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Abstract

Quantum long-range models at zero temperature can be described by fractional Lifshitz field theories,
that is, anisotropic models whose actions are short-range in time and long-range in space. In this paper
we study the renormalization of fractional Lifshitz field theories with weakly relevant cubic or quartic
self-interactions. Their nontrivial infrared fixed points exhibit Lifshitz scale invariance, and we compute
the lowest-order corrections to the dynamic critical exponent.
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1 Introduction

Systems with long-range interactions appear in a large variety of physical situations [1]. Among the many

possible instances, a particularly interesting class of systems is the one described by models with a two-

body interaction that decays with distance according to a power law, with sufficiently slow decay. The

paradigmatic example in such a class is the long-range Ising model, associated to the classical Hamiltonian
0035
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where £ C Z% is a finite d-dimensional lattice, o; = +1 are the Ising variables at site i € £, J > 0 is
their coupling, and the long-range exponent is in the range 0 < ¢ < 1, with the limiting case { = 1



being equivalent to the nearest-neighbour (or short-range) model. Such model, and its extensions with
internal O(N) symmetry, has been extensively studied, both in its lattice version and in its field theoretic
Ginzburg-Landau formulation [2-15], and several related experimental systems have been constructed in
recent years (see [16] for a review).

We emphasize that £ in (1.1) represents space only, time being frozen, as is always the case in classical
equilibrium statistical mechanics. When considering instead quantum versions of long-range models, a
short-range temporal interaction arises after the standard quantum-to-classical mapping [17, 18], as ex-
plicitly emphasized in [19] (see also [20,21]).! Keeping with the Ising example, the quantum model is
obtained by replacing the classical Ising variables o; with Pauli matrices 67 at each site, and adding to
the Hamiltonian a transverse field interaction i), 7, in order to induce a nontrivial quantum dynamics:
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The quantum statistical partition function at inverse temperature 8 can then be mapped to a classical one
by applying the Trotter formula to e#e’ and after some manipulations [17] obtain:

_BH . J Oit O
Zgr = Trle /BHqI] ~ nlggo Z exp{ﬁ Z - it |dj—:2C lncoth ZUztUz t+1} , (1.3)

{oit=%1}icc,t=1...n 1,5,t

where the classical Ising variables now have a second index, interpreted as discrete Euclidean time, and
periodic boundary conditions are assumed: ;41 = ;1. One then concludes that the Ginzburg-Landau
description of the quantum long-range Ising model must be an anisotropic scalar field theory, long-range
in space and short-range in time. In [19] we called such a theory a fractional Lifshitz field theory, and the
scope of this paper is to further study its critical properties.

Scalar Lifshitz field theories were first studied in [24] to describe tri-critical points in the presence
of paramagnetic, ferromagnetic, and modulated phases. Denoting the time coordinate 7 and the d-
dimensional spatial coordinates x, a standard example is an action of the form:?

S[¢] = /ddm{ (0,0)* + Z( 0;¢)° (Zaé‘m) +V[¢]} (1.4)

with j ranging over the spatial dimensions. Usual ordered and disordered phases can be reached by tuning
the potential, while a spatially modulated phase, breaking translation invariance, can be obtained by
choosing py < 0. The Lifshitz point [24] is by the definition the critical point at the intersection of such
phases, and one is interested in computing the associated critical exponents. For example, this has been
done for a model in this family with a quartic interaction, using either perturbative methods up to two
loops [25-27] or the functional renormalization group approach [28], while in [29-31] the anisotropic quartic
O(N) vector model was studied by means of the 1/N expansion. Notice that in the original setting of
Lifshitz points, “time” is actually one spatial direction of a spatially anisotropic classical system, but it can
have an interpretation as (real or imaginary) time in other contexts, such as Lorentz-violating quantum
field theories with improved ultraviolet behavior [32-34], or quantum Lifshitz points [35].

One interesting feature of Lifshitz field theories is that while they break explicitly Lorentz or rotation
invariance, they exhibit anisotropic scale invariance at fixed points of the renormalization group. An
anisotropic scaling transformation of an operator O writes:

O(r,z) = 12°0(I*1,1x) , (1.5)

"Models with long-range temporal dynamics can also be conceived, for example in the presence of dissipation, impurities,
or memory effects (e.g. [22,23]), but we will not consider them here.

2From now on, when discussing the field-theoretic approach to these models we will talk about actions rather than
Hamiltonians.



with Ao the scaling dimension of O, and z # 1 the anisotropy exponent, also known as dynamic critical
exponent due to its similar role in dynamic critical phenomena [36]. Typical Lifshitz field theories in the
literature are constructed as perturbations of a Gaussian theory with an integer anisotropy exponent, as in
the example above, which has z = 2. However, a non-integer z generally appears at interacting fixed points.
The way this happens in practice is that in the renormalized theory the operators (9;¢)? and (3 y 0;0;0)?
get different anomalous dimensions, say 7, and 74, respectively, and one finds the relation [27,28]:

Z:4—774
2—772'

(1.6)

Here, we will study a Lifshitz type of model in which a nonlocal operator, known as fractional Laplacian,
replaces the higher-order spatial derivative terms.? In other words, we will consider a continuum version
of the model (1.3), with the long-range kernel corresponding to the integral representation of a Laplacian
to power ¢, with 0 < ¢ < 1. As a consequence of that, the standard short-range term (Ojgb)z is in this
case irrelevant,* and thus there is no modulated phase in these models. Moreover, the nonlocal nature of
the spatial term implies that it needs no renormalization, and hence its anomalous dimension vanishes.
Therefore, we expect to find z = 2¢/(2 — 72), which we will confirm.

We will consider models with either a cubic or a quartic interaction in the regime in which they are
weakly relevant, that is, for ¢ slightly above its lower critical value (i.e. the value below which the infrared
fixed point is non-interacting, and thus mean field theory applies). We will show that they exhibit a
nontrivial infrared renormalization group fixed point, and we will compute explicitly the corrections to the
canonical value of z (i.e. z = () at leading order in the perturbative expansion.

