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Abstract

By using the coproduct and evaluation map for the affine Yangian and the Miura map for
non-rectangular W -algebras, we construct a homomorphism from the affine Yangian associ-
ated with ŝl(n) to the universal enveloping algebra of a non-rectangular W -algebra of type
A, which is an affine analogue of the one given in De Sole-Kac-Valeri [6]. As a consequence,
we find that the coproduct for the affine Yangian is compatible with the parabolic induction
for non-rectangular W -algebras via this homomorphism. We also show that the image of this
homomorphism is contained in the affine coset of the W -algebra in the special case that the
W -algebra is associated with a nilpotent element of type (1m−n, 2n).

1 Introduction

The Yangian Y~(g) associated with a finite dimensional simple Lie algebra g was introduced by
Drinfeld ([7], [8]). The Yangian Y~(g) is a quantum group which is a deformation of the current

algebra g⊗C[z]. The affine Yangian associated with ŝl(n) was first introduced by Guay ([14], [15]).

The affine Yangian Y~,ε(ŝl(n)) is a 2-parameter Yangian and is the deformation of the universal
enveloping algebra of the central extension of sl(n)[u±1, v]. Guay-Nakajima-Wendlandt [16] gave
the coproduct for the Yangian associated with the Kac-Moody Lie algebra of affine type. The
coproduct for the affine Yangian Y~,ε(ŝl(n)) is a homomorphism satisfying the coassociativity:

∆n : Y~,ε(ŝl(n)) → Y~,ε(ŝl(n))⊗̂Y~,ε(ŝl(n)),

where Y~,ε(ŝl(n))⊗̂Y~,ε(ŝl(n)) is the standard degreewise completion of Y~,ε(ŝl(n))⊗Y~,ε(ŝl(n)).
Recently, the relationships between affine Yangians and W -algebras have been studied. The

W -algebra Wk(g, f) is a vertex algebra associated with a reductive Lie algebra g, a nilpotent
element f ∈ g and a complex number k. In [28], we constructed a surjective homomorphism from
the affine Yangian to the universal enveloping algebra of a rectangular W -algebra of type A, which
is a W -algebra associated with gl(ln) and a nilpotent element of type (ln). Kodera and the author
[20] gave another proof of the construction of this homomorphism by using the coproduct and
evaluation map for the affine Yangian. The evaluation map for the affine Yangian is a non-trivial
homomorphism from the affine Yangian Y~,ε(ŝl(n)) to the standard degreewise completion of the

universal enveloping algebra of ĝl(n):

evn : Y~,ε(ŝl(n)) → U(ĝl(n)),

where U(ĝl(n)) is the standard degreewise completion of the universal enveloping algebra of ĝl(n).
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In [29], we gave a homomorphism from the affine Yangian Y~,ε(ŝl(n)) to the universal enveloping
algebra of a non-rectangular W -algebra of type A. However, the proof of [29] is so complicated
and we cannot understand what is the meaning of the construction way of [29]. In this article, by
the similar way to [20], we give the another proof to [29]. We use the homomorphism given in [25]
and [27]:

Ψm,m+n : Y~,ε+n~(ŝl(m)) → Y~,ε(ŝl(m+ n)).

By using Ψm,m+n, we can construct a homomorphism

∆l : Y~,ε(ŝl(qMin)) →
⊗

1≤i≤l

Y~,ε−(qi−qMin)~(ŝl(qi)).

We also use the Miura map for the W -algebra. The Miura map was first introduced by Kac-
Wakimoto [17]. In type A setting, the Miura map is an embedding from a W -algebra of type A
to the tensor product of universal affine vertex algebras associated with gl(n). Let us fix positive
integers and its partition:

N = q1 + q2 + · · ·+ ql, q1 ≤ q2 ≤ · · · ≤ qv, qv+1 ≥ qv+2 ≥ · · · ≥ ql.

We take a nilpotent element f whose column heights of the diagram is (q1, · · · , ql). Then, the
Miura map for the W -algebra associated with gl(N) and f is an embedding

Wk(gl(N), f) →֒
⊗

1≤i≤l

V κi(gl(qi)).

The Miura map induces the injective map

µ̃ : U(Wk(gl(N), f)) →֒
⊗̂

1≤i≤l
U(ĝl(qi)),

where
⊗̂

1≤i≤lU(ĝl(qi)) is the standard degreewise completion of
⊗

1≤i≤l U(ĝl(qi)).

Theorem 1.1. For the simplicity, we assume that ql is the minimum value of {qi}. There exists
a homomorphism

Φ: Y~,ε(ŝl(qMin)) → U(Wk(gl(N), f))

uniquely determined by

µ̃ ◦ Φ =
⊗

1≤i≤l

evqi ◦∆l,

where qMin = min(q1, ql).

This theorem gave the relationship between the coproduct for the affine Yangian and the
parabolic induction for a non-rectangular W -algebra. Let us consider two W -algebras associated
with (gl(N1), f1) and (gl(N2), f2), where

N1 = q1 + · · ·+ qw, N2 = qw+1 + · · ·+ ql

and nilpotent elements f1 and f2 are defined in the same way as f . In [13], Genra constructed a
homomorphism called the parabolic induction:

∆W : Wk(gl(N), f) → Wk+N2(gl(N1), f1)⊗Wk+N1(gl(N2), f2).

By Theorem 1.1, we obtain two homomorphisms

Φ1 : Y~,ε+(min(q1,qw)−qMin)~(ŝl(min(q1, qw))) → U(Wk+N2(gl(N1), f1)),

Φ2 : Y~,ε+(min(qw+1,ql)−qMin)~(ŝl(min(qw+1, ql))) → U(Wk+N1 (gl(N2), f2)).
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By the construction way in Theorem 1.1, we obtain the following relations:

(Φ1 ◦ τ−γw+1~ ◦Ψql,min(q1,qw))⊗ Φ2 ◦∆ = ∆W ◦ Φ if q1 ≥ ql,

.(Φ1 ◦ τ−γw+1~)⊗ (Φ2 ◦Ψ
q1,min(ql,qw+1)) ◦∆ = ∆W ◦Φ if q1 < ql.

where τ−γw+1~ is a shift operator of the affine Yangian.
The motivation of this theorem is the generalization of the AGT conjecture. The AGT con-

jecture suggests that there exists a representation of the principal W -algebra of type A on the
equivariant homology space of the moduli space of U(r)-instantons. Schiffmann and Vasserot

[23] gave this representation by using an action of the Yangian associated with ĝl(1) on this
equivariant homology space. It is conjectured by Crutzig-Diaconescu-Ma [3] that an action of an
iterated W -algebra of type A on the equivariant homology space of the affine Laumon space will
be given through an action of an affine shifted Yangian constructed in [9]. For the resoulution of
the Crutzig-Diaconescu-Ma’s conjecture, we need to construct a homomorphism from the shifted
affine Yangian to the universal enveloping algebra of a iterated W -algebra. However, the shifted
affine Yangian is so complicated that we cannot directly construct this homomorphism.

