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To control the magnon transport in magnetic systems is of great interest in magnonics. Due to
the feasibility of electric field, how to generate and manipulate magnon with pure electrical method
is one of the most desired goals. Here we propose that the magnon spin current is generated by
applying time-dependent electric field, where the coupling between the magnon and electric field is
invoked via Aharonov-Casher effect. In particular, the magnon spin current is dominated by electric
field component which perpendicular to the magnetization direction. We apply our theory to 1D
ferromagnetic SSH model and show that the generated magnon spin current is closely related to
the band geometry. Our findings expands the horizons of magnonics and electric-control-magnon
mechanisms.

I. INTRODUCTION

Magnons, whose quanta are spin-1 spin waves, are the
collective excitations of ordered magnets [1]. Very re-
cently, magnon- based spintronics has attracted much at-
tentions due to distinguish advantages of magnons. The
charge neutrality, leading that spin current carried by
magnons does not incur Joule heating, as well as the
long coherence length, which hold huge potential to real-
ize low-dissipation devices [2–6]. The creation and con-
trol of magnon spin currents at the nanoscale are key
goals in spintronics and magnonics. Therefore, much ef-
fort has been focused on the thermal control on magnons
[7–20]. However, the thermal control is not easily accu-
rately controlled and sometimes even cumbersome. Con-
sequently, a desired goal is to generate and control the
magnon transport via electrical method. Nevertheless,
owing to the charge neutrality, there is not a direct cou-
pling between the magnons and the electric field, man-
ifests itself as an elemental obstacle. Recently, increas-
ing interest has been recently devoted to overcome this
difficulty. For example, it has been proposed that the
magnon spin current is generated by circularly polar-
ized light via a two magnon Raman process [21]. The
optical control of magnons is proposed making use of
the magnetoelectric coupling in multiferroic materials,
[22–24]. Particularly, the dc magnon spin photocurrents
has been predicted recently in collinear antiferromagnets
via the coupling between electric field and polarization
with a broken inversion symmetry [25]. Noting that the
dc magnon spin current is of difference frequency in re-
sponse to electric field or magnetic field. It is regarded
as a second-order term for which the signal could be rel-
atively small compare to the linear response (when the
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linear response is finite). Therefore, it is interesting to in-
vestigate the magnon response to electric field including
the linear-order.
Here we elucidate the characteristics of magnon spin

currents in magnetic insulator materials, by leveraging
Aharonov-Casher (AC) effect [26], a geometric phase the
magnons pick along the path in the presence of electric
field. We find that the effect of electric field perturba-
tion is described by dipole interaction between the effec-
tive electric field and the magnon position that mediated
by AC phase. By leveraging the obtained perturbation
Hamiltonian we solve the time-dependent Schördinger
for magnons which does not rely on a nonperturbative
expansion on electric field. We find that the magnon
spin current is determined by the transition probabil-
ity between different magnon bands, which is associated
with the nonadiabatic Landau-Zener tunneling [27–34].
In contrast to the charge or spin current carried by elec-
trons, the magnon spin current driven by electric field
is drastically different in the two cases. For the magnon
spin current in collinear ferromagnet (FM), the magni-
tude is sourced in the electric field component that per-
pendicular to the magnetization direction. On the other
hand, a nonzero magnon spin current requires the time-
varying driving electric field, while such constraint is ab-
sence for the charge current. Finally we propose 1D SSH
FM as possible candidates to realize the electric field
driven magnon spin current. Our results suggest that
collinear FM can serve as effective spin current genera-
tors and provide a promising platform to explore novel
magnonic effects.

II. A GENERAL DESCRIPTION

We consider the magnon transport driven by time-
dependent electric field and calculate the real-time
magnon spin current. In the presence of electric field,
a moving magnetic dipole moment (magnon) associated
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with the spin along z acquires a geometric phase called
the Aharonov-Casher (AC) phase [26]:

θij =
gµB

ℏc2

∫ rj

ri

(E(t)× êz) · dr. (1)

Where we suppose that the magnetization direction
is along z-direction, hence the magnetic moment of a
magnon is µ = −gµB êz, with µB the Bohr magneton
and g the Landé factor. It has been elucidated that the
AC phase is a special case of Berry phase [39], in par-
allel to the well-known AB phase. Starting from a spin
Hamiltonian, it has been shown that the electric field is
accounted for by introducing the canonical momentum
incorporated with an effective vector potential [40–42].
Here, we show that for collinear ferromagnet the single-
particle Hamiltonian of magnon takes the form of mini-
mal coupling (See Appendix. A for details):

HA(k, t) = H0(k − gµB

ℏc
Aeff(t)), (2)

where the effective vector potential is defined by

Aeff(t) =
1

c
E(t)× êz. (3)

Alternatively, the perturbed Hamiltonian Eq. (2) can be
written in form of an effective dipole interaction via an
unitary transformation (for details see Appendix.B)

HE(k, t) = H0 (k) +
gµB

c
E(t) · r, (4)

where H0 is the single-magnon Hamiltonian in crystal
momentum space. In Eq. (4) we introduce the effective
electric field via effective vector potential

E(t) ≡ −∂Aeff(t)

∂t
, (5)

which is in analogy with the electron dipole interaction
using magnetic vector potential. According to Eq. (3)
and Eq. (5), it is seen that the electric field E has to
be time-varying, otherwise the effective electric field E
as well as the effective dipole interaction are zero when
dc electric field is applied. Noting that the perturbation
Hamiltonian Eq. (4) of magnons presents a formal duality
to that of electron system with dipole interaction pertur-
bation. However, the effective vector potential Aeff does
not have a gauge freedom, in contrast to the magnetic
vector potential. The analogy between the electric field
perturbed Hamiltonian of magnons and that of electrons
are shown in Table. I.

