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NON-DEGENERACY OF THE BUBBLE IN A FRACTIONAL AND
SINGULAR 1D LIOUVILLE EQUATION

AZAHARA DELATORRE, GABRIELE MANCINI, AND ANGELA PISTOIA

ABSTRACT. We prove the non-degeneracy of solutions to a fractional and singular Li-
ouville equation defined on the whole real line in presence of a singular term. We use
conformal transformations to rewrite the linearized equation as a Steklov eigenvalue prob-
lem posed in a bounded domain, which is defined either by an intersection or a union of
two disks. We conclude by proving the simplicity of the corresponding eigenvalue.

1. INTRODUCTION

In this work we investigate non-degeneracy properties for solutions to the one-dimensional
singular Liouville equation

(—=A)zu = [z|*Le* in R, (1.1)
with 0 < @ < 2. In order to define the half-Laplacian in (1.1), we require
|ul
/R T a2 < 400. (1.2)
We also assume the integrability condition
/ lz[* e < +oo. (1.3)
R

Under conditions (1.2) and (1.3), weak solutions to (1.1) are completely classified. When
a = 1, the set of solutions contains only the two-parameter family of solutions

24 >
we(r)=In| — |, 1.4
#,5( ) <|x_§|2+uz ( )
with p, & € R and g > 0. We refer to the work of Da Lio, Martinazzi and Riviere in [12]
for the proof. Due to translation and dilation invariance, it is clear that the derivatives

1(z—8?%—p° 2(x —¢)
= = — 5 = (9 - 1'5
solve the linear problem
(~A)2z =<z inR. (1.6)
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It is well known (see [13, 39, 11]) that the bubble u, ¢ is non-degenerate up to the natural
invariances of (1.1), i.e. the two functions in (1.5) span the space of all bounded solutions
to (1.6). More precisely, if z € L*(R) is a weak solution to (1.6), then z is a linear
combination of 2z, ¢ and 21 ,¢.

If a # 1, problem (1.1) is not translation invariant. As we will show in Section 2, it
follows from the results obtained by Gélvez, Jiménez and Mira in [26] (see also [43]) that
for any o € (0,1)U(1,2), equation (1.1) only has a one-parameter family of solutions given

by: .
2apsin 5
o) = (L e 7 )
with p > 0. We stress that the condition o € (0,1) U (1,2) is necessary, since there exists
no solution to (1.1) when a > 2 (see Proposition 2.5).
In the present work we prove the non-degeneracy of u,. Specifically, for any a €
(0,1) U (1,2) and p > 0, we classify all solutions to the linearized problem

(1.7)

1

(—A)2¢p = [z]* le™p in R, (1.8)

in the space of functions satisfying the conditions

(—A)igo € L*(R) and /|x°‘_1e“f’g02 < 4o00. (1.9)
R
We consider the function
1 x> = p?
p |z + 2pla|® cos T + p?’

2p(x) = Opup(x) (1.10)

and give the following result:

Theorem 1.1. Assume o € (0,1)U(1,2) and p > 0. Let u, and z, be defined as in (1.7)
and (1.10). Let ¢ be a weak solution to (1.8) such that (1.9) holds. Then there ezists
c € R such that ¢ = cz,.

The main idea of the proof consists in proving the equivalence between the non-local
eigenvalue problem

(—=A)zp = Az Le% oy in R, (1.11)
and the Steklov eigenvalue problem
Ay =01in Qp, 9,0 = pp in 09, (1.12)

where ), is either the intersection of two disks, when a € (0,1), or the union of two
disks, when « € (1,2). We will prove that the eigenvalue A = 1 of (1.11) corresponds to

the eigenvalue p, = 11+Tg of (1.12), being 7, := 80T and it is always simple. It is
worthwhile to point out that u, is the second eigenvalue of (1.12) if o € (0,1), while it
is an higher order eigenvalue when « € (1,2). As a consequence, the Morse index of the
bubble u, changes when « crosses the value 1. Indeed, it turns out to be equal to 1 when
a < 1, while it is greater or equal than 2 when a > 1. It would be interesting to compute
exactly the Morse index in this second case, which is equivalent to find the order of the

eigenvalue p, of (1.12).

The proof of Theorem 1.1 is based on harmonic extension techniques (see [8]). Via
convolution with the Poisson Kernel, every function satisfying (1.2) can be extended to
a harmonic function defined on the upper half-plane R? := {(x,y) € R? : y > 0}. It is
simple to verify that the harmonic extensions of (1.4) and (1.7) are given respectively by

_ 2a1
o) = (g )
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and by

2aip| sin G| T

z=x 41y, 20=pe®, )= — + . (1.13)

U =1

|2¢ — 20]2 7
These functions solve the local problem

~AU =0in RZ, 9,U = |z|* e on ORZ, (1.14)

respectively for « = 1 and a € (0,1) U (1,2), where v is the outward normal to the
half-plane OR%. Similarly, if ¢ solves the (1.8)-(1.9), then the harmonic extension @ of ¢
satisfies

~A®=0inR%, 9,® = |2[* 'V ® on IRZ, (1.15)
as well as
/|V<I>\2 + / 2|2 VeV 2 47 + / 2]* LV d? < +o0. (1.16)
R% RZ OR%

