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1 Introduction

Consider a space and time fractional Bloch-Torrey equation (see, e.g., [24, 137, 39]), which is a

non-local evolutionary equation with weakly singular kernels as follows
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where I'(+) is the Gamma function, 0 < « < 1, f and 9 are both given functions; the boundary
of Q1is 0Q); Q = Hl 1(@s,a); x = (x1,22,...,24) is a point in R%: for i = 1,...,d, ¢; are
positive constants; 86‘;:7_(;;;5) is the Riesz fractional derivative of order f; € (1,2) with respect

to z; defined as

. (1.2)
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Since the analytical solution of (I.IJ) is usually unavailable, discretization schemes are pro-
posed for numerical solution; see, e.g., [1,13,15,19,12, 128,130,133, 34, 138, 40]. Due to the nonlocal
properties of the fractional differential operators, linear systems arising from these schemes
are usually dense, which makes direct solvers like Gaussian elimination time-consuming and
thus impractical to use. Fortunately, due to the shift-invariant kernel involved in the fractional
differential operators, the dense matrices have Toeplitz-like structure, whose matrix-vector
multiplications can be fast implemented by fast Fourier transforms (FFTs). Based on the fast
matrix-vector multiplication, iterative solvers are developed for solving the linear systems.

The solvers for the linear systems are mainly classified as two types: time-stepping type and
all-at-once type. The time-stepping solvers solve the linear system in a time-sequential manner
(i.e., the unknowns at n-th time level have to be computed before computing the unknowns
at n + 1-th time level). For time-stepping type solvers, one may refer to [2, [15, [18]. The
all-at-once type solvers aim to solve the time-space linear system and update the unknowns at
all time levels in a parallel manner; see, e.g., [11, 19, 135, 136]. Recently, new all-at-once type
methods are studied in [21,137], in which two-sided preconditioning techniques are studied for
time-space linear systems arising from time-fractional diffusion equations. In the two-sided
preconditioning method, the spatial discretization matrix is approximated by a 7-matrix (i.e.,
a matrix is diagonalizable by sine transform, see, e.g., [14]) and the temporal discretization
matrix keeps unchanged. Then, an inverse of the square root of the 7-matrix is spitted from
the 7-matrix approximation matrix as the right side preconditioner and the remaining part

is taken as the left preconditioner. This is the so-called two-sided preconditioning method.



The condition numbers of the two-sided preconditioned matrices are proven to be uniformly
bounded by constants independent of discretization step sizes; see, e.g., |21, 37]. Numerical
results in [21, [37] have shown the efficiency of the two-sided preconditioning method in terms
of small and stable iteration numbers.

Nevertheless, we find that the two-sided splitting is not necessary. In this paper, we show
theoretically that the GMRES solver for the single-sided preconditioned system converges no
slower than the GMRES solver for the two-sided preconditioned system.

Compared with the two-sided preconditioned system, solving the problem on the single-
sided preconditioned system has two advantages: (i) computing the matrix-vector product
associated with the single-sided preconditioned matrix requires less operations and is easier to
implement (i.e., the code is simpler); (ii) the single-sided preconditioning is more flexible in
the sense that the 7 matrix can be replaced by other spatial approximations without a fast
computable square root.

Indeed, the numerical results in the later section further show that the single-sided pre-
conditioning method is more efficient than the two-sided preconditioning method in terms of
computational time and iteration numbers, which supports our theoretical results.

The contribution of this paper is twofold. Firstly, we significantly modify the two-sided
preconditioning method by simplifying it to the single-sided preconditioning method that is
easier to implement and requires less computational time. Secondly, the paper is not just fo-
cused on a single spatial discretization scheme. Actually, the theoretical results are established
on common properties shared by several spatial discretization schemes. Hence, the proposed
preconditioning method can be used to efficiently solve several discrete problems arising from
several spatial discretization schemes in the literature, which demonstrates the range of its
applicability.

The paper is organized as follows. In Section 2, the discretization of (LI]) and the cor-
responding linear system are presented. In Section 3, the 7-preconditioner is proposed and
the convergence behavior of the GMRES solver for the preconditioned system is discussed. In
Section M a fast implementation of the matrix-vector product of the preconditioned matrix
is presented. In Section [, numerical results are reported for showing the performance of the

proposed preconditioning method. Section [ gives a conclusion.

2 Discretization of Eqn ([LI) and the time-space linear system

For any nonnegative integer m, n with m < n, define the set m An := {m,m+1,....,n —1,n}.

Denote NT be the set of all positive integers.



2.1 Temporal discretization

Let N € NT and the temporal step size p = T/N. With the L1 scheme (see, e.g., |16, [17, 23,

31,135]), the temporal discretization has the following form

ou(x, s)
Ao (n,a) 2—a
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where x € ), n € 1 AN and

L2 —a)p)™t, k=0,

l(a) _
g T2 — a)u®] 1 [(k + 1) — 2k1=% ¢+ (k— 1)), ke lA (N —1),

1%0) = [(n — 1) = p'9|[[(2 — a)p®]™, ne1AN.

2.2 Space discretization

Actually, the theoretical results and algorithmic implementation in the later sections are appli-
cable to a number of numerical schemes for the spatial discretization. Hence, in this subsection,
we will present a general form of the spatial discretization and some common properties which
will be utilized in the theoretical discussion.

