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Abstract. This paper delves into classical multiple orthogonal polynomials with an arbitrary number of
weights, including Jacobi–Piñeiro, Laguerre of both first and second kinds, as well as multiple orthogonal Her-
mite polynomials. Novel explicit expressions for nearest-neighbor recurrence coefficients, as well as the step line
case, are provided for all these polynomial families. Furthermore, new explicit expressions for type I multiple
orthogonal polynomials are derived for Laguerre of the second kind and also for multiple Hermite polynomials.

Contents

1. Introduction 1
1.1. Multiple Orthogonal Polynomials 3
1.2. Hypergeometric Functions 5
2. Jacobi–Piñeiro with 𝑝 Weights: the Recurrence Coefficients 6
3. Laguerre of First Kind with 𝑝 Weights: the Recurrence Coefficients 10
4. Laguerre of Second Kind with 𝑝 Weights: Type I Polynomials and the Recurrence Coefficients 11
4.1. Explicit Hypergeometric Expressions for the Type I polynomials 11
4.2. Explicit Expressions for the Recurrence Coefficients 15
5. Multiple Hermite with 𝑝 Weights: Type I Polynomials and the Recurrence Coefficients 17
5.1. Explicit Expressions for the Type I Polynomials 17
5.2. Explicit Expressions for the Recurrence Coefficients 22
Conclusions and outlook 24
Acknowledgments 24
Declarations 25
References 25

1. Introduction

Multiple orthogonal polynomials constitute a class of polynomials with widespread applications across
various branches of mathematics and engineering. Unlike orthogonal polynomials, which are associated
with a single weight function, multiple orthogonal polynomials are linked to multiple weight functions and
measures concurrently. These polynomials serve as fundamental tools in numerical analysis, approximation
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theory, and mathematical physics, offering robust solutions for intricate problems involving simultaneous
orthogonalities.

For an in-depth understanding of the subject, one can refer to the comprehensive introduction provided
in the book by Ismail [17], while its relation with integrable systems is elaborated upon in [1].

Recent research has illuminated the importance of multiple orthogonal polynomials in the Favard spec-
tral description of banded bounded semi-infinite matrices. This connection has been explored in various
works such as [13, 15, 16], with further insights available in [14]. Moreover, these polynomials have been
found to play a crucial role in the context of Markov chains and random walks beyond birth and death,
as evidenced in [9, 10, 11, 12]. Notably, in both of these scenarios, type I polynomials emerge as central
components. Unfortunately, explicit expressions for type I multiple orthogonal polynomials remain scarce.
In contrast, for type II polynomials, Rodrigues’ formula yields explicit hypergeometric expressions capable
of accommodating an arbitrary number of ‘classical’ weights, as elaborated in [5] and [3, 4, 21], see also [17,
§23].

Moreover, the nearest-neighbor recurrence coefficients (3) have only been fully explored in the case of
𝑝 = 2, as detailed in [21]. Recent advancements, such as those in [6], have provided explicit expressions
for various families, including the Jacobi–Piñeiro and Laguerre polynomials of type I, specifically for 𝑝 = 2.
Subsequently, in [7], coefficients of the bidiagonal factorization for these families were determined, also
focusing on 𝑝 = 2.

Expanding upon this groundwork, we extended our investigation to encompass the general case of 𝑝 ≥
2. In [8], we derived explicit expressions for Jacobi–Piñeiro and Laguerre polynomials of the first kind,
considering 𝑝 ≥ 2. Continuing in this vein, the present work focuses on providing explicit expressions for:

i) Laguerre polynomials of the second kind, in §4.1, and Hermite polynomials of type I, see §5.1.
ii) Recurrence coefficients (3) for Jacobi–Piñeiro, see §2, and Laguerre polynomials of both kinds, see §3

and 4.2, along with Hermite in §5.2.

Next, we give a table as a resumé of these achievements and the adequate references:

Family Type II Type I Recurrence
Jacobi–Piñeiro ✓ [5] ✓ [8] ✓ Here

Laguerre First Kind ✓ [5] ✓ [8] ✓ Here
Laguerre Second Kind ✓ [5] ✓ Here ✓ Here

Hermite ✓ [17, §23.5] ✓ Here ✓ Here

Jacobi–Piñeiro

Laguerre First KindLaguerre Second Kind

Hermite
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The following classical muliple ortohogonal polynomial families: Jacobi–Piñeiro, Laguerre of first and
second kind and Hermite, are connected through limit relations as showed in the Askey scheme above,
see [5].

1.1. Multiple Orthogonal Polynomials. (See [17, 18].) Let’s consider a system of 𝑝 ∈ N weight functions
𝑤1, . . . , 𝑤𝑝 : Δ ⊆ R → R+, a measure 𝜇 : Δ ⊆ R → R+ and a multi-index ®𝑛 = (𝑛1, . . . , 𝑛𝑝) ∈ N𝑝

0 with
| ®𝑛| ≔ 𝑛1 + · · · + 𝑛𝑝.

Let’s examine a sequence of monic type II polynomials 𝐵®𝑛, where deg 𝐵 ≤ |®𝑛|, that fulfill the orthogonality
relations: ∫

Δ

𝑥 𝑗𝐵®𝑛 (𝑥)𝑤𝑖 (𝑥) d 𝜇(𝑥) = 0,

for 𝑖 ∈ {1, . . . , 𝑝} and 𝑗 ∈ {0, . . . , 𝑛𝑖 − 1}, and 𝑝 sequences of type I polynomials 𝐴
(1)
®𝑛 , . . . , 𝐴

(𝑝)
®𝑛 with

deg 𝐴
(𝑖)
®𝑛 ≤ 𝑛𝑖 − 1 satisfying:

𝑝∑︁
𝑖=1

∫
Δ

𝑥 𝑗𝐴
(𝑖)
®𝑛 (𝑥)𝑤𝑖 (𝑥) d 𝜇(𝑥) =

{
0 if 𝑗 = 0, . . . , | ®𝑛| − 2,
1 if 𝑗 = | ®𝑛| − 1.

(1)

These orhogonality conditions are equivalent to the biorthogonality conditions

𝑝∑︁
𝑖=1

∫
Δ

𝐵®𝑛 (𝑥)𝐴(𝑖)
®𝑚 (𝑥)𝑤𝑖 (𝑥) d 𝜇(𝑥) =


0 if 𝑚𝑖 ≤ 𝑛𝑖 , 𝑖 ∈ {1, . . . , 𝑝},
1 if | ®𝑚 | = | ®𝑛| + 1,
0 if | ®𝑛| + 1 < | ®𝑚 |.

(2)

For AT (algebraic Chebyshev) systems of weights, cf. [17, 18, §23.1.2], the associated type II and I
polynomials exist and reach the maximum degree.

1.1.1. Near Neighbour Recurrence Relations. Here we are partially following the notation of [17, §23.1.4]. Let
be

(
𝜋(1), 𝜋(2), . . . , 𝜋(𝑝)

)
a permutation of (1, 2, . . . , 𝑝), ®𝑒𝑘 ∈ R𝑝 the 𝑘 -th vector of the canonical base in R𝑝

and

®𝑠0 ≔ ®0, ®𝑠 𝑗 ≔
𝑗∑︁

𝑖=1

®𝑒𝜋 (𝑖) , 𝑗 ∈ {1, . . . , 𝑝}.

Then, the type II and type I polynomials satisfy the following nearest-neighbor recurrence relations:

𝑥𝐵®𝑛 (𝑥) = 𝐵®𝑛+®𝑒𝑘 (𝑥) + 𝑏0®𝑛 (𝑘)𝐵®𝑛 (𝑥) +
𝑝∑︁
𝑗=1

𝑏
𝑗

®𝑛𝐵®𝑛−®𝑠 𝑗 (𝑥),

𝑥𝐴
(𝑖)
®𝑛 (𝑥) = 𝐴

(𝑖)
®𝑛−®𝑒𝑘

(𝑥) + 𝑏0®𝑛−®𝑒𝑘 (𝑘)𝐴
(𝑖)
®𝑛 (𝑥) +

𝑝∑︁
𝑗=1

𝑏
𝑗

®𝑛+®𝑠 𝑗−1
𝐴
(𝑖)
®𝑛+®𝑠 𝑗

(𝑥), 𝑖 = {1, . . . , 𝑝}.
(3)

From the biorthogonality, one gets that the recurrence coefficients can be written as:

𝑏0®𝑛 (𝑘) =
∫
Δ

𝑥𝐵®𝑛 (𝑥)
(
𝐴
(1)
®𝑛+®𝑒𝑘

(𝑥)𝑤1(𝑥) + · · · + 𝐴
(𝑝)
®𝑛+®𝑒𝑘

(𝑥)𝑤𝑝 (𝑥)
)
d 𝜇(𝑥),

𝑏
𝑗

®𝑛 =

∫
Δ

𝑥𝐵®𝑛 (𝑥)
(
𝐴
(1)
®𝑛−®𝑠 𝑗−1

(𝑥)𝑤1(𝑥) + · · · + 𝐴
(𝑝)
®𝑛−®𝑠 𝑗−1

(𝑥)𝑤𝑝 (𝑥)
)
d 𝜇(𝑥), 𝑗 ∈ {1, . . . , 𝑝}.

Remark 1.1. The multi-index ®𝑛 − ®𝑠 𝑗−1 corresponds with subtracting 1 to the 𝑗 − 1 different entries

{𝑛𝜋 (1) , 𝑛𝜋 (2) , . . . , 𝑛𝜋 ( 𝑗−1) }
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of the muli-index ®𝑛. Consequently,

| ®𝑛 + ®𝑒𝑘 | = | ®𝑛| + 1, | ®𝑛 − ®𝑠 𝑗−1 | = | ®𝑛| − 𝑗 + 1, 𝑗 = {1, . . . , 𝑝}.

The condition
(
®𝑛 − ®𝑠 𝑗−1

)
𝑖
= 𝑛𝑖 is equivalent to write 𝑗 ≤ 𝜋−1(𝑖) while

(
®𝑛 − ®𝑠 𝑗−1

)
𝑖
= 𝑛𝑖 − 1 is equivalent to

𝑗 > 𝜋−1(𝑖). These conditions will be relevant later.

We introduce the sets

𝑆(𝜋, 𝑗) ≔
{
𝑖 ∈ {1, . . . , 𝑝} : 𝑗 ≤ 𝜋−1(𝑖)

}
, 𝑆c(𝜋, 𝑗) ≔ {1, 2, . . . , 𝑝} \ 𝑆(𝜋, 𝑗).

For example, for 𝑝 = 4 and the permutation

𝜋 =

(
1 2 3 4
4 2 1 3

)
we have

𝑆(𝜋, 1) = {1, 2, 3, 4}, 𝑆(𝜋, 2) = {1, 2, 3}, 𝑆(𝜋, 3) = {1, 3}, 𝑆(𝜋, 4) = {3}.

Type II and I polynomials can be written

𝐵®𝑛 (𝑥) =
𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

𝐶
𝑙1,...,𝑙𝑝

®𝑛 𝑥𝑙1+···+𝑙𝑝 , 𝐴
(𝑖)
®𝑛 (𝑥) =

𝑛𝑖−1∑︁
𝑙=0

𝐶
(𝑖) ,𝑙
®𝑛 𝑥𝑙,

and biorthogonality conditions (2) lead to

𝑏0®𝑛 (𝑘) =
𝑝∑︁
𝑖=1

𝑛𝑖−1+𝛿𝑖,𝑘∑︁
𝑙=0

𝐶
(𝑖) ,𝑙
®𝑛+®𝑒𝑘

∫
Δ

𝐵®𝑛 (𝑥)𝑥𝑙+1𝑤𝑖 (𝑥) d 𝜇(𝑥)

= 𝐶
(𝑘 ) ,𝑛𝑘
®𝑛+®𝑒𝑘

∫
Δ

𝐵®𝑛 (𝑥)𝑥𝑛𝑘+1𝑤𝑘 (𝑥) d 𝜇(𝑥) +
𝑝∑︁
𝑖=1

𝐶
(𝑖) ,𝑛𝑖−1
®𝑛+®𝑒𝑘

∫
Δ

𝐵®𝑛 (𝑥)𝑥𝑛𝑖𝑤𝑖 (𝑥) d 𝜇(𝑥)

= 𝐶
(𝑘 ) ,𝑛𝑘
®𝑛+®𝑒𝑘

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

𝐶
𝑙1,...,𝑙𝑝

®𝑛

∫
Δ

𝑥𝑛𝑘+1+𝑙1+···+𝑙𝑝𝑤𝑘 (𝑥) d 𝜇(𝑥)

+
𝑝∑︁
𝑖=1

𝐶
(𝑖) ,𝑛𝑖−1
®𝑛+®𝑒𝑘

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

𝐶
𝑙1,...,𝑙𝑝

®𝑛

∫
Δ

𝑥𝑛𝑖+𝑙1+···+𝑙𝑝𝑤𝑖 (𝑥) d 𝜇(𝑥),

(4)

𝑏
𝑗

®𝑛 =

𝑝∑︁
𝑖=1

deg 𝐴
(𝑖)
®𝑛−®𝑠 𝑗−1∑︁

𝑙=0

𝐶
(𝑖) ,𝑙
®𝑛−®𝑠 𝑗−1

∫
Δ

𝐵®𝑛 (𝑥)𝑥𝑙+1𝑤𝑖 (𝑥) d 𝜇(𝑥)

=
∑︁

𝑖∈𝑆 (𝜋, 𝑗 )
𝐶

(𝑖) ,𝑛𝑖−1
®𝑛−®𝑠 𝑗−1

∫
Δ

𝐵®𝑛 (𝑥)𝑥𝑛𝑖𝑤𝑖 (𝑥) d 𝜇(𝑥)

=
∑︁

𝑖∈𝑆 (𝜋, 𝑗 )
𝐶

(𝑖) ,𝑛𝑖−1
®𝑛−®𝑠 𝑗−1

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

𝐶
𝑙1,...,𝑙𝑝

®𝑛

∫
Δ

𝑥𝑛𝑖+𝑙1+···+𝑙𝑝𝑤𝑖 (𝑥) d 𝜇(𝑥), 𝑗 = {1, . . . , 𝑝},

(5)

since

deg 𝐴
(𝑖)
®𝑛−®𝑠 𝑗−1

=

{
𝑛𝑖 − 2 if 𝜋−1(𝑖) < 𝑗,

𝑛𝑖 − 1 if 𝑗 ≤ 𝜋−1(𝑖).
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1.1.2. Step line Recurrence Relation. Using the step line multi-index sequence

{(0, 0, . . . , 0), (1, 0, . . . , 0), (1, 1, . . . , 0), . . . , (1, 1, . . . , 1), (2, 1, . . . , 1) . . . }
we can relabel the polynomials and coefficients as follows

𝐵𝑝𝑚+𝑘 ≔ 𝐵 (𝑚 + 1, . . . , 𝑚 + 1︸               ︷︷               ︸
𝑘 times

,𝑚 . . . , 𝑚︸    ︷︷    ︸
𝑝−𝑘 times

)

𝐴
(𝑖)
𝑝𝑚+𝑘 ≔ 𝐴

(𝑖)
(𝑚 + 1, . . . , 𝑚 + 1︸               ︷︷               ︸

𝑘 times

,𝑚, . . . , 𝑚︸     ︷︷     ︸
𝑝−𝑘 times

)
𝑖 ∈ {1, . . . , 𝑝},

𝑏0𝑝𝑚+𝑘 ≔ 𝑏0(𝑚 + 1, . . . , 𝑚 + 1︸               ︷︷               ︸
𝑘 times

,𝑚, . . . , 𝑚︸     ︷︷     ︸
𝑝−𝑘 times

) (𝑘 + 1)

𝑏
𝑗

𝑝𝑚+𝑘 ≔ 𝑏
𝑗

(𝑚 + 1, . . . , 𝑚 + 1︸               ︷︷               ︸
𝑘 times

,𝑚, . . . , 𝑚︸     ︷︷     ︸
𝑝−𝑘 times

)
𝑗 ∈ {1, . . . , 𝑝},

with 𝑚 ≥ 0 and 𝑘 ∈ {0, . . . , 𝑝 − 1} . Then, the recurrence relations can be written as follows

𝑥𝐵𝑛 (𝑥) = 𝐵𝑛+1(𝑥) + 𝑏0𝑛𝐵𝑛 (𝑥) +
𝑝∑︁
𝑗=1

𝑏
𝑗
𝑛𝐵𝑛− 𝑗 (𝑥),

𝑥𝐴
(𝑖)
𝑛 (𝑥) = 𝐴

(𝑖)
𝑛−1(𝑥) + 𝑏0𝑛−1𝐴

(𝑖)
𝑛 (𝑥) +

𝑝∑︁
𝑗=1

𝑏
𝑗

𝑛+ 𝑗−1𝐴
(𝑖)
𝑛+ 𝑗 (𝑥), 𝑖 ∈ {1, . . . , 𝑝}.