We recall that the magnon eigenstates in an unper-
turbed crystal is H0 |un,k(t)⟩ = εn,k |un,k⟩. When
consider the electric field perturbation and make use of
the dipole Hamiltonian Eq. (4), the single-particle time-
dependent Schördinger equation is written as

iℏ∂t |Ψm,k0(t)⟩ = HE(k, t) |Ψm,k0(t)⟩ , (6)

TABLE I. List of the analogy between then dipole interaction
of magnons via Aharonov-Casher phase and that of electrons
via Aharonov-Bohm phase.

electron magnon

”Charge” e gµB/c

Vector potential A Aeff = 1
c
E × êz

Gauge freedom of A and
Aeff

✓ ×

”Electric field” E = − ∂A
∂t

E = − 1
c
∂E
∂t

× êz

Time constraint on E × ✓

where the general magnon instantaneous state in Bloch
representation is given by

|Ψm,k0(t)⟩ =
∑
n

Cmnk0(t)e
iγnk0

(t) |un,k(t)⟩ , (7)

with k0 = k(t = 0), and the subscript m in |Ψmk0
(t)⟩

denotes the initial condition Cmmk0
(t0) = 1. The phase

γ includes a dynamical and a geometric phase, which is
given by

γnk0
=

∫ t

0

dt1

[
εn(k0(t1)) +

gµB

c
E(t1) ·Ann(k0(t1))

]
/ℏ

(8)
in which Ann = i ⟨un,k(t)| ∇k |un,k(t)⟩ denotes the in-
traband Berry connection. Recently the nonlinear re-
sponse has been investigated at great length, it has been
discovered that the geometric nature of the wave func-
tions plays a significant role in the Landau-Zener tunnel-
ing [35–37]. In band insulators with PT symmetry, it has
been revealed that the spin current carried by electrons
is generated, which is raised by Landau-Zener tunneling
in strong dc electric field [38]. Inspired by the progress
in electron systems, we generate the tunnelling concept
to magnon transport. By inserting Eq. (7) and Eq. (8)
into he time-dependent Schördinger equation Eq. (6) and
making use of the initial conditions, we obtain (see Ap-
pendix. C)

i∂tClnk0
(t) =

gµB

ℏc
∑
m ̸=n

Eα|Aα
nm(k0(t))|ei argAα

nm(k0(t0))

× ei
∫ t1
t0

dt2∆mn(k0(t2))/ℏClmk0
(t),

(9)
where Aα

nm is the inter-band Berry connection and
∆α

nm(k) is introduced as ∆α
nm(k) = εn(k) − εm(k) +

gµB

c Eα(t)Rαβ
nm(k), Rαβ

nm(k) = Aβ
nn(k) − Aβ

mm(k) −
∂kβ

argAα
nm(k) is the magnon shift vector [25, 43], which

characterizes the spin polarization difference between two
magnon bands m and n, which shares a similar ex-
pression with the electronic shift vector in semiconduc-
tors [36, 44–46]. Making use of the canonical equations
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ℏk̇ = −∂HE/∂r, the acceleration of wave vector is given by

ℏk̇ = −gµB

c
E(t). (10)

By integrating Eq. (9) from t0 to t, we have

(
Cnmk0(t)e

−i argAα
mn(k0)

Cnnk0(t)e
i argAα

mn(k0)

)
= exp

[
−i
∫ t

t0

dt1
gµB

ℏc
Eα(t1)|Aα

mn(k0(t1))|
(

0 W (t1)
W ∗(t1) 0

)](
0
1

)
. (11)

where W (t1) = exp
[
i
∫ t1
t0
dt2∆mn(k0(t2))/ℏ

]
. In deriv-

ing Eq. (11) we used Eq. (10) and the initial conditions
Cmmk0

(t0) = 1. The probability of magnons with mo-
mentum k0 tunnelling from n-band to m-band is defined
as

Pnmk0(t) = |⟨m,k0(t) |Ψn,k0(t)⟩ |2 = |Cnmk0(t)|2. (12)

Noting that Pnmk0
(t) is gauge-invariant because of the

gauge-invariance ofAα
mn and Rαβ

nm. The of the z-direction
polarized magnon spin current is given as an expecta-
tion value of the magnon spin current operator for all
magnons in BZ, which is given by

Js
z =

∑
k0∈BZ

∑
n

ℏfn,k0 ⟨Ψn,k0(t)| Ĵs
k0,z(t) |Ψn,k0(t)⟩ ,

(13)
where fn,k0

= 1/(e−βεn(k0) − 1) is the Bose-Einstein dis-
tribution with the chemical potential set to zero (since

the magnon number is not conservative), Ĵs
k,z is the z-

direction polarized magnon spin current operator. By
use of the periodic boundary conditions, Eq. (13) can be
alternatively written as (for derivations see Appendix.
D)

Js
z = −

∑
n,m

∫
dk0

2π
fn,k0

∇k [εnm(k)Pmn(k)] |k=k0(t).

