arXiv:2404.13980v1 [math.AP] 22 Apr 2024

Asymptotic stability of solitary waves for the 1D
near-cubic Schrodinger equation in the presence of an
internal mode

Guillaume Rialland

Université de Paris-Saclay, UVSQ, CNRS, Laboratoire de Mathématiques de Versailles, 78000 Versailles

guillaume.rialland@uvsq.fr

ABSTRACT. We consider perturbations of the one-dimensional cubic Schréodinger
equation, of the form i 81 + 929 + |[1|*¢y + g(|v|*)¥ = 0. Under hypotheses
on the function g that can be easily verified in some cases (such as g(s) = s
with o > 1), we show that the linearized problem around a small solitary wave
presents a unique internal mode. Moreover, under an additional hypothesis (the
Fermi golden rule) that can also be verified in the case of powers g(s) = s7, we
prove the asymptotic stability of the solitary waves with small frequencies.

1 Introduction

We consider the non-linear Schrédinger equation

i0nh + 02 + [P+ g([Y)y =0,  (t,z) ERxR, (1)

which is a perturbation of the cubic NLS equation i 9,3 + 829 + |¢|*s) = 0. Here, g : Ry — R is a function
so that the term g(|1|?)t is small compared to [1|? for |¢| small. We refer to [19] or [10] for the physical
interest of such equations; it is a classical and important matter to perturb the Schrédinger equation near the
cubic non-linearity, and here we study the semi-linear perturbations of that equation.

The corresponding Cauchy problem is globally well-posed in the energy space H!(R) (see for example [I]).
We recall that, for any solution 1) € H(R), as long as it exists, the mass, momentum and energy are conserved:
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where G(s) := f; g. We also recall the Galilean transform, translation and phase invariances of this equation:
if 9(t, ) is a solution then, for any 3,0,v € R, (¢, x) = ei(ﬂw—52t+“¥)¢(t ,x — 2Bt — o) is also a solution to the
same equation.

Solitary waves are solutions of which take the form (¢, ) = !¢, (z) where
¢Z) =wo, — ¢i} - (z)wg(d)i) (2)
Below we introduce the first elementary hypothesis:

(Hy) : g€ @®((0,400))NE([0,400)), g (s) = o(s'7F) forall k €{0,1,2,3,4},
S—
g (s) =, O (s7*) and g # 0 near 0.



In [20] it is proven that, assuming hypothesis (H;) holds and provided w > 0 is small enough, the equation
has a unique solution ¢, € H*(R) that is nonnegative and even. The invariances previously described generate
a family of traveling waves given by 9 (t,z) = ei(B””*B?t*‘”t*V)qbw(x — 2Bt — o). To begin with, we recall the
following standard orbital stability result (see [2], [8], [9], [24]).

Proposition 1. For wy small enough and any € > 0, there exists § > 0 so that, for any 19 € H'(R) satisfying
|10 — Guol| 1 (r) < 0, if 9 is the solution of with initial data ¥ (0) = g, then

S inf t. . _ et <e
tlelﬂg (%g)leﬂ@ l(t,-+o) ¢WO||H1(]R) <€

The present paper establishes a result of asymptotic stability of small solitary waves for the equation , un-
der hypotheses that will be presented further. A vast literature deals with the asymptotic stability of solitary
waves for nonlinear Schrodinger equations, in different cases (various nonlinearities, with or without potential,
in different dimensions), see for example [5], [6], [7], [I7] and the review [I4].

Depending on the function g, may (or may not) involve internal modes, that is to say, non-trivial solu-
tions (V1,V2,\) € H?(R)? x R to the system

L_V, AV, (3)

{gvl = AW

where £ = —0%2 +w —3¢2 — g(¢2) — 202 ¢ (¢2) and L_ = —92 +w — ¢2 — g(¢?) are the operators that appear
when we linearize around e™*t¢,,. The existence of internal modes generates time-periodic solutions to the
linearized equation around the solitary wave, which constitute potential obstacles to the asymptotic stability
of solitons. As examples, g(s) = —s? is a case without internal mode (see [I7]) while g(s) = s? is a case with
an internal mode (see [19] and [16]). In the case g = 0 (integrable case), there is a resonance (see [3]), which
justifies why we ask for g #Z 0 in hypothesis (H;). Thus the sign of the perturbation determines whether there
exists an internal mode or not; see [3], [4] and [19] for related discussions.

A general analysis of the case without internal mode as been conducted in [20]: under a certain hypothesis
on the function g, it is shown that there is no internal mode and that asymptotic stability holds (see Theorems
1 and 2 in [20]). This hypothesis encompasses in particular the case g(s) = —s® with ¢ > 1. In this paper we
prove that, for g(s) = s with o > 1, just like g(s) = s2, there exists a unique internal mode and that, despite
this internal mode, asymptotic stability holds. We introduce the following hypothesis, that we will comment
later on:

. 1 2 _
where B(s) := —3g(s) + s¢'(s) + 4G(s) and e, := max sup |s""1g()(s)].
S 0<k<4 0<s<3w

In the definition of €., 3w can be replaced by 27w where 27 is any constant strictly greater than 2. Note that
hypothesis (H;) implies that e, — 0 as w — 0. We shall prove that hypotheses (H;) and (Hz) are enough to
ensure the existence of a unique internal mode.

Theorem 1. Assume that hypotheses (H;) and (Hz) hold. Then, for w > 0 small enough, the system
has a solution (V1,Vy,w)) € H*(R)? x [0, 400) where (V1,V2) # (0,0) and A — 1~ as w — 0. Moreover,
the only solutions (V1,V,,wA) € H(R)? x [0, +00) of the system (3] are:

® (0,0,M) for any pu > 0,
o (agl,,bo, ,0) for any a,b € R,

o (¢V1,cVa,wA) for any ¢ € R.

Remark 1. Properties and estimates of this internal mode (V;,Vs) can be found in Proposition 2 in section 2
(for their rescaled counterparts (V7 , V), which will be introduced at the beginning of section 2).
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Remark 2. As in [20], we can easily check that hypotheses (H;) and (Hz) hold in the case g(s) = s with
2

o > 1. Indeed, we have B(s) = ((;_11) 57, €n = Cew 1 and ¢, (z) > cy/we VeIl with Cy > 0 and ¢ > 0

constants that do no depend on w. Therefore

1 2 _ CU(U— 1)2 7—20/ 20 1—0'
N J ety = ST P > oo 1O

which proves that (Hj3) holds in this case. As in [20], (H2) still holds in the case g(s) = a1 + -+ + ans°V
with 1 <oy <---<on,a; >0and a; € R for i > 2.

Remark 3. The hypothesis (Hz) echoes to the hypothesis (Hz) in [20]. We sum up both cases with the
notation of the present paper as follows:

o if 5= \F Jo B(¢2) dz oo T then we are in the situation considered in [20], there is no internal mode
and the asymptotic stablhty result holds for small w;

o if 5 f fR 2) dx —> 400, then we are in the situation of the present paper and there exists a unique
internal mode (see Theorem 1).

The fact that the same integral appears in both cases is natural. Indeed, the construction of the inter-
nal mode (or the proof of the absence of internal modes in [20]) relies on a factorisation introduced in [I7]:

SLiLo = M{M_8 where § = ¢, -0, - 65" and My = —02 + w + o, with aff = g(¢2) — 299~ and

a, =59(¢2)—6 G(‘ii) —2¢2 ¢’ (¢2). The analysis of the internal mode (or the absence of internal modes) involves

aj,'Jru;

the integral [, (a} +ag), which is precisely the integral involved in the hypothesis (Hj) since B(¢2) =
The arguments hnkmg the existence of an internal mode to the sign of this integral come from [2I] and [I8].
Roughly, if this integral is positive in some sense (case of [20]), we have an hypothesis of repulsivity: there is no
internal mode, we can directly use virial arguments on the transformed problem that involves (M_ , M) and
establish the asymptotic stability that way. On the other hand, if this integral is negative in some sense (case
of the present paper), we do not have repulsivity on the potentials of (M_, M, ): there is an internal mode
and we need a second factorisation in order to end up with a repulsive potential and use virial arguments to
prove the asymptotic stability. This second factorisation will be displayed in section 2 below (Lemma 2).

The internal mode will be constructed and studied in the section 2 below, and in particular in Proposition
2. Its understanding is the first one of the two key ingredients of the proof for the asymptotic stability of the
small solitons. The second key ingredient is the Fermi golden rule, which aims at proving that the internal
mode component of the solution is nonlinearly damped. The approach here is inspired by [I1], [I2] and [16].

The idea is that, in the proof, it is crucial that a certain constant does not vanish. This is rigorously checked

in [I6] for the cubic-quintic case g(s) = s2.

To introduce the Fermi golden rule hypothesis, we need some quantities which may appear cryptic for the
moment, but they will be explained and related to the proof of the asymptotic stability in sections 5 and 6. In
section 5 we will show that there exist g; and gs non-trivial bounded even solutions of

Ligr = 2wlgs
[:_gg = 2LU/\91,

where A is the eigenvalue introduced in Theorem 1. Now we introduce
Gi = Viou(3+39'(¢7) +20259"(63)) = Vidu(1+d'(¢7)) and  Go =2V1Vogu (1 +4'(¢7)),
where (-,-) denotes the scalar product in L?(R). The Fermi golden rule hypothesis we will need is the following:

(H3) : there exists a positive quantity FGR(wp) depending only on wg such that,

lw—wo| <% = [z (G101 +Gag2) = FGR(wp) > 0.

Note that FGR(0) = 0 (integrable case). Combining the hypotheses (Hz) - the control of the internal mode -
and (Hs) - the Fermi golden rule -, we are able to prove an asymptotic stability result.

Asymptotic stability of solitons for near-cubic NLS equation with an internal mode 3



Theorem 2. Assume that hypotheses (H;) and (Hs) hold. Assume that the Fermi golden rule hypothesis
(H3) also holds. Then, for wy > 0 small enough, there exists § > 0 with the following property: for any
even function ¢y € H*(R) with |[¢g — ¢u, || 1 (r) < 8, there exist two € functions w : [0, +o0) — [42, 320]
and v : [0,400) = R such that, if ¢ denotes the solution of with initial data 1(0) = 1, then, for any
bounded interval I C R,

lim [[3p(t) — ei’)’(t)(bw(t)HL“(I) =0.

t——+o0

Remark 4. As it is pointed out in [I6], the symmetry assumption in Theorem 2 is technical, in the sense that
it simplifies the proof, but no deep additional difficulty is expected in the non symmetric case.

Remark 5. Contrary to the cubic-quintic case in [I6], we cannot prove here, without losing generality, that
w(t) converges as t — +00. However, we have w(t) — 0 as t — 4+00. Moreover, it could be shown that, for any
1 >0, 6 > 0 may be chosen small enough so that w(t) € [wo — 7, wo + 7.

As it will be shown in section 5, although hypothesis (Hj3) may appear difficult to check in general, it can
be numerically verified for g(s) = s, where o > 1. Henceforth, the asymptotic stability result holds for such
cases, since all three hypotheses (H1), (Hz) and (Hgs) are verified.

The layout of this paper is globally adapted from [I6] and [20]. As said previously, the key arguments are
the understanding of the internal mode and the Fermi golden rule. Once these two points studied, the rest
of the proof is almost unchanged from [I6] and [20]. In section 2, we construct the internal mode and its
properties. Using the identity S2£,£_ = M M _S8? mentioned above, we first construct the internal mode for
(M4, M_) then come back to (L4 ,L£_). We then introduce the second factorisation that will lead further to
the second transformed problem, based on a new differential operator K. Finally we prove a sort of coercivity
property on the operator K, and the uniqueness of the internal mode. In section 3, we introduce the rescaled
modulation decomposition of the solution, a standard decomposition for stability arguments, and in particular
we introduce the internal mode component of the solutions (that will be denoted b). In section 4, we prove
a first virial argument directly on the solution, without transformation of the linearized operators. In section
5, we study the second key point of the proof: the Fermi golden rule. We will explain how hypothesis (Hs)
can be explicitly checked for g(s) = s with o > 1 using simple numerical computations. In section 6, we
control the internal mode component of the solution: more precisely, we control fos |b|. This is the estimate
that requires the Fermi golden rule. In section 7, we introduce the setting of the double transformed problem
and technical results related to it; in section 8, we prove coercivity results that will enable us to go back from
the transformed problem to the original problem. In section 9, we prove the second virial argument, on the
transformed problem this time. Gathering all previous results, in section 10 we finally prove the Theorem 1,
assuming all three hypotheses (H;), (H2) and (Hs) hold.

In all the remainder of this paper, assume hypothesis (H;) holds.

The letters u, v, w and z will denote complex-valued functions; we will index by 1 their real part and by
2 their imaginary part. The L? scalar product will be denoted by (u,v) = Re ( fR uﬂdx) and the L? norm by
|| - ||. The H' norm will be denoted by || - || 72 (r). The scalar product in RY will be denoted by -. Lastly, the
letter C' will denote various positive constants whose expression change from one line to another. The concerned
constants do not depend on the parameters wy, €, 6, 9, A and B (that will be introduced in sections 3, 4 and
7, except in the proof of Proposition 5 and in section 10, when some of these parameters are already fixed.

This paper is the result of many discussions with Yvan Martel. The motivation of this paper and its proof
are inspired by his paper [I6]. May he be warmly thanked for it here.

2 Construction of the internal mode

2.1 Properties of the solitons

We begin by recalling some properties of the solitons, and proving another estimate that we will need further.
But first, and until the end of this paper, let us rescale the solitons: ¢,(z) = vwQu(v/wz). We denote
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2.1 Properties of the solitons

y = x/y/w the rescaled variable. Now @, is solution of the equation

2
Q= -l - 1%, ()
Integrating this equation, we find the following relation which will be useful:
1 G(w@?
@7 =q2 - tai - AU 9

From [20] we recall the following estimates: for w > 0 small enough, for any k > 0 there exists positive constants
cx and Cy, such that cpe ¥ < |Q£Jk)(y)| < Cre~ Wl for all y € R. We also recall that, for w > 0 small enough,

’g(in) Gw@3)

w w2Q?

These quantities are involved in the linearized operators we will have to deal with. Indeed, linearizing the
equation and rescaling, we obtain the operators

*’ +]Q29 (WQ2)| + W@y (w@2)| < CeuQl < Ceye W,

2
w
L= +1 -0t - L 202y
2
and L7=—8§+1—Q3_M'
w

Spectral properties of the operators L, and L_ can be found in [23]. Let S = Qw - Q
We recall from [20] the relation S2L,L_ = M M_5? with My = —97 +1+ at, where

L ow@) Gw@d)

a =

and §* = — 28, Qu.

v w w?Q3
and a_ = 59(’(;8?:) - GGLL(J(:S;) —2Q%9'(WQ2).

The previous bound shows the following crucial estimate: for w > 0 small enough and all y € R,
|aZ ()] < Ceu,Q2(y) < Cepe . (©)

We simply write Q := Qy, solution of Q" = Q — Q3. We can write Q,, as an expansion of @ in the following
sense.

Lemma 1. Assume that hypothesis (H;) holds. Let D, := Q, — Q. For w > 0 small enough and any
ke{0,...,6},
Yy e R, |DPF)(y)| < Ceye™

Proof. This proof is an adaptation of the proof of Lemma 4 in [20]. We compute D’ = D, — D, (Q? + QQ., +
2
Q?) — %Qw. Defining L9 = —85 + 1 — 3Q?, the equation satisfied by D,, can be rewritten as

(wQ2 )

Lng = DM(QZ; + QQw - 2Q ) Qw

(wQ2 )

= D2(Qu +2Q) + ——2Q,,.

We know (see [3]) that L9 has only one negative eigenvalue: —3, associated with the eigenfunction Q2. It is
also known that the kernel of LY is generated by @Q’. We recall the following spectral inequality from [22]: there
exists positive constants ¢y, co, c3 such that

(LS Dw, Do) 2 e1l|Dollfn — e2|(De, Q)] — es|(D, Q).
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2.1 Properties of the solitons

Here, D,, is even and @’ is odd, thus (D,, , Q") = 0. In order to estimate the other terms, we recall the following
result from Lemma 2 in [20]: for any § > 0, for w > 0 small enough we have |D,,(y)| < de~1¥l. Let 6 € (0,1),
to be fixed later. This implies that ||Dy||e < 6 and ||Dy||? < 6% < 6. First,

[((Qu +2Q)DZ , D.)| = < O3] D, ||2.