Let m; € Nt ¢ € 1 Ad, and the i-th direction space step size h; = (a; — a;)/(m; + 1).
Setting the j point along the i-th direction z; ; = a; + jh;, for j € 0 A'm; + 1. In general, the
discretization of 22 ‘u(x ) on the grid points x; ; (i = 1,2,...,d,j = 1,2, ...,m;) is of the following
form (see, e.g., |6, 8 13, 122, 126, 132)),

OPiu(x,t) -

OlwilPi Ix=(@1,y,02,45 0 7a ) hﬁl

g w‘]z k| ($1,]17 y Li—1,5,—17 Liks> Lit+1,5;415 -+ :Ed,]dvt)v
k=1

(2.2)

where j;, € 1 Am,;.
Some common properties of the numbers wliﬁ ), B € (1,2) are listed as follows, which will
be utilized in the later theoretical analysis. There are several spatial discretization scheme

possesses the following properties (see the discussion in Appendix).

Property 1 For g € (1,2), it hold

(8)

(i) wy’ >0, w,(f)§0f0rk‘21;

(if) inf (m+1)7 ( ¥ 19 z w,f> > 0;

1See the spatial discretization schemes satisfying property 1 discussed in the Appendices



(iii) wéﬁ) < w,(ﬁr)l for k> 1.

2.3 All-at-once system

Denote
d i—1 d
J:Hmi, ml_:mjl'zl, mi_:Hmi,i€2/\d, m;: Hmj,k;el/\(d—l).
i=1 j=1 Jj=k+1

With Eqn (2.I)) and Eqn (2.2]) , we obtain the following all-at-once linear system as a discretiza-
tion of the continuous problem ([L.TI)
Au =", (2.3)

where u = (up;ug;...; Uy, ) € RV £ = (f1; ;... f,,) € RV/XL u; is a vector component
by lexicographic order approximate values of u(ai + jhi,-), j € 1 A my, while f; contains

the initial values and the approximate values of f(a; + jhi,-) on the spatial grid points (or
flar + (5 +1/2)h1, ) in Eqn 2.3);

A=BIy+1I;®T,
(2.4)

d
i _ G
i=1 i
‘®@’ denotes the Kronecker product; for any k € NT, I, denotes a k x k identity matrix; the
lower triangular toeplitz matrix T € RY*Y denotes the temporal discretization matrix, its first
column is (léa), lga), . ,l](\?zl)T. For any 3 € (1,2) and any m € Nt the symmetric Toeplitz

matrix W% ) € R™*™ formed as

) wpy wy)y |
W W w® w®,
wh=|
I R
I O

Lemma 1 For any B € (1,2) and any m > 1, W%) is a positive definite matrix.

Proof: By Property [l (i) — (ii) and definition of ng), we have

m m—1 m—1
ST WPl = Y 1wl < 23w < w1 = WP(i,0), fori=1,---m.
j=Lii j=1 ot



)

Combining with Gershgorin circle theorem , Matrix Wg,f is a positive definite matrix. 0

Although matrix W% ) and matrix B are positive definite symmetric matrices, the matrix A is
an unsymmetric matrix due to matrix T is a lower tridiagonal matrix. Therefore, some popular
iterative methods, like the conjugate gradient method and the Minimal Residual Method, are

not applicable. We use the GMRES method to solve this general nonsymmetric linear system.

3 The 7 preconditioner and the convergence behavior of GM-

RES solver for the preconditioned system

In this section, our 7 preconditioner is proposed for the linear system (2.3)), which is used as
a single-sided preconditioner. We employ GMRES solver to solve the single-sided precondi-
tioned system. To investigate the convergence behavior of GMRES solver for the single-sided
preconditioned system, we consider an auxiliary two-sided preconditioned system. We show
that (i) GMRES solver for the single-sided preconditioned system has a convergence rate no
worse than that for the auxiliary two-sided preconditioned system; (ii) the auxiliary two-sided
preconditioned system has a condition number uniformly bounded by 3.

We first define some notations that will be used later. For any real symmetric positive
semi-definite matrix H € RF** define

H? = V'diag[(D(i,))*]5.,V, z€R,

where H = VTDV denotes the orthogonal diagonalization of H. For a symmetric Toeplitz

matrix T,, € R™*™ with (t1,to,...,t,)T € R™*! define its 7-matrix approximation as
7(Tp) := T — Hp, (3.1)

where H,, is a Hankel matrix with (t3,%4, ..., £, 0,0)T as its first column and (0,0, ¢, ..., t4, t3)T
as its last column. An interesting property of the 7-matrix defined in ([B1]) is that it is diago-

nalizable by sine transform matrix, i.e.,
T(Tm) =S5, QS, (3.2)

where Q = diag(¢;)}", is a diagonal matrix with

1
%—t1—|—22tcs<m']+1)>, i€1Am. (3.3)

2see the definition of Gershgorin circle theorem in [10]



m

Sp = (3.4)

\/—2 sin mjk
m+1 m+1

is a sine transform matrix. It is easy to verify that S,, is a real symmetric orthogonal matrix,

jk=1

ie., S,, =ST =S~ The product between matrix S,, and a given vector of length m can be
fast computed within O(m logm) operations using fast sine transform (FST). Let e, ; € R™*!
denotes the ith column of the m x m identity matrix. We also note that the m numbers {¢;}/",
defined in (B.3]) can be computed by

(q1592; - 5qm) = diag(Smem1)  [SmT(Tim)em.)-

From the equality above, we see that the computation of {g;}/", requires only a few FST,
which requires O(mlog m) operations.

With Eqn (3:2]), we define an approximation B, to B as follows

V3 (5
B, = 3~ Z; i~ @ T (W) @1, +. (3.5)
1=

The reason why we put a factor @ in the above definition will be explained in Subsection Bl

From Eqn (3.2, (83]) and properties of the single-dimension sine transform matrix S,,, we see

that B is diagonalizable by a multi-dimension sine transform matrix, i.e.,

V3

B, = ~-SAS, (3.6)
d d
S:=@Sm, A=) L-0A®IL+ A =diagh),
=1 =1
Loy 2 s gy (mik=1)
AZ,] = W’wo + W kz_;’wk_l COS m . (37)

Then, our 7 preconditioner is defined as
P=1I;,T+B,®1Iy. (3.8)

Instead of solving (2.3]), we employ the GMRES solver to solve the following equivalent system
by
P 'Au=P!f (3.9)



3.1 Convergence behavior of GMRES solver for system (3.9)

This section introduces a two-sided variant of (3.9) as an auxiliary problem (see (3.10)), which
helps us understand the convergence behavior of GMRES solver for (3.9).

