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MEASURE-VALUED DEATH STATE AND LOCAL SENSITIVITY ANALYSIS
FOR WINFREE MODELS WITH UNCERTAIN HIGH-ORDER COUPLINGS

SEUNG-YEAL HA, MYEONGJU KANG, JAEYOUNG YOON, AND MATTIA ZANELLA

ABSTRACT. We study the measure-valued death state and local sensitivity analysis of the Winfree
model and its mean-field counterpart with uncertain high-order couplings. The Winfree model is
the first mathematical model for synchronization, and it can cast as the effective approximation of
the pulse-coupled model for synchronization, and it exhibits diverse asymptotic patterns depending
on system parameters and initial data. For the proposed models, we present several frameworks
leading to oscillator death in terms of system parameters and initial data, and the propagation
of regularity in random space. We also present several numerical tests and compare them with
analytical results.

1. INTRODUCTION

Collective behaviors of interacting particle systems are often observed in nature. Among them,
we are interested in synchronization in which oscillators exhibit the same rhythms due to weak
interactions between constituent oscillators, e.g., flashing of fireflies and firing of neurons [4, [17,
211, 22], etc. Despite its ubiquity, mathematical modeling for synchronization was done by Arthur
Winfree [23, 24] only in a half century ago. After Winfree’s pioneering works, studies on emergent
behavior [10} 111 I3}, [15] and several variants have been proposed in literature, e.g. the Kuramoto
model [17]. In this work, we are mainly interested in the Winfree model. To set up the stage, we
begin with a brief description.

Let 6; = 6;(t) be the phase of the i-th Winfree oscillator on the unit circle with the natural
frequency v;. Then, the Winfree model reads as

N
(1.1) éi:uﬁ;;swm(@), Vie[N]:={l,--- N},

where k is the nonnegative coupling strength, and 5,7 : R — R are 2m-periodic functions which
are called sensitivity and influence functions, respectively, and they will be specified explicitly later.
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In fact, the Winfree model belongs to the class of phase-coupled model for synchronization,
which assumes that time-varying behavior of oscillators depends only on the current phase of
oscillators by assuming the variation of amplitude to be unity. In contrast, there is another class of
synchronization models, namely pulse-coupled model taking into account the firing of oscillators. To
name a few, integrate-and-fire model and the Peskin model correspond to the class of pulse-coupled
model. These types of synchronization models are widely used to describe the synchronization
of real neurons [3| [4, 2], 22| 24]. However, it is very difficult to analyze a pulse-coupled model
mathematically, since the influence function is usually described by Dirac-delta function dp so
that the right-hand side of provides a non-smooth vector field. To overcome this technical
difficulty, authors in [3] approximated the pulse-coupled mechanism using the Winfree model

by employing following pulse-like influence functions:
2n )
(1.2) I,(0) = an(l +cos®)", n>1, a,:= 27}((2?1)_1)”,

2
where the coefficient a,, is chosen to satisfy a normalization condition / I,(0)df = 2m. Tt is
0

well-known that on [—m, 7], I, converges to 2mdy in distribution as n — oo. This implies that
I, approximates the impulse fired when oscillator touches zero. In addition, for the sensitivity
function, they employed

(1.3) S(0) = —sinéd

to recast the Winfree model as a generalized Adler equation (see Section for detail). Now, we
combine (1.2)) and (1.3) to propose the Winfree model ([3]) with a high-order coupling:

N
(1.4) 0; =v; — %SingiZIn(Qj), Vie [N]
j=1

When we consider the real applications of , the determination of the order n is based on the
phenomenology or modeler’s free will. Hence, the uncertainty ([2, [12]) in the order n is intrinsic,
and it is natural to ask how uncertainty in the order n can affect the collective dynamics of system
. In this paper, we are interested in the Winfree model with uncertain high-order couplings:

N
a(z)k . 2
00;(t,2) = v; — 0;(t, 1+ 0.(t, , Vit>0,
(1.5) 10, (t, z) = v N sin (t,2) jEl (1 + cosb;(t, 2))
0:(0,z) = 6", Viel[N],

where z = z(w) is a [1, 00)-valued random variable on a given probability space (€2, F,P) and the
normalizing factor a(z) is given to satisfy the normalization condition:

2 (D(z+1))°
o(2) =T 51

Note that we take the same initial data 9;1178 for every sample path w € €. That is, Gin’s are
deterministic, and randomness only lies in the structure of the system. From now on, we call the
system as the random Winfree model.

Consider the kinetic counterpart of which can be obtained as a mean-field approximation
of . Let f = f(t,0,v, z) be the probability density function of random Winfree oscillators at

2
so that / a(z)(1+ cos6)*df = 2m.
0
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time t € [0,00), phase 6 € T, natural frequency v € R, and random variable z € [1,00). Then, the
formal BBGKY hierarchy yields the following Vlasov-type equation [14]:

atf"'a@(f[’[f]):oa (t,Q,V,Z)ER+XTXRX[1,00),

(1.6) L[f](t,0,v,z) =v —o(t,z)siné,
o(t,z) = Ka(z)/ (1 + cos0.)* f(t, 0k, Vi, 2)g(vs)dvidBy,
TxR

where g : R — R is the probability density function for a natural frequency v. We call the equation
(1.6) as the random kinetic Winfree model. In this paper, we address the following two issues:

e (Q1): How does randomness characterized by random variable z :  — [1,00) affect in the
propagation of regularity in random space?

e (Q2): Can we find an explicit measure-valued stationary death state (see Section ?

In this paper, we provide quantitative estimates and numeric tests for the above two questions
(Q1) - (Q2). More precisely, our main results in this work can be categorized as follows.

The first set of results is concerned with the existence of oscillator death state for and
(see Section [3.1] and Section[d]). For the Winfree model (L5]), it suffices to check that there exists a
bounded trapping set in which oscillators are attracted to it in finite or infinite time. In this case,
all the rotation numbers {p;};c(n) (see for definition) are zero:

For the construction of such bounded trapping set, we assume that initial data and coupling strength
satisfy the following conditions:

[V lloo
a(z)sine(1 + cosc)?’

(1.7) ma:xﬁ 0| <c<m, Vic[N] and &> almost surely.

€[N

Under these conditions, all the phases will be trapped in a bounded region in RY (see Proposition
2.1)), i.e.,

sup |0;(t,2)] < ¢, almost surely.
0<t<oo

Hence the random phase configuration O(¢,z) approaches to death state asymptotically almost
surely. Under the conditions (1.7), we show that system (|1.5) admits the existence of a unique
equilibrium and that a dynamic solution converges to it exponentially fast almost surely (see Propo-

sition [3.1]and Theorem [3.1)). For the kinetic model (|1.6)), the measure-valued stationary death state
can be constructed explicitly based on the solvability of the following integral equation:

(1.8) x = ka(z) /_Z (1 +1- yf/ﬂ)zg(u*)du*, YV z € [1,00).

Once the integral equation (|1.8) has a solution, say &, then, the state f*°(0,v,z) = §(6 — 0*(v, 2))
with sin 0* (v, z) = % is a measure-valued stationary death state to (1.6)). For details, we refer to
Proposition
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F1GURE 1. Concentration of I(z) for uniform/Gaussian random variables

The second set of analytical results deal with the propagation of regularity in random space for
(1.5) and (1.6). First, we show that H!-norm of © is uniformly bounded (see Theorem :

sup (/ |O(t, z)|2p(z)dz+/ |0.O(t, z)|2p(z)dz) < 00,
0t<oo M J1,00) 1:00)

where | - | is the standard ¢?-norm in RY. On the other hand, for the kinetic Winfree model (1.6,
we assume that coupling function I = (6, z) and initial data f™ satisfy

1A | rin .
E>1, p>1, T>0, Orglag)iﬂﬁzlﬂj;gfz <oo, Hfrely,,, 0<j<k,
Then, for a global solution f to (T.6), there exists Ay = Ay x(T, C, &, f*) such that

I llyes <O (170, +1)ebt, 120,

We refer to Theorem [5.1] for details.

In numeric section, we first provide how accurately the kinetic description approximates
the particle random Winfree model . For simulations, we use generalized polynomial chaos
expansion and stochastic Galerkin particle methods in [19, 26, 27]. Hence, we also present the ac-
curacy of the stochastic Galerkin method in producing results based on the degree of the expansion
under two regimes for random variable z: (i) uniform distribution, (ii) Gaussian distribution (See

Figure .

The rest of this paper is organized as follows. In Section [2 we first discuss how the Winfree
model with high-order couplings can cast as the generalized Adler equation, and review the
previous results on the emergent behaviors in [16] and we present the existence of a bounded trap-
ping set for the Winfree model. In Section [3| we provide sufficient frameworks for the emergence
of death in the random Winfree model and perform a local sensitivity analysis of with
respect to uncertainty z. In Section [d] we study the existence of the measure-valued stationary
death state to the random kinetic Winfree model . In Section |5, we study the local sensitivity



THE WINFREE MODEL WITH A HIGH-ORDER UNCERTAIN COUPLINGS 5

of the kinetic model (1.6 with respect to uncertainty z. In Section |§|, we provide several numerical
simulations for (1.6)) and compare them with analytical results. Finally, Section |7|is devoted to a
brief summary of our main results and discussion of some remaining issues for a future work.

Notation: Throughout the paper, we use the following handy notation:
62(017"'70]\/)7 @in:(iln7_."0:1]\r})7 V:(V17“'7VN)7

D(O) := max |0; —0;|, D(V):= max |v; — v, V|so := max |v;].
(6) = mux 6651, D(V)i= max s~ v, [V i= max

)

2. PRELIMINARIES

In this section, we show how the Winfree model can cast as a generalized Adler’s equation and
review the previous results on the deterministic Winfree model with high-order couplings, and then
we study several basic a priori estimates on the random Winfree model.

2.1. The generalized Adler equation. In this subsection, we study how the Winfree model can
cast as a generalized Adler’s equation for the special pair of sensitivity and influence functions.
First, we recall the Adler equation []:

(2.1) 0 =v—rksinh, 6cR,

where v and k denote a natural frequency and a nonnegative coupling strength, respectively. Since
is separable first-order ODE, we can find an explicit solution in [§] for (2.1]), but it will not be
useful in our discussion. Next, we show that the Adler equation can arise from the Kuramoto
model with N = 2. More precisely, consider the Kuramoto model for a two-oscillator system:

91 = + gsin(Hg — 91),
(2.2) ) s
0y = vy + 5 Sin(91 — 92)

We set the relative states:

f:=60; —0; and v:=v]— vs.
Then, it is easy to see that the system (2.2]) reduces to (2.1]) for (6, ). A generalized Adler equation
can be obtained by replacing the constant coupling strength x in (2.1) with the state-dependent
coupling strength & = £(6):
(2.3) 0 =v—ri(0)sing, 60cR,

From now on, we call (2.3]) as a generalized Adler’s equation. Now, we return to the Winfree model
(1.1) with the special sensitivity function (|1.3]). Then, it can be rewritten as

N
(2.4) 0, = v; — (; ZI(GQ) sinf;, Vi€ [N].

k=1
Note that system ([2.4)) corresponds to the generalized Adler equation with the state-dependent
coupling strength:

N
R7(O) = % 3" 1(6y).
k=1

In this manner, the Winfree model can cast as a generalized Adler’s equation.
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2.2. Previous results. In what follows, we briefly discuss previous results in [16] on the asymptotic
patterns of the Winfree model ([1.4]) with deterministic high-order couplings. First, we introduce a
rotation number p; of the i-th oscillator:

. 0i(t)
(2.5) pi = lim =

if the right-hand side exists. Before we present the previous results, we first define several asymp-
totic patterns of phase ensemble in terms of rotation numbers.