(20,0

Hence, |(L%.D,,, D,,)| < (5w||D || + 6|/ Dy l|?). Now, let us estimate the projection (D, ,Q?). Using the facts
that LQFQ2 = —3Q? and that LJr is self-adjoint, we write that

/ (Qu +2Q)D?

Second,

< cew/RQaD < Ceul|Q3| 1P| < Ceul|Dull-

(Da, Q@A = 3D, =33 = 3HDu LQA)] = Cl(LYD., @)

3l
< C (]((Qw +2Q)DZ,Q%)| + ‘< (MQ2)Q“’Q2>D

where

((Qu +2Q)D Q2>|—/Qw+2Q)Q2D2 D1

2 2
(Mg, ) = | [ %o <

Thus, |(D.,,Q%)* < C(||Du|? + €,)? < C(e2 + e,||Dw||? + 6]|D.||?). Using the spectral inequality, we find
that

and

1Du]1? < [|1Dullzn < C ({LE D, Do)l + (D, Q2)]) < Clew + 0)|| Dul|? + Ceu|Du|| + CeZ.

Recalling that all the letters C' refer to constant that do not depend on w, we fix 6 € (0,1) such that C§ < %.
Then we take w > 0 small enough such that Ce,, < 1 and |D,,(y)| < de~!¥l. We get

1
I1Dull? = Ceul|Dull = C=f < (1= Ceu = CO) [ Du|” = Ceu| Dol = Cf <0

thus || Dy||> — Ceu||Du|| — Ce2 <0

The only positive root of the polynomial X2 — Ce, X — Ce2 is Ce,, (where C is a different positive constant),
thus we obtain || D, || < Ce,. This leads to

1Dullfn < Clew + O)IIDull* + Ceu||Du|| + Cef, < Cc
and then, using Sobolev’s inequality, ||Dy||oc < C||Dy||gr < Cey,.

By the variation of the constants, we find the following expressions of D,, and D : for y > 0,

Duy) = 5 (Dul0) = fy™ Zu(2)e? d2) = 5 [F™ Zu(2)e ™" dz 4+ 557 [1 Zu(2)e” dz

and  D.(y) = <" ( 2 Z,(2)e* dz — DW(O)) — L [F* Z,(2)e " dz — &

eroo Z,(2)e* dz,

where Z, = —D,(Q> + QQ., + Q%) — g(wTQi)Qw. This expression is established as in the proof of Lemma
2 in [20]. Using the estimate |D,| < Ce,, we find that |Z,(2)] < Ce,e™?* for 2 > 0, then it leads to
D, (y)| + |Du(y)| < Ceye Y. Using the equation D! = D, + Z, and the fact that D, is even, we conclude

that |D£,k) (y)| < Cepe™ ¥ for any y € R and any k € {0, ...,6}. O
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2.2  The internal mode

2.2 The internal mode

The spectral problem we study here, whose solutions are called internal modes, is

L.Vi = AW
{L_v2 A (7)

with an eigenvalue \ close to 1. Let us observe, as in [16], that an equivalent system is
M+W1 == )\WQ (8)
M_W, = AW;.

Indeed, if is satisfied by (W7, Ws), then is satisfied by Vi = (S*)?W; and Vo = A" L, V.

We introduce the following notation that will be used throughout the entire article:
2
w

L

m

I = f/<a: fal)y)dy  and g =
R

The second hypothesis (Hj) is equivalent to:

1 1,
= — — +oo.

Ow E‘% w—0

Thus, hypothesis (Hs) implies in particular that I, > 0 for w > 0 small enough. It also implies that o, — 0 as
w — 0. These assumptions are crucial in what follows. We also notice that I, < Ce,, and thus ¢, < Cg,,.

The main technical result that will enable to prove the existence of an internal mode is the following one.

Proposition 2. Assume that hypotheses (H;) and (Hsz) hold. There exists w1 > 0, a € function « :
(0,w1) = [0, +00) and smooth real-valued w-dependant functions Wi (y) and Wa(y) such that the following
properties hold for all w € (0,wy).

o (Ezpansion of the eigenvalue.) As w — 0, a(w) = L& (1 + O(o,)).

o (Solutions to the spectral problem.) The pair of functions (W, Wa) solves with A = 1 — o2 and the
pair of functions (Vi ,V2) = ((S*)?W1, AL, V4) solves (7).

o (Ezpansion of the eigenfunctions.) For j € {1,2}, W; =1+ 5; + WA/JJ and
Vi=1-Q*+ R+ Vi, Va=1+Ry+Va,
where, for all y € R,
RM ()| < Ceu(1+ ly]) forall k € {0,...,4Y, [S¥(y)] < Cew(1+|y|) forall k € N,
j j
WM (y)| < Ce2(1+y?) forallk €N, V) < C2(144?) forallke{0,...,2}.
o (Decay properties of the eigenfunctions.) For j € {1,2} and all y € R,
W;(y)] < Ce=e! and, for any k > 1, [W{" ()| < O (e, Ih el 4 g,erlvl) |
i(y)] < Ce™ and, for any k € {1,2}, |V, (y)| < cwl e” +e- ,
v, Ce=lvl and. f ke {12}, [v" C (enIk eyl lyl
where kK = v/2 — 2. Moreover, for any & > 0 and all y € R,
(W1 = Wa) P (y)] < Cepe W,

o (Asymptotics of the eigenfunctions.) For j € {1,2} and all y € R,
W39 — =] Vi) — (1~ Qe M , Va(y) — e~ WI| < Coue=elv

Moreover, for all y > 0,
[Wi(y) + ae™ | < Coul,e + Ceye ™.

Finally,

)

’<W17W2>;

1 Qu
Vi) - 2|
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2.2  The internal mode

o (Derivatives with regards to w.) First,

lwa'(w)| < Ce, and w

Moreover, for j € {1,2}, any k > 1 and all y € R,

|0, W;| < S22 (1 + [y|)eoll 4 Lo (14 Jy|)e Il < Cose (1 4 [y|)eol

w

k
and  [950,W;| < = (1 + [yleel¥ 4 o= (1 + y)e "W < C= (1 + [y e,

Finally, for j € {1,2} and all y € R,

C (ewow —aly
.15+ 10,0031 < (222 1) 1+ e

Proof. We define o > 0 and s > 0 such that A =1 —a? and k2 = 1+ X =2 — o?. We introduce X; = w

and Xo = W1§W2. The system on (Wy,Ws) is equivalent to the following system on (X7, X5):
—8§X1+a2X1+ij1+b;X2 = 0 (9)
—8§X2 +I€2X2 —‘rb;Xl +b$X2 = 0

4+ af+4a] . : 3 Fam -
where b, = ==5—=. We introduce the following matrix notation:

(X, | -0+ P 0
X_(X2>7HO¢_< 0 _a;_’_HQ an_

The system @ is equivalent to the matrix equation

7N
S o
€ e+
€
~~

b3

(Ho + P)X = 0. (10)

We use Birman-Schwinger arguments similar to the ones developed in [I8] and [I6]. To this end, let us introduce

(VT ViR Vil - Vil

‘Pwlizf
V0l = +la-|  lap|+ /la—|
1 1 1 1
L ai a2 ai —a?
and P2 =-—

where z2 := sgn(x)+/|z| is a continuous function of z. The important relation satisfied by these two matrices
1 1
is that PZ|P,|2 = |P,|2 P2 = P,. Moreover, we recall from the estimates on aF that |P,| < Ce,Q2 in the
1

sense that all coefficients of the matrix P,, satisfy this inequality. We define the operator K, , = P2 H* |Pw|%
on L?(R) x L*(R), with integral kernel

O e

K

—aly—z|
1 1 € — 0 1
Kow(y,z) = §P‘3 (v) ( o —rly—z| ) [Pol? (2).
We decompose Ky, = Lo + Mo, Where

1 1 1 0 1
Lowr?) = P20 (0 ) I3

—rly—z|
0 e

—aly—z|
1 1 e 7T -1
and Ma,w(yvz):Pé(y)Na(yaz)‘Pwﬁ(Z) with Na(yaz)zf ( & 0 > .

K
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2.2  The internal mode

We can extend these operators for a = 0, defining

1 1 1{ —ly—~z| 0
Mo (y,2) = P3(y)No(y . 2)|Pu|? (2) where No(y,z)= - Bl |-
2 0 ﬁe ‘ |

That way, the map « — M, is well-defined and analytic (in the Hilbert-Schmidt norm) in a neighborhood
of a = 0. Contrary to the proof in [I6], we are not sure to be able to extend analytically the operator M,
for w = 0. From the estimate |aX(y)| < Ce,Q?(y) we deduce that M, converges to 0 as w — 0. Hence,
(o, w) — My, is continuous in w and analytical in « in a neighborhood of (0, 0); and we cannot say more a
priori in terms of regularity in w.

As in [16], we observe that is satisfied by (a, X) if, and only if, the function ¥ = PEX solves U = —wK, , ¥
ie. U+ (1 4+ Myw) 'Law? = 0. The existence and the analytic regularity of (1 + M, )~ make sense since

—kly—z|

< |y — z| and

—aly—z_q
o

[|Ma,wl] <1 for w> 0 small enough. Indeed, writing that ‘e
that |Ma.w(y,2)| < CewQu(y)Quw(2)(1 + |y — z|). This leads to

£ . <é<0,wesee

1/2 1/2
|| Mol < Ce, </ / Q2()Q%(2)(1 + |y — z|)2dydz> < Cey, </ / e 2Wle212l(1 4 |y — 2])? dydz> < Cey,
R JR R JR
which proves that ||My. || < Ce, < 1 for w > 0 small enough.

Therefore, we aim at finding o > 0 small such that —1 is an eigenvalue of the operator (1 + Maw)*lLa,w.
More generally, let us consider the eigenvalue problem

(14 M3 L) Law¥ = pd. (11)
By definition, L, is a rank one operator and, for any ¢ € L*(R), we have

(Low)) = 52 Ph e wiere () = [ er- (1Palto) anden= ().

Here, the dot - denotes the usual scalar product in R2. We find that (u, ¥) satisfies if and only if
Po()(1 4+ Ma) L (P2ey) = 2au0. (12)

We define the function r(a,w) = p,, ((1 + Ma,w)’l(Pjel)). Hence, (u, ¥) solves if, and only if, r(a,w) =

2ai. Therefore, —1 is an eigenvalue of the operator (1 + M, )" La,, if, and only if, s(a,w) = 0, where

rle,w).

s(a,w)=a+ 5

We easily see that 3—2(0 ,0) = 1. By the implicit function theorem, there exists a continuous function w — a(w)
defined in a neighborhood of 0 such that s(a,w) = 0 if, and only if, a = a(w). Moreover, since s is €' with
regards to w on (0,w*) for a certain w* > 0, we know from the implicit function theorem that « is € in a
neighborhood of 0, excepted (possibly) at the point 0 precisely. We now expand r(a(w),w) as follows:

a®) gy
r(a(w),w) =7r(0,w) +/0 g—a(d,w)da.

Let us estimate 7(0,w) first. We write

r(0,w

~—

1 1 Iw
= - [/ |Pw|;(y)(1+Mo,w)—l(Pﬁel)(y)dy} =e1-/ |P,|% (y) P2 (y)er dy + IR, = — IR,
® R

where IR, = e; - {/ |Pw\%(y)((1 + Mo,) "t — 1)(Péel)(y)dy]. We recall that || My .|| < Ce,, < 1. This shows,
R
<

by Neumann expansion, that |[(1+ My)™' — 1|| < 2||Mow|| < Cey. Then,

/ P2 (9)((1+ Mo) ™" — 1)(Pc361)(y)dy‘ < P2 @I A+My s 1) [|PZ er]] < C/eu-Ceu-Cy/es < Csl.
R

Asymptotic stability of solitons for near-cubic NLS equation with an internal mode 9



2.2  The internal mode

~

Thus, we have proven that 7(0,w) = —% + O(e2).

Now let us take care of the integral involving - in the Taylor expansion of r(a(w),w). We have

or OM4 B 1
petaw) = e | [Pt ((T5e0 e a2 ) (Phen) ) ]
We notice that
ONa. L[ y—=0@aly - =) 0 1— (14 w)e™
o (y,2) = 3 < 0 _aQnly=z]) —rly—] where 0(w) = — e

We can show that 0 < 6(w) < 3 for all w > 0, and thus ‘ e (y,z)‘ <SC(l+ly—2*) <CA+y*+2%)in
the sense that each coefficient of the matrix satisfied this mequality. Therefore,

1 aN&w 1
Ph) 2522y 2) Pl (2)

‘8Md,w < Ce’—jw(l + y2 + ZZ)QUJ(Z/)QUJ(Z)

5 y.4)| =

We recall that || Ms..|| < Ce, < 1 thus ||(1 + Ma,,)"?|| < C and we have

or  _

fraw)| < [ovau| [ 2pEs s (0 Ma)2pien) () a:
< [ovaaum| B | o+ dan ) |Pe] ay
R
< [ OVEQu) - Ceul1+11Qu() - C - CYE dy
< C&l.

Getting back to the Taylor expansion, we get

a(w)
/0 g—;(d ,w)da| <

and then

r(a(w),w) = L +0(E2) thus a(w) = —ir(a(w) ,w) = vy +0(2) =

: 01+ 0(0.)

4

where we recall that o, — 0 as w — 0.

(Expansion of the eigenfunctions.) From now on, a denotes a(w). We compute the expansion of the eigenfunc-
1

tion X of ([10) corresponding to the eigenfunction ¥ = P2 X of (11]) chosen with the normalisation p,,(¥) = —2a.
1

From (12) with p = —1 we obtain ¥ = (1 + M, ) ' (P.2e1). This leads to

X == NaYo with Yo = |Rof¥ (L4 Ao ) (Bien)

too S

where Ap = (14+ My) t—1=3 (1) M}, . Writing that Y, = Pye; + |P,[2 Aa w ( )2 el) and using the
i=1

expression of Ny, we see that

NoY, = ( _? ) + No|Po|? Au (P261>

where

1 f . B
[ @)+ ane) as and T = Y2 [ VI (02 e) () 0

Asymptotic stability of solitons for near-cubic NLS equation with an internal mode 10



2.2  The internal mode

Hence, the expansion of X can be written as
X1 > e 1 1
X=er+( ' )+ X where X = ~No|Pu|* Aae (Pj 61) + (No — No)Yo.
2

First, we have |Y,,| < C|P,|2|P,|zer < C(laf| + |ag|) < Cew@?. Moreover, from [I6] we recall that

e—rly—zl  o=V2ly—2|
K V2

thus [No — Na|(y,2) < Ca(1+ |y| + |2)* < CL, (1 + |y| + |2])* < Cew(1 + |y| + |2])2. Henceforth,

o2l — 1+ aly — 2| < Ca? (1+ |yl +]2))” and

(N — No)You ()] < CE2 / (1 Iyl +12)2Q3 () dz < Ce2 / (1 lyl+|2)2e 23 dz < 022 (14 y))? < Ce2 (1442).
R R

1
Now, let us control the other term. We know that ||Aq || < Ce,, thus ||[Aq o (Pier)|| < Ce2/?. We also know
that |No(y, 2)| <1+ |y| + |z|. This leads, thanks to Cauchy-Schwarz inequality, to

NolPu|# Ag (Péel) (y)‘ < HNO(y,.)PéH HAa,w(péel)H < CVaa(1+yl) - Ce¥/? < Ce2 (1 +42).

Therefore,

X = ( 1_;T1 ) + X where |X(y)| < Ce2(1+42).
2

Defining S; = 11 + 15 and Sy = T1 — 15, and recalling that W7 = X; + X5 and Wy = X; — X5, we obtain

W= LT LW where ()| < Ce2(1 4+ 42).
14 5 «

+ —_
One can notice that the functions 7 and S; verify the following differential equations: T} = %, T —2T, =

+

Gule SV = af 4+ 2T, and SY = al — 2Th. Using |af| < Ce,Q2, we can also see that

T+ [T2(y)| + [S1(y)] + [S2(y)] < Cew (1 + [y))-

Using the differential equations satisfied by 7); and S;, we see that the previous bounds on T} and S; still hold
for Tj(k) and Sj(k), for any k > 0.

About the derivatives of X , there is no additional difficulty. For example,

B(No — No) 1 [ sen(y —z) (e~ —1) 0
06734(‘%2) =3 < 0 sgn(y — 2) (e*nly*ZI _ e*\/i\yﬁ\)

where [e=*v=2| 1] < aly—2| < a(1+]y|+]2]) and [e=" = —e=V2=#I| < Cly—2| [k—v/2| < Ca?(1+]y|+]z]).
We could discuss the other derivatives with similar arguments and show that, for all k£ > 1,

ak(NO - Na)

020 (y,2) < Call +lyl + |21) < Cau(l + [yl + 2]

which leads to
b7

gyt (o= Na)Yw(y))‘ < /RCsw(l + 1yl + |2]) - £0Q(2) dz < Cef(1+ Jy)).

