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WELL-POSEDNESS AND LONG-TERM BEHAVIOUR OF
BUFFERED FLOWS IN INFINITE NETWORKS

ALEXANDER DOBRICK [© AND FLORIAN G. MARTIN

ABsTRACT. We consider a transport problem on an infinite metric graph and
discuss its well-posedness and long-term behaviour under the condition that
the mass flow is buffered in at least one of the vertices. In order to show the
well-posedness of the problem, we employ the theory of Cp-semigroups and
prove a Desch—Schappacher type perturbation theorem for dispersive semi-
groups. Investigating the long-term behaviour of the system, we prove irre-
ducibility of the semigroup under the assumption that the underlying graph is
strongly connected and an additional spectral condition on its adjacency ma-
trix. Moreover, we employ recent results about the convergence of stochastic
semigroups that dominate a kernel operator to prove that the solutions con-
verge strongly to equilibrium. Finally, we prove that the solutions converge
uniformly under more restrictive assumptions.

1. INTRODUCTION

Flows in infinite networks are an intriguing and important topic of study due to
their relevance in a wide range of real-world systems and their inherent complexity.
Infinite networks provide a rich framework for modelling and understanding the
dynamics of various real-world phenomena as, e.g., fluid flows in porous media.
Studying network flows on metric graphs by methods from the theory of strongly
continuous semigroups has a history. The seminal results in this direction are due
to Kramar and Sikolya [2I]. They considered a mass distribution on the edges of
a finite metric graph which is subject to a transportation process on each edge
(described mathematically by a first order partial differential equation) and which
is re-distributed to different edges according to pre-defined weights whenever it
reaches a vertex of the graph. The long-term behaviour of such a network flow
depends crucially on the ratio of the transport velocities on different edges, see
[21, Theorem 4.5]. This seminal paper was followed by several further papers on
the topic involving absorption processes [25], dynamic ramification nodes [30] and
Boltzmann type scattering phenomena [14]. In [I2], Dorn first considered flows in
infinite networks and proved the well-posedness as well as that the solutions behave
uniformly asymptotically periodic under suitable assumptions on the underlying
graph. Furthermore, the results from [2I] were extended to infinite networks in
[13]. Moreover, [8] and [I0] discuss the well-posedness and asymptotic behaviour of
network flows in infinite networks on a different phase space within the framework
of bi-continuous semigroups. Finally, there are several more papers that study
various transport processes on metric graphs (see [7} [16] 22, 23, 28]).

In this paper, we consider a network flow in infinite networks in the spirit of
[12, [I3]. However, we introduce mass buffers in some vertices of the network. Mass
buffers absorb and store all mass that reaches the vertex on an incoming edge,
and release the stored mass to the outgoing edges at a constant rate proportional
to the mass contained in the buffer. In particular, a buffer with a lot of mass
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in storage releases mass at a higher rate than a buffer which is almost empty.
Analogous to unbuffered network flows, buffered network flows can be formulated
as an abstract Cauchy problem on an appropriate L!-space (or, more generally,
AL-space). However, as it turns out, buffers in the network change the long-term
behaviour of the solutions to the transport equation drastically in comparison to
the results from [12, 13, 2I]. In particular, under natural assumptions on the
underlying metric graph of the network buffers yield the convergence of the solutions
to equilibrium and not their mere asymptotic periodicity.

In the case where the edges of the network have unit length and the velocities
are constantly equal to 1, an analysis of the buffered network flow described in this
paper is contained in the second-named authors’ Master’s thesis [24].

Contributions of this article. In this paper, we prove that the Cauchy problem
that describes the buffered network flow is well-posed in the sense of the theory of
Co-semigroups (see Theorem [9]). For that purpose, we first prove several versions
of a Desch—Schappacher type perturbation result for non-analytic semigroups (see
Section [B]). This result is then leveraged to prove the well-posedness of buffered
network flows in infinite networks. Finally, we show that, if the underlying graph
is strongly connected, then the flow converges strongly or uniformly as time tends
to infinity, depending on further assumptions on the graph (see Theorem and
Theorem [B9]). These results are consequences of two recent abstract convergence
theorems Cp-semigroups (see [I8, Theorem 6.1] and [19, Theorem 1.1]).

Organization of the article. In Section 2] we recall some notions from graph
theory and describe the mathematical model for buffered network flow. Several
general perturbation results of semigroup generators are proven in Section B] and
applied to our particular model in Section @l Finally, in Section [B the long-term
behaviour of the flow is discussed.

2. BUFFERED TRANSPORT PROBLEM ON A GRAPH

A real-world example. The following description of the buffered network flow
consists of many definitions, assumptions and conditions, which will become much
more intuitive if one keeps in mind a real-world example such as a connected system
of pipes with a running fluid in it. Two or more pipes may encounter each other
in nodes that distribute all the incoming mass into the outgoing pipes without loss
or generation of new mass. We avoid peculiar scenarios like isolated nodes or fluid
moving backward in pipes. Fluid velocity may fluctuate due to variations in pipe
diameter but remains constant over time, pressure, or flow rate. Some nodes feature
buffers, akin to tanks, temporarily storing fluid and releasing it proportionally.
Envisioning this, one naturally expects flow equilibrium over time, barring dead
ends or one-way routes hindering balance, as shown in Section

Basic notions from graph theory. We start this section, by introducing some
notation and general assumptions that will be used throughout this article. A
directed graph G is a pair (V, E) where

(i) V is a set of vertices,

(ii) ECV x Visa set of directed edges.