Definition 2.1. [3[16] Let © = O(t) be a phase configuration whose dynamics is governed by ((1.4)).
Then, asymptotic patterns can be defined as follows.

(1) The phase ensemble ©(t) exhibits (oscillator) death if and only if all the rotation numbers
are zero:

(2) The phase ensemble ©(t) exhibits (phase) locking if and only if all the rotation numbers are
equal to a monzero constant:

(8) The phase ensemble O(t) exhibits (complete) incoherence if and only if all the rotation
numbers are different:

pi#pjv VZ#JE[N]

In the next theorem, we recall sufficient conditions for the emergence of incoherence, death, and
locking for the Winfree model (|1.4)). For n > 1, let 3,, € (0,7) be a minimum point of the coupling
function ST, in (0, ), and let a,, be positive constants defined by the following relation

o n o (2n)!
1= COS (n—l—l) and a, = m

Theorem 2.1. [16] Let © = O(t) be a global solution of (1.4) with initial data ©™. Then, the
following assertions on asymptotic patterns hold.

(1) If system parameters satisfy

. ' ) min#j |Vi - l/j’ 1
r{i?|vz—yj\>0, 0<K< TS ~ 0O 7 )

then © exhibits incoherence.

(2) If system parameters and initial data satisfy

‘ . [Vl oo
n n 5 h —Op, Op N’ 1 - ! ’
Bn <an<m, 0"¢c(—ana,) foralie[N], k> 5111 v (1 + CO8 )™ o(1)

then © exhibits death.



THE WINFREE MODEL WITH A HIGH-ORDER UNCERTAIN COUPLINGS 7

(3) If system parameters and initial data satisfy

T n 1 1 on \"! 1
; = lie[N], 0 <N — = ~ 0| -
1% v fOT’a Ze[ ]7 < ap <2n+1ann+1 2n> /2n_1<2n1) (n)u
. on m—1 n—1 1
0<h< o D(®’”)<aneXp[—W<anm( n2 > +2)],
n

ntlg,’ v—2"a,K n—1

then © exhibits locking.

2.3. The Winfree model with uncertain couplings. In this subsection, we study the existence
of a positively invariant subset to the Cauchy problem . Note that once we find a bounded
positive invariant subset, then all rotation numbers will be zero. Hence, the existence of a bounded
positively invariant subset implies the emergence of oscillator death. Since the system (1.5 is
random, we reformulate the previous results with respect to [1, 00)-valued random variable z using
the jargon of probability theory. First, we define a square box B.(0) in RY around the origin:

BC(O) = {@:(91,"‘,9N)ERN: |92“<C, VZE[N]}

Let z : © — [1,00) be a random variable on the sample space 2, and define the mazimum point
function :[1,00) — (0,7/2) by

z
B(z) := argmax < sin (1 + cosh)* ¢ = arccos < > .
=) 0<f<m/2 { ( ) } z+1

Let ¢ € (0,7) be a positive constant which is called initial bound of configuration. This value ¢
corresponds to the initial upper configuration

o™ e B,(0).
Now, we define the adjoint bound function ¢*(z) such that
(2.6) 0<c*(z) <pBz) < g and sinc®(2)(1 + cosc*(z))* =sine(l + cosc)®.

See Figure [2| for a graphical description of ¢*(z).
Below, we state an assumption to be crucially used throughout this paper.

Definition 2.2. (k-assumption) Let ¢ € (0,7),k and z be the deterministic initial bound,
coupling strength and [1, 00)-valued random variable, respectively. Then we call the following
relation as “k-assumption”:

[Vlloo

2.7 l t ly.
27) = a(z)sine(1 + cosc)?’ PHIBORE SR

Remark 2.1. Since the denominator in the lower bound of k in k-assumption goes to zero as z
becomes larger, i.e.,
lim a(z)(1+4cosc)®* =0, Vce(0,7),

Z—00

the k-assumption implies z € L>(2).

Next, we consider the uniform boundedness of © which is the random counterpart of the result
in [16].
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FIGURE 2. Schematic diagram of 5(z) and ¢*(z) with z = 3.

Proposition 2.1. (Existence of a trapping set) Suppose that k-assumption in Definition holds
and let O(t, z) be a global solution process to ([L.5)) with ©™ € B.(0). Then, the set B.(0) is positively
mvariant:

(2.8) O(t,z) € B.(0), Vt>0, almost surely.
Proof. First, we claim that

(2.9) 10;(t, z(w))| < e, Vt>0,1i€][N],

for a sample w € (2 satisfying .

Proof of (2.9): We use the continuous induction argument. For a fixed w satisfying (2.7]), we set
T(z(w)) :=={t>0:0(s,z(w)) € B.(0) for all s € [0,1)}, 7F(z(w)) :=supT (2(w)).

Note that 7 and 7°° are random set and random time, and as long as it is clear in context, we
suppress w dependence in 7 and 7% in what follows:

T :=T(2(w)) and 7% :=7%(2(w)).
Since O(+, 2) is continuous in time and O™ € B.(0), we have
T#0 and 7 >0.
We claim that
(2.10) T = 00.
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Suppose that the contrary holds, i.e.,
> < oo.
Then, there exists a random index i* € [IN] such that
0= (7%, 2)| = ¢,

and

N
(2.11) O+ (t, z) = v — a(;f) sin 0+ (t, z Z (14 cos;(t,z))".
7=1

We multiply (2.11)) by sgn(6;«(t, z)) and use ) to find

0¢]0;+ (1, z)]‘t:Too = vpsgn(0(7°°,2)) — sch( + cos 0;( ))Z

This yields a contradiction to the definition of 7°°. Therefore, we have (2.10)) which implies ({2.9)).
Hence, we have the desired assertion (2.8)). O

< |V|loo — a(2)ksine(l + cosc)® < O.

As a direct corollary of Proposition we can show that a global solution will be confined in
the smaller region B.«(0) with ¢*(z) < c after a certain (uniform) time, almost surely.

Corollary 2.1. Suppose that k-assumption holds and initial data O™ satisfy O™ € B.(0), and
let ©(t,z) be a global solution process to (1.5). Then, there exists a constant 7, < oo, called an
entrance time, such that

(2.12) O(t,2) € Be=()(0), Vit>7., almost surely.

Proof. We choose a sample point w € () satisfying the condition . By Proposition one has
O(t,z) € B.(0) forallt>0.

For given ¢ and the adjoint bound function ¢*(z) satisfying (see Figure , we consider two

cases.

e Case A: Suppose that
c(z) =c.
Then, we can choose the entrance time t.(z) = 0 to find the desired estimate (2.12)).
e Case B: Suppose that
c(z) <ec.
Then, we can define the time-dependent index M = M (¢, z) € [IN] such that
O (t, z)| = max |0;(t, z)|.
100 (2, 2)] Z,Hel[]ﬁl i(t, 2)]

For an instant ¢ such that

100 (8, 2)| € (¢"(2), 0),
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we have

a(z)k

N
0|0 (t, 2)| = v sgn(On(t,2)) — N sin |0 (¢, 2) ]Z 1+ cosbj(t,z))?

(2.13) j=1
< |IV|loo — a(2)&sin |0as(t, 2)|(1 + cos O (t, 2))?

< V]loo — a(z)ksine(l + cose)® < 0,

where the definition of ¢*(z) is used in the last second inequality (see Figure [2). Since the last
nonzero term is constant in time ¢ for a given z, this shows the existence of t.(z) < oc.

Now, it suffices to show that there exists a finite uniform bound 7, for t.(2):
te(z) < 7, almost surely.
For t.(z) < o0, it is obvious that
100 (te(2).2) (Be(2), 2)| = €"(2) - and [Oar(0,2) (0, 2)[ < e
This implies

c— C*(Z) > |0M(0,z)(07 Z)’ - |0M(te(z),z)<te(z)7z)‘

te(2)
= _/0 8t|9M(t,z)(tvz)|dt
> te(2)( = ||V]loo + a(z)ksine(1 + cosc)?),

where the last inequality comes from the estimate (2.13|). Note that the last term in this relation
is positive, hence, we have

c—c*(2)

) .
tel®) < o rsine( + cos ) = V]

Since z € L%°(Q), the right-hand side is bounded almost surely. Therefore, the existence of a
constant 7. is verified. O

In the following section, we discuss the extension of the second assertion in Theorem to the
random Winfree model with high-order couplings ([1.5)).

3. THE WINFREE MODEL WITH UNCERTAIN HIGH-ORDER COUPLINGS

In this section, we provide fast relaxation toward death and local sensitivity analysis on the
propagation of regularity in z-variable.

3.1. Emergence of oscillator death. In this subsection, we deal with oscillator death under
the k-assumption . If there exists an equilibrium in a trapped region, we can consider the
convergence toward an equilibrium. First, we consider a condition which guarantees the existence
of an equilibrium.
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3.1.1. Emistence of an equilibrium. Suppose that ®(z2) = (¢1(2), - ,én(2)) € (=7, m)" is a random
equilibrium of ([L.5)):
N
(3.1) 0=+ S¢>1 )Y L(¢;
7j=1
where
(3.2) S(@) =—sinf and I,(0)=a(z)(1+ cosh).

Now, we consider two types of ensemble:
v; =0, Vi€ [N]: Homogeneous ensemble,

34 # j € [N] such that v; # v; : Heterogeneous ensemble.

e Case A (Homogeneous ensemble): If all natural frequencies are zero:
v =0, VielN],

then system (3.1)) - (3.2)) becomes

oza(

N
)Y (1+cos;(2))7, Vie [N
7j=1

Since ¢;(z) € (—m,m) for all i € [N], we have
®(z) =(0,---,0).
e Case B (Heterogeneous ensemble): If there exists a nonzero natural frequency vy # 0, we divide

(3.1) by vy to find
N

Kk S(dr(2)) (AN
(3.3) R ;Iz(qu(z)) =0
Motivated by this relation, we define a function F, := [— IIVllloo’ HVIHOO] — R by
L N
(3.4) Fo(s) =14 5s5) (S !

Once we have a solution s(z) to F, =0, i.e.,
F.(s(2)) =0,
then, the state ®(z) = (¢1(2),- -, ¢n(2)) defined by
¢j(2) == 87 (vs(2)), V€[N,

satisfies (3.3)), i.e., it is an equilibrium. In addition, when v; = 0 for all i € [N], above definition
covers Case A.