About the other term in )N(, we easily see that “95‘;,50 (y,2)
Ny. Using this estimate, we find that

< C for any k > 1, using the explicit expression of

< Ceg(1+yl).

'$ [Nole\%Aw (Péel)]' _ ‘/R 6;;;70 (W, 2)|Pol? (2) Au (Péel) (2)dz

Asymptotic stability of solitons for near-cubic NLS equation with an internal mode 11



2.2  The internal mode

Finally, for all & > 1, | X®)(y)| < Ce2(1 + |y|) and thus [W® ()] < C2(1 + |y]).

Now, let us deduce the expansions of V; and V5. In what follows, the notation (5,,(1) refers to any func-
tion w such that |w® (y)] < Cp(1 +y?) for all k € {0,...,p} (here the constants C} can depend on k but do
not depend on w). We recall that Vi = (S*)?W; = %Wl + 2%W{ + W{'. Using the equations and (5)), we
compute

Vi=1-Q>+ Ry +20,(1)

~ 2Q' G(w@?)
— 2 w
Where Rl = —QQDW —|— (1 — Q ) 1 Q 2W + 2T2
Here we recall that D, = @, — Q. An elementary Tayl i h that Gl@l) _ G| _ 2 O4(1
w w—Q. y Taylor expansion shows that | =757 EToL €5 Q O4(1).
Thus we can write V; = 1 — Q% + Ry 4 £204(1), where
2Q' w@?
Ry = —2QD,, + (1 - Q*)S; + 0 Sy —2 (2(,,22) + 275,

We can easily observe that |ng) (y)] < Ce,(1+|y|) for any k € {0,...,5}.

In order to establish the expansion of Vo = A~'L, V;, we recall that a = O(I,) = O(e,,), thus A1 = (1-a?)7! =
1+ O(g2). After computations and using the equations and , we obtain

Vo=1+Rsy +55(52(1)
where Ry = —RY 4+ Ry — 3Q?R; — 6Q(1 — Q*)D,, — (1 — Q?) ( 9(wQ’) +2Q%¢ (wQ? ))

Here too, elementary Taylor expansions have allowed us to write g(wQ?) instead of g(w@?) and Q%¢'(w@?)
instead of Q2¢'(w@?). The cost is absorbed in the term & (’)2( ). Now we compute R/ using the expression
above. We find, after lengthy computations, R2 Ry + €2 (’)2( ), where

2@’ o 2Q' ., 9(w@?)
Q 5 Ty + 25

At last, we have the following expansion of Va: Vo = 1 + Ry + £205(1). Moreover, |R§k)(y)| < Cey(1+ |y|) for
any k € {0,...,4}.

GwQ?) | ,Gw@?)

—4 w22 w2

R2:—4( Q)QD +4QD/+T1_3T2+

(Decay properties.) It is clear that | X,;| < 1+|T} H—CE (1+y?) < C(1+y?), thus |P,X| < Ce, Q% (y)(1+y?) <
Ce, e W, Recalling (10) and the expression of H;'(y,z), we see that

e—aly—z
X =-H'(P.X)= *1/ ( 0 - ) Py(2)X(2)dz
2 R O € P

therefore | X;(y)| < Ceu /e*a\y*ZIE*IZI dz < %eﬂx\yl < %efalyl.
« R « Iw

This does not prove the estimate | X;(y)| < Ce™ ! that we claim to be true in Proposition 2, since ¢,,/I,, has
no reason to be bounded: this particular estimate will have to wait a little more. However, the argument above
proves similarly that

el < Ce e Yl < Ce el

Ce,
< =
| X2(y)| < -

since we can assume that w is small enough so that x > 1. The argument is the same in order to estimate X ](k)

for k > 1. Indeed,
1o [l
X0 (y) = _5/ - ( a oorlv— | Pu(2)X(2)dz.

g OY* 0
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2.2  The internal mode

Up to constants, differentiating the matrix H_ ! only makes an o* and a x* appear (respectively in the control
of ka) and in the control of Xz(k)). That way, we obtain, for any k > 1,

|X£k)(y)| < Crepaf—te ol < Cpe IE el

and  [XP(y)] < Crrben,e Il < Cree vl

and the bound on X2(k) remains true when k = 0. This proves the decay properties of Wj(k) for any k£ > 1, and
it also proves the decay properties of (W7 — Wg)(k) for any k > 0, since W7 — Wy = 2X5.

The similar bounds on the functions V; do not present additional difficulties, they simply stem from the expres-
sions V; = (S*)2W; and Vo = A"'L V. We need the estimate |[W;(y)| < Ce~!l| which is not proven yet but
which will be proven in the following paragraph.

(Asymptotics of the eigenfunctions.) The equality can be written as
1

XiW) =~ [Tl X E) + Xa(2) + 0l (2)(Xa () — Xa(=)] dx
%) = -4 | T S (X (2) + Xo(2) - a3 (2) (X (2) - Xa(2))] de
Let us write
[Xi(y) e < Ha [ T [l ()X (=) + Xa(=) = 1) + af ()X (2) = Xa(2) ~1)] dz

_ L e~ ==l (ot (2) + a (2)) dz i67'1‘y| a,(z) +a,(z)) dz
bl [ @ @) s e [ (@) + ) d

1
+ ‘— e~y / (af(2) + ag (2)) dz — eyl
4o R

Let us estimate these three terms separately. For the first one, we recall that [X;(z) — 1] = |Ty(2) + X1 (2)] <
Ceo,(1+22%) and | X2(2)| = |Ta(z) + X2(2)| < Cey (1 + 2?). Thus,

1
i [ 0N ) Xa) ~ 1)+ () - Xale) - 1)
R
C Ce?
< —/e*a‘y*zleri(z)sw(l+22)dz < ﬁ/e*a‘y*zlfz‘z‘(l—f—f)dz
@ Jr @ Jr
2
< G mall ¢ g e,
«
For the second term, we use the inequalities |e™* — 1| < |wle!®! and ||y — 2| — |y|| < |2| that hold for all

w,y, z € R, as well as the monotonicity of w — we™ on [0, +00). We find that

’_;/Re—a'y%' (af(2) +ag(2)) dz + ie_a‘y‘ /]R (af(2) +a,(2)) dz

Ce,,

. ge_a|y|/’e_a(\y—zl—ly\)_1‘5wQ2(z)dz <
« R ) “

el [ ally = 2] = Iyl G2 ) az
R

< C’Ewe_a‘m/|z|e°‘|z|e_2|2|dz < Ceye @l
R

At last, the final term is controlled as follows:

‘410[ e—alyl /R (ai(z) + a;(z)) ds — eyl I,

— 1| e—alvl < ngefa\y\
4o
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2.2  The internal mode

since we recall that v = L& (1 4+ O(p,)). Gathering all these estimates, we obtain:
X, (y) — e=M| < Couea,

We have already proven previously that | Xo(y)| < Ceye W < Ce,e=ll therefore we get the desired estimate:
W; () — e=WI| < Coeal

This bound enables us to prove the decay property of W; that we have not proven yet. Indeed, taking w > 0
small enough, we get |[W;(y)| < e=¥l + Cg eI < Ceolvl.

The estimates for V; and V5 follow from the expressions V; = (S*)2W1 and V5 = )\_1L+V1. Let us give a
little more details.

vi-a-eeenl) < (1o + 2w - oy 4 [B vy
2
< 100= QR0 - e (1 - @3) - (1= @+ | 1L
2 /
o LR A
< Clew + Qw)e—a\yl
after analysing each term. To control V; we first see that
Le(1=Q) =147 where rl = (1 -390 2% o1 - 2)q2y' (w2 255

2 ’
In what follows, let us denote g, := %, G, = G(‘;gQ , dgw = Q29 (wQ?) and &g = g: After computa-

tions, we find that L,V = Wy + r2 where

e = Wi +4QuQLW] — (1 - QL)WY — gliWh — 29, W] — g W1 + (1 = 3Q2 + gu + 2dg.,) 9. W1
—2E W — AELWY + 26qWH" +2(1 = 3Q2 + g + 2dgu ) QW1 — Wi + (1 — 3Q2 + gu, + 2dg., )W'.

Using the estimates |W; (y) — e~ Y| < Coue Y |r2 (y)| < Cepe ¥ and A~' = 14 O(p,,), we finally obtain
the desired estimate:
Va(y) — e~ < Cove W,

The estimates for [(W;, W) — =t and |[(Vi,Va) — a~?| follow easily by integration. Let us prove the second
one for example. We use the estimates |Vi(y) — (1 — Q%)e= | < Co,e=l and |Va(y) — e=I¥l| < Coe1Yl.
From these estimates we see that |V3(y)| + [Va(y)| < Ce=l¥l. Then,

/R <V1V2 _ e—2a|y|) dy‘

/ Vi(Vo — e—a\y\) dy‘ +
R

1
‘<V17‘/2>_a‘ -

L - - @iy ay +
R

/ _e—a|y|Q2(y)e—a\y| dy
R

< ng/e_mly‘ dy—l—CQw/e_Q"‘yl dy+C
R R
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2.2  The internal mode

The last estimate, about W7, is proven similarly to the one on Wj. Take y > 0. We write that | X7 (y) +ae™ Y| <
Tl + TQ + Tg where

1
T, =|= / sgn(y — z)e V== ’CL:S(Xl +Xo — 1) +ag (X1 — Xo —1)] (2)dz
R

4 )
1 —aly—=z|(,,+ — 1 —« + -

T? =17 Sgn(y - 2)6 Y (aw + aw)(z) ——e (aw + a’w)(z) dz
4 Jr 4 R

1
and Tj= Ze*“y/(a:j +ay,)(z)dz + ae”*|.
R

As previously, we see that Ty < Ce2e~ = Cp,l,e~Y, Ty < Ceyl,e Y < Coy,l, e and Ty < Coyl,e Y.
Hence,
|X{(y) +ae” ™| < Coyloe .

Recalling that [X;(y)| < Ceye™Y, we obtain the desired estimate on [W] + ae™*¥|. Since W/ is odd, a similar
bound holds for [W} — el for y < 0.

(Derivatives with regards to w.) The last estimates in Proposition 2 will require many more calculations.
First, from Lemma 5 in [20], we know that |0, Q. (y)| < (1 + |y|)e~¥|. Therefore,

Ce,

+
|awaw ‘ g w

(1 + [y, (13)

From the expression M, ., = PfNanﬁ, we compute M(’iw = Pf(Nan)klea\Pwﬁ for all k > 1. This leads
to the following expression:

r(@,w) = el./Pw(l—kNde)_lel.
R
Thus,
ﬁ(oz,w) =e - (/ (0.P,)(1 4+ NoP,) ey — / P,Ny(0,P.,)(1+ Nan)_Qel) )
Oow R R

Wee know from that |0, P,| < %(1 + |y|)e2l¥l. Using the estimates |Na(y,z)| < C(1 + |y — z|) and
|P,(2)] < Ceu@?(2) < Ce,e??l) we easily show by induction that

vk €N, [(NaPo)"er(y)] < Cel(1+[y).
Using Neumann expansion, we obtain that |(1+ NzP,) te1(y)| < C(1 + |y|) and then

Cew

/R (@uP) () (14 NaPo)er) (1) dy‘ <

The second term in 9,7 is treated similarly: we see that |(1 + NzP.,) 2e1(y)] < C(1 + |y|) and then

Ce?
< e

/ P,N&(0,P,)(1+ NsP,) 2e; >
R

Combining these estimates, we obtain |9,r(&,w)| < Ce,/w. Note that here & does not depend on w; this
estimate is proven regardless of & Now we deduce the control of o/(w). Indeed, we recall that a(w) =

—1r (a(w),w). Thus,

|o/(w)|:‘ —Our(a(w),w) ‘: |Our(a(w) ,w)| Ce.,,

T oar(aw) )| T o) Sl el < =55,

which is the first result announced. Now, to control the difference o/ (w) — 19,,1,,, let us write that

, 1 B _1/2 1 Ou 1., 1
a(w) — Zawfw 14 %80/7’(05(@) ,w) (Gwr(a(w) w) 26“)Iw> - 4 (1 + %%T(a(w) ,w) - 1) .
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2.2  The internal mode

-1
Since M =0(gy), |1+ M‘ < C. Now, we recall that

Our(a(w),w) =e; - /(awa)(l + Nan)_lel —ep- / P,N,(0,P,)(1+ Nan)_2el
R R

where we have already proven that

—92 CEE)
€1+ | PuNa(0uPu)(1+ NaPy) Per| < =2,
R
On the other hand,
8 1, C 2
e1 (0uPu)(1+ NoPo)ler + =5 | = el'/@qu((1+NaRJ)*1 —1es| < %
R

thanks to the estimate |((1+ NoP,) ™! — 1)e1(y)| < Cew(1 + |y|), established as previously thanks to Neumann
expansion. Gathering these estimates, we obtain

2
Ce;,

Our(a(w),w) + %&JIW < —=.

C

We conclude by noticing that [0, 1| < === and ’

m — 1’ < Cg,,. This leads to the desired estimate:

8UJIOJ
4

2
< Ce;,

o (w) <

w

Now, we control the terms X;. To do so, we have to control first the terms X ;- In what follows,  denotes
a(w). We recall that X = (Ng — No)Y,, — NoP,((1 + NoP,)~! — 1)e; where Y,, = P, (1+ N,P,) te;. Thus,

an = _al(w)(aaNa)Yw + (NO - Noz)awyw - No(awpw) ((1 + NQPW)_l - ]‘) €1
+N0Pw (a/(w)(aocNa)Pw + Naawpw) (1 + NO‘PW)_zel'

We recall that |0, No| < C(1 + 32 + 22). We also recall that |(1 + N, P,) te;(y)| < C(1 + |y|), which implies
that Y, (y)| < Ceu,(1 + |y])Q?(y). Using all the previous bounds, we find successively that

2
Ce;,

|0/ (W) (OaNa)Ye| < =22 (1+97),

w

| No P’ () (9 Na) Po(1 + No ) 261 | < SE2(1 + Jy)),

2
|NoPuNa(8,P,) (1 + NoP)"2er| < 52 (1 + y))

w

and  |No(0,P.,) (14 NoPo)™t —1)e1| < Ce (1+[yl).

w

To establish the last estimate, we have used the fact that |((1 4 NoP.)™" — 1) e1(2)| < Cey(1 + |2|), which is
shown by Neumann expansion (as previously). The remaining term to be estimated is 9,,Y,,. We have

0.Y, = (0,P,)(1 4+ NoP,)te1 — P,(a/(w)(0aNa) P,y + No(0,P,))(1 4+ NoP,) 2e;.

Controlling each one of these terms as we did previously, we obtain the following estimate:

Cew

0¥l < =—=(1+ y3)Q2 ().

Recalling that |[(No — No)(y, 2)| < CL,(1 4+ y? + 22), these estimates lead to

|(NO - Na)awa| < Ce:Iw

(1+97).
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2.2  The internal mode

Gathering all these estimates, we have proven that
~ Ce?
0.X ()| < == (1 +97).

In order to estimate 0,X, we recall that X; = 1+7T} —&—)Z'l and X, =15 —I—X'g. Thanks to the explicit expressions
of Ty and T», and using (L3), we see that |0, 71| < €= (1 + |y|) and |9, T2 < €==. This leads to

Ce,

0.X ()l < —=(1+y?).
Now, the proof resembles the one of the asymptotics of the eigenfunctions. We write that —X; = e; -
H(Il(PwX) =T, + Ty + T3 where
1
T, = - / el (52 (X, — 1) + b3 Xa) (2) d,
2 R
Ty = 1 (===l — e=elvhpt(2) dz
20 R «

efalyl Iw
and T3 = 5 / bi(2)dz = ~ia el
« R 0%

Using the estimate on |4a/(w) — 0., 1,|, we establish that |8, (£2)] < Ceute  This leads to

woa

Cey 0w a
0, T3] < =222 (1 + |y[)eel.
wa
Now, we write 0, Ty = T14 + T15 + T1¢, where
/
Tia= —O;(o;) /(1 +aly — z[)e” = (b (X1 — 1) + by Xo) (2) de,
« R

o—aly—
Typ = /]R e (OB~ 1) + (0,67)X2) (2) e

—aly—z|
and T3 = / S (b} 0,X1 + b, 0,X2) (2) dz.
R 2«

Using the previous known estimates, including |X; — 1| < Cey(1 + 2%), |X2| < Ceu(1 + 22) and [0,X;| <
%(1 + 22), we find that

Ce Ce2 C
|T1a] < w0 (1+[ye W, T < —2e W and |To| < Zlw —alyl,
wa wa w

This leads to:

|8wT1| <

Ceg 00 a
ZEwle (1 4 pylel,
wo

Finally, we write 9, T = Toa + Top, where

/ —aly—z| _ o—alyl —aly—z| _ o—aly|
Toy = a éw) / O, <€ ¢ ) bl(2)dz and Taop= / ¢ ¢ 0,07 (2) dz.
R R

o} 2a
Recalling that [e=@(v=21=1v) — 1] < a|z|e?!?], we see that

ITop| < Ceu e—alul

For the term T4, we see that

eialyi‘z‘ — 67a|y| ]_
Ou < - ) == [e*a\yl —ealy=zl 4 <|y|e*a|y| —ly— Z|efa|y7z|)}
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2.2  The internal mode

where

el — ===l < a1+ fye=ebjzje
and [ [yleeI = Jy — zle | < Jy]lem W — e H ] |y — Jy — 2= < (14 alylJe ¥ zlec .
Gathering these estimates, we evidently find that
c _
(Toal € 21+ y)e .