Theorem 1.2. Assume o € (0,1)U(0,2) and p > 0. Let U, be defined as in (1.13). Then
U, is non-degenerate. Namely, each solution to the linear problem (1.15) satisfying (1.16)
s of the form

ou, L, oU, 1 |22% — |20/
®(2) = c—L(2), c€R, with —L(z) = -
() =5 ) () = 5o

In [13], Dévila, del Pino and Musso studied problem (1.15) with @ = 1, and proved
that it is equivalent to the study of the first nontrivial Steklov eigenspace for the unit
disk 2 C R? (they use the fact that the half-plane is conformally equivalent to 2). In
[39, 11] Santra as well as Cozzi and Ferndndez directly attacked problem (1.8) and, using
the stereographic projection of the real line on S!, they wrote problem (1.8) with o = 1
as an eigenvalue problem of the fractional Laplacian on S'. Neither of the approaches can
be followed if o # 1 because of the presence of the non-autonomous term |2|*~!. In the
present paper, we find a clever change of variables which allows us to get rid of this term
and to reduce the linear problem (1.15) to a classical Steklov eigenvalue problem defined
on a Lipschitz continuous bounded domain in the plane. More precisely, we proceed
as follows. First, using a conformal change of variables, we rewrite (1.15) on a cone (see
(3.2)) so that the boundary condition does not contain the non-autonomous term anymore.
Then, using a conformal Mobius map, we rewrite (1.15) as the Steklov eigenvalue problem
(see (1.12)) with p = pe. Finally, we conclude the proof of Theorem 1.2 by showing that
Lo is a simple eigenvalue.

It is interesting to compare Theorem 1.1 with similar results in higher dimension. Equa-
tion (1.1) is a one-dimensional analog of the celebrated Liouville equation

—Au = [z D, (1.17)

which was introduced by Liouville [32] with a = 1. Solutions to (1.17) with |z|>(*~1) ¢
L'(R?) were classified by Chen and Li [10] for o = 1, and by Prajapat and Tarantello
[36] for a general o > 0. Non-degeneracy of solutions was proved by Baraket and Pacard
in [7] for a = 1, Esposito in [21] for o € (0,400) \ N and del Pino, Esposito and Musso
in [18], for & € N\ {0}. We also quote the paper [27], where Gladiali, Grossi and Neves
studied the Morse index of the solution of (1.17) showing that it changes and increases
whenever « crosses an integer value. In recent years, Liouville equations have been studied
also in dimension n > 3 in connection to problems involving higher order notions of
curvature such as prescribed Q-curvature or prescribed fractional curvature problems (see
e.g. [28,29, 19]). In particular in [29], Hyder, Mancini and Martinazzi consider the
problem

(=A)zu = |z|M @ Demrt in R™ (1.18)
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with
/ |z e dg < 4o0.

If o = 1, solutions satisfying u(z) = o(|z|?) as |z| — oo are completely classified (see
[41, 33] and non-degeneracy has been proved when n is even (see [6, 34]). However, there
are also solutions to (1.18) which behave at infinity as a quadratic polynomial (see [31, 9]).
The singular case is more difficult to study. Differently from the 1d-case and 2d-case, if
n > 3 and a # 1, there is no explicit example of solution to (1.18). However, in [29] it
is proved that for any a > 0, (1.18) has a radially symmetric solution with logarithmic
behavior at infinity and infinitely many radially symmetric solutions with polynomial be-
havior at infinity. To our knowledge no non-degeneracy result has been obtained so far.

We point out that the one-dimensional case that we treat in Theorem 1.1 is the only one
in which a restriction on « appears. Moreover, Theorem 1.1 is the first classification result
for the linearization of (1.18) with a # 1 in odd dimension, which makes (1.18) non-local.
Non-degeneracy results for non-local problems are extremely delicate to obtain. For sake
of completeness we quote some results concerning the non-degeneracy of solutions in the
fractional framework. The non-degeneracy of solutions to the non-local critical equation

n+2s
(—=A)°u =un—2s in R"
was studied by Dévila, del Pino and Sire in [15]. In the subcritical regime, i.e 1 < p <
the non-degeneracy of least energy solution

(=A)’u~+u =u” in R",
was completely achieved by Frank, Lenzmann and Silvestre in [25], after preliminary works
in particular cases discussed by Fall and Valdinoci [22] when s is close to 1 and by Frank
and Lenzmann [24] when n = 1. The non-degeneracy of minimizers for the fractional
Caffarelli-Kohn-Nirenberg inequality, which after multiplication by |z|~¢ are solutions to

(—A)*u+ T# = ||~ (Bpyp=1 ip R™

n+2s

n—2s’

with p = #&67@, T>0and —2s < a < ”*TQS and a < 8 < a + s, was obtained by
Ao, DelaTorre and Gonzélez in [5] (see also [16]), while the non-degeneracy of minimizers
for the fractional Hardy-Sobolev inequality, namely solutions to (i.e. 7 =0 and o = 0 in
the previous equation)
(=A)su = |z|PPuP~1 in R”
was obtained by Musina and Nazarov in [35] and to the critical fractional Hénon equation
N+4+2s+2a .
(—A)’u = |z|% ~¥-2s in R"

by Alarcon, Barrios and Quaas in [2].