The model with quartic interaction has Zs invariance, and it can be interpreted as the Ginzburg-
Landau theory for the quantum long-range Ising model, as explained above. The cubic model instead will
require an imaginary coupling, and thus it can be interpreted as describing the Yang-Lee edge singularity
at imaginary magnetic field for the same model, similarly to the usual Yang-Lee model [38] (recently
reviewed in [39]).

We will start from the cubic model in Section 2, as calculations in this case are slightly easier, and as
such it provides a useful benchmark for general renormalization aspects. Moreover, such model has never
been studied before. We will then move to the quartic case in Section 3. The latter has been studied also
in [20,21], but with methods and results that are complementary to ours.

2 The cubic model

The free model. The free fractional Lifshitz theory in d 4+ 1 dimensions with Euclidean signature is
defined by the action:

Sle] = ;/dedx (7, z) [(—32)c - az} o(r,7) | (2.1)

ANS
where 7 is the Euclidean time coordinate, = the d-dimensional position, and (—9?)¢ = (— Z?:l 0;0°

stands for the fractional Laplacian in the d spatial dimensions [40]. In position space, the latter is given
by a nonlocal integral kernel which corresponds to the continuum version of (1.1):

/dd:c (T, 2) (—82)C (T, x) /ddx dty Hm,2)o(r. y) . (2.2)

2 — y|d+QC

3From the point of view of our motivation the time direction has the interpretation of imaginary time in the classical
description of a quantum statistical model. However, a spatial interpretation of an anisotropic classical statistical model is
also possible (see for example [37] for a more general model with this interpretation).

4However, beyond some value of the long-range exponent it might become a dangerously irrelevant operator, as in the
isotropic case [4,12].



For the sake of conciseness, and for stressing the analogy to ordinary Lifshitz field theories, in the rest of
the paper we will use the derivative notation when writing the action.
The covariance of the model, written as Fourier transform, is:

ddp dw ewTtwz

and it enjoys the anisotropic Lifshitz scale invariance:
C(r,z) = 1?2 C(I°7,lz) (2.4)

with Ay = % the mass dimension of the field under anisotropic scaling. As the model is free, the
correlators are computed by the Wick theorem and obey the scaling law:

f[d¢]eis(¢) ¢(7—1? 1'1) s ¢(7—m xn) My LYav F(n)
J1dg)e=5(@) -

reflecting the invariance of the action under a field change of variable ¢(7,2) = I®¢¢/(I°7, l2), where we
took into account the fact that the Jacobian of this change of variable is field independent.

Only the correlators with even n are non zero, and if one restricts to connected correlation functions
G, only the two point function is nontrivial and it equals the covariance:

F) (T1, 215 5 Tn, Tp) = (l<7'1, lxy;... ;ZCTn, lxy), (2.5)

GO (11,2151, 29) = O(11 — T2, 71 — T2) - (2.6)

The interacting model: bare theory and scaling. For the interacting theory one needs to distinguish
between the bare and the renormalized versions of the model. We start by discussing the bare theory,
defined by the action:

Spln] = / dfddx{;%(r,x) (<) = 82| éu(r,2) + z%%(n :c)3} : (2.7)

which depends on the bare field ¢y (7,2). Depending on the regularization scheme, additional linear and
quadratic terms might be needed for renormalization, but we can view the above action as representing
our target scale-invariant theory. No couplings are introduced in the kinetic term, as they can always be
set to 1 by a rescaling of ¢, 7, and A\y. Note that we have explicitly factored an imaginary unit in the
interaction, which is standard for cubic interactions. We will also assume A, > 0, since the two choices of
sign are related by a field redefinition ¢p — —¢p.

The critical value of ¢ for which the cubic interaction is marginal, that is such that the interaction
is invariant under the field change of variable ¢(7,z) = lA%bg(lCT, lz), respects 3Ay, —d — ¢ = 0, that
is ¢ = %. The weakly relevant case is obtained by setting ( = d‘ge, with € > 0 small, leading to the
mass dimension of the coupling [A\y] = d +( —3A4 = §. In order to have an interesting renormalization
group flow towards the infrared, and keep ¢ < 1, which is needed for the long-range interpretation and for
avoiding the need of a relevant ¢,02¢; term in the action, we must stick to d < 5.

With the above choices, the action is invariant under the simultaneous change of field variables and

coupling;:

oy(, ) = 1P (197, 1) Ao = 12N, = Sp[b, o] = Sp[dhs Ny] - (2.8)

We stress that this is essentially dimensional analysis, not a a true invariance of the theory, because the
actions above are evaluated at different values of the coupling.



For € > 0, using analytical continuation when needed, the correlation functions of the theory are finite
order by order in the perturbative expansion, and they display the following behaviour under rescaling
(we denote the arguments of the correlators collectively by 7, x):

[[deple 1002l gy (11, 21) ... P70, 21)

_ Ay () ¢ —e/2
[[dp]e=Ss1év20] = 1" (107, 1172 )) (2.9)

F™(r,2|\) =

Equivalently, the bare correlation functions respect the differential equation:
€
nlg— 50, +¢Dr + Dy F™(r,a|h) =0, (2.10)

where D; = ). 7,0, is the time and D, = ), ¥ Oy the space dilatation operator. Formally, the bare
correlators are eigenfunctions of the anisotropié dilatation operator (D, + D, in the marginal ¢ = 0 case,
and slightly break it in the weakly relevant case.

This is however formal because, as usual, the bare correlation functions display poles in 1/e which we
will eliminate by passing to renormalized ones.