(6)

In matrix terms read

𝑇


𝐵0(𝑥)
𝐵1(𝑥)
𝐵2(𝑥)


= 𝑥


𝐵0(𝑥)
𝐵1(𝑥)
𝐵2(𝑥)


, 𝑇⊤



𝐴
(𝑖)
1 (𝑥)

𝐴
(𝑖)
2 (𝑥)

𝐴
(𝑖)
3 (𝑥)


= 𝑥



𝐴
(𝑖)
1 (𝑥)

𝐴
(𝑖)
2 (𝑥)

𝐴
(𝑖)
3 (𝑥)


, 𝑖 ∈ {1, . . . , 𝑝},

in terms of Hessenberg matrix

𝑇 ≔



𝑏00 1 0

𝑏11 𝑏01 1

𝑏12 𝑏02

𝑏
𝑝
𝑝

0 𝑏
𝑝

𝑝+1



.

1.2. Hypergeometric Functions. Before delving into the main results, it’s important to recall that, in the
context of standard orthogonality, the polynomials can be represented using generalized hypergeometric
series, as discussed in [2, 19]. These series, denoted as

𝑝𝐹𝑞

[
𝑎1, . . . , 𝑎𝑝

𝛼1, . . . , 𝛼𝑞

; 𝑥
]
:=

∞∑︁
𝑙=0

(𝑎1)𝑙 . . . (𝑎𝑝)𝑙
(𝛼1)𝑙 . . . (𝛼𝑞)𝑙

𝑥𝑙

𝑙!
.
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In [6] we found many type I polynomials families for systems of 𝑝 = 2 weight functions. The most of them
were expressed through the double series known as the Kampé de Fériet functions [20]

(7) 𝐹
𝑛:𝑟 ;𝑠
𝑞:𝑘; 𝑗

[
(𝑎1, . . . , 𝑎𝑛) : (𝑏1, . . . , 𝑏𝑟 ); (𝑐1, . . . , 𝑐𝑠)
(𝛼1, . . . , 𝛼𝑞) : (𝛽1, . . . , 𝛽𝑘); (𝛾1, . . . , 𝛾 𝑗)

�����𝑥, 𝑦
]

≔

∞∑︁
𝑙=0

∞∑︁
𝑚=0

(𝑎1)𝑙+𝑚 . . . (𝑎𝑛)𝑙+𝑚
(𝛼1)𝑙+𝑚 . . . (𝛼𝑞)𝑙+𝑚

(𝑏1)𝑙 . . . (𝑏𝑟 )𝑙
(𝛽1)𝑙 . . . (𝛽𝑘)𝑙

(𝑐1)𝑚 . . . (𝑐𝑠)𝑚
(𝛾1)𝑚 . . . (𝛾 𝑗)𝑚

𝑥𝑙

𝑙!
𝑦𝑚

𝑚!
.

Here, we are going to need a generalization of these previous ones known as the multiple Kampé de Fériet
functions [20]

(8) 𝐹
𝑛:𝑟1;...;𝑟𝑝
𝑞:𝑘1;...;𝑘𝑝

[
(𝑎1, . . . , 𝑎𝑛) : (𝑏1, . . . , 𝑏𝑟1); . . . ; (𝑐1, . . . , 𝑐𝑟𝑝 )
(𝛼1, . . . , 𝛼𝑞) : (𝛽1, . . . , 𝛽𝑘1); . . . ; (𝛾1, . . . , 𝛾𝑘𝑝 )

�����𝑥1, . . . , 𝑥𝑝
]

≔

∞∑︁
𝑙1=0

· · ·
∞∑︁

𝑙𝑝=0

(𝑎1)𝑙1+···+𝑙𝑝 · · · (𝑎𝑛)𝑙1+···+𝑙𝑝
(𝛼1)𝑙1+···+𝑙𝑝 · · · (𝛼𝑞)𝑙1+···+𝑙𝑝

(𝑏1)𝑙1 · · · (𝑏𝑟1)𝑙1
(𝛽1)𝑙1 · · · (𝛽𝑘1)𝑙1

· · ·
(𝑐1)𝑙𝑝 · · · (𝑐𝑘𝑝 )𝑙𝑝
(𝛾1)𝑙𝑝 · · · (𝛾𝑘𝑝 )𝑙𝑝

𝑥
𝑙1
1

𝑙1!
· · ·

𝑥
𝑙𝑝
𝑝

𝑙𝑝!
.

All of these functions are expresed through the Pochhammer symbols (𝑥)𝑛, 𝑥 ∈ C and 𝑛 ∈ N0,

(𝑥)𝑛 ≔
Γ(𝑥 + 𝑛)
Γ(𝑥) =

{
𝑥(𝑥 + 1) · · · (𝑥 + 𝑛 − 1) if 𝑛 ∈ N,
1 if 𝑛 = 0.

2. Jacobi–Piñeiro with 𝑝 Weights: the Recurrence Coefficients

The weight functions are

𝑤𝑖 (𝑥;𝛼𝑖) =𝑥𝛼𝑖 , 𝑖 ∈ {1, . . . , 𝑝}, d 𝜇(𝑥) = (1 − 𝑥)𝛽 d 𝑥, Δ = [0, 1],

with 𝛼1, . . . , 𝛼𝑝, 𝛽 > −1 and, in order to have an AT system, 𝛼𝑖 − 𝛼 𝑗 ∉ Z for 𝑖 ≠ 𝑗 . The moments are∫ 1

0
𝑥𝛼𝑖+𝑘 (1 − 𝑥)𝛽 d 𝑥 =

Γ(𝛽 + 1)Γ(𝛼𝑖 + 𝑘 + 1)
Γ(𝛼𝑖 + 𝛽 + 𝑘 + 2) , 𝑘 ∈ N0.(9)

The Jacobi–Piñeiro polynomials of type I are, cf. [8],

𝑃
(𝑖)
®𝑛 (𝑥;𝛼1, . . . , 𝛼𝑝, 𝛽) = (−1) | ®𝑛 |−1

∏𝑝

𝑞=1(𝛼𝑞 + 𝛽 + |®𝑛|)𝑛𝑞
(𝑛𝑖 − 1)!∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑞 − 𝛼𝑖)𝑛𝑞
Γ(𝛼𝑖 + 𝛽 + |®𝑛|)

Γ(𝛽 + |®𝑛|)Γ(𝛼𝑖 + 1)

× 𝑝+1𝐹𝑝

[
−𝑛𝑖 + 1, 𝛼𝑖 + 𝛽 + |®𝑛|, {𝛼𝑖 − 𝛼𝑞 − 𝑛𝑞 + 1}𝑞≠𝑖

𝛼𝑖 + 1, {𝛼𝑖 − 𝛼𝑞 + 1}𝑞≠𝑖
; 𝑥

]
=

𝑛𝑖−1∑︁
𝑙=0

𝐶
(𝑖) ,𝑙
®𝑛 𝑥𝑙,

(10)

with

𝐶
(𝑖) ,𝑙
®𝑛 ≔

(−1) | ®𝑛 |−1
𝑝∏

𝑞=1

(𝛼𝑞 + 𝛽 + |®𝑛|)𝑛𝑞

(𝑛𝑖 − 1)!
𝑝∏

𝑞=1,𝑞≠𝑖

(𝛼𝑞 − 𝛼𝑖)𝑛𝑞

Γ(𝛼𝑖 + 𝛽 + |®𝑛|)
Γ(𝛽 + |®𝑛|)Γ(𝛼𝑖 + 1)

(−𝑛𝑖 + 1)𝑙 (𝛼𝑖 + 𝛽 + |®𝑛|)𝑙
𝑙!(𝛼𝑖 + 1)𝑙

𝑝∏
𝑞=1,𝑞≠𝑖

(𝛼𝑖 − 𝛼𝑞 − 𝑛𝑞 + 1)𝑙
(𝛼𝑖 − 𝛼𝑞 + 1)𝑙

.
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The monic Jacobi–Piñeiro polynomials of type II are, cf. [5, §3],

𝑃®𝑛 (𝑥;𝛼1, . . . , 𝛼𝑝, 𝛽) =
𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

𝐶
𝑙1,...,𝑙𝑝

®𝑛 𝑥𝑙1+···+𝑙𝑝

𝐶
𝑙1,...,𝑙𝑝

®𝑛 ≔ (−1) | ®𝑛 |
𝑝∏

𝑞=1

(𝛼𝑞 + 1)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

(−𝑛𝑞)𝑙𝑞
𝑙𝑞!

(𝛼1 + 𝛽 + 𝑛1 + 1)𝑙1+···+𝑙𝑝
(𝛼1 + 1)𝑙1+···+𝑙𝑝

×
(𝛼1 + 𝑛1 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝−1 + 𝑛𝑝−1 + 1)𝑙𝑝

(𝛼1 + 𝛽 + 𝑛1 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝−1 + 𝛽 + 𝑛1 + · · · + 𝑛𝑝−1 + 1)𝑙𝑝

×
(𝛼2 + 𝛽 + 𝑛1 + 𝑛2 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝 + 𝛽 + |®𝑛| + 1)𝑙𝑝

(𝛼2 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝 + 1)𝑙𝑝
.

(11)

We will now endeavor to derive an explicit expression for the recurrence coefficients outlined in (3).
In doing so, our first step is to establish the following summation formula:

Lemma 2.1. Let 𝐶
𝑙1,...,𝑙𝑝

®𝑛 , as defined in (11), and let 𝑚 be a non-negative integer. Then,

𝑛𝑝∑︁
𝑙𝑝=0

· · ·
𝑛1∑︁
𝑙1=0

(𝛼𝑖 + 𝑛𝑖 + 𝑚)𝑙1+···+𝑙𝑝
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1)𝑙1+···+𝑙𝑝

𝐶
𝑙1,...,𝑙𝑝

®𝑛 = (−1) | ®𝑛 |
(𝛽 + 1) | ®𝑛 |

(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1) | ®𝑛 |

𝑝∏
𝑞=1

(𝛼𝑞 − 𝛼𝑖 − 𝑛𝑖 − 𝑚 + 1)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

.

Proof. By substituting the previously defined type II coefficients into the multiple sum, we can express it as:

(−1) | ®𝑛 |
𝑝∏

𝑞=1

(𝛼𝑞 + 1)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

𝑛𝑝∑︁
𝑙𝑝=0

· · ·
𝑛2∑︁
𝑙2=0

(−𝑛𝑝)𝑙𝑝
𝑙𝑝!

· · ·
(−𝑛2)𝑙2
𝑙2!

(𝛼𝑖 + 𝑛𝑖 + 𝑚)𝑙2+···+𝑙𝑝
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1)𝑙2+···+𝑙𝑝

(𝛼1 + 𝛽 + 𝑛1 + 1)𝑙2+···+𝑙𝑝
(𝛼1 + 1)𝑙2+···+𝑙𝑝

×
(𝛼1 + 𝑛1 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝−1 + 𝑛𝑝−1 + 1)𝑙𝑝

(𝛼1 + 𝛽 + 𝑛1 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝−1 + 𝛽 + 𝑛1 + · · · + 𝑛𝑝−1 + 1)𝑙𝑝

(𝛼2 + 𝛽 + 𝑛1 + 𝑛2 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝 + 𝛽 + |®𝑛| + 1)𝑙𝑝
(𝛼2 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝 + 1)𝑙𝑝

×
𝑛1∑︁
𝑙1=0

(−𝑛1)𝑙1
𝑙1!

(𝛼𝑖 + 𝑛𝑖 + 𝑚 + 𝑙2 + · · · + 𝑙𝑝)𝑙1
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1 + 𝑙2 + · · · + 𝑙𝑝)𝑙1

(𝛼1 + 𝛽 + 𝑛1 + 1 + 𝑙2 + · · · + 𝑙𝑝)𝑙1
(𝛼1 + 1 + 𝑙2 + · · · + 𝑙𝑝)𝑙1︸                                                                                                          ︷︷                                                                                                          ︸

=3𝐹2

[
−𝑛1 ,𝛼𝑖+𝑛𝑖+𝑚+𝑙2+···+𝑙𝑝 ,𝛼1+𝛽+𝑛1+1+𝑙2+···+𝑙𝑝

𝛼𝑖+𝛽+𝑛𝑖+𝑚+1+𝑙2+···+𝑙𝑝 ,𝛼1+1+𝑙2+···+𝑙𝑝
;1

]
.

Observing the summation labeled by 𝑙1, it becomes evident that it corresponds to a 3𝐹2 hypergeometric
function, which adheres to the Pfaff–Saalschütz formula

3𝐹2

[
−𝑛, 𝑎, 𝑏,

𝑐,−𝑛 + 𝑎 + 𝑏 + 1 − 𝑐
; 1

]
=

(𝑐 − 𝑎)𝑛 (𝑐 − 𝑏)𝑛
(𝑐)𝑛 (𝑐 − 𝑎 − 𝑏)𝑛

.

Thus, we can utilize this formula to determine

3𝐹2

[
−𝑛1, 𝛼𝑖 + 𝑛𝑖 + 𝑚 + 𝑙2 + · · · + 𝑙𝑝, 𝛼1 + 𝛽 + 𝑛1 + 1 + 𝑙2 + · · · + 𝑙𝑝

𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1 + 𝑙2 + · · · + 𝑙𝑝, 𝛼1 + 1 + 𝑙2 + · · · + 𝑙𝑝
; 1

]
=

(𝛽 + 1)𝑛1 (𝛼𝑖 − 𝛼1 + 𝑛𝑖 − 𝑛1 + 𝑚)𝑛1
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1 + 𝑙2 + · · · + 𝑙𝑝)𝑛1 (−𝛼1 − 𝑛1 − 𝑙2 − · · · − 𝑙𝑝)𝑛1

.
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Substituting the previous expression and clearing, we obtain:

(−1) | ®𝑛 |
𝑝∏

𝑞=1

(𝛼𝑞 + 1)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

(𝛽 + 1)𝑛1 (𝛼1 − 𝛼𝑖 − 𝑛𝑖 − 𝑚 + 1)𝑛1
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1)𝑛1 (𝛼1 + 1)𝑛1

𝑛𝑝∑︁
𝑙𝑝=0

· · ·
𝑛3∑︁
𝑙3=0

(−𝑛𝑝)𝑙𝑝
𝑙𝑝!

· · ·
(−𝑛3)𝑙3
𝑙2!