In finite setting, Brundan-Kleshchev [2] gave a surjective homomorphism from a shifted Yan-
gian, which is a subalgebra of the finite Yangian associated with gl(n), to a finite W -algebra
([22]) of type A for its general nilpotent element. A finite W -algebra Wfin(g, f) is an associa-
tive algebra associated with a reductive Lie algebra g and its nilpotent element f and is a finite
analogue of a W -algebra Wk(g, f) ([5] and [1]). In [6], De Sole, Kac and Valeri constructed a
homomorphism from the finite Yangian of type A to the finite W -algebras of type A by using
the Lax operator, which is a restriction of the homomorphism given by Brundan-Kleshchev in [2].
Actually, the homomorphism Φ is the affine analogue of the De Sole-Kac-Valeri’s homomorphism
(see [26]). Thus, we expect that we can extend Φ to the shifted affine Yangian and solve the
Crutzig-Diaconescu-Ma’s conjecture.

At last of this article, we give a new interpretation of the homomorphism Φ in the case that
l = 2. In this case, we have already computed all of the OPEs in [24]. By using the OPEs, we
find that there exists a natural embedding from the universal affine vertex algebra associated with
gl(q1 − q2) to the W -algebra. By a direct computation, we find that the image of Φ is contained
in the universal enveloping algebra of the coset of the pair of the universal affine vertex algebra
and the W -algebra. The coset of the pair of the pair of the universal affine vertex algebra and
the W -algebra is connected to Y -algebras and the Gaiotto-Rapcak’s triality (see [11] and [4]). We
expect that the homomorphism Φ will be helpful for the generalization of the Gaiotto-Rapcak’s
triality.

2 Affine Yangian

Let us recall the definition of the affine Yangian of type A (Definition 3.2 in [14] and Definition 2.3
in [15]). Hereafter, we sometimes identify {0, 1, 2, · · · , n − 1} with Z/nZ. we also set{X,Y } =
XY + Y X and

ai,j =





2 if i = j,

−1 if j = i± 1,

0 otherwise

for i ∈ Z/nZ.

Definition 2.1. Suppose that n ≥ 3. The affine Yangian Y~,ε(ŝl(n)) is the associative algebra
generated by X+

i,r, X
−
i,r, Hi,r (i ∈ {0, 1, · · · , n − 1}, r = 0, 1) subject to the following defining

relations:

[Hi,r, Hj,s] = 0, (2.2)

[X+
i,0, X

−
j,0] = δi,jHi,0, (2.3)

3



[X+
i,1, X

−
j,0] = δi,jHi,1 = [X+

i,0, X
−
j,1], (2.4)

[Hi,0, X
±
j,r] = ±ai,jX

±
j,r, (2.5)

[H̃i,1, X
±
j,0] = ±ai,j

(
X±

j,1

)
, if (i, j) 6= (0, n− 1), (n− 1, 0), (2.6)

[H̃0,1, X
±
n−1,0] = ∓

(
X±

n−1,1 + (ε+
n

2
~)X±

n−1,0

)
, (2.7)

[H̃n−1,1, X
±
0,0] = ∓

(
X±

0,1 − (ε+
n

2
~)X±

0,0

)
, (2.8)

[X±
i,1, X

±
j,0]− [X±

i,0, X
±
j,1] = ±aij

~

2
{X±

i,0, X
±
j,0} if (i, j) 6= (0, n− 1), (n− 1, 0), (2.9)

[X±
0,1, X

±
n−1,0]− [X±

0,0, X
±
n−1,1] = ∓

~

2
{X±

0,0, X
±
n−1,0}+ (ε+

n

2
~)[X±

0,0, X
±
n−1,0], (2.10)

(adX±
i,0)

1+|ai,j |(X±
j,0) = 0 if i 6= j, (2.11)

where we set H̃i,1 = Hi,1 −
~

2
H2

i,0.

By (2.3), (2.4), (2.6) and (2.8), we find that the affine Yangian Y~,ε(ŝl(n)) is generated by X±
i,0

for 0 ≤ i ≤ n− 1 and Hj,1 for 1 ≤ j ≤ n− 1.

Let us take Chevalley generators of ŝl(n) and denote them by {hi, x
±
i | 0 ≤ i ≤ n− 1}. By the

defining relations (2.2)-(2.11), we can give a homomorphism from the universal enveloping algebra

of ŝl(n) to the affine Yangian Y~,ε(ŝl(n)) given by hi 7→ Hi,0 and x±
i 7→ X±

i,0. We denote the image

of x ∈ Y~,ε(ŝl(n)) via this homomorphism by x.

We take one completion of Y~,ε(ŝl(n)). We set the degree of Y~,ε(ŝl(n)) by

deg(Hi,r) = 0, deg(X±
i,r) =

{
±1 if i = 0,

0 if i 6= 0.

This degree is compatible with the natural degree on the universal enveloping algebra of ŝl(n).

We denote the standard degreewise completion of Y~,ε(ŝl(n)) by Ỹ~,ε(ŝl(n)).

3 The coproduct for the affine Yangian

By using the minimalistic presentation of the Yangian, Guay-Nakajima-Wendlandt [16] gave a
coproduct for the Yangian associated with a Kac-Moody Lie algebra of the affine type.