The effective action. One often considers the effective action of the model, that is minus the generating
function of amputated one-particle irreducible (1PI) correlators. For the bare theory this writes (somewhat
formally):
e Tol®] — dy e S Pote] (2.11)
1PI

The transformation of the bare action under scaling implies that:

INALAPYY = Tp[®yN] (2.12)

By=120 @) (IS7,la); Ny =1¢/2 N,

and it follows that under a rescaling the bare amputated 1PI correlators behave as:®

Ty (7, 2|Ap) = 1MCH AT (167 12172 Ny) |
[n(( td—Ay)— %Aba% + (D, + Dw} T (7, 2|A) = 0. (2.13)
In momentum space the scaling transformation becomes Fl()n) (w,p|Xp) = l_”A¢Fén) (1=Cw, I7p|1=¢/2 ),

but we note that there is one subtlety: this scaling relation concerns the full n-point amputated correlators.
Such correlators contain a global conservation of momentum and frequency:

T (@, plA) = 603 w)s(> " p) T) (w,plAs) |
T8 (w, pl o) = 1H 2T (17Coo 171 p[1m /2 ,) | (2.14)

where we denoted T'™ the momentum space n-point kernels of the effective action.®

SWe use [ drdz y(r,2)" T\ (1,2 Ae) = [ dr'da’ (1726 @y (157,17 2"))" T (77, 2/ |1=</2 M),

SIn order to underline the distinction between I'™ and T'™ observe that for an isotropic long range free theory we have
the two point amputated correlator T'® (p, ¢) = p**8(p + q), d = 2¢ + 2A,, which obeys the scaling law [ =22 [172p?¢5(I 1p +
171q)] = p**6(p + q), while f<2)(p) = p*® obeys the scaling law 1972%¢ (172¢p%¢) = p?¢.



The one loop order. At one loop order, denoting x = (7, z) and dx = drd?z, the bare effective action
is expanded in powers of the field as follows:

2
Tp[@p] =Sp[Pp] + z% /dx Oy (x)C(0) + % /dxdx’ By (x)Py(x') O (x — x')?

. (2.15)
—gy /dxdx’dx” (%) @y (x) B (x")C(x — x)O(x' = x")C(x" — x) + O(@") .

The 1PI bare two and three point functions in momentum space, where we factored out the global mo-
mentum and frequency conservation, are at this order:

_ 1
Fl(,Q) (wo,po) = wi + (P§)° + 5)\% B(wo, po) Fl(,3) (w1, p1; w2, p2) = 1\ — 1A T (wi, pr;w2,p2) ,  (2.16)

where B and T are respectively the bubble and the triangle diagrams depicted in Fig. 1 with amplitudes:

Figure 1: Left: bubble diagram B(wg, pg). Right: triangle diagram T (w1, p1;we, p2).

[ d% dw 1 1
B(wo, po) = / (2m)d+1 W2 4 ()¢ (wo +w)? + [(po + ¢)2¢

T(Wlap1§w27p2) =

B / diq dw 1 1 1
) @mE w4 (@) (w1 w)?+ (o1 + @)% (w1 F w2+ w)?+ [(p1+p2+ @)FC

where we have labelled all the momenta as incoming.

. (2.17)

Power counting. At arbitrary orders, the effective action writes as the sum over 1Pl amputated Feyn-
man graphs with amplitude:

1
Alwg, qr) = /HdeddQL H m ) (2.18)
L e e e

where ¢, wy, are the independent loop momenta and frequencies, g.,w. are the momenta and frequencies
of the internal edges, that is linear combinations of loop momenta and frequencies and external momenta
and frequencies qg,wg. Note that we have factored a global conservation of frequency and momentum.
The power counting of a graph with P propagators (edges), V vertices and n external points is obtained
by taking gz, ~ A and wy, ~ A¢, leading to AATOP=V+D)=2CP = Taking into account that 2P = 3V — n,
this is:
AFHC(AHQOVHEA=OP _ AdH(=5([d=O)+V(5-5C) (2.19)

which for ¢ = % becomes A%©6~2" We conclude that, at e = 0:



e vacuum and one-point graphs (n = 0,1) are power divergent: the vacuum graphs play no role and
the one-point graphs are not 1PI, except for a generalized amputated tadpole. A linear counterterm
will be added in order to cancel this term and ensure that & = 0 is a stationary point for the effective
action.

e two-point graphs (n = 2) are power divergent, A(wpy) ~ A%, and 3w3./4(w0) ~ A is logarithmically
divergent. Two counterterms bilinear in the field will be added in order to subtract the divergent
parts.

e three-point graphs (n = 3) are logarithmically divergent. A cubic counterterm will be added to
subtract their divergent part.

Observe that, as long-range models do not exhibit a wave function renormalization,” the coefficient of
the (p2)¢ term in the two point function is not divergent.

Renormalization. In order to subtract the divergences we consider the renormalized action

S,[¢] = /dedl’{;(f)(T, ) [(—82)C -z aﬁ} (1, x) + 6k (T, 2) + %577124 o(r, )% + %A o(r, g:)3} , (2.20)

and the associated renormalized correlators for the renormalized field ¢.

We will parameterize A = ,u,% 9Zg4, with g the dimensionless renormalized coupling and Z, a multiplica-
tive renormalization factor. The renormalization functions Z = 1+ 6Z(g), Z; = 1 + §Z,4(g) and 6m?**(g)
and 0k(g) are chosen so as to ensure that the renormalized correlators have no divergences. The precise
form of the counterterms depends on the renormalization scheme. For example, we could fix them by
imposing four BPHZ-like renormalization conditions, one for each class of divergent graphs. However, as
usual for a massless theory, such conditions must be imposed at a nonvanishing subtraction momentum
scale p. In this respect, we note that it is more practical to chose a configuration of external momenta in
which the spatial momentum is set to zero and the external frequency acts as cutoff:®

=0, TP0,0=0, 9,07 0=1, T, 0;-(1+0)u,0)=wpig. (2.21)

The constant ¢ should be chosen so that the configuration is nonexceptional [41], in our case meaning
¢ # 0, and it is otherwise an arbitrary choice of the renormalization scheme, not affecting any observable
quantity, such as the critical exponents. However, at one loop we encounter no problem at ¢ = 0, and as
calculations are easier in this case, we will make such exceptional choice in the following.