Throughout this paper, we assume that G = (V, E) is a directed graph and that
V and FE are both non-empty and at most countable. Every edge e = (v1,v2) € F
connects two different vertices v; # vo and is said to have its tail in v; € V and
its head in vo € V. In this situation, the vertex v; is said to have an outgoing
edge e and vs is said to have an incoming edge e. The length of an edge e € E is
denoted by the real number I, > 0 and we identify e with the interval [0,l.]. By
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convention, we parameterize the edge e € E such that its tail is in /. and its head
in 0. Moreover, we assume the graph G to be:

(a) simple, i.e., G contains no loops and no multiple edges,
(b) locally finite, i.e., each vertex v € V only has finitely many incident edges,
(c) non-degenerate, i.e., each vertex v € V has at least one incoming as well as
at least one outgoing edge.
Furthermore, every vertex may possess a buffer. Hence, the set of vertices V =
N U B is disjointly partitioned into the set N of vertices without buffer and the set

B of vertices with buffer. Finally, we assume that there exists at least one vertex
with buffer, i.e., B # 0.

Incidence matrices. The structure of the graph is completely described by inci-

dence matrices. To this end, we define the outgoing incidence matriz @~ = (¢,,) €
RVXE by
_ 1, if the vertex v is the tail of the edge e,
(2.1) Pre = .
0, otherwise,

and the incoming incidence matriz ®+ = (¢},) € RV*E by

(2.2) + __J 1, if the vertex v is the head of the edge e,
' ver 0, otherwise.

Note that both ®~ and ®* have exactly one non-zero entry in each column. After
rearranging, we can assume that the upper lines of the incidence matrices refer to
the vertices without buffer and the bottom lines to the vertices with buffer. This
allows us to subdivide the incidence matrices into

v =(G5)

o+ — ((@7)ns

(®F)s
with the submatrices (®7)xp € RV*F and (®F)ng € RYXE (referring to the
vertices which have no buffer) as well as (#7)g € RP*F and (¢+) € REXE

(referring to the vertices which have buffers). Observe that if B would be empty,
then (®%)xp would coincide with ®*, respectively.

and

Weights. Furthermore, we assume that the edges of the graph G are weighted by
weights wye € [0,1], v € F and e € E, with the property that

(2.3) Zwve =1.

eckE

Clearly, we assume w,. = 0 if e is not an outgoing edge of v. However, if e is an
outgoing edge of v, then we assume 0 < w,. < 1. The normalisation condition
([23) will ensure that transport processes on the network are conservative, i.e., that
their solutions are given by stochastic semigroups. To employ these weights in
the model of the network, one considers the weighted outgoing incidence matriz

@, = (D ve)vevieeE € RY*E given by

_ Wye, if v is the tail of e,
d)w,ve =
0, else.
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Analogously to the decomposition of the incidence matrices, we subdivide the
weighted incidence matrix ®, = (¢ ,c)vevecr into matrices (@, )ng € RV*F
and (@, )p € RBXE and set

Byg == ((P,)ns)" (F)ns € RP*F

w,ve)

and
Bg = ((®,)8)" € R*F.

An alternative way to describe the structure of a given graph is by the weighted
(transposed) adjacency matriz B = (Bek)exer defined by B = (®,)TdT € REXE,
Its entries are given by

B — Wye, if v is the head of k and the tail of e,
o 0, else.

As a direct consequence of ([Z3]), B is a column-stochastic matrix and, thus, can
be identified with a stochastic operator on the space ¢!(E). Moreover, due to the
decomposition of the weighted incidence matrix, one has B = (Bxg Bg)?.

The flow equation. We denote the mass distribution on an edge e € E at the
position x € [0,[.] and time ¢ > 0 by w.(x,t). Moreover, the time-independent
velocity of the flow on an edge e € E at = € [0,.] is denoted by c.(z). We assume
that every function c. is in W11((0,1.)) and strictly positive almost everywhere. In
particular, the flow cannot change its direction. Note further that W!((a, b)) com-
pactly embeds into the space C([a, b]) for all a,b € R such that a < b. So we assume
that the velocities are uniformly bounded in the sense that sup.cgllce|lwi: < oo
and

0 < Cmin < ce(x) < Cmax < 00 foralle e FE, z € [0,1.],

where 0 < ¢min < Cmax < 00 are constants.

A buffer in a vertex v € B accumulates the incoming mass and emits an amount
proportional to its stored mass. We denote the content at the time ¢ > 0 by
b, (t) and the positive proportionality constant by &, > 0. Finally, the flow on the

network can be described by the following system of equations:

0 0
Eue(ac,t) = g(ce(x)ue(x,t)), e€ E, xz € (0,l.),
9 +
il = — B
atbv(t) kubu(t) + (£ZE¢USCE(O)UE(O, t), veB,
(2.4) GpeCe(le)te(le,t) = wyekyby (1), v E B,
oCe(le)te(le, t) = wye Z ¢ cx(0)ug(0, 1), vEN,
kEE
ue(z,0) = ge(z), e€ E, xz € (0,l.),
bv(o):hv; v E B.