Theorem 3.1 (Theorem 5.2 in [16]). There exists an algebra homomorphism

∆± : Y~,ε(ŝl(n)) → Y~,ε(ŝl(n))⊗̂Y~,ε(ŝl(n))

determined by

∆±(X±
j,0) = X±

j,0 ⊗ 1 + 1⊗X±
j,0 for 0 ≤ j ≤ n− 1,

∆±(H̃i,1) = H̃i,1 ⊗ 1 + 1⊗ H̃i,1 +A±
i for 1 ≤ i ≤ n− 1,

where Y~,ε(ŝl(n))⊗̂Y~,ε(ŝl(n)) is the standard degreewise completion of ⊗2Y~,ε(ŝl(n)) and

A+
i = −~(Ei,i ⊗ Ei+1,i+1 + Ei+1,i+1 ⊗ Ei,i)

+ ~

∑

s≥0

i∑

u=1

(−Eu,it
−s−1 ⊗ Ei,ut

s+1 + Ei,ut
−s ⊗ Eu,it

s)

+ ~

∑

s≥0

n∑

u=i+1

(−Eu,it
−s ⊗ Ei,ut

s + Ei,ut
−s−1 ⊗ Eu,it

s+1)
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− ~

∑

s≥0

i∑

u=1

(−Eu,i+1t
−s−1 ⊗ Ei+1,ut

s+1 + Ei+1,ut
−s ⊗ Eu,i+1t

s)

− ~

∑

s≥0

n∑

u=i+1

(−Eu,i+1t
−s ⊗ Ei+1,ut

s + Ei+1,ut
−s−1 ⊗ Eu,i+1t

s+1),

A−
i = −~(Ei,i ⊗ Ei+1,i+1 + Ei+1,i+1 ⊗ Ei,i)

+ ~

∑

s≥0

i∑

u=1

(−Ei,ut
s+1 ⊗ Eu,it

−s−1 + Eu,it
s ⊗ Ei,ut

−s)

+ ~

∑

s≥0

n∑

u=i+1

(−Ei,ut
s ⊗ Eu,it

−s + Eu,it
s+1 ⊗ Ei,ut

−s−1)

− ~

∑

s≥0

i∑

u=1

(−Ei+1,ut
s+1 ⊗ Eu,i+1t

−s−1 + Eu,i+1t
s ⊗ Ei+1,ut

−s)

− ~

∑

s≥0

n∑

u=i+1

(−Ei+1,ut
s ⊗ Eu,i+1t

−s + Eu,i+1t
s+1 ⊗ Ei+1,ut

−s−1).

The homomorphism ∆n is said to be the coproduct for the affine Yangian since ∆n satisfies
the coassociativity.

4 The evaluation map for the affine Yangian

The evaluation map for the affine Yangian is a non-trivial homomorphism from the affine Yangian
Y~,ε(ŝl(n)) to the completion of the universal enveloping algebra of the affinization of gl(n). We
set a Lie algebra

ĝl(n) = gl(n)⊗ C[z±1]⊕ Cc̃⊕ Cz

whose commutator relations are given by

z and c̃ are central elements of ĝl(n),

[Ei,j ⊗ tu, Ep,q ⊗ tv] = (δj,pEi,q − δi,qEp,j)⊗ tu+v + δu+v,0u(δi,qδj,pc̃+ δi,jδp,qz).

We take the grading of U(ĝl(n))/U(ĝl(n))(z − 1) as deg(Xts) = s and deg(c̃) = 0. We denote the

degreewise completion of U(ĝl(n))/U(ĝl(n))(z − 1) by U(ĝl(n)).

Theorem 4.1 (Theorem 3.8 in [19] and Theorem 4.18 in [18]). Suppose that c̃ =
ε

~
. For a ∈ C,

there exists an algebra homomorphism

evn,a
~,ε : Y~,ε(ŝl(n)) → U(ĝl(n))

uniquely determined by

evn,a
~,ε (X

+
i,0) =

{
En,1t if i = 0,

Ei,i+1 if 1 ≤ i ≤ n− 1,
evn,a

~,ε (X
−
i,0) =

{
E1,nt

−1 if i = 0,

Ei+1,i if 1 ≤ i ≤ n− 1,

and

evn,a
~,ε (Hi,1) = (a−

i

2
~) evn~,ε(Hi,0)− ~Ei,iEi+1,i+1

+ ~

∑

s≥0

i∑

k=1

Ei,kt
−sEk,it

s + ~

∑

s≥0

n∑

k=i+1

Ei,kt
−s−1Ek,it

s+1

5



− ~

∑

s≥0

i∑

k=1

Ei+1,kt
−sEk,i+1t

s − ~

∑

s≥0

n∑

k=i+1

Ei+1,kt
−s−1Ek,i+1t

s+1

for i 6= 0.

We note that the universal enveloping algebra of the universal affine vertex algebra associated
with gl(n) coincides with the stadard degreewise completion of the universal enveloping algebra of

ĝl(n). Also, the universal affine vertex algebra is a W -algebra associated with a nilpotent element
0. Thus, the evaluation map is the easiest example of a homomorphism from the affine Yangian
to the universal enveloping algebra of a W -algebra.

5 A homomorphism from the affine Yangian Y~,ε+m~(ŝl(n)) to

the affine Yangian Y~,ε(ŝl(n+m))

In [25], we gave a homomorphism from the affine Yangian Y~,ε(ŝl(n)) to the affine Yangian

Y~,ε(ŝl(n+ 1)). In [27]. we gave another homomorphism from the affine Yangian Y~,ε+~(ŝl(n)) to

the affine Yangian Y~,ε(ŝl(n+ 1)).

Theorem 5.1 (Theorem 3.1 in [27]). For m ≥ 3 and n ≥ 1, there exists a homomorphism

Ψm,m+n : Y~,ε+n~(ŝl(m)) → Ỹ~,ε(ŝl(m+ n))

determined by

Ψm,m+n(X+
i,0) =

{
Em+n,n+1t if i = 0,

En+i,n+i+1 if i 6= 0,
Ψm,m+n(X−

i,0) =

{
En+1,m+nt

−1 if i = 0,

En+i+1,n+i if i 6= 0,

and

Ψm,m+n(Hi,1) = Hi+n,1 + ~

∑

s≥0

n∑

k=1

Ek,n+it
−s−1En+i,kt

s+1

− ~

∑

s≥0

n∑

k=1

Ek,n+i+1t
−s−1En+i+1,kt

s+1

for i 6= 0.

6 W -algebras of type A

We fix some notations for vertex algebras. For a vertex algebra V , we denote the generating field

associated with v ∈ V by v(z) =
∑

n∈Z

v(n)z
−n−1. We also denote the OPE of V by

u(z)v(w) ∼
∑

s≥0

(u(s)v)(w)

(z − w)s+1

for all u, v ∈ V . We denote the vacuum vector (resp. the translation operator) by |0〉 (resp. ∂). We
denote the universal affine vertex algebra associated with a finite dimensional Lie algebra g and
its inner product κ by V κ(g). By the PBW theorem, we can identify V κ(g) with U(t−1g[t−1]).
In order to simplify the notation, here after, we denote the generating field (ut−1)(z) as u(z). By
the definition of V κ(g), the generating fields u(z) and v(z) satisfy the OPE

u(z)v(w) ∼
[u, v](w)

z − w
+

κ(u, v)

(z − w)2
(6.1)
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for all u, v ∈ g.
We take a positive integer and its partition:

N =

l∑

i=1

qi, q1 ≤ q2 ≤ · · · ≤ qv, qv+1 ≥ .qv+2 ≥ · · · ≥ ql.