The first two conditions are automatically guaranteed in analytic regularization, because the propa-
gator being massless, the amplitudes of the corresponding diagrams give pure power divergences (in the
momentum cutoff), which are set to zero in analytic regularization. With other choices of regularization,
we would instead fix dm?¢(g) and 6k(g) so as to completely subtract the power divergent amplitudes.
Either way we can safely ignore them from now on.

The remaining two conditions require in general subtractions of both divergent and finite terms. In min-
imal subtraction we instead only subtract the divergent parts, hence 8w3f£2) (1€, 0) and fq(ng) (1€, 0; —pS, 0)
will be more complicated functions of the renormalized coupling, but the structure of counterterms and
renormalization group functions is simplified. In the following we will use minimal subtraction.

“In order to separate the divergent part of a graph we Taylor expand it at small momentum; but in a Taylor expansion
only the integer powers of the momentum appear, hence the divergences are subtracted by counterterms for bilinear operators
with an integer number of derivatives ¢(—08%)"¢.

8Due to the anisotropy of the problem, it is not obvious that this choice will prevent infrared divergence at all orders, but
we conjecture that it is true.



We go to the weakly relevant case ¢ = % and compute the amplitudes in analytic continuation in e.
Besides setting the power divergences to zero, this has the effect of converting the logarithmic divergences
in poles in % Although € is now to be kept finite, the same renormalization procedure as for the e = 0
theory is to be carried out, as otherwise we would not be entitled to trust the small e expansion. In
minimal subtraction the counterterms §Z(g) and Z,(g) are series in 1/e (that is they have no finite part)

which are tuned so that the renormalized correlators have a well defined € — 0 limit:?

i7(9) = 3. 29D 57,9 = 321D (2.22)

€
0>1 0>1

The coefficients ay(g) and v,(g) are power series in g, starting at order ¢?*,'° with finite coefficients

independent of € or p.
The counterterms are treated as additional vertices 6Z(g) and 6Z,(g), and in the presence of such
vertices the renormalized two and three point 1PI functions write at first nontrivial order in g as:

L (wo, po) = [L+0Z(g)] w§ + (§)° + 9 Blwo. po) , (2.23)

f‘7(~3) (wi,p1;w2,p2) = ’LME/QQ[I +624(9)] — w*?g® T (w1, pr;w2, p2) -

Note that B, T, and all the other graph amplitudes arising in these expansions are computed with
the bare propagator w? + (p?)¢. The point is that the bare expansion generates divergences and these
divergences are subtracted order by order by adding the counterterms: there is never any reason to
compute amplitudes of graphs using the renormalized propagator [1+6Z(g)] w?+ (p?)¢. Indeed, using the
renormalized propagator corresponds to resummations of infinite families of bare graphs with arbitrary
insertions of the counterterm vertex 6Z(g) on all the edges.

For the bubble and the triangle graphs we have the following singular behaviour:

b t
8,2B(1,0) = —p~ - + finite , T (6, 0; —pb,0) = p - finite (2.24)

where b and t are given in Appendix A, hence the minimal subtraction counterterms that ensure that the
one-loop divergences are subtracted are:

[N
(DR~
<%
N
—
s
SN—
Il
s}
[N
a |+

(2.25)

Renormalized theory from the bare theory. Up to terms which we can ignore, the renormalized
theory is described by the action:

Slo] = /dedx{;gb(T, x) [(—GQ)C — Z@Z} o(1,z) + z;\!d)(r,x)?’} , (2.26)

and maps onto the bare one by a field redefinition and change of couplings:'!

d(r)=Z igp(Z 2r,2), AZi=X = S\ Z] = Slén N - (2.27)

9In practice this is enforced at a renormalization point, as above, but once the pole is taken out in such a way, the
correlators an) (w,p) have a well defined € — 0 limit for arbitrary external frequencies and momenta w, p.

10Th order to show this, first one notices that order-¢ poles appear first at £ loops, which in turn can for example be derived
by the finiteness of beta function and anomalous dimension, as in [42]. Next, remembering that for an n-point graph with P
internal propagators, V vertices and ¢ loops we have the relations 3V =2P+nand =P -V 4+ 1, we find V =20 +n — 2,
from which, choosing n = 2 and 3 and remembering that vertex counterterms are multiplied by an extra factor of g, our
statement follows.

H1n fact, because of the scale invariance of the free theory, a one parameter family of mappings onto different bare theories
exist, involving a rescaling also of 7 and x:

o(r,z) = Z—i+aA¢¢l(71)(Z—§+<aT’ 7%) )\Z—i—(dﬁ—s%)a _ Aéa) Slos A, Z] = Sy l(7a)7)\l(7a)] )



The renormalized correlators are related to the bare correlators by:

d(;ﬁ]e_s(‘b) O(11,21) .. &(Tny Tn)
[ldgle=5()

and we note that, contrary to the more familiar isotropic case, one needs to rescale the time argument
with an appropriate power of Z.