The differential equations in the first two lines determine the overall movement of
the mass: On the edges the flow is modelled by a simple linear transport equa-
tion with a position-dependent velocity. In addition, we state a second differential
equation for the buffers, stating that the rate of change is equal to the sum of all
incoming material

Z ¢u+ece(0)ue (0,1)

eckE
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reduced by the total outgoing material

= wockuby(t) = > drocelle)ue(le,t).

ecll ecE
portioned into all outgoing edges according to the boundary conditions.
For vertices without a buffer, the sum of the boundary conditions for all edges
shows the equality of incoming and outgoing mass according to the generalized

Kirchhoff law
Z GoeCelle)ue(le,t) = Zqﬁ 0)ue(0,t).

ecE ecE

3. RELATIVELY COMPACT PERTURBATIONS OF SEMIGROUP GENERATORS

In this section, we prove several Desch—Schappacher type perturbation theorems.
Let (T'(t))e>0 be a Co-semigroup on a Banach space X with generator A. In what
follows, we endow D(A) with its graph norm, denoted by |- ||pca). If (T'(t))¢>0 is
analytic and B: D(A) — X is compact, then it was proven by Desch and Schap-
pacher in [9, Theorem 1] that A+ B generates an analytic semigroup, too. First, we
replace the analyticity of (T'(¢));>0 with the assumption that A + B is dissipative.
Recall that A is dissipative if for every f € D(A) one has

(Af, ) <0 for one/all ¢ € J(f),

where J(f) == {¢ € X’ . ||[¢|]| <1 and (f,¢) = ||f||} denotes the duality set of f.
Dissipativity plays a major role in Lumer—Phillips theorem [I7, Theorem II.3.15]
characterizing contractive Cy-semigroups. Our argument is very similar to the one
used by Desch and Schappacher. Its essence is already contained in the following
proposition.

Proposition 3.1. Let A be a densely defined linear operator on a Banach space
X and let B: D(A) — X be a compact operator. Suppose that there exists g > 0
such that [Ag,0) C p(A) and

sup [|[AR(A, A)|| < oc.
AE[)\(),OO)

If A > No is sufficiently large, then X\ € p(A+ B) and

o0

(3.1) R\ A+B) = (Z(R()\, A)B)k) R(\ A),

k=0

where the series is convergent in L(D(A)).

Proof. Clearly, one has
(3.2) A= (A+B)= (A= A)(idp) —R(\ A)B) for all A € p(A).

So it suffices to prove that the norm of the operator R(A, A)B: D(A) — D(A) is
strictly smaller than 1 for all sufficiently large real numbers A. The assumption on
A implies
limsup||R(A, A)[|xpay < oo and  lim [|[R(A, A)| pay—pay = 0.
A—00 A—ro0

Since D(A) is dense in X, this implies that R(), A) converges to 0 with respect to
the strong operator topology in £(X; D(A)) as A — oo.

Denote the closed unit ball in D(A) by U. Due to the compactness of B the set
B(C) is relatively compact in X and, hence,

[R(A, A)B||p(ay—n(a) = SUPHR(/\ A)Bfllpay >0  as A — oo.
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Hence, | R(\, A)B|| < 1 for all sufficiently large A > ¢ and the identity (B.1]) follows
from (B:2) and a standard Neumann series argument. (]

As a consequence of the proposition above, we obtain the following perturbation
result.

Theorem 3.2. Let (T(t))i>0 be a Co-semigroup on a Banach space X with gener-
ator A and let B: D(A) — X be a compact operator. If A+ B is dissipative, then
A+ B generates a contractive Cy-semigroup on X .

Proof. This follows immediately from Proposition Bl and the Lumer—Phillips the-
orem [I'7, Theorem I1.3.15]. O

Remark 3.3. Theorem [B.2is quite similar to [I7, Corollary I111.2.17(i)]. However,
there are two main differences. Namely, in [I7, Corollary IT1.2.17(i)] it is assumed
that:

(a) The space X is reflexive or that the operator B is closable in X. Theo-
rem shows that those assumptions are not necessary.

(b) Both operators A and B are dissipative. This is more restrictive than the
assumption that merely A + B is dissipative. Indeed, the buffered network
flow discussed in SectionM constitutes an example, where both the operators
A and A + B are dissipative, but the operator B is not.

Recall that A on a Banach lattice X is called dispersive if for every f € D(A)
one has

(Af,0) <0 for one/all € J7(f),

where JV(f) == {¢ € X : |[¢| < 1and (f,4) = ||f*||} denotes the positive
duality set of f. By replacing the dissipativity in Theorem with dispersivity
one obtains the following perturbation result.

Theorem 3.4. Let (T(t))i>0 be a positive Cy-semigroup on a Banach lattice X
with generator A and let B: D(A) — X be a compact operator. If B is positive,
i.e., Bf > 0 for each f € X4, and A+ B is dispersive, then A+ B generates a
positive, contractive Cy-semigroup on X.

Proof. This follows immediately from Proposition B and Phillips’ theorem [6]
Theorem 11.10]. O

We proceed with a corollary which deals with positive semigroups on AL-spaces
and is specifically tailored for our purposes in Section [d Recall that a Banach
lattice X is called an AL-space if

If +gll = IFII+ gl forall fge Xy

Note that each AL-space is isometrically lattice isomorphic to some L!-space (see
[3, Theorem 9.33] or [4, Theorem 4.27]). Furthermore, a Banach lattice X is called
an AM-space if

If Vgl = max{[|f[l, g} ~ forall f,ge€X,.