Putting all the pieces together, we obtain:

Ce
|an1| g wa
wo

(1 + [yleevl.

Estlmatmg 8"“8 X; requires the same proof, with minor adjustments. We differentiate the expression X; =
—e1 - H;Y(P, X) with regards to y. For example, we shall write:

1
0% = [ sty =2 VNG00~ 1) 40 Xa)(2) ds
- /(efo“lyfz| — e WNsen(y — 2)bF (2) d=
2 Jr
—aly|
-6 / sgn(y — 2)b} (2) dz.
2 Jr

Controlling as previously, we find that
Ce, _

More generally, a similar proof would show that, for any k£ > 1
Ce k
080, X1] < wa+|n‘ﬂM.

As for X5, the general idea is the same but the calculations are easier and we see that, for any k > 0,

C’aw

05 00X | < = (1 + [y[)e "IV,

It follows that, for any j € {1,2} and any k& > 1

|01 < o (14 lyDe ) 4+ S5 (1 + [yDe W < g2 (1 + [y[)e !

and 950, W;| < Z5 (1 + [y])eelvl 4 Ceu (1 4 |y[)e=rIvl < o (1 4 [y[)e=elvl.

One can notice that == < C%f“. Now, differentiating the expressions Vi = (S*)2W; and Vo = A"'L, V; with

regards to w and using previous estimates (including [0,Qu| < (14 |y[)e~ ¥l and |/ (w)| < CEW) we evidently
find that,

C wtw _
10, VA| + |0, Vo] + |0y 0, Vi | + 10,0, Vo] < = (s Qv | 1> (1+ [y|)e!,

1,
which concludes the proof. Note that we are not able to compare =22< to 1. O
W/
Now we set U = 0, — —=.
Y WQ
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2.2  The internal mode

Lemma 2. For w > 0 small enough, the following factorisation holds:
UMiM_ = KU,
where K = 09 — 20 + Kzag + K19, + Ko + 1, with

wy ()2

Ky = 1-— W2 T A

K, = —3)\W2/ +3AW§V:2V2 +3VVVVZ W;/Vf +8(I/VI‘//?;;33 — (ad),

Ky = —2AI&//1: + 5AWM{)§/2/ + 20%)2 - 3AW11(A/V§2’)2 + AW‘;/‘;/";/ - Vﬂ‘g V;/,;” - 5W124/V?H
—3(%;2)2 + 15W5/évgfé)2 — 8(%4 — (a;)’% —af MV;“;/ a (%2 + A2 -1

Proof. The proof is entirely identical to the proof of Lemma 3 in [I6]. The only difference is the start: in our

case,
M, M, — A\2h = —2)\W1/ ;o )\ng// + 2W2///g/ + 4W2//g// + 2W2/g/// + Wé’g”
—|—2W21gm + Wzg/”/ _ 2W2/g/ _ ng// _ 2a$W2{g’ _ GIWQQ//y

where h is any smooth function and g = h/Ws (here exceptionally, in order to fit the notation of [16], g does
not denote the function g that appear in the Schrédinger equation we study). Note that the potential a_, does
not appear, since the only time we actually use the operator M_ is in the equality M_W, = W;. Starting from
the relation above, the rest of the proof is entirely identical. O

Lemma 3. For w > 0 small enough, for any j € {0,1,2} and k € {0,j + 1}, on R,
(KW < Cee ol

Proof. We follow the proof in [I6]. First, taking w small enough, since |Wy(y) — e~ | < Co,e~ ¥l we have
Wa(y) > %e_aly‘ > 0. Exploiting Proposition 2, we see that

Wil ()Y
Wo Wo
for any k > 1. Now, we rewrite the identity M_Wy = AW; as W§ = = a®Wy — woWs where wg = A W1 W’-’ —a,

Using the estimates on W — Wy and on Wa, as well as |A\| < 1 and |a;;| < Ce,e™ 2 < Cee= (v~ a)|y| we see
that |wék)| < Crepe =l for any k € {0, ...,3}. This means that

W (k)
/()
Wa
for any k € {1,...,3}. Now, take y > 0. Multiplying the identity W3’ = oWy — woW, by W} and integrating
on [y, +00), we get

< Creye— (=l

W//
‘2 a2 < Creo ol

—+oo
(Wh2(y) = a*W2(y) + 2 / wo Wi Wo.
Yy

Using the estimates on wy, W4 and Wa, we find that

2| < Ceplye v 4 0536_2(”_0‘)9.

’(Wz’)2
w3
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2.2  The internal mode

For y >

R—Q
e2e k=Y L Cg, I,eF=Y, Therefore, for y > y.,

(W3)?
w3

In (%) =: y, with an appropriate constant C, we have both Ce,l,e”"~®¥ < o2 and

2| < CeIeF—y < a?,

thus Wi(y) # 0. Since Wi(y) ~ —ae ¥ when y — +o00, we see that W5 < 0 for y > y,. For such y,

W W)
Wi —a’ _Wz + a > a > 0 and then
(W3)? 2’
w2 @ Ceyl e~ vy
2 tal= = g < Ce e~ vyl
Wa Wy a‘ @
Wa

Now, for 0 < y < yu, recall from Proposition 2 that |[Wi(y) + ae™®Y| < Co,ly,e™* + Ce,e™ and |[Wa(y) —
e~ | < Co,e Y. Also recalling that Wo > %e’o‘y, this leads to

W/
’VVQ +a ‘ |W2 +ae™™ —ale™™ — Wa(y ))‘ < Couly, + Cee™ (7,
2
For y < y,, we easily see that g,I, < Ceye”"~®¥. Indeed, g, e~ (F=®v > ewCl, /e, = CI, > Cl,p,. This

proves that, for all y > 0,
ol < C’ewe*(""*o‘)y.

2
‘Wz i
Then, using the relation W2(k+2) = onWz(k) — (woW3)®), we deduce that

< C’ewe*(“*a)y

(k)
|W2 _ (—Ot)k

W,

for all k € {1,...,5} and all y > 0. For y < 0, the result must be adapted by taking into account the parity of
k, since W5 is an even function. By similar considerations we can show that

_ (_a)k < Ce e~ vy

W
Wy

for all k € {1,...,5} and all y > 0. Now, we can establish the estimates on Ky, K; and Ks. First, for y > 0,

Ko = |Ko—(1—\+3a2 —4a?)]

1471 W//
=1+ -2 21 3
| |+‘ (Wz )‘Jr ‘W2

< Ceye~ =y,

N

21+ lad)|

a0

w3

the proofs are identical for K; and K,: we respectively use the identities 3Aa — 3Aa — 3o + 11a® — 8 = 0
and —2Xa? + 5 a? 4+ 202 — 3 a2 + Aa? — a? +o* — 5ot — 30t + 140* —8a* + A2 — 1 = 0. The result for y <0
holds by parity, and the generalisation for & > 1 does not present additional difficulties. O

Lemma 4. It holds formally

/R(th’Jrh)Kh:4/R(h”)2+4/R(h’)2+/RY1(h’)2+/RYOh2

where the functions Y7 = —2K, — yK} + 2yK; and Yy = 3 (K — K| — 2yK{) satisfy, |Y1(k)| < Crepe™ W for
all k € {0,...,2} and |Yy| < Cee ¥ on R.

Proof. Identical to the proof of Lemma 4 in [16]. O
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2.2  The internal mode

I Lemma 5. For w > 0 small, fR Yo =1, (14 O(ou)).

Proof. We begin by writing Kq = —2 (V‘}‘/, - a2> + (V;‘ZZ( — a4> + Ko where

. W W/W/ (W/)Q Wl (W/)2 W1 W//
Ky = 2a°-t 12 4190220 3\ 2N — 1) 22
0 W, Wz W wz M\ W,
e WEWEWY R W (R ()
Wy “Wa Wa w2 W, W2 Wi
/ 1\2
_(ai)/% _ W2 + 2 + (WQ) + (AQ _ 1) _ 20&2 + a4.

Wy “ Wy e W3

We begin to control the terms in I~{0 as we did in the proof of Lemma 3. For example,

1 11
2a2—mv[/;12 — 20| =202 LV[//; —a?| < Cale,e )y
and W{Ws Wy (W3 Wy
BA——2 — Baa?| < BA [ |2 [ =2 —a| 2 < Cele~(mallvl,
‘ W2 “ wy e )l e Fuf

Proceeding similarly for the other terms, we obtain
|f(0‘ < Cee(hmll,

Now, we analyse the remaining terms. First,

) () e ()
dy = — | dy + —a“ ).
/R(WQ v wy) YT w3

g; — —a as y — +o0o. Hence, recalling that

Cepe~("=®)Y 5 0 as y — +00, we have

Wi\’ w1t
1 = |1 - _%a.
[ Gr) =] “

Wal

Since ’% + al <
W1 /W5 is odd,

Besides, 1W2 - 042’ < Cee ("=l Now, the last term can be written as follows:
W//// 4) /+oo (Wé”)l WQ/ (W/// 3) 5 (W’ )
— dy =2 + —= + « — +
/JR( Wa Y 0 Ws Wy \ Wa Wy
AN ’ /// ’
We have f0+oo (V‘[//[?Z ) = —ad, %z ( + )‘ < Ceae_("_a)y and ‘% —&—a‘ < Ce e (Fma)y, Gathering all

these estimates, we find that
/ Yo = / Ko =4a+0(2) = L(1+0(.) + O(Loow) = L (1 + O(0.))
R R

which is the desired result. O

Lemma 6. Assume hypotheses (H;) and (Hs) hold. For w > 0 small, if (u,2) € R x H*(R) satisfied
K7 = uZ then Z = 0.

Proof. Let (1, Z) € R x H*(R) be a solution of KZ = pZ. Since [,(2yZ' + Z)Z = 0, we deduce from Lemma
4 that
0 :4/(2”)2+4/(Z’)2+/Yl(Z’)2 +/Y0Z2.
R R R R
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First, from Lemma 4 we know that |Y1| < Ce,, thus | [; Y1(Z")?| < Cey [5(Z')*. Now we use Lemma 5 from
[16] with Y = Yo ¢=1and h = Z. It is correct since, for w > 0 small, f]R C}?w ~ c{“w > 0. This lemma gives

Cey? €
us o o2
0< (/ Yo)/e_ylZQdy < C/YOZQ+ 2 /(Z')2 < C/%Z%ﬂ/(z’)?
R R R Je Yo Jr R I, Jr
Hence,
2
f/YOZQ <% (g2 ng/(Z/)z.
R I, Jr R

Putting these estimates together, we obtain
0= 4:/(2”)2 +4/(Z’)2 +/Y1(Z’)2 +/YOZ2 > 4/(2")2 +(4—Ce, — ng)/(z’)?
R R R R R R

Now, taking w > 0 small enough so that Ce, + Cp, < 1, we have

0 2 /(Z//)2+/(Z,)2
R R
which leads to Z = 0. O

Lemma 7. Assume hypotheses (H;) and (Hy) hold. For w > 0 small, the only solutions (X, V;,V5) €
[0, 4+00) x H3(R) x H?(R) of the eigenvalue problem are

+ (1,0,0) for any p > 0,
e (0,aQl,,bQ,) for any a,b € R,

e (A,cVh,cVa) for any ¢ € R, where (A, V7, V4) is the internal mode constructed in Proposition 2.

Proof. Identical to the proof of Lemma 8 in [I6]. O

Gathering Proposition 2 and Lemma 7, we obtain Theorem 1 (in its rescaled version). O

3 Rescaled decomposition

The two crucial points of this paper, in order to establish the asymptotic stability property, are the good un-
derstanding of the internal mode (existence, uniqueness, properties, estimates) and the Fermi golden rule. The
rest of this paper relies on [16]: the proofs are, in majority, identical here. Henceforth, we shall state lemmas
and propositions which are analogous to propositions in [I6] and refer to [I6] for the details of the proofs. The
notable differences that our case generates will be clearly identified and proven, in order to explain without any
doubt why the result of asymptotic stability presented in [16] still holds in our case and how the same proof
works without complication.

We introduce A := (1 + ydy), A* = —%9,, A, := A+ wd,, and R2 := R x (0,+00). For ¢ € H'(R)

and II = (v,w) € R2, we define the function ([ ,II] : R — C by

Cle, H](y) = e\;gw(\%)-

Lemma 8. For any wg > 0 small and any € > 0, there exists § > 0 such that, for all even function
¢ € H'(R) with [|¢ — @u, || 1) < 8, there exists a unique II = (y,w) € R such that |v| + |w —wo| < € and
u:= (e, ] — Q,, satisfies

||u||H1(R) <e and <uaiAwa> = <UaQw> =0.
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Proof. Identical to the proof of Lemma 9 in [16]. We need to know that ‘/;TO(’?W (||¢w|\2)w=w0
wo > 0 small enough. This is proven in Lemma 5 in [20]. O

is positive for

We now have to prove a technical lemma that takes a different form here, compared to [16].
Lemma 9. We set f, (1) := [1]?¢ + %w'?) . Let
@1 = Re[fo(Qu +u) = fu(Qu) — f5(Qu)u]
and g2 =Im |f,(Qu + u) — %u
We have, for u = uy + dup with |u| < 1,
|01 = [Qu(3 + 39" (wQ) + 2wQ2g" (wQE))ui + Qu(l+¢'(wQE))ud]| < Clul™?

and ‘qQ—ZQw(l—I—g(oJQ2 u1u2| Clul?.

Proof. Let us begin with g;. First, consider the case |u| < 155 Q3/ . We use Taylor’s expansion and write that
= [Qu(B+3¢(wQ2) + 20wQ2g" (wQZ))ui + Qu(l + ¢'(wQ?))u3]
= [ufur + 2w uQiwg” (WQL) + uul’g' (wWQZ) + 2ui QL wg" (wQ?) (14)

HutwQu L) 4 22 1u2Quwg" (wQ2) + |ultuyw B 4 (Q, +uy) B

where

2 2
IR := /w(Qw—‘r?me-‘ru' : (W(Qw +2uQu + |U|2) — 8)2 g///(S) ds.

Q2 2
For w > 0 small enough and any s € [wQ? ,w(Q? + 2u1Q, + |ul?)], we have |¢"(s)| < e,572 and |(w(Qy, +
2u1Q., + [ul?) — 8)?| < Cw?(|u|Qu + |ul?). Using these bounds, we find that

1 2 2
‘ < CaululQu + ) g7 (1 P2 'Q“')

1/2
The hypothesis |u| < WloQi implies that 1+ 2“1 + |“‘ >1- Q;O > 1. It also implies that Qi 5. This

leads to | |3 | |6
u u
< Ce,, —|—) <C£wu7/3.
(Q Q! u

Using the hypotheses on g, it is easy to check that the other terms in are also smaller (in module) than
C|u|™/3 (they are even controlled by C|u|?). Consequently, in this first case,

1 — [Qu(3+ 3¢ (wQ2) + 2wQ2¢" (WQ2))uF + Qu(l + ¢ (wQ2))u3]| < Clul™2.