Proposition 3.1. (Existence of an equilibrium) Suppose that the k-assumption holds. Then, there
exists an equilibrium ®(z) = (¢1(2),...,én(2)) of (L5) in Be-(0), almost surely.
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Proof. First, if ||V]e = 0, it is obvious with ®(z) = (0,---,0), hence, we assume ||V| # 0. We
choose w € ) satisfying the condition (2.7)), i.e.,
V]l [Vlloo
(3.5) K> — = - - ,
S(eL(c)  S(e*(z(w))L(c*(2(w))

where we use (2.6). We split the proof into two steps.

e Step A: First, we claim that for each w € Q satisfying (3.5)), we have

(3.6) Js(z(w)) € [‘W,O] such that F,(s(z(w))) = 0.

Again, we suppress w-dependence in z, i.e., z = z(w).

Proof of (3.6): Since F, is continuous on [%, O] and F,(0) =1 > 0, it suffices to show that
S *
(3.7) F, <M> <.
Wl

by the intermediate value theorem.

o Case A: Suppose that there exists i € [N] such that v; > 0. Since

—1<8(c"(2)) < WS(C*(Z)) <0,
we have
g > *(z) > S <HVVGOOS(C*(Z))> >0,

and successively,
(3.8) L(c*(2)) < L (Sl (Hv”ﬁ S(c*(z))>> .
Then, we use (34), (3:5), B8) and

S((2) _,

Wlso
to see
S(c*(2)) " Y S(c*(2))
m (o) = v j_fZ( ()
S(e(2) .
<1+ Ve I.(c" (=) <0,
which verifies .

o Case B: Suppose that there exists i € [N] such that v; < 0. By the same argument as in Case A,
we obtain

L(—c*(2)) = L(c*(2)) < L. <51 (\\vyﬁ S(c*(z))>> .
This yields the desired estimate .
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e Step B: By (83.6)), there exists a root s(z) of F, = 0 on Sﬁ;*”(;)) , O] for a sample point w satisfying
(2.7). Hence, we can construct an equilibrium point of ([L.5]).

e Step C: For a root s(z) of F, obtained in Step B, we need to show that

0(z) = (57 (mrs(2)), -+, S ows(2)) € Bes()(0).

For v; > 0, we have

This leads to
c*(z) > S (ys(2)) > 0.
Similarly, we can show for the case v; < 0. O

3.1.2. Relazation dynamics. Let © and ®(z) = (¢1(z), -, ¢n(2)) € Be+(0) be a solution processes
to (|1.5) and an equilibrium whose existence is guaranteed by Proposition i.e., it satisfies

a(z)k

(39) 0= V; —

N
sin ¢; (2 Z 1+ cosj(z))”.
7j=1

It follows from Corollary [2.1] that
@(t,z) GBC*(Z)<O), Vit>Te,

where 7 has the same meaning in Corollary[2.1] Now, we introduce a deviation from the equilibrium
O (2):

0;(t,z) :=0;(t,z) — ¢i(2), Vié€el[N].
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By (3.9), the deviation 6; satisfies

i = 0(0; — b1)

N
a(z)k . .
= Vi— = smGiZ(l—i-cosej)
7j=1
a(z)k al al
= N sin gf)l Z (1 + cos qb]) — sin 92 Z(l + cos 9]-)2
Jj=1 7j=1
a(z)k

-

= T [(sinh —sing)) Y (1+cosg;)’

(3.10) f

J

=z

+ sin 6; Z ((1 + cos6;)* — (1 + cos qﬁj)z>

J=1

=

a(z)k  ~ 4 .
=——x cosbq - 02-; (1 + cos ¢;)

N
~ z—1 ~ ~
+ zax)m sin 6; Z (1 + cos 0j72> sinf;2 - 0;,
j=1

where 0;1(z,t) and 0, 5(2,t) are intermediate values determined by the mean value theorem. Using
this relation, we will show the convergence toward an equilibrium in the following theorem.

Theorem 3.1. Suppose the k-assumption holds, and let ©(t, z) be a global solution process to (|L.5))

with © € B.(0). Then, ©(t,z) converges to an equilibrium ®(z) € Be(,)(0) exponentially fast,
almost surely.

Proof. We split its proof into two steps.
e Step A (Derivation of differential inequality): By Corollary and Proposition there exists

an equilibrium ®(z) in the squared box B« (;)(0) and the solution process © is captured in the same
box B« (,)(0) after a certain time 7. > 0 almost surely:

(3.11) ®(2), O(,2) € Bex(z)(0) € Bz(0), forallt> 7, almost surely.

Now, we consider t > 7. It follows from (3.10]) that

N N
~ ~ ~ ~ z—1 ~ ~
(3.12) 0,0; = _a(j\?ﬁ cosb; 1 - 6; E (1+ cos ;) + 'w(]\"j)ﬁ sin 6; E (1 -+ cos 0]-72) sinf;o - 0;.
i=1 i=1
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We multiply sgn(6;) to (3.12) and find

N
- a(z)k ~ 2\ A
8t’91’ = —< (]V) COSQZ‘J . Z (1 + COS¢j) )|91‘
j=1
(3.13) N
~ ~ z—1 ~ A
+ Za](\'j)ﬁ sin 0; - sgn(6;) Z (1 + cos 0]-72) sinfjo - 0;.

7j=1
Now, we sum up (3.13]) over all i € [N] to get

N N
615 <Z ’éz|> = _(J,(Z]V)Ii Z COS 91,1 (1 + cos ¢])Z |9A1|
i=1

ij=1
(3.14)

ij—1
=:T11 + Iy2.

Below, we estimate the term Z;; one by one.
o Case A (Estimate of Z11): We use (3.11) to see that

cosfi1 >cosc*(z) and (14 cose;)” > (1+cosc*(2))>.
These imply

N
T = _CL(;T)H Z COs éi,l (1 + cos ¢])Z |él|

,j=1

(3.15) N
< —ka(z)cosc*(z)(1 4 cosc*(2))? Z A
i=1

o Case B (Estimate of Z19): First, we use (3.11)) to see

(3.16) |sin6; - sgn(6;)| < sinc*(z).

On the other hand, we use the fact that

f(x) =sinz (1 +cosz)” ! is monotonically increasing on [0, arccos (

0<c*(z) <p(z) < and [(z) = arccos <_T_1> < arccos <
z
to see that

~ z—1 ~
(3.17) ‘ (1 + cos 9j72> sin 9]‘72) < (1 +cosc*(z))* tsinc*(2).

N
A ~ z—1 n
+ 'm(]\j:)ﬁ Z sin 6; - sgn(0;) <1 + cos 9]’72) sinf; - 0

~

z—1

z—1
z

)]

15
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Now, we use (3.16) and (3.17) to see

N
Tpa < kza(z) Z
12l S —

R ~ z—1 ~
sin 0; - sgn(6;) (1 + cos 9j,2) sin 62 - 0;

2,7=1
RZOL(Z) al * z—1
(3.18) <= D (1 +cosc*(2))* ' sin® ¢*(2) (0]
i,j=1

= rza(2)(1 + cosc(2))* sin? ¢*(2)

WE

<.
I
—_

In (3.14)), we combine (3.15)) and (3.18) to find

.MZ
=

N
Oy Z 10;] < —ra(z) (cos ¢*(2) (1 + cos ¢*(2))?)

=1

N
+ kza(z) (1 + cosc¢*(2))* ' sin’ ¢ Z

N
= ka(z)(1 + cos c*(z))z< —cosc*(z) + z(1 — cos c*(z))) Z 10;
i=1

N
= rza(z)(1 + cos c*(z))z<1 - z—: cos ¢* ) Z
. -
z) Z &
i=1

e Step B: From

@) < 8 = eos ().

z+1
we get
cos ¢*(z) > cos f(z) = cos (cos_1 : ) S

B z+1 Cz+1

ie.,
z+1 N

(3.19) cosc*(z) > 1,

z
which makes C(z) be negative and we obtain desired exponential decay of Zf\i 1 1. O

3.2. Local sensitivity analysis. In this subsection, we provide a local sensitivity analysis for the
random Winfree model (1.5 with high-order couplings:

N
K z
00;(t,z) = v; — N z)sinb;(t, z ]E_l + cos 0;( )) .
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To see the random effect, we expand the phase process 0;(t,z + dz) via Taylor’s expansion in
z-variable:

(3.20) Oilt, =+ d=) = Ou(t, =) + D0t 2)d= + %agei(t, D22+

Thus, the local sensitivity estimates deal with the dynamic behaviors of the sensitivity vectors
0O consisting of coefficients in the R.H.S. of (3.20)). For this, we consider L>-random variable
z: 0 — [1,00), which satisfies

ZﬁP < W,

where P is the probability measure on (€2, F,P) and p is the Borel measure on R. In other words,
we do not take into account a random variable which is not appropriate in this context, for example,
constant, Dirac-delta and so on. Hence, we can represent the push-forward measure 2P in terms
of the Borel measure p using the probability density function p(s) as follows:

/ g(s)dzP(s) = / g(s)p(s)du(s) for all E € B([1,00)).
E E

For notation simplicity, we will abbreviate du(s) as ds. Before we move on further, we suppress
t-dependence in O(t, z):

O(z) = O(t, 2),

and set several norms. For ©(z) = (61(2), -+ ,0n(2)), we denote the Euclidean norm ¢ of © by
| - |. Similarly, we use || - || to denote the weighted L?(pdz)-norm in [1, 00):

1,00)

N 1/2 1/2
026(2)] = (Z\ai“@i(Z)!Q) , k=0,1, [O]:= (/[ I@(Z)IQ,O(Z)dz> :
=1

1/2

1/2
j0-0]] := (/{1 )|az@<z>\2p<z>dz) . 1®lm = (1012 + 1201

Unlike the Cucker-Smale and Kuramoto models, which are governed by the distance between par-
ticles, the dynamics of Winfree model is influenced by the locations of each particle. Hence, it is
hard to consider the local sensitivity in terms of flocking. Even if we analyze the relative distance
; — 0, since we have to exploit the logarithm to get the derivative of (1 + cos#;(t,2))*, O(t, z)
should be in some bounded region contained in Bz (0).

For a later use, we set

01,171(2) =

2%cose, if cose < 0,
cosc(l +cosc)?, if cosc >0,
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and define random coefficients C;(¢, z), ¢ = 1,2 as follows:
(3.21)

z 2z — 1\~
Cl(t’ Z) | ﬁa(z) <—Cl7171 + m ( 2 > ) =: 0171(2), t e (0,7‘6),
ka(z)z (1 _Z —: ! cos c*(z)) (14 cosc*(2))” =: C12(2), t € [Te, 00),
{m\a’(z)\%\/ﬁ + ka(2)2°VNIn2 =: Co;(2), te(0,7.),
la/(2)|2°V N sin ¢* (2) + ka(2)2°VN In2 - sin ¢* (z) =: Caa(2), t € [1e,00).