Recall that if X is an AL-space, then X’ is an AM-space with order unit (cf. [1]
Theorem 3.3| or [4, Theorem 4.23]), which will be denoted by 1 (see [3, Section 9.5]
for more information). Moreover, in this case one has ||f| = (f, 1) for all f € X
A positive operator T on an AL-space X is called stochastic if | T f|| = ||f]| for all
f € X+ or, equivalently, if 7/ 1 = 1. A Cp-semigroup (T'(t))s>0 on an AL-space X
is called stochastic if T'(t) is stochastic for each ¢ > 0.
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Corollary 3.5. Let (T'(t))i>0 be a positive Cy-semigroup on an AL-space X with
generator A and let B: D(A) — X be a compact operator. If B is positive and
1 € ker(A + B)', then A+ B generates a stochastic Co-semigroup on X .

Proof. Let f € D(A). Then 1 € J¥(f) and ((A+ B)f,1) = (f,(A+ B)' 1) = 0.
Thus, A+ B is dispersive and Theorem [3.4] implies that A+ B generates a positive,
contractive Cy-semigroup (S(t))¢>0 on X. Moreover, [I7, Lemma II1.1.3(iv)] implies

t
IS@LI = IIfIl = (SEf = f,1) = <(A+B)/O S(s)f ds, ]1> =0
for all f € X4. Thus, (S(t))i>0 is stochastic. O

We conclude this section with a brief detour to positive semigroups on spaces of
continuous functions; the following perturbation result is not needed in the rest of
the paper, but it is a nice consequence of Proposition [3.1] and we find it interesting
in its own right. Let K be a compact Hausdorff space and let C(K) denote the
space of all scalar-valued continuous functions on K, endowed with the supremum
norm. An operator A on C(K) is called resolvent positive if there exists w € R such
that (w,00) C p(A) and such that R(A, A) is a positive operator for each A > w.
For a discussion of related results, we refer to [5 Section 2 and 3], in particular
to Corollary 2.4 and Theorem 3.1 therein. It is known that the operator A on
C(K) generates a positive Cp-semigroup if and only if it is densely defined and
resolvent positive, see e.g. [27, Theorem B-II-1.8]). Hence, Proposition [3] implies
the following perturbation result.

Theorem 3.6. Let A be the generator of a positive Co-semigroup on C(K) for
some compact Hausdorff space K. If B : D(A) — C(K) is compact and positive,
then A + B generates a positive Cy-semigroup on C(K), too.

Proof. We use the characterization of generators of positive Cyp-semigroups on C(K)
that we discussed right before the theorem. As A generates a positive Cy-semigroup,
it is resolvent positive; hence, it follows from Proposition B.Ilthat A+ B is resolvent
positive, too. Il

Clearly, C(K) is an AM-space. However, it is unclear to the authors if Theo-
rem still holds on general AM-spaces, as [27, Theorem B-II-1.8] does not hold
in this more general context (see [27, Remark on p. 127]).

4. WELL-POSEDNESS OF THE TRANSPORT PROBLEM

In this section, we apply Corollary to the buffered network flow from the
Section 2l Observe first that, without loss of generality, one can assume that [, = 1
for all e € F throughout this section, since ([24)) is actually equivalent to the system

0 a .
aue(xvt) = %(ce(z)ue(z,t)), ec Ev S (07 1)5
0 - + ~
&bv(w = —kyby(t) + eEZE‘bueCe(O)ue(Ovt)a v E B,
(4.1) veCe(L)ue(1,t) = wyekobu(t), v e B,
meCe(De(1,t) = wye Y ¢ Gk (0)ur(0,1), vEN,
keE
ue(z,0) = ge(z), ec B, ze(0,1),
bv(o):hva 'UGB,
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where ¢, = l.c. for all e € E. So, in what follows, we choose the state space
X = ¢1(E; LY([0,1])) x £*(B) and endow it with its canonical AL-norm

£l =" lluells + D [bol  for each f = ((ue)eer, (bo)ven) € X.
eckE veEDB
Recall the boundary conditions of the flow equations ([@1]), given by
(4.2) DpeCe(Due(1) = wyekybsy for allv € B
for vertices with buffer and
(4.3) GpeCe(Due(l) = wpe Y ¢fcu(0)ur(0)  forallv e N
keE
for vertices without buffer, respectively. We consider the closed operator
d
ap= ((gpem) (=kbor T obaomo) )
e ecE vEB
on X with domain
D(A) = {f = ((te)ecr, (by)ven) € X :
ue € WH1((0,1)) satisfies (@2) and (@3)}.

First, we provide an equivalent characterization of the boundary conditions in
matrix form.

Lemma 4.1. Let f = ((ue)eer, (bv)ven) € X such that u € (1(E;WH((0,1))).
Then f € D(A) if and only if the identity

(4.4) (ce(Due(1))ecr = Brp(ce(0)ue(0))ecr + Bp(kuby)ven

holds.