It is straightforward to verify that the solution of (3.9]) is equivalent to the following two
steps.

P 'AP 'a=P;'f, (3.10)
where the solution of (3:9) and the solution of (3.I0) are related by u = P, !4
_1 1 1
P=B;?®T+Bf®ly, P,=B®Iy.

In this section, we will show that (i) the GMRES solver for (3.9 converges no slower than

that for (BI0); (i) (I0) is a well-conditioned system, i.e., sup k2(P;TAP; ') < +o0. Here,
N,J>0

k2(C) := ||C||2||C7!||2 is called condition number of an invertible matrix C. Typically, Krylov
subspace solvers converge quickly for well-conditioned system. Indeed, the numerical results
in [21, 137] show that GMRES solver for the two-sided preconditioned system converges in a
few iteration number no matter how large the matrix size is. Hence, a theoretical result that
GMRES solver for (3.9) converges no slower than that for (3.10]) guarantees that the GMRES
solver for (3.9)) is a fast solver which further improves the iteration number and computational
time compared with the two-sided preconditioning method.

For any Hermitian matrices Cq, Cy € R¥** denote Cy > (or =) Cy if Co — C; is positive
definite (or semi-definite). Especially, we denote Cy > (or =) O, if Cy itself is positive definite
(or semi-definite). Also, C; < (or <) Cz and O < (or <) Cg have the same meanings as those
of Cy > (or =) Cy and Cy > (or =) O, respectively.

For a Hermitian matrix H, denote by Apin(H) and Apax(H), the minimal and the maximal

eigenvalues of H, respectively.

Proposition 1 The Matrices A - O, B, = O and B = O. And }nf() Amin(B7) > ¢ > 0, where
>
d m—1
gz G )P 7711nf(m+1) (w(()ﬁi)+22w§fi)>.
i=1 k=1
Proof: By equation (3.6]), we know that the spectrum of B, consists of

3 d
S = {%Z/\Z,]Z

i=1




By (B.7) and Property [I, we have
- w4 mji(k —1)
Nijji = hf" Wy hﬁ Zwk 1 cos <7mZ )
(Bs) (Bs)
Bi Wo E Z“’k—l
hi hi' =
1 () | 5§ (50
= x (m;+ 1)~ (w ‘ —l—QZw Z>
L g.)B ! 0
(8 — @) k=1

m—1

(a; — a;)P = m>1 P

Y

> 0.

Hence,

yes Z—a, Blm

V3¢ W) COAN
Amin(B7) = miny > TZ inf (m+1 +2Zw =¢.
As the inequality above holds for arbitrary J > 0,

inf Amin(BT) 2 C.
J>0
1 N Bi (B:) el (B:) .
As indicated by Property [I(ii), néfl(m + 1) (wy " +2 > w, > 0 for each i. Therefore,
mz k=1
¢ > 0. Hence, A >~ O and B, > O.
Finally, with Lemma[I] it is easy to see that B > O. The proof is completed. 0
The convergence behavior of GMRES is closely related to the Krylov subspace. For a square

matrix E € R™*™ and a vector x € R™*!, a Krylov subspace of degree j > 1 is defined as
follows
K;(E,x) := span{x, Ex, E’x,...,E/7x}.

For a set S and a point z, we denote
24+ S :={z+z|r S}

We recall the relation between the iterative solution by GMRES and the Krylov subspace in

the following lemma.

Lemma 2 (see, e.g., [27]) For a non-singular m x m real linear system Zy = b, let y; be the

iterative solution by GMRES at j-th (j > 1) iteration step with yy as initial guess. Then, the



Jj-th iteration solution y; minimize the residual error over the Krylov subspace K;(Z,ry) with
ro = b — Zyq, i.e.,
y; = argmin |b—Zv|.
veEyo+K;(Z,ro)

Theorem 3 Let g be the initial guess for (B10). Let ug := P, '0g be the initial guess for
B3). Letu; (0, respectively) be the j-th (j > 1) iteration solution derived by applying GMRES
solver to (B9) ((BIQ), respectively) with ug (Gg, respectively) as initial guess. Then,

L
Iesll, < 7= sl

where v; = P7If — P71Au; (fj = Pl_lf — Pl_lAP,Tlﬁj, respectively) denotes the residual
vector at j-th GMRES iteration for 39) ((BI0), respectively); ¢ > 0 defined in Proposition [1]

s a constant independent of N and J.
Proof: By applying Lemma [2 to (B.I0]), we see that
a; — 4y € K; (P7'AP; 1),

where #) = P;'f —P; ' AP; 1. Notice that (P;'AP; )" = P, (P~1A)* P} ! for each k > 0.

Therefore,

j—1

K5 (PTIAPS ! #) = span { (P AP)" (P7'f — P AP i) |

k
k=0 '
span {PT (P~'A) P (Prlf — P AP i) }]_1

k=0
= span {PT (P_IA)k (P_lf — P_lAuo) }i:)

where the last equality comes from the facts that P = P;P,. and that ug = P, 'lg. Therefore,

Py — uo = P, (1 — o) € span { (PT'A)" (P7'F — P~ Awy) }Z;O = K; (P7'A,xo),
where rg = P7!f — P71 Aug. In other words,
P o eug+K; (P'A,x) .
By applying Lemma 2] to ([8.9]), we know that
u; = arg min )HP_lf—P_lAVH2.