×
(𝛼𝑖 + 𝑛𝑖 + 𝑚)𝑙3+···+𝑙𝑝

(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑛1 + 𝑚 + 1)𝑙3+···+𝑙𝑝

(𝛼2 + 𝛽 + 𝑛1 + 𝑛2 + 1)𝑙3+···+𝑙𝑝
(𝛼2 + 1)𝑙3+···+𝑙𝑝

×
(𝛼2 + 𝑛2 + 1)𝑙3+···+𝑙𝑝 · · · (𝛼𝑝−1 + 𝑛𝑝−1 + 1)𝑙𝑝

(𝛼2 + 𝛽 + 𝑛1 + 𝑛2 + 1)𝑙3+···+𝑙𝑝 · · · (𝛼𝑝−1 + 𝛽 + 𝑛1 + · · · + 𝑛𝑝−1 + 1)𝑙𝑝

×
(𝛼3 + 𝛽 + 𝑛1 + 𝑛2 + 𝑛3 + 1)𝑙3+···+𝑙𝑝 · · · (𝛼𝑝 + 𝛽 + |®𝑛| + 1)𝑙𝑝

(𝛼3 + 1)𝑙3+···+𝑙𝑝 · · · (𝛼𝑝 + 1)𝑙𝑝

×
𝑛2∑︁
𝑙2=0

(−𝑛2)𝑙2
𝑙2!

(𝛼𝑖 + 𝑛𝑖 + 𝑚 + 𝑙3 + · · · + 𝑙𝑝)𝑙2
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑛1 + 𝑚 + 1 + 𝑙3 + · · · + 𝑙𝑝)𝑙2

(𝛼2 + 𝛽 + 𝑛1 + 𝑛2 + 1 + 𝑙3 + · · · + 𝑙𝑝)𝑙2
(𝛼2 + 1 + 𝑙3 + · · · + 𝑙𝑝)𝑙2︸                                                                                                                       ︷︷                                                                                                                       ︸

=3𝐹2

[
−𝑛2 ,𝛼𝑖+𝑛𝑖+𝑚+𝑙3+···+𝑙𝑝 ,𝛼2+𝛽+𝑛1+𝑛2+1+𝑙3+···+𝑙𝑝

𝛼𝑖+𝛽+𝑛𝑖+𝑛1+𝑚+1+𝑙3+···+𝑙𝑝 ,𝛼2+1+𝑙3+···+𝑙𝑝
;1

]
.

Now, through a parameter change, we transform the current (𝑝−1) multiple sum into an equivalent expres-
sion to the previous 𝑝 multiple sum:

(𝑛1, . . . , 𝑛𝑝) ∈ N𝑝

0 → (𝑛2, . . . , 𝑛𝑝) ∈ N𝑝−1
0 ,

(𝛼1, . . . , 𝛼𝑝) ∈ R𝑝 → (𝛼2, . . . , 𝛼𝑝) ∈ R𝑝−1,

𝛼𝑖 → 𝛼𝑖 ,

𝛽 → 𝛽 + 𝑛1.

Hence, by applying this procedure recursively, we can iteratively reduce all the sums, yielding:

(−1) | ®𝑛 |
𝑝∏

𝑞=1

(𝛼𝑞 + 1)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

(𝛽 + 1)𝑛1 (𝛼1 − 𝛼𝑖 − 𝑛𝑖 − 𝑚 + 1)𝑛1
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1)𝑛1 (𝛼1 + 1)𝑛1

×
(𝛽 + 𝑛1 + 1)𝑛2 (𝛼2 − 𝛼𝑖 − 𝑛𝑖 − 𝑚 + 1)𝑛2
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑛1 + 𝑚 + 1)𝑛2 (𝛼2 + 1)𝑛2

· · ·
(𝛽 + 𝑛1 + · · · + 𝑛𝑝−1 + 1)𝑛𝑝

(𝛼𝑝 − 𝛼𝑖 − 𝑛𝑝 − 𝑚 + 1)𝑛𝑝

(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑛1 + · · · + 𝑛𝑝−1 + 𝑚 + 1)𝑛𝑝
(𝛼𝑝 + 1)𝑛𝑝

= (−1) | ®𝑛 |
(𝛽 + 1) | ®𝑛 |

(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1) | ®𝑛 |

𝑝∏
𝑞=1

(𝛼𝑞 − 𝛼𝑖 − 𝑛𝑖 − 𝑚 + 1)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

.

□

Equipped with this lemma, we are now prepared to establish that:

Theorem 2.1 (Explicit expressions for 𝑝 weights Jacobi–Piñeiro’s recurrence coefficients). The Jacobi–Piñeiro
multiple orthogonal polynomials of type I, as expressed in (10), and type II, as defined in (11), each adhere to their
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respective nearest-neighbor recurrence relations, as outlined in (3), with respect to the coefficients:

𝑏0®𝑛 (𝑘) =
(𝛼𝑘 + 𝑛𝑘 + 1)

(𝛼𝑘 + 𝛽 + 𝑛𝑘 + |®𝑛| + 2)

𝑝∏
𝑞=1

(𝛼𝑘 − 𝛼𝑞 + 𝑛𝑘 + 1)
(𝛼𝑘 − 𝛼𝑞 + 𝑛𝑘 + 1 − 𝑛𝑞)

+
𝑝∑︁
𝑖=1

(𝛼𝑖 + 𝑛𝑖) (𝛼𝑘 + 𝛽 + 𝑛𝑘 + |®𝑛| + 1)
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + |®𝑛|)2(𝛼𝑖 − 𝛼𝑘 − 𝑛𝑘 + 𝑛𝑖 − 1)

∏𝑝

𝑞=1(𝛼𝑖 − 𝛼𝑞 + 𝑛𝑖)∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞 + 𝑛𝑖 − 𝑛𝑞)
,

𝑏
𝑗

®𝑛 = (𝛽 + |®𝑛| − 𝑗 + 1) 𝑗
𝑝∏

𝑞=1

(𝛼𝑞 + 𝛽 + |®𝑛| − 𝑗 + 1) 𝑗
(𝛼𝑞 + 𝛽 + |®𝑛| − 𝑗 + 𝑛𝑞 + 1) 𝑗

∑︁
𝑖∈𝑆 (𝜋, 𝑗 )

(𝛼𝑖 + 𝑛𝑖)
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + |®𝑛| − 𝑗) 𝑗+2

×
∏𝑝

𝑞=1(𝛼𝑖 − 𝛼𝑞 + 𝑛𝑖)∏
𝑞∈𝑆 (𝜋, 𝑗 ) ,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞 + 𝑛𝑖 − 𝑛𝑞)

∏
𝑞∈𝑆c (𝜋, 𝑗 ) (𝛼𝑞 + 𝛽 + |®𝑛| − 𝑗 + 𝑛𝑞)

, 𝑗 ∈ {1, . . . , 𝑝}.

(12)

Proof. Substituting the Jacobi–Piñeiro moments from (9) into the expressions (4) and (5), we obtain:

𝑏0®𝑛 (𝑘) = 𝐶
(𝑘 ) ,𝑛𝑘
®𝑛+®𝑒𝑘

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

𝐶
𝑙1,...,𝑙𝑝

®𝑛
Γ(𝛽 + 1)Γ(𝛼𝑘 + 𝑛𝑘 + 𝑙1 + · · · + 𝑙𝑝 + 2)
Γ(𝛼𝑘 + 𝛽 + 𝑛𝑘 + 𝑙1 + · · · + 𝑙𝑝 + 3)

+
𝑝∑︁
𝑖=1

𝐶
(𝑖) ,𝑛𝑖−1
®𝑛+®𝑒𝑘

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

𝐶
𝑙1,...,𝑙𝑝

®𝑛
Γ(𝛽 + 1)Γ(𝛼𝑖 + 𝑛𝑖 + 𝑙1 + · · · + 𝑙𝑝 + 1)
Γ(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑙1 + · · · + 𝑙𝑝 + 2)

=
Γ(𝛽 + 1)Γ(𝛼𝑘 + 𝑛𝑘 + 2)
Γ(𝛼𝑘 + 𝛽 + 𝑛𝑘 + 3) 𝐶

(𝑘 ) ,𝑛𝑘
®𝑛+®𝑒𝑘

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

(𝛼𝑘 + 𝑛𝑘 + 2)𝑙1+···+𝑙𝑝
(𝛼𝑘 + 𝛽 + 𝑛𝑘 + 3)𝑙1+···+𝑙𝑝

𝐶
𝑙1,...,𝑙𝑝

®𝑛

+
𝑝∑︁
𝑖=1

Γ(𝛽 + 1)Γ(𝛼𝑖 + 𝑛𝑖 + 1)
Γ(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 2) 𝐶

(𝑖) ,𝑛𝑖−1
®𝑛+®𝑒𝑘

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

(𝛼𝑖 + 𝑛𝑖 + 1)𝑙1+···+𝑙𝑝
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 2)𝑙1+···+𝑙𝑝

𝐶
𝑙1,...,𝑙𝑝

®𝑛 ,

𝑏
𝑗

®𝑛 =
∑︁

𝑖∈𝑆 (𝜋, 𝑗 )
𝐶

(𝑖) ,𝑛𝑖−1
®𝑛−®𝑠 𝑗−1

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

𝐶
𝑙1,...,𝑙𝑝

®𝑛
Γ(𝛽 + 1)Γ(𝛼𝑖 + 𝑛𝑖 + 𝑙1 + · · · + 𝑙𝑝 + 1)
Γ(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑙1 + · · · + 𝑙𝑝 + 2)

=
∑︁

𝑖∈𝑆 (𝜋, 𝑗 )

Γ(𝛽 + 1)Γ(𝛼𝑖 + 𝑛𝑖 + 1)
Γ(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 2) 𝐶

(𝑖) ,𝑛𝑖−1
®𝑛−®𝑠 𝑗−1

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

(𝛼𝑖 + 𝑛𝑖 + 1)𝑙1+···+𝑙𝑝
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 2)𝑙1+···+𝑙𝑝

𝐶
𝑙1,...,𝑙𝑝

®𝑛 , 𝑗 ∈ {1, . . . , 𝑝}.

Now, we can utilize Lemma 2.1 to simplify the sums labeled by 𝑙1, . . . , 𝑙𝑝 as:
𝑛𝑝∑︁
𝑙𝑝=0

· · ·
𝑛1∑︁
𝑙1=0

(𝛼𝑖 + 𝑛𝑖 + 𝑚)𝑙1+···+𝑙𝑝
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1)𝑙1+···+𝑙𝑝

𝐶
𝑙1,...,𝑙𝑝

®𝑛 = (−1) | ®𝑛 |
(𝛽 + 1) | ®𝑛 |

(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 𝑚 + 1) | ®𝑛 |

𝑝∏
𝑞=1

(𝛼𝑞 − 𝛼𝑖 − 𝑛𝑖 − 𝑚 + 1)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

and get

𝑏0®𝑛 (𝑘) = (−1) | ®𝑛 |
(𝛽 + 1) | ®𝑛 |

(𝛼𝑘 + 𝛽 + 𝑛𝑘 + 3) | ®𝑛 |

𝑝∏
𝑞=1

(𝛼𝑞 − 𝛼𝑘 − 𝑛𝑘 − 1)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

Γ(𝛽 + 1)Γ(𝛼𝑘 + 𝑛𝑘 + 2)
Γ(𝛼𝑘 + 𝛽 + 𝑛𝑘 + 3) 𝐶

(𝑘 ) ,𝑛𝑘
®𝑛+®𝑒𝑘

+
𝑝∑︁
𝑖=1

(−1) | ®𝑛 |
(𝛽 + 1) | ®𝑛 |

(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 2) | ®𝑛 |

𝑝∏
𝑞=1

(𝛼𝑞 − 𝛼𝑖 − 𝑛𝑖)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

Γ(𝛽 + 1)Γ(𝛼𝑖 + 𝑛𝑖 + 1)
Γ(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 2) 𝐶

(𝑖) ,𝑛𝑖−1
®𝑛+®𝑒𝑘

,

𝑏
𝑗

®𝑛 =
∑︁

𝑖∈𝑆 (𝜋, 𝑗 )
(−1) | ®𝑛 |

(𝛽 + 1) | ®𝑛 |
(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 2) | ®𝑛 |

𝑝∏
𝑞=1

(𝛼𝑞 − 𝛼𝑖 − 𝑛𝑖)𝑛𝑞
(𝛼𝑞 + 𝛽 + |®𝑛| + 1)𝑛𝑞

Γ(𝛽 + 1)Γ(𝛼𝑖 + 𝑛𝑖 + 1)
Γ(𝛼𝑖 + 𝛽 + 𝑛𝑖 + 2) 𝐶

(𝑖) ,𝑛𝑖−1
®𝑛−®𝑠 𝑗−1

,

for 𝑗 ∈ {1, . . . , 𝑝}. Finally, by substituting the type I coefficients from (10) and simplifying, we arrive at the
expressions given in (12). □
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Let us now introduce the following notation:

(13) 𝛼0︸︷︷︸
≔−1

, 𝛼1, 𝛼2, . . . , 𝛼𝑝, 𝛼𝑝+1︸︷︷︸
≔𝛼1+1

, 𝛼𝑝+2︸︷︷︸
≔𝛼2+1

, . . . , 𝛼2𝑝︸︷︷︸
≔𝛼𝑝+1

, 𝛼2𝑝+1︸︷︷︸
≔𝛼1+2

, 𝛼2𝑝+2︸︷︷︸
≔𝛼2+2

, . . .

This enables us to express the step-line recurrence coefficients from (6) in a unified formula as follows:

Corollary 2.2 (Step line Jacobi–Piñeiro’s recurrence coefficients). The Jacobi–Piñeiro type I, as given in (10),
and type II, as defined in (11), multiple orthogonal polynomials in the stepline, adhere to a recurrence relation of the
form (6) with respect to the coefficients.

𝑏
𝑗

𝑝𝑚+𝑘 =
(𝛼𝑘+1 + 𝛽 + (𝑝 + 1)𝑚 + 𝑘 + 1 − 𝑗)∏𝑝+𝑘+1

𝑞=𝑝+𝑘+2− 𝑗
(𝛼𝑞 + 𝛽 + (𝑝 + 1)𝑚 + 𝑘 − 𝑗)

(𝛽 + 𝑝𝑚 + 𝑘 + 1 − 𝑗) 𝑗
∏𝑝

𝑞=1(𝛼𝑞 + 𝛽 + 𝑝𝑚 + 𝑘 + 1 − 𝑗) 𝑗∏𝑝+𝑘
𝑞=𝑘+1(𝛼𝑞 + 𝛽 + (𝑝 + 1)𝑚 + 𝑘 + 1 − 𝑗) 𝑗

×
𝑝+𝑘+1− 𝑗∑︁
𝑖=𝑘+1

(𝛼𝑖 + 𝑚)
(𝛼𝑖 + 𝛽 + (𝑝 + 1)𝑚 + 𝑘 − 𝑗) 𝑗+2

∏𝑝

𝑞=1(𝛼𝑖 − 𝛼𝑞 + 𝑚)∏𝑝+𝑘+1− 𝑗

𝑞=𝑘+1,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞)
,

for 𝑗 ∈ {0, 1, . . . , 𝑝}, 𝑚 ≥ 0 and 𝑘 ∈ {0, . . . , 𝑝 − 1}.