In what follows, for notation simplicity, we suppress z-dependence in 6; and C; as long as the
context is clear:

Cs(t, z) ==

0;(t) = 0;(t,z) and C;(t) = Ci(t, 2).

Lemma 3.1. (Propagation of 9,0) Suppose that the k-assumption holds, and let © = O(t, z) be a
global solution process to (1.5)). Then, ||0,0(t)| satisfies a differential inequality:

9]|0.0(1)| < C1(1)]]0.0(t)|| + Ca(t), Vt>0.
Proof. We differentiate 1} with respect to z to get

0;0,0; = —— Z ( )siné; + a(z) cos0; - 0.0; + a(z) sin 6; In(1 + cos ;)

(3.22)
a(z)zsinb;sind; - 0.0

o J J 1 G'Z.
1+ cosf; >( +cos j)

We multiply (3.22) by 0.6; and sum up the resulting relation with respect to all ¢ € [N] to find

1 N
- 12
) (2 ;\M\ )

I

!
==
ﬁMZ

N
a'(2)0,0; - sin6;(1 + cos 0;) % Z ) cos ;- |0:0;]*(1 + cos 0;)*

2,7=1
(3.23) N
—%Z a(z)sinb; - 0,6;(1 + cos ;)% In(1 + cos ;)
i5=1
+ a( = Z sin@;sin6; - 0,0; - 0,6; - (1 —i—cost)Z*1

1,j=1
=:To1 + Too + Loz + To4.

In the sequel, we estimate the term Zo; one by one.

Recall that our goal is to derive an upper bound by the term containing ||0,0||. Here, we will
use some basic relations in trigonometric functions: For 0 < ¢ < 7 with

0<c(z) <p(z)<c<m,
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we have
and 0 <cosc™(z) <cosz forzx € (—c*(z),c"(2)).

cosc < cosz for z € (—c,c)

e Case A (Estimate of Z51): We use the Cauchy-Schwarz inequality and 0 < (1 4+ cosf;)* < 2% to

obtain
o N
|Zo1| = ‘ N Z a'(2)0,0; - sin 0;(1 + cos 0;)*
ij=1
N N
kld (2)] N -
(3.24) <= > " 10.0; - sin ;] > (1 + cos ;)
i=1 j=1

N /2 , N 1/2
< kld'(2)[2* (Z |azei|2> (Z sin? 91-) .
=1 =1

Now we use ([3.24]) and Corollary to get

( N 1/2
H|a’(z)y22\/ﬁ<2|azei|2> , t € (0,7),
=1
(3.25) 1T | < . s
kla' (2)|2*VN sin ¢*(2) (Zyazeiy?) .t € [re, ).
=1

e Case B (Estimate of Zg9): By direct calculation, we have

N
K
Ioo = N Z a(z) cos 0; - 10,0;*(1 + cos 0;)*
7,7=1
( N
—ka(z)2? coscz 0.6%, t € (0,7,), if cosc <O,
(3.26) = N
< ¢ —ka(z)cose(l + cosc)® Z 10.6;%, t € (0,7), if cose >0,
i=1

N
—ra(z)cosc*(2)(1 4 cosc*(z))? Z 10.6;|%, t € [r,00).

i=1
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e Case C (Estimate of Zy3): For ¢t € (0, 7), one has

N
|Zas| = ’% Z z)sinb; - 0,6; - (14 cos6;)* In(1 + cos ;)
1,J=1
ka(z) al al
< Z sin6; - 9,0, - Z |(1 4 cosf;)* In(1 + cos ;)|
N
< ka(z)2*In2 Z |sin6; - 0.6
i=1
N /2 , N 1/2
< ka(z)2°In2 (Z 829i]2> <Z sin? 61')
i=1 =1

1/2
< ka(2)2*°VNIn2 - <Z|ae|2> :

where we used the following relation:

M) =

|(1 4 cosf;)*In(1 + cosb;)| < N2°In2.

<.
Il
-

Similarly, we obtain that for ¢ € [7¢, 00),

N 1/2
(3.27) T3] < ka(2)2°VN1n2-sinc*(z) (Z |8Z91|2) .

i=1

e Case D (Estimate of Zy4): We use the Cauchy-Schwarz inequality to find

N
|Z24| < alz)zx Z_

sin®; sin6; - 0,0; - 0.0; - (1 + cosb;)*~ 1’

N
N /2, N 12 [ 1/2
(3.28) <! N (Z 10.0; |2> (Z sin? 9i> > 106,
=1 i=1 j=1
N 1/2
X sin? ;(1 + cos Qj)Q(Zfl)

J=1
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Note that for an even function f(x) = sin®z(1 + cosz)?*~1, it has a local maximum at z =

arccos (Z 1).
—1
>0 forxe <O arccos < >> ,
'@ e
(3.29) <0 forze (arccos ( . > ,7T) ,

2z
f(arccos <Z;1>> 22_1 <222 1> .

Hence, it follows from (3.28), (3.29) and 8(z) < arccos (231) that

z

%( > Z,(gm? for t € (0, 7e),

and

(330)  |Twl| < .
a(z)zk(1 — cosc™(2))(1 + cos c*(z))? Z 10.6;|%, for t € [7e,00).

In (3.23]), we finally combine all the estimates (3.25)), (3.26)), (3.27) and (3.30) to derive the desired

estimate. 0

Remark 3.1. Since z is a L>®-random variable, random coefficients C and Cy are integrable with
respect to w, for each 0 <t < o0, i.e.,

/ Ci(t, 2(w))dw < 0o and / Ca(t, z(w))dw < 00, ¥V t>0.
Q Q

One can easily figure out that the convergence of asymptotic value of ||0,0(t)|| totally depends
on the sign of C12(2). If the coefficient C; 2(2) is negative almost surely, i.e., ¢*(z) < (z), then
|0,0(2,t)| goes to zero exponentially fast in time. Hence, this is crucial in uniform-in-time H}-
regularity.

Proposition 3.2. Suppose that the k-assumption holds and c¢*(z) < [(z) almost surely, and let
O(z,t) be a global solution process to (1.5)). Then, the following estimates hold.

(1) If C11(2) # 0,

821§2 < tC1,1(= _1)) te (0’7-6)’
0:0(t2) < { 1
|:02 1(2) ( Tecl,l(z) _ 1) + 612’2(2):| 601,2(2)(t_76) — 02’2(Z) t e [7‘6 OO)
C11(2) Ci2(2) Cia(z)’ ’
(2) If C11(2) =0,
t02,1(2>7 te (077—6)7
0:0(1, 2)| < C22(2)\ cya(x)—r)  C22(2)
7'30271(2) + m e — m, te [Te, OO)



22 HA, KANG, YOON, AND ZANELLA

Proof. We use the result in Lemma [3.I] and Gronwall’s Lemma with the deterministic initial con-
figuration,

O(z,0)=0", VY ze(l, o0),
to get the desired result. O
Remark 3.2. Note that Proposz'tz’on implies that |0,0(t, z)| is finite for any finite time t.

Now, we are ready to provide our first result on the propagation of regularity in random space.

Theorem 3.2. (Local sensitivity analysis) Suppose that the k-assumption holds, and c*(z) < [(2)
almost surely, and let O(z,t) be a global solution process to (1.5)). Then, there exists a constant
C > 0 such that

0@l <C, Viz0.

Proof. By definition of H!-norm, we get

o0

0): = [ 182 Ro)dz+ [ 000t Po(e)d:

3.31 Izl oo ) Izl Loe (o)
o = [T ewarseaz+ [ ooz
1 1

=:131 + I3.
e (Estimate of Z31): By Proposition one has

2l Loo () ) Izl Loo () ) )
(3.32) Ty = / 10z, 1)2p()dz < / Nep(2)dz = (|2]| g () — 1N,
1 1

Note that the upper bound does not depend on time t.

o (Estimate of Z32): We use Proposition and the almost-sure negativity of C;2(z) (see (3.19)
and (3.21))) to find

121l oo (2 I2llzee ) (2)
. T 2 _ 2,2
(3.33) thjgo I3p = tlglolo . |0.0(t, 2)|“p(z)dz = /1 70172(2);)

Finally, we combine (3.32)) and (3.33) to get the uniform boundedness of |©(t)|| 7 in time. O

(z)dz < 0.

4. DEATH STATE FOR THE RANDOM KINETIC WINFREE MODEL

In this section, we study the existence of a measure-valued stationary death state for the ran-
dom kinetic Winfree model when the natural frequency follows a uniform distribution or a Dirac
distribution. Recall the Cauchy problem to the random kinetic Winfree model with deterministic
initial datum:

atf+60<fL[f]):07 (taeayvz)ER-FXTXRX [1,00),

(4.1) o ! )
f t=0+ - f >0, /JTX]Rf (97V)Q(V)dVd9 =1,
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where the alignment functional L[f] is given as follows:
L{f](t,0,v,2) =v —o(t,z)sinf, I1(0,z)=a(z)(1+ cosb)?,

(4.2) o(t,z) = Ii/T RI(G*, 2)f(t, 0k, Vi, 2)g(vi)dOdy,.

4.1. A measure-valued stationary death state. In this subsection, we consider the existence
of a measure-valued stationary death state of (4.1)), which is a stationary solution to (4.1) in the
form of

(4.3) f(t,0,v,2) =6(0 —0*(v,z)) for some 0*(v,z) € {

T 77]
272]"°

Since the stationary solution does not depend on time ¢, we simply denote it as f°°(6,v, z) in this

subsection. First, we recall a measure-theoretic formulation for stationary solution f°° to (4.1)):

[ (L)ane)stp(e)dodviz = o
TxRx[1,00)
(4.4) L[f*)(0,v,z) =v —&(z)sinb,

a(z) = E/]I‘XR 1(0., 2) f(Ou, Vi, 2)g(Vs)dOdy,

where ¢ = (0, v,z) be a C}(T x R x [1,00)) test function. In ([{.4),, we replace f° by the form
in (4.3) and to find

(4.5)

Qe

(2) = /m(z)/ (14 cos 0" (vs, 2)) “g(vs)dbsdv,.
R
Since 0* (v, z) € [—m/2,7/2], we have 6(z) > 0 for any z. Now, let L[f*](0*(v, z),v, z) =0, i.e.,

v=20(z)sinf*(v,z) <= sinf*(v,2)=

which leads to
o* =4/1— ——.
cos 0" (v, z) 6L

Then, we can rewrite (4.5)) as

#(:) = ra(2) [ (14 VI=02/5CP) g0

In the following proposition, we study the meaning of this equation.

Proposition 4.1. Let 5 : [1,00) — Ry be a solution to the following integral equation:

(4.6) o(z) = ma(z)/IR (1 + \/W)Zg(u*)du*.