V€u0+ICj (PflA,I‘o

10



Therefore,
Irjll, = |P7'E - P—lAuju2 <P - P—lAP;HajH2

= [Py

2

where the last inequality comes from Proposition [l 0

The residuals relationship between our single-sided preconditioner (3.9) and the two-sided
preconditioner method (B.I0) is proven in Theorem Bl In the next, we estimate the condition
number of the matrix P; 'AP; ! in (3.10).

For a square matrix C, denote by ¢(C), the spectrum of C.

Lemma 4 For any 8 € (1,2) and any m € NT, a(T(Wﬁﬁ))—lwﬁﬁf)) C (1/2,3/2).

Proof: Denote HSE) = W%) — T(WSE)). Rewrite HSE) as HSE) = [hy;]1" Then, straight-

ij=1"
forward calculation yields that
wgf)j, i1+7<m-—1,
hij = wéﬁi+2_(i+j), i+j>m+1,
0, otherwise.
By Property [I(i), we know that
hij <0, 1<i,j<m. (3.11)

Denote p;j = wl(iﬁ—)jl — hyj. Then, (BI1I]) and Property [0Xi),(iii) imply that

w =i >0, =],
w‘(f_’j‘—wﬁ)jgo, itj<m—1andi#j

Pii =y ) (8) 4 L (312)
W = Wa o (i) <0, i+j>m+1andi#j,
xw\(iﬁ—)j\ <0, otherwise.
Let (A, z) be an eigen-pair of T(W%))_IH%) such that ||z||cc = 1. Then,
HP 2 = A\r(WP)z. (3.13)

11



Rewrite z as z = (21, 22, ..., Zm) . (B.13) implies that for each i = 1,2,...,m, it holds

m m
Z hiij = Zpijzj.
j=1 j=1

Hence,
Apiiz; = thzj A Z PijZj, 1=1,2,.
J=1,i#j

As ||z||oo = 1, there exists kg € {1,2,...,m} such that |zg,| = 1. Then,

IMprrl <D gl + A D okl (3.14)
i=1 =Lk#j
By (3I2) and Property [I{ii), we have
il = > okl =2 |hwl
j=Litk =1
—(w? = hay,) — Z (hj — wfflﬂ) +2 Z hy;
j=Litk i=1
J=1,37#k
:w(()ﬁ) + Zw](ﬁ) + Z w](ﬂ) + Z w4 Z w](ﬁ)
j=1 7j=1 j=k+1 j=m—k+2
m—1
>wi? +2 3wl >0,
j=1
which combined with (3.I4]) implies that
> |hil > [Pl .
e =3
kel = 22 Pkl Z |t
=Lk j=1
Therefore,
o(r(WEHYTTHP)) ¢ (-1/2,1/2). (3.15)

Since 7(W,,) = W, — H,,,,

(W)W = 7(WID) " (r(WID) + ) = T+ (W) H,



which means a(r(Wﬁff))—lwﬁf)) =1+ O'(T(WT(E))_IHSE)) C (1/2,3/2). The proof is com-
pleted. O

Remark 1 The proof of Lemma []] is similar to that of [14, Lemma 4.3]. But the proof in
[14, Lemma 4.3] is solely for the shifted Grinwald spatial discretization. When handling a new
spatial scheme, repeating the proof is too redundant. Because of this reason, we present Lemma
[4 a more general result, which tell us that to prove the spectrum inclusion a(r(W,(ff))—lw,(ﬁ)) C
(1/2,3/2), it suffices to verify Property [l of a spatial scheme.

With Lemma [4], one can immediately prove the following Proposition.
Proposition 2 For any 8 € (1,2) and m € NT, it holds
(i) O < ¥B, <B < V3B,;
(i) L1, < B2:B:'Bz < /31,

Lemma 5 (see, e.g., [21]) Let By, By € RF** be real symmetric matrices such that O < By <
By. Then, O < B;! < By

Lemma 6 (see [19]) For any o € (0,1), it holds that l((]a) >0 and T+ TT = O.

The following proposition holds obviously.

Proposition 3 For positive numbers & and (; (1 < i <m), it obviously holds that
min — < ZQ Zgl < max é—
1<i<m C, 1<i<m (;

Recall that there is a factor @ appearing in the definition of ([BX). Such a factor is for

minimizing the condition number upper bound estimation in Theorem[7l To see this, we denote

d
B7'777 = TIZTIZIm* ® T(Wgr%)) ® Imfa P7] =1;T+ BT,n ® Iy,
_1 1 1
Pl,n = BT,72] QT + B%n ® Iy, Pr,n = B%n ® Iy,

for some constant n > 0. It is clear that

B,,= "B, (3.16)

P, ip’ P,

13



Iﬂ

When n = , it holds B;, = B;, P, = P, P;, = P; and P,.,, = P,. In what follows,

we estimate an upper bound of ko (P ”}APM) in terms of 7, and the upper bound achieves

\/_

minimal when n =

Theorem 7 Condition number of the preconditioned matriz P 1AP 1 s uniformly bounded,

1.e.,
sup mg(Pl_J}AP;%) <v(n),
N,J
with
3max{2i 2n 1}
v(n) = ;
mln{z— 7’7
In particular, v(v/3/2) = min v(n) =3, i.e.,

n€(0,+00)

_ _1, n=V3/2 _ _
sup ko (PP AP ) 222 sup ey (PP AP ) < 0(V3/2) = 3.
N,J ’ N,J

Proof: Denote A = B3 QIn + B3 ® T. Then, it is clear that

A=AB:®Iy),
_ _ _ _ _1] 1 _ 1 N _
(P, AP, (P, AP )" = P, 'A[(B2(B,,) 'B?) ® IyJATP .