One computes the renormalized amputated 1PI correlators of the theory using the renormalized action
S[¢], or by a change of variables in terms of the bare one:

FO(r, 21, 2) = =77 (72 5 h271), (2.28)

e Trl®l :/ dy e S®teidZ] / dp e_S”[q)”‘p;’\Z_%] , O(r,x) = Z_i(I)b(Z_%T, x), (2.29)
1PI 1PI

that is the relation between the bare and renormalized effective actions reproduces the relation between

the classical actions, I',[®|\, Z] = Fb[q)b\)\Z_in) (ra) =2k 6(21 2 r0) This implies that the amputated
p(T,x)= T,%

correlators transform like:!2

T (7, 2|), Z) = 25T\ (Z 27, 2[AZ 1) | (2.30)
or in momentum space:
T (w,pl\, Z2) = Z3T) (Z2w,pP271) . T (w,p|\, 2) = 25730 (Z2w,p]AZ77) . (2.31)

As a sanity check, we can compute the amplitudes of graphs reorganizing the renormalized theory, that
is including the full coupling Z in the propagator. The amplitudes of amputated graphs contributing to
the renormalized amputated correlators write as:

- 1 wpmh 22 PV
Awe, qp) = /HdeddpL 11 72+ () —_—t <Z 1/2> A(ZPwp, qp)
L e e e

(2.32)
1

_ —V/4+n/4—1/2 1/2 = ¢

=z VI A N (72 0 qE) A(WE’QE)_/I;IdedpLE[wgJF(Pz)C7

with A(wg, ¢r) being the bare amplitude with Z = 1. Since each such amplitude is multiplied by AV, we
recover the above relation between bare and renormalized proper vertices:

T (wp, gul\, 2) = 2572 T (212w, gu| A2 1/Y) . (2.33)

We note that, contrary to the more familiar isotropic case, the relation between the bare and ren-
romalized versions of the general correlators and of the amputated one particle irreducible ones is the
same.

We can interpret this as a family of renormalization schemes, which is more evident if we keep fixed the bare coupling.
Remembering that d + ¢ — 3A4 = €/2, only the a@ = 0 scheme corresponds to a true minimal subtraction, in the sense that

the relation between A and ), does not involve finite redefinitions of the coupling, A\, = pu/2g (1 +> 1 ﬁ’;ff”). For o # 0,

the expansion in powers of g of the factor Z~¢/2

that are finite or vanishing in the ¢ — 0 limit.
2We use [ drdz ®(r, 2)" T (1, 2|\, Z) = [dr'da’ (Z%‘I)(Zl/27'/7$l)) 1",()") (Tl,l'l|)\27%) and change variable.

leads to positive powers of € that introduce in the above relation new terms



(n)

The renormalization group flow. The renormalized correlators Fy' (7, z|u2 9Zg4, Z) are functions only
of g and p (and of course 7 and z) and are free of divergences. To emphasize this fact, and to follow common

practice, we will write the renormalized correlators as F,gn)(T, x|g, p), with a slight abuse of notation. In
terms of such new notation, we rewrite equation (2.28) as:

F™(ralg,p) = 2 5™ (2 57 a|p2 92,27 7) (2.34)

where at fixed g and € > 0 both the renormalized and the bare correlators depend on u via the explicit
combination on the right-hand side of the equation. At e = 0, due to the poles in 1/¢ of the bare correlators
and renormalization functions, a logarithmic dependence on pu survives.

The renormalization group is designed to capture the u-dependence of renormalized correlators for a
fixed bare theory, and it does so with the introduction of beta function and anomalous dimension. The
beta function 5 = ,uj—z is obtained by tuning g with p so that the bare coupling stays fixed:

d € _1 59
pe [Wgzgz 4} =0 = B@=-——a (2.35)
H 1+QZ75 — 2197

where a prime denotes a derivative with respect to g. Using the expansion (2.22) in powers of 1/e for the
counterterms, we find

2 /
€ g ’ ! (9)
__ ¢ 9 _ 2.

Blg) =59+ <71(g) 1 ) ; (2.36)
and all the contributions from «,, and ~, with n > 1 as well as higher powers of the n = 1 terms, must

cancel for consistency. At one loop we have ay(g) = 192 b and v1(g) = g t hence we get:'?

€ b

Blg) = —59+4°(t— )+ 0(g") , (2.37)

Such beta function has a zero, i.e. a fixed point, at (note that ¢ = 3b according to Appendix A):

& —2‘”5 d/ﬂ/er (2.38)

which is infrared attractive, as the corresponding correction-to-scaling exponent is positive:

9gB(9)lg=g~ = € - (2.39)

For the anomalous dimension 7 = u% InZ = 3Z']Z, at one loop we find n = —g?b, which at the fixed
point becomes:

N eb de
N = 2t—g =—23" (2.40)
The Callan-Symanzik equation encapsulates the change of the renormalized correlators with the renor-
malization scale. It is obtained by taking into account that the bare correlators do not depend on the
renormalization scale, - F( (T,.Z'“L%ngZ_i) = 0, and using (2.34). Due to the time rescaling be-
tween the renormalized and the bare correlator, one gets an additional term with respect to the usual
Callan-Symanzik equation:

d 1
M@Fr(”) - —%n F{ = SnDeF™ = |, + B0, + %n + gDT] F™ =g (2.41)

where D = ). 7;0;, is the time dilatation operator. We note that, contrary to the isotropic case, one gets
the exact same form of the Callan-Symanzik for the one particle irreducible amputated correlator.

'®In the a-dependent scheme of footnote 11 we would obtain 8 = —£g + g°(t — b(1 + 2ec)/8). The scheme dependence of
the one-loop term is not surprising as it is scheme-independent only in the marginal case, ¢ = 0. The critical exponents are
instead a-independent, as they should.

10



Lifshitz scaling at fixed point. In order to understand the behaviour of the renormalized correlators
(amputated or not) under rescaling we combine Eq. (2.34) and Eq. (2.9) to conclude

F"(1,2lg, 1) = " FM (167, Ll g, 17" ) (2.42)

which again is just a statement about engineering dimensions. In order to deduce scaling dimensions, we
act on both sides with the derivative [ %, evaluated at [ = 0, and we combine it with the Callan-Symanzik
equation, obtaining:'4

nAy+ Dy + Dy — 0, | F™ =0 = [n(Ay+ g) +(C+ g)DT + Dy + B, E™ =0.  (2.43)
At the fixed point, the correlators are eigenfunctions of the anisotropic scaling operator zD, + D,, with
the following dynamic exponent and scaling dimension:

e d 13e
(2.44)

That is, they have the following Lifshitz scale invariance
F (7, 2] ge, p) = 13 B (P, L] gy 1) - (2.45)

For example, at n = 2 the solution of the fixed point scaling equation is:

_oA. 72
B roslgeo ) = b 22 () (240

where the function f(u) is regular in zero and vanishes at infinity as uw2+/% and otherwise it is com-

pletely unconstrained. The explicit factors of p in (2.46) are there to make it compatible with canonical
dimensional analysis, summarized in (2.42), but play no role for the more interesting scaling given by
(2.45).