We also set

qMax = max(qv, qv+1), qMin = min(q1, ql).

We also fix an inner product of gl(N) determined by

(Ei,j |Ep,q) = kδi,qδp,j + δi,jδp,q.

For 1 ≤ i ≤ N , we set 1 ≤ col(i) ≤ l and qMax − qcol(i) < row(i) ≤ qMax satisfying

col(i) = s if

s−1∑

j=1

qj < i ≤

s∑

i=1

qj , row(i) = i−

col(i)−1∑

j=1

qj + qMax − qcol(i).

We take a nilpotent element f as

f =
∑

1≤j≤N

eĵ,j,

where the integer 1 ≤ ĵ ≤ N is determined by

col(ĵ) = col(j) + 1, row(ĵ) = row(j).

The W -algebra is a vertex algebra associated with the reductive Lie algebra g and a nilpotent
element f . We denote the W -algebra associated with gl(N) and f by Wk(gl(N), f).

We set the inner product on gl(qs) by

κs(Ei,j , Ep,q) = δj,pδi,qαs + δi,jδp,q,

where αs = k + N − qs. Then, by Corollary 5.2 in [12], the W -algebra Wk(gl(N), f) can be
embedded into

⊗
1≤s≤l V

κs(gl(qs)). This embedding is called the Miura map. We can prove the
following theorem in the same way as Theorem 4.6 in [29].

Theorem 6.2. We set γa =
l∑

u=a+1
αu. For positive integers p, q > qMax − qMin, the folloing

elemets of
⊗

1≤s≤l V
κs(gl(qs)) are contained in Wk(gl(N), f).

W (1)
p,q =

∑

1≤r≤l

E(r)
p,q [−1],

W (2)
p,q = −

∑

1≤r≤l

γrE
(r)
p,q [−2] +

∑

r1<r2
u>qMax−qMin

E(r1)
u,q [−1]E(r2)

p,u [−1]

−
∑

r1≥r2
qMax−min(qr1 ,qr2)<u≤qMax−qMin

E(r1)
u,q [−1]E(r2)

p,u [−1],

where we denote Ei,jt
−u ∈ U(t−1gl(qs)[t

−1]) = V κ(gl(qs)) by E
(s)
i,j [−u].

Let us recall the definition of a universal enveloping algebra of a vertex algebra in the sense of
[10] and [21]. For any vertex algebra V , let L(V ) be the Borchards Lie algebra, that is,

L(V ) = V⊗C[t, t−1]/Im(∂ ⊗ id+ id⊗
d

dt
), (6.3)
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where the commutation relation is given by

[uta, vtb] =
∑

r≥0

(
a
r

)
(u(r)v)t

a+b−r

for all u, v ∈ V and a, b ∈ Z.

Definition 6.4 (Section 6 in [21]). We set U(V ) as the quotient algebra of the standard degreewise
completion of the universal enveloping algebra of L(V ) by the completion of the two-sided ideal
generated by

(u(a)v)t
b −

∑

i≥0

(
a
i

)
(−1)i(uta−ivtb+i − (−1)avta+b−iuti), (6.5)

|0〉t−1 − 1. (6.6)

We call U(V ) the universal enveloping algebra of V .

Induced by the Miura map µ, we obtain the embedding

µ̃ : U(Wk(gl(N), f)) →
⊕̂

1≤s≤l
U(ĝl(qs)),

where
⊗̂

1≤s≤lU(ĝl(qs)) is the standard degreewise completion of
⊗

1≤s≤l U(ĝl(qs)).

By the definition of W
(1)
i,j and W

(2)
i,j , we have

µ̃(W
(1)
i,j t

s) =
∑

1≤r≤l

E
(r)
i,j t

s, (6.7)

µ̃(W
(2)
i,j t) =

n∑

r=1

γrE
(r)
i,j +

∑

s∈Z

∑

r1<r2

∑

u>qMax−qMin

e
(r1)
u,j t−se

(r2)
i,u ts

−
∑

s≥0

∑

r≥0

∑

1≤u≤qMax−qr

(E
(r)
u,jt

−s−1E
(r)
i,u t

s+1 + E
(r)
i,u t

−sE
(r)
u,jt

s)

−
∑

s∈Z

∑

r1<r2

∑

qMax−min(qr1 ,qr2)<u≤qMax−qMin

E
(r1)
i,u t−sE

(r2)
u,j ts. (6.8)

7 A parabolic induction for a W -algebra of type A

Let us recall the parabolic induction for W -algebras of type A (see Theorem 6.1 in [13]). Let us
take two positive integers

N1 = q1 + · · ·+ qw, N2 = qw+1 + · · ·+ ql.

and f1 ∈ gl(N1) and f2 ∈ gl(N2) are nilpotent elements defined by the same way as f . Let us
denote the Miura map associated with Wk+N2(gl(N1), f1) and Wk+N1(gl(N2), f2) by µ1 and µ2.

Theorem 7.1 (Theorem 6.1 in [13]). There exists a homomorphism

∆W : Wk(gl(N), f) → Wk+N2(gl(N1), f1)⊗Wk+N1(gl(N2), f2) (7.2)

satisfying that
µ = (µ1 ⊗ µ2) ◦∆W . (7.3)

We call this homomorphism the parabolic induction for a W -algebra. By (7.3), we find that

∆W (W
(1)
i,j ) = W

(1)
i,j ⊗ 1 + 1⊗W

(1)
i,j ,

8



∆W (W
(2)
i,j ) =





W
(2)
i,j ⊗ 1 + 1⊗W

(2)
i,j − γw+1∂W

(1)
i,j ⊗ 1

−
∑

qMax−min(q1,qw)≤u≤qMax−qMin
(W

(1)
u,j )(−1)W

(1)
i,u ⊗ 1 if q1 ≥ ql,

W
(2)
i,j ⊗ 1 + 1⊗W

(2)
i,j − γw+1∂W

(1)
i,j ⊗ 1

−1⊗
∑

qMax−min(qw+1,ql)≤u≤qMax−qMin
(W

(1)
u,j )(−1)W

(1)
i,u if q1 < ql.