Proof. Let f = ((ue)eer, (bv)ven) € X such that u € ¢1(E;WH((0,1))) for all
e € E. We show that f satisfies the boundary conditions @2)) and (@3)) if and

only the identity ([£4]) holds. To this end, we compute the term on the right side
of (@4). By definition, one has

_ ot e (0)ue(0))e

B (ce(0)ue(0))eer + Bp(koby)ven = ()7 (@7 )nB(ce(0)uc(0))eer _
(kvbv)veB

Let e € F and let v € V be the tail of e. Then w, > 0 is the only non-zero element

in the eth row of the matrix (®7)7. Thus, the above identity yields

wvekvbva ifve B,

Woe D kel (bjjck(O)uk(O), ifveN.

On the other hand, c.(1)uc(1) = ¢, ce(1)uc(1). Thus, the identity (@A) is equiva-
lent to the boundary conditions (£2)) and (£3)). O

(BNB(Ce(O)ue(O))GEE + BB(kvbv)veB)e = {

Remark 4.2. If there would not be any vertices with buffer (or, equivalently, if
the boundary conditions (£3) would hold true for all vertices v € V), then, with
the same notation and assumptions as in the above, one would have f € D(A) if
and only if

(ce(Due(1))ecr = B(ce(0)uc(0))ces-

This can be seen as in the proof of Lemma [41] (cf. also [I2] Proposition 3.1]).
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We progress by splitting the operator A up into the operator C' given by

o= ((gten)) L (hibes).  DIC)= D)

and the perturbation A — C' given by

s A== (0 LokaOmo) ). pA-0)= D)

ecE

First, we prove that C' generates a positive, contractive Cp-semigroup due to
Phillips’ theorem (see e.g. [6, Theorem 11.10] or [27, Theorem C-11.1.2]).

Lemma 4.3. The operator C' is dispersive on X.
Proof. Let f = ((ue)ecr, (by)ven) € D(A). Then

¢ = ((Lju,>0)eck, (Ip,>0))ven) € T (f) € X/,
where X' = (°°(E; L*°(]0,1])) x £>°(B), and one has

1
d
<Cf, 1/}> - Z /O a(ceue)(x) ]]-[ue>0] (:L') dz — Z koby 1p, >0

= Z[Ce(l)ue(1>]+ - Z[CE(O>UE(O)]+ - Z Z wvekv[bv]Jr-
eckl ecE ecEveB

With Lemma 1] we can rephrase the last line in matrix notation and proceed as
(C, ) = (Brpeu(0) + Bykd] ", 1) — (leu(0)]*, 1) — (93)s) [kb]*, 1)
< (Blew(0)], 1) — ([eu(0)]*, 1),
where 1 € (*°(FE) is the constant one vector. Here, the above inequalities follow

immediately from the definitions of the appearing matrices and from the fact, that
they contain only positive elements. Finally, we conclude that

(Cf,4) = (Bleu(0)]",1) — ([eu(0)]", 1)
= ((B — id)[cu(0)]", 1) = ([cu(0)]", BT 1-1) =0,
since B is column-stochastic. Thus, C' is dispersive. [l

Next, we show that A — C' is surjective for all sufficiently large A > 0. In the
proof, for each y € £*°(FE) we denote its associated diagonal operator by

diag(y): gl(E) - ﬂl(E)’ diag(y)(re)eEE = (yere)eEE-

Lemma 4.4. The operator A— C': D(A) — X is surjective for all sufficiently large
A > 0. In particular, for any g = (w,2) = ((We)eer, (2v)ve) € X, a solution
f=((ue)eecr, (by)ven) € D(A) of the equation (A — C)f = g is given by

1
z P we(y) _p (v) 2y
46) f= <<eDE( e + Pl )/ — e Wy | | ;
x Ce(y) e€EE At ky vEB

where d, = )‘_—Q;, De(z) = [ de(y) dy and where pn = (pe)ecr € £*(E) is some

Ce
constant vector.

Proof. Tt is easy to verify that u,. as defined above is contained in W1((0,1)) and
that u,. satisfies the differential equation Au. — (cou.)’ = w, in the first component
of (A=C)f = g for each e € E (and independent of the value of ). Furthermore, an
easy calculation shows that b, as defined above satisfies the equation in the second
component of (A — C)f = g for every v € B. Hence, it only remains to prove that
there exists a vector u € ¢1(E) such that f € D(A).
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By Lemma [£.1] one has f € D(A) if and only if
(Ce(l)ue(l))eEE = IBNB . (Ce(o)ue(o))eeE + IBB . (kvb'u)UEB-

Observe that u.(1) = eP<(My, and

1
ue(0) = pre +/ wﬁ_(y)e*De(y) dy
0 Ce(y)

for all e € E. Set p := (eDe(l))eEE and

(4.7) q = ( /0 1 I:T(;))GDE@ dy)eEE

and conclude that f € D(A) if and only if the identity
diag(c(1)) - diag(p) - = Bng - diag(c(0)) - o + Bng - diag(c(0)) - ¢ + Bpkbd

holds. Since we have

1 1 / 1
A — A 1
De<1>=/ de<w>dx=/ ﬂdxz/ dz — —— sup|lee|lwrs,
0 0 0

Ce (SC) Cmax Cmin ecE

the entries of p become sufficiently large to guarantee that the operator
diag(c(1)) - diag(p) — By - diag(c(0)) € L' (E))

is invertible for sufficiently large A > 0. Altogether, we conclude that the above
equation can be uniquely solved for some u € ¢1(E) which concludes the proof. [

Remark 4.5. It shall be noted in terms of Lemma 4] that each A > 0 is actually
contained in the resolvent set of C' and the identity in (6] states the values of the
resolvent. This was not shown yet, since it is not necessary at this point, but will
be apparent, since we prove next that C' is the generator of a positive, contractive
Cy-semigroup on X.