The non-degeneracy result of Theorem 1.1 plays a role in the description of parameter-
depending problems in which concentration phenomena occur and in which (1.1) appears
as a limit problem. For example, we refer to [14, 20, 3, 4] for applications of (1.1) and
(1.14) to physical models for the description of galvanic corrosion phenomena for simple
electrochemical systems (see e.g. [17, 40] and references therein). We believe that 1.1 and
1.2 could be useful in the description of non-simple blow-up phenomena for such models.

Finally, we wish to point out that the argument used to prove our main result, can
also be applied to prove that the second eigenvalue of Steklov’s problem on the ellipse is
simple, as soon as the ellipse is not a circle (see Proposition 4.3). A similar result holds
true for the second eigenvalue of the Dirichlet problem [37] and for the Neumann problem
[38]. The result for the Steklov problem is widely expected, but since we did not find a
suitable reference we decide to write the proof here.
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This paper is organized as follows. In Section 2, we introduce the notation and we
recall some useful results. In Section 3, we introduce the changes of variable which allow
to reduce Theorems 1.1 and 1.2 to the study of a Steklov eigenvalue problem, which is
studied in Section 4 concluding the proof.

2. PRELIMINARIES AND CLASSIFICATION RESULTS

Throughout the paper we will denote

Li(R) = {u e LL (R) : /R l +oo}.

14 22

IfuelL 1 (R), then for any s € (0, 3] it is possible to define the fractional Laplacian (—A)
in the sense of tempered distribution by means of the Fourier Transform:

< (=8)u, ¢ >= /Ru@(—A)sw d¢,  where (~A)*p = FHE*F[y]]-

In particular, for a function f € Lj (R) we say that u € L} (R) is a weak solution to
(—A)zu = fif

[ut-ayio= [ o,

for any ¢ € C°(R). In particular, if uw € L1 (R) and (1.3) holds, then we say that u is a
2

weak solution to (1.1) if
1
[yt = [ jaften
R R
for any ¢ € C°(R).

We now state a result concerning regularity of weak solutions. We refer to [29] for the
proof.

Lemma 2.1. Assume o € (0,400) and let u € L%(R) be a weak solution to (1.1) such
that (1.3) holds. Then u € C®(R\ {0}) N C2P(R) for some B € (0,1).

loc

Condition (1.3) also allows to describe the asymptotic behavior of u as || — oo.
Lemma 2.2. Assume a € (0,400) and let u € L%(R) be a weak solution to (1.1) such
that (1.3) holds. Then there exist B > o and C > 0 such that

u(z) + Blnz|| < C,
for all x € R with |z| > 1.

We refer again to [29] for the proof. In fact, following the arguments of [29] one can
show that S = 2a. However, for our purposes here we only need the estimate of 8 > «.

To relate (1.1) with (1.14), we let

_1

T

denote the Poisson kernel for the half-plane R := {(z,y) € R? : y > 0}. For a function
uel 1 (R), we can define the Poisson extension of u as

Py(z)

Ute) = (s R)@) = 1 [ D i () e B2,

We recall the following standard properties of Poisson extensions:
Proposition 2.3. Assume u € Li(R).
2

(1) Ifu € C(a,b) for some a,b € R, a < b, then U extends continuously to (a,b) x {0}
and U(x,0) = u(z) for any = € (a,b).
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(2) If u € C**(a,b) for some s € (0,1) and a,b € R with a < b, then the partial
derivatives of U extend continuously to (a,b) x {0} and %—Z(z,()) = —(—A)%u(x)
for any x € (a,b).

1 1
(3) If (~A)hu € L2(R), then VU] € LA(R2) and [ VU] aqae) = (- A) ulloqe)

Lemma 2.4. Assume that u € L%(R) is a weak solution of (1.1) such that (1.3) holds.

Then the harmonic extension U = u * Py is a solution to (1.14). Moreover the following
properties are satisfied.

(1) U € C®(R%) UC(R%) and

/ lz|* "tV < 400 (2.1)
OR2
(2) Let B be as in Lemma 2.2. Then, there exists C > 0 such that
U(z,y) + Bln \/x2+y2‘ <C, inR%\ By(0,0). (2.2)
In particular
/ 220DV < 4o, (2.3)
w2

Proof. Thanks to Proposition 2.3, we just need to prove (2), which is a consequence of the

formula ) !
/ __ymjel d¢ =In/a? + y>. (2.4)
R

™ Jr (#—=8)? +y?
Indeed, (2.4) gives

1 1 1
Ul + o/ | < 1 [ UMD LI e oy L[ AUO LI

=& +y? 1 (@=8P+y?
where the last inequality follows from Lemma 2.2. Finally, we observe that if y/x2 + y2 >
2, then

T,y
@ 07 i =) - (€012 ) - el 2 52,
for any ¢ € [—1,1], so that
Y 4y 4
< < <2
(v =& +y? ~ a2 +y* = a2y T

Then

11 ylu(€) + BIn|¢]| 2 9 [l 5 A

T /1 (z— &2+ 42 d§ < ;HU”LI(—Ll) + 7T/1 |In ]| d€ = ;Hu||L1(_171) + —
This proves (2.2). Since f > a, we get (2.3). 0

Proposition 2.5. Assume o € (0,1)U(1,2). Let U € C(@) be a solution to (1.14) such
that (2.1) and (2.3) hold. Then, there ezists p > 0 such that U = U, where U, is defined

as in (1.13). Moreover, if a > 2, there is no solution to (1.14) which is continuous in R2.