We also denote by ∆W a homomorphism

∆W : U(Wk(gl(N), f)) → U(Wk+N2 (gl(N1), f1))⊗ U(Wk+N1(gl(N2), f2),

which is induced by ∆W in (7.2).

8 A homomorphism from the affine Yangian to the univer-

sal enveloping algebra of Wk(gl(N), f)

In this section, we will give the another proof to Theorem 6.1 in [29]. The following theorem is
the same as Theorem 6.1 in [29].

Theorem 8.1. Assume that qMin ≥ 3 and ε = ~(k + N − qMin). Then, there exists an algebra
homomorphism

Φ: Y~,ε(ŝl(qMin)) → U(Wk(gl(N), f))

determined by

Φ(X+
i,0) =

{
W

(1)
qMax,qMax−qMin+1t if i = 0,

W
(1)
qMax−qMin+i,qMax−qMin+i+1 if i 6= 0,

Φ(X−
i,0) =

{
W

(1)
qMax−qMin+1,qMax

t−1 if i = 0,

W
(1)
qMax−qMin+i+1,qMax−qMin+i if i 6= 0,

and

Φ(Hi,1) = −~(W
(2)
qMax−qMin+i,qMax−qMin+it−W

(2)
qMax−qMin+i+1,qMax−qMin+i+1t)

−
i

2
~(W

(1)
qMax−qMin+i,qMax−qMin+i −W

(1)
qMax−qMin+i+1,qMax−qMin+i+1)

+ ~W
(1)
qMax−qMin+i,qMax−qMin+iW

(1)
qMax−qMin+i+1,qMax−qMin+i+1

+ ~

∑

s≥0

i∑

u=1

W
(1)
qMax−qMin+i,qMax−qMin+ut

−sW
(1)
qMax−qMin+u,qMax−qMin+it

s

+ ~

∑

s≥0

n∑

u=i+1

W
(1)
qMax−qMin+i,qMax−qMin+ut

−s−1W
(1)
qMax−qMin+u,qMax−qMin+it

s+1

− ~

∑

s≥0

i∑

u=1

W
(1)
qMax−qMin+i+1,qMax−qMin+ut

−sW
(1)
qMax−qMin+u,qMax−qMin+i+1t

s

− ~

∑

s≥0

n∑

u=i+1

W
(1)
qMax−qMin+i+1,qMax−qMin+ut

−s−1W
(1)
qMax−qMin+u,qMax−qMin+i+1t

s+1

for i 6= 0.

Remark 8.2. We note that the Definition 2.1 is different from the one in [29]. The parameter ε
in this article is equal to −n~− ε in [29]. This is the reason that the assumption of ε is different
from the one in [29].
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In [29], we gave the proof to Theorem 8.1 by a direct computation. In this article, we prove it
by showing the following theorem. Let us take the permutation of σ ∈ Sl satisfying that

qσ(1) > qσ(2) > · · · > qσl
.

Let us set a homomorphism

∆l = (

l−1∏

s=1

∆qσ(s),qσ(s+1) ⊗ idl−s−1) : Y~,ε(ŝl(qMin)) →
⊗

1≤i≤l

Y~,ε−~(qσ(i)−qMin
(ŝl(qσ(i)))

where we set

∆qσ(s),qσ(s+1) =

{
∆+ if qσ(s) < qσ(s+1),

∆− if qσ(s) > qσ(s+1).

We also define a natural homomorphism

Σ:
⊗

1≤i≤l

Y~,ε−~(qσ(i)−qMin)(ŝl(qσ(i))) →
⊗

1≤i≤l

Y~,ε−~(qi−qMin)(ŝl(qi))).

Theorem 8.3. We obtain the following relation:

⊗

1≤s≤l

evqs,γs~

~,ε−(qs−qMin)~
◦Σ ◦∆l = µ̃ ◦ Φ.

Since µ̃ is an injective homomorphism ([12]) and evqs,γs~

~,ε+(qs−qMin)~
, ∆l and µ̃ are homomor-

phisms, we obtain Theorem 8.3.

The proof of Theorem 8.3. In order to simplify the notation, we only show the case that q1 ≥ q2 ≥
· · · ≥ ql. The other cases can be proven in a similar way.

In this proof, we denote Ei,j ∈ gl(qs) by eq1−qs+i,q1−qs+j . It is enough to show the relations:

⊗

1≤s≤l

evqs,γs~

~,ε−(qs−qMin)~
◦∆l(X±

j,0) = µ̃ ◦ Φ(X±
j,0) (8.4)

for 0 ≤ j ≤ n− 1 and

⊗

1≤s≤l

evqs,γs~

~,ε−(qs−qMin)~
◦∆l(Hi,1) = µ̃ ◦ Φ(Hi,1) (8.5)

for 1 ≤ i ≤ n − 1. It is trivial that (8.4) holds. We only show the relation (8.5). For A ∈

Ỹ~,ε(ŝl(n)),U(ĝl(qs)), we denote A(s) = 1⊗s−1 ⊗A⊗ 1⊗l−s. By the definition of Ψn,m+n and ∆n,
we obtain

∆l(Hi,1) =
∑

1≤s≤l

H
(s)
i+qs−ql

+Bi + Ci,

where we set

Bi = −~

∑

r1<r2

E
(r1)
qr1−ql+i,qr1−ql+iE

(r2)
qr2−ql+i+1,qr2−ql+i+1

− ~

∑

r1<r2

E
(r1)
qr1−ql+i+1,qr1−ql+i+1E

(r2)
qr2−ql+i,qr2−ql+i

− ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=1

E
(r1)
qr1−qr2+u,qr1−ql+it

−s−1E
(r2)
qr2−ql+i,ut

s+1
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+ ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=1