(14)
where εnm is introduced as εnm = εn − εm. In Eq. (14)
we use the identity Cmn = C∗

nm.

III. ELECTRIC FIELD DRIVEN MAGNON
SPIN CURRENT IN 1D SPIN CHAIN

A. Model Hamiltonian and formulation

To elucidate the emergence of the electric-field-driven
magnon spin current, we apply our theory to 1D ferro-
magnetic (FM) SSH model [47]. The spin Hamiltonian
of the 1D spin chain is written as

H = −J1
N∑
i=1

Si,A·Si,B−J1
N−1∑
i=1

Si,B ·Si+1,A−
∑
i

Ki(S
z
i )

2,

(15)

where J1 and J2 represent the exchange interaction in
the unit cell (intracellular) and between the two unit
cells (intercellular), respectively. The last term is the
easy-axial anisotropy term for the quantization z-axis,
where Ki is the axial anisotropy energy. From an in-
spection of the cross product form of Eq. (1), for nonzero
magnon spin current, a requirement is that the electric
field should have nonzero component perpendicular to
the magnetization direction. Another requirement from
the direct product form in Eq. (4) is that the electric
field should have nonzero component perpendicular to
the 1D spin chain. As shown in Fig. 1, where the 1D
spin chain and the generated magnon spin current is on
x-axis with the magnetization along z-axis, and the time-
varying electric-field is applied on y-direction.

E(t)

J1 J2

Js x

y

z

FIG. 1. Magnon spin current generated by ac electric field for
a 1D FM SSH model. The ac electric field with red arrow is
perpendicular to the spin chain and the magnetization axis.

The linear Holstein–Primakoff (HP) transformation
gives the magnon Hamiltonian with bosonic generation

(annihilation) operator (for A sublattice, a†A (aA); for B
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sublattice, a†B (aB)), which is expressed as

H =(J1 + J2 +K)S

N∑
i=1

(a†i,Aai,A + a†i,Bai,B)

− J1S

N∑
i=1

(a†i,Aai,B + a†i,Bai,A)

− J2S

N−1∑
i=1

(a†i,Aai+1,B + a†i+1,Bai,A).

(16)

In k-space it is given as H = Φ†
kHkΦk, where Φ† =

(a†k,A, a
†
k,B), and the single-particle Hamiltonian is

H(k) = ε0I +Re[f(k)]σx + Im[f(k)]σy, (17)

in which ε0 = (J1 + J2 +K)S, f(k) = −J1S − J2Se
−ika

with a being the lattice constant, and I, σx, σy being
the unit and Pauli matrix. The classical ground state
is identified by treating the quantum mechanical spins
as classical vectors and minimizing the classical ground-
state energy. According to Eq. (14), for 1D two bands
system, the expression of magnon spin current reduces
to

Js
z =

∫
dk0
2π

f+−,k0
∂k [ε+−(k)P−+(k)] |k=k0(t), (18)

where we introduce f+− = f− − f+.
Now we illustrate a symmetry consideration. The 1D

FM SSH model preserves the spacial inversion symme-
try, which is defined as PH(k)P−1 = H(−k),, with the
inversion operation P = σx. Under the spacial inversion,
the Berry connections satisfy Aα

mn(k) = −Aα
mn(−k), and

the shift vector transforms as Rαβ
mn(k) = −Rαβ

mn(−k).
However, the time-reversal symmetry (TRS) T is not
preserved. Instead, it respects to the effective TRS T ′,
which is a combination of the TRS T and a spin rotation
by π about the direction perpendicular to the quantiza-
tion axis, i.e., T ′H(k)(T ′)−1 = H(−k),which gives a con-
straint on the Berry connections Aα

mn(k) = Aα
nm(−k),

and the shift vector satisfies Rαβ
mn(k) = Rαβ

mn(−k). Com-
bining the inversion symmetry and the effective TRS, it
yields Rαβ

mn(k) = 0. As we will discuss below, nontriv-
ial effect is associated with finite Rαβ

mn owing to broken
inversion symmetry.

B. Electric field driven magnon spin current

For a 1D infinite system, the topological properties in
the momentum k-space are often described by the Zak
phase φZak(n) =

∫
BZ

Anndk. For the magnon Hamil-
tonian Eq. (17), a topological phase transition occurs
at a critical ratio J1/J2 = 1 accompanied by energy
gap closing [47], which distinguishes the topological triv-
ial phase (J1/J2 > 1) and topological nontrivial phase
(J1/J2 < 1).

0 1 2

t(ps)

0

0.5

1

P
−+

k
0
(t

)

(a)

0 1 2

t(ps)

−2

−1

0

1

J
s z
(h̄
/p

s)

(b)

−2π −π 0 π 2π

k(nm−1)

0

2

4

ε ±
(m

eV
)

(c)

−2π −π 0 π 2π

k(nm−1)

0

0.5

1

|A
−+
|

(d)

FIG. 2. Magnon Landau-Zener tunneling in 1D FM SSH
model with both effective TRS and inversion symmetry. The
solid (dashed-dot) line corresponds to the ratio J1/J2 = 1.5
(J1/J2 = 0.5) which is topological trivial (non-trivial ). (a)
Tunneling probability P−+k0 for wave vector k0 = −2π as
a function of time, for which the electric field is switched
on at t = 0. (b) The magnon spin current. (c) The band
dispersion. (d) The absolute value of the interband Berry
connection A−+. The dashed vertical lines in (c) and (d)
show the wave vector k where the band gap is locally mini-
mum, for that in (a) is the corresponding t(k). Parameters
are J2 = 1meV, K = 0.4meV, kBT = 1meV, tc = 10−9ps,
a = 1nm, E0 = 1.5× 104V/nm.