Proof. Taking
V(z,y) =2U(z,y) + 2(a — 1) In /2% + 32

we see that V solves

AV =0in R2, 8,V =27 on 9R2 \ {0}, (2.5)
with
Vi(z
/ev(z)dz <400 and / ez < +o0. (2.6)
R2 OR%.
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Since U is continuous at 0, we further have
lim V(z,y)—2(a—1)Invz?2+y2="U(0,0). (2.7)
(z,y)—(0,0)

In [26] it is proved that all the solutions to (2.5)-(2.6) can be written in complex variable
as
4)\2’72|Z|2(7_1)

|27 — 2o|*

where p > 0, v > 0 and the parameters A > 0 and 6y must satisfy

V(z) =In , 20 = pe'. (2.8)

A = —psinfy and A = psin(fy — 77y), (2.9)

or
2

-
V() n|z]2|lnz—zo|’
where zy € C and Im(z) = 5. Since (2.7) holds, we must have that (2.8) hold and v = a.

Furthermore, in order to have V well defined on @, it is necessary that a = v € (0,2).
Since we are also assuming « # 1, (2.9) yields
T
00 = ? + .
Then we have proved that U is given by
1 <4a2 p?sin? 6,

Ulz,y) = 5 In ‘Za_peig()’z;) = Up(z,y)

for any (z,y) € RZ. O

As a straightforward consequence of Proposition 2.5 and Lemma 2.4 we get the following
classification result for (1.1).

Proposition 2.6. Assume a € (0,1)U(1,2) and let u € L1 (R) be a weak solution to (1.1)
2

such that (1.3) holds. Then there exists p > 0 such that u = u, where u, is defined as in
(1.7).

We now briefly discuss the equivalence of the linarized problems (1.8) and (1.15). Let
us fix p > 0 and @ € (0,1) U (1,2). To simplify the notation, in the following we write
u = u,, without writing explicitly the dependence on p. We consider the space

Hi={p € Liy(®) : [al*e"¢? € L'(R), (-A)ip € LR},
We observe that the condition |z|* te¥p? € L'(R) implies ¢ € Li(R). Indeed, we have
2

1
2
u 1 lo(z)] / -1 2 / 1 1
2 < o u
1 + x2 /‘ | m‘%le% 1422 — 2" et |zjo—Te (1 4 x2)?2 ’
R

R

N

where, since |z|% te% ~ Ix\%“ as |z| = +oo, |z|*te* ~ |2|*! as |z| — 0, and «a € (0,2),

/ 1 1 -0 /1 1 +/ 1 -
< — —a 0.
J z[e~tev (1 + 22)? _ |w[ot 2|1 |23

We now show that ¢ can grow at most logarithmically as || — 4o0.

Lemma 2.7. Assume that ¢ € H is a weak solution to (1.8). Then, there exists C1,Co > 0
such that |p(z)| < C1 4+ Coln|z| for any x € R with |x| > 1.
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o) =+ [ () e eomay

m |z — |

Proof. We define

Then

1 —1 u 1 a—1_u
v(z)| < ICHF/RIH(H?J)!?J\” Let®p(y) dy+W/R\lnlx—y|Hy! Le'®o(y)| dy.

By Holder’s inequality we have

[ 1+ et oty dy
; ;
< </ In*(1 + y) |yl e ¥) dy) (/ Iyla_leu(y)@Q(y)dy> :
R R
Moreover,

/ In |z — ][y e" @) ()] dy
|z—y|>1

el w y o1 u
<[yl e wle)ly+ [ ln(1+")>|yr 1640 ()] dy
lz—y|>1 l—y]>1 |z]

< ln!w\/R\yI“16“(y)|¢(y)!dy+/Rln(1 + [yl ly1* "W lp(y)l dy < C(1 + Inla]),

and

/| _ Iyl e o)l dy
T—Y|>

< (/ In® o — y[y|* @) dy>
lz—y|<1
1
2
gC(/ 1n2|a:—y|dy> <C.
lz—y|<1

We can so conclude that there exist Cq, Cy > 0 such that
lv(z)| < C1 + Caln|z|. (2.10)

[SIE
NI

( /| _ e 0) dy>
T—Y|>

In particular v € L%(]R). Moreover, v is a weak solution to (—A)%U = |z|*Le¥p. Since
h=¢—-uvis %—harmonic in R and h € L1(R), by Liouville’s theorem for the fractional
2

Laplacian (see e.g [23, Theorem 4.4]), we find that h is constant. Then the conclusion
follows by (2.10). O

Lemma 2.8. Assume that ¢ € H and let ® be the harmonic extension of p. Then, there
exists Cp,Cy > 0 such that

(2, y)| < Oy + Caln(z® +y°) V(z,y) € R\ Bi((0,0)).
Proof. Indeed, by Lemma 2.7 we know that
—C1 = CeIn €] < ¢(§) < Gy + CaInfg],
for any £ € R with || > 1. Then, the conclusion follows by formula (2.4). O

Let us now consider the linearized problem (1.15). We consider the space

H(R2) = {Z € LL.(R2) : |VZ| € L2(R2) and |z[2@ VeV 22 € Ll(Ri)} .
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We say that a function Z € H(R%) is a weak solution to (1.15) if