3. Laguerre of First Kind with 𝑝 Weights: the Recurrence Coefficients

In this case we have

𝑤𝑖 (𝑥;𝛼𝑖) = e−𝑥 𝑥𝛼𝑖 , 𝑖 ∈ {1, . . . , 𝑝}, d 𝜇(𝑥) = d 𝑥, Δ = [0,∞),

with 𝛼1, . . . , 𝛼𝑝 > −1 and, in order to have an AT system, 𝛼𝑖 − 𝛼 𝑗 ∉ Z for 𝑖 ≠ 𝑗 .
The Laguerre of first kind multiple orthogonal polynomials can be obtained as a limit of the Jacobi–

Piñeiro polynomials. The type I are, cf. [8],

𝐿
(𝑖)
®𝑛 (𝑥;𝛼1, . . . , 𝛼𝑝) = lim

𝛽→∞

Γ(𝛽 + |®𝑛|)∏𝑝

𝑞=1(𝛼𝑞 + 𝛽 + |®𝑛|)𝑛𝑞Γ(𝛼𝑖 + 𝛽 + |®𝑛|)
𝑃
(𝑖)
®𝑛

(
𝑥

𝛽
;𝛼1, . . . , 𝛼𝑝, 𝛽

)
= lim

𝛽→∞

1

𝛽𝛼𝑖+| ®𝑛 |
𝑃
(𝑖)
®𝑛

(
𝑥

𝛽
;𝛼1, . . . , 𝛼𝑝, 𝛽

)
=

(−1) | ®𝑛 |−1

(𝑛𝑖 − 1)!∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑞 − 𝛼𝑖)𝑛𝑞Γ(𝛼𝑖 + 1) 𝑝
𝐹𝑝

[
−𝑛𝑖 + 1, {𝛼𝑖 − 𝛼𝑞 − 𝑛𝑞 + 1}𝑞≠𝑖

𝛼𝑖 + 1, {𝛼𝑖 − 𝛼𝑞 + 1}𝑞≠𝑖
; 𝑥

]
=

(−1) | ®𝑛 |−1

(𝑛𝑖 − 1)!∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑞 − 𝛼𝑖)𝑛𝑞Γ(𝛼𝑖 + 1)

𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙
𝑙!

1
(𝛼𝑖 + 1)𝑙

𝑝∏
𝑞=1,𝑞≠𝑖

(𝛼𝑖 − 𝛼𝑞 − 𝑛𝑞 + 1)𝑙
(𝛼𝑖 − 𝛼𝑞 + 1)𝑙

𝑥𝑙 .

(14)

The monic type II polynomials are, cf. [5, §4],

𝐿 ®𝑛 (𝑥;𝛼1, . . . , 𝛼𝑝) = lim
𝛽→∞

𝛽 | ®𝑛 |𝑃®𝑛

(
𝑥

𝛽
, 𝛼1, . . . , 𝛼𝑝, 𝛽

)
=

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

𝐶
𝑙1,...,𝑙𝑝

®𝑛 𝑥𝑙1+···+𝑙𝑝

𝐶
𝑙1,...,𝑙𝑝

®𝑛 ≔ (−1) | ®𝑛 |
𝑝∏

𝑞=1

(𝛼𝑞 + 1)𝑛𝑞
(−𝑛𝑞)𝑙𝑞
𝑙𝑞!

1
(𝛼1 + 1)𝑙1+···+𝑙𝑝

(𝛼1 + 𝑛1 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝−1 + 𝑛𝑝−1 + 1)𝑙𝑝
(𝛼2 + 1)𝑙2+···+𝑙𝑝 · · · (𝛼𝑝 + 1)𝑙𝑝

.

(15)

Theorem 3.1 (Explicit expressions for 𝑝 weights Laguerre of first kind recurrence coefficients). The Laguerre
of the first kind multiple orthogonal polynomials of type I, as described in (14), and type II, as defined in (15), each
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adhere to their respective nearest-neighbor recurrence relations, as outlined in (3), with respect to the coefficients:

𝑏0®𝑛 (𝑘) =(𝛼𝑘 + 𝑛𝑘 + 1)
𝑝∏

𝑞=1

(𝛼𝑘 − 𝛼𝑞 + 𝑛𝑘 + 1)
(𝛼𝑘 − 𝛼𝑞 + 𝑛𝑘 + 1 − 𝑛𝑞)

+
𝑝∑︁
𝑖=1

(𝛼𝑖 + 𝑛𝑖)
(𝛼𝑖 − 𝛼𝑘 − 𝑛𝑘 + 𝑛𝑖 − 1)

∏𝑝

𝑞=1(𝛼𝑖 − 𝛼𝑞 + 𝑛𝑖)∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞 + 𝑛𝑖 − 𝑛𝑞)
,

𝑏
𝑗

®𝑛 =
∑︁

𝑖∈𝑆 (𝜋, 𝑗 )

(𝛼𝑖 + 𝑛𝑖)
∏𝑝

𝑞=1 (𝛼𝑖 − 𝛼𝑞 + 𝑛𝑖)∏
𝑞∈𝑆 (𝜋, 𝑗 ) ,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞 + 𝑛𝑖 − 𝑛𝑞)

, 𝑗 ∈ {1, . . . , 𝑝}.

(16)

Proof. The corresponding limits described in (14) and (15), which establish the connection between the
Jacobi–Piñeiro and Laguerre of first kind multiple orthogonal polynomials, imply the recurrence coefficients
for the Laguerre polynomials can be obtained from the Jacobi–Piñeiro ones (12) just by applying the limit

lim
𝛽→∞

𝛽 𝑗+1𝑏 𝑗

®𝑛, 𝑗 ∈ {0, 1, . . . , 𝑝}.

This application is immediate and yields the aforementioned expression. □

Now let’s mantain the previous notation in (13) to write the step line coefficients as:

Corollary 3.1 (Step line Laguerre of the first kind recurrence coefficients). The Laguerre of first kind multiple
orthogonal polynomials of type I, as in (14), and of type II, as in (15), in the step line satisfy a recurrence relation of
the form (6) respect to the coefficients

𝑏
𝑗

𝑝𝑚+𝑘 =

𝑝+𝑘+1− 𝑗∑︁
𝑖=𝑘+1

(𝛼𝑖 + 𝑚)∏𝑝

𝑞=1(𝛼𝑖 − 𝛼𝑞 + 𝑚)∏𝑝+𝑘+1− 𝑗

𝑞=𝑘+1,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞)
,

for 𝑗 ∈ {0, 1, . . . , 𝑝}, 𝑚 ≥ 0 and 𝑘 ∈ {0, . . . , 𝑝 − 1}.

4. Laguerre of Second Kind with 𝑝 Weights: Type I Polynomials and the Recurrence
Coefficients

The weight functions for this family are

𝑤𝑖 (𝑥; 𝑐𝑖 , 𝛼0) ≔ 𝑥𝛼0 e−𝑐𝑖 𝑥 , 𝑖 ∈ {1, . . . , 𝑝}, d 𝜇(𝑥) = d 𝑥, Δ = [0,∞),(17)

with 𝛼0 > −1, 𝑐1, . . . , 𝑐𝑝 > 0 and, in order to have an AT system, 𝑐𝑖 ≠ 𝑐 𝑗 for 𝑖 ≠ 𝑗 . The corresponding
monic type II multiple orthogonal polynomials are, cf. [5, §4],

𝐿 ®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝, 𝛼0) = lim
𝑡→∞

(−𝑡) | ®𝑛 |𝑃®𝑛

(
1 − 𝑥

𝑡
; 𝑐1𝑡, . . . , 𝑐𝑝𝑡, 𝛼0

)
= (−1) | ®𝑛 | (𝛼0 + 1) | ®𝑛 |

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

1
(𝛼0 + 1)𝑙1+···+𝑙𝑝

𝑝∏
𝑞=1

(−𝑛𝑞)𝑙𝑞𝑐
𝑙𝑞−𝑛𝑞
𝑞

𝑙𝑞!
𝑥𝑙1+···+𝑙𝑝 .

(18)

4.1. Explicit Hypergeometric Expressions for the Type I polynomials. In [6, §8], we established for a
system with 𝑝 = 2 weight functions that they can be represented by the following hypergeometric expression
in the form of a Kampé de Fériet series, as shown in (7):

𝐿
(𝑖)
(𝑛1,𝑛2 ) (𝑥; 𝑐1, 𝑐2, 𝛼0) =

(−1)𝑛𝑖−1(𝑛1 + 𝑛2 − 2)!
(𝑛1 − 1)!(𝑛2 − 1)!Γ(𝛼0 + 𝑛1 + 𝑛2)

𝑐
𝛼0+𝑛1+𝑛2
𝑖

(
𝑐𝑖

𝑐𝑖 − 𝑐𝑖

)𝑛1+𝑛2−1
× 𝐹

2:0;0
1:1;0

[
−𝑛𝑖 + 1, 𝛼0 + 1 : −−;−−
−𝑛1 − 𝑛2 + 2 : 𝛼0 + 1;−−

����� (𝑐𝑖 − 𝑐𝑖)𝑐𝑖
𝑐𝑖

𝑥,− (𝑐𝑖 − 𝑐𝑖)
𝑐𝑖

]
,
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for 𝑖 ∈ {1, 2}. Here we have defined 𝑐𝑖 ≔ 𝛿𝑖,1𝑐2 + 𝛿𝑖,2𝑐1.
An extension of this result to an arbitrary number of weights is provided by a multiple Kampé de Fériet

series, as depicted in (8).

Theorem 4.1 (Explicit hypergeometric expressions for the type Laguerre of the second kind). The Laguerre
of second kind multiple orthogonal polynomials of type I are

𝐿
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝, 𝛼0) =

(−1)𝑛𝑖−1𝑐𝛼0+| ®𝑛 |
𝑖

(𝛼0 + |®𝑛| − 𝑛𝑖 + 1)𝑛𝑖−1
(𝑛𝑖 − 1)!Γ(𝛼0 + |®𝑛|)

𝑝∏
𝑞=1,𝑞≠𝑖

(
𝑐𝑞

𝑐𝑞 − 𝑐𝑖

)𝑛𝑞
× 𝐹

1:0;1;· · · ;1
1:0;0;· · · ;0

[
−𝑛𝑖 + 1 : −−; {𝑛𝑞}𝑞≠𝑖

𝛼0 + |®𝑛| − 𝑛𝑖 + 1 : −−; · · · ;−−

�����𝑐𝑖𝑥, { 𝑐𝑖

𝑐𝑖 − 𝑐𝑞

}
𝑞≠𝑖

]
=

(−1)𝑛𝑖−1𝑐𝛼0+| ®𝑛 |
𝑖

(𝛼0 + |®𝑛| − 𝑛𝑖 + 1)𝑛𝑖−1
(𝑛𝑖 − 1)!Γ(𝛼0 + |®𝑛|)

𝑝∏
𝑞=1,𝑞≠𝑖

(
𝑐𝑞

𝑐𝑞 − 𝑐𝑖

)𝑛𝑞
×

𝑛𝑖−1∑︁
𝑙1=0

𝑛𝑖−1−𝑙1∑︁
𝑙2=0

· · ·
𝑛𝑖−1−𝑙1−···−𝑙𝑝−1∑︁

𝑙𝑝=0

(−𝑛𝑖 + 1)𝑙1+···+𝑙𝑝
(𝛼0 + |®𝑛| − 𝑛𝑖 + 1)𝑙1+···+𝑙𝑝

𝑐
𝑙1+···+𝑙𝑝
𝑖

𝑙𝑖!

𝑝∏
𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑙𝑞
𝑙𝑞!(𝑐𝑖 − 𝑐𝑞)𝑙𝑞

𝑥𝑙𝑖 ,

(19)

for 𝑖 ∈ {1, . . . , 𝑝}, and can be obtained from the Jacobi–Piñeiro polynomials (10) through the limit

𝐿
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝, 𝛼0) = lim

𝑡→∞
(−1) | ®𝑛 |−1

𝑡𝛼0+| ®𝑛 |
𝑃
(𝑖)
®𝑛

(
1 − 𝑥

𝑡
; 𝑐1𝑡, . . . , 𝑐𝑝𝑡, 𝛼0

)
, 𝑖 ∈ {1, . . . , 𝑝}.(20)

Proof. We will divide the proof into two parts. Firstly, we aim to demonstrate that the polynomials defined
by the previous limit indeed correspond to the Laguerre of the second kind, type I polynomials. This can
be achieved by verifying that they satisfy the orthogonality conditions given in (1) with respect to the weight
functions outlined in (17).

The Jacobi–Piñeiro type I polynomials satisfy the orthogonality conditions
𝑝∑︁
𝑖=1

∫ 1

0
(𝑥 − 1)𝑘𝑃 (𝑖)

®𝑛 (𝑥;𝛼1, . . . , 𝛼𝑝, 𝛽)𝑥𝛼𝑖 (1 − 𝑥)𝛽 d 𝑥 =

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

Under the change of variables

𝑥 → 1 − 𝑥

𝑡
, 𝛼𝑖 → 𝑐𝑖𝑡, 𝛽 → 𝛼0,

the previous expression becomes
𝑝∑︁
𝑖=1

∫ 𝑡

0
𝑥𝑘

(−1) | ®𝑛 |−1

𝑡𝛼0+| ®𝑛 |
𝑃
(𝑖)
®𝑛

(
1 − 𝑥

𝑡
; 𝑐1𝑡, . . . , 𝑐𝑝𝑡, 𝛼0

)
𝑥𝛼0

(
1 − 𝑥

𝑡

)𝑐𝑖 𝑡
d 𝑥 =

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

Now, our objective is to apply the limit as 𝑡 → ∞ to both sides of the preceding equation. To ensure
that the limit can be interchanged with the integral, we need to establish that the modulus of the expression
within the integral is bounded by an integrable function for all 𝑡 > 0.

On one hand, we have that (
1 − 𝑥

𝑡

)𝑐𝑖 𝑡
𝐼[0,𝑡 ) ≤ e−𝑐𝑖 𝑥 , 𝑡 > 0, 𝑥 ∈ R+.

On the other hand, the polynomial

(−1) | ®𝑛 |−1

𝑡𝛼0+| ®𝑛 |
𝑃
(𝑖)
®𝑛

(
1 − 𝑥

𝑡
; 𝑐1𝑡, . . . , 𝑐𝑝𝑡, 𝛼0

)
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is bounded 𝑡 > 0 since the limit 𝑡 → ∞ exists as we will show. So the expression is bounded and, by
Lebesgue’s dominated convergence, we can interchange the limit to get that

𝑝∑︁
𝑖=1

∫ ∞

0
𝑥𝑘 lim

𝑡→∞
(−1) | ®𝑛 |−1

𝑡𝛼0+| ®𝑛 |
𝑃
(𝑖)
®𝑛

(
1 − 𝑥

𝑡
; 𝑐1𝑡, . . . , 𝑐𝑝𝑡, 𝛼0

)
︸                                                     ︷︷                                                     ︸

=𝐿
(𝑖)
®𝑛 (𝑥;𝑐1,...,𝑐𝑝 ,𝛼0 ) by definition

lim
𝑡→∞

𝑥𝛼0

(
1 − 𝑥

𝑡

)𝑐𝑖 𝑡︸                  ︷︷                  ︸
=𝑥𝛼0 exp(−𝑐𝑖 𝑥 )

d 𝑥 =

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

Once we have proven this, the second part of the proof will consist on calculate such limit (20) to arrive
to mentioned expression (19).

Remember the Jacobi–Piñeiro type I polynomials are

𝑃
(𝑖)
®𝑛 (𝑥;𝛼1, . . . , 𝛼𝑝, 𝛽) = (−1) | ®𝑛 |−1

∏𝑝

𝑞=1(𝛼𝑞 + 𝛽 + |®𝑛|)𝑛𝑞
(𝑛𝑖 − 1)!∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑞 − 𝛼𝑖)𝑛𝑞
Γ(𝛼𝑖 + 𝛽 + |®𝑛|)

Γ(𝛽 + |®𝑛|)Γ(𝛼𝑖 + 1)

×
𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙 (𝛼𝑖 + 𝛽 + |®𝑛|)𝑙
∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞 − 𝑛𝑞 + 1)𝑙
𝑙!(𝛼𝑖 + 1)𝑙

∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞 + 1)𝑙
𝑥𝑙 .