Proposition 4.6. The operator C is the generator of a positive, contractive Cy-
semigroup on X.

Proof. The operator C' is defined on the domain D(A) and one can easily convince
oneself that D(A) is dense in X. Moreover, C' is dispersive by Lemma 3] and
A — C is surjective for some sufficiently large A > 0 by Lemma 44l Thus, Phillips’
theorem implies that C' generates a positive, contractive Cy-semigroup on X. [

We are now in position to show that the operator A, which describes our trans-
port problem, generates a Cy-semigroup as well. For that purpose, we shall leverage
one of the perturbation theorems that we presented in Section B since C'is the gen-
erator of a strongly continuous semigroup. To be precise, the following two lemmas
allow us to apply Corollary to the semigroup generated by C and the pertur-
bation A — C.

Lemma 4.7. One has (Af,1) =0 for all f € D(A).
Proof. Let f € D(A). Then we obtain

af1 =% /O %(ceue)(ac) o+ 3 “hiby + 3 6t (0)u (0)

eckE vEB eclE

=3 ce(Due(1) = ce(0)ue(0) + D> —kuby + > ¢ce(0)uc(0).

eckE veEB ecl
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Using the normalization Zee pWwye = 1 for each v € V and the fact that the
outgoing incidence matrix ®~ is column-stochastic, it follows that

<Af’ ]1> = Z Z ¢;ece(1)ue(1) - Z Ce(o)ue(o)

veV ecE ecE
=2 D wuekuby+ >0 D élce(0)uc(0).
veEBecE veEBeckE
By substituting the boundary conditions [{@2]) and (3] in the first sum of the
above expression, one obtains (Af, 1) = 0. O

The next lemma shows that the perturbation of the generator C' is indeed com-
pact.

Lemma 4.8. The operator A — C: D(A) — X is compact.

Proof. Since B is at most countable, one can write B = {b,, : m € N}. We set
B,, :={by, : m >n}, n € N, and consider the finite rank operators

an = (Oa ((Z qﬁjece(O)ue(O)) ) (O)UeBn+1) )’ D(K") = D(A)
ecE vEB\Bnt1
Then
(A—C)f — Ko f = (0, ((oneB\Bnﬂ, ( ) ¢;ce<o>ue(o>> ))
ecE VEBn4t1

and, thus,

[A=O)f —Enfl < D D dhceOuc] < D > dlce(0)l £l

vEBp 41 €e€EE vEBy, 1 e€EE
for all f = ((ue)eck, (by)ver) € D(A). In particular, Fubini’s theorem yields
(4.8) (A= C) = Knllpaysx S Y ce(0) D ok
eelE VEBp 1

Since G is a locally finite graph, for each e € E one has ZveBn+1 +. = 0 for
all sufficiently large n € N. Therefore, it follows from () together with the
dominated convergence theorem that ||(A—C)—Ky|pay—x — 0asn — oo. Since
each operator K, has finite rank, it follows that the operator A — C: D(4) = X

is indeed compact. (I
Finally, we are in position to prove our main generation result of this section.
Theorem 4.9. The operator A generates a stochastic Cy-semigroup on X .

Proof. The operator A — C' is positive, and Lemma .8 implies that it is compact
as well. Moreover, Proposition [.6] shows that C' generates a positive Cp-semigroup
on X. Furthermore, one has 1 € ker A’ = ker(C + (A — C))’ by Lemma [l Thus,
the assertion follows from Corollary 3.5 O

5. LONG-TERM BEHAVIOUR OF THE FLOW

In the previous section, it was shown that the buffered network flow equations are
well-posed on the AL-space X = ¢(E; L'([0,1])) x ¢}(B) and that their solutions
are given by a stochastic Cy-semigroup with generator A, which will be denoted by
(T'(t))t>0 throughout this section. In this final section, we discuss the long-term
behaviour of these solutions. It is clear that we generally cannot expect convergence
without any further assumptions on the underlying graph. In particular, if one
wants to prove convergence to equilibrium, one has to guarantee that the mass flow
can balance out in the entire network over time.
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Recall that a directed path p in a directed graph G = (V, E) from the vertex
v € V to the vertex w € V' is a tuple (eq,...,ep) of edges ey,...,e; € E such that
the tail of ey is v, the head of e; is w and the head of e; is the tail of e;41 for all
i=1,...,£—1. In this case, v is called the starting point and w the endpoint of p
and ¢ is called the length of p. The graph G = (V, E) is called strongly connected if
for all v, w € V there is a directed path of finite length between them. The following
proposition characterises the irreducibility of the transposed adjacency matrix in
terms of the underlying graph (see e.g. [I2, Proposition 4.9]).

Proposition 5.1. Let G be a locally finite graph. Then G is strongly connected if
and only if B is irreducible.

However, it turns out that the strong connectedness of the graph is not quite
still enough to obtain convergence of the Cy-semigroup, at least in infinite networks.
This is the content of the first main result of this section.

Theorem 5.2. Let G be strongly connected. Then the following assertions are
equivalent:

(i) The operators T (t) converge strongly as t — oo.
(ii) 1 4s an eigenvalue of the transposed adjacency matriz B of the graph G, i.e.,
1€ o0,(B).