For simplicity, we consider the time-dependent elec-
tric field which linearly increase with time, yielding a
constant effective field E . The time-dependent electric
field is written as E(t) = E0t/tc, with a characteris-
tic time t0, and we have E = E0/ctc. The time evolu-
tion of P−+k0

(t) is depicted in Fig. 2(a). It is seen the
tunnelling probability P−+k0

(t) for both of the topolog-
ical nontrivial phase J1/J2 = 0.5 and the trivial phase
J1/J2 = 1.5 show sharp change at the time point of tg1 ,
tg2 (dashed lines) that corresponding to the locations of
gap k = k0(tg1) = −π, k = k0(tg2) = π (as displayed
by Fig. 2(c)), as a typical manifestation of the Landau-
zener tunnelling. The derivative of P−+k0

(t) is written as

Ṗ−+k0
(t) = 2Cnmk0

(t)Ċnmk0
(t). Combining to Eq. (9), it

is found that Ṗ−+k0
(t) scales with |A−+(k)|. We show

|A−+(k)| for the topological trivial and nontrivial phase
in Fig. 2(d). It is seen that |A−+(k)| vanishes around the
location of gap for the topological phase, this explains
the a pair of peaks of P−+k0

(t) around tg for the topo-
logical trivial case in Fig. 2(a). We depict the evolution
of the magnon spin current Js

z in Fig. 2(b). It is seen
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that Js
z for both of the topological trivial and nontriv-

ial case show an oscillating behavior. This is because
that the Hamiltonian H(k(t)) is time-periodic with pe-
riod T = 2πℏc/(gµBEa), which is in analogy with the
Bloch oscillation of the electrons [38].

C. Nonreciprocal magnon transport

Noting that the magnon spin current calculated above
is reciprocal owing to the inversion symmetry. When the
inversion symmetry is broken, the nonreciprocal trans-
port behaviour is expected. The nonreciprocal phenom-
ena of electron transport in noncentrosymmetric system
have been extensively studied [48–50], recently it has
been shown that the electron transport nonreciprocity
is associated with Landau-Zener tunnelling [36]. In a
noncentrosymmetric magnetic-ordered state, such non-
reciprocity should be also expected for magnons [51–53].

0 1 2

t(ps)

0

0.5

1

P
−+

k
0
(t

)

(a)

0 1 2

t(ps)

-1

0

1

∆
J
s z
(h̄
/p

s)

(b)

0 2

−1
0
1

FIG. 3. Magnon Landau-Zener tunneling in 1D FM SSH
model with broken inversion symmetry. (a) Tunneling proba-
bility P−+k0 for wave vector k0 = −2π as a function of time,
for which the electric field is switched on at t = 0. The
solid (dashed-dot) line corresponds to the ratio J1/J2 = 1.5
(J1/J2 = 0.5) which is topological trivial (non-trivial ),
the red (purple) line corresponds to E0 = 1.5 × 104 V/nm
(E0 = −1.5 × 104 V/nm). (b) The nonreciprocal magnon
spin current ∆Js

z as a function of time. The inset shows the
magnon spin current Js

z (+E) and Js
z (−E) with forward and

reverse electric field applied, respectively. The on-site energy
m = 0.1 meV, other parameters are same as that in Fig. 2.

Now we investigate the possible magnon spin current
nonreciprocity in the 1D FM SSH model. We add an
onsite energy for the A and B sites of m and −m respec-

tively, it would introduce a term Hm = m
∑N

i=1(a
†
iai −

b†i bi), which breaks the inversion symmetry. Conse-
quently, the single-particle Hamiltonian would add a σz
term, which is written as Hm = mσz. In Fig. 3(a) we de-
pict the tunneling probabilities of the topological trivial
and nontrivial phase for wave vector k0 = −2π as a func-
tion of time. It is seen that the both of tunneling proba-
bility for the topological trivial and nontrivial phase split
owing to the broken inversion symmetry. Consequently,
we see the split of Js

z (+E) and Js
z (−E), as shown in

the inset of Fig. 3(b), resulting to the nonreciprocity of

magnon transport, which is defined by the nonrecipro-
cal magnon spin current ∆Js

z = Js
z (+E)− Js

z (−E). The
nonreciprocity shows up for both the topological trivial
and nontrivial phase once the electric field is applied,
as shown in Fig. 3(b). As mentioned, breaking of inver-
sion symmetry leads to finite shift vector Rmn(k), which
yields the nonreciprocity.