Through the corresponding changes of variables we get

𝐿
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝, 𝛼0) = lim

𝑡→∞
(−1) | ®𝑛 |−1

𝑡𝛼0+| ®𝑛 |
𝑃
(𝑖)
®𝑛

(
1 − 𝑥

𝑡
; 𝑐1𝑡, . . . , 𝑐𝑝𝑡, 𝛼0

)
= lim

𝑡→∞
1

(𝑛𝑖 − 1)!Γ(𝛼0 + |®𝑛|)
1

𝑡𝛼0+| ®𝑛 |

∏𝑝

𝑞=1(𝑐𝑞𝑡 + 𝛼0 + |®𝑛|)𝑛𝑞∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑞𝑡 − 𝑐𝑖𝑡)𝑛𝑞
Γ(𝑐𝑖𝑡 + 𝛼0 + |®𝑛|)

Γ(𝑐𝑖𝑡 + 1)

×
𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙
𝑙!

(𝑐𝑖𝑡 + 𝛼0 + |®𝑛|)𝑙
(𝑐𝑖𝑡 + 1)𝑙

𝑝∏
𝑞=1,𝑞≠𝑖

(𝑐𝑖𝑡 − 𝑐𝑞𝑡 − 𝑛𝑞 + 1)𝑙
(𝑐𝑖𝑡 − 𝑐𝑞𝑡 + 1)𝑙

(
1 − 𝑥

𝑡

) 𝑙
.

We can use now Gauss’s hypergeometric formula

2𝐹1

[
−𝑛, 𝑏
𝑐

; 1
]
=

𝑛∑︁
𝑙=0

(−𝑛)𝑙
𝑙!

(𝑏)𝑙
(𝑐)𝑙

=
(𝑐 − 𝑏)𝑛
(𝑐)𝑛

, 𝑛 ∈ N0,

to write the previous fractions within the sum as

(𝑐𝑖𝑡 + 𝛼0 + |®𝑛|)𝑙
(𝑐𝑖𝑡 + 1)𝑙

=

𝑙∑︁
𝑘𝑖=0

(−𝑙)𝑘𝑖 (−𝛼0 − |®𝑛| + 1)𝑘𝑖
𝑘𝑖!(𝑐𝑖𝑡 + 1)𝑘𝑖

,

(𝑐𝑖𝑡 − 𝑐𝑞𝑡 − 𝑛𝑞 + 1)𝑙
(𝑐𝑖𝑡 − 𝑐𝑞𝑡 + 1)𝑙

=

𝑙∑︁
𝑘𝑞=0

(−𝑙)𝑘𝑞 (𝑛𝑞)𝑘𝑞
𝑘𝑞!(𝑐𝑖𝑡 − 𝑐𝑞𝑡 + 1)𝑘𝑞

,

which leads to

𝐿
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝, 𝛼0) = lim

𝑡→∞
1

(𝑛𝑖 − 1)!Γ(𝛼0 + |®𝑛|)
1

𝑡𝛼0+| ®𝑛 |

∏𝑝

𝑞=1(𝑐𝑞𝑡 + 𝛼0 + |®𝑛|)𝑛𝑞∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑞𝑡 − 𝑐𝑖𝑡)𝑛𝑞
Γ(𝑐𝑖𝑡 + 𝛼0 + |®𝑛|)

Γ(𝑐𝑖𝑡 + 1)

×
𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙
𝑙!

𝑙∑︁
𝑘𝑖=0

(−𝑙)𝑘𝑖 (−𝛼0 − |®𝑛| + 1)𝑘𝑖
𝑘𝑖!(𝑐𝑖𝑡 + 1)𝑘𝑖

𝑝∏
𝑞=1,𝑞≠𝑖

𝑙∑︁
𝑘𝑞=0

(−𝑙)𝑘𝑞 (𝑛𝑞)𝑘𝑞
𝑘𝑞!(𝑐𝑖𝑡 − 𝑐𝑞𝑡 + 1)𝑘𝑞

(
1 − 𝑥

𝑡

) 𝑙
.
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Note that the factors outside the sum behave asymptotically for 𝑡 → ∞ as

𝑐
𝛼0+| ®𝑛 |−1
𝑖

(𝑛𝑖 − 1)!Γ(𝛼0 + |®𝑛|)

∏𝑝

𝑞=1 𝑐
𝑛𝑞
𝑞∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑞 − 𝑐𝑖)𝑛𝑞
𝑡𝑛𝑖−1 +𝑂

(
𝑡𝑛𝑖−2

)
,

while the multiple sum has an asymptotic expansion for 𝑡 → ∞:

𝑛𝑖−1∑︁
𝑘1=0

· · ·
𝑛𝑖−1−𝑘1−···−𝑘𝑝−1∑︁

𝑘𝑝=0

1
𝑘1! · · · 𝑘 𝑝!

(−𝛼0 − |®𝑛| + 1)𝑘𝑖
𝑐
𝑘𝑖
𝑖
𝑡𝑘𝑖

×
𝑝∏

𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑘𝑞
(𝑐𝑖 − 𝑐𝑞)𝑘𝑞 𝑡𝑘𝑞

𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙
𝑙!

(−𝑙)𝑘1+···+𝑘𝑝
(
1 − 𝑥

𝑡

) 𝑙
+𝑂

(
1
𝑡𝑛𝑖

)
.

The Pochhammer product (−𝑙)𝑘1 · · · (−𝑙)𝑘𝑝 equals (−𝑙)𝑘1+···+𝑘𝑝 plus less order Pochhammer symbols, whose

contributions have been included within 𝑂

(
1
𝑡𝑛𝑖

)
.

Now Newton’s binomial formula leads to:
𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙
𝑙!

(−𝑙)𝑘1+···+𝑘𝑝
(
1 − 𝑥

𝑡

) 𝑙
= (−1)𝑘1+···+𝑘𝑝 (−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝

(
1 − 𝑥

𝑡

) 𝑘1+···+𝑘𝑝 𝑛𝑖−1−𝑘1−···−𝑘𝑝∑︁
𝑙=0

(
𝑛𝑖 − 1 − 𝑘1 − · · · − 𝑘 𝑝

𝑙

) (𝑥
𝑡
− 1

) 𝑙
= (−1)𝑘1+···+𝑘𝑝 (−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝

(
1 − 𝑥

𝑡

) 𝑘1+···+𝑘𝑝 (𝑥
𝑡

)𝑛𝑖−1−𝑘1−···−𝑘𝑝
.

Replacing this sum in the previous expression we find the following asymptotic expansion for 𝑡 → ∞

1
𝑡𝑛𝑖−1

𝑛𝑖−1∑︁
𝑘1=0

· · ·
𝑛𝑖−1−𝑘1−···−𝑘𝑝−1∑︁

𝑘𝑝=0

(−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝
𝑘1! · · · 𝑘 𝑝!

(−𝛼0 − |®𝑛| + 1)𝑘𝑖
(−𝑐𝑖)𝑘𝑖

×
𝑝∏

𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑘𝑞
(𝑐𝑞 − 𝑐𝑖)𝑘𝑞

(
1 − 𝑥

𝑡

) 𝑘1+···+𝑘𝑝
𝑥𝑛𝑖−1−𝑘1−···−𝑘𝑝 +𝑂

(
1
𝑡𝑛𝑖

)
.

Combining the common factor with the sums we find that the whole expression behaves asymptotically for
𝑡 → ∞ as follows:

𝑐
𝛼0+| ®𝑛 |−1
𝑖

(𝑛𝑖 − 1)!Γ(𝛼0 + |®𝑛|)

∏𝑝

𝑞=1 𝑐
𝑛𝑞
𝑞∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑞 − 𝑐𝑖)𝑛𝑞

𝑛𝑖−1∑︁
𝑘1=0

· · ·
𝑛𝑖−1−𝑘1−···−𝑘𝑝−1∑︁

𝑘𝑝=0

(−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝
𝑘1! · · · 𝑘 𝑝!

(−𝛼0 − |®𝑛| + 1)𝑘𝑖
(−𝑐𝑖)𝑘𝑖

×
𝑝∏

𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑘𝑞
(𝑐𝑞 − 𝑐𝑖)𝑘𝑞

𝑥𝑛𝑖−1−𝑘1−···−𝑘𝑝
(
1 − 𝑥

𝑡

) 𝑘1+···+𝑘𝑝
+𝑂

(
1
𝑡

)
.

Now, is trivial to apply the limit 𝑡 → ∞ finding that

𝐿
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝, 𝛼0) =

𝑐
𝛼0+| ®𝑛 |−1
𝑖

(𝑛𝑖 − 1)!Γ(𝛼0 + |®𝑛|)

∏𝑝

𝑞=1 𝑐
𝑛𝑞
𝑞∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑞 − 𝑐𝑖)𝑛𝑞

×
𝑛𝑖−1∑︁
𝑘1=0

· · ·
𝑛𝑖−1−𝑘1−···−𝑘𝑝−1∑︁

𝑘𝑝=0

(−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝
𝑘1! · · · 𝑘 𝑝!

(−𝛼0 − |®𝑛| + 1)𝑘𝑖
(−𝑐𝑖)𝑘𝑖

𝑝∏
𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑘𝑞
(𝑐𝑞 − 𝑐𝑖)𝑘𝑞

𝑥𝑛𝑖−1−𝑘1−···−𝑘𝑝 .
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A more convenient form of this limit one appears by the index changes 𝑘1 → 𝑛𝑖 − 1 − 𝑙1, 𝑘𝑖 → 𝑙𝑖−1 − 𝑙𝑖,
𝑖 ∈ {2, . . . , 𝑝}. Hence, the sums transforms to desired expression (19). □

For 𝑝 = 2 and 𝑖 ∈ {1, 2}, the previous expression reads

𝐿
(𝑖)
(𝑛1,𝑛2 ) (𝑥; 𝑐1, 𝑐2, 𝛼0)=

(−1)𝑛𝑖−1(𝛼0 + 𝑛̂𝑖 + 1)𝑛𝑖−1
(𝑛𝑖 − 1)!Γ(𝛼0 + 𝑛1 + 𝑛2)

𝑐
𝛼0+𝑛1+𝑛2
𝑖

(
𝑐𝑖

𝑐𝑖 − 𝑐𝑖

) 𝑛̂𝑖
𝐹
1:0;1
1:0;0

[
−𝑛𝑖 + 1 : −−; 𝑛̂𝑖

𝛼0 + 𝑛̂𝑖 + 1 : −−;−−

�����𝑐𝑖𝑥, 𝑐𝑖

𝑐𝑖 − 𝑐𝑖

]
,

where, 𝑐𝑖 ≔ 𝛿𝑖,1𝑐2 + 𝛿𝑖,2𝑐1 and 𝑛̂𝑖 ≔ 𝛿𝑖,1𝑛2 + 𝛿𝑖,2𝑛1 = 𝑛1 + 𝑛2 − 𝑛𝑖 . This is not the expression found at [6, §8].
This leads us to the following hypergeometric formula connecting Kampé de Fériet series.

Corollary 4.1. Let be 𝑛𝑖 , 𝑛̂𝑖 ∈ N; 𝑥 ∈ R+; 𝛼0 > −1 and 𝑐𝑖 , 𝑐𝑖 > 0 with 𝑐𝑖 ≠ 𝑐𝑖 then

𝐹
1:0;1
1:0;0

[
−𝑛𝑖 + 1 : −−; 𝑛̂𝑖

𝛼0 + 𝑛̂𝑖 + 1 : −−;−−

�����𝑐𝑖𝑥, 𝑐𝑖

𝑐𝑖 − 𝑐𝑖

]

=
(𝑛̂𝑖)𝑛𝑖−1

(𝛼0 + 𝑛̂𝑖 + 1)𝑛𝑖−1

(
𝑐𝑖

𝑐𝑖 − 𝑐𝑖

)𝑛𝑖−1
𝐹
2:0;0
1:1;0

[
−𝑛𝑖 + 1, 𝛼0 + 1 : −−;−−
−𝑛1 − 𝑛2 + 2 : 𝛼0 + 1;−−

����� (𝑐𝑖 − 𝑐𝑖)𝑐𝑖
𝑐𝑖

𝑥,− (𝑐𝑖 − 𝑐𝑖)
𝑐𝑖

]
.

4.2. Explicit Expressions for the Recurrence Coefficients. Now, we will proceed to determine the cor-
responding recurrence coefficients:

Theorem 4.2. The Laguerre of the second kind multiple orthogonal polynomials, both type I as described in (19)
and type II as in (18), adhere to their respective nearest-neighbor recurrence relations, as depicted in (3), with respect
to the coefficients,

𝑏0®𝑛 (𝑘) =
𝛼0 + |®𝑛| + 1

𝑐𝑘
+

𝑝∑︁
𝑖=1

𝑛𝑖

𝑐𝑖
,

𝑏
𝑗

®𝑛 = (−1) 𝑗+1(𝛼0 + |®𝑛| − 𝑗 + 1) 𝑗
∑︁

𝑖∈𝑆 (𝜋, 𝑗 )

𝑛𝑖

𝑐
𝑗+1
𝑖

∏
𝑞∈𝑆c (𝜋, 𝑗 )

𝑐𝑖 − 𝑐𝑞

𝑐𝑞
, 𝑗 ∈ {1, . . . , 𝑝}.

(21)

Proof. Utilizing either of the limits provided in the type I case (20) or type II case (18) over the corresponding
nearest-neighbor recurrence relation (3) for the Jacobi–Piñeiro polynomials, we deduce that the Laguerre
coefficients can be derived from the Jacobi–Piñeiro coefficients outlined in (12) through the following limit:

lim
𝑡→∞

(−𝑡)
(
𝑏0®𝑛 (𝑘 ; 𝑐1𝑡, . . . , 𝑐𝑝𝑡, 𝛼0) − 1

)
,

lim
𝑡→∞

(−𝑡) 𝑗+1𝑏 𝑗

®𝑛 (𝑐1𝑡, . . . , 𝑐𝑝𝑡, 𝛼0), 𝑗 ∈ {1, . . . , 𝑝}.