\I
IR

w

Let us now consider the second case where |u| > ﬁ@f/ ?. This case is easier, as we simply estimate every term
by triangular inequality. Using the hypotheses on g and the bound Q. < C|u|?/3, we see that

|Qu (3 + 3¢ (wQ2) + 2wQ2 " (WQ2))uf + Qu(l + ¢ (wQ2))u3| < Clu*Qu < Clul¥>.
As for the control of ¢, we write that, by definition of f,,

Qw + uy
= |u?Qu + |u?u; + 2uiQ., — 2u1Q% ¢’ (WQ?) + mr (g(

where [g(wQ? + 2wu1 Q,, + wlul?) — g(wQ?)| < Cw|2u1Q,, + |ul|?| since |¢'(s)] < C. We find that

1] < O ([uPQu + [uf® + [ulQ%) < Clul™?.

wQ? + 2wy Qu + wlul?) — g(wQ?))
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Therefore, whatever case we are in, the following bound holds:

g1 — [Qu(B+ 3¢ (wQ2) + 2wQLg" (wQ2))ui + Qu(l + ¢/ (wQ2))u3]| < Clul™?.

Now, let us deal with g2, which requires two cases but this time it is slightly easier. First, consider the case
lu| < 155Qw- We use Taylor’s expansion and write that

72 = 2Qu(1+ ¢ (wQ2))uuz = |ufuz(l+ g (wQL)) + 2ufuswQ 9" (wQF)2uruz|ul*wQug” (WQZ)

+2u[fuswg” (wQ2) + ux i,
where IR is the same integral as above. Here the estimates are better, since we have u in front of IR, and not
(Qu + u). We find, reasoning as previously, that |2 — 2Qu (1 + ¢’ (wQ?2))urus| < Clul®. The case |u| > 15Qu

does not present additional difficulty, and we find that the above estimate still holds.

Without additional hypotheses on g, 7/3 is the best exponant that we can get. This remark has an impor-
tant consequence on the fact that w(s) does not converge as s — 400 (see the remark 6 at the end of section 10).
For the rest of the paper, we introduce the functions v(y) = sech (1%) and p(y) = sech (%“6“) y) We give
the following global decomposition result. Here, for a function u depending on s, we denote % := Jsu.

Lemma 10. For any wg > 0 small and any ¢ > 0, there exists § > 0 such that, for all even function

Yo € H'(R) with [[thg — ¢uy|| 1 (r) < 8, there exists a unique €™ function IT : [0, +00) — (v,w) € R% such
that, if ¥ is the solution of , denoting

u(s) = ¢[¥(7(s)) , 1(s)] = Qus)  where 7(s) := /0 dS/

w(s")’
then the following properties hold, for all s € [0, +00),
o (Stability.) |w — wol + [|u|| g1 (r) <€
o (Orthogonality relations.) {u,iA,Q.) = (u,Q,) = 0.

(Equation.) u = uy + ius satisfies

Uy

U
where my == 4 — 1, my = w/w, 1 = MyQu, o = —MuALQu, P1 = Mmyus + myAug and py =
MUz — My Au;.

L_ug+ pz +p2 — qo (15)
—Liuy —p1 —p1+aq

e (Control of the parameters.) |m.| + |my| < C||vul|*.

Proof. Identical to the proof of Lemma 11 in [I6]. O

In what follows, we will need the following remark. We recall that

Ce
o () < o2 g 2
wo

w
thanks to the definition of €, and the bounds % <w< 3% Thus, using Lemma 10 just above,
Ce Ce 1

30.1()/2|w_w | < 30.)0/26

o] < < —a(wp)

a(w) — a(wo)| < alte<

if we take € > 0 small enough (depending on wy). Thus we can put ourselves in the case where a(w) < Ca(wp)
and a(w)™! < Ca(wy) ™!, and that is what we will do from now on. Recall from Proposition 2 that (V;,Va) ~
a1 > 0. We introduce the notation

<h > V1> <h ) V2>

Rl i=h— 2L d ht=h-—222Ly.
Vivg) 2 Wi V) !
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Lemma 11. Under the assumptions of Lemma 10, possibly taking a smaller 6, there exists a unique ¢!
function b = by +iby : [0, +00) = C such that v = vy + v, defined by

u; =v1 +b01Vi  and  us = vg 4+ baVs,
satisfies, for all s € [0, +00), the five following properties.
o (Stability.) |Jv||g: + |b] < e
o (Orthogonality relations.) (v,iA,Qu) = (v,Qu) = (v,iV1) = (v, V2) = 0.

o (Control of the parameters.)

[ma| + me| < C ([[po]]* + 1b) . (16)
o (Equation of v.) Setting r1 := —m,bawd,, Vo and ry := m,bjwd,, V1,
b1 = L_vyg+pus+py —qs —ry
. T T T (17)
U9 = —Ljyvi—pu1—p +¢ +r.
« (Equation of b.) Setting B; 1= 178=1iVil for j € {1,2},
i)l = Abs + By
{ by = A\ -B (18)
and
|B1| + [Ba| < Calwo)([b]? + [[p*ol[*). (19)

Proof. The proof is analogous to the proof of Lemma 12 in [I6]. We define b, = 21‘2 %i and by = El(/f éi The

rest of the proof is globally unchanged. Two minor differences are to be noted. First, in [I6], a(w) ~ %w and
ply) = sech (%), which leads to more comfortable calculations. Thus, some occurrences of wy (typically in
this proof) must be replaced by «(wp) in our case. The arguments remain unchanged. The results have been
adapted in consequence.

The other difference is in the development of g; at the second order, since we know from Lemma 9 that
the queue term is not of order 3 but only of order 7/3. This does not change the conclusion whatsoever. We
have

a1 = [(Qu(3 43¢ (w@2) + 20Q%g" (WQ2)) ui + Qu(l + ¢'(wQZ))u3]| < Clo|"P+C[b|"? +Cv o] +Cv|b] [u].

Setting di (w) = iy Jp Qu(3+39' (wQ2) +20wQ2¢" (wQ2))VF and do(w) = privgy Jp Qu(1+9/ (WQL) AV,
this leads to
fR 611V1

(Vi,V2)

The end of the proof works without further complication, since |b|7/3 < €/3|b|? < Ca(wo)|b|? for € > 0 chosen
small enough (depending on wg). We will find later other proofs where, similarly, the order of the development
is restrained in our case: we end up with €'/ instead of € in the case of [I6], but this change does not affect the
proof. O

— dy (Wb} — da(w)b3| < Calwo)(|lp* 0| + b [[vol]) + C|b /2.

Lemma 12. For all & € {0,...,2}, [(A1H)®| + |(hT)®| < C|AF)| 4+ C\/a(wo)||p*h||p®. In particular,
[lph ]| + 1o ]| < Cllphl].

Proof. Identical to the proof of Lemma 13 in [16]. O
Lemma 13. We define .# := |b|* + ||pv||?. For all s > 0,

|4 < C (1b]* + |lpy0l[* + [lpv]?) - (20)
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Proof. The proof is identical to the proof of Lemma 16 in [16]. The only notable difference is that the estimates
on 858“@- are more natural in [I6] and lead to easier calculations. In our case, recalling that % <w< 3%,
we know that, for j € {1,2},

w0 Vi + w8y 8, V;] < OV (wo) (1 + [y)e ! (21)

where V(wg) := 220/2  Therefore, here, |wd,Vi| + |wd,Vi| < Ca(wy) 'V (wp). Using the definition of r; and

a(wo)

ro, as well as , we find

[lor1ll =+ [lpr2ll < Clm| [blowo) ™ ¥ (wo) < C(b* + [[vv][*)ea(wo) ™ V(wo) < C(Ibf* + [|vol[*)

as long as we take € > 0 small enough (depending on wy). The rest of the proof is unchanged and gives the
desired result. O

4 Estimate at large scale

We will use virial arguments, which require suitable functions that will be denoted as follows. The arguments
and notation used here originate from [I3], [I5], [17], [16]. We fix a smooth even function x : R — R such
x=1on]0,1], x=0o0n [2,400) and x' <0 on [0,+0c0). Let 1 < B < A be large constants to be fixed later.
We define

xay) =x (%), na(y) = sech (%)

Cay) = exp (~H 1 - X)), aly) = [ &

Note that 0 < @, = (3 <1, |®4] < |y| and [P 4] < CA on R. We define the function ¥4 p := x4 ®p and the
virial operators as follows:

O4 = 2(1)Aay+(1)24 and Ha,B = 2\11A738y+\11f473.
The first virial estimate is given below.

Proposition 3. For all s > 0,
S 1 S
[ (a0l + gllnaol?) < ce e [ QiotolP + ).
0 0

5
Proof. The proof is identical to the proof of Lemma 18 in [I6]. By (I7), we see that % Jp(@av2)vr = 3 i;
=1

Jj=

where
i =~ [o(©4v1))01 — [(O.av2)0; 02,
iy = [4(©av1)p1 + [R(©av2)pa,
i3 = [p(©av1)p] + [R(Oav2)py,
is=— [(Oav)r] — [o(©ava)ry
and 5 = = [ (©v1) (f(Qu)vr + ) = [o(Oave) (£5vs + 01 ).
As in [16],

lix] > 2[10,3]]* = Cllwol*  and iz < C(llwv]* + o),

where U := (av. As for i3, the proof is also identical, based on the fact that the inequality (y? + DIV T+ (Jyl +
DIV/| +|Vj| < Cp® remains true in our case since a > a(wp). We find:

1o
< 5l10y311 + Cllp™ll* + Clb[*.

iz + my, /(GAU2)U1
R
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Now, as for is, we recall . Following the proof of [I6], this leads to
10400, V;| < OV (wo)(1+ )™ < OV (wo)p*(y)

then
V(wo) V(wo)
a(wo) a(wo)

choosing € > 0 small enough (depending on wy). The same proof holds for the term containing r5 and we end
up with

(©av1)r]
R

<C bl Ime| [10*0]| < © e(llvoll* + P)lp*l1* < C(llp*ll* + [ol*)

ial < O (Il + b]")

Finally, as for i5, the proof is analogous: we consider

G = Re [£(Qu+v) — fulQu)],
B = Tm[fu(Qu +v) — fu(Qu)].
B = Re [ful(Qu + 1) — fu(Qu +v) — f(Qu)(ur — v1)]
and o = Tm [ fu(Qu + 1) = fu(Qu +v) — i L4522 (up — v3)].

We recall that f.,(¢) = [1]%¢ + %ﬂz) and we introduce F,,(¢) := Ili‘él + G(;(Llﬁﬁ). Integrating by parts, we
find that

/(@AU1)q~1 + /(@sz)fb =151 +is52+1i53
R R

where
i571 = —2Re f]R (I)IA(FW(QW + U) - Fw(Qw) - fw(Qw)v)7

i52 = —2Re [ 24Q) (fu(Qu +v) = fu(Qu) — f1(Qu)v)

and i53 = Re fR D, 0(fu(Qu +v) — fu(Quw)).

Estimating these integrals follow the same steps as in the proof of Proposition 3 in [20] (the equivalent integrals
are I1, I and I3). It leads to

fis.1| + lis.3 < C / & (Jo]" + Q2 [v]?) < OlIcav?|[? + Cljwo 2

and Jisz] < C [ SalQLI@ulof + o) <
R

Therefore, [is 1]+ [is2|+[is,3] < C (|[vv]|* + [[Cav?]]?) < Cllvv]|? 4 C Ae||9, ]| thus, choosing € > 0 small enough

(depending on A),
/ (©a01)d / (©402)
R R

Now, let us deal with the terms ¢; and ¢o. We start with ¢; and we will need three different cases. First,
suppose that |u| < % and |v| < %. Using Taylor expansions, we see that

1
+ < 519,311 + Cllp*l .

q1 = Re(kl,w(u)fkl,w(v))ﬂuﬁulf\v|2v1+Qw(|u|2f\v|2)+2Qw(u§fvf)+% [(Qu 4 v1)(IRy — IRy) 4 (u1 — v1)IR,]

where

2
IR, = [402 " (w]Qu + uf? — 1) () dr,

IR, = [0 (w]Qu +vf2 — t)g" () dt

and k1, (u) = |Qu + u*(Qu + u) — Q% — 3Q2u1 — iQ2us.
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The notation ki, is taken from the proof of Lemma 18 in [16]. It is shown that |ki . (u) — k1. (v)| < Clu —
V|(Qu(|u| + |v]) + [u]? + [v]?). Now, we decompose IR,, — IR, as follows and we use the bound |¢" (¢)| < C/t:

w|Qu+ul?
/ (@]Qu + o[ — £)g"(t) dt| +

w|Qu+ul
R, —IR,| < / (20Qu (1 — v2) + w(lul? = [o]))g”(¢) dt
w|Qu+v|? wQZ,
w|Qu+ul? Cdt w|Qutul? O dt
< w]lQutul - 1Qu ol | [ +Cu (Qulur — |+l — o) | [ 7 EE.
w|Quv|? wQ?,

We have fleerul CA < C|In |’ In here = 1+2“1+|u‘ ith 2“14—‘"' _1

v ‘Q +U|2 t ~ w. Q2 7W / 2
thanks to the hypothesis. Since In(1 + -) is C—Lipschitz on [—% , +oo), we have

2 2 2 2
u lur — 1| | [Jul = v |>
Infl+—| —In|l4+—1| | <C ( + .
Qu Qw Qu Q2
Moreover, we see that ||u|? — [v|?| < |u —v|(|u| + |[v]) < Qulu — |, ||Qu + u|? — |Qu + v|?| < Qulu —v| + |u —
v|(Jul + v]) £ CQulu — v| and
wlQuul® o gy 2 c
/ <01n‘1+“ Cma| < G
wQ?2 Qw Qw
Gathering all the previous estimates, we find
IR, — IR,| < Cw|u — v|(Ju| + |[v]).
Moreover,
w|Qu+ul? w|Qu+ul? C’dt C
IR,| < / (@] Qo + ul? — £)g" (1) dt| < w||Qu-+ul2—Q2| / < Cw-Qulu '“' < Cwlul?.
wQ?, wQ?
Getting back to ¢1, we evidently find that
|d1] < Clu — o] (Qu(|ul + [v]) + [ul® + [v]*) .

Now, let us consider the case |u| > %. The situation is easier. We write

. Q. + 1 2 2 Uy — v 2

@i = Re(kiw(u) —kiu() + =—— (9(wlQu + ul*) — g(w|Qu +v[*)) + — 9(lQu +uf)

(1 —v1) (2Q2¢/ (wQ2) + L4 )

Since |¢'| is bounded, we have |g(w|Qu+u|?)—g(w|Qu+v]?)| < C’w\|Qw—|—u|2—|Q +v]?| < Cw|u [(Qu+|ul+|v]).
We also have, thanks to the hypothesis, |Q., + v1| < C|v|, |9(w|Qu + u|?)| < Cw|Q., + u|?* < Cw|u|? and

2 2 9(w@2) 2 2 2
(u1 = 1) | 2Q00' (WQ5) + == || < lu—|(CQ, + CQL) < Clu— vl |uf”.
Therefore, gathering these estimates, we obtain:

@] < Clu— vl (Qu(lul + [v]) + [uf® + [v]?) .

The last case, namely |v| > %, is treated analogously. The estimate above holds in any case.

Now, as for ¢z, we see that

9(w|Qu +ul?) —

o = () — o (v) + F2 2

Qo 02 5 1Qu +uP) — 22 g2
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where we already know that [Im(k1 . (u) — k1,4(v))| < Clu — v| (Qu(|u| + [v]) + [ul* + |v|?). For the remaining

term, in the case |u| > % or |v| = %, the proof is just as we did for ¢i: |“2=2g(wQ?2)| < CQ2|u —v| <

Clul*|u—v| and %g(oﬂ@w +ul?) — %g(w@w + ’U|2)‘ < Clu—v|(Ju|? +|v|?). Therefore, in these cases,

|d2| < Clu =] (Qu(Jul + [v]) + ul* + [v]*) .

Let us consider the remaining case: |u| < % and |v| < %. Then, using Taylor expansions, we see that
Qu + ug Q. + v2 Uy — Vg
P g wlQu + ) — FE 2 g0)Qu + o) - 22 g(w@?)

= Q) T (k) — b1 (0) + (Qu ) T (Qu o)

where IR, and IR, are the same integrals as before. We recall that |¢’| is bounded and we deal with the rest
of the expression above as we did for ¢;: the conclusion is the same and we have

|G| < Clu—v] (Qu(Jul + [v]) + [ul* +[v]?)
in this last case too. Therefore, we have achieved to establish the estimate
1] + |da] < Clu = o] (Qu(lul + [0]) + [uf* + [v[?)

which is needed to complete the rest of the proof. The end of the proof is identical to [16] (except for the
occurrences of wy which are replaced by a(wp)). We end up showing that

lis| < [18,011* + Cllp*o]|” + CJbl*.
The end of the proof is entirely identical: we write that, setting I := w fR(@Avg)vl, we have, on one hand,

dI Lo =2 4112 4

> - _ _

3 0 (510,717 = Cllot - clo

and, on the other hand, [I(s)| < woAHvH%l(R) < woAe?. The end of the proof is identical and leads to the
desired result:

S 1 S
[ (a0l + zllnael?) < ce € [ alptal+

O
5 The Fermi golden rule
For the Fermi golden rule, we need to construct a non trivial bounded solution (g , g2) of
Ligi = 2Ag
22
{ L_g2 = 2\g1. (22)

We proceed as in [16]: if h; satisfies M_ M, hy = 4\?hq, then, setting g; = (S*)%h; and go = %L+gl, (91,92)
satisfies thanks to the relation S?LyL_ = M, M_S?.