. VZ -Vx = /8R2 2o eV Zy, Vx e C?(@) (2.11)
i =

Remark 2.9. A function Z € H(R2) is a weak solution to (1.15) iff

VZ-Vy :/ 2|tV Zy, Vx € H(RI)NL®(R?). (2.12)
R% OR2
Proof. Assume that x € H(R2)NL>(R?). Let n be a cut-off function such that n =1 for
lz| <1, n e C(B2(0,0)), and 0 <n < 1. Given R > 0, consider the functions ng(x) =
n(%) and xgr(z) = x(z)nr(z). Then, xg € H'(Bar(0,0) NR%Y). A standard density
argument (see e.g. [1, Theorem 3.22]) shows that there exists a sequence of functions
Yn € C(R?) such that ¢, — xgr in H'(B2r(0,0) NR2). For any n € N, we have the
identity

vz-vu}n:/ |z|*" eV Zap,,.
R2 OR2

Using that ¢, — xr in H'(Bar(0,0) NR%) , we easily get

VZ-Vxe= [ el 2
OR2

2
R% 2

By dominated convergence, we have that
/ . lz|* eV Zxr —>/ ) lz|* eV Zy, as R — +oc.
OR2 OR%.
Moreover, we have that

V7. Vg = / (VZ-Vx)r+ (VZ - Vir)x,

R2

2
RY T

/2
R+

xby dominated convergence, and

with
(VZ-Vx)nr — / VZ-Vx, asR— +oo.
R

1

< Il e @2) IVl oo 2y 15 IVZ|

/ (VZ - Vnr)x
R

2
+

/]Riﬂ(BgR(O,O)\BR (070))

3
< 577||XHL°<>(R1)HV77||L°°(R2) (/ |VZ’2> — 0,
R%-m(BQR(Ovo)\BR(Ovo))

as R — +oo. O

N[

Remark 2.10. Using the changes of variables given in Section 3, one can actually show
that for any x € H(R%), faRi lz]*"teux? < co. Moreover, a function Z € H(RZ) is a

weak solution to (2.11) iff (2.12) holds for any x in H(R%).

Proposition 2.11. Assume that ¢ € H and let ® be the harmonic extension of ¢. Then
® is a weak solution to (1.15), and (1.16) holds.

Proof. By Proposition 2.3, we know that

[ vo-vx= [ ey vye cE®\ (0.0,
+

+

We use a cut-off argument to show that (2.11) holds. Fix x € 030(@), and let n €
C2°(B2(0,0)) be such that 0 < n <1 and n = 1 on B1(0,0). For any € > 0 we denote
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ne(z) = (1—n(2)). If x € C(R2), then x. := xn. € C°(R2 \ {0}). Then, for any & > 0,
we have
Vo . Vyx. = / lz|* eV Dy, .
RZ ORZ

Noting that Vx. = n:Vx + xV1. and that

1
< Il ua) [Vl [ vl
Rilﬁl(ng(0,0)\Bg (070))

1
3 2
< ||X||LOO(R1)||V77||L00(R2)\/ 57 (/ |V(I)|2> —0,
R? N(B2¢(0,0)\B:(0,0))

as ¢ — 0, we can use dominated convergence theorem, since 7. — 1 pointwise on @\
{(0,0)}, to get

/R2 (V@ - Vne)x

+

Vo - Vyx = / 2| eV Dy .
R% OR2.
Now (2.12) follows by Remark 2.9. Finally, we observe that (1.16) is a consequence of
Lemma 2.8 and Proposition 2.3. ]

Remark 2.12. Proposition 2.11 shows, in particular, that Theorem 1.1 follows by Theo-
rem 1.2.

3. PROOF OF THEOREM 1.2

In this section, we will transform our problem into an equivalent one via conformal
transformations. First, from the upper half-space to a cone, and then to a bounded
domain which will be determined by an intersection or union of balls depending on the
values of a € (0,1) U (1,2). In the cone we will obtain a linear problem with Neumann-
type boundary conditions which, in the bounded domain, will become a Steklov eigenvalue
problem. This will allow us to prove the main result of the paper.

For sake of simplicity we rewrite (1.13) as

2a|éo|

& l4cosam
2% = 2 '

with § =& + 2, <0, = = —
& sin arr

U(z) =In
3.1. An equivalent problem on a cone. Let us consider the cone
Co :={(rcosf,rsinf) : r>0, 0 €[0,ma)}. (3.1)
Let Fy : Ri — C, be the complex power z%, which using polar coordinates is written as
Fo(z,y) = (r“cosab, r“sinad), x =rcosf, y = rsinb.

It is known that F, is a conformal diffeomorphism between Ri and C,. A straightforward
computation shows that a function ® solves the linear problem (1.15) if and only if the
function ¢ = ® o F; ! solves the linear problem

—A¢=01n Cpy, 9,0 = V¢ on AC,, (3.2)

where

2|&|
(@ —&)*+(y—&)*
In fact, for sake of completeness we give a brief proof of the claim. If ® solves (1.15) for
any y € H(R%) N L>(R2), we have

/VCD -Vx = / |lz|* eV Dy
2

2
OR2

Wa(z,y) :==U (F;'(2,y)) —Ina=1n

(3.3)
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First, we point out that
/ Vo - Vydzdy
52

(setting & = rcosf, y = rsinf, ®(r,0) := ®(rcos,rsin ) and x(r,0) := x(r cos b, rsin 9))