In order to compare to existing literature on Lifshitz field theories, it is instructive to repeat the above
analysis for the proper vertices in momentum space. Recalling that the renormalized vertices are written
in terms of the bare ones as

T (w,plg, 1) = 23Ty (22w, pluigZ,275) | (2.47)
we deduce the Callan-Symanzik equation:
1 n n -
[Mau + B0y + (5 - Z)” = Qw&u] 0" (w,plg, p) = 0. (2.48)

Dimensional analysis gives instead
T8 (w, plg, ) = 1A 20T (1w, 1 plg, ) (2.49)

which combined with the Callan-Symanzik equation leads to
[(C +d=nly) = (Dy — Dy — uf?u] T (w,plg, 1) = 0

(2.50)

= erds D n@o+ D - (€ DD, - Dyt 90, EV wurig ) =0

!Taking into account that the amputated correlator changes under rescaling according to Eq. (2.13), an equation similar
to Eq. (2.43) with Ay replaced by d 4+ ¢ — Ay holds in that case. The two equations are consistent as d + ¢ — Ay + 1 =
d+(C+3) = (Do + 1)

11



For n = 2, at the fixed point, this becomes:

[QC — 2D, — Dp] T (w, plge, 1) =0, (2.51)

whose solution is )
T (w, plge, ) = [p|* (“) , 2.52
(w, plgs, 1) = [pI™ f s (2.52)

where the function f(u) is regular in zero and blows up at infinity as u¢/#. Therefore, we have

—~

r
r

(0, plgu, ) ~ [p|*¢ = [p|* "¢
2 (w, 0] e, p) ~ w2/ = W

<

(2.53)

<~

where we introduced the standard definition of correlation exponents 72 and 7y¢, for which we read off:

2¢ Tlx
=2-—==—" =0. 2.54
72 > C'+’W*/2 ) N2¢ ( )

Lastly, we obtain the following expression for the dynamic exponent:

2 —
I Sl (2.55)
2—mn
which holds also for integer values of ¢ > 1, but with a nonvanishing 7.
As a final remark, we notice that for integer (, besides the additional counterterms that need to

be introduced, a different renormalization scheme is typically employed [25,26], in which the bare and
1

renormalized fields are simply related by ¢(7, x) = Z;§¢b(7, x), with no rescaling of 7. However, a further
rescaling is later performed on ¢ and x in order to remove the redundant coupling associated to the spatial
higher-derivative operator (o in the notation of [25,26]). It can be shown that the net effect of such
operations corresponds to the choice & = 1/(2(¢) in the a-dependent scheme of footnote 11. Therefore,
universal quantities are not affected by such choice.

3 The quartic model

The results generalize mutatis mutandis to a model with quartic potential:

1 A
silon) = | dmdm{Qqﬁb(m) (=09 = 2| ou(r,a) + 4‘,’(%(7,@4} , (3.1
While the field dimension is still Ay = %, the coupling has dimension d+( —4A,. Therefore, the quartic
interaction is marginal for { = % and weakly relevant for { = dg'e, corresponding to d + ¢ — 4Ay4 = e.

Therefore, in order to have an interesting renormalization group flow, and keep ¢ < 1, we must stick to
d < 3.

We can rephrase the statement about marginality from the point of view of power counting, which leads
like before to the superficial divergence AATOE-VHD=2P = However, this time we have 2P = 4V — n,
and thus the superficial divergence is A<= (@=O+V(@=30) "which for ¢ = % becomes A§(@—m)—e(V=252),
Therefore, for ¢ = 0 the theory is renormalizable, with logarithmically-divergent four-point point graphs,
while for € > 0 it is super-renormalizable, with finite four-point graphs.

The bare full correlators and the bare 1PI correlators behave under rescaling as:

F™ (7, x|h) = "2 FM (7, 1all7N) , |ndg — e\, + CDr + Dy | F (7,2 0) = 0, (3.2)

12



Figure 2: Left: melon diagram M (wg, po). Right: bubble diagram B(w; + wa, p1 + p2).

T (7, | ) = 172D (8 1017 n,) | (¢ +d — Ag) — €MDy, + CDy + Do [T (7| 0) = 0.

Due to Zs invariance of the model, only the correlators with even n are non-vanishing. For the n = 2
and 4 correlators in momentum space, with the global momentum and frequency conservation factored
out, we have at one loop:

_ 1

L (wo,po) = wf + () = 577 M(wo.po)

— 1

Fz()4)(w1,p1;w2,p2;w3,p3) =\ — 5/\2 (B(M + wa, p1 + p2) (3.3)
+ B(w1 + w3, p1 + p3) + B(wz + ws, p2 +p3)) )

where M and B are respectively the melon and the bubble diagrams depicted in Fig. 2 with amplitudes:

M(w )_ / ddql dw1 / ddQQ de 1 1 1
ORI @ | 2o W+ (@) 0 +()C (wo +wi +w2)? + [(po+ a1 + a2)2C
d%q dw 1 1
B = . 3.4
@)= [ @ P (X (oL WP+ [0+ 07K (34

As renormalization point we will take (wy,p1) = (w2,p2) = (w3,p3) = (1¢/2,0) and (wy,ps) = (—345,0),
so that wi +wy = w1 + w3 = Wy + w3 = uc and Ziwi =0.