By (B318), we have B%(BTW)_lB% = 2—3B%(BT)_1B%, which together with Proposition [2[(ii)
implies that

That means

l 1R ATp-T A Ap-1yp-lAp-INT — S p-1A ATp-T
2—?7leAA P, = (Pl’nAPm)(leAPW) = %PMAA P (3.17)
It thus remains to estimate Rayleigh quotient of Pf;AATPZ_nT . Let z € R/N*! denote any

non-zero vector. Then,

Z"PAATP; "z y=p;T. yTAATy
zTz - yTlePEny
 y"BeIy+ L@ (T+TT)+B ' (TTT))y
YT (Bry) @Iy +1;® (T 4+ TT) + (Bry) ' @ (TTT)]y

(3.18)

By LemmalB], we know that T+T7T = O. Since T is a lower triangular matrix with its diagonal
entries all equal to l((]a) > 0, T is invertible and thus TTT = O. That means the matrices

14



appearing in the numerator and the denominator of right hand side of (B.18]) are all positive
definite. Thus, Proposition Bl is applicable to estimating (B3.I8]).
(3.I6)) and Proposition 2(i) imply that

3

1
~B.,<B<_B,,. 1
Hence,
1 TB®I 3
~ <Y Balvy _ 3 (3.20)
2n = y'(Bry) @Inly 21
Lemma [l and (319) imply that
201 —1 -1
0 <Z/B7} B~ <2B).
By (B.16]), Proposition 2(i) and Lemma [5]
2_77 _ 2_77 % T[(Bm7)_1 ® (TT)ly < y' B~ ® (TT)y
3 3 ylBy) @ (TTY)y ~ y'[(Br,) "' @ (TTT)]y
T -1 T
y [(Bry) " @ (TT)]y
<2nx : = 27. 3.21
T8, Te @y B2

Applying Proposition B to (B.18), (8:20) and ([B.21]), we obtain that

Tp-1A ATp-T
) 1 2n z Pz,nAA lez 1
mln{?,?,l}g 77 < max %,277,1 ,

which together with (B:I7) implies that

L [1 2p A1y p-lAp-1\T ~ 1
_mln{%’?’l}b\”j(Pl,nAPT’yﬁ)(Pl,nAPTW) j%max %,277,1 INJ. (3.22)

(3:22) implies that
/fg(Pl_’nlAP;%) < v(n).
v(-) is a single-variable function. It is easy to check that

v(v3/2) = min v(n).

n€(0,+00)

Recall that

1=v3/2 sup Pl_lAP,Tl.

P lAP;!
I, T,
n n N.J



Hence, sup xg(P; ' AP; ') < v(v/3/2) = 3. The proof is completed. 0

)

Remark 2 Theorem shows that the upper bound v(n) of condition number of IQQ(P;;AP;%)
achieves minimum at 1 = 73, which explains why we take a factor @ in the definition of B,
given in (3H). Although Theorem [T shows that P; AP, numerical evidence in [21] shows
that P~ A is ill-conditioned. Then, Theorem [3 indicates that even for an ill-conditioned sys-
tem, one may have a good convergence rate estimation for Krylov subspace solver by relating
the ill-conditioned problem to a well-conditioned problem via their associated Krylov subspaces.
Hence, the significance of Theorem[3 is that it provides more flexibility for designing a precon-

ditioner and estimating the convergence rate of the Krylov subspace solver.

4 The Implementation

In this section, we propose a fast implementation of the Krylov subspace solver for solving
the preconditioned system (2.3]). It suffices to implement the underlying matrix-vector product
efficiently to implement a Krylov subspace solver. In other words, we will discuss in this section
how to efficiently compute a matrix-vector product P~'Av for an arbitrarily given vector v.
In what follows, we discuss the fast computation of a matrix-vector product v = P~tAv

for a given vector v € RV/*1 The computation of ¥ can be divided into two steps.

Step 1: Compute v = Av, (4.1)
Step 2: Compute v = P~'v. (4.2)

In step (41)), notice that v = Av = (B®Iy)v + (I; ® T)v. It is clear that B and T are
both (multilevel) Toeplitz matrices. Hence, the computation of (Il requires O(JN log(JN))
flops.

To see the fast implementation of step ([4.2), we will utilize a block diagonalization form of
P~!. By Equation (3.6) and Lemma [I, we know that

B, =SAS, A= ?A = 0. (4.3)

From the definition of S, we know that S is real symmetric and orthogonal, i.e., S™! = ST = S.
By Equation (£3)) and (B.8)), we know that

Pl=SoIy)I;oT+AIy) (S®Iy). (4.4)

RNJXI

Thus the matrix-vector product v = P~1v for a given vector v € can be fast computed

as following stps,
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Step 2.1:  Compute Vv = (S® In)V.
Step 2.2: Compute v = (I; @ T+ A @ Iy) V.
Step 2.3: Compute v = (S®Iy) V.

Steps 2.1, 2.3 can be fast implemented by multi-dimension fast sine transform, which re-
quires O(N Jlog J) operations. It remains to discuss the computation of step 2.2. Rewrite A
in (@3] as

A = diag(\)L,.

Clearly, P (1 =1,2,...,J) are all positive numbers. Then, from Step 2.2, we see that
V' = blkdiag(T; 1)/, ¥, (4.5)

where

T,=T+ Ny, i=12..J (4.6)

These T;’s are invertible lower triangular Toeplitz (ILTT) matrices. [7] proposed a fast algo-
rithm for fast inversion of ILTT matrices. With the fast inversion algorithm proposed in [7],
step 2.2 can be fast computed within O(JN log N) flops. Summing over the operation cost for
steps 2.1-2.3, we see that the computation of ([4.2]) requires O(NJlog(NJ)) flops.