Lemma 14. Let 7 := v/2A — 1. For w > 0 small enough, there exist smooth even functions h; and hs
(depending on w) that satisfy

M_hs 2)\hy (23)

{Mm1 = 2\hy

and, for all £ € N,

. Ce,
|8§(h1 + cos(ty))| + |8§(h2 + cos(ty))| < Ce,, and |8§6wh1| + |8§8wh2| < 75(1 + |y|)
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on R. Setting g1 = (S*)?hy and go = 55 L g1, the pair (g, g2) satisfies and, for all k € {0,...,2},
‘8’“ <91 ( 8 sin(7y) + Q? cos(Ty) ))‘ + ‘8’; (gg — %Q sin(7y)>‘ < Cey

and |8wgl + |aw92| + |ayawgl| + |ayaw92| < %(1 + |y|)

on R. Moreover, the following orthogonality relations hold:

(91,Qu) = (92, AuQu) = (g1, V2) = (92, V1) = 0. (24)

ha—hy h2 , we look

Proof. The proof is analogous to the proof of Lemma 19 in [16]. Setting ¢; := % and fy :=
for (01, ¢s) satisfying
—6/1/ — (2)\ — 1) + bjél + b;éz =0
{ —05 + (2A+ 1)ly + b, 61 + bl s = 0.

Let 1 := 01 + cos(Ty) and fy := l5. We look for (51 ,Zg) satisfying

{ —E’l’ — 720 = —b;ﬂ‘gl — b;gg + b} cos(Ty) (25)

—0 + (24 720y = —b3 0y — bl + b7 cos(Ty).

We define a bounded linear map T : (%,(R))2 — (%(R))2, where %, (R) is the space of bounded continuous

functions on R equipped with the supremum norm || - ||, by setting

; L [ sin(rly — (D — 03 ) ) dyf

()5
¢ - 2|y—y’ -7 J
’ A e VT (il — b D) () dy
We also define L
fi= —;/ sin(r(y — )b (y') cos(ry’) dy’
0

e~ V2+72ly— ylb (y)

and  f = cos(ty’) dy’

QW/

That way, the integral formulation of the system (for even functions satisfying 51(0) = 0 by convention) is

(2)-7(2)-(%) 2

We easily see that ||f1]|ee + || /2]|oc + ||| T]]| < Cew. Thus, the operator Id — Y is invertible pour w > 0 small
enough, and becomes
€1> v_l(ﬂ) <f1>
=Id-7T .
( ly ( ) 2 Z 5

% o
where ( ?- ) = TJ ( ;1 ) This proves the existence of a solution (¢1,/2) of (26). Using the estimates
2

|0,7| < €22 and ( ., we also find that [0, f1| + 0. f2| < === (1 + |y|). From there, reasoning by induction,
we show that for all j € N,

j+1

A+ 1A < el and [0, |+ 0./ < C=—=(1 + [y)).

Differentiating with regards to y only differentiates the term sin(r(y —y’)) or e~ V2+7?lv=¥' in the integral. This
does not change the estimates obtained previously, therefore, for all j € N and all k € N,

j+1

OFFl|+ 105 f] < Celft and |80, ] + (088, f3] < C=“—(1+ |y)).
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Getting back to the Neumann expansion, we get that, for all £k € N,

Ce,

|0K01| +10505| < Cewy and  [050,01] + |0F 0.0 lo| < (1+ Jy).

w
Until the end of this proof, O,(e,,) denotes any function £ such that |050] < Crey, forall k € {0, ..., p}. We define
h1 = —cos(Ty) + (171 —&-52), he = —cos(Ty) + (Zl +l72), g1 = (S*)2131 and g = %LJrgl. We checlf that (hq, h2)
satisfies (23)), (g1, g2) satisfies (22)), and we have hy = — cos(7y) + O (ew) and hy = — cos(7y) + O (w). Using

the bounds | &= — % | = Os(ew), |22 | = Oy(ew), 1Q2 ~ Q%] = O(ew), |7 = 1] < Ce2 and |r — 1] < Ce2,

w

we compute:

o= ehy o+ en 4+ ny
= (1—QHhy + 2Z 1 + 1 + Oulew)

= Q%cos(Ty) + %Q' sin(ry) + O4(ey,).

Then, using [A\7! — 1] < Ce? and estimates like the ones above, we compute:

1 ~ Q' . ~
92=35 (=g + g1 —3Q%q1) + Oulew) = 0 sin(7y) + Oz(ew)-
Differentiating with regards to w the formulas g; = (S*)?h; and gy = %L+g1 and using estimates found in

Proposition 2 (such as |0, Q.| < € or o/ (w)| < €5=), we ultimately find that

w w

A

w

|a§8w91| + |a§aw92| <

for any k € {0,1} and all y € R. Finally, the orthogonality relations are proven as in [I6], using L1 A,Q, =
—Quw, L_Q,, = 0 and the equations of (V1 ,V3) and (g1, g2)- O

We now define

G = VPQu(3+3¢'(wQ3) + 2wQ%g"(wQ32)), H :=ViQu(l+yg (w@i))

G, =G-H, Gy = 2V1VaQu(1 4 ¢'(wQ2)),
Gl = Gi = T Ve Gf = Ga — G Vh.

The quantity G above must not be confused with the function G. We keep the notation G in order to fit the
notation of [I6]. As we will mostly have to deal with Gy and Gy (rather than G itself), there should be no
confusion. Lastly, we define

Mw) = [ (6701 + G o).
R
The hypothesis (H3) presented in the introduction can be reformulated as follows:

(H3) : there exists a positive quantity I'(wg) depending only on wg such that,
(27)
lw—wo| <% = T'(w)=>TI(wo) > 0.
This hypothesis appears to be hard to verify, but [16] proves that it holds in the case g(s) = s%. We shall
investigate the case g(s) = s? for o > 1 a little further. For now, let us operate a simplification of I'(w) as it is

done in [16].

Lemma 15. For w > 0 small enough, we have

/

28 (Ag + 2A5) sin y> dy + (9(52,),

F(w)—/H§<Q2A4cosy+
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where

A4 =6Q(1 - Q)R1 + (1~ Q%) (3D, + Q3¢ (wQ?) + 20Q%" (wQ?))) — 2QR2 — 3D, — Qg (wQ?)
- (2492 42020 (wQ2) + 6QD. ) Q(1 - @2)

and Ay =QR; +Q(1 - Q*)Ry + (1 — Q*)(Dy + Qg (wQ@?)).

Proof. The proof is identical to the proof of Lemma 20 in [I6], in which a similar result is obtained. In what

follows, Op(e2) denotes any function £ such that [05¢] < CreZ (1 +y?) for all k € {0,...,p}. We first establish
the following expansions, using Proposition 2:

G = 3Q(1-@Q%)+6Q(1 - Q%R +3D,(1- Q%7+ (3¢ (wQ?) + 2wQ*¢" (wQ*))Q(1 - Q*)* + Q Oa(£2),

H Q + Dy, + Qg (wQ?) +2QRz +Q Oa(<3),
Gi = 3Q1L-Q*)-Q+A+QO()
Gy = 2Q(1—-Q%+2A:+QO(e2),
where
A1 :=6Q(1 — Q*)R1 — 2QRs — D, — Qg'(wQ?) + Q(1 — Q%)% (3D, + (3¢'(wQ?) + 2wQ?¢" (wQ?))

and Ay has the expression announced in the lemma. Then, recalling that A = 1 + O(£2) and following the
calculations in [I6], we compute

1 1 2 ~
Gi+—=L.Gy, = G+ 3 —GY + Gy —3Q*Gy — Gy ( 9(wQ) +2Q% (wQ? )+6QDw> +Oo(ei)}

2\
= 2Q+ A3 +Q0(2),

where

Ay = A=A+ A - 3Q2A; — (1420 1202/ (w@2) + 6QD..) Q(1 - Q)

= 2D, + (—AY + Ay —3Q%A2) + Ay
where A4 turns out to be the quantity presented in the lemma. Using the arguments of [16], we find that

F(W):Agl(Ag—ZDw)+O(€a):/RglA4+2/RggA2+O(€i)

We now use the expansions of g; and g, proven in Lemma 14. Noticing that | cos(Ty) — cos(y)| < |y| |7 — 1| <
Ce2 |y| and that a similar estimate holds for sin, we see that

/Q cos(Ty)A /QQCOS VAL + O(2)

for example. Combining these developments, we find the wanted formula:

/

Nw) = / (Q2A4 cosy + 28 (Ag+ 2A5)sin y> dy + O(c2).
R

O

It is not possible to go quite further from here in the general case of a function g we know nothing special about.
But we can go further by taking the interesting and useful case g(s) = s” where o > 1.
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Lemma 16. Here, we take g(s) = as? with ¢ > 1 and a > 0. For w > 0 small enough, we have

T(w) = aTo(o)w’ ' + O (wQ(”’l))

where

Io(o) ::/ <Q2A2 cosy 5siny) dy
R

20
Q
with
A= (13Q* = 16)Q*D° - 8Q'Q(D)" +2Q(3(1 — Q*)* = )T}
+6Q(2 — Q%)*T3 +4(2 - 3Q*)Q'(T7) +4(4 - 3Q*)Q(T3)
+202Q27 1 — (o 4 (20 +1)2) Q2 4 (5 + (0 + 1)(20 + 1)) Q¥
A= (2 -30Q% 4 29Q* — 8Q°)D° — 8Q*Q' (D) +2Q(2 — Q*)(2 — 3Q*)TY
+2Q(3Q" —10Q* + 12)T5 +16(1 — Q*)Q'(TY) +8(2 — Q*)Q(T3)’

+20(0 +1)Q> ! — (Ul—fl +20 + (20 + 1)2) Q¥+ ( W) 4 (0 +1)(20 + 1)) Q2+s —

T(y) = — =5 Jely — #1Q% (2) d=

() = ——“?};:f_i;)” Je o™V E1Q (2) dz

)

20+2
DOy) == — fy AQ¥ ! 4 Ay )Q(2y0+2

and A(y) := W\/}?(y) (3y tanh(y) + sinh?(y) — 2).

Proof. We start with the following relation:
LY D, = aw’ Q> + Z,

o’+1

where Z,, := D?(Q., +2Q) +aw® 1 (Q?* T — Q%7 +1). We check that |Z,,| < C,w?@ Ve 3I¥l, Besides, we know

how to invert the operator L9 = —(‘35 +1—3Q?, it is similar to the operator I in [I7]. We have

Y) J§ AW = A(y) [TZQW ify >0
(LD W) =
y) [, AW+ A@) [Y QW ify <0

where A denotes the even solution of LiA = 0 such that QA — Q"A’ =1 on R. This solution is not bounded

and verifies |[A®)| < Crel?! on R. Actually, we can compute A explicitly:

V2

Aly) = 4 cosh(y)

(3y tanh(y) + sinh*(y) — 2) .

This leads, for y > 0, to _
Do (y) = aw” ' D°(y) + D (y),

where N
DO(y) — / y) foy AQ20+1 —A(y) fy OOQ/Q20+1
— fy Q2o+1+A( )Q(ng—z:;&
and Du(y) = —Q'(y) J) AZ, —A(y) [~ Q' Z.
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Using the bounds on Z,,, Q" and A, we see that |5w(y)\ < Cow?@Ve~lvl Similar estimates hold for y < 0
(and anyway D,, is even).

The expressions of R; and Ry involve T} and Tb, which involve @,. As we did before with many other
expressions, we can replace these @, par @, at a cost of 2. We have:

T = g [l (37 1) et ) sk Or(eD)
Toly) = \é/f/Reﬁlyzl (QQ(WWQQ) +2GOE(«20322) Jerg/(sz)) dZJr@l(ga)’

and similar expansions for 7} and Tj. In the lines above, O,(¢2) denotes any function ¢ such that 050 <
Cs 2(1+ |y|) for all k € {0,...,p}. Let us finally notice that e, = Cow”~'. We eventually find that R1 =
wo IR} + Oo( (0= 1)) and R2 = aw’ 'Ry + Oo( 2o~ 1)) where

’ ’ 20
Ry = —2QD° + (1 - Q1T + (3 - Q1)TY + %(TP)’ + (1) -

and R = —4(1 - Q*)QD" +4Q' (D) + T{ — 3T9 + 28" (T?) — (19)) + 222Q%> + 247,

with

1) =~ = 210¥ () s

2J o—1) 2l A2
and T9(y) = o+ 1) / —V2lu=zl 2 (2)dz

This leads to A; = aw? TA) + Op(w?@ 1), Ay = aw” 'AY 4+ Op(w?@ D) and Ay = aw® TAY + Op(w—1),

where:

A9 = 6Q(1 ~ Q)R] — 2QRE + (3(1 - @*)* — D" + o (20 +1)(1 - @*)> — 1) Q> ",
= QRY+ Q- Q)R+ (1 - @)D + o(1 - Q)Q*

and A =AY — (20 +1)(1 — Q2)Q2 ! +2(3Q%(1 — Q?) + 1)D°.

This leads to the desired expression:
T(w) = aTo(o)w" ' + O (wQ(”’l))

where To(0) = [ (Q2A cosy + %Q/Ag sin y) dy and A? := A} +2AY. Expanding A}, AY, A} and A2, we find
the expressions announced in the lemma. O

This expression is entirely explicit, and (Hs) will be true if and only if T'g(¢) > 0. The curves below show the
function 'g(c). They have been obtained with python, and the error is ~ 10~%. For o = 2, we find the value

[o(2) = 3@2357(7{32) ~ 18.8870 that has been computed in [16].

I Numerical check. For all ¢ > 1, we have I'g(c) > 0 and thus hypothesis (Hs) holds.

This cannot be stated as a proposition, as no proof of the positivity of T'g(c) for all ¢ > 1 will be presented in
this paper. However, it is not a conjecture: one can take whatever value of o > 1 and use the explicit expression
from Lemma 16 to check numerically that indeed T'g(c) > 0, and thus hypothesis (Hs3) holds. The following
lemma gives us the total understanding of T'g(c) for o ~ 1+,

Lemma 17. We have the following asymptotics:

212

SN cosh(7/2) (0 =1).

Lo(o)
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Figure 1: Function T'g(0) for o € [1,8] (first figure) and o € [1,1.2] (second figure).

Proof. Until now, the function I'g has been defined for o > 1 only, since this is the PDE frame we work in since
the beginning of this paper. However, the expression of I'g(0) given in Lemma 16 still holds for ¢ > 0 and is
continuous, and even ¢!, with regards to o. We begin by checking that I'g(1) = 0. Let us take o = 1 for the
moment. First, we can integrate explicitly and find that DY = —%. This leads to RY = R = 0, then to

A?:Q_3Q3+%a Ag:

[N'a)

Q3
-2

b

A9 =2Q —3Q% + 22, AY+2A9 =3Q —4Q* + 2L

2

Setting py := fR Q" cosy dy, we find that

14 18 3
To(1) = —6p1 + —p3 — —ps + =pr.
o(1) P1L 5P3 = s 5T
We recall from [16] (see Lemma 20) the relation pyi2 = %pk. This leads to I'p(1) = 0.

Now, let us differentiate I'g with regards to . Let us start with D°. We have

Q20'+2 an Q2a+2
o+1 200+ 1)2)°

Y
9,D° = —ZQ’/ AQ* InQ + A (
0

Taking o = 1, we find that we can integrate explicitly the expression above and, after lengthy computations,
we ultimately find that
Q

(05D°),_, = 7 —QWQ+yQ'.

On the other hand, we see that (9,77),—1 = 0 and

010 = =2 [ g2 2 =i
R
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Differentiating A} and A2 with regards to o, lengthy computations lead to

(0,ADo=1 = 31Q° —17Q° +4Q +3Q°InQ — 6Q°InQ +4QInQ
+21yQ'Q* — 24yQ'Q? + (6Q° — 24Q° + 24Q)ts + 4(4 — 3Q*)Q't)
d
@A) = 2O B0P 4 BQ+30°MQ - 5P Q + 6Q1nQ
+21yQ'Q* — 30yQ'Q? + 2yQ’ + (6Q° — 20Q3 + 24Q)ty + (16 — 8Q%)Q't).