Then, the state f*(0,v,z) = 6(0 — 0*(v, z)) with sin0*(v, z) = &(”Z) is a measure-valued stationary

death state of (4.1)).
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Proof. Let ¢ be a solution satisfying the integral equation (4.6]), and we define 6*(v, z) to satisfy
the following relation:

s Rz
sin0* (v, z) = 5
We claim that
(4.7) [ =08(0 —0*(v,2)) is a measure-valued state of (£.1)), ie.,
(18) [ (U=LDon)aw)plz)dsavaz = o.
TxRx[1,00)

Proof of (4.8)): By direct calculation, it is easy to see that

p / (0, 2) (01, v, 2)g(1) Ao s
TxR

n/ I(0.,2)0(0« — 0" (vs, 2))g(vs)dOdu, :/ﬁ/I(H*(V*,z),z)g(y*)dy*
TxR R

= Kka(z )/(1+cos€ (Vs, 2))°g(vs)dvy = /m(z)/

R

= ra(z / (1—1—\/1—1/2/0 ) (vi)dvy = 6(2).
By (4.4), and (4.9), we have

(4.10) L[f*)(0,v,2) =v —6(z)sinf = 6(2)(sin 0" (v, z) — sin 0).
Now, we use and (| - ) to see
/ (5 L1 pg ) doduaz
TxRx[1,00)

(4.9)

z

(1 + \/1 — sin?(0* (v, z))) g(vs)dv,

= / 7(2)(sin0* (v, z) —sin0)d(0 — 6* (v, z))Opp (0, v, z)dOdvdz = 0.
TxRx[1,00)

0

Remark 4.1. It follows from Proposition[].1] that the existence of measure-valued stationary death
state depends on the solvability of . In the next two subsections, we show that the equation
(4.6) with respect to 6(z) has one or two solutions, when the distribution for natural frequency
is given as a uniform or Dirac distribution. Any choice between them exhibits a measure-valued
stationary death state in the form presented in Proposition [{.1]

In what follows, we investigate the solvability of (4.6)) for two explicit distribution functions g(v)
for natural frequency.

4.2. Uniform distribution. Consider a uniform distribution g defined by
1

(4.11) g(v) = 27

0, otherwise,

V€[1_771+7]7
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where v € (0,1). Then, the relation (4.6 can be rewritten as
1 1 1+~

(4.12) —= a(z)/ <1+\/1—u§/x2>zd1/* =: F(z,,2),
kK x 2y Ji_,

for (z,7,2) € [1 +,00) x (0,1) x [1,00).

4.2.1. Preparatory lemmas. In this part, we provide several lemmas to be used in the solvability
of (4.12). Note that the function F is well-defined for > 1 + . This is due to the following
observation:

1-==

0, Vvue[l—v1+9] and >0 <<= z>1+7.

Hw ‘ *tw

Lemma 4.1. The equation (4.12) is solvable if and only if

(4.13) max F(x,v,z) > 1, for (v,z) € (0,1) x [1,00).

z>1+y K
Proof. Let (v, z) € (0,1) x [1,00) be fixed. Then, the map =z +— F(x,~,z) is continuous, and it
satisfies
lim F(z,v,z)=0.

T—r00

(i) (= direction): Suppose that the equation (4.12) is solvable, i.e., there exists & > 1 4  such
that

1

—=F(z .

— = F(,7,2)
Hence

1
F > F(i =
Jnax F(z,7,2) 2 F(&7,2) =

(ii) (<= direction): Suppose that the following relation holds:

>
Jnax Flz,y,2) 2 —

Then by the intermediate value theorem , there exists a (v, z) > 1+~ such that

1 -
E = ]:(0'(77 2)777 Z)?

i.e., the equation (4.12]) is solvable. O

Remark 4.2. By combining the result of Proposition[].1 and Lemmal[{.]], the existence of measure-
valued stationary death state depends on the fact that whether F satisfies the relation (4.13) or not.

4.2.2. Piecewise monotonicity of F. In this part, we study the piecewise monotonicity of the dif-
ferentiable function F(-,7v,z). Recall that our aim is to show to study maximum of F(-,7, z) for
fixed (7, 2) € (0,1) x [1,00).
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4
12 35
10 sl
25F H(y,z)
~
s
15F
T
osr | @) V2z+1
gz
05 | 1
1 o o« / Z+]
Y (€ 0.1) 1 order z (> 1) 0 0.2 0.4 . 0.6 0.8 1

F1GURE 3. (Left) Surface of H(u, z) and the maximum value for each z in the yellow
line. (Right) Graph of H(u,z) when z = 3.

For this, we study the piecewise monotonic behavior of F by taking a partial derivative of F’
with respect to x:

0, F(z.7,2) = 212 /11+7 a% E (1+ m)] dv

2y

—y
a(z) 1 /HV( z-1 2222
= - ].+ 1—1/2172) 1+ 1—7/2 1:2—— dl/
2 oy, LFvi=w/ VI e
1
1 [ z—1 2
(4.14) z_m_/ <1+ 1—3/2) 14+/1— 2__ Y dy
= ip
14y

where the function H is define by

(4.15) H(y,2) =y (1+V1=32) , ¥ (5.2) €[0,1] x [1,00),

For the graphical representation of H, we refer to Figurein which for each z € [1, 5], the maximum
value Jax H(y, z) is depicted in yellow curve. In the following lemma, we study the piecewise
<y<

monotonicity of H (-, z).
Lemma 4.2. (1) The function H is nonnegative and

H(0,2)=0, H(l,2)=1, Vzell, o00).
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FIGURE 4. (Left) Schematic diagram of u, and 7. (Right) Relation between H(1)

and H (%) according to 7.

(2) For z € [1,00), the map y +— H(y,z) is strictly increasing and strictly decreasing on the

) V2z+1 V2z+1 _
itervals |0, ———— | and | —————, 1|, respectively,
z4+1 z+1

Proof. (i) The first assertion is obvious.

(ii) By direct calculation, it is easy to see that for y € (0, 1),

2
z 2y 1
0, H (y, z :y<1+\/1—y2) 1-— -
yHy.2) Vi-y?+1-9y2) Yy
VI—y?+ 11—y —z)?
= H(y,z) ;
y<\/1—y2+1—y2)
and
\/1—y2<1—|— 1—y2>—y2z T
=0 and ye(0,1) <= y:L.
y 1—y2(1—|— 1—y2> z+1

O

Before we study the maximum point of F(x,, z) for each (v, z) on [1 + v,00) in detail, note
that the sign of (0, F)(+,, z) only depends on

1 1-—
H(M,z>—H< 7,2’).
x x
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Note that this is positive for sufficiently large = > 1+ (see the right one in Figure. In particular,
at =14y, we have
a(z) 1

(4.16) @:F)1+972) = =G [H(l,z) _H G;:;z)]

On the other hand, for each z, we can find y.(z) € (0, 1) such that (see the left one in Figure |4))
(4.17) H(1,2) = H (4(2), 2),
and define v4(z) € (0,1) such that

L—%(2) . 1 —y.(z)
ye(2) = —————=, le, 7u(z) = —2L.
T (2) 15 5.(2)
Since v ;—7 is monotonically decreasing, there are three cases for (4.16) as follows (see the right

one in Figure [4):
(1) v <(2), (i) v =x(2), (@) v > 7x(2).
In other words, this is equivalent to
(1) (0 F)(1+7,7,2) >0, (i) (QF)(1+7,7,2) =0, (i) (0F)(1+7,7,2) <O0.
In the following lemma, we will show that

(i) : F increases until Z and then decreases, for some Z > 1+ 7,
(i7), (i7i) : F decreases.

Lemma 4.3. For z € [1,00), there exists v« = 7«(z) > 0 such that the following two assertions
hold:

(1) If 0 < v < v«(2), there exists x«(7y, z) € (14 v,00) such that x +— F(x,7,2) is increasing

on [1 4+ v, x| and decreasing on [z, 00).

(2) If v > v«(z), the map x — F(z,7,z) is monotonically decreasing.
Proof. As it is mentioned above, note that (0,F)(z, 7, z) is negative for sufficiently large x > 14+,
ie.,
(4.18) (0xF)(z,v,2) <0, foraz>1+r,
hence, we only consider the zeros of 9, F.

1—

Ty We have

(1) By the definition of v,(z) and the strict decreasing property of the map ~

(0:F)(1+7,7v,2) >0, forvye (O,fy*(z)),
Since we have (4.18)), it is enough to show that

h(z) ::H<1:7,2> —H(lgv,z>

touches zero only once in (1 + v,00). Let x1,29 > 1 4 7 be zeros of h(x) = 0. Without loss of
generality, assume that z; > x3. Then, Lemma implies (see Figure [4))
1- 1- 1 1
LA S R Rt

€ ) X2 €1
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ie.,
r9g <z1 and w1 < @9,

which concludes z1 = z9 and we complete the proof of our first assertion.

(2) Suppose that v > v.(z). By the similar argument above, we have

and it is enough to show that h does not have zeros in (1 + 7y, 00). Suppose that there exists a zero
x > 14~ of h(z) = 0. Once again, by Lemma we obtain

1—x 1+~

4.19 . d 1.
(4.19) ye(2) < . an . <
On the other hand, v > v.(z) yields

1-— 11—,
(4.20) T 1omle) Y« (2).

L+ 7 1+ %(2)

The above two relations (4.19) and (4.20) give = 1 4 ~, which is a contradiction. Hence, we
complete the proof of our second assertion. ]

4.2.3. Solvability of . In this part, we study the solvability of which will be enough to
show the existence of measure-valued stationary death state (see Proposition . First, we begin
with the characterization of x.(7, z) at which the monotonicity of F(-,7,z) is changing from the
increasing mode to the decreasing mode (see the first assertion in Lemma [4.3)).

For z € [1,00), we define a set S,, maps H,: S, +~ Rand A: R? — R as follows.

S, = {(xl,xg) € (0, 1)2 Cyk(2) <ay < <1, H(z1,2) = H(xg,z)},

(4.21) oy — a1

Ho(z1,22) = p———

V(z1,22) €S:, Alz,y)=x+y, VzyeR

Lemma 4.4. The following assertions hold.
(1) The map H, is one-to-one.
(2) The point x, € (1+,00) appearing in Lemma (i) is explicitly given as a function of y:
B 2
0 = Ay

Proof. (i) We choose
(.Tl,l‘g) €S, and (:il,.%z) €S,.
Then, we have
Ys(2) <21 <xp <1 and y(2) <& <22 < 1.
Without loss of generality, we may assume
Tl S .i‘l.
Then, we use Lemma [£.1] to see that (see Figure [)
(4.22) r1 <21 < Ty < X9
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Suppose that

Ho(x1,22) = Ho(Z1, Z2).
This yields
(4.23) T1T9 = T1T9.
Now, we use (4.22)) and (4.23)) to find

z z
1< =22<q,
I i)
which yields
Ir1 = .i‘l and To = 5&2.

Hence, H, is one-to-one.
(ii) From Lemma [4.3| with (4.14)), we have

1-— 1 1—~v 1
H( ry,z):H( +’y,z) and ( 7, +7)€Sz.
L L L L

This implies

H (1—7 1—|—’y> _ 1;;7 _ 1;7 = or equivalently x,(y Z)_#
o e ) T E ST AGET)

T &

O

Now we are ready to provide an existence of measure-valued stationary death state for (4.1)).