= / / <rar<i>ar>z+iag<i>ae>z> drdf
0 0

. 4 2 1 ~ ~ 1
(setting p =%, v = ab, ®(p,7) := @ (pa : %) and X(p,7) = X (pa : %))

o0 aTm R 1 ~
= // <p8p®8p>~<+ (97@87)2) dpd-ry
0 0 P
(setting s = pcos7y, t = pcosy, ¢(s,t) := B(p,7) and v(z,y) := X(p,7))
= /V(Z)VUdsdt
Ca

Next, since on 8]1%3
eU(I,O) — 20[|£2| lf T 2 O,

(x> = &1)% + &)

and

20/|&a| ]
U(z,0) — (o<
‘ (|x]* cosam — &1)2 + (Jz|*sinam — &)2’ if 2 <0,

we also have

/ jz|* e Dy

2
ORZ:

206 ||z / 2al6s| |z
= Oy + ®
/ (el — &2+ &P X (2o cosar — €02 + &2 X
{(z,0):2>0} {(z,0):2<0}

_ 26| 7° 26|
- / (0 —&)%+ |&)? pudo + (ccosam —&)% + (osinar — 52)2¢Ud0
0 0

9. Ca 84Ca 8Co
because
0Cq :={(0,0) : 0 >0}U{(0cosma,osinma) : o > 0}. (3.4)
‘=0_Ca =0, Ca
Finally, we deduce that for any v € L>(C,) and thus, such that [ eWv? < 400, if v
satisfies o
/\VUF < +o0, (3.5)
Ca
then,
0= / VoVu — / eWeals:0 gy,
Ca 0Cq

that is, ¢ solves (3.2).
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3.2. An equivalent problem on a bounded domain. Let us consider the map
> —a* —y° 2(y§1 — x62) > 2
Gol(z,y :< , , (z,y) €R &L 3.6
N N My A e A L ey A A
Lemma 3.1. The function G, given by (3.6) satisfies the following properties:

(1) G is a conformal diffeomorphism between R?\ {¢} and R?\ {(—1,0)}.
(2) The Jacobian of G is given by (see (3.3))

JGQ($,y) _ 4‘£|2 ;= ‘£|2 €2Wa(x,y)' (37)
(x—&)2+(y—&)?»° &P
(3) The image of the cone (3.1), i.e., Go(Cq) is
Qo =92, NIT ifac(0,1) or Qu:=92, U2 ifac(1,2),

where
1+ cosar

_@f = {(:c,y) eR? : 224+ (1) <1 +7’§}, Ta = — (3.8)
Ga
an —— aNT
% \ ae(0,1)
Ga
an — D2V Dy
F\ ae(l1,2)
e
Proof. First of all, we remind that % = 7, and % = /1472
Now, (1) follows from the complex representation of G, as
z+€
G = =— .
la9) = g(:) = =222
Property (2) follows from a direct computation:
4l¢°
IGa(z,y) =19 (2)]” = :
o8 ) =l = g
To prove (3), first we note that if I, := {(z,y) € R? : —xsinma + ycoswa < 0}, the
cone is given by
Co=II,NRY, if0<a<l and Cu=I,URY, ifl < < 2. (3.9)
The claim follows once we prove that
Go(R3) = 2, and G,(Il,) = 2. (3.10)
Next, we observe that G, maps the boundary of the half-spaces Ri and II, into the
boundary of the two disks of radius % centered at the points % and —%, respectively.
Indeed a direct computation shows that
a\['_@re’+8  dae g g P
G (az,O)Jr(O, = - +25 =142 = =, for any x € R,
‘ “ &2 (z—&)?+& (@-&a)2+& & 3 5
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and )
2 2
Gao(rcosma,rsinma) — <O, §1) :1—|—% = %, for any r > 0.
&2 13 2
Finally, we point out that G, maps the point & at co. Moreover & ¢ Ri because & < 0

and & ¢ 11, because

1+ cosam

=& sinma + £ cosma = &9 <— sin Ta 4 cos 7TO£> =& > 0.

sin

Therefore, by (3.9) together with the fact that G, maps the boundary of the half-spaces
into the boundary of the disks, we deduce (3.10).
O

Let ¢(z,y) = ¢ (G;'(z,y)). Thanks to Lemma 3.1 we see that ¢ solves the linear
problem (3.2) if and only if 4 is a solution to the Steklov problem

A =01in Qa, O = ¥ in 0. (3.11)

1

For the sake of completeness, let us prove the claim. If ¢ solves (3.2), for any v € L>®(C,)

satisfying (3.5), it holds
0= / VoVu — / eWal(s:0) gy,
Ca

0Cq

We set T = v oG, On the one hand, via the change of variables G;!(x,y) = (s,t)
(taking into account that G, is a conformal map), we have

/Vgi)(s,t) -Vu(s,t)dsdt = /det(DGgl)(x, y)Vo (G;l(x,y)) - Vv (Ggl(:z, y)) dzdy
Ca a
= / DG, (@, y)Ve (Go ' (w,y)) dGy (z,9) - Vo (G (w,y)) dady
Qa

= [ Vi(z,y) - VY(z,y)dzdy.
Qa

On the other hand, we can assert that

/qu(s,t)-VU(s,t)dsdt: / eWalst) gy 4 / eWalst) gy
Ca

8_Ca 8+Ca
__! / WY 4 —— / oT
V1472 V1472

095 NNy, 025 NNy

1
because of (3.7), (3.8), (3.4) and
Go (Co) = Quy, Go (04Co) = 02N0Q, and Gy, (0_Cy) = 02, N0,
Therefore,

0= [ VyVT - (3.12)
/

R
V1472

0
for any T € H'(,) N L%®(y). Since HY(Qy) N L>(€y,) is a dense subspace of H'(Q,),
(3.12) holds for any T € H'(Q4), namely 1 solves (3.11).
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3.3. Proof of Theorem 1.2: conclusion. It is immediate to check that p, =

V1472
is an eigenfunction of the Steklov problem (3.11) and also that

w(xa y) =,
is an associate eigenfunction.