For the case where 𝑗 > 0, applying this limit is straightforward and yields the previously mentioned
expression. Let’s take a moment to address the case when 𝑗 = 0. Here, after the variable changes, the
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recurrence coefficients from (12) remain unchanged:

(𝑛𝑘 + 1) (𝑐𝑘𝑡 + 𝑛𝑘 + 1)
(𝑐𝑘𝑡 + 𝛼0 + 𝑛𝑘 + |®𝑛| + 2)

𝑝∏
𝑞=1,𝑞≠𝑘

(𝑐𝑘 − 𝑐𝑞)𝑡 + 𝑛𝑘 + 1
(𝑐𝑘 − 𝑐𝑞)𝑡 + 𝑛𝑘 + 1 − 𝑛𝑞

− 𝑛𝑘 (𝑐𝑘𝑡 + 𝑛𝑘)
(𝑐𝑘𝑡 + 𝛼0 + 𝑛𝑘 + |®𝑛|)

𝑝∏
𝑞=1,𝑞≠𝑘

(𝑐𝑘 − 𝑐𝑞)𝑡 + 𝑛𝑘

(𝑐𝑘 − 𝑐𝑞)𝑡 + 𝑛𝑘 − 𝑛𝑞

+
𝑝∑︁

𝑖=1,𝑖≠𝑘

𝑛𝑖 (𝑐𝑖𝑡 + 𝑛𝑖) (𝑐𝑘𝑡 + 𝛼0 + 𝑛𝑘 + |®𝑛| + 1)
(𝑐𝑖𝑡 + 𝛼0 + 𝑛𝑖 + |®𝑛|)2((𝑐𝑖 − 𝑐𝑘)𝑡 − 𝑛𝑘 + 𝑛𝑖 − 1)

𝑝∏
𝑞=1,𝑞≠𝑖

(𝑐𝑖 − 𝑐𝑞)𝑡 + 𝑛𝑖

(𝑐𝑖 − 𝑐𝑞)𝑡 + 𝑛𝑖 − 𝑛𝑞

= (𝑛𝑘 + 1)
(
1 − 𝛼0 + |®𝑛| + 1

𝑐𝑘𝑡 + 𝛼0 + 𝑛𝑘 + |®𝑛| + 2

) 𝑝∏
𝑞=1,𝑞≠𝑘

(
1 +

𝑛𝑞

(𝑐𝑘 − 𝑐𝑞)𝑡 + 𝑛𝑘 + 1 − 𝑛𝑞

)
− 𝑛𝑘

(
1 − 𝛼0 + |®𝑛|

𝑐𝑘𝑡 + 𝛼0 + 𝑛𝑘 + |®𝑛|

) 𝑝∏
𝑞=1,𝑞≠𝑘

(
1 +

𝑛𝑞

(𝑐𝑘 − 𝑐𝑞)𝑡 + 𝑛𝑘 − 𝑛𝑞

)
+

𝑝∑︁
𝑖=1,𝑖≠𝑘

𝑛𝑖 (𝑐𝑖𝑡 + 𝑛𝑖) (𝑐𝑘𝑡 + 𝛼0 + 𝑛𝑘 + |®𝑛| + 1)
(𝑐𝑖𝑡 + 𝛼0 + 𝑛𝑖 + |®𝑛|)2((𝑐𝑖 − 𝑐𝑘)𝑡 − 𝑛𝑘 + 𝑛𝑖 − 1)

𝑝∏
𝑞=1,𝑞≠𝑖

(𝑐𝑖 − 𝑐𝑞)𝑡 + 𝑛𝑖

(𝑐𝑖 − 𝑐𝑞)𝑡 + 𝑛𝑖 − 𝑛𝑞
.

The components within the sum on the right-hand side behave for 𝑡 → ∞ as:

𝑛𝑖𝑐𝑘

𝑐𝑖 (𝑐𝑖 − 𝑐𝑘)
1
𝑡
+𝑂

(
1
𝑡2

)
,

while the other two summands behave for 𝑡 → ∞ as follows:

(𝑛𝑘 + 1) ©­«1 + 1
𝑡

𝑝∑︁
𝑞=1,𝑞≠𝑘

𝑛𝑞

𝑐𝑘 − 𝑐𝑞
− 𝛼0 + |®𝑛| + 1

𝑡𝑐𝑘

ª®¬ +𝑂

(
1
𝑡2

)
,

𝑛𝑘
©­«1 + 1

𝑡

𝑝∑︁
𝑞=1,𝑞≠𝑘

𝑛𝑞

𝑐𝑘 − 𝑐𝑞
− 𝛼0 + |®𝑛|

𝑡𝑐𝑘

ª®¬ +𝑂

(
1
𝑡2

)
,

respectively.
Combining all the summands and simplifying, we find that the entire expression behaves for 𝑡 → ∞ as:

1 − 1
𝑡

(
𝛼0 + |®𝑛| + 1

𝑐𝑘
+

𝑝∑︁
𝑖=1

𝑛𝑖

𝑐𝑖

)
+𝑂

(
1
𝑡2

)
.

The limit now becomes immediate to apply, resulting in (21). □

In the step line this expression becomes:

Corollary 4.2 (Step line Laguerre of the second kind recurrence coefficients). The Laguerre of second kind
type I and II (18) multiple orthogonal polynomials in the step line satisfy a recurrence relation of the form (6) respect
to the coefficients

𝑏0𝑝𝑚+𝑘 =
𝛼0 + 𝑝𝑚 + 𝑘 + 1

𝑐𝑘+1
+

𝑘∑︁
𝑖=1

𝑚 + 1
𝑐𝑖

+
𝑝∑︁

𝑖=𝑘+1

𝑚

𝑐𝑖
,

and

𝑏
𝑗

𝑝𝑚+𝑘 = (−1) 𝑗+1(𝛼0 + 𝑝𝑚 + 𝑘 − 𝑗 + 1) 𝑗
©­«
𝑘+1− 𝑗∑︁
𝑖=1

𝑚 + 1

𝑐
𝑗+1
𝑖

𝑘∏
𝑞=𝑘+2− 𝑗

𝑐𝑖 − 𝑐𝑞

𝑐𝑞
+

𝑝∑︁
𝑖=𝑘+1

𝑚

𝑐
𝑗+1
𝑖

𝑘∏
𝑞=𝑘+2− 𝑗

𝑐𝑖 − 𝑐𝑞

𝑐𝑞

ª®¬ ,
for 𝑗 ∈ {1, . . . , 𝑘}, while for 𝑗 ∈ {𝑘 + 1, . . . , 𝑝}
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𝑏
𝑗

𝑝𝑚+𝑘 = (−1) 𝑗+1(𝛼0 + 𝑝𝑚 + 𝑘 − 𝑗 + 1) 𝑗
𝑝+𝑘+1− 𝑗∑︁
𝑖=𝑘+1

𝑚

𝑐
𝑗+1
𝑖

𝑘∏
𝑞=1

𝑐𝑖 − 𝑐𝑞

𝑐𝑞

𝑝∏
𝑞=𝑝+𝑘+2− 𝑗

𝑐𝑖 − 𝑐𝑞

𝑐𝑞
.

5. Multiple Hermite with 𝑝 Weights: Type I Polynomials and the Recurrence Coefficients

The weight functions for this family are

𝑤𝑖 (𝑥; 𝑐𝑖) ≔ exp (−𝑥2 + 𝑐𝑖𝑥), 𝑖 ∈ {1, . . . , 𝑝}, d 𝜇(𝑥) = d 𝑥, Δ = R,(22)

with 𝑐1, . . . , 𝑐𝑝 ∈ R, and for an AT system, 𝑐𝑖 ≠ 𝑐 𝑗 for 𝑖 ≠ 𝑗 . The corresponding monic type II polynomials
are as follows (cf. [17, §23.5]):

𝐻®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝) =
(
−1
2

) | ®𝑛 | 𝑝∏
𝑞=1

𝑐
𝑛𝑞
𝑞

𝑛1∑︁
𝑙1=0

· · ·
𝑛𝑝∑︁
𝑙𝑝=0

2𝑙1+···+𝑙𝑝
𝑝∏

𝑞=1

(−𝑛𝑞)𝑙𝑞
𝑙𝑞!𝑐

𝑙𝑞
𝑞

𝐻𝑙1+···+𝑙𝑝 (𝑥),(23)

where 𝐻𝑛 represents the usual monic Hermite polynomials,

𝐻𝑛 (𝑥) =
⌊ 𝑛
2 ⌋∑︁

𝑘=0

(−1)𝑘 (−𝑛)2𝑘
𝑘!

𝑥𝑛−2𝑘

22𝑘
, 𝑛 ∈ N0.(24)

These can be obtained through the respective limits from the Jacobi–Piñeiro type II polynomials (11) and
the Laguerre of the first kind type II polynomials (15):

𝐻®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝) = lim
𝛽→∞

(
2
√︁
𝛽

) | ®𝑛 |
𝑃®𝑛

(
𝑥 +

√
𝛽

2
√
𝛽

; 𝛽 + 𝑐1
√︁
𝛽, . . . , 𝛽 + 𝑐𝑝

√︁
𝛽, 𝛽

)
,(25)

𝐻®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝) = lim
𝛽→∞

1(√︁
2𝛽

) | ®𝑛 | 𝐿 ®𝑛

(√︁
2𝛽𝑥 + 𝛽; 𝛽 + 𝑐1

√︂
𝛽

2
, . . . , 𝛽 + 𝑐𝑝

√︂
𝛽

2

)
.(26)

5.1. Explicit Expressions for the Type I Polynomials. In [6], we encountered difficulty in finding an
explicit expression for the Hermite type I polynomials for a system with 𝑝 = 2 weight functions. Nonetheless,
here, we will advance further and demonstrate the following expression for a general number 𝑝 ≥ 2 of
weights:

Theorem 5.1. The Hermite multiple orthogonal polynomials of type I are

(27) 𝐻
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝) =

(−1)𝑛𝑖−1
√
𝜋(𝑛𝑖 − 1)!

2 | ®𝑛 |−1 exp
(
− 𝑐2

𝑖

4

)
∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑖 − 𝑐𝑞)𝑛𝑞

×
𝑛𝑖−1∑︁
𝑙1=0

· · ·
𝑛𝑖−1−𝑙1−···−𝑙𝑝−1∑︁

𝑙𝑝=0

(−𝑛𝑖 + 1)𝑙1+···+𝑙𝑝
𝑙𝑖!

𝑝∏
𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑙𝑞
𝑙𝑞!(𝑐𝑞 − 𝑐𝑖)𝑙𝑞

𝐻𝑛𝑖−1−𝑙1−···−𝑙𝑝

( 𝑐𝑖
2

)
𝑥𝑙𝑖 ,

for 𝑖 ∈ {1, . . . , 𝑝}, where 𝐻𝑛 represents the standard Hermite polynomials as defined in (24). These can be derived
from the Jacobi–Piñeiro polynomials (10) through the limit:

𝐻
(𝑖)
®𝑛 (𝑥, 𝑐1, . . . , 𝑐𝑝) = lim

𝛽→∞

1(
2
√
𝛽
) | ®𝑛 | 22𝛽+𝑐𝑖√𝛽 𝑃

(𝑖)
®𝑛

(
𝑥 +

√
𝛽

2
√
𝛽

, 𝛽 + 𝑐1
√︁
𝛽, . . . , 𝛽 + 𝑐𝑝

√︁
𝛽, 𝛽

)
,(28)

or from the Laguerre of the first kind polynomials (14) through the limit:

𝐻
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝) = lim

𝛽→∞

(√︁
2𝛽

) | ®𝑛 |
𝛽
𝛽+𝑐𝑖

√︃
𝛽

2 e −𝛽 𝐿 (𝑖)
®𝑛

(√︁
2𝛽 𝑥 + 𝛽, 𝛽 + 𝑐1

√︂
𝛽

2
, . . . , 𝛽 + 𝑐𝑝

√︂
𝛽

2

)
.(29)
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Proof. As in the previous section, we will divide the proof into two parts. Firstly, we will demonstrate that the
polynomials defined by both previous limits satisfy the orthogonality conditions with respect to the weight
functions (22), as outlined in (1). Let’s begin with the Jacobi–Piñeiro limit.

The Jacobi–Piñeiro type I polynomials adhere to the orthogonality conditions:
𝑝∑︁
𝑖=1

∫ 1

0

(
𝑥 − 1

2

) 𝑘
𝑃
(𝑖)
®𝑛 (𝑥;𝛼1, . . . , 𝛼𝑝, 𝛽)𝑥𝛼𝑖 (1 − 𝑥)𝛽 d 𝑥 =

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

Under the change of variables

𝑥 → 𝑥 +
√
𝛽

2
√
𝛽

, 𝛼𝑖 → 𝛽 + 𝑐𝑖
√︁
𝛽,

the previous expression transforms into:

𝑝∑︁
𝑖=1

∫ √
𝛽

−
√
𝛽

𝑥𝑘
1(

2
√
𝛽
) | ®𝑛 | 22𝛽+𝑐𝑖√𝛽 𝑃

(𝑖)
®𝑛

(
𝑥 +

√
𝛽

2
√
𝛽

, 𝛽 + 𝑐1
√︁
𝛽, . . . , 𝛽 + 𝑐𝑝

√︁
𝛽, 𝛽

) (
1 − 𝑥2

𝛽

)𝛽 (
1 + 𝑥

√
𝛽

)𝑐𝑖√𝛽
d 𝑥

=

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

Now, our goal is to apply the limit as 𝛽 → ∞ to both sides of the preceding equation. To ensure that the
limit can be interchanged with the integral, we need to establish that the modulus of the expression within
the integral is bounded by an integrable function for all 𝛽 > 0. On one hand, we have:(

1 − 𝑥2

𝛽

)𝛽 (
1 + 𝑥

√
𝛽

)𝑐𝑖√𝛽
𝐼(−√𝛽,√𝛽) ≤ exp (−𝑥2 + 𝑐𝑖𝑥), 𝛽 > 0, 𝑥 ∈ R.

On the other hand, the polynomial

1(
2
√
𝛽
) | ®𝑛 | 22𝛽+𝑐𝑖√𝛽 𝑃

(𝑖)
®𝑛

(
𝑥 +

√
𝛽

2
√
𝛽

, 𝛽 + 𝑐1
√︁
𝛽, . . . , 𝛽 + 𝑐𝑝

√︁
𝛽, 𝛽

)
,

is bounded for all 𝛽 > 0 since the limit 𝛽 → ∞ exists, as we will demonstrate shortly.
Thus, the expression is bounded, and by Lebesgue’s dominated convergence theorem, we can interchange

the limit to obtain:
𝑝∑︁
𝑖=1

∫ ∞

−∞
𝑥𝑘 lim

𝛽→∞

1(
2
√
𝛽
) | ®𝑛 | 22𝛽+𝑐𝑖√𝛽 𝑃

(𝑖)
®𝑛

(
𝑥 +

√
𝛽

2
√
𝛽

, 𝛽 + 𝑐1
√︁
𝛽, . . . , 𝛽 + 𝑐𝑝

√︁
𝛽, 𝛽

)
︸                                                                                    ︷︷                                                                                    ︸

=𝐻
(𝑖)
®𝑛 (𝑥;𝑐1,...,𝑐𝑝 ) by definition

lim
𝛽→∞

(
1 − 𝑥2

𝛽

)𝛽 (
1 + 𝑥

√
𝛽

)𝑐𝑖√𝛽
︸                                 ︷︷                                 ︸

=exp (−𝑥2+𝑐𝑖 𝑥 )

d 𝑥

=

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

The reasoning from the Laguerre limit follows a completely analogous path. The Laguerre of the first
kind type I polynomials adhere to the orthogonality conditions:

𝑝∑︁
𝑖=1

∫ ∞

0
(𝑥 − 𝛽)𝑘 𝐿 (𝑖)

®𝑛 (𝑥;𝛼1, . . . , 𝛼𝑝)𝑥𝛼𝑖 e−𝑥 d 𝑥 =

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

Under the change of variables

𝑥 →
√︁
2𝛽 𝑥 + 𝛽, 𝛼𝑖 → 𝛽 + 𝑐𝑖

√︂
𝛽

2
,
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the previous expression becomes
𝑝∑︁
𝑖=1

∫ ∞

−
√︃

𝛽

2

𝑥𝑘
(√︁

2𝛽
) | ®𝑛 |

𝛽
𝛽+𝑐𝑖

√︃
𝛽

2 e −𝛽 𝐿 (𝑖)
®𝑛

(√︁
2𝛽 𝑥 + 𝛽, 𝛽 + 𝑐1

√︂
𝛽

2
, . . . , 𝛽 + 𝑐𝑝

√︂
𝛽

2

)

×
(
1 +

√︄
2
𝛽
𝑥

)𝑐𝑖√︃ 𝛽

2
(
1 +

√︄
2
𝛽
𝑥

)𝛽
exp

(
−
√︁
2𝛽 𝑥

)
d 𝑥 =

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

Let’s expand(
1 +

√︄
2
𝛽
𝑥

)𝛽
= exp

(
𝛽 ln

(
1 +

√︄
2
𝛽
𝑥

))
= exp ©­«𝛽

∞∑︁
𝑘=1

(−1)𝑘+1
𝑘

√︄
2
𝛽

𝑘

𝑥𝑘
ª®¬ = exp

(√︁
2𝛽𝑥 − 𝑥2 +

∞∑︁
𝑘=3

(−1)𝑘+1
𝑘

√
2
𝑘

√
𝛽
𝑘−2 𝑥

𝑘

)
to get

𝑝∑︁
𝑖=1

∫ ∞

−
√︃

𝛽

2

𝑥𝑘
(√︁

2𝛽
) | ®𝑛 |

𝛽
𝛽+𝑐𝑖

√︃
𝛽

2 e −𝛽 𝐿 (𝑖)
®𝑛

(√︁
2𝛽 𝑥 + 𝛽, 𝛽 + 𝑐1

√︂
𝛽

2
, . . . , 𝛽 + 𝑐𝑝

√︂
𝛽

2

)

×
(
1 +

√︄
2
𝛽
𝑥

)𝑐𝑖√︃ 𝛽

2

exp

(
−𝑥2 +

∞∑︁
𝑘=3

(−1)𝑘+1
𝑘

√
2
𝑘

√
𝛽
𝑘−2 𝑥

𝑘

)
d 𝑥 =

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

Now, our goal is to apply the limit as 𝛽 → ∞ to both sides of the preceding equation. Similar to the
previous case, we need to ensure that the modulus of the expression within the integral is bounded. On one
hand, we have:(

1 +

√︄
2
𝛽
𝑥

)𝑐𝑖√︃ 𝛽

2

exp

(
−𝑥2 +

∞∑︁
𝑘=3

(−1)𝑘+1
𝑘

√
2
𝑘

√
𝛽
𝑘−2 𝑥

𝑘

)
𝐼(
−
√︃

𝛽

2 ,∞
)

=

(
1 +

√︄
2
𝛽
𝑥

)𝑐𝑖√︃ 𝛽

2
(
1 +

√︄
2
𝛽
𝑥

)𝛽
e−
√
2𝛽 𝑥 𝐼(

−
√︃

𝛽

2 ,∞
) ≤ exp

(
−𝑥2 + 𝑐𝑖𝑥

)
, 𝛽 > 0, 𝑥 ∈ R.