Notice that the bubble integral is exactly as the one we encountered for the two-point function of the
cubic model, but in the present case it is to be evaluated in a different range of ¢, and it is now associated
to a four-point function. The net effect is that in the quartic model we are not interested in awgB(,uC, 0),

which in this case converges for € — 0, but rather in B(u¢,0) itself, which has a 1/e pole.
The renormalized action is:

siiel= [ dedx{;gb(T, 0) [(~0%) ~ 2 82) ol ) + Som™ o, + A6 x)4} L (35)

with A = u¢gZ, and counterterms 6Z(g) = Z — 1, §m* and 6Z,(g9) = Z, — 1. We will again employ
analytic regularization and ignore the mass counterterm. For the other two counterterms we have, in the
minimal subtraction scheme, an expression like (2.22), where however the coefficients ay(g) and ~¢(g) are
now starting at order ¢‘*! and g‘, respectively.'®

15Tn this case order-£ poles appear first at £+ 1 loops, for 9,2 f(Q), and at £ loops, for 1;,()4). Moreover, the topological relation
is now 4V = 2P + n.
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The renormalized 1PI two and four-point functions write at first nontrivial order in g:

=i

1
3 (wo, po) = [1+6Z(g)] wi + (P})° — 6#2692 M (wo, po)

_ 1
F£4) (w1,p1;w2,p2;w3,p3) = Meg[l + 5Zg(9)] - 5,“2692 (B(wl + w2, p1 +p2) (3'6)

+ B(wi + w3, p1 + p3) + B(wa + ws, p2 +P3)) ,

with singular behaviour:
M B
0,2 M(u,0) = —p 2 — +finite,  B(u°,0) = p~— + finite , (3.7)
€ €
with B and M given in appendix A, hence the minimal subtraction counterterms that ensure that the

divergences are subtracted are:

1 M
6Z(g) = 6 92 = 5Zg(g) =

B (3.9)

The renormalized theory maps onto the bare one by the following field redefinition and change of
couplings:

$(r,x) = Z7igy(Z T x),  AZTT =Ny (3.9)

The structure of the beta function is slightly altered with respect to the cubic case:

d _1 €g Z'
pe [;nggZ 2} —0 - B=— e 1=P5 (3.10)
a Lt97 — 397

where again a prime denotes a derivative with respect to g. Using the expansion (2.22) in powers of 1/e
for the counterterms, we find

2 /
€ g / a4(9)
- __ . — 3.11
Blg) =59+ 3 (71(9) 5 ) ; (3.11)
and all the contributions from «,, and =, with n > 1, as well as higher powers of the n = 1 terms, must
cancel for consistency. At leading order we have a;(g) = —% g> M and y1(g) = % g B, hence we get:'0
3 9 3 L 3
Blg)=—eg+59°B+0(g") . nlg) =39 M+0(g"), (3.12)
: : 2¢ : : 42 M
with fixed point g, = 55, and anomalous dimension 7, = 5757

The renormalized correlators write in terms of bare ones as:
F,S")(T,x\g,u) = Z*%Fb(n)(Z*%T,xmengZ*%) , (3.13)

and hence the Callan-Symanzik equation is unchanged. In particular, we find again

n(Bg + 1)+ (C+ 9 Dr + Dy + B0, | F™ = 0. (3.14)

The melon contribution, corresponding to a two-loops diagram, does not enter the beta function in our leading-order
approximation: it would contribute at order g%, together with contributions from two-loops four-point diagrams. It is common
to consider a strict one-loop approximation, so that the anomalous dimension is vanishing; however, because of such vanishing,
it is also consistent to consider 3(g) and 7(g) at the same order in g, as we do here, rather than at the same loop order.

14



Recalling that Ay = %, we conclude as in the cubic case that at the fixed point the correlators are
eigenfucntions of the anisotropic scaling operator zD, + D,, with the following dynamic exponent and

scaling dimension:

N 2¢2 M
Z:<+777:d+e+67’
n 2d—¢ €M '
A, =A == —
s =80ty 6 a7

with the constants B and M given in (A.6) and (A.19), respectively.
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A Integrals

A.1 The bubble integral, B
The bubble integral writes:

B d%q dw 1 1
S0 m) = | Gl T @ T T A

The integral is in general quite challenging, but when py = 0 one can integrate w by deforming the
contour in the complex plane and using the residue theorem, and then use the spherical symmetry of the
spacial momentum integral to obtain:

C_3

[t @ o
Bluo,0) = / (2m) 4 4(¢?)¢ +wg (477)%1“(% Ccos(%) ' (42)

Calloy

In the evaluation of the spatial integral we have assumed ¢ € (d/3,d), where it is convergent. Analytic
regularization amounts to analytically continuing the result to the region of interest.

In the cubic model we are interested in 0 < (—d/5 < 1. In order to extract the coefficient b of equation
(2.24) we take a derivative with respect to wg, and set wyg = uS and ¢ = %. We find:

0.2B(1i6,0) = 2t +o(1) (A.3)
w% :U’ 9 - ,U, EF (%) bl .
and therefore
9-d=37—%
b= e (A.4)
r'(3)

In the quartic model, we are instead interested in 0 < (—d/3 < 1, which lies in the range of convergence.
In this case, in order to extract the coefficient B of equation (3.7) we do not take any derivative, and we
directly set wy = p¢ and ¢ = %. We find:

T2
Bu.0) = 2T o). (A5)
el (%)
and therefore
9-d-lp—%
B = — = 4b . (A.6)
r'(g)

A.2 The triangle integral, 7

The triangle integral at the subtraction point writes:

dwddq 1 1
€,0;—uc,0) = : A7
T(p", 05—, 0) /(271.)d+1 W2 + (@2 (w+ 192+ (¢2)° (A7)
Using again the residue theorem we find:
_ d _1_d+1) _
T (4. 0: 16, 0) :/ dq ¢~ (12¢% +p*) _ w' 22T (d - 20)ut (A8)
o ’ (2m)? 4 (492 + M2C)2 ¢?r (%) cos (g—g) ’
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where the spatial momentum integral is convergent in the interval ¢ € (d/5,d/3), which includes ¢ = 4£€.