IV. CONCLUDING REMARKS

In summary, we investigated the magnon spin cur-
rent driven by time-varying electric field. The magnon
spin current arises due to the effective dipole interac-
tion between magnon and electric field. By solving time-
dependent Schördinger equation the magnon response is
considered nonperturbatively. There are two distinct re-
strictions on the electric field to obtain finite magnon
spin current: the first is that the direction of electric field
should be perpendicular to the magnetization axis, the
second is the electric field need to be time-varying. We
applied our theory to 1D ferromagnetic SSH model with
linearly increasing electric field applied, and observed a
time-varying magnon spin current, as expected. Different
topological phases are characterized by inter-band Berry
connection and manifest in Zener tunnelling processes.
By adding a on-site energy, it is found that the nonre-
ciprocal magnon transport arises due finite magnon shift
vector with broken inversion symmetry.

Noting that in this study we restricted the discussion
within collinear ferromagnet. Notably, other magnetic
states such as antiferromagnetic, spiral, chiral states po-
tentially have different advantages such as faster response
[54], it is worthy pointing out that our theory can be di-
rectly generalized to more complicated magnetic states,
which deserves a further study.
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Appendix A: Magnon Hamiltonian and electric-field
perturbation

1. Linear spin-wave theory

Here we rewrite the general two-body spin interaction
Hamiltonian,

H =
1

2

L∑
i,j

N∑
n,m

∑
αβ

Sα
i,nH

αβ
nm(i− j)Sβ

j,m, (A1)

By setting a global (reference) coordinates (x̂, ŷ, ẑ), the
local coordinates (spherical coordinates) of each spin re-
late the global coordinate through

Si,n = Rn(θi, ϕi)S0. (A2)

The classical ground state is identified by treating the
quantum mechanical spins operators as classical vectors
and minimizing the classical ground-state energy. The
magnons are the usual low-energy excitation in ordered
magnets, which is considered via the Holstein-Primakoff
transformation in local coordinates [55, 56]

Sθ
i,n =

√
S

2
(ai,n + a†i,n), Sϕ

i,n = −i
√
S

2
(ai,n − a†i,n),

Sr
i,n = S − a†i,nai,n.

(A3)
and we obtain

Sα
i,n =

√
S

2
ûnai,n+

√
S

2
û∗
na

†
i,n+ ẑn(S−a†i,nai,n), (A4)

In which α = x, y, z, the coefficients ûn and ẑn are re-
lated to the relative rotation between the global and local
coordinates, that are explicitly written asuxnuyn

uzn

 =

cos θn cosϕn + i sinϕn
cos θn cosϕn − i sinϕn

− sin θn

 ,

zxnzyn
zzn

 =

sin θn cosϕn
sin θn sinϕn

cos θn

 .

(A5)

Expanding the coupling interaction, we obtain

Sα
i,nS

β
j,m =

1

2
uα∗n a†i,n(u

β
maj,m + uβ∗m a†j,m)

+
1

2
uαnai,n(u

β∗
m a†j,m + uβmaj,m)

−zαnzβm(a†i,nai,n + a†j,maj,m).

(A6)

By inserting Eq. (A6) into Eq. (A1), we have

H =
∑

i,j,n,m

Anm(i− j)a†i,naj,m

+
1

2

∑
i,j,n,m

[
Bnm(i− j)a†i,na

†
j,m + h.c.

]
+ 2

∑
i,n,m

Cnma
†
i,nai,n.

(A7)

In which

Anm(i− j) =

√
SnSm

2

∑
αβ

uα∗n Hαβ
nm(i− j)uβm,

Bnm(i− j) =

√
SnSm

2

∑
αβ

uα∗n Hαβ
nm(i− j)uβ∗m ,

Cnm = δnmSl

∑
αβ

zαn
∑
j

∑
l

Hαβ
nm(i− j)zβl .

(A8)

By transforming Eq. (A6) to the reciprocal space, there
is

ai,n = (1/
√
L)
∑
k

exp [ik · (ri + tn)]ak,n, (A9)

where ri is the position of the ith unit cell and tm is
the relative vector of the mth sublattice. We have H =
1
2

∑
k Ψ

†
kH(k)Ψk, where

H(k) =

(
A(k)− C B(k)
B†(k) AT (−k)− C

)
(A10)

is a 2N×2N bosonic Bogoliubov-de Gennes (BdG) Hamil-

tonian with the vector boson operator where Ψ†
k =

(a†k,1, · · · , a
†
k,N , a−k,1, · · · , a−k,N ), and the N ×N block

matrix is given by

Amn(k) =
∑
α,β

uα∗n

[∑
d

e−ik·dHαβ
nm(d)

]
uβm,

Bmn(k) =
∑
α,β

uα∗n

[∑
d

e−ik·dHαβ
nm(d)

]
uβ∗m ,

Cmn = δmn

∑
α,β

∑
l

zα∗n

[∑
d

Hαβ
nl (d)

]
zβl .

(A11)

Where d = (ri + tn)− (rj − tm) is the difference vector
between the mth and the nth spin. In deriving Eq. (A11)
the relation∑
k

∑
n,m

Anm(k)a†k,nak,m =
∑
k

∑
n,m

AT
nm(−k)a−k,na

†
−k,m

(A12)
is used. For collinear ferromagnets, the Hamiltonian
Eq. (A10) is block diagonal with identical block which
can be reduced toH =

∑
k ΨkHkΨk withHk = (Ak−C)

and Ψ†
k = (a†k,1, · · · , a

†
k,N ).