In Section 4 and, in particular, in Proposition 4.1 (i.e. a € (0,1)) and Proposition 4.2
(i.e. a € (1,2)) we prove that p, is simple. Thus, using all the previous arguments, we
deduce that all the solutions to (1.15) are a scalar multiple of the function

|17 — (2% +y%)”

(2 +iy)™ — & — i&f*

P(z,y) = (o Gao Fo)(z,y) =
concluding the proof of Theorem 1.2.

4. ON THE SIMPLICITY OF THE EIGENVALUE OF THE STEKLOV PROBLEM

This last section is devoted to the study of the Steklov eigenvalue problem (3.11) and, in
particular, to proving the simplicity of a given eigenvalue, which will allow us to conclude
the proof of Theorem 1.2, as anticipated in Section 3.3. We also include a more general
result showing that the second eigenvalue of the Steklov problem is always simple, when
it is posed on an ellipse with different axes. For simplicity of notation, we omit here the
underscore index a. Let us consider the disks 2% as defined in (3.8), and denote by
either their intersection or their union, i.e.,

N=9"NZ or Q:=2TUT,
whose boundary is
o=~y unyT,
where
vEi={(z,y) €00 ¢ ¥+ (y£T)P=1+77}.
Let us also consider the Steklov eigenvalue problem

Au=01in , d,u = pu on . (4.1)
A direct computation shows that u = Ui san eigenvalue and an associate eigenfunction

is u(z,y) = x. We will show that u is simple.

We have to distinguish two cases corresponding to {2 being the union or the intersection
of the two disks:

Proposition 4.1. IfQ := 2T N2, then p = ——— is the second Steklov eigenvalue of

1472

(4.1), and it is simple.

Proof. First of all, we prove that p is exactly the second eigenvalue using the lower bound
found by Kuttler and Sigillito in [30]. More precisely, we observe that the domain (2 is a
piecewise smooth bounded domain with two axes of symmetries whose boundary 02 can
be represented as

y = +g(z), g(z) = (\/1+T2—x2—7), —1<z<1,

or

\/1+72—(y—|—7')2 ifo<y<vV1+712—71,
\/1—}-72—(y—7')2 if —V1i+7124+7<y<0.

Therefore the second eigenvalue Ay must satisfy

s max{ max (o)1 +Ig@F,  max )T+ If’(y)|2} = Vit

z==xf(y), fly)=

2 0<z<1 0<y<V1+72—7
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because straightforward computations show that

max g()v/T+ /() = VI+72 -7,

o<z
and
max FOVI+ |/ (W))7?=V1+712
Lo JVIFTPWP = V
Since p = ﬁ, it must be the second eigenvalue.

Finally, we prove that it is simple. Assume ¢ is an eigenfunction associated with p. Since
p is the second eigenvalue, we know that the nodal line of ¢ is an axis of symmetry (see
[30]). Without loss of generality, we can assume that ¢ is positive in the first quadrant.
Therefore two cases can be distinguished.

(i) ¢ is even in = and odd in y and its nodal line is the z—axis. Then ¢ solves the
mixed Dirichlet-Neumann-Steklov problem

Ap=0in D :={(z,y) €Q : >0, y >0},
1
Opp=———ponlg:={(zx,y) €9 : >0, y>0},
o= v onls {(z,9) y >0}
p=0onTp:={0<z<1,y=0},

8,,g0:OonFN::{x:0, Ogygm—r}.

We test this problem by the function v(z,y) = y, and we get

1 1
0= v0,0 — 8yvdaz/ da—/ + 7)wdo,
/( @ — pOyv) WFW mp(y )¢
S S

oD

which leads to contradiction since 7 # 0 and ¢ > 0 on I'g.
(ii) ¢ is odd in x and even in y and its nodal line is the y—axis. In particular, it satisfies
an orthogonality condition with the eigenfunction u(x,y) = x, which reads as

0= / 2oz, y)do = 4 / ol y)do.