5
For small € we find: .
¢ ¢ I
T(po,0;—p0,0) = p 3F7d+0(1)a (A.9)
e (3)
and therefore, the coefficient ¢ of equation (2.24) is:
2—d—3 -4
t=32 T " _3p. (A.10)

r (%)

We can also verify that the above result is independent of the choice of ¢ in (2.21). For general ¢ we
have:

dwddq 1 1 1
Cr T T (@) (o i+ (@) (w0 — a2+ (@)F

T (1, 0; = (14 €)s,0) = / (A.11)

The integration of the frequency can be performed again by residue theorem, and the remaining integral
in spherical coordinates is

T(u, 05— (1 +c)ut,0) =

9l-d -4 400 3 g ¢ 12q2C 4+ (14 c+ )

™
r'(3) g%+ p29) (4g% + 2p) (4% + (L + ¢)?p)

which we could not evaluate explicitly. However, we can extract the 1/e pole by the following reasoning.
The integral is convergent for ¢ € (d/5,d). At ¢ = g, it is logarithmically divergent, and as it does
not contain sub-divergences, in analytic regularization it diverges as a simple pole in €. Moreover, the
coefficient of such pole does not depend on the infrared regulator. Since the ultraviolet divergence that
generates the 1/e pole arises at large momenta, we can set ;1 = 0 in the integrand and compute the integral

with a sharp cut-off instead to extract the universal coefficient of the ¢ pole. We find as before:

- d
2—d=3773

T (e, 0;—(1+c)ps,0) = p~ 3 =————
el ()

+0(1). (A.13)

A.3 The melon integral, M

The melon integral writes:

ddq1 dwl/ddQQ dwz 1 1
M(wp,0) = , A.14
0= [ Gt | Gt @ 3 @ e e a0

which becomes, using the Schwinger parametrization:
ddql dwl ddQQ do.)g Fo0
M(wo,O)—/ (2ﬂ->d+1 / (27r)d+1 /0 daldagdag
« e~ (Wi H(a])%)—a2(w3+(g3) %) —as((wotwi+w2)? +[(q1+42)*]¢)
diq [ d%q [* (A.15)
= dadasgd,
/ <27r>d/ (2W)d/o e

_ a1a2a3w(2)
a1a2+alo¢3+a2a3
% e—a1(a))—az(a3) —asl(a+2)?¢ ___©

47T\/()é1042 + a1a3 + a0 ’
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Next, taking the derivative with respect to w% and setting the latter to zero, we obtain

ddq1 ddq2 +o00
(()ng./\/l(O7 0) = —/ an)1 /qQZ;L an)! /0 daidosdas

lg1|=p
x e—o1(af) —a2(a3)  —as[(q1+42)*)

(A.16)
1003

47T(Ck10¢2 + aras + a2a3)3/2 '

The subscript on the momentum integrals signals that, as we have set wg = 0, the integral is infrared
divergent and needs a cutoff y. As we are only interested in the leading ultraviolet divergence, the precise
form of the infrared regulator is irrelevant.

In the sector ag > a1, a2, we make the redefinition a; = t;a3 for ¢ = 1,2, and integrate over ag. Taking
into account that we have 3 sectors, we obtain:

tito
(t1 + to + t1t2)3/2

1
8w2/\/l(0,0):—3/ dtydts

0 27T 0
(A7)

diq digy 1
g /|ql>u (2m) /q2|>u (2m)d (t1(q})¢ + t2(g3)¢ + [(q1 + q2)2]¢)%

In order to extract the residue of 1/e pole we use the following strategy. For d > 1, we go to spherical
coordinates and integrate out the angular coordinates, except the angle between ¢; and g2, which we
denote 6. Then, we define a vector with the moduli of ¢; and ¢ as components ¢ = (|¢1],|g2|), and we
switch to polar coordinates ¢ — (p, @), with p = |¢| and ¢ € (0,7/2). We get:

3531842 /1 tito /00 pld-1
9,2M(0,0) = @m2t dtdts Gt 6 ) dp= 5z
X /7r de /ﬂ/z dp sin?=2(#) sin? 1 () cos? () (A.18)
3
’ 0 <t1 (C052(90))C + to (SinQ(cp))C + [1 + 2cos(9) sin(yp) cos(@)]c)

where S, is the volume of the n-sphere.
—2e

The integral over p is convergent for ¢ = % > d/3 and it has a 1/e pole, f;%ﬂ piTE = A It
follows that the coefficient M in Eq. (3.7) is:

35,1549 /1 tito
M = 22d=1Pd=2 [ gt
2027241 Jo TR by o )32

7 /2 Sind_Q(H) Sind_l((p) Cosdfl(go) (A.19)
. /0 d9/0 d 2 \4/3 L 90 \\d/3 - da/3\*’
(tl (cos2())™° + to (sin®())™" + [1 + 2 cos(8) sin(p) cos(¢)] )

and the remaining integrals are convergent and can be evaluated numerically.
For d = 1, there is no angular integration for the two momenta, and performing directly the change of
variables (q1,q2) — (p, ¢), where now ¢ € (0,27), we get:

— 3/1 dtydt tity
T 202m)3 Sy T (b 4t + titn)32
. (A.20)

2
X / d¢ 1/3 . 9 1/3 . 1/3\2
O (ta(eos2(9) + s (sin®(9)) 7 + [1 + 2sin(p) cos()]°)
A numerical evaluation with 1% precision gives:

319 % 1074 ford=2

~ ) A.21
{2.66 x 1073 ford=1 ( )
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