In general the bosonic Hamiltonian Eq. (A10) does not
conserve the particle number, for example, the ferro-
magnets with elliptical magnons (where an anisotropy
deforms the formerly circular precession) or in non-
ferromagnets. And the Hamiltonian is diagonalized with
the Bogoliubov transformation

U†
kHkUk = Ek, (A13)

which satisfies UkΣzU
†
k = Σz, where the diagonal matrix

Σz = diag(1, 1, · · · ,−1,−1, · · · ) withN positive ones and
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N minus ones along the diagonal. The vector boson oper-
ator transforms as Ψk = UkΦk. The mth column vector
encoded in the matrix Uk stands for the (periodic part
of) Bloch wave function for the mth magnon band [57].
Noting that Φk does not satisfy the commutation relation
of Bosons. Instead it satisfies

[Φk,Φ
†
k′ ] = Σzδk,k′ . (A14)

The equilibrium density matrix in band space is given as

ρ
(0)
km(t) ≡ ⟨(Φ†

k)m(t)(Φk)m(t)⟩0. (A15)

Where the subscript “0” denotes the equilibrium state,

and (Φ†
k)m is the mth element of the vector Φ†

k. For

later convenience, we write (Φ†
k)m as Φ†

km. By using of
Eq. (A14), one obtains

ρkm =

{
g(Ekm), [Φkm,Φ

†
km] = 1

−g(−Ekm), [Φkm,Φ
†
km] = −1,

(A16)

where g(Ekm) is the Bose-Einstein distribution g(Ekm) =
1/(eβEkm − 1). It is convenient to introduce the matrix
εk [25]:

εk = ΣzEk = U−1
k ΣzHkUk, (A17)

and the density matrix is simplified as ρkm =
Σz,mmg(εkm). For general operator, with the Bo-
golyubov’s representation, it transforms

Ô =
∑
k

Ψ†
kOkΨk =

∑
k

Φ†
kΣzÕkΦk (A18)

with the definition Õk = U−1
k ΣzOUk.

2. Perturbation of electric field in form of minimal
coupling for collinear ferromagnet and

antiferromagnet

Now we consider the AC effect. In Eq. (A6) the first
two terms describe the magnon hopping. In the presence
of electric field, the magnon acquires a phase while trav-
elling between the mth and the nth spin on the ith and
jth site, which is given by

θin,jm = −gµB

ℏc2

∫ rj,m

ri,n

(E(t)× ên) · dr, (A19)

The coupling interaction is modified as

Sα
i,nS

β
j,m =

1

2
Uα∗
n a†i,n(U

β
maj,m + Uβ∗

m a†j,m)eiθin,jm

+
1

2
Uα
n ai,n(U

β∗
m a†j,m + Uβ

maj,m)e−iθin,jm

− V α
n V

β
m(a†i,nai,n + a†j,maj,m).

(A20)

Suppose that the scale of the spacial variance of E is
much larger than lattice constant and introducing the
effective vector potential Aeff,n = 1

cE × ên, one obtains

θin,jm =
gµB

ℏc
Aeff,n · d, (A21)

Following the same procedure, we have

Anm(k) → Anm(k − gµB

ℏc
Aeff,n),

Bnm(k) → Bnm(k − gµB

ℏc
Aeff,n).

(A22)

While the matrix Cnm is unchanged since for which the
magnon hopping is not involved.
Now we consider two special cases: the collinear fer-

romagnet and collinear antiferromagnet. For ferromag-

net due to the absence of the magnon paring a†i,na
†
j,m

and ai,naj,m, the 2N dimensional basis is reduce to N di-

mensional Ψ†
k = (a†k,1, · · · a

†
k,N ). Accordingly, the Hamil-

tonian Eq. (A10) is reduced to Hk = A(k) − C. It is
obvious that the global coordinates is same to the local
coordinate for each spin, which can be chosen as that
where z-direction is identical to the magnetization di-
rection. With this assignment, the magnetic moment
of magnon is −ℏêz, and the effective vector potential
is Aeff = Aeff,n = 1

cE × êz. Consequently, the kernal
Hamiltonian becomes H(k) = A(k − gµB

ℏc Aeff)− C.
However, it takes a few steps more to apply Eq. (A21)

to antiferromagnet. To be concrete, we consider
a collinear antiferromagnet honeycomb lattice as a
paradigm. It has two spins in a unit cell, with the Hamil-
tonian given by

H = J1
∑
⟨i,j⟩

Si · Sj +D
∑
⟨⟨ij⟩⟩

ξij ẑ · Si × Sj +K
∑
i

S2
iz.

(A23)
In which J1 > 0 is the antiferromagnetic exchange inter-
action, D is the DMI interaction along the z direction,
and ξij = 1(−1) when Si and Sj are arranged in a coun-
terclockwise (clockwise) manner. K < 0 is the easy axis
anisotropy. One can choose the local coordinates of 1st
spin of the unit cell as the global coordinates, while the
local coordinates of the 2nd spin is obtained by a π rota-
tion about the x-axis or y-axis of the global coordinates.
subsequently, the HP transformation is preformed as

Sα
i,1 =

√
S

2
û1ai,1 +

√
S

2
û∗
1a

†
i,1 + ẑ1(S − a†i,1ai,1),

Sα
i,2 =

√
S

2
û2ai,2 +

√
S

2
û∗
2a

†
i,2 + ẑ2(S − a†i,2ai,2),

(A24)
In whichux1uy1

uz1

 =

 1
−i
0

 ,

zx1zy1
zz1

 =

0
0
1

 ,

ux2uy2
uz2

 =

1
i
0

 ,

zx2zy2
zz2

 =

 0
0
−1

 .