E
(r1)
qr1−ql+i,qr1−qr2+ut

−sE
(r2)
u,qr2−ql+it

s

− ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

E
(r1)
qr1−qr2+u,qr1−ql+it

−sE
(r2)
qr2−ql+i,ut

s

+ ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

E
(r1)
qr1−ql+i,qr1−qr2+ut

−s−1E
(r2)
u,qr2−ql+it

s+1

+ ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=1

E
(r1)
qr1−qr2+u,qr1−ql+i+1t

−s−1E
(r2)
qr2−ql+i+1,ut

s+1

− ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=1

E
(r1)
qr1−ql+i+1,qr1−qr2+ut

−sE
(r2)
u,qr2−ql+i+1t

s

+ ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

E
(r1)
qr1−qr2+u,qr1−ql+i+1t

−sE
(r2)
qr2−ql+i+1,ut

s

− ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

E
(r1)
qr1−ql+i+1,qr1−qr2+ut

−s−1E
(r2)
u,qr2−ql+i+1t

s+1

and

Ci = ~

l∑

r=1

∑

s≥0

qr−ql∑

u=1

E
(r)
u,qr−ql+it

−s−1E
(r)
qr−ql+i,ut

s+1

− ~

∑

s≥0

qr−ql∑

u=1

E
(r)
u,qr−ql+i+1t

−s−1E
(r)
qr−ql+i+1,ut

s+1

+ ~

∑

r1<r2

∑

s≥0

qr2−ql∑

u=1

E
(r1)
qr1−qr2+u,qr1−ql+it

−s−1E
(r2)
qr2−ql+i,ut

s+1

− ~

∑

r1<r2

∑

s≥0

qr2−ql∑

u=1

E
(r1)
qr1−qr2+u,qr1−ql+i+1t

−s−1E
(r2)
qr2−ql+i+1,ut

s+1

+ ~

∑

r1<r2

∑

s≥0

qr2−ql∑

u=1

E
(r2)
u,qr2−ql+it

−s−1E
(r1)
qr1−ql+i,qr1−qr2+ut

s+1

− ~

∑

r1<r2

∑

s≥0

qr2−ql∑

u=1

E
(r2)
u,qr2−ql+i+1t

−s−1E
(r1)
qr1−ql+i+1,qr1−qr2+ut

s+1.

We note that Bi comes from the coproduct for the affine Yangian and Ci comes from the homo-
morphism Ψm.m+n.

By the definition of the evaluation map, we obtain
⊗

1≤s≤l

evqs,γs~

~,ε−(qs−qMin)~
(
⊗

1≤s≤l

H
(s)
i+qs−ql

)

=

l∑

r=1

(γr −
i

2
~)(e

(r)
q1−ql+i,q1−ql+i − e

(r)
q1−ql+i+1,q1−ql+i+1)

−

l∑

r=1

~e
(r)
q1−ql+i,q1−ql+ie

(r)
q1−ql+i+1,q1−ql+i+1
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+ ~

l∑

r=1

∑

s≥0

q1−ql+i∑

u=q1−qr+1

e
(r)
q1−ql+i,ut

−se
(r)
u,q1−ql+it

s

+ ~

l∑

r=1

∑

s≥0

q1∑

u=q1−ql+i+1

e
(r)
q1−ql+i,ut

−s−1e
(r)
u,q1−ql+it

s+1

− ~

l∑

r=1

∑

s≥0

q1−ql+i∑

u=q1−qr+1

e
(r)
q1−ql+i+1,ut

−se
(r)
u,q1−ql+i+1t

s

− ~

l∑

r=1

∑

s≥0

q1∑

u=q1−ql+i+1

e
(r)
q1−ql+i+1,ut

−s−1e
(r)
u,q1−ql+i+1t

s+1, (8.6)

⊗

1≤s≤l

evqs,γs~

~,ε+(qs−ql)~
(Bi)

= −~

∑

r1<r2

e
(r1)
q1−ql+i,q1−ql+ie

(r2)
q1−ql+i+1,q1−ql+i+1 − ~

∑

r1<r2

e
(r1)
q1−ql+i+1,q1−ql+i+1e

(r2)
q1−ql+i,q1−ql+i

− ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=1

e
(r1)
q1−qr2+u,q1−ql+it

−s−1e
(r2)
q1−qr2+i,ut

s+1

+ ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=1

e
(r1)
q1−ql+i,q1−qr2+ut

−se
(r2)
q1−qr2+u,q1−ql+it

s

− ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

e
(r1)
q1−qr2+u,q1−ql+it

−se
(r2)
q1−ql+i,q1−qr2+ut

s

+ ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

e
(r1)
q1−ql+i,q1−qr2+ut

−s−1e
(r2)
q1−qr2+u,q1−ql+it

s+1

+ ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=1

e
(r1)
q1−qr2+u,q1−ql+i+1t

−s−1e
(r2)
q1−ql+i+1,q1−qr2+ut

s+1

− ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=1

e
(r1)
q1−ql+i+1,q1−qr2+ut

−se
(r2)
q1−qr2+u,q1−ql+i+1t

s

+ ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

e
(r1)
q1−qr2+u,q1−ql+i+1t

−se
(r2)
q1−ql+i+1,q1−qr2+ut

s

− ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

e
(r1)
q1−ql+i+1,q1−qr2+ut

−s−1e
(r2)
q1−qr2+u,q1−ql+i+1t

s+1, (8.7)

⊗

1≤s≤l

evqs,γs~

~,ε−(qs−qMin)~
(Ci)

= ~

l∑

r=1

∑

s≥0

qr−ql∑

u=1

e
(r)
q1−qr+u,q1−ql+it

−s−1e
(r)
q1−ql+i,q1−qr+ut

s+1

− ~

∑

s≥0

qr−ql∑

u=1

e
(r)
q1−qr+u,q1−ql+i+1t

−s−1e
(r)
q1−ql+i+1,q1−qr+ut

s+1

+ ~

∑

r1<r2

∑

s≥0

qr2−ql∑

u=1

e
(r1)
q1−qr2+u,q1−ql+it

−s−1e
(r2)
q1−ql+i,q1−qr2+ut

s+1
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− ~

∑

r1<r2

∑

s≥0

qr2−ql∑

u=1

e
(r1)
q1−qr2+u,q1−ql+i+1t

−s−1e
(r2)
q1−ql+i+1,q1−qr2+ut

s+1

+ ~

∑

r1<r2

∑

s≥0

qr2−ql∑

u=1

e
(r2)
q1−qr2+u,q1−ql+it

−s−1e
(r1)
q1−ql+i,q1−qr2+ut

s+1

− ~

∑

r1<r2

∑

s≥0

qr2−ql∑

u=1

e
(r2)
q1−qr2+u,q1−ql+i+1t

−s−1e
(r1)
q1−ql+i+1,q1−qr2+ut

s+1. (8.8)

