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Abstract

This note continues and extends the study from Spokoiny (2023a) about estimation for
parametric models with possibly large or even infinite parameter dimension. We consider
a special class of stochastically linear smooth (SLS) models satisfying three major condi-
tions: the stochastic component of the log-likelihood is linear in the model parameter, while
the expected log-likelihood is a smooth and concave function. For the penalized maximum
likelihood estimators (pMLE), we establish several finite sample bounds about its concen-
tration and large deviations as well as the Fisher and Wilks expansions and risk bounds. In

all results, the remainder is given explicitly and can be evaluated in terms of the effective
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sample size n and effective parameter dimension p which allows us to identify the so-called

critical parameter dimension. The results are also dimension and coordinate-free. Despite
generality, all the presented bounds are nearly sharp and the classical asymptotic results

can be obtained as simple corollaries. Our results indicate that the use of advanced fourth-

arXiv

order expansions allows to relax the critical dimension condition p® < n from Spokoiny
(2023a) to [p3/ ? « n. Examples for classical models like logistic regression, log-density and

precision matrix estimation illustrate the applicability of general results.
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1 Introduction

This paper presents some general results describing the properties of the penalized Mazi-
mum Likelihood Estimator (pMLE). Our starting point is a parametric assumption about
the distribution IP of the data Y : IP belongs a given parametric family (P, ,v €7)
dominated by a sigma-finite measure p. This assumption is usually an idealization of
reality and the true distribution IP is not an element of (IP,). However, a paramet-
ric assumption, even being wrong, may appear to be very useful, because it yields the
method of estimation. Namely, the MLE v is defined by maximizing the log-likelihood
function L(Y,v) = L(v) = log %(Y) over the parameter set 7:

v = argmax L(v).
vel

For a penalty function peng(v) on 17, the penalized MLE v is defined by maximizing

the penalized MLE Lg(v) = L(v) — peng(v):

v = argmax Lg(v) = argmax{L(v) — peng(v)}.
vel vel

The sub-index G in the penalty refers to its quadratic structure:
1 2
peng(v) = 5G]

for a symmetric p X p positive definite matrix G € 9, .

1.1 Challenges of the classical parametric theory

The classical Fisher parametric theory assumes that 7 is a subset of a finite-dimensional
Euclidean space IRP, the underlying data distribution IP indeed belongs to the consid-
ered parametric family (IP,), that is, Y ~ IP = IP,~ for some v* € 7. In addition,
some regularity of the family (IP,), or, equivalently, of the log-likelihood function L(v)
is assumed. This, in particular, enables us to apply the third order Taylor expansion of

L(v) around the point of maximum v and to obtain a Fisher expansion
v — vt~ FIVL(vY).

Here IF = IF(v*) is the total Fisher information at v* defined as a negative Hessian of

the expected log-likelihood function EL(v):

F(v) = —~V?EL(v).



Under standard parametric assumptions, IF(v) is symmetric positive definite, IF(v) €
9N, . Moreover, if the data Y is generated as a sample of independent random variables
Yi,...,Y,, then the log-likelihood has an additive structure: L(v) = Y.©, {(Y;,v).
This allows to establish asymptotic standard normality of the standardized score & dof

F~'/2V L(v*) and hence, to state Fisher and Wilks Theorems: as n — oo

F'2 (0 - o) =~ ¢ 4y,

(1.1)
- " d
2L(D) — 2L(v*) ~ [[€]* = [IVII* ~ X},

where - is a standard Gaussian vector in IRP and X; is a chi-squared distribution
with p degrees of freedom. These results are fundamental and build the basis for most
statistical applications like analysis of variance, canonical and correlation analysis, un-
certainty quantification and hypothesis testing etc. We refer to van der Vaart (1998) for
a comprehensive discussion and a historical overview of the related results including the
general LAN theory by L. Le Cam. Modern statistical problems require to extend the

classical results in several directions.

Model misspecification and bias Very often, the underlying data generating mea-
sure P is not an element of the family (P, ,v € 7). This means that the used log-
likelihood function is not necessarily a true log-likelihood. In particular, the condition
IEexp L(v) =1 does not hold. Also the target of estimation v* has to be redefined as

the maximizer of the expected log-likelihood:

vt argmax IEL(v)

vel
leading to some modelling bias as the distance between IP and IP,+. This also concerns
the use of a penalty leading to some penalization bias. When operating with the penalized
log-likelihood Lg(v), the target of estimation becomes

v o argmax ELq(v), (1.2)
vel

which might be significantly different from v*. This requires to carefully evaluate the

penalization bias vg, — v*.

Finite samples, general likelihood, effective sample size Another important is-
sue is a possibility of relaxing the assumption of i.i.d. or independent observations which
ensures an additive structure of the function L(v). Below we operate with the general

likelihood, its structure does not need to be specified. We can even proceed with just
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one observation. However, for stating our results about accuracy of estimation, we need
a notion of effective sample size n. This is given via the so-called Fisher information

matrix. Everywhere we use the notation
F(v) = -V?’EL(v), Fg(v)=-V:ELg(v)= F(v)+G>

We also write IF = F(v},), Fg = Fg(vy) = F 4+ G?. If the Y;’s are i.i.d. then IF(v)

is proportional to n. Therefore, we use the value n = ||[IF~!||~! as a proxy for the

“sample size”.

Effective parameter dimension and critical dimension One more important issue
is the parameter dimension p. The classical theory assumes p fixed and n large. We
aim at relaxing both conditions by allowing a large/huge/infinite parameter dimension
and a small or moderate n. It appears that all the results below rely on the so-called

effective dimension pg defined as

PG def tr{]FC_;1 Var(VL(’uE))}.
This quantity replaces the original dimension p and it can be small or moderate even
for p infinite. Omne of the main intentions of our study is to understand the range
of applicability of the mentioned results in terms of the effective parameter dimension
pc and the effective sample size n. It appears that most of the results ahead about
concentration of the pMLE ¥ apply under the condition pg < n which replaces the
classical signal-to-noise relation: the effective number of parameters to be estimated is
smaller in order than the effective sample size. More advanced results like Fisher and
Wilks expansions and sharp risk bounds for a low dimensional sub-vector of v may

require stronger conditions [p% <L n or p‘é/z <Ln.

1.2 Main steps of study

Now we briefly describe our setup and the main focus of our analysis. Below we limit
ourselves to a special class of stochastically linear smooth (SLS) