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We employ tensor network renormalization to explore the dynamical spectra of the easy-axis
triangular-lattice antiferromagnet (TLAF) in a magnetic field. Our analysis identifies two distinct
low-energy magnon excitations: a gapless Goldstone mode and a gapped mode. At zero field, the
spectra display two nearly degenerate roton modes near the M point. With the increase of the
magnetic field within the Y-shape superfluid phase, these modes diverge, with the roton excitation
vanishing from the Goldstone mode branch, suggesting that the roton dip in this mode may just re-
sult from the energy-level repulsion imposed by the roton excitation in the gapped mode. Moreover,
the in-plane spectral function shows substantial weight in high energies in the same spin excitation
channel where the low-energy roton excitation appears. However, these roton excitations are absent
in the V-shape supersolid phase.

Introduction— The quest to understand supersolid-
ity, a remarkable state featuring both spatial order and
superfluidity, has captivated researchers across disci-
plines. Originating from the study of solid helium-4 [1],
this enigmatic phenomenon has extended its reach to di-
verse systems, including ultracold gases [2–7] and hard-
core bosons [8–12]. A promising avenue for exploring su-
persolidity lies in the easy-axis S=1/2 triangular-lattice
antiferromagnet (TLAF) [13–15], where the spin states
of magnetic ions mirror the occupancy states of lattice
sites by Bose atoms. The ground state of the easy-axis
TLAF, characterized by the spontaneous breaking of lat-
tice translation and spin rotational symmetries, bears a
resemblance to the supersolid state of Bose atoms.

Recently, this elusive supersolid phase has been ob-
served in the easy-axis triangular-lattice antiferromagnet
Na2BaCo(PO4)2, exhibiting a notable magnetocaloric ef-
fect [16]. Early thermodynamic measurements down
to 50 mK at zero magnetic field [17, 18] suggested
that Na2BaCo(PO4)2 might be a candidate material
for a quantum spin liquid (QSL). However, subsequent
research [19, 20] revealed that at around 150 mK,
Na2BaCo(PO4)2 undergoes a transition from paramag-
netic to antiferromagnetic state. Moreover, due to the
small exchange interactions in Na2BaCo(PO4)2, a mod-
erate magnetic field can drive it into a fully polarized
state. As a result, comprehensive inelastic neutron scat-
tering measurements [20, 21] have been conducted to
explore its complete phase diagram under applied mag-
netic fields, including the Y-shape, up-up-down (UUD),
V-shape, and fully polarized phases, where the Y-shape
and V-shape phases possess supersolid order. The syn-
thesis of other candidate materials for supersolid phases,
such as K2Co(SeO3)2 [22, 23], has also invigorated re-
search in this field.

Despite these advancements, there remains a gap in un-
derstanding excitations of supersolid states in the easy-

axis TLAF. While Na2BaCo(PO4)2 exhibits clear long-
range magnetic order at low-temperature [19, 20], the
recent neutron scattering experiments [21] have revealed
that, unlike the semiclassical spin wave theory predic-
tions, its low-energy excitation spectrum lacks sharp
magnon excitations and instead exhibits a broad con-
tinuum resembling deconfined fractional spinon excita-
tions, suggesting the possibility of proximate quantum
spin-liquid states [24]. Consequently, there is an urgent
need for further theoretical exploration to determine the
intrinsic nature of these spectral features and illuminate
the elusive phenomenon of supersolidity.

To address these challenges, we conduct a comprehen-
sive numerical investigation into the dynamical excita-
tions of the easy-axis TLAF in a magnetic field by the
tensor network method. We find that two sharp magnon
excitation modes emerge at low energy: a gapless Gold-
stone mode and a gapped mode. Furthermore, two nearly
degenerate roton or roton-like magnon excitation modes
at M point are observed. As the magnetic field increases,
the two nearly degenerate roton modes gradually sep-
arate, and the the roton mode from the lowest branch
with Goldstone mode transitions from a dip to a hump
shape, suggesting that the roton dip in this mode may
just result from the energy-level repulsion imposed by
the roton excitation in the second lowest branch. While
another roton excitation persists throughout the entire
Y-shape phase. Furthermore, the in-plane spectral func-
tion shows substantial high-energy spectral weight in the
same spin excitation channel where this roton excitation
appears, suggesting that the second branch of roton ex-
citation stems from the magnon-Higgs scattering mecha-
nism [25]. Finally, these roton excitations are absent in
the V-shape supersolid phase.
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FIG. 1. Zero-field spectral functions with two different
Lorentzian broadening factors η along two momentum paths.
(a) Schematic diagram of the Brillouin zone. (b) Magnetiza-
tion of LSWT as a function of anisotropic ratio Jz/Jxy, where
the red star is corresponding to Na2BaCo(PO4)2. (c-d) The
spectral functions with η = 0.004 meV (about 0.053 Jxy)
along Γ-K-M-K′-Γ′ and M1-Γ1-M-Γ2-M2, respectively. (e-f)
The spectral functions along two directions with η = 0.047
meV (about 0.62 Jxy), which is equal to the experimental en-
ergy resolution [21].

Model and method— We here consider the easy-axis
triangular-lattice antiferromagnetic XXZ model

H=
∑
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where ⟨ij⟩ runs over all the nearest-neighbor sites of the
two-dimensional triangular lattice, and Jz > Jxy. The
ground-state phase diagram of this model has been stud-
ied [14, 26]. As the magnetic field increases, as shown in
Fig. 2(a), the ground state of this model undergoes tran-
sitions through the Y-shape phase, up-up-down (UUD)
phase, V-shape phase, and fully polarized phase. Among
them, the Y- and V-shape phases are spin supersolid
phases [15, 16]. In this work, we adopt typical anisotropic
parameters Jxy = 0.076 meV, Jz = 0.125 meV and
gz = 4.645, which are believed to precisely describe the
supersolid material of the easy-axis triangular antiferro-
magnet Na2BaCo(PO4)2 [21]. Although the following

discussion focuses on a specific material, the outcomes
are applicable to other easy-axis triangular antiferromag-
nets that have the same phase diagram.
To simulate the spin excitation spectra of neutron

scattering experiment, we utilize the state-of-art tensor-
network method [27–31], based on the single-mode ex-
cited tensor network representation [32] and automatic
differentiation [33], to calculate the spin spectral func-
tion

Stot(k, ω) =
∑

α

Sαα(k, ω), (α = x, y, z),

Sαβ(k, ω) = ⟨0|Sα
−kδ(ω −H + E0)S

β
k |0⟩. (2)

This method has recently been successfully applied
to the easy-plane triangular-lattice antiferromagnet
Ba3CoSb2O9 [31], and quantitatively accounts for its
neutron scattering experimental results. Further details
on this method can be found in the Supplemental Mate-
rial (SM) and Refs. [30, 31].
In the calculation, the delta function is expanded by

a Lorentzian broadening factor η, which can mimic the
broadening effect by the instrument energy resolution in
neutron scattering experiment. It is crucial to distinguish
whether the low-energy continuum spectrum is intrinsic
or caused by finite instrumental resolution.
Results— Figure 1 shows the zero-field spin excita-