By the definition of µ̃, we have

~µ̃(W
(2)
q1−ql+i,q1−ql+it)− ~µ̃(W

(2)
q1−ql+i+1,q1−ql+i+1t)

= ~

n∑

r=1

γre
(r)
q1−ql+i,q1−ql+i + ~

∑

s∈Z

∑

r1<r2

∑

u>q1−ql

e
(r1)
u,q1−ql+it

−se
(r2)
q1−ql+i,ut

s

− ~

∑

s≥0

∑

r≥0

∑

1≤u≤qr−ql

e
(r)
q1−qr+u,q1−ql+it

−s−1e
(r)
q1−ql+i,q1−qr+ut

s+1

− ~

∑

s≥0

∑

r≥0

∑

1≤u≤qr−ql

e
(r)
q1−ql+i,q1−qr+ut

−se
(r)
q1−qr+u,q1−ql+it

s

− ~

∑

s∈Z

∑

r1<r2

∑

1≤u≤qr2−ql

e
(r1)
q1−ql+i,q1−qr2+ut

s+1e
(r2)
q1−qr2+u,q1−ql+it

−s−1

− ~

n∑

r=1

γre
(r)
q1−ql+i+1,q1−ql+i+1 − ~

∑

s∈Z

∑

r1<r2

∑

u>q1−ql

e
(r1)
u,q1−ql+i+1t

−se
(r2)
q1−ql+i+1,ut

s

+ ~

∑

s≥0

∑

r≥0

∑

1≤u≤qr

e
(r)
q1−qr+u,q1−ql+i+1t

−s−1e
(r)
q1−ql+i+1,q1−qr+ut

s+1

+ ~

∑

s≥0

∑

r≥0

∑

1≤u≤qr

e
(r)
q1−ql+i+1,q1−qr+ut

−se
(r)
q1−qr+u,q1−ql+i+1t

s

+ ~

∑

s∈Z

∑

r1<r2

∑

1≤u≤qr2−ql

e
(r1)
q1−ql+i+1,q1−qr2+ut

s+1e
(r2)
q1−qr2+u,q1−ql+i+1t

−s−1. (8.9)

Then, by a direct computation, the sum of (8.6)-(8.9) is equal to

⊗

1≤s≤l

evqs,γs~

~,ε−(qs−qMin)~
◦∆l(Hi,1) + ~µ̃(W

(2)
q1−ql+i,q1−ql+it)− ~µ̃(W

(2)
q1−ql+i+1,q1−ql+i+1t).

For simplifying the notation, we denote the i-th term of the equation (·) by (·)i. We divide the
sum into 8 piecies:

(8.6)1 + (8.9)1 + (8.9)6 = −
i

2
~µ̃(W

(1)
q1−ql+i,q1−ql+i −W

(1)
q1−ql+i+1,q1−ql+i+1), (8.10)

(8.6)2 + (8.7)1 + (8.7)2 = −~µ̃(W
(1)
q1−ql+i,q1−ql+iW

(1)
q1−ql+i+1,q1−ql+i+1), (8.11)

(8.6)3 + (8.6)4 + (8.8)1 + (8.9)3 + (8.9)4

= ~

l∑

r=1

∑

s≥0

q1−ql+i∑

u=q1−ql+1

e
(r)
q1−ql+i,ut

−se
(r)
u,q1−ql+it

s

+ ~

l∑

r=1

∑

s≥0

q1∑

u=q1−ql+i+1

e
(r)
q1−ql+i,ut

−s−1e
(r)
u,q1−ql+it

s+1, (8.12)

(8.6)5 + (8.6)6 + (8.8)2 + (8.9)8 + (8.9)9
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= −~

l∑

r=1

∑

s≥0

q1−ql+i∑

u=q1−ql+1

e
(r)
q1−ql+i+1,ut

−se
(r)
u,q1−ql+i+1t

s

− ~

l∑

r=1

∑

s≥0

n∑

u=q1−ql+i+1

e
(r)
q1−ql+i+1,ut

−s−1e
(r)
u,q1−ql+i+1t

s+1, (8.13)

(8.7)3 + (8.7)5 + (8.8)3 + (8.9)2

= ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=qr2−ql+1

e
(r1)
q1−qr2+u,q1−ql+it

se
(r2)
q1−qr2+i,ut

−s

+ ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

e
(r1)
q1−qr2+u,q1−ql+it

s+1e
(r2)
q1−ql+i,q1−qr2+ut

−s−1, (8.14)

(8.7)4 + (8.7)6 + (8.8)5 + (8.9)5

= ~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=qr2−ql+1

e
(r1)
q1−ql+i,q1−qr2+ut

−se
(r2)
q1−qr2+u,q1−ql+it

s

+ ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

e
(r1)
q1−ql+i,q1−qr2+ut

−s−1e
(r2)
q1−qr2+u,q1−ql+it

s+1, (8.15)

(8.7)7 + (8.7)9 + (8.8)4 + (8.9)7

= −~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=qr2−ql+1

e
(r1)
q1−qr2+u,q1−ql+i+1t

se
(r2)
q1−ql+i+1,q1−qr2+ut

−s

− ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

e
(r1)
q1−qr2+u,q1−ql+i+1t

s+1e
(r2)
q1−ql+i+1,q1−qr2+ut

−s−1, (8.16)

(8.7)8 + (8.7)10 + (8.8)6 + (8.9)10

= −~

∑

r1<r2

∑

s≥0

qr2−ql+i∑

u=qr2−ql+1

e
(r1)
q1−ql+i+1,q1−qr2+ut

−se
(r2)
q1−qr2+u,q1−ql+i+1t

s

− ~

∑

r1<r2

∑

s≥0

qr2∑

u=qr2−ql+i+1

e
(r1)
q1−ql+i+1,q1−qr2+ut

−s−1e
(r2)
q1−qr2+u,q1−ql+i+1t

s+1. (8.17)

By a direct computation, we have

(8.12) + (8.14) + (8.15) = µ̃(~
∑

s≥0

i∑

u=1

W
(1)
q1−ql+i,q1−ql+ut

−sW
(1)
q1−ql+u,q1−ql+it

s

+ ~

∑

s≥0

n∑

u=i+1

W
(1)
q1−ql+i,q1−ql+ut

−s−1W
(1)
q1−ql+u,q1−ql+it

s+1)

and

(8.13) + (8.16) + (8.17) = µ̃(−~

∑

s≥0

i∑

u=1

W
(1)
q1−ql+i+1,q1−ql+ut

−sW
(1)
q1−ql+u,q1−ql+i+1t

s

− ~

∑

s≥0

n∑

u=i+1

W
(1)
q1−ql+i+1,q1−ql+ut

−s−1W
(1)
q1−ql+u,q1−ql+i+1t

s+1).