Theorem 4.1. Let g = g(v), F = F(x,7, 2), and y« = y«(z) be given as (4.11)), , and (4.17)),

respectively. Then, the equation (4.1) admits the measure-valued stationary death state if and only
if
1

9 0<’7<7*(Z)7
~/—-.< g1 777Z> 1—y*(2)
> A(HZ (7) 8 = Z7\77
K> (1 7)) V(2) T 02) YV z € ll,00),
—_——— «(2) <y <,
F(l+7,7,2) (o) <0

where maps H, and A are defined in (4.21)).

Proof. By Lemma the solvability of (4.12]) is equivalent to the following relation:
1

4.24 K= ’
( ) T maxg>14y F (2,7, 2)

for (v,2) € (0,1) x [1, 00).

e Case A: Suppose that

0 <7y < %(2).
Then, it follows from Lemma and Lemma (ii) that
2
4.25 maxfx, x4 :‘Fx* 1 2)y Vs R :‘F 1, e
(425) i F0,2) = Fla0.2)7.0) = F (g2

e Case B: Suppose that
v 2= x(2).
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In this case, by Lemma (ii), we have

(4.26) max F(z,7v,z) =F(1+7,7,z2).
214y
Finally, we combine (4.24), (4.25)) and (4.26) to find the desired estimate. O

4.3. Dirac distribution. Suppose that natural frequency follows a Dirac distribution concentrated
at 19 € R. In this case, the distribution function g is given by

9(v) = 6(v — ).

In the next theorem, we study a sufficient and necessary condition for a measure-valued stationary
death state when natural frequency follows a Dirac distribution concentrated at vy € R.

Theorem 4.2. Suppose that the distribution g of the natural frequency v takes the form of
g(v) =0(v —1p) for some veER.

Then, the equation (4.1)) admits a measure-valued stationary death state if and only if the following
relations hold:

(7) If 1y =0, k> 0.

(4.27) ‘ lvo] z+1 z+1\°
i) 1 > Vz>1.
(i) If vo 70, " a(z) 2z +1 <22+1> ’ °=

Proof. (i) For vy = 0, the relation (4.6)) becomes

o(z) = ka(z)2%.

Hence, 7(z) exists as a positive real number as long as x > 0.

(ii) Assume that |vp| # 0. Then, the relation (4.6) becomes, with x = (%),

z z
1 2
(4.28) L@ (1o %) = a@) ol (1, ]y |V—g _ 2y |V—0’,z :
K x x lvo| = x o] x

where H is defined in (4.15). By Lemma the equation (4.28) has a solution if and only if
(K, 1o, 2) satisfies

ol ol N\ ' Iwol (V22T N7 ol 241 (241
> —— | max H| —,% = H , 2 = ,
a(z) \z>w| T a(z) z+1 a(z) 2z +1\22+1

for all z > 1. OJ

Remark 4.3. It is worthwhile to note that the right-hand side of (4.27)) converges, as z — oc.
Recall Stirling’s formula

x
F(z+1)~ 271'1,‘<$) as T — o0
e

to see
_2T(z+1)2 27 2mz(z/e)*
(429) G(Z) - F(QZ + 1) ~ @(22’/6)22

as z — OQ.
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Now, we use the asymptotic estimate for a(z) in (4.29) to see that

i 1 z+1 z4+1\7 i Varz(22/e)?* z4+1 [(224+1\ 7

im = lim :

=00 a(z) 224+ 1 \22+1 200 27 - 21z(z/€)?* 2z 4+ 1\ z+1

_ lim (2z/e)* S VaAmz 2+ 12241 _Z _|e
22+ 2

o

500 (22/€)2% 22 11 27z

5. LOCAL SENSITIVITY ANALYSIS KINETIC WINFREE MODEL

In this section, we study the local sensitivity analysis to the random kinetic Winfree model.
First, we recall the Cauchy problem to the random Winfree model with high-order coupling with
deterministic initial datum:

Ouf +0o(FLIf) =0, (t,0,v,2) € Ry x T x R x [1,00),
5.1 _ '
o f L:M = f" >0, /T £7(0,v)g(v)dvd = 1,

where the alignment functional L[f] is given as follows:
L{f](t,0,v,2) =v —o(t,z)sinb, I1(0,z)=a(z)(1l+ cosb)?,

(5:2) o(t,z) = /@/T RI(O*, 2)f(t, Ok, Vi, 2)g(vi)dOdu,.

For the local sensitivity analysis of (5.1), we employ the probability density functions p(z) and
g(v) for a random variable z and natural frequency v, respectively, and define the weighted norm

in Ly (T x [1,00)), Ly, .(T x R x [1,00)), and WP (T x R x [1,00)) for p € [1,00] and k € N, as

0,v,z O,v,z
follows:

1/p
1hllpy = (/ |h(0, z)\pp(z)dedz> ,
’ Tx[1,00)

1/p k
1Pl = / W0, v, 2)Pp()g(v)dbdvdz | [hllyrs = (> lOLAT,
WE TXRX[].,OO) 0,v,z —0 O,v,z

Next, we estimate the local sensitivity analysis in the following subsection.

1/p

5.1. Propagation of ||95f(t)|| rz - In this subsection, we discuss a sufficient framework for the
propagation of regularity of a solution to (5.1))-(5.2):

10§ F(E)ll <00, Vi>0.
One can refer to [9, I8, 28] on the propagation of random regularity to Vlasov-Fokker-Planck-type
equations. First, we define a sequence of constants Ag j as

k-1
Aoo=1, Aok = QkZAo,z, ViEk>1
1=0

We begin with the propagation of 8-regularity.
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Proposition 5.1. (Propagation of §-regularity) Suppose that system parameters and initial datum
satisfy

0<k, 1<p<oo, C:= ||I”Lgf; < 400,

Opf™ e Ly, (TxRx[1,00)), V1e{0}Ulk,

and let f = f(t,0,v,z) be a global solution process of - . Then, we have
o5 f(t) e Ly, (T xR x[1,00)), ¥t>0.

In particular, we have

k
(53) 0 £(Ois < Aoue®™ DO 3y L V0.
sy Z l:O sy Z
Proof. The proof is quite lengthy and tedious, hence, we leave it in Appendix [A] O

5.2. Propagation of | f(t)||,,x» . In this subsection, we study the propagation of | f(¢)
O,v,z

For this, we need two a priori lemmas.

HW;,LP,Z‘

Lemma 5.1. Suppose that the following conditions hold:

< < < = T || oo
1<k, 0<Il, 1<p<oo, C Org%xk||8zl\|%’z<oo,
and let f = f(t,0,v,z) be a global solution of (5.1))-(5.2)). Then, we have
|BERLIA) g, < 2*7CRIFDllyrr » ¥ 820,

Proof. Note that

OFOLLIf(t,0, ) = —/{(8@ sin@)/

TxR

— —r(3hsino) /

TxR

85 (1(9*, 2) f(t, 04, v, z))g(u*)du*dﬁ*

(5.4) Eey '
[Z < ,>3;I(9*7 z) - 0N f (L, 0y, v, z)]g(y*)dy*dH*,
i
i=0
Then, we use (b.4)) and Jensen’s inequality to find

|E0HLIf1(t, 0, )P

p—1

< KgP i (k> i i (k) / ‘611(9* Z) . akfif@ 9,. v, z)|pg(1/*)d1/*d9*
(5.5) = ' i) Jog 10 O )OS O v,

=0 M i=0

7

k
= Qk(p_l)ﬁpz (k) / ’32[(9*, 2) - OF U f(t, 04, v, z)‘pg(y*)du*dH*.
i—0 TxR
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Now, we use ({5.5)) to obtain
kAl
oL,

- / 8 BLLIF1(2. 8, )P pl2) g (v)dzdvdf
TxRx[1,00)

ko lk
< ok(p—1) .p E <>
7
=0

X / / |0L1(0s, 2) - ONTUE (L, ., v, 2)[P9(vi)p(2)g(v)dv.do,dzdvdd
TxRx[1,00) JTXR

k
<220y <k> L R N N DAY S
# J[1,00) JTxR

=0
k
<n@onyy [ 057 (1,00, v, 2)Pp(2)g (v )zl
i—0 ¥ TxRx[1,00)
(@RI,

0,v,z

This implies the desired result for finite p. Likewise the previous proposition, we can obtain the
case of p = cc. ]

Now, we investigate the propagation of Hafag f(t) H ;» intime. For this, we introduce a notation
O,v,z
to be used in a priori condition. For parameters
1<k, 0<Il, 1<p<oo, 0<T <00,

and a global solution f = f(t,0,v,2) to (5.1)-(5.2)), define a constant M, as follows: if [ =0,

(5:6) Miop =z, sup 10209 @zz,.
0<j<1 — 7
and if [ > 1,
(5.7) bip = max g max | sup 020570, . max | sup (05057 ()

0<j<l+1 = =

Although there is no p-dependency in Mj o, wWe keep this notation for consistency with other
Mk»l7p'

Lemma 5.2. Suppose that parameters satisfy
1<k, 0<Il, 1<p<oo, 0<T <o,
and let f = f(t,0,v,z) be a global solution of (5.1))-(5.2)) satisfying a priori conditions:

C = Orgia%(k HG;IHng <oo and My, < oo,
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where My, is defined in (5.6))-(5.7). Then, there exist two nonnegative constants Ay, and By,
depending on k, C and My, such that

00505 f (D)lly . < Arapl205f ®)llp  + Brap: YVt €[0,T).
Proof. Since the proof is lengthy, we leave it in Appendix O
Remark 5.1. If one wishes to verify the finiteness of H@f@éf(t)HLg - in the bounded time interval
[0,77], Lemma can be summarized as follows: if My, is finite, ‘then by Gronwall’s Lemma,

sup H@f@éf(t)HLp < oo, forany 0<T <oo.
0<t<T 0,v,z

Here, we give the last preparatory lemma.
Lemma 5.3. Suppose that parameters and initial datum satisfy

1<k, 0<T<o0, C:zorgllagﬁuaiIHLg% < 00,

" e Ly, (TxRx[1,00)), Vj €{0}UIk],

0,v,z
and let f = f(t,0,v,z) be a global solution to (5.1)-(5.2]). Then, one has
Mipoo <00, Vi=1,--- k-1
Proof. First, we consider the condition for M; g < 0o with ¢ = 2,--- k. From the definition of
M, 0,0 in (5.6) and Remark the finiteness of M; o~ is guaranteed if

(5.8) max M,
0<i<i—1
0<G<1

On the other hand, the condition for M;; ., < oo with [ > 1 can be obtained, again by Remark
and the definition of constants M;; ~, as follows:

= Mi—l,l,oo < 00.