tion spectra with different Lorentzian broadening factor
η along Γ-K-M-K′-Γ′ and M1-Γ1-M-Γ2-M2. As shown in
Fig. 1(c) and (d), sharp magnon excitations are observed
along both directions in the low-energy excitation spec-
tra, consistent with the conventional expectations for the
low-energy excitations of magnetically ordered systems
but inconsistent with the low-energy continuum spectra
observed in recent neutron scattering experiments [21].
To account for this discrepancy, we investigated the ex-
citation spectra using a broadening factor of 0.047 meV
(about 0.62 Jxy), corresponding to the energy resolution
of recent neutron scattering experiment [21]. Under this
condition, as shown in Fig. 1(e) and (f), the spin ex-
citation spectra exhibit obvious low-energy continuum,
similar to the experimental results. Besides, we ana-
lyzed the variation of magnetization with anisotropy and
found that regardless of whether it’s easy-plane or easy-
axis anisotropy, the magnetization is always enhanced
as it deviates from the isotropic Heisenberg point (see
Fig. 1(b)). This indicates that magnetic anisotropies
tend to stabilize magnetic order rather than suppress
it, suggesting that Na2BaCo(PO4)2 is further away from
the U(1) Dirac spin liquid phase compared to the Heisen-
berg point. Therefore, these results suggest that the low-
energy continuum spectra observed in the experiment are
not intrinsic but likely caused by broadening effects due
to instrumental resolution or other factors.
Furthermore, we find that these two low-energy

magnon excitations can be distinguished by different
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FIG. 2. The dynamical spectral functions with η = 0.004 meV in the Y-shape supersolid phase. (a) The phase diagram of
the easy-axis TLAF. For Na2BaCo(PO4)2 with Jxy = 0.076 meV, Jz = 0.125 meV and gz = 4.645, the three critical points
are Bc1 = 0.42 T, Bc2 = 1.13 T, and Bc3 = 1.8 T, respectively. (b)-(d) The spectral function at zero field. (e)-(g) The spectal
function with B = 0.1 T. (b) and (e) show the total spectral functions Stot(k, ω), where the white lines denote the LSWT
results, and the red, yellow, and gray lines correspond to the lowest-energy three branches of magnon excitations obtained by
tensor network method, respectively. (c) and (f) show the in-plane spectral function S∥(k, ω) = Sxx(k, ω)+Szz(k, ω). (d) and
(g) are the out-of-plane spectral function S⊥(k, ω) = Syy(k, ω), which probes the Goldstone mode.

components of spectral function. As shown in Fig. 2 (d)
and (g), the lowest-energy magnon excitation (red curve)
predominantly appears in the out-of-plane spectral func-
tion

S⊥(k, ω) = Syy(k, ω), (3)

while the next lowest-energy magnon excitation (yellow
curve) mainly appears in the in-plane spectral function

(see Fig. 2 (c) and (f))

S∥(k, ω) = Sxx(k, ω) + Szz(k, ω). (4)

The out-of-plane spectral function represents transverse
fluctuations perpendicular to the xz-plane of magnetic
order. Therefore, it should exhibit a gapless Goldstone
mode at the K point. The reason why the lowest-energy
branch (red curve) shows a finite gap at the K point
is that the tensor network method introduces a trun-
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FIG. 3. Comparison of the spectral functions with η = 0.004 meV between the two supersolid phases and UUD phase. (a)-(b)
The spectral functions in the Y-shape supersolid phase at magnetic fields B = 0.1 T and B = 0.4 T, respectively. (c)-(d) The
spectral functions in the UUD phase with magnetic fields B = 0.5 T and B = 1.1 T, respectively. (e)-(f) The spectral functions
in the V-shape supersolid phase with magnetic fields B = 1.15 T and B = 1.2 T, respectively.

cation parameter D, which leads to a finite correlation
length of the ground state, resulting in a finite excita-
tion gap. Practical computations [28–31, 34, 35] have
demonstrated that this gap induced by finite D system-
atically decreases and gradually vanishes with increasing
D (see Fig. S2 in the Sec. II of SM), thereby satisfying
the Goldstone theorem. As shown by the white curves
in Fig. 2(b), LSWT predicts that there are two gapless
magnon excitations around K point [36], where the first
branch is the well-known Goldstone mode due to break-
ing the U(1) symmetry of the Hamiltonian Eq. (1), and
the second gapless mode is because the classical ground
state possesses an additional U(1) rotational symmetry
around the y-axis (where the spins are aligned in the
xz-plane) [36]. The second gapless mode only exists
within the linear spin-wave approximation. In the pres-
ence of quantum fluctuation or magnetic field, as shown
in Fig. 2(c) and (f), the ground state no longer exhibits
additional U(1) rotational symmetry around the y-axis,
and thus the second-lowest branch acquires a finite gap,

which is about 0.01 meV at zero field (see Fig. S2 of SM).

More importantly, the low-energy excitation spectrum
at zero field exhibits two nearly degenerate branches
of roton excitation modes (an elementary excitation
first seen in superfluid helium-4) with a minimum at
M point. It can be seen from Fig. 2(c-d) that these
two nearly degenerate roton excitation modes are one-
to-one connected to the lowest-energy Goldstone mode
and the second lowest-energy gapped mode at K point.
Besides superfluid helium-4, the roton excitation has
also been observed in the triangular antiferromagnet
Ba3CoSb2O9 [37, 38] and square-lattice antiferromag-
net [39]. There have been many theoretical attempts to
explain the origin of roton excitation, such as the frac-
tional spinon theory [40–43], vortex–antivortex pair [44,
45], avoid quasiparticle decay [46] and magnon-Higgs
scattering [25, 31, 47]. As shown in Fig. 2 (d), the roton
excitation in the branch of Goldstone mode (red curve)
stems from the out-of-plane fluctuation S⊥(k, ω). It
quickly separates from the second lowest branch and dis-
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appears with the increasing of magnetic field (see Fig. S4
(k-o)), suggesting that it arises from the energy-level re-
pulsion induced by the roton excitation in the second low-
est branch. While another roton excitation in the second
lowest branch (yellow curve) arises from the in-plane fluc-
tuation S∥(k, ω) (see Fig. 2 (c)), and it still persists in the
whole Y phase (see Fig. S4 (f-j)). Besides, the in-plane
spectral function shows substantial high-energy spectral
weight in the same spin excitation channel where this ro-
ton excitation appears, suggesting that the emergence of
the this roton excitation is more likely attributable to the
strong magnon-Higgs scattering mechanism [25] between
the in-plane transverse magnon mode and the in-plane
longitudinal Higgs mode.

To further demonstrate the existence of strong
magnetic-Higgs scattering in the supersolid phase, we
compare the excitation spectra between two supersolid
phases and the UUD phase near their phase boundaries.
In the UUD phase, since all spins of the ground state are
aligned collinearly, there are no three-magnon interac-
tion terms in the spin wave expansion, resulting in weak
coupling between transverse and longitudinal fluctuation
modes and, thus, no prominent continuum spectra (see
Fig. 3 (c) and (d)). However, once entering the super-
solid phases, the high-energy excitation spectra in the
two supersolid phases begin to become more diffusive.
The further away from the UUD phase, the more severe
the diffusion becomes (see Fig. 3 (a-b) and (e-f)). This is
because the spins of the ground state are non-collinearly
arranged in both the Y-shape and V-shape supersolid
phases, the three-magnon interaction term inevitably ap-
pears in the spin-wave expansion. This leads to strong
coupling between transverse magnon mode and longitudi-
nal Higgs mode, thereby resulting in continuum spectra.
In addition, we also note that the low-energy excitation
spectra in the V-shape supersolid phase do not exhibit ro-
ton excitations, indicating that roton excitations are not
a necessary condition for the onset of supersolid order,
unlike in traditional superfluid helium-4.

Discussion— This work presents a comprehensive
numerical investigation into the dynamical excitations of
the easy-axis triangular-lattice antiferromagnets under a
magnetic field, employing the tensor network method.
The study reveals that sharp magnon excitations emerge
at low energies, indicating that the observed low-energy
continuum spectra likely stem from broadening effects of
the instrumental energy resolution, especially when ex-
change interaction is weak. It reminds us to be very cau-
tious when a magnetic material with relatively weak ex-
change interactions exhibits low-energy continuum spec-
tra in neutron scattering experiments. The low-energy
continuum may not necessarily be a signature of frac-
tionalized spinon excitations, but could also be due to
broadening effects caused by other factors.

Moreover, we find two branches of roton excitations

at zero field. The roton excitation in the branch of
Goldstone mode is rapidly destroyed by the magnetic
field. Conversely, the roton excitation arising from in-
plane fluctuations remains stable throughout the entire
Y-shape phase under the influence of the magnetic field.
Further insights from the in-plane spectral function re-
veal a close connection between the roton excitations and
high-energy continuum spectra, suggesting that the ro-
ton excitations are caused by the mechanism of strong
magnon-Higgs scattering [25]. On the other hand, the
absence of roton-like excitations in the V-shape super-
solid phase suggests that it is not inherently linked to
the spin supersolid phase. These findings not only en-
hance our understanding of spin dynamics in TLAFs but
also provide new insights into the underlying mechanism
of supersolid states, paving the way for potential appli-
cations that leverage the novel properties of supersolid
states.
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I. TENSOR NETWORK METHOD

In this study, we employ the same infinite projected
entangled-pair state (iPEPS) as Ref. [R1] to represent the
ground state

|0⟩ = =
A

, (Q1)

where we group three sites on a triangle into one site, mak-
ing the original triangular lattice to a deformed square lat-
tice. Each local tensor A is composed of one physical index
of dimension d = 8 and four virtual indices of dimension
D, which controls the accuracy of the calculation. The lo-
cal tensor A can be determined by variational minimization
of the ground state energy via automatic differentiation tech-
niques [R2]. This wave function representation is compatible
with all ground states of the easy-axis triangular-lattice an-
tiferromagnetic XXZ model with a magnetic field, including
the Y-shape, V-shape, up-up-down and fully polarized states.

To calculate spectral function, we construct a set of excited
states |Φk(Bm)⟩ with a definite momentum k [R1, R3–R6],
which are orthogonal to the ground state by replacing a local
tensor A at site r of the ground state |Ψ(A)⟩ with a new tensor
Bm shown as follows

|m⟩ ≡ |Φk(Bm)⟩ =
∑

r

eik·r
r

Bm
. (Q2)

Then, we compute the effective Hamiltonian Heff
mn =

⟨Φk(Bm)|H|Φk(Bn)⟩ and the overlap matrix Nmn =
⟨Φk(Bm)|Φk(Bn)⟩ in this set of excited-state basis, and solve
their generalized eigen-equation to obtain the excited energies
{Em} and wavefunctions {|m⟩}. Finally, we can obtain the

∗ navyphysics@iphy.ac.cn
† txiang@iphy.ac.cn

FIG. S1. The spectral function of the fully polarized state at mag-
netic field B = 2.7 T. The white lines denote the LSWT results. The
tensor network results (solid squares) are obtained with bond dimen-
sion D = 4.

zero-temperature dynamical spectral function

Sαβ(k, ω) =
∑

m

⟨0|Sα
−k|m⟩⟨m|Sβ

k |0⟩δ(ω − Em + E0).

(Q3)

This method has been demonstrated to accurately obtain ex-
citation spectra of frustrated magnetic systems [R1, R4–R7].
Here, we also benchmark the excitation spectra of fully po-
larized phases as shown in Fig. S1, and observe perfect agree-
ment with the results from linear spin wave theory [R8], which
is the exact solution for a fully polarized state because the
fully polarized state does not involve quantum fluctuations.
All our calculations were carried out using bond dimension
D = 4 and Lorentz broading factor η = 0.004 meV if not
specified otherwise.

II. BOND DIMENSION DEPENDENCE OF THE TWO
LOWEST ENERGY GAPS

The antiferromagnetic XXZ model has a continuous U(1)
symmetry, and should have a gapless Goldstone mode accord-
ing to the Goldstone theorem. The reason why the lowest-
energy branch in our results has a finite gap at the K point
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FIG. S2. The lowest and second lowest energy excited gaps at the K
point as a function of the bond dimension D of iPEPS.

FIG. S3. The lowest (solid squares) and second lowest (solid circles)
energy excited gaps at the K (red) and M (blue) points as a function
of the magnetic field, respectively.

is because the tensor network method introduces a truncation
parameter, the bond dimension D, which leads to a finite cor-
relation length of ground state. Therefore, the excitation is
always gapped when the bond dimension D is finite, and be-
comes gapless only in the limit D → ∞ (namely, ξ → ∞).
Practical computations [R1, R4–R7] have demonstrated that
this gap induced by finite D systematically decreases and
gradually vanishes with increasing of D, thereby satisfying
the Goldstone theorem. As shown in Fig. S2, our tensor net-
work results indeed align with the expected outcomes. Both
low energy modes at K point gradually decrease with the in-
creasing of bond dimension D. More importantly, they con-
sistently maintain a nearly constant energy spacing of about
0.01 meV (see the blue curve in Fig. S2), indicating that the
second branch E2

K should have an intrinsic finite gap of about
0.01 meV in the limit D → ∞.

III. EVOLUTION OF EXCITATION SPECTRA IN THE
Y-SHAPE PHASE WITH MAGNETIC FIELD

Figure S4 illustrates the behaviors of the excitation spec-
tra in the Y-shape supersolid phase as a function of magnetic
field, where, as shown in Fig. 2(a) of the main text, the sys-
tem remains in the Y-shape supersolid state for magnetic fields
ranging from 0 T to 0.42 T. To distinguish the contributions of
different spin fluctuation channels, we also plot the spectral
functions Sxx, Syy , and Szz . Since the magnetic order lies in
the xz plane, Syy mainly exhibits the out-of-plane transverse
fluctuations, while Szz and Sxx mainly represent the in-plane
fluctuations. As shown in Fig. S4 (k-o), the lowest and third
lowest energy branches are primarily influenced by the out-of-
plane fluctuations, whereas the second-lowest energy branch
arises from the in-plane fluctuations, including the contribu-
tions from both the Sxx and Szz .

Furthermore, our tensor network results exhibit significant
downward renormalization of magnons compared to the re-
sults of linear spin wave theory (the white lines in Fig. S4
(a-e)). In particular, the emergence of roton minima at the
M point suggests the significant contributions of strong quan-
tum fluctuations. At zero field, the spectra display two nearly
degenerate roton excitation modes around the M point. As
the magnetic field increases, these modes are away from each
other (see Fig. S3), with the roton excitation vanishing from
the Goldstone mode branch, suggesting that the roton dip in
this mode may just result from the energy-level repulsion im-
posed by the roton excitations in the second lowest branch.
On the other hand, the second lowest energy magnon ex-
citations gradually shift to higher energies with increasing
magnetic field, but consistently maintain a roton minimum at
the M point. Moreover, the in-plane spectral functions (Sxx

and Szz) show substantial high-energy spectral weights in the
same spin excitation channel where the low-energy roton ex-
citations appear. This indicates the existence of strong hy-
bridization between in-plane transverse and longitudinal fluc-
tuations, suggesting that the second roton excitation may arise
from the hybridization of in-plane transverse and longitudinal
modes. This can be seen from Fig. S4 (f-j) and (p-t). As the
magnetic field increases, the spin alignment gradually orients
towards the z direction, leading to a gradual weakening of
the coupling between the in-plane transverse and longitudinal
modes. Consequently, the depth of the roton minimum also
gradually decreases.
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FIG. S4. The evolution of the dynamical spectral functions with magnetic field in the Y-shape phase. (a)-(e) The total spectral functions under
magnetic fields of B = 0.0, 0.1, 0.2, 0.3 and 0.4 T, respectively. The white curves denote the LSWT results. (f)-(j) The spin x-component
spectral function. (k)-(o) The spin y-component spectral function. (p)-(t) The spin z-component spectral function.
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