Setting g = [ Q*InQcosydy, ry := [ t2Q" cosydy, sp = [;12Q' Q" 'sinydy and my, = [, yQ*sinydy,
integrating by parts we get

fR Q?*(0,A9)g—1 cosydy = %p7 — 17ps + 4ps + 3q7 — 6q5 + 4q3 + 24r3 — 24r5 + 6r7 4+ 16(2r5 — 3rs + s3)
—12(3’/“7 —5r5 + 85) + 21 (—%p7 + %m7) —24 (—%p5 + ém5)

and

Iz %(&A%)a:l sinydy = —2ps+ Pps —13p1 +6 (5505 — £¢5) — 16 (513 — 3a3) + 12(p1 — q1)
+4my — 62ms + T2ms — 21my + 12s5 — 40s3 + 48s1 + 32(—s1 — 1)
+32(383 + 7'3) + 8(—585 — 7'5).

We recall from [16] the relation g2 = Qéf,::ll)) qr + (kk;(kikl);) pi. From the differential relation t§ = 2t + %2

and integrating by parts, we also see that
Thkt2 = ﬁ ((kQ —3)ri, — 2ksg — mT+2)

and  Sev2 = Gt [(kZ — 3) sy + 2krg — (k4 Drpyn + mmw} .

Integrating by parts one last time, we obtain the relation

2

wh+1) [(K* + 1)my, — 2pi] .

Mg42 =

Using these relations, we can express I'j(1) only as a linear combination of p1, g1, r1, s; and my. As in [16], all
the occurrences of ¢;, 71, s1 and m, disappear, and we evidently find that

22

Fé)(l) =2p = m7

which gives us the asymptotic result we desired. O

6 Estimate of the internal mode component

Proposition 4. Assume hypothesis (H3) holds. For any s > 0,

< cer oS [l

Proof. The proof is identical to the proof of Lemma 21 in [I6]. We must be careful with the use of the Fermi
golden rule, this is the reason why we require hypothesis (H3). We introduce d; = b? — b3 and dy = 2b;by, which
verify the equations di = 2Ads+ D5 and do = —2Ad; + D1, where Dy := 2b; Bo+2bs By and D1 = 2b, By —2b1 By.
Let

1 1 1 1
= 3 /(GL +H g1 = 3 /(G+H)91 and T'p:= 1 /(G1 91— Gyg2) = 1 /(G191 — Gag2).
R R R

The equalities above come from the orthogonality relations (V1 ,g2) = (Va,g1) = 0. We also define

dy d2

J:= dl/UZQIXA_dQ/U192XA+F17|b‘2+F2 TN
R R
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.6
Computations identical to [16] show that J = )" J;, where
j=1

Ji=ds [pa3goxa+di [ atgixa — Tida|b]? — To(d} — d3),

Jo =dy [ v2g2X'4 + 2da [ (Oyv2)gaxs + di [z v191X'4 + 2d1 [ (Dyv1)g1X 4,
J3 = —ds [p(p2 +p3 —r3)g2xa — di [z(u1 +pi — 7] )g1xa,

Ji =Dy [pvag1xa — D1 [ v192x4,

J5 =5 (b1(by + b2)? By + ba(by — b2)?B1) + 2 (b1[b|* By + b2(3b% — b3) Bs)

and JG =d; f]R 1)291)(14 —ds f]R 'UngXA + Fl |b|2 + FQ d1d2 — )\Fl 2)\2 ‘b|2 _ )\FQ d21>jd22 .
The proofs of the estimates on J; for j € {2,3,4,5} do not differ from [16]. We have

C|b)? 1/2
135 < S (IInadyol? + H=lnavl?)

T3] < C (e +eA®2) o] ([o]? + [[vo]?),
34| < Cafwo) bl (16> + [lp*0]|?) VAl[navl]
and  |Js| < Ca(wo)[b]* ([b* +[|p*0][?) -
About Jq, we decompose as it is done in [I6]: J; =J1 1 + J1,2 + J1,3, with

Ji1=dy (b3 Jr GTg +b3 Jr HTgy —T1[b]?) + dobibs Jr Gyga —Do(d? —d3) = F|b\4
Jio =ds [R(g3 x4 — b1b2Gy ) g2
and Jy13=d1 [5(q] xa —IGT —b3H )
The estimate of Jy 2 and Ji 3 relies on the same proof as in [I6]: the difference is that, in our case,

@ =G+ b3H + Qu(3+ 39 (wQ?) + 2wQ? g" (wQ?))(2b1 Vivy + v3) + Qu (1 + wg' (wQ?))(2b2Vavs + v3) + Ny

and o = bibaG2 + 2Qu (1 + ¢/ (wQ2)) (b1 V1ivz + b Vouy + v1va) + Ny
where |No| < C|ul® but only |Ny| < C|u|"/3. Hence, we only have |Ni| + |Nao| < Clv|™/3 4+ C|b|"/3p'6 in our
case. This does not change the proof but the result is slightly adapted. It becomes:
—olwg)A el/s 3/2 4 3/2\ 12| 4,112 1/3(72 2 3
<Cle 72 + (o) + €A [b]* + C(1 4+ €A% )[b]7||p v||* + Ce’2|b]%||nav]|® + C|b]”||vv]].
0

About Jg, we know from Lemma 14 that |0,,91] + [0.g2] < Cwy ' (1 + |y|). Thus, |§1] + |g2| < Cwy Hw|(1 + |y)),
which is different from [I6]. The idea of the proof remains the same: we get

d1/0291XA—d2/0192XA
R R

Then we have to estimate |0,,I'1] and |9,,T's|. To do so, we have to estimate 9,,G1, 0,G2, 0,G and J,,H. Taking
the last one for instance, we compute

O,H = 2‘/28w‘/2Qw(1 + g/(in)) + V22 (3wa(1 + g/(in)) + Qw(Qi + 2WQwanw)g”(wQZ;)) .

< CAY2 P (|lvoll? + [b) lInavl.

We recall that [V| < Ce™ < C, 0,Qu] < €(1 + |y|)e”1¥l and (2I). This leads to

0uH| < C (V(wo) + w5 ") (1+ [ye M
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We check similarly that
0G| + [0.Ga| +|0,G| < C (V(wo) +wy t) (1+ [y
We also know that |G|+ |H| 4 |G1| + |G2| < Ce~¥l. Combining these identities, we get
| <C (V(wo) +wy ') .

Besides, from A = 1 — a2 we get |A| < %?(W\w\ Finally, we know from that |w| = wlmy| <
C(|lvv||* + [b]?). Gathering these estimates, we find that there exists a quantity E(wy) depending only on wp

such that p b .
|r Lip2 + Tyl 3Dy 2 1p2 — ALy 2 dyds|

< CE(wo)A*21b([vol|? + b1 [navl| + CE(wo) (Ilvol|* + [b)|b]*

< CE(wo) A e([[vv]* + [b*)[In.av]| + CE(wo)(|[vo]* + [b]*)e[b]*.

Now that all the terms constituting J are estimated, we can gather these bounds. Taking A > 0 large enough
(depending on wp) and € > 0 small enough (depending on A and wy), we find that

a(wO)A (1/3

a(wo

=Sl = 1T =il < O (e 4 205 4 eAV2) It 4 C(1+ A2 b2t + OV b2 Inav

1/2
+CPbI3 Il + S (madyoll® + Azllnav]?) ' + CVAa(wo) b] (b2 +[p*0][?) [lav]-

We now use hypothesis (Hs): since % < w < 242, we have I'(w) > I'(wp) > 0. This leads to

c . c ,
4 < ) 1 ) |
b]* < F(WO)J+Aa(wO)£(w0) (IInAava + g llmavl] )

The end of the proof follow the steps in [16]: we integrate the inequality above on [0, s], we recall that |J| <
Cv A€ and we use the first virial result (Proposition 3). Thus we get

s 4 C < C s v 2 i v 2
[bt < s @ 10D + oS [ (Imadyel + linact?)

C\/Zeg ¢ ° 4 2 4
T(wo) | Aafwo)Llwn) <€+ /0 (Ilp*ol> + 1o >) ,

from which we deduce that

¢ ° 4 \/ZEQ 1 C S 4 12
('~ Femen) [, M <© (nwo) * Aa(wO>r<w0>> s veng AL

We now first choose A > 0 large enough and then ¢ > 0 small enough such that 1 — m > % and
I‘,/é;) + Aa(wo)I‘(wo) < C. Consequently, we obtain the desired estimate:
[ < cer oS [t
WO
O

7 The transformed problem

For 6 > 0 small to be fixed later, we set Xy = (1 — 985)*1. We define wy; = XgM,S%Q, Wy = —X§S2L+v1
and w = wy + iwy. This constitutes the first transformed problem. Setting g = Q.,/Q., computations that
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can be found in [20] show that S* = 92 — 2609, + 1 + g(wfi) - ZGUEZQS;),

M_S? = —0L+4202-6q-0,+0, (—2Q20 (wQ2) + 44892 4 SBE Y g,
+ (~10uQLo (@QR2) + 661 % 1 40QL Q%" (wQ2) — 460 L5% — 260) -9,
+142 (-2 4 Q2g/(wQR) — 2wQLg" (wQ2))
—QQI(MQ%G ~ Qg (wWQ2) + 2wQ° ’/(wQ2)+4Q2 G(wQ? ) ”(wQQ)
+2Qig(“f)i) G(wQ ) 4 g(w@ )?
and
S2L,

wQ@? w
041202 £ -0, + 0, (fo) +2208) _ 9 GL9) 2Qig’(in)) -y

+ (—20u0QL — 4QuQLy (@Q2) + 260 24%) — 4wQLQLe" (WR2) — 26q) - 9,

+1+ (=302 - 20wQLy" (wQ2) — 807Q0g" (wQ2) — 2Q% (@) — 2 S48 )

+13Q% +3Q2 g(wff,) 4304 ¢/ (wQ2) + 402 g(WQi)g/(in) _ 2y/(WQiu))§?(WQi)

2 " 2
+120Q8 ¢ (wQ2) 4 16Q2 CWRICu) | 404 4(wQ2)g" (WQ2) — 4?Q8 ¢ (WQ2)

FBQLG(wQ2)g" (wQ2) — L 4 21T

We introduce the operators Q_ and @, obtained respectively from M_S? and S?L, by differentiation with
respect to w and then multiplication by w. Their exact expressions are given below

Q-

w 2 w 2
202 06 - Oy + 0y - O (~2Q20'(wQ2) + 4242 — 4 S5 g,

wy (_4Qw 7' (wQ2) +6&0 g(wQ ) 4 4wQ,Q3 ¢" (WQ2) — 4&q Ga(}‘;c% 2§Q) - Oy

0, 2 (— 142 4 Q29 (wQ2) — 20QLg" (wQ2))

’ 2 2 2 " 2
_ 99 (WQWu))g;(WQ ) Q4 /(OJQ2) + QwQG H(WQE;) + 4@3 G(WQW()QSI2 (wQ3)

+2Q2 Q(WQi) -9 (WQ ) + Q(WQ )
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and

Qi = 202-0ubq-0y+ 0, 0, (~Q2 + 22 2 CG) _2Q2g(w@2)) -0,

+0. (—2Qu0QL — 4QuQLY (WQ2) + 260 2% — 1uQL Q3" (WQ2) - 2q) -0,

+0. [ (-3Q2 — 200Q19" (wQ2) - 8w7Q0g" (wQ3) — 2Q2g (w@Z) — 2 945

1304 +302 g(w:?i) 4304 ¢/ (wQ2) + 402 g(in)g’(in) _ 2!(in3}§(in)

+120Q0¢" (@) + 163 SLITERD) 1 401 5(0Q2)g" (wQ2) — 42Q5g" (wQ2)

w

242 2 2
+ SQZﬂG(in)g”’(a}Qa) _ g(wQQw) + QQ(Wnggngw)} )

The fully developed versions of the operators Q_ and @4 (not rescaled) can be found at the beginning of section
3.3 in [20].

From and the identity S?L,L_ = M, M_S? (which is proven in [20], see Lemma 6), the function w
satisfies the system

’Li)l = M,’U)Q + |:X92 5 %:| 52L+U1 —|—X92n2
(28)
11}2 = —M+’LU1 [Xg, aw :| M_ 521)2 Xgnl

where [XZ,a] = X2a—aX2,n1 = —S?Lipy +S?Liqy +S?Liry +wQ1v1 and ng = —M_S%p| + M_S%q] +
M_S%*r] +0Q_v,.

Now we set the second transformed problem, whose goal is to suppress the internal mode: for 9 > 6 small
to be chosen (later we will eventually choose ¥ = 01/4), we define 21 = XyUws, 20 = —XyUM w; and
z = 21 +izo2. We denote &y := W, /Ws, which implies that U = 9, — {w and

UMy = =0 + 0y - &w - 0y + 0y — &0y + a0y — Ew — Ewa + (af).

From and the identity UM M_ = KU (see Lemma 2), the function z satisfies the system

Bo= m - XoU X2, %] MSPe - XgUXEm +0XyPyws

(29)

s = —Kz — Xy, K|Uws — XoUM, [Xe | % } S2L vy — XoUM, X320y — 0XgP_w:

where P, = —0,{w and
P_ =08y 0uéw - 0y — (0u&y)0y + (0wal)0y + 0o (—éw — aléw + (aff)') .

Before going further, we will need the following technical lemma in order to estimate £y and its derivatives.
Lemma 18. We have the following bounds on &y :

o forany k € N, |0héw| < Ce,, on R;

o forany k € {0, ..., 3}, there exists a quantity ¢, (wo) depending only on k and wo such that |05 0. Ew | <
C¢, (wo) on R.

Proof. The first point is obtained easily thanks to the estimates \WQ(k) ()] < Cee= Wl and Wa(y) > %e‘“'y‘.
For the second point, we take y > 0 and recall the following identity established in the proof of Lemma 3:

2 Heo
= _\/0‘2 ), e
Yy
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where we recall that wy = AWz 2W2 —a,,. Thus,
1 40,Wy [+ 2 [t
aw§W = —— (2&0/(&)) — 3 / w0W2W2 + — / (awu}()WQ/WQ + woawWQIWQ + wOWQ’ang)) .
28w W2 y W2 Y

We recall the following estimates from Proposition 2 and the proof of Lemma 3: |o/(w)| < Cs‘“ , 10,5 <
Coele (1 4 [y, [0, W5| < C2=(1 + [y)e W], [Wo| < Ceol, [W5| < Cege o, ol < Cepe,
|0uA] < G52, [0,a5 ] < (L Jyl)e W Wy — Wa| < Cepe™ "Wl and [0, (W1 — W) < 5= (1 + [y])e 1Yl
For this last one, one has to check the proof of Proposition 2 and recall that W; — Wy = 2X5. Gathering all
these estimates, we find that

Co?
wléw |’

Now, we also find, thanks to the same estimates, that ‘% f;‘oo woWiWs| < Csie—\y\, Thus, for y > y} =
2

2 2
In (zggw), we have ‘WQQZ fy+0<> woWiWs| < % and thus |&w| > a?/2. For such y, we have

2 4 4
Co? _Cel _ Ceiyp

2 S oa S 4
wa wa woar(wp)

|aw§W| <

Now, take 0 < y < yl. Recalling that [0, Wa| < =222 (1 + |y[)e~lWl, |9, W})| < €= (1 + [y[)e= W], [Wa| <

Ce Wl W) < Cepe= W |wo| < Cepe ¥l and Wy > *6 —olvl an elementary calculation of 0,&w shows that
Co. Co. Ce 20¢3
0w | < —22(1+|y)) < “22(1+yl) < —2202 (1 41 Snl2 ) ).
w w woar(wo) a(wo)

Ces Ce? 2Ce2
Similar considerations hold for y < 0. Setting ¢, (wp) := max ﬁ , M)E;i‘(“ggz) 1+1In a(ei;:))312/2 >), we get

the desired result for £ = 0. The result for larger values of k is obtained similarly. It does not matter, for later
proofs, that the quantities ¢, (wo) do not vanish as wg — 0. O

Now we follow [16] (see Lemmas 22 to 27) to give useful technical lemmas about the operators Xy. The proofs are
globally unchanged (while [16] uses the fact that wy < 1, we use here the facts that a(wp) < 1 and e3,,,/2 < 1).