N Ts
Hence we deduce that ¢ must change sign on I'g and a contradiction arises.
That concludes the proof. ]
Proposition 4.2. If Q:= 92T U%~, then =
of (4.1), but it is simple.

is not the second Steklov eigenvalue

1
Vitr?

Proof. First of all, we point out that p is not the second eigenvalue, because by the
isoperimetric inequality (see [30, 42])

27 1

A< e ——— =y,

L 7241 .
where L is the length of 0€). The proof carried out in the previous case cannot work in
this framework. We will use a different argument.
Let u be an associated eigenfunction to u. First of all, we point out that since the domain
D has two axes of symmetry, every eigenfunction u can be assumed to have one of these
symmetries (see [30]):

(i) u is even-even if u(x,y) is even in both z and y,

(i) w is odd-even if u(x,y) is odd in z and even in y,
(iii) w is even-odd if u(x,y) is even in z and odd in y,
(iv) u is odd-odd if u(z,y) is odd in both z and y.
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We are going to show that the nodal lines of © must coincide with one of the axes of
symmetries. Assume u has a nodal line I'p which is not entirely contained in the axes of
symmetries. We choose a connected component N of the set {(z,y) € D : wu(z,y) > 0}
whose boundary is ON := I's UI'p where I'g is the part of the boundary of D where u
satisfies the Steklov boundary condition. We also observe that, up to a change of sign,
the function u solves the problem

Ay =0in N,

Oyu = pu on I'g,
o (4.2)
u=01inI'p,

u>01in N.
We consider the function w(x,y) = x which solve the Steklov problem in the domain D,
i.e.,

Aw=0in D, d,w = pw on 0D := 02T UOZ".

Next, we test problem (4.2) by the function ¢, and we get

0= /(u&,w — woyu)do

ON
= /(u&,w — wdyu)do + /(u@,,w — wdyu)do,
I's I'p
=0
which implies
/:p&,uda = 0. (4.3)
I'p

Now, Hopf’s Lemma ensures that d,u(z,y) < 0 on I'p, because u > 0 in N and u = 0
on I'p. If T'p is entirely contained in the set {(x,y) € D : x > 0}, by (4.3) and Hopf’s
Lemma a contradiction immediately arises. As this happens for sure when « is odd-even
or odd-odd, since u vanishes on the y—axis, we exclude those possibilities. When u is
even-odd or even-even instead, it may happen that the nodal line I'p crosses the y—axes,
but in this case using the symmetry (namely the eveness in the x variable), we get

/xayuda = / x0,udo + / rd,udo = 2 / x0,udo > 0,

I'p I'pn{z>0} I'pn{z<0} I'pn{z>0}

and again a contradiction arises by Hopf’s Lemma.

Therefore, the nodal line of u must coincide with one of the axes of symmetries. We can

assume that u is positive in the first quadrant. We will show that « is a multiple of x.
Let us denote I'y := Q, N {(¢,0) : t € R, >0} and I'y := Q, N {(0,¢) : t € R, ¢t > 0}.

We have to distinguish two cases.

(i) if w = 0 on I'y then u has to be even-odd. In fact, if it were odd-odd, it should
vanish on both axes, but this is not possible because of the previous discussion.
Moreover, if it is even in the y—variable, the partial derivative 9,u vanishes on I'y
so that Vu = 0 on I'y and this is not possible because because of Hopf’s Lemma.
Finally, we get a contradiction arguing as in (i) of Proposition 4.1.

(ii) if w = 0 on I'y then u has to be odd-even. In fact, if it were odd-odd, it should
vanish on both axes, but this is not possible because of the previous discussion.
Moreover, if it is even in the x—variable, the partial derivative d,u vanishes on I'y
so that Vu = 0 on I'y and this is not possible because of Hopf’s Lemma. Now, we
can prove that u cannot be orthogonal at the eigenfunction z arguing as in (ii) of
Proposition 4.1.
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That concludes the proof.
O

Finally, we apply the argument used in the proof of Proposition 4.1 to prove the sim-
plicity of the second eigenvalue for the Steklov problem in an ellipse.

Proposition 4.3. Let Q := {(z,y) € R? : a%2? + b?y* =1} . The second eigenvalue of
the Steklov problem is simple if a # b.

Proof. Without loss of generality, we can assume b < a. Therefore, if u denotes the second
eigenvalue, it satisfies the following lower bound (see [30])

p > min{a, b} = b. (4.4)

Now, assume ¢ is an eigenfunction associated with u. Since p is the second eigenvalue

we know that the nodal line of ¢ is an axis of symmetry. Without loss of generality, we can
assume that ¢ is positive in the first quadrant. Therefore two cases can be distinguished.

(i) ¢ is even in x and odd in y and its nodal line is the x—axis. Then ¢ solves the
mixed Dirichlet-Neumann-Steklov problem

Ap=0in D :={(z,y) €Q : >0, y >0},
Opp=pponlg:={(z,y) €0 : >0, y>0},
p=0onTp:={0<z<1/a,y =0},
Op=0onTy:={z=0, 0<y<1/b}.

We test this problem by the function v(z,y) = y, and taking into account that

b2y
8yv:\/2 P 62)201189,
a? —b*(a® — by
we get
b2
0= v0,0 — I,V daz/ - do
aé( © — pO,v) . Yo <u \/a2_b2(a2_b2)y2>
S
b2
> - do >
=" ()Snylg}lc/b\/aQ—bQ(a?—bQ)y2 /yapa_O

s

because of (4.4). Finally a contradiction arises since ¢ > 0 on I's.

(ii) ¢ isoddin x and even in y and its nodal line is the y—axis. Assume by contradiction
that there exist two eigenfunctions ¢ and o with such properties, then they have
to satisfy an orthogonality condition which reads as

0= /<P1SDQdU —4/801@2610,
o0 I's

where I's := {(z,y) €9Q : >0, y>0}. Hence we deduce that ¢1¢2 must
change sign on I'g and a contradiction arises.

That concludes the proof. O
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