Remark 5.3. Theorem is a special case of the main results from [I3]: More
precisely, it is shown in [I3, Theorem 1] that if G is strongly connected and 1 is an
eigenvalue of its adjacency matrix B, then the semigroup is asymptotically strongly
periodic. However, Theorem shows that the existence of buffers in the network
yields even the strong convergence of the semigroup (7'(t));>0 and not just the mere
asymptotic periodicity. On the other hand, it is shown in [I3, Lemma 9] that the
asymptotic periodicity of (T'(t))¢>0 already implies that 1 € o,(B).

As a first step towards the proof of Theorem [5.2] we prove the following charac-
teristic equation (cf. [I2l Theorem 3.2] for a result in a similar spirit). In a more
general context, this result can be seen as a special case of [I1, Proposition 5.10].

Lemma 5.4. One has 0 € 0,(A) if and only if 1 € o,(B). Moreover, one has
dim ker A < dim fix B.

Proof. Let f = ((te)eck, (bv)vev) € D(A). Since the velocities are uniformly
bounded, f is then a solution to the equation Af = 0 if and only if there exist
(ae)ecr € £*(E) such that

Qe 1
ue(x) = (@) and b, = P Z o ce(0)ae
€ v eEE

for almost every « € [0,1]. By LemmaldT] this is equivalent to the sequence (a.)cecr
solving the eigenvalue problem

(ae)eEE = B(O‘e)eGE
on the space ('(E). Therefore, 0 € 0,,(A) if and only if 1 € 0,(B). The remaining
claim is evident. (]

Next, we compute the fixed space of the flow semigroup (T'(¢))¢>0, explicitly.

Proposition 5.5. Let G be strongly connected and suppose that 1 € o,(B). Then
ker A is one-dimensional and spanned by a vector 0 < f € fix(T'(t))t>0-

Proof. Since G is strongly connected, Proposition .1l implies that the transposed
adjacency matrix B is irreducible. Moreover, B is a stochastic operator on ¢!(E)
with 1 € 0,(B) and, thus, [20, Proposition 2.1] yields that the eigenspace of B to
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the eigenvalue 1 is one-dimensional and spanned by a strictly positive eigenvector
0 < (we)eer € L1(E) (cf. also [29, Theorem V.5.2(i)]).

If f = ((te)eck, (by)ven) € D(A), then it follows from Lemma Tl that f € ker A
if and only if there exists A € C such that

w A

— )& = +

Ue = A - and b, = i > blwe
eck

for all e € F and v € B. In particular, ker A is one-dimensional and spanned by a

strictly positive vector, e.g., by f = ((*&*)ccp: (% Y ecr Piee)ven) Eker A O

We have seen in the above computation that, in the case of an equilibrium,
the flow actually behaves as if there would not be any buffers at all (cf. Remark
[£2). Or, putting it the other way around, every buffer contains exactly the right
amount of mass such that its emitted mass (proportional to the fill level) equals
the incoming mass. Next, we prove that the buffered network flow semigroup is
irreducible.

Proposition 5.6. Let G be strongly connected and suppose that 1 € o,(B). Then
(T'(t))t>0 is irreducible on X .

For the proof of Proposition [5.6] we shall facilitate the following more general
result. Let (S(¢))i>0 be a positive semigroup on a Banach lattice X. Recall that a
vector © € X is called a super fized point of the semigroup (S(t))i>o if S(t)z <z
for all £ > 0. For the notion of Banach lattices with order continuous norm, we
refer to [31, Chapter 2].

Proposition 5.7. Let (S(t))i>0 be a positive, bounded Cy-semigroup with generator
B on a Banach lattice X with order continuous norm and suppose that every super
fized point of (S(t))i>0 is a fized point. If ker B is one-dimensional and spanned
some vector 0 < x € X, then (S(t))i>0 is irreducible on X .

Proof. Aiming for contradiction, we assume there exists a closed non-trivial ideal
I C X that is invariant under the action of (S()):>0. Since X has order contin-
uous norm, [ is a projection band by [26] Corollary 2.4.4] (or, alternatively, [32]
Theorem 17.17]) and one has the decomposition X = I & I+. Denote the band
projections onto I and I+ by P and Q, respectively. Since I is invariant under the
action of (S(t))t>o0, one has S(¢)Px € I and, thus,

S(t)Px = PS(t)Px < PS(t)x = Px for all ¢ > 0.

As ¢ = Px + Q, this implies Qz < S(t)Qz for all ¢ > 0, ie., Qz is a super
fixed point of (S(t)):>0 and, consequently, a fixed point by hypothesis. Hence,
Pz is a fixed point, too. As z is a quasi-interior point of X, the principal ideal
Xz = Upen[—nz,nz] is dense in X. Thus, Pz = 0 would imply that P = 0 and,
analogously, Qx = 0 would imply @Q = 0, which is absurd, since both I and I+ are
non-trivial. Hence, we infer that Pz # 0 and Qx # 0. Moreover, Pz and Qz are
disjoint and, thus, linearly independent. Therefore,

dim fix(S(¢))¢>0 > dimspan{ Pz, Qz} = 2.
However, ker B = fix(S(t))¢>0 and dimker B = 1, which is a contradiction. O
We are now in position to prove Proposition