(A25)
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Therefore the magnon Hamiltonian isH = HJ+HD+HK

with

HJ =J1S
∑
⟨i,j⟩

(ai,1aj,2 + a†i,1a
†
j,2),

HD =−
∑

⟨⟨i,j⟩⟩

iD2S(a
†
i,1aj,1 − a†j,1ai,1 − a†i,2aj,2 + a†j,2ai,2),

HK =
∑
i

(3J1 −K)S(a†i,1ai,1 + a†i,2ai,2).

(A26)

The operator ai,1 (a†i,1) annihilates (creates) a magnon
with magnetic moment −ℏêz, and the effective vector
potential is given as Aeff,n = Aeff = 1

cE × ez. The
magnon Hamiltonian in the presence of the electric field
is written as

HJ =J1S
∑
i,δ

(ai,1ai+δ,2e
iθN

ri,ri+δ + h.c.),

HD =−
∑
i,ϑ

iD2S(a
†
i,1ai+ϑ,1e

−iθNN
ri,ri+ϑ

− a†i,2ai+ϑ,2e
iθNN

ri,ri+ϑ + h.c.),

(A27)

where the phase accumulated along the nearest (second-
nearest) neighbor hopping is given as

θNri,ri+δ =− gµB

ℏc2

∫ ri+δ

ri

(E(t)× ez) · dr,

θNN
ri,ri+ϑ =− gµB

ℏc2

∫ ri+ϑ

ri

(E(t)× ez) · dr.
(A28)

Supposing that the scale of the spacial variance of E is
much larger than lattice constant one obtains

θNri,ri+δ =
gµB

ℏc
Aeff · δ,

θNN
ri,ri+ϑ =

gµB

ℏc
Aeff · ϑ.

(A29)

Making use of the Fourier transformation Eq. (A9), one

directly obtains H =
∑

k Ψ
†
kH(k − gµB

ℏc Aeff)Ψk, with

the Nambu basis given by Ψ†
k = (a†k,1, a

†
k,2, a−k,1, a−k,2).

In which Amn(k) − Cmn is diagonal with A11(22)(k) −
C11(22) = S

2 [3J1 −K(2S − 1)/S ±D
∑

δ 2 sin(k · δ)],
and Bmn(k) is non-diagonal with B12(k) = B∗

21(k) =
S
2 [
∑

ϑ exp (ik · ϑ)].

Appendix B: Gauge transformation and dipole
interaction

In this section we give a gauge transformation to derive
perturbed Hamiltonian in form of a dipole interaction.
The single-particle Hamiltonian and the Bloch Hamilto-
nian satisfy

H0(−i∇, r) = eik·rH0(k)e
−ik·r, (B1)

then the perturbed Hamiltonian is written as

HA = H0

(
−i∇+

gµB

ℏc
Aeff, r

)
(B2)

The time-dependent Schördinger equation is

iℏ
∂ |ψ(r, t)⟩

∂t
= HA |ψ(r, t)⟩ . (B3)

A unitary gauge transformation of |ψ(r, t)⟩ takes the
form

|ψ′(r, t)⟩ = U(t) |ψ(r, t)⟩ , (B4)

The time-dependent Schördinger equation transforms as

iℏ
∂ |ψ′(r, t)⟩

∂t

=

[
UHAU† |ψ(r, t)⟩+ iℏ

∂U(t)
∂t

U†(t)

]
|ψ′(r, t)⟩ .

(B5)

If the unitary transformation is chosen as U(t) = eiK(t)

with

K(t) =
gµB

ℏc
Aeff(t) · r. (B6)

For the first term in the r.h.s. of Eq. (B5), by use of the
Baker-Campbell-Hausdorff identity

eiKHAe
−iK =H+ i[K,HA]−

1

2
[K, [K,HA]] + ...

+
in

n!
[K, ..., [K,HA]] + ...,

(B7)

it is obtained that

U(t)HAU†(t) = H0. (B8)

For the second term in the r.h.s. of Eq. (B5), by in-
troducing the effective electric field E = −∂tAeff, it is
straightforward to show that

iℏ
∂U(t)
∂t

U†(t) =
gµB

c
E(t) · r. (B9)

Then the Hamiltonian in velocity gauge transform to

HE(t) = H0 (k) +
gµB

c
E(t) · r. (B10)

This coincides with Eq. (4).

Appendix C: Dynamical and geometric phase in
tunnelling process

By inserting Eq. (7) into the time-dependent
Schördinger equation Eq. (6), we have



9∑
m

e
−i

∫ t
t0

dt1[εm+
gµB

c E(t)·Amm]/ℏ
(
iℏ∂tClm(t) +

gµB

c
E ·AmmClm(t)− gµB

c
Clm(t)E · ∇k

)
|m,k(t)⟩ = 0, (C1)

where we use

ℏ∂t |m,k(t)⟩ =
gµB

c
E · ∇k |m,k(t)⟩ . (C2)

Taking an inner product with ⟨m,k(t)| for Eq. (C1), we have

i∂tCln(t) =
gµB

ℏc
∑
m̸=n

E ·Anme
i
∫ t
t0

dt1[εn+ gµB
c E(t)·Ann]/ℏe

−i
∫ t
t0

dt1[εm+
gµB

c E(t)·Amm]/ℏClm(t)

=
gµB

ℏc
Eα|Aα

nm|ei
∫ t
t0

dt1[εn−εm+
gµB

c Eβ(t)·(Aβ
nn−Aβ

mm)]/ℏ+i argAα
nm(t)

Clm(t)

=
gµB

ℏc
Eα|Aα

nm|ei
∫ t
t0

dt1[εn−εm+
gµB

c Eβ(t)·(Aβ
nn−Aβ

mm)+ℏ∂t argAα
nm]/ℏ+i argAα

nm(t0)Clm(t).