Summing up the above discussion, for a given vector v € RY/*1 the matrix-vector product
P~!v can be fast computed within O(NJ log(NJ)) flops.

Remark 3 Recall the two-sided preconditioning matriz in (310). As proposed in [21,37], the
matriz-vector product of the two-sided preconditioned matriz is computed by Pl_l(A(P;IV)).
Meanwhile, the matriz-vector product of our single-sided preconditioned matrix is computed
by P YAv. It is easy to see that the computation of a matriz vector product associated with
P!l = S®INI;@T+AQIy)"YS®Iy) is slightly faster than that of P/l =(S®
IN)(]X_% ®T+A2 ®In)"1(S®1Iy), not to mention that the two-sided one requires an additional
matriz-vector product associated with P 1. Therefore, each matriz-vector product of our single-
stded preconditioning method requires less operations than that of the two-sided one. Moreover,
Theorem[3 shows that GMRES solver for the single-sided preconditioned system converges faster
than that for the two-sided one. That means our single-sided preconditioning method requires
less computational time in total than that of the two-sided one. Indeed, numerical results in
Section [J show that our preconditioning method requires less computational than that of the

two-sided one in the actual numerical tests.
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5 Numerical examples

In this section, we test the performance of our proposed preconditioner. All numerical exper-
iments are carried out using Octave on an HP EliteDesk 800 G5 Small Form Factor PC with
Intel Core i5-8500 CPU @ 3.00GHz and 16GB RAM.

Numerical results for different discretization schemes presented in the Appendices are sim-
ilar. Hence, we only present the result associated with the spatial discretization scheme [B.I]in
this section.

To demonstrate the effective of our proposed preconditioned GMRES solver, we will com-
pare its performance with the two-sided preconditioned GMRES solver proposed in [37] and
GMRES solver without preconditioner. We adopt the notations GMRES-OS, GMRES-TS and
GMRES-T to represent the GMRES solver with single-sided preconditioner (our proposed),
two-sided preconditioner [37] and no preconditioner, respectively.

In any case, the GMRES solver is implemented using the built-in functions in Octave. In
details, for all the experiments presented in this section, the initial guess of GMRES is set as
zero and its stopping criterion is set as ||rx|l2 < 10719|rg||2, where rj denotes the residual
vector at kth GMRES iteration for k¥ > 1 and ry denotes the initial residual vector. The
restarting number for GMRES is set as 20.

The computational time, denoted by ”CPU?” in the tables below, is counted in unit of second
by the Octave built-in function tic/toc. The number of iterations of GMRES is denoted by
“Iter”. In any case, when the number of iterations of GMRES solver is over 10000, we stop
the GMRES iteration by hand and use the notation “—” to represent its CPU.

Define the measure of error as
Error := ||us — Uezact||oos

where u, denotes some iterative solution of the linear system (2.3)); Uezaact denotes the values
of exact solution of the continuous problem (L1]) on the time-space grid. As the errors between
the exact solution and the numerical solutions by the three solvers are always roughly the same,
we only present “Error” of GMRES-OS in each table below.
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Example 1 Consider the equations (LI) with

d= 2, T :1, Q= (0, 1) X (0, 1), Cl1 = Cy = 1, ¢(l‘1,l‘2) = 0,

o+l 2 [JE%_Bl + (1 _ ;1;1)2—51] 12 [:E?_Bl + (1 . 331)3_51]
f(x1, 22,t) :2008(517"/2) I'3—7p1) N T(4—B)

24 _
+m [$‘11 B1 + (1 _ 331)4_51]) :E%(l _ x2)2}

o+l 2 [xg_ﬁQ +(1- $2)2_ﬁ2} 12 [x;”‘@ +(1— :132)3_62}
" 2eos B ]2) (3 — B2) - T(4— /)

24 [;gg—ﬁz +(1— x2)4—52] ) 2

* I'(5— fBs) r1(1 —21)

+ T+ 2)ta3 (1 — 21)%22(1 — 20)?,

the exact solution of which is given by u(z,t) = t* 1 a2(1 — 21)223(1 — 29)%.

Example [ is discretized with N temporal grid points and M spatial grid points along
each spatial direction (i.e., M1 = My = M). Numerical results of GMRES solver with differ-
ent preconditioners for solving Example [I] are presented in Tables [H2l As GMRES without
preconditioner is too time-consuming for Example [I, we skip the results of unpreconditioned
GMRES in Example [II Tables show that GMRES-OS and GMRES-TS have roughly the
same iteration numbers while the CPU cost of GMRES-OS is less than that of GMRES-TS.
The close iteration numbers of the two solvers demonstrates that GMRES-OS converges no
slower than GMRES-TS, which supports Theorem Bl Besides, each iteration of GMRES-OS
requires less flops than GMRES-TS, which leads to GMRES-OS costing less computational
time than GMRES-TS in total. It is also observed that the iteration numbers of GMRES-
OS and GMRES-TS changes slightly and are always small no matter how (¢, 51,5), N and
M change. That demonstrates the effectiveness and robustness of preconditioning technique

based on 7-matrix approximation.
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Table 1: Numerical results of GMRES with different preconditioners for Example [l with M =
129.