On the other hand, the polynomial(√︁
2𝛽

) | ®𝑛 |
𝛽
𝛽+𝑐𝑖

√︃
𝛽

2 e−𝛽 𝐿 (𝑖)
®𝑛

(√︁
2𝛽 𝑥 + 𝛽, 𝛽 + 𝑐1

√︂
𝛽

2
, . . . , 𝛽 + 𝑐𝑝

√︂
𝛽

2

)
is bounded for all 𝛽 > 0 due to the existence of the limit 𝛽 → ∞.

Hence, the expression is bounded, and by Lebesgue’s dominated convergence theorem, we can inter-
change the limit 𝛽 → ∞ to obtain:

𝑝∑︁
𝑖=1

∫ ∞

−∞
𝑥𝑘 lim

𝛽→∞

(√︁
2𝛽

) | ®𝑛 |
𝛽
𝛽+𝑐𝑖

√︃
𝛽

2 e−𝛽 𝐿 (𝑖)
®𝑛

(√︁
2𝛽 𝑥 + 𝛽, 𝛽 + 𝑐1

√︂
𝛽

2
, . . . , 𝛽 + 𝑐𝑝

√︂
𝛽

2

)

× lim
𝛽→∞

(
1 +

√︄
2
𝛽
𝑥

)𝑐𝑖√︃ 𝛽

2

exp

(
−𝑥2 +

∞∑︁
𝑘=3

(−1)𝑘+1
𝑘

√
2
𝑘

√
𝛽
𝑘−2 𝑥

𝑘

)
d 𝑥 =

{
0, if 𝑘 ∈ {0, . . . , | ®𝑛| − 2},
1, if 𝑘 = | ®𝑛| − 1.

Once we have established that the polynomials defined by both of these limits are the Hermite polynomials,
it is sufficient to compute either of them to obtain an explicit expression. Let’s consider, for example, the
Jacobi–Piñeiro limit (28).
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Recall that the Jacobi–Piñeiro type I polynomials are:

𝑃
(𝑖)
®𝑛 (𝑥;𝛼1, . . . , 𝛼𝑝, 𝛽) = (−1) | ®𝑛 |−1

∏𝑝

𝑞=1(𝛼𝑞 + 𝛽 + |®𝑛|)𝑛𝑞
(𝑛𝑖 − 1)!∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑞 − 𝛼𝑖)𝑛𝑞
Γ(𝛼𝑖 + 𝛽 + |®𝑛|)

Γ(𝛽 + |®𝑛|)Γ(𝛼𝑖 + 1)

×
𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙 (𝛼𝑖 + 𝛽 + |®𝑛|)𝑙
∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞 − 𝑛𝑞 + 1)𝑙
𝑙!(𝛼𝑖 + 1)𝑙

∏𝑝

𝑞=1,𝑞≠𝑖 (𝛼𝑖 − 𝛼𝑞 + 1)𝑙
𝑥𝑙 .

Through the corresponding changes of variables, we obtain:

1(
2
√
𝛽
) | ®𝑛 | 22𝛽+𝑐𝑖√𝛽 𝑃 (𝑖)

®𝑛

(
𝑥 +

√
𝛽

2
√
𝛽

, 𝛽 + 𝑐1
√︁
𝛽, . . . , 𝛽 + 𝑐𝑝

√︁
𝛽, 𝛽

)
=

(−1) | ®𝑛 |−1

(𝑛𝑖 − 1)!
(
2
√
𝛽
) | ®𝑛 | 22𝛽+𝑐𝑖√𝛽

∏𝑝

𝑞=1(2𝛽 + 𝑐𝑞
√
𝛽 + |®𝑛|)𝑛𝑞∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑞
√
𝛽 − 𝑐𝑖

√
𝛽)𝑛𝑞

Γ(2𝛽 + 𝑐𝑖
√
𝛽 + |®𝑛|)

Γ(𝛽 + |®𝑛|)Γ(𝛽 + 𝑐𝑖
√
𝛽 + 1)

×
𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙
𝑙!

(2𝛽 + 𝑐𝑖
√
𝛽 + |®𝑛|)𝑙

(𝛽 + 𝑐𝑖
√
𝛽 + 1)𝑙

𝑝∏
𝑞=1,𝑞≠𝑖

(𝑐𝑖
√
𝛽 − 𝑐𝑞

√
𝛽 − 𝑛𝑞 + 1)𝑙

(𝑐𝑖
√
𝛽 − 𝑐𝑞

√
𝛽 + 1)𝑙

(
𝑥 +

√
𝛽

2
√
𝛽

) 𝑙
.

Let’s reformulate the factors within the sum to a more convenient expression. Similar to the Laguerre of
the second kind limit, we can utilize Gauss’s hypergeometric formula:

2𝐹1

[
−𝑛, 𝑏
𝑐

; 1
]
=

𝑛∑︁
𝑙=0

(−𝑛)𝑙
𝑙!

(𝑏)𝑙
(𝑐)𝑙

=
(𝑐 − 𝑏)𝑛
(𝑐)𝑛

, 𝑛 ∈ N0,

to express the following fractions within the sum as:(
𝑐𝑖
√
𝛽 − 𝑐𝑞

√
𝛽 − 𝑛𝑞 + 1

)
𝑙(

𝑐𝑖
√
𝛽 − 𝑐𝑞

√
𝛽 + 1

)
𝑙

=

𝑙∑︁
𝑘𝑞=0

(−𝑙)𝑘𝑞 (𝑛𝑞)𝑘𝑞
𝑘𝑞!

(
𝑐𝑖
√
𝛽 − 𝑐𝑞

√
𝛽 + 1

)
𝑘𝑞

.

With the remaining Pochhammer fraction, we will need to engage in a bit more work. We will utilize the
Gauss summation formula twice, as well as Newton’s binomial formula for Pochhammer symbols

(𝑎 + 𝑏)𝑛 =

𝑛∑︁
𝑘=0

(
𝑛

𝑘

)
(𝑎)𝑛−𝑘 (𝑏)𝑘 .

By employing these methods, we find that:(
2𝛽 + 𝑐𝑖

√
𝛽 + |®𝑛|

)
𝑙(

𝛽 + 𝑐𝑖
√
𝛽 + 1

)
𝑙

=

𝑙∑︁
𝑠=0

(−𝑙)𝑠 (−𝛽 − |®𝑛| + 1)𝑠
𝑠!

(
𝛽 + 𝑐𝑖

√
𝛽 + 1

)
𝑠

=

𝑙∑︁
𝑠=0

(−1)𝑠 (−𝑙)𝑠 (𝛽 + |®𝑛| − 𝑠)𝑠
𝑠!

(
𝛽 + 𝑐𝑖

√
𝛽 + 1

)
𝑠

=

𝑙∑︁
𝑠=0

𝑠∑︁
𝑘𝑖=0

(−1)𝑠
(−𝑙)𝑠 (−𝑠)𝑘𝑖

(
𝑐𝑖
√
𝛽 − |®𝑛| + 1 + 𝑠

)
𝑘𝑖

𝑠!𝑘𝑖!
(
𝛽 + 𝑐𝑖

√
𝛽 + 1

)
𝑘𝑖

=

𝑙∑︁
𝑘𝑖=0

𝑙−𝑘𝑖∑︁
𝑠=0

(−1)𝑠+𝑘𝑖
(−𝑙)𝑠+𝑘𝑖

𝑠!𝑘𝑖!
(
𝛽 + 𝑐𝑖

√
𝛽 + 1

)
𝑘𝑖

(
−𝑐𝑖

√︁
𝛽 + |®𝑛| − 2𝑘𝑖 − 𝑠

)
𝑘𝑖︸                            ︷︷                            ︸

=
∑𝑘𝑖

𝑘=0 (𝑘𝑖𝑘 ) (−𝑐𝑖
√
𝛽+| ®𝑛 |−2𝑘𝑖)𝑘𝑖−𝑘 (−𝑠)𝑘

=

𝑙∑︁
𝑘𝑖=0

𝑘𝑖∑︁
𝑘=0

(−1)𝑘𝑖
(−𝑙)𝑘𝑖+𝑘

(𝑘𝑖 − 𝑘)!𝑘!

(
−𝑐𝑖

√
𝛽 + |®𝑛| − 2𝑘𝑖

)
𝑘𝑖−𝑘(

𝛽 + 𝑐𝑖
√
𝛽 + 1

)
𝑘𝑖

𝑙−𝑘𝑖−𝑘∑︁
𝑠=0

(
𝑙 − 𝑘𝑖 − 𝑘

𝑠

)
︸                 ︷︷                 ︸

=2𝑙−𝑘𝑖−𝑘

.
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So, substituting these expressions for the fractions within the multiple sum, we find:

𝐻
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝) = lim

𝛽→∞

(−1) | ®𝑛 |−1

(𝑛𝑖 − 1)!
(
2
√
𝛽
) | ®𝑛 | 22𝛽+𝑐𝑖√𝛽

∏𝑝

𝑞=1(2𝛽 + 𝑐𝑞
√
𝛽 + |®𝑛|)𝑛𝑞∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑞
√
𝛽 − 𝑐𝑖

√
𝛽)𝑛𝑞

Γ(2𝛽 + 𝑐𝑖
√
𝛽 + |®𝑛|)

Γ(𝛽 + |®𝑛|)Γ(𝛽 + 𝑐𝑖
√
𝛽 + 1)

×
𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙
𝑙!

𝑙∑︁
𝑘𝑖=0

𝑘𝑖∑︁
𝑘=0

(−1)𝑘𝑖
(−𝑙)𝑘𝑖+𝑘 2𝑙−𝑘𝑖−𝑘
(𝑘𝑖 − 𝑘)!𝑘!

(
−𝑐𝑖

√
𝛽 + |®𝑛| − 2𝑘𝑖

)
𝑘𝑖−𝑘(

𝛽 + 𝑐𝑖
√
𝛽 + 1

)
𝑘𝑖

×
𝑝∏

𝑞=1,𝑞≠𝑖

𝑙∑︁
𝑘𝑞=0

(−𝑙)𝑘𝑞 (𝑛𝑞)𝑘𝑞
𝑘𝑞!

(
𝑐𝑖
√
𝛽 − 𝑐𝑞

√
𝛽 + 1

)
𝑘𝑞

(
𝑥 +

√
𝛽

2
√
𝛽

) 𝑙
.

Utilizing the asymptotic behavior of the gamma function fraction as 𝛽 → ∞, we have:

Γ(2𝛽 + 𝑐𝑖
√
𝛽 + |®𝑛|)

Γ(𝛽 + |®𝑛|)Γ(𝛽 + 𝑐𝑖
√
𝛽 + 1)

∼ 22𝛽+𝑐𝑖
√
𝛽+| ®𝑛 |−1

√
𝜋
√
𝛽

exp

(
−
𝑐2
𝑖
(2
√
𝛽 − 𝑐𝑖)

8
√
𝛽

)
.

The common factor behaves when 𝛽 → ∞ as follows:

(−2) | ®𝑛 |−1
√
𝜋(𝑛𝑖 − 1)!

1∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑞 − 𝑐𝑖)𝑛𝑞
exp

(
−
𝑐2
𝑖
(2
√
𝛽 − 𝑐𝑖)

8
√
𝛽

)√︁
𝛽
𝑛𝑖−1

.

Upon performing the index change 𝑘𝑖 → 𝑘𝑖 − 𝑘 , we find that the multiple sum possesses an asymptotic
expansion when 𝛽 → ∞:

𝑛𝑖−1∑︁
𝑘1=0

· · ·
𝑛𝑖−1−𝑘1−···−𝑘𝑝−1∑︁

𝑘𝑝=0

𝑐
𝑘𝑖
𝑖

2𝑘𝑖

⌊
𝑘𝑖
2

⌋∑︁
𝑘=0

(−1)𝑘

𝑐2𝑘
𝑖

1
(𝑘𝑖 − 2𝑘)!𝑘!

1
√
𝛽
𝑘𝑖

𝑝∏
𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑘𝑞
𝑘𝑞!(𝑐𝑖 − 𝑐𝑞)𝑘𝑞

√
𝛽
𝑘𝑞

×
𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙
𝑙!

(−𝑙)𝑘1+···+𝑘𝑝 2𝑙
(
𝑥 +

√
𝛽

2
√
𝛽

) 𝑙
+𝑂

(
1

√
𝛽
𝑛𝑖

)
.

The Pochhammer product (−𝑙)𝑘1 · · · (−𝑙)𝑘𝑝 can be expressed as (−𝑙)𝑘1+···+𝑘𝑝 plus terms involving lower order

Pochhammer symbols, whose contributions are encapsulated within 𝑂

(
1√
𝛽
𝑛𝑖

)
.

Applying Newton’s binomial formula, we obtain:

𝑛𝑖−1∑︁
𝑙=0

(−𝑛𝑖 + 1)𝑙
𝑙!

