14) holds, then the integer D is not divisible by an odd prime p 
	 If (4.14) holds, then the integer D is not divisible by 8 


	 The integer D is different from 3 
	 If 3 g 
	 If 3 g, 3 t2, 3 t4 and t2 t4 -5mumod5mu-3 
	 If 3 g, 3 t2, 3 t4 and t2 t4 -5mumod5mu-3 
	 If 3 g and if either 3t2 or 3 t4 

	 Study when D {2, 4} 
	 Possible values for d2 
	 The integer d2 has no odd prime divisor 
	 The case d2 = 1 is impossible 
	 The case d2 = 2 is impossible 
	 If t2 and t4 have different parities 
	 If t2 and t4 are both even 
	 If t2 and t4 are both odd 

	 The case 4 d2 is impossible 
	 If t2 and t4 have different parities 
	 If t2 and t4 have the same parity 