(C3)

which results to Eq. (9).

Appendix D: Derivation of the magnon spin current

Now we define the magnon spin current. Be-
cause the z component of the total spin is conserved,
The local magnon momentum density is n̂z(ri) =

ℏ
∑

m zma
†
i,mai,m satisfies the continuity equation. The

Fourier transformation of the local magnon density is
written as

n̂z(ri) =
ℏ
N

∑
kqm

zme
−iq·(ri+tm)a†k+q,mak,m. (D1)

The Heisenberg equation of motion for ak,m is used to
derive the equation of motion for nz(ri):

ȧk,m =
1

iℏ
[ak,m, H]

=
1

iℏ
∑
n

(Ak,mnak,n +Ak,mnak,n +B∗
k,mna−k,n),

=
1

iℏ
∑
n

(2Ak,mnak,n +Bk,mna
†
−k,n +B−k,nma

†
−k,n),

(D2)
where H is given by Eq. (A10), and we obtain:

∂n̂z(ri)

∂t

=
1

iN

∑
kqmn

e−iq·ri,mzm

[
−(2Ak+q,nma

†
k+q,n

+(B∗
k+q,mn +B∗

−k−q,nm)a†−k−q,n)ak,m

+a†k+q,m(2Ak,mnak,n + (Bk,mn +B−k,nm)a†−k,n)
]
.

(D3)
In the case

∑
δ = 0 and assuming the long-wavelength

limit q → 0, the magnon spin current is obtained by use
of the continuity equation ∂nzq/∂t + iq · Js

z = 0, which

is given as

Ĵs
z =

∑
kmn

zm

(
∂Ak,mn

∂k
a†k,mak,n +

∂A−k,nm

∂k
a−k,ma

†
−k,n

+
∂Bk,mn

∂k
a†k,ma

†
−k,n +

∂B∗
k,nm

∂k
a−k,mak,n

)
=ℏ
∑
k

Ψ†
kZ

∂Hk

∂k
Ψk.

(D4)
In Eq. (D4) we define the diagonal matrix Z

Z = diag(z1, · · · , zm, z1, · · · , zm). (D5)

Making use of Eq. (A18), we have Ĵs
z =

∑
k Ĵ

s
k,z with

Ĵs
k,z = Φ†

kΣz
∂̃ZHk

∂k
Φk. (D6)

It is found that

∂̃ZHk

∂k
=
∂Z̃Hk

∂k
− Z̃HkU

−1
k

∂Uk

∂k
−
∂U−1

k

∂k
UkZ̃Hk,

(D7)
and we obtain

Ĵs
k,z = Φ†

kΣz

(
∂Z̃Hk

∂k
− i[Ak, Z̃Hk]

)
Φk, (D8)

where the Berry connection is defined by

Ak = iU−1
k

∂Uk

∂k
= iΣzU

†
kΣz

∂Uk

∂k
. (D9)

Noting that the Berry connection given in Eq. (D9) is

different from iU†
k
∂Uk

∂k . This is because that the Bogoli-
ubov transformation is generally not unitary [58]. For
ferromagnets Z is unit matrix and we have

Ĵs
k,z = Φ†

k

(
∂Hk

∂k
− i[Ak,Hk]

)
Φk. (D10)

Making use of Eq. (7), we have
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⟨Ψm,k0(t)| Ĵs
k0,z |Ψm,k0(t)⟩ =

∑
n

∇k0
εn|Cmnk0

(t)|2 −

(
i
∑
n

εmnAnm(k0(t))C
∗
mnk0

(t)Cmmk0
(t) + h.c.

)
. (D11)

Making use of the property

0 = ∇k0
⟨Ψm,k0(t)|Ψm,k0(t)⟩ =

∑
n

C∗
mnk0

∇k0
Cmnk0

+
∑
n

⟨un,k(t)| ∇k0
|um,k(t)⟩C∗

mnk0
Cmmk0

+ h.c., (D12)

we have

−
∑
n

iC∗
mnk0

∇k0Cmnk0 =
∑
n

Anm(k0(t))C
∗
mnk0

Cmmk0 .

(D13)
Inserting Eq. (D13) into Eq. (D11), we have

⟨Ψm,k0(t)| Ĵs
k0,z |Ψm,k0(t)⟩

=
∑
n

∇k0εn|Cmnk0(t)|2 −

(∑
n

εmnC
∗
mnk0

∇k0Cmnk0 + h.c..

)
=
∑
n

∇k0
εn|Cmnk0

(t)|2 − εmn∇k0
Pmnk0

=−∇k0
(εmnPmnk0

).
(D14)

This coincides with Eq. (14).
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