(−𝑙)𝑘1+···+𝑘𝑝 2𝑙
(
𝑥 +

√
𝛽

2
√
𝛽

) 𝑙
= (−1)𝑘1+···+𝑘𝑝 (−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝

(
𝑥 +

√
𝛽

√
𝛽

) 𝑘1+···+𝑘𝑝 𝑛𝑖−1−𝑘1−···−𝑘𝑝∑︁
𝑙=0

(
𝑛𝑖 − 1 − 𝑘1 − · · · − 𝑘 𝑝

𝑙

) (
−𝑥 +

√
𝛽

√
𝛽

) 𝑙
= (−1)𝑛𝑖−1(−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝

(
𝑥 +

√
𝛽

√
𝛽

) 𝑘1+···+𝑘𝑝 (
𝑥
√
𝛽

)𝑛𝑖−1−𝑘1−···−𝑘𝑝
.
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Substituting this sum into the previous expression, we derive the following asymptotic expansion when
𝛽 → ∞:

(−1)𝑛𝑖−1
√
𝛽
𝑛𝑖−1

𝑛𝑖−1∑︁
𝑘1=0

· · ·
𝑛𝑖−1−𝑘1−···−𝑘𝑝−1∑︁

𝑘𝑝=0

(−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝
𝑐
𝑘𝑖
𝑖

2𝑘𝑖

⌊
𝑘𝑖
2

⌋∑︁
𝑘=0

(−1)𝑘

𝑐2𝑘
𝑖

1
(𝑘𝑖 − 2𝑘)!𝑘!

×
𝑝∏

𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑘𝑞
𝑘𝑞!(𝑐𝑖 − 𝑐𝑞)𝑘𝑞

𝑥𝑛𝑖−1−𝑘1−···−𝑘𝑝 +𝑂

(
1

√
𝛽
𝑛𝑖

)
.

Combining the common factor with the sums, we ascertain that the entire expression behaves asymptotically
as follows for 𝛽 → ∞:

2 | ®𝑛 |−1
√
𝜋(𝑛𝑖 − 1)!

exp
(
− 𝑐2

𝑖

4

)
∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑖 − 𝑐𝑞)𝑛𝑞

𝑛𝑖−1∑︁
𝑘1=0

· · ·
𝑛𝑖−1−𝑘1−···−𝑘𝑝−1∑︁

𝑘𝑝=0

(−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝
𝑐
𝑘𝑖
𝑖

2𝑘𝑖

⌊
𝑘𝑖
2

⌋∑︁
𝑘=0

(−1)𝑘

𝑐2𝑘
𝑖

1
(𝑘𝑖 − 2𝑘)!𝑘!

×
𝑝∏

𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑘𝑞
𝑘𝑞!(𝑐𝑖 − 𝑐𝑞)𝑘𝑞

𝑥𝑛𝑖−1−𝑘1−···−𝑘𝑝 +𝑂

(
1
√
𝛽

)
.

Now, it is straightforward to apply the limit 𝛽 → ∞ and find that:

𝐻
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝) =

2 | ®𝑛 |−1
√
𝜋(𝑛𝑖 − 1)!

exp
(
− 𝑐2

𝑖

4

)
∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑖 − 𝑐𝑞)𝑛𝑞

×
𝑛𝑖−1∑︁
𝑘1=0

· · ·
𝑛𝑖−1−𝑘1−···−𝑘𝑝−1∑︁

𝑘𝑝=0

(−𝑛𝑖 + 1)𝑘1+···+𝑘𝑝
𝑐
𝑘𝑖
𝑖

2𝑘𝑖

⌊
𝑘𝑖
2

⌋∑︁
𝑘=0

(−1)𝑘

𝑐2𝑘
𝑖

1
(𝑘𝑖 − 2𝑘)!𝑘!

×
𝑝∏

𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑘𝑞
𝑘𝑞!(𝑐𝑖 − 𝑐𝑞)𝑘𝑞

𝑥𝑛𝑖−1−𝑘1−···−𝑘𝑝 .

A more convenient form of this limit emerges through the index changes 𝑘1 → 𝑛𝑖 − 1 − 𝑙1, 𝑘𝑖 → 𝑙𝑖−1 − 𝑙𝑖
for 𝑖 ∈ {2, . . . , 𝑝}. Hence, the sums transform to:

𝐻
(𝑖)
®𝑛 (𝑥; 𝑐1, . . . , 𝑐𝑝) =

(−1)𝑛𝑖−1
√
𝜋(𝑛𝑖 − 1)!

2 | ®𝑛 |−1 exp
(
− 𝑐2

𝑖

4

)
∏𝑝

𝑞=1,𝑞≠𝑖 (𝑐𝑖 − 𝑐𝑞)𝑛𝑞

𝑛𝑖−1∑︁
𝑙1=0

· · ·
𝑛𝑖−1−𝑙1−···−𝑙𝑝−1∑︁

𝑙𝑝=0

(−𝑛𝑖 + 1)𝑙1+···+𝑙𝑝
𝑙𝑖!

𝑝∏
𝑞=1,𝑞≠𝑖

(𝑛𝑞)𝑙𝑞
𝑙𝑞!(𝑐𝑞 − 𝑐𝑖)𝑙𝑞

×

⌊
𝑛𝑖−1−𝑙1−···−𝑙𝑝

2

⌋∑︁
𝑘=0

(−1)𝑘
(−𝑛𝑖 + 1 + 𝑙1 + · · · + 𝑙𝑝)2𝑘

𝑘!

𝑐
𝑛𝑖−1−𝑙1−···−𝑙𝑝−2𝑘
𝑖

2𝑛𝑖−1−𝑙1−···−𝑙𝑝︸                                                                                ︷︷                                                                                ︸
=𝐻𝑛𝑖−1−𝑙1−···−𝑙𝑝 ( 𝑐𝑖

2 ) by (24)

𝑥𝑙𝑖 .

□

5.2. Explicit Expressions for the Recurrence Coefficients. Now we are going to find the corresponding
recurrence coefficients
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Theorem 5.2. The Hermite multiple orthogonal polynomials of type I (27) and II (23) satisfy respective nearest-
neighbour recurrence relations of the form (3) respect to the coefficients

𝑏0®𝑛 (𝑘) =
𝑐𝑘

2
, 𝑏

𝑗

®𝑛 =
1
2 𝑗

∑︁
𝑖∈𝑆 (𝜋, 𝑗 )

𝑛𝑖

∏
𝑞∈𝑆c (𝜋, 𝑗 )

(𝑐𝑖 − 𝑐𝑞), 𝑗 ∈ {1, . . . , 𝑝}.

Proof. Both limits (28) and (25) imply that the Hermite coefficients can be obtained from the Jacobi–Piñeiro
coefficients (12) through the limit:

lim
𝛽→∞

√︁
𝛽

(
2 𝑏0®𝑛

(
𝑘 ; 𝛽 + 𝑐1

√︁
𝛽, . . . , 𝛽 + 𝑐𝑝

√︁
𝛽, 𝛽

)
− 1

)
,

lim
𝛽→∞

(
2
√︁
𝛽

) 𝑗+1
𝑏
𝑗

®𝑛

(
𝛽 + 𝑐1

√︁
𝛽, . . . , 𝛽 + 𝑐𝑝

√︁
𝛽, 𝛽

)
, 𝑗 ∈ {1, . . . , 𝑝}.

On the other hand, limits (26) and (29) imply that the Hermite coefficients can be obtained from the
Laguerre of the first kind coefficients (16) through the limit:

lim
𝛽→∞

1√︁
2𝛽

(
𝑏0®𝑛

(
𝑘 ; 𝛽 + 𝑐1

√︂
𝛽

2
, . . . , 𝛽 + 𝑐𝑝

√︂
𝛽

2

)
− 𝛽

)
,

lim
𝛽→∞

1(√︁
2𝛽

) 𝑗+1 𝑏 𝑗

®𝑛

(
𝛽 + 𝑐1

√︂
𝛽

2
, . . . , 𝛽 + 𝑐𝑝

√︂
𝛽

2

)
, 𝑗 ∈ {1, . . . , 𝑝}.

In both cases, the limit for 𝑗 ∈ {1, . . . , 𝑝} is straightforward to apply. Let’s consider the Jacobi–Piñeiro
limit for the case 𝑗 = 0; the reasoning for the Laguerre limit is entirely analogous. Here, we observe that
the recurrence coefficients (12) remain unchanged after the variable changes

2 𝑏0®𝑛

(
𝑘 ; 𝛽 + 𝑐1

√︁
𝛽, . . . , 𝛽 + 𝑐𝑝

√︁
𝛽, 𝛽

)
= (𝑛𝑘 + 1) 2𝛽 + 2𝑐𝑘

√
𝛽 + 2𝑛𝑘 + 2

2𝛽 + 𝑐𝑘
√
𝛽 + 𝑛𝑘 + |®𝑛| + 2

𝑝∏
𝑖=1,𝑖≠𝑘

(𝑐𝑘 − 𝑐𝑖)
√
𝛽 + 𝑛𝑘 + 1

(𝑐𝑘 − 𝑐𝑖)
√
𝛽 + 𝑛𝑘 + 1 − 𝑛𝑖

− 𝑛𝑘
2𝛽 + 2𝑐𝑘

√
𝛽 + 2𝑛𝑘

2𝛽 + 𝑐𝑘
√
𝛽 + 𝑛𝑘 + |®𝑛|

𝑝∏
𝑖=1,𝑖≠𝑘

(𝑐𝑘 − 𝑐𝑖)
√
𝛽 + 𝑛𝑘

(𝑐𝑘 − 𝑐𝑖)
√
𝛽 + 𝑛𝑘 − 𝑛𝑖

+
𝑝∑︁

𝑖=1,𝑖≠𝑘

𝑛𝑖
2
(
𝛽 + 𝑐𝑖

√
𝛽 + 𝑛𝑖

) (
2𝛽 + 𝑐𝑘

√
𝛽 + 𝑛𝑘 + |®𝑛| + 1

)(
2𝛽 + 𝑐𝑖

√
𝛽 + 𝑛𝑖 + |®𝑛|

)
2

(
(𝑐𝑖 − 𝑐𝑘)

√
𝛽 − 𝑛𝑘 + 𝑛𝑖 − 1

) × 𝑝∏
𝑞=1,𝑞≠𝑖

(𝑐𝑖 − 𝑐𝑞)
√
𝛽 + 𝑛𝑖

(𝑐𝑖 − 𝑐𝑞)
√
𝛽 + 𝑛𝑖 − 𝑛𝑞

= (𝑛𝑘 + 1)
(
1 + 𝑐𝑘

√
𝛽 + 𝑛𝑘 − |®𝑛|

2𝛽 + 𝑐𝑘
√
𝛽 + 𝑛𝑘 + |®𝑛| + 2

) 𝑝∏
𝑖=1,𝑖≠𝑘

(
1 + 𝑛𝑖

(𝑐𝑘 − 𝑐𝑖)
√
𝛽 + 𝑛𝑘 + 1 − 𝑛𝑖

)
− 𝑛𝑘

(
1 + 𝑐𝑘

√
𝛽 + 𝑛𝑘 − |®𝑛|

2𝛽 + 𝑐𝑘
√
𝛽 + 𝑛𝑘 + |®𝑛|

) 𝑝∏
𝑖=1,𝑖≠𝑘

(
1 + 𝑛𝑖

(𝑐𝑘 − 𝑐𝑖)
√
𝛽 + 𝑛𝑘 − 𝑛𝑖

)
+

𝑝∑︁
𝑖=1,𝑖≠𝑘

𝑛𝑖
2
(
𝛽 + 𝑐𝑖

√
𝛽 + 𝑛𝑖

) (
2𝛽 + 𝑐𝑘

√
𝛽 + 𝑛𝑘 + |®𝑛| + 1

)(
2𝛽 + 𝑐𝑖

√
𝛽 + 𝑛𝑖 + |®𝑛|

)
2

(
(𝑐𝑖 − 𝑐𝑘)

√
𝛽 − 𝑛𝑘 + 𝑛𝑖 − 1

) × 𝑝∏
𝑞=1,𝑞≠𝑖

(𝑐𝑖 − 𝑐𝑞)
√
𝛽 + 𝑛𝑖

(𝑐𝑖 − 𝑐𝑞)
√
𝛽 + 𝑛𝑖 − 𝑛𝑞

.

The components within the sum behave as follows when 𝛽 → ∞:
𝑛𝑖

(𝑐𝑖 − 𝑐𝑘)
√
𝛽
,

while the other two summands behave as follows for 𝛽 → ∞, respectively

(𝑛𝑘 + 1)
(
1 + 𝑐𝑘

2
1
√
𝛽
− 1
√
𝛽

𝑝∑︁
𝑖=1,𝑖≠𝑘

𝑛𝑖

𝑐𝑖 − 𝑐𝑘

)
+𝑂

(
1
𝛽

)
, 𝑛𝑘

(
1 + 𝑐𝑘

2
1
√
𝛽
− 1
√
𝛽

𝑝∑︁
𝑖=1,𝑖≠𝑘

𝑛𝑖

𝑐𝑖 − 𝑐𝑘

)
+𝑂

(
1
𝛽

)
.
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Combining all the summands and simplifying, we find that the entire expression behaves as follows for
𝛽 → ∞:

1 + 𝑐𝑘

2
1
√
𝛽
+𝑂

(
1
𝛽

)
.

The limit now becomes straightforward to apply, yielding (21). □

Remark 5.1. An instance of Theorem 5.2 can be observed in [3, Theorem 5] (also for 𝑝 weights) where a unit
shift is applied to 𝑛1. Consequently, there is no general permutation or arbitrary index involved. Moreover,
the proof provided in [3] is solely for two weights.

In the stepline, this expression transforms to:

Corollary 5.2 (Step line multiple Hermite recurrence coefficients). The Hermite type I (27) and type II (23)
multiple orthogonal polynomials in the step line adhere to a recurrence relation of the form (6) with respect to the
coefficients

𝑏0𝑝𝑚+𝑘 =
𝑐𝑘+1
2

𝑏
𝑗

𝑝𝑚+𝑘 =
1
2 𝑗

𝑘+1− 𝑗∑︁
𝑖=1

(𝑚 + 1)
𝑘∏

𝑞=𝑘+2− 𝑗

(𝑐𝑖 − 𝑐𝑞) +
1
2 𝑗

𝑝∑︁
𝑖=𝑘+1

𝑚

𝑘∏
𝑞=𝑘+2− 𝑗

(𝑐𝑖 − 𝑐𝑞), 𝑗 ∈ {1, . . . , 𝑘},

𝑏
𝑗

𝑝𝑚+𝑘 =
1
2 𝑗

𝑝+𝑘+1− 𝑗∑︁
𝑖=𝑘+1

𝑚

𝑘∏
𝑞=1

(𝑐𝑖 − 𝑐𝑞)
𝑝∏

𝑞=𝑝+𝑘+2− 𝑗

(𝑐𝑖 − 𝑐𝑞), 𝑗 ∈ {𝑘 + 1, . . . , 𝑝}.

Conclusions and outlook

In this paper, we present novel findings on explicit expressions for type I multiple Laguerre of the second
kind orthogonal polynomials for an arbitrary number of weights. These expressions are represented in
terms of multiple Kampé de Fériet series. Additionally, we derive explicit expressions for type I multiple
orthogonal polynomials of multiple Hermite families with an arbitrary number of weights. Furthermore,
we provide explicit expressions for nearest-neighbor and step line recursion coefficients for Jacobi–Piñeiro,
Laguerre of the first and second kinds, and multiple Hermite polynomials.

In future research, a pivotal goal lies in uncovering analogous hypergeometric expressions employing
multiple Kampé de Fériet functions for Hahn multiple orthogonal polynomials with 𝑝 weights, along with
all their discrete descendants within the Askey scheme [5]. Such discoveries bear profound significance,
especially in applications where type I polynomials hold sway, as seen in Markov chains characterized
by transition matrices featuring 𝑝 subdiagonals. These findings open up fresh avenues for delving into
the spectral properties of Markov chains endowed with 𝑝 banded Hessenberg transition matrices. The
bidiagonal factorization discussed in [7] initially presented for the case of 𝑝 = 2 warrants extension to
encompass scenarios where 𝑝 ≥ 2.
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