Proof of Proposition[5.6. By Proposition[5.5 ker A is one-dimensional and spanned
by a strictly positive fixed vector. Moreover, A is the generator of the stochastic
semigroup (7T'(t))¢>0 by Theorem on the AL-space X. As each AL-space has
order continuous norm, by Proposition B.7 it suffices to prove that every super
fixed point of (T'(t))¢>0 is a fixed point.
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Solet 0 < f € X be a super fixed point of (T'(¢)):>0. Suppose there exists
some to > 0 such that T'(to)f > f. Since X has a strictly monotone norm (see [15]
Remark 7.7]), i.e., for all g, h € X with ¢ < h and g # h, one has ||g|| < ||k, this
would imply that [|T'(to) f|| > || f||. However, this would contradict the contractivity
of (T'(t))¢>0. Thus, T(t)f = f for allt > 0, i.e., f € fix(T(t))s>0. Hence, (T(t))e>0
is irreducible on X. O

Next, we recall an observation from the proof of [I8, Theorem 6.1]. For the
convenience of the reader, we include its simple proof. Recall that if (2,3, u) is a
o-finite measure space, then w € Q is called an atom if {w} € ¥ and p({w}) > 0.

Lemma 5.8. Let (0,2, 1) be a o-finite measure space and let (T'(t))i>0 be a
bounded, positive semigroup on LP(2), 1 < p < co. Further, suppose that (T(t))i>0
is irreducible and that Q has an atom w € Q. Then there exists to > 0 and a
non-zero compact operator K € L(LP(Q)) such that 0 < K < T (tg).

Proof. If dim LP(§2) = 1, then there is nothing to show since (T'(t));>0 cannot be
trivial. So suppose that dim LP(Q2) > 2. Let a: Q — R be the indicator function
of the singleton {w}. Since (2, %, u) is o-finite, one has u({w}) < oo and thus
a € LP(Q). Consider the projection band B := {a}tt C LP(Q) generated by
a and let P: LP(2) — B be the associated band projection onto B. Then the
orthogonal band B~ is not trivial since B is one-dimensional and dim £ > 2. So, by
irreducibility, B+ cannot be invariant under the action of (T'(t));>o. In particular,
there exists tg > 0 such that PT'(¢9) # 0. As K := PT(tp) > 0 has one-dimensional
range, it is compact and one clearly has K < T'(tg). O

We are now in position to prove our first main convergence result of this section.

Proof of Theorem[5.2 (i) = (ii): Since (T'(t)):>0 is a stochastic semigroup on X,
the operators T'(t) converge to a non-zero projection as t — co. Thus, 1 € o,(T'(t))
for all ¢ > 0, which implies 0 € 0,(A). However, this is equivalent to 1 € o,(B) by
Lemma (54

(if) = (i): By Theorem 9] (T'(t)):>0 is a stochastic semigroup on X. Moreover,
(T'(t))t>0 is irreducible by Proposition Furthermore, the state space X =
1 (E; LY([0,1])) x £Y(B) is isometrically isomorphic to an L!-space on a o-finite
measure space and clearly contains an atom, since we assumed that there exists at
least one buffer. So, Lemma implies that there exists g > 0 and a non-zero
compact operator K on X such that 0 < K < T(ty). Thus, Proposition and
[18], Corollary 4.4] yield the claim. O

Under the additional assumption that the network is finite, we obtain the second
main result of this section.

Theorem 5.9. Let G be strongly connected and finite. Then the operators T(t)
converge with respect to the operator norm as t — oo.

For the proof of the above theorem, we shall employ the following lemma, which
is an easy consequence of a classical Sobolev embedding.

Lemma 5.10. Let G be finite. Then the generator A of the buffered flow semigroup
(T'(t))e>0 has compact resolvent.

Proof. Since A is a generator, we have p(A) # (. By [17, Proposition 11.4.25], the
claim is equivalent to the compactness of the canonical embedding ¢: D(A) — X,
where D(A) is equipped with the graph norm. However, the compactness of ¢
follows readily from the Rellich-Kondrachov theorem (see, e.g., [2 Theorem 6.2])
and the fact that the graph G is finite. O
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We can now prove that the semigroup (T'(t));>0 is convergent even with respect
to the operator norm, given that the network is finite.

Proof of Theorem [543, By Theorem 9] (T'(t)):>0 is a stochastic semigroup on the
AL-space X. Moreover, (T(t)):>0 is irreducible by Proposition and, as in the
proof of Theorem [5.2] it follows that there exists ¢y > 0 and a non-zero compact
operator K on X such that 0 < K < T(tg). Furthermore, the generator A of
(T'(t))e>0 has compact resolvent by Lemma [5.I01 Thus, 0 is a pole of the resolvent
of A by [I'7, Corollary IV.1.19]. Therefore, [I9, Theorem 1.1] yields the claim. O

Remark 5.11. In view of [12] Theorem 4.10], one would expect that one can drop
the assumption of the finiteness of the network in Theorem [5.9] if one assumes that
the transposed adjacency matrix B is quasi-compact on ¢!(E). More precisely, we
would expect that the operators T'(t) convergence to a non-zero projection with
respect to the operator norm as t — oo if and only if G has an attractor (see [12}
Proposition 4.8]), given that G is strongly connected. However, it is unclear to the
authors how to prove this statement (cf. [IT, Open Question 5.2]).
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