Lemma 19. For § > 0 small enough and all h € L*(R),
|| Xoh|| < C|nll, 10,5 Rl < CO-Y|[R]|, ||pXohl| < C||Xo(ph)]],

12" Xe(nah)l| < ClIXohll,  [InaXohl|| < Cl[Xe(nah)ll, |InaXedyhll < CO'/2[nahll,

14 Xo0hl| < CO~nahll,  [lp~ Xo(ph)l| < ClIXohll,  |lo~" X0y (ph)[| < CO~/2|IA]l,

10~ Xo05 (ph)[| < CO™H[|R]|.

Lemma 20. For > 0 small enough and all h € H*(R),
|[naXGM_S?h|| + [[na X7 S*Lyhl| < CO72[[nahl],

InaXgM_S?h|| + [[naX3S?Lyhl| < CO3/2|[nadyhl| + C|lnahl|
1748y X§M_Sh| + (|40, X5 S* L h|| < CO2([nadyhl| + C|lnahl|,
11405 XoUR|| + (140, XoUh|| + |[naXeUh|| < CO~||nadyhl| + Cllnahl],
|[naXoMihl| < CO~|nahl|,

|[naXoUM_ || < CO™|Inadyhl| + [[nahl|.
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Proof. The first three points are analogous to Lemma 23 in [I6]. The last three points are analogous to Lemma
24 in [TI6]: the proof is identical and requires the bound |{w| < C, which is proven in Lemma 18 here. O

Applying the estimates above to the definitions of v and w, we find the following result.

Lemma 21. For 0 < § < 92 small enough, and for all s > 0,
[Inadywl] + |Inawl| < CO~2|Inadyvl| + ClInavl,
(Ina0Fz1]] + [Inadyz1]| + |Inazil] < COHnadywal| + Cllnaws|l,

[nazell < COHInadywi | + |Inaws |-

In [20] (see Lemma 11) one can find the proof of the following lemma (it is the same result, here rescaled).

Lemma 22. For § > 0 small engouh and any h € H!(R),

nAXGQ-R|| +|[naXGQ+h|| < CO™H|Inadyhl| + Cllnahl|.

The last technical lemma is the following, which differs a little bit from its analogous form in [I6].

Lemma 23. There exists a quantity P(wp) depending only on wq such that, for § > 0 small enough and any
h € HY(R),
[naXoP-h|| < CP(wo) (07/2|Inadyhl| + [[nahll)

and  [[naPyh|[ < CB(wo)||nahll.

Proof. The proof is identical to the proof of Lemma 27 in [16]: the difference comes from the fact that, here, we
do not have [0F0,&w| < C but simply |[959,&w| < C¢, (wo). This implies the presence of the factor P(wp) in
the estimates above. We will ultimately find that this factor, depending only on wg, does not hinder the proofs
to come. O

Lemma 24. Let z := xa(pz. For all s > 0,

10022111 + 116,111 + ozl < C (110511 + 118,711 + 192501l + A=20-(adyel | + vl

Proof. The proof is entirely identical to the proof of Lemma 28 in [I6], except that the occurrences of wy must
be replaced by a(wp) in the last part of the proof. O

8 Coercivity of the transformed problem

The goal of this section is to control w thanks to z, in other words to go back from z to w. Here again, we rely
on the corresponding proofs in [16].

Lemma 25. For all s > 0,
1920yl + |pPws]| < C (910221 + 9110, ]| + (o) |z )

and || 0ywi|| + [|p*wi | < Cafwo) ™| |pzll.

Proof. We first begin by checking that [(wy, Wa)| < Ches,, /2|[p?w1]| and [(we, W1)| < Ches,, 2||p*wz|. This
is proven as in [16], Lemma 29. The rest of the proof is also the same, adapted to our case (some wy need to be
transformed into e3,,, /2, some others need to be transformed into a(wp)). We show that

!

W. Yy
we = aWs — 198yz1 — ’lngzl + W mazi
2

o W

(30)
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with [(z1, Wi)| < Cy/a(wo)llpz1l,

/y maz1
o W2
This leads to the estimate |a| < C (8o(wo)ezu, 2||p*w2|| + c(wo) ~1/?[|pz1][). Then we multiply by p? and
we control the terms as in [16] we find

(21, 52| < o Vaollpall

y
a(wp) 0 2 a(wo)

C
(1= OO/ a(wo)ezwg 2)lp*wal| < mllfmll +C9|p*0y 2,

which gives the result by taking § > 0 small enough (depending on wp). We differentiate with regards to y
in order to get the similar estimate for d,ws. The proof for w; and dyw, is similar but requires the introduction
of Hy and Hj, solutions to M H = 0 that satisfy H{Hy — H1 H) = 1, |H1(k) (y)] < Ce ¥ and |H§k)(y)| < Ce¥ on
R. The existence of these two functions is established in [20] (see Lemma 3). The rest of the proof is identical
to [16] and does not present any complication in our case. O

Lemma 26. For all s > 0,
p* vl < CllpPwa|| < C (9]pdp 21| + 010y 21| + a(wo) " H[p21l])

and  [|p*vs|| < Cllp*wi]| < Cawo) ~/2[|pza||-

Proof. The analogous result in [I6] (Lemma 30) is established by adapting the proof of Proposition 19 in
[I7]. We follow the same idea, adapting instead the proof of Proposition 5 in [20]. It does not present any
complication. O

9 Estimate on the transformed problem

We here give the last virial argument that we will use, the one concerning the transformed problem . It
relies on the repulsive nature of the potential of the operator K.

Proposition 5. Assume hypotheses (H;), (Hz) and (H3) hold. For all s > 0,

S C S
/ (105 21ll* + 1p0y 21 |* + [lpz || + [l pz2lI*) <C\/€+7/ [raxile
0 VA Jo

Proof. We follow the proof of Lemma 31 in [16]. The parameters will be chosen in the following order, in order
to complete the proof: first wy > 0 small enough, then B > 0 large enough (depending on wyp), then 6 > 0 small
enough (depending on wy and B), then ¢ = 6/ > 0, then A > 0 large enough (depending on all the previous
parameters), and finally € > 0 small enough (depending on all the previous parameters). In short:

wg—B—60—19—A—c¢c

Now, let
K := */(EA,le)Z? and L 5:/022122~
R R

We have, as in [10], |K| + |L| < Ce, by taking € > 0 small enough (depending on B, § and ¥). Then we follow
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, 5 , 5 9
computations from [I6]: K= > K;, L= )" L; and Ky =P + > R;, where
j=1 j=1

j=1
Ki = [;(Bapz)Kz,
Ky = fR(EA,le)[Xﬁ ,K]Uwg,
Ky = — Ju(Eanz)XoU [X3, %] M_S%0 + [o(Ean20)XoUM, [ X, %] $Lyoy,
Ky = - fR(EA»BZQ)XﬂUXeznl + fR(EA,le)XﬁUM+X92n2,
K; = & [3(EaBz)XePrws+w [((Eapz)X9P-wr,
Ly = [0z —21Kz),
Ly = — [zr*=[Xy, K|Uws,
Ly = = fu/P2XoU [X3, %] M_S%0, - [, P2 XoUM, [ X3, %] $2Lyy,
Ly = — [zrP2XoUXin — [ P21 XgUM, Xin,,
Ly = & [pp*2XgPrws — [; p?21 X9 P_wy,
P = [ (4075)°+ (4+£8)(0y51)° + Yo37) ,
Ri = 4 [,(X4)*®B(9221)% — 4 [ ((xalB)"" — xaCB')xalBzt
48 f (2(0xaCo)" ~ XahInas — (xads))? ~ XA(CH)) (1)
Ry = -3, (B0 + 304G+ 0" 85) (0,0
Re = (V4% — A",
Ri = 4[(X4)?®p(0y21)" =2 [{(x2) ®pK2(0y21)?,
Ro = — fo(Wip— AN + 2 LW 5~ XA(CH)) Kot
+fR (Q(X;\)QC%} + ()&)”@B) Kozi+ 3 fR (X%) ®pKy 2,
Ro = —5[p (2002 + (A @) Kizf — 5 [(K) @Ki,
Rr = 4 [pxaCB(X4BB +2X4CB)21 + [Jp xaCa(XA¢BER + 2X/4CBEB + XaCBER) 2,
Rs = fR X,24(y<B ‘I)B)Kozl +3 fR XA ( CB)”K2 + (CB) (2K — Kl)) Zla
Ry = [oxA (2¢5¢s —2(Ch)° — 3CH ¢ +4CH (o +3(CE) + CChEn + (aChER) =,

with é5 = 1085 — 148" 2/, — 2o K 4 220 K,
B B B

As in [I6], we begin by applying Lemma 5 from [16] with c=1and Y = Yy/Ces,, 2, then with ¢ = a(wp)/10
and Y = e~ Y. Recalling the crucial fact that [ Yy > % > Ca(wp) > 0 (from Lemma 5), we obtain

a(wo)Q/ph2 < a(wo)Q/e*“fé” < C’a(wo)/e’|y|h2+6‘/(h’)2 < o/m2+/(h')2
R R R R R R
for any h € H'(R). This leads, as in [16]

(H@2 PP+ 110y 2117 + awo)?[[ Vo 21 l)
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and then, using Lemma 24,
a(wo)® (1pd5z1|* + llpdy 21| + [lpz1]1%) < CP + CAT*077 (|[nadyv|® + |lnav]|?) .

The estimates of the terms R; for 1 < j < 9 do not differ here from their versions in [16]:

7

CB B? c
SOIRT< S (Ilmadel+ Slimacl?) . and [Ral + Ral < v
k=1

We ultimately find that

CB B?
Cra(wo)? (11003211 1* + [|pdy 21| * + [|pz1]]?) < Ki + A% (|77A5yU||2 + Ag|77AU||2> .
The estimate for Ly is the same as in [I6]: Ly > |[pza|]* — C (1002211 + ||pdy 2111 + ||pz1]|?). Setting Z :=
190521112 + [|pdy 21> + [lpz1]* + [|p22]|?, we get that

B B?
)2 < C [Ka -+ afen L + gz (Inadyol + g liaol? )
Now, let us control the other K; and L;. For Ky and Lo, it is identical to [I6]: taking 9 = 6'/*, we have
K| < CBOY8Z and |Ly| < CO'/*Z.

As for K3 and Lg, the proof is also identical to [16] but we have to adapt it, since here || < Cegyy /2
< CEse0s2 =20yl We find that

+
au}
w

and

K| < CBOVA (14 22022 ) a(wy) 327 < COY/°Z,

and  |Ls| < 0O/ (1 + 3‘0‘3—0/) alwo)"#/?Z < COV/3Z,
taking 6 > 0 small enough (depending on B and wy). It is for these estimates that we need the entire hypothesis

(H,): here g must be differentiated 5 times, and the assumption that s*g(®)(s) is bounded is enough. As in [I6],
this leads to

B B?
a(wo)?Z < C | Ky + Ky + Ks + a(w)*(Ly + Ly + L3) + A <|nAayv||2 + A?”T’A”HQ)] . (31)

Now, as for K4 and Ly, the proof from [I6] holds with minor adjustments. We write ¢1 = ¢1,1 + ¢1,2 and
g2 = qa1 + q22 where q1 1 = b3G + b3H, g2 1 = b1b2Go,

712 = Qu(3+ 39" (wQ2) + 2wQ2%g" (wQ2)) (2b1 Vivr 4 v7) + Qu(1 + ¢’ (WQ?)) (202 Vv + v3) + N
and  g2,2 = 2Qu, (1 + ¢'(wQ?2))(2b1Vivg + 2b2Vav1 + v102) + Na,

with |Ny| + |Na| < Clu|™3 < C[b|7/3p'6 + Clv|™/3. We define ny; = S2Lyqyy, mag = M_S%q}, n1p =
—S?Lypy + S?Liqsy + S?Liry +@Qyvy and ngp = —M_S?pf + M_S%q] y + M_S?r| + 0Q_vo.

Following the proof in [I6], we successively prove that |n§k1)| + |ngk1)| < C(v+ alwo) p°),

/(EA,BZQ)XﬁngnM < CBb)?||pz]|| and ‘/(EA,le)XﬂUJngnz,l < CBb)?||pz1]|.
R R

Taking A large enough (depending on wp) and still following [16], we have ||napy || < CAa(wo) ™/ 2e(||vv]|? +
[b1?) < CA%¢([lvoll* + [b*) and [[nagzs|l < Calwe) ™23 (|Inav]| + [b*) < CA/3(|[nav]] + [b]?). Moreover,
using (21)), we have

[Inarz 1] < CV(wo)alwo) ™ 2e(|[vo][* + [b%) < CAe(||vol|” + bf?),
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taking A large enough (depending on wy). The rest of the proof is unchanged and we eventually find that
Ka| < CBb[|pz|| + CAZBO~Y e/ (|lnadyzll + |Inadyzill + [Inazill + llnazall) (Ilnavll + [b]?)
and  [Ly| < CIb?||pz]| + C A0~/ 43 (|Inadyzull + |Inadyzull + [nazal| + [[nazll) (Ilnavl + b%) .
Note that we only have €/3 instead of € in [16], but that is enough for what we seek.

As for K5 and Ls, the proof is identical but the formulation is a little bit different, since it relies on Lemma 22
(which is different in our case from [16]). We find that

Ks| < CBO™ P (wo)e(|[vo]]* + [b]*) (IInadfz1]] + 1040yl + [Inazill + |Inaz|l)

and |Ls| < OB (wo)e(|[vv]]* + [b%) (lnadjz1l| + 1740y 21| + [lnazi]] + |Inazl)
Gathering these last estimates and using Lemma 20, we have
K| + [Ks| + [Lu| + |Ls| < CBpPPZY? + CA*BO /4 /3 (1 4 P(wo))(|[navl] + [B1%) ([[nadyo]] + [[nav]]). (32)
Combining and , and taking € > 0 small enough (depending on 6 and A), we obtain:

CB? bl
a(wo)?

We integrate this inequality on [0, s] and recall that |K| + |L| < Ce. Using Proposition 3 and Proposition 4, it
leads to:

y C B? [ 1 B? s
Z < _— 2 i 2 / b4
[z < oS (e g [ (ol + glinat?) + -2 [

<oy B BN o B P /\|||2
b alwy)?  APa(wy)?  alwg)? ‘Ta a(wp)?05  a(wo)T(wop) Aa(wo 3951" Pl

Taking A > 0 large enough (depending on wy, B and @) in order to control the second term, then € > 0 small
enough (depending on wy, B, 6 and A) in order to control the first term, we obtain

S C S
ch\/g+7/ P4U 23
/0 v J, Pl

which is the announced result. O

CB 2
)2 < CK + Caten L+ Gt (Inadyoll + Zlnaol) +

10 Final estimates
We finish the proof of Theorem 1 as in [I6]. We combine Lemma 26 and Proposition 5 to get that, for all s > 0,
S S Cf S
alen)? [Nl <€ [ (1002l + o0yl + llpaal P+ lozalP) < Ove+ 2 [l
0 0 VA Jo

Taking A large enough (depending on wp) and then e > 0 small enough (depending on wy), we obtain

S
/ 14] < Calwo) P Ve < /1 < 1.
0

Passing to the limit s — 400 in Propositions 2 and 3 and taking A > 0 large enough (depending on wy), we
. —+o0 4
have successively [;"" [b]* < C and

+oo 1 +oo +oo +oo
b* + [[pdyv]|? + [[pv]|?) < O(e+/ |p'v 2>—|-CA2(€+/ p4v|2—|—/ |b4)
/O (IoI* + [lpdyvl* + [1pv]]*) Aa(wo)T(wo) Jo 1l | [lp™v] | |

< C+CA%? < CA2
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In particular, there exists a sequence s,, — 400 such that

[b(sa)[* + [1pdyv(sn)l|® + [lpv(sa)[* — 0.

n—4oo

Recall that, setting .2 = |b|* 4 ||pv||?, Lemma 13 states that |.Z| < C (|6]* + [|pdyv| > + ||pv]|?). For s >0
and n such that s, > s, we integrate on (s, s,) to find that

M) <)+ [ 1A < 52 +.C [ (01 N0yl o)

“+oo
Passing to the limit n — +o00, we find .Z(s) < C’/ (16[* + |[p0yv||* + [|pv|[?). Therefore,

M(s) — 0,

s——+oo

which concludes the proof. O

Remark 6. Contrary to [16], we do not establish that w(s) converges to a certain wy as s — +o00. Indeed,
this result, in [I6], requires to develop g1 and go at order 3, with a rest of order 4, and we cannot meet this
requirement with our only hypotheses here. However, it would be possible to show such a result in the case
g(s) = sP with p € N, p > 2. Indeed, in such cases, Taylor expansions behave as in [16].
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