Thus, we have proven the relation (8.5).
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In the same way as Φ, we can construct two homomorphisms

Φ1 : Y~,ε+(min(q1,qw)−qMin)~(ŝl(min(q1, qw))) → U(Wk+N2(gl(N1), f1)),

Φ2 : Y~,ε+(min(qw+1,ql)−qMin)~(ŝl(min(qw+1, ql))) → U(Wk+N1 (gl(N2), f2)).

For a complex number a, we set a homomorphism called the shift operator of the affine Yangian:

τa : Y~,ε(ŝl(n)) → Y~,ε(ŝl(n))

determined by X±
i,0 7→ X±

i,0 and Hi,1 7→ Hi,1 + aHi,0.

Corollary 8.18. We obtain the following relations:

(Φ1 ◦ τ−γw+1~ ◦Ψql,min(q1,qw))⊗ Φ2 ◦∆ = ∆W ◦ Φ if q1 ≥ ql,

.(Φ1 ◦ τ−γw+1~)⊗ (Φ2 ◦Ψ
q1,min(ql,qw+1)) ◦∆ = ∆W ◦ Φ if q1 < ql.

This corollary follows directly from Theorem 8.3 and the relation (7.3).

9 A new interpretation of Φ from the affine coset of a non-

rectangular W -algebra Wk(gl(m+ n), (1m−n, 2n))

In this section, we consider the case that l = 2 and q1 = m > q2 = n. We denote the W -algebra
of type A associated with gl(m + n) and a nilpotent element of type (1m−n, 2n) by Wk(gl(m +
n), (1m−n, 2n)). In [24], we construct Φ by a direct computation. Especially, in [24], we compute
OPEs of the W -algebra Wk(gl(m+ n), (1m−n, 2n)).

Theorem 9.1 (Theorem 4.5 in [24]). The following equations hold;

(W (1)
p,q )(0)W

(1)
i,j = δq,iW

(1)
p,j − δp,jW

(1)
i,q ,

(W (1)
p,q )(1)W

(1)
i,j = δq,iδp,j(α1 + δ(p, i > m− n)α2)|0〉+ δp,qδi,j(1 + δ(p, i > m− n))|0〉,

(W (1)
p,q )(s)W

(1)
i,j = 0 for all s > 1.

In particular, for all p, q ≤ m− n, i, j > m− n, we obtain

[W (1)
p,q t

s,W
(1)
i,j t

u] = δs+u,0δp,qδi,js.

Let us set an inner product on gl(m− n) by

κ(Ei,j , Ep,q) = α1δi,qδj,p + Ei,jEp,q.

By Theorem 9.1, we find that there exists an embedding from

ι : V κ(gl(m− n)) → Wk(gl(m+ n), (1m−n, 2n))

by corresponding Ei,jt
−1 ∈ V κ(gl(m− n)) = U(gl(m− n)[t−1]t−1) to W

(1)
i,j .

Theorem 9.2 (Theorem 4.6 in [24]). The following four equations hold;

(W (1)
p,q )(0)W

(2)
i,j

= −δp,jW
(2)
i,q + δi,qδ(p > m− n)W

(2)
p,j − δi,qδ(p ≤ m− n)

∑

w≤m−n

(W
(1)
w,j)(−1)W

(1)
p,w

− δi,qδ(p ≤ m− n)α2∂W
(1)
p,j + δ(p ≤ m− n, q > m− n)(W

(1)
p,j )(−1)W

(1)
i,q ,
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(W (1)
p,q )(1)W

(2)
i,j

= δp,jα1δ(q > m− n)W
(1)
i,q − δi,qδ(p ≤ m− n)(α2 + α1)W

(1)
p,j

+ δp,qδ(j > m− n)W
(1)
i,j − δi,jδ(q ≤ m− n)W (1)

p,q + δp,jδq,i
∑

w≤m−n

W (1)
w,w,

(W (1)
p,q )(2)W

(2)
i,j

= −δq,iδp,j(α1 + α2)α1|0〉 − δp,qδi,j(δ(p, q ≤ m− n)α1 + 2α2)|0〉,

(W (1)
p,q )(s)W

(2)
i,j = 0 for all s > 2.

In particular, for all p, q ≤ m− n, i, j > m− n, we obtain

[W (1)
p,q t

s,W
(2)
i,j t] = sδp,qW

(1)
i,j t

s − δi,jsW
(1)
p,q t

s.

For a vertex algebra A and its vertex subalgebra B, we set a coset vertex algebra of the pair
(A,B) as follows:

C(A,B) = {v ∈ A | w(r)v = 0 for w ∈ B and r ≥ 0}.

We can consider the coset vertex algebra C(Wk(gl(m+ n), (1m−n, 2n)), V κ(gl(m− n))).

Theorem 9.3. The image of Φ is contained in the coset C(Wk(gl(m+n), (1m−n, 2n)), V κ(gl(m−
n))).

Proof. It is enough to show that Ψ(Hi,1) and Ψ(X±
j,0) are contained in the coset for 1 ≤ i ≤ n− 1

and 0 ≤ j ≤ n− 1. It is trivial that Ψ(X±
j,0) is contained in the coset. We will show the relation

[W (1)
p,q t

s,Ψ(Hi,1)] = 0

for p, q ≤ m− n and s ∈ Z. By Theorem 9.2, we find that

[W (1)
p,q t

s,−~(W
(2)
m−n+i,m−n+it−W

(2)
m−n+i+1,m−n+i+1t)]

= −~(sδp,qW
(1)
m−n+i,m−n+it

s − sδp,qW
(1)
m−n+i+1,m−n+i+1t

s). (9.4)

By Theorem 9.1, we obtain

[W (1)
p,q t

s,Ψ(Hi,1)− (W
(2)
m−n+i,m−n+it−W

(2)
m−n+i+1,m−n+i+1t)]

= ~sδp,qW
(1)
m−n+i,m−n+it

s − ~sδp,qW
(1)
m−n+i+1,m−n+i+1t

s. (9.5)

Adding (9.4) and (9.5), we find that [W
(1)
p,q ts,Ψ(Hi,1)] = 0.
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[27] M. Ueda. Two homomorphisms from the affine Yangian associated with ŝl(n) to the affine
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