GMRES-0S GMRES-TS
(o B, B2) N Fror Iter CPU(s) Iter CPU(s)
26 3.01E-04 8 5.56 8 7.50
(0.1,1.1,1.1) 27 3.01E-04 8 12.64 8 15.11
28 3.01E-04 8 23.93 8 30.09
20 1.44E-04 8 5.55 8 7.49
(0.1,1.1,1.5) 27 1.44E-04 8 11.79 8 15.16
28 1.44E-04 8 22.33 8 30.39
26 9.37E-05 7 5.38 7 6.79
(0.1,1.1,1.9) 27 9.37E-05 7 10.86 7 13.92
28 9.37E-05 7 19.85 7 27.34
26 3.17E-05 8 5.59 8 7.46
(0.1,1.5,1.5) 27 3.17E-05 8 13.07 8 15.20
28 3.17E-05 8 24.44 8 30.28
20 1.26E-05 7 4.93 8 7.64
(0.1,1.5,1.9) 27 1.26E-05 7 9.98 8 15.25
28 1.26E-05 7 20.57 8 30.43
26 4.92E-07 6 4.40 6 6.12
(0.1,1.9,1.9) 27 4.92E-07 6 9.31 6 12.30
28 4.92E-07 6 18.84 6 24.70
20 2.69E-04 9 6.11 9 8.25
(0.9,1.1,1.1) 27 2.71E-04 9 13.10 9 16.67
28 2.72E-04 9 24.05 9 33.26
20 1.30E-04 9 6.74 9 8.19
(0.9,1.1,1.5) 27 1.31E-04 9 12.51 9 16.52
28 1.32E-04 9 24.16 9 33.13
26 8.64E-05 7 5.39 7 6.84
(0.9,1.1,1.9) 27 8.76E-05 7 10.00 7 13.70
28 8.81E-05 7 20.54 7 27.41
26 2.71E-05 8 6.21 9 8.26
(0.9,1.5,1.5) 27 2.85E-05 8 11.05 9 16.50
28 2.91E-05 8 22.40 9 33.20
26 1.02E-05 7 5.53 8 7.50
(0.9,1.5,1.9) 27 1.12E-05 7 10.10 8 15.16
28 1.17E-05 7 21.42 8 30.24
26 1.70E-06 6 4.85 6 6.06
(0.9,1.9,1.9) 27 7.92E-07 6 10.15 6 12.17
28 3.66E-07 6 18.58 6 32.07
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Table 2: Numerical results of GMRES with different preconditioners Example [l with N = 128

GMRES-0S GMRES-TS
(o B, B2) M1 Fror Iter CPU(s) Iter CPU(s)
26 5.51E-04 7 2.78 8 4.00
(0.1,1.1,1.1) 27 3.01E-04 8 12.64 8 15.11
28 1.58E-04 8 45.01 9 72.18
26 2.70E-04 8 2.97 8 3.99
(0.1,1.1,1.5) 27 1.44E-04 8 11.79 8 15.16
28 7.41E-05 9 49.02 9 71.25
26 1.77E-04 6 2.88 7 3.68
(0.1,1.1,1.9) 27 9.37E-05 7 10.86 7 13.92
28 4.82E-05 7 40.48 8 65.40
26 6.10E-05 7 2.47 8 4.03
(0.1,1.5,1.5) 27 3.17E-05 8 13.07 8 15.20
28 1.61E-05 8 44.42 9 72.30
26 2.36E-05 7 2.48 7 3.66
(0.1,1.5,1.9) 27 1.26E-05 7 9.98 8 15.25
28 6.53E-06 8 44.21 8 65.26
26 6.77E-07 6 2.47 6 3.28
(0.1,1.9,1.9) 27 4.92E-07 6 9.31 6 12.30
28 4.14E-07 6 35.68 6 56.09
26 5.01E-04 8 2.71 8 3.98
(0.9,1.1,1.1) 27 2.71E-04 9 13.10 9 16.67
28 1.41E-04 9 53.91 9 72.10
26 2.49E-04 8 2.75 9 4.38
(0.9,1.1,1.5) 27 1.31E-04 9 12.51 9 16.52
28 6.68E-05 9 50.40 9 75.11
26 1.67E-04 7 2.52 7 3.56
(0.9,1.1,1.9) 27 8.76E-05 7 10.00 7 13.70
28 4.45E-05 8 46.76 8 65.37
26 5.61E-05 8 2.71 9 4.38
(0.9,1.5,1.5) 27 2.85E-05 8 11.05 9 16.50
28 1.39E-05 9 49.60 9 69.97
26 2.17E-05 7 2.46 8 4.01
(0.9,1.5,1.9) 27 1.12E-05 7 10.10 8 15.16
28 5.34E-06 8 48.87 8 64.59
26 1.03E-06 6 2.21 6 3.21
(0.9,1.9,1.9) 27 7.92E-07 6 10.15 6 12.17
28 3.68E-07 6 39.97 6 51.83
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6 Conclusion

This paper proposes a single-sided preconditioning method based on 7T-matrix approximation
for a block triangular Toeplitz linear system arising from all-at-once of a non-local evolutionary
equation with weakly singular kernels. Theoretically, we proved that the GMRES solver for
the single-sided preconditioned system converges no slower than that for a auxiliary well-
conditioned two-sided preconditioned system. Fast implementation is proposed for the matrix-
vector multiplications associated with the preconditioned matrix. The theoretical results and
the fast implementation are valid for several spatial discretization schemes. Numerical results

reported have shown the efficiency and robustness of the proposed preconditioning technique.
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Appendices

In the appendix, we verify {wk},(g)o arising from spatial discretization schemes in the literature,

which satisfy Property [l

A

Verification of {wk},(go arising from [4]

{wk}l(fz)o arising from [4] is defined by

@_ LB+ @ _(;__ B+l \ ®
wy (/24 1)% wk+1—<1 5/2—1—k+1>wk’ k> 0. (A1)
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AsT(z) >0 for z > 0and § € (1,2), it is clear that wl? = LG~ 0 and that