OSH%?;; M; ; o <oo and Ogr;lglx_l M; j 00 < 00,
0<j<i+1
that is,
(5.9) M 111100 <00 and M, 1 < 00.
From and , one can notice that to show
M;p,00 <00, forall ¢=2,---k,

the following is needed: (see Figure |5))

max max M; ;. < 0o,
1<i<k 0<j<k—i 7

which is equivalent to
Mijoo <00, Vji=0,---,k—1.
By Proposition [5.1} one has

sup Hagf(t)HLoo <oo, V0<j<k-1,
0<t<T 00,2

hence,
(5.10) MLQ,OO < 00.
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O-f | 0:00f D08 f O-f | 0:00f .05\ f
OF1f |08 1o, f OF=Lf |0k 10, f
orf orf

FIGURE 5. Structure of estimates in Lemma In the left diagram, the aim of
Lemma is colored in yellow. The right diagram describes the step-shape strategy

for estimates. By (5.8) and (5.9)), it suffices to show the dark pink ones for whole
pink area.

As mentioned in Remark we have

a oo
o8 100 Ol , < o0

by Lemma and Gronwall’s Lemma. Here, we give a detail: By Lemma with ([5.10]), we have

two nonnegative constants
A1 0,00 = A10,00(T, C, K, f)  and  Bigso = B1o,oo(T,C, i, f™)

such that

|- f(t < A1 0,00]|0- £ (2 HLOO + B0, VYte[0,T]

iz,
Then, Gronwall’s Lemma yields

19:7 )] 2o <i’2’°°(e“‘1»°’°°t—1), v teo,T).
v,z 7,@

This leads to

0, o .
oﬁz”f’&z<w

From the definition of M}, ; o in ) for [ > 1, one has

Muw=WMﬂ$%mngf'h@wgﬁmewaf M@}’

which implies by Remark [5.1] that M o is finite if

(5.11) max  sup HBJ

<oo and My _1 o < 0.
0<J<l+10< <T T

Ollpg
Note that the first condition in (5.11)) holds for all I > 0 by Proposition Since we have
Mi 0,00 < 00 in (5.10), we can obtain M ;. < oo for all 1 <1 <k —1, inductively. This completes
the desired estimate. 0
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Now, we are ready to provide our second main result on the propagation of regularity of the
norm |y
Theorem 5.1. Suppose that parameters and initial datum satisfy
1<k 1<p<oo, 0<T <00,

o l - J rin 0o .
C= max 1021 Lge, <00, Opf" € Lg,.. Vije{0}U[k]

and let f = f(t,0,v,2) be a global solution to (5.1)-(5.2). Then, there exist constants Ay =
A (T, C, K, f0) and Agy = Ao (T, C, K, f) such that

i Mg
| Fllwer < 070, e + m(e%kt —1), Vtelo,T).

Proof. By Lemma we have
Migoo <00, Vi=1,--Fk
Then, it follows Lemma and the fact of

(512) Mi,O,p = Mi,O,om Vi>1l, 1<p<oo,

that there exist nonnegative constants A;0, and B;g), for all i = 1,--- ,k and 1 < p < oo such
that

(5.13) a2 f @)l < AiopllOZf Ol pp  + Biop. YEE,T]

On the other hand, recall that we derived

(5.14) af Ol <CrllfF®l,  VE=0, T<p<oo

in the proof of Proposition With (5.13), (5.14) and Hélder’s inequality, we conclude that

k k
| o
<pClflGy +pD AiopllOfllf,  +0) Bioplldifl,

i=1 =1

k 1/p
1
< pmax {On max Aso 11, + o712, (30 B2, )

O,v,z i=1

aufI” .,

O,v,z

k
< C Aiop JIIE ol (Y Bios).
< pmnx {Cr, max Avop P Wy +2ISI 2y (32 Buos
We set

k
Ay = {c, A-}dA::B,
1Lk :=max  Ck 112%)% 3,0,p an 2,k ; ,0,p
and note that A; ; and Ay do not depend on p by (5.12). By Grénwall’s Lemma, we can get the
desired estimate for p < oo. For the case of p = oo, we take the limit of p — 0o to obtain the
desired estimate. O
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6. NUMERICAL RESULTS

In this section, we present several numerical tests on the uncertainty propagation for the Winfree
model . For all numerical tests, we use the recently developed class of Monte Carlo stochastic
Galerkin (sG) particle methods for kinetic equations. For interested readers, we refer to [, [7, 20]
for a brief introduction.

6.1. Test 1. Consistency of the mean-field limit in the uncertain case. A sG reformulation
of the kinetic Winfree model is based on the generalized polynomial chaos expansion of the solution
of the kinetic Winfree model f(t, 0, z) of the form:

M
(6.1) Ft.0,v,2) ~ Mt 0,0,2) = > fult,0,0)04(2),

k=0

where {@k}é\i o is a set of orthonormal polynomials such that

E[®y(2)®5(2)] = / D1 (2)Bx(2)p(2)dz = Sy

[1,400)
Here 0y is the Kronecker delta function. In (6.1)), we indicated with fk(Q, t) the projection
(6.2) ot 0,0) = /[ 00,0, 8p(2)
1,400

We substitute the approximation f™ into the kinetic Winfree model with uncertainties, and we
obtain

oM+ 0y (S L) =0,
where L[] has been defined in (1.6). We represent f» by means of the above expansion and
multiply the equation by a polynomial ®j(z) of the orthonormal basis, and we yield the following
coupled system of M + 1 deterministic partial differential equations determining the evolution of
the projections {f} of f onto the polynomial space:

M
(6-3) Ocfn(t,0) + 09 LuklFM](8,0) fi(t,0),  h=0,..., M,
k=0
where
Lk fM](t,0) := /[1,+oo) <1/ —o(t,2) sin9> D (2)Pr(2)p(2)dz,

with o(t, z) as in ((1.6). The approximation of the statistical quantities of interest are defined in
terms of the introduced projections. In particular, it follows from (6.2]) that we have

E[f(t,0,v,2)] ~ fo(t,0,v),
and its evolution is approximated by (6.3). Thanks to the orthonormality of the polynomial basis,
we also have

M 2 M
Var,[f(t,0,v,2)] ~ E (Z Tu(t,0,0)®5,(2) — folt, 0, u)) => fi-fo0,v).
h=0

h=0

Amongst the most importance advantages of the gPC-sG methods, is their exponential convergence
with respect to the uncertain variable, see [25]. The consistency of averages quantities can be also
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compared with the reconstruction of the particle density in the presence of uncertainties.

We introduce the empirical measure associate to the random Winfree model (|1.5)):

FMN(E,0,0,2) = [ Z(se Gtz] g(v).

Following the approach in [6] [7, [I8] we may study the convergence of the empirical measure

FINM(t9 v, 2) = [ 259 HMtz)] g(v),
to fN)(t,0,v) as M — +oo for all t > 0, and M (¢, 2) is a solution to

(6.4) %OZM(t 2)=v; + — Z )(1 —|—cos0M(t 2))*sin®M, Vi€ [N],

where
M A
0} = Z 0; kPr(2)
k=0

The sG approximation of (6.4) is therefore given for all h =0,..., M by

d; M M
(65) %01, ( ) Vz50h + — ;];)Ehk 0] ,01 )

where we have

B (011,61 = /[1+ )1+ e0s0(1,2)) sim (Zez,@k ) W(2)p(2)dz.

In the following, we consider the case v = 0 and the initial distribution

1 \9—§1|2} 1 { |(9—9_2|2}
6.6 )= ———exp{ — + exp{ —t———— ¢,
(6:6) Jo(6) 2¢/2mo} p{ 202 2\/2n0} P 202

with

In Figure @ we represent the evolution of the expected value E,[fM (t 0 z)] Where the initial
distribution is chosen according to and 03 = ;5 (top row), or o = 1&5 (bottom row).
We considered an uncertain exponent z = h + 2, with h ~ U([—1,1]) and the polynomial basis
is therefore considered as Legendre polynomials, see [25]. We solve over a computational
grid obtained from a homogeneous discretization of [0, 27] with Ny = 101 grid points. The time
discretization of the interval [0,7] has been fixed as At = A#?, being A the mesh size. Over
the same interval we reconstruct the expected density of the interacting system E,[f(N-M) (¢, 6, 2)]
with N = 10%. In both cases we fixed M = 2. We may observe that the kinetic density correctly

approximates the particle density in both the considered regimes.
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t=0.5 t=1
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FIGURE 6. We compare the evolution of the expected solution of the random kinetic
Winfree model E,[f] with its particle approximation E,[f(N-*)]. In both cases we
considered z ~ U([1,3]) and we approximate the dynamics over the time interval
[0,1] with At = A§? by introducing a space discretization of the interval [0, 2] ob-
tained with Ny = 101 grid points. We solved and the system of sG projections
N = 10*. In both cases we fixed M = 2 and the initial distribution with

01 = /4,0y = 7/2 and 0f = 1—10 (top row) and 03 = ﬁ (bottom row).

6.2. Regularity propagation. We evaluate the propagation of L?-regularity in the random field
by means of the following error

(67) Error = H<(107 f(N)> - <907 f(N,M)>||L2([1,+oo))a

where ¢(-) : [0,27] — Ry a test function. In the following we concentrate on the case ¢(0) = 0
which defines the uncertain temperature of the system

(6.8) Tt 2) = /R oy W2 (L0, v, 2)g(v)d0d,

2

being ¢(-) and u the distribution of the natural frequencies and the expectation of 6, respectively. In
the case of homogeneous frequencies, we consider N = 10* particles and we compute the evolution of
up to time 7' = 1 with a time step At = 1072. We considered both the uniform case z = h+2,
with h ~ U([~1,1]) and the Gaussian case where z = h? + 3, with h ~ N(0, 1), such that in both
cases we get E[z] = 2 but in the Gaussian case the support of the random variable is not bounded.
It is worth mentioning that in the case of uniformly distributed uncertainty we consider a Legendre
polynomial expansion whereas, in the Gaussian case, we consider a Hermite polynomial expansion.
In Figure |7, we report the convergence in the random field based on a reference temperature 77
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FiGure 7. Convergence of the uncertain temperature in terms of the error

in based on a reference temperature 7 at time 7" = 1 computed at the

particle level with N = 10* particles and M = 25. We considered a uniformly

distributed uncertain exponent z = h + 2, h ~ U([—1,1]) (left) and a Gaussian

exponent z = h? + %, h ~ N(0,1). In both cases we considered two coupling
1

strengths £ = {5 and x = 1.

at time 7' = 1 computed with an expansion of order M = 25 and N = 10* particles. We reported
the error for several M = 0,...,9 for two choices of coupling strengths x = % and k = 1. We may
observe how, for increasing k, the method has spectral accuracy in the uniform case as discussed in
the previous sections. Therefore, for an increasing coupling strength we observe spectral accuracy
and therefore, spectral accuracy in terms of the death state. On the other hand, in the case of
unbounded support, corresponding to the Gaussian case, we do not expect the same regularity in

the random field since the error saturates at M = 6 for the same coupling strength.