0 T T(3/2+1)
(8) F+1 ). ® B\ ,®
w,y < 3211 wy 5+2 wy <0
Notice that 1 — 7 /261—; = = 2,3_’;% > 0 for k > 1. Therefore, it is trivial to see by induction
that B4l
(8) - (8)
=({1-—— > 1.
Wy ( 5/2—|—k+1>wk <0, k>

bl — 2P (0,1) for k > 1,

Hence, Property [I(i) is valid. Moreover, 1 — BIrhl = 2htpe2 ©

B+1 2% — 3
Wl = |(1- gt ) | = [ g |l < o), k21

which combined with w,(f ) <0 for k > 1 implies that w,(f ) < w,(ﬁr)l for kK > 1. In other words,

Property [I(iii) is valid.
It is indicated in [4] that 2 ) ]w,(f )\ = wéﬁ ) which together with w,(f ) < 0for k > 1 implies
k=1
that

m—1 ) m—1 00 o)
wéﬁ)+22w,(f) :—2210,(65)—1—221026) :—2Zw,(gﬁ):22|w,(f)|, m>1
k=1 k=1 k=1 k=m k=m

It is also shown in [4] that |w§f)| = O((k + 1)77~1), which means

m—1 0o
k=1 k=m

o0

1 > 1 1
> S ——dr = ———— >1
Nk;n(kﬂ)/f“ - /m A+ " Ba+rmpe "=
Hence,
m—1
1
(m+ 1) <w55>+2zw,(f)> >->0, m>1
k=1 B
Therefore,

m—1
; B B (8)
r}lgfl(m +1) (wo +2 ]; wy) > > 0,

which means Property [I}(ii) is valid.
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B Verification of {w,(f ) 122, arising from [26)]

{w,(f )}Z":O arising from [25] is defined by

WP = yi®, k> __ -1 B.1
IVBwk , k>0, B 2COS(5T{'/2) >0, ( : )
~(ﬁ) _ 2g§ )’ (ﬁ) _g(()ﬁ) +g§ﬁ)’ w}(c ) _ g](ﬁr)l’ k> 2,
B+1
géﬁ) = -1, 91@1 <1_—k+1 g(ﬁ), k>0.

Property [0(i), (iii) of {w,(f)}zozo defined in (B.]) has been verified in [14, Lemma 4.1].
It thus remains to verify Property [(ii). By |20, Lemma 8], it holds

S g =0 (B.2)
k=0

Therefore,
) 123wl = <w((]ﬁ) Lo Z wéﬁ))
k=1
— Bl2g§)+2( +2ng+1]
=273 Zgl(f) =0,
k=0
which together with Property [I(i) implies that
m—1 ) m—1 ) o)
Ao Z w,(f) = —QZw,(f) +2 Z w,(f) = —ZZw,(f) =2 Z |w,(f)|.
k=1 k=1 k=1 m k=m

It is shown in [25] that g(ﬁ) O((k + 1))=Y for k > 0, Therefore, |w,(f)| = O((k+ 1781,

which means
m—1 fe’e)
k=1 k=m

& 1 1
> > R, R — > 1.
Nk;(kaﬂ)ﬁ“‘/m T+ " Birmp "
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Hence,

Therefore,

m>1

m—1
inf (m + 1) <w§f> +23° w}f”) > 0.

Thus, Property [ii) of {wliﬁ ) 22 defined in (B is valid.

C Verification of {w]iﬁ )}ZO:O arising from [29]

{w,(f )};é";o arising from [29] is defined by

B _ 5 0B s o = -1 1
Wi =0 R20 = gt =) (C.1)
i =2, 0P =+ pP, ) =y k> 2,

p) =1, P =a—238 PP — 3370 L4 23F ¢,

PV = —(k+ 138 44k P —6(k — 1) P 44k — 2% — (k- 3)*F, k>3
It is easy to see that w(ﬁ) ol (() ) = 275]9(6) > (0 and that
w” = 35(5” +p4”) = 45(=3*F +4x 22 —7) <0, Be(1,2)

Moreover, it is shown in |29, Lemma 4] that p( ) < 0 for k > 3. Then, w,(f ) = ’Aygu?]iﬁ ) =
ygp,(fi)l <0 for k > 2. So far, Property [I[(i) of {wk 122 o defined in (C.) is shown to be valid.
Notice that

2P — @ = p® 4 P _ plf)

:43—/3—5><33—/3+10><23—5—11§0, Be(l,2).

B) _ 4 .~(0B) 8)

In other words, w;"’ = ygw; ’A)’B"‘Dé 2,

= wy '. Moreover, it is shown in [29, Lemma 4] that
p,(f ) < pl(ﬁ_)l for k > 3. Thus, w}iﬁ ) = ’Aygpl(ﬁ_)l ’ygpl(ﬁ_)?) = w,(fgl for k > 2, which means Property

[Miii) of {w,(f)}zozo defined in (C.IJ) is valid.
It thus remains to verify Property [I(ii). By [29, Lemma 4], it holds

S =o. (C.2)
k=0
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Therefore,
+2Zw :@( +2ZA(’3>
@ﬁl2p§)+2( +py +2Zpk+1]

= 293 Zp;(f) =0,
k=0

which together with Property [Il(i) implies that

m—1 0o m—1 00 0o
DS u® = 23w 123wl = 23 Wl =23 W)
k=1 k=1 k=1 m k=m

It is shown in [20] that p(ﬁ) O((k 4+ 1)=8=1) for k > 0, Therefore, |w,(f)| = O((k+1)78 71,

which means

m—1 00
k=1 k=m

3 > [ ! >1
& G =, Tt B m)
Hence,
m—1 1
(m+1 (wo —I—ZZw,(f) ->0, m>1
k=1 ﬁ
Therefore,

1nf(m+1 ( +2Zw )

Thus, Property [Iii) of {wliﬁ ) 22 defined in (CI) is valid.
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