7. CONCLUSION

In this paper, we have studied measure-valued death state and local sensitivity analysis for the
random Winfree and its kinetic mean-field models with uncertain high-order couplings. For the
proposed models, we study several sufficient frameworks leading to the oscillator death in which
rotation numbers tend to zero asymptotically. In particular, for the random Winfree model, we
show the existence of bounded trapping set so that the rotation number of each oscillator tends to
zero asymptotically. In contrast, for the random kinetic Winfree model, we also present sufficient
framework leading to the oscillator death. For the propagation of regularity in one-dimensional
random space, we show that the H*-regularity of the solution process can be bounded by that of
initial data in any finite-time interval. We also provide several numerical tests and compare them
with the analytical results. As noted in this paper, we only focus on the oscillator death which
emerges as one of possible asymptotic patterns. However, there are other possible asymptotic
patterns such as incoherent state, phase-locked state and chimera state etc. Thus, it will be very
interesting to investigate the basin of attractions to these asymptotic patterns. Moreover, extension
of results to the pulse-coupled models will be also a challenging problem. We leave these issues for
a future work.
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APPENDIX A. PROOF OF PROPOSITION [5.1]

We use the method of induction. For an integer [ > 1, note that

ILL[f](t,0,2) = —ﬁ(@é sin@)/T RI(G*,z)f(t,Q*,V*,z)g(y*)dH*dV*.

This leads to

(A.1) HaéL[f](t)HLg,oz <Ck, Vt>0.

e (Initial step): First we use ({5.1) to see

o117 = o ((1F)%) = ar ()
= —plf1"2 FOu(FLLFY).

Similarly, we also have

(A.3) B (| fIP) = plfIP~2fBsf.

We differentiate || f(#)[|7,  with respect to t using (A.2), (A.3) and the integration by parts to
0,v,z

find

(A2) £) = LIrp2esag) = sl ros

y = 14 14
ANy, = [ apelgw)dsdvis

= [ A LU oot e
TxRx[1,00)

= —/ plf!p’zf(L[f]aaf + faeL[f])p(z)g(u)dadydz
TxRx[1,00)

= _/ (L[f]0o|f|P + p|fIPOsL[f]) p(2)g(v)dOdvdz
TxRx[1,00)

—a-n [ o ([ s0spar) nrigidsas

R
< slOLlfCOlz, - | [alsrar] < comlroly

1
Le,z

i.e., one has

OFWly, <CRlF®Iy, . Yi>0.
This yields the estimate (5.3|) for & = 0:
IF Oy, < eIy, VE>0.

O,v,2

e (Induction step): Suppose that the estimate (5.3)) holds for £ = 0,--- ,I — 1, and note that (%f)
satisfies

(A.5) (D) + 05" (FLIF)) = 0.
Then, we use and the same argument in to find
(A.6) 0u(105.f1P) = —plogf1P~2(86.)) 05" (FLLI]))-
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Now we use (A.6), the same argument as in (A.4]) and the binomial theorem to find
oIy,
- / O110h £ (1) pgd=dvdd
TxRX[1,00)

—= [ OGN (LU podsdvas
TxRxX[1,00)

I+1 I+1 . ‘
_ L — . § 0 I+1—1
(A7) T /ﬂ‘xRX[I,OO)pWGf‘p 2(86f) i=0 < { ) (aef ' 89+ LU]) pgdzdvdd

— _/ IO FIP2 (8L 1) ((aé“f)L[f] +(+ 1)(agf)(aeL[f])> pgdzdudd
TxRxX[1,00)

-1

- [+1\ /. 3
_/]TXRX[I,OO)p|8éf|p 2(%1‘)%( i > (@)@ LIfD) ) pgdzdvas

=: J11 + J12,

where we use the following relation:

I+1
> (") obn - @ -nin)

i=0
e ' ‘
=@+ @+ vt + 3 (1) @) (o).

i=0

Below, we estimate the term [J1; one by one.

o (Estimate on J11): Similar to (A.4), we use integration by parts and (A.1)) to obtain

gu=- [ (06 (195517) - LAY+ pL + 1)10b 1 POy LLf] ) pgd e
TxRx[1,00)

:<1—p<z+1>>/

Tx[1,00)

( /R |8éf\pgdu>aeL[prdzde

<p(+ D0 LI H /]R 1051 P gdv

1
L@,z

< p(l+ VORGSO,

o (Estimate on J12): We use the relation

1
(A.9) <l+ )ng, foralli=0,---,1+1,
(3
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(A.1)), and Holder’s inequality to find
I-1

Fa<2py [

i=0 /T
-1

=5y [

i=0 T

< 20Ky 1617 b 51|
=0

o1 P70 105f] - |05 LLf| pgdzdud

xR x[1,00

(/R\agf\p1}agf\gdu>\ag“—iL[prdzde

x[1,00)

(A.10)

Lé,u,z
. -1 '

< 2pCul|Gf O\ D N%F O, -
e 2 .

We substitute all the estimates (A.8]), (A.10) on J1; and Jy2 into (A.7) and use the induction
hypothesis to obtain

-1
NI (W)lp, < A+ 1CKIhS Oy, +2Cx S SOy

=0
-1 4
< U+ DCORIBFB)lny, +2Cr Y Aoae ™D 05
i=0 §=0 "
-1 -1 o
< W+ ORI Ol + 20 (3 n0s) (10470, )
P J:O WV, Z

-1
= U+ DCRIF )z, .+ cmwe“’“(z Haéfi“HLgM)-
J=0 o

By Gronwall’s inequality, we have

-1 -1
1965 ()llzg, . < (HaémeLg,y,z + A0y Hag,finu%) (10Kt _ <Ao,z > 05 Z)acm.
J=0 =0 ”

This shows that the case k = [ holds. Therefore, we have the desired estimate ([5.3]) for all finite
p > 1. Since there is no p-dependency in the coefficient in the right hand side of (5.3)), we can
derive the case of p = co by taking the limit of p — oo on (5.3).

APPENDIX B. PROOF OF LEMMA
We split its proof into two cases:

=0 and [>1.
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e Case A (I =0): We use (5.1)) to see
HNOEFI,

== / plOF fIP~20k f - %0y (FLIf)) pgdzdvdd
TxRx[1,00)

k
= - / plokfIP2ok f [Z f- 0" 9gL[f] +8§89f-afiL[f])] pgdzdvdd
TxRx[1,00)

(B.11) ro

-/ plo 117205 1 (95 - By LLs] + 050y - LIf]) padzdudd
TxRx[1,00)

k—1
- / plofFIP20k f [Z (k> (027 - 0500 LLS) + 000 - L)) | pydzdvas
TxRx[1,00) i—o \!
=: Jo1 + Ja2.
Below, we estimate the term Jo; one by one.
o (Estimate of J21): We use the integration by parts and the relation (A.1)) to get
== [ ploIPOuLIf] pydzdvas
TxRx[1,00)
-/ 09 105 £17) - LLf) - podzduds
TxRx[1,00)
—a-p | 0 POy LIf] - pgdzdudd
(B12) TxRx[1,00)
—a-p [ ( / \6‘“prng> OLLf) - pd=do
Tx[1,00)
< plontifllyy. - | [ 10t rvaar
- VR Ly .
< pCr|| LI,
o (Estimate of Ja2): It follows from (A.9)) and Lemma [5.1| that
k—1
Jaz < 2871p %" / (08 [P 0L f - OF T OpLIf) + 0100 f - OF LI ]| pgdzdvdf
xR x[1,00)
L k—1
k—1 k - 7 k—i i ki
<2 tultsly S (Wl ok autinllyy, o+ lotoudl s o=ty )
vz = v, v, v, v,
) k—1
k kp||P— k—i
(B.13) < 28mpCrMy | 08 f] ig,w 22 I fuwgk;fz,p

< 2 pCMiop |5 1 s
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R 1 (Haf fll, zzka,O,p> ,

where we used the following relation in the last inequality:

k—1
Iy, = W0ESIE, + 21001

(B.14) <[kl +Zuazfupw / p(2)g(v)dBdvd=
Wz TxRx[1,00)

0,v,z
otsl, +an ol < bl ke,

1=
Now, we combine (B.11)), (B.12), and (B.13)) to obtain the desired estimate:
OuOEflly < Or(1+ 22 My )05 flly + 2 P2knCrMEy .

e Case B (I > 1): It follows from ([5.1]) that
020 I

__ / plohol f =208 0k f - %L (FLIf)) - pgdzdvdd
TxRX[1,00)

__ / plokabfp-2akol
TxRx[1,00)

k 1+1

ZZ( )(Hl) (@%f gE—ightt- JL[f]) pgdzdvdd

=0 5=0

= - / plOkOh F1P2050h £ (95071 - LIA) + (1 -+ 1)0504f - Dy LIf]) pgdzduadd
TxRx[1,00)

[ easratas Y (") (etehs - 07*72111) padzavas
TxRx[1,00) J

7=0
- / plokal fIP-20kak f
TxRx[1,00)

k—11+1

ZZ( )(Hl) (@%f G JL[f]) pgdzdvdd

1=0 j=0
=: J31 + J32 + J33.

In the sequel, we estimate the term J3; one by one.

o Case B.1 (Estimate of J31): Similar to (B.12), one has

= [ (1= p(1 -+ 1))1050b PO LIS - pyd=dudd < p(L + 1)Cr|0EOhfI
TXRXD OO) Wz
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¢ Case B.2 (Estimate of J32): Again we use (A.9), Holder’s equation and Lemma |5.1{ to find

-1
T2 <2p) A )\afagf\p‘l\afag, - Ob L[ f]| pgdzdvdd
=0 xRx[1,00

-1
= 2lp /

-1
< QIanZ
j=0

| (/R ]ajagﬂpl]ajagf\gdu) |05 L[ f]| pd=db

x[1,00

-1
=2lpCk Z

Lg . =0

1050517 0504 1

otahs|” okl |

1
L9,u,z

-1
< 2ponlobohsllyyt S [0503sl,y < 12pCuMi0kohs ]y
1“0 J:O [ Y

o Case B.3 (Estimate of J33): Note that

k—1 141

J33 < 2k+l*1pz Z/T

ko f|P 005 f - 9E LTI LI f)| pgdzdvdd
i=0 j=0 xR x[1,00)

k—11+1

<2 plotarly, E% 2% |0:09 11l e, NOE~'05™ LI s
i=0 j=
k=141
< 2k+l—1ﬂpcﬁMk7l’p| 8585]"! El Z Z Qk_lﬂwa;*i’P
7 i=0 j=0 o

< (L+2)(1+ 2km)2  apCrb, |0k dhf|0n"
. 0,v,z

where we used (B.14)) again in the last inequality.

As a result, we have the desired estimate for finite p > 1:
(B.15) 041050 fllrp < (L+1V)CrlOS0fllpr 4+ 12'CrMygp + (14 2)(1 + 2km)2* M CrM, .

By definition, we have

M 1,00 = pli_{{)lo Mypp, Vk=>1,12>0.
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Hence, by taking the limit of p — oo on (B.15)), we derive the desired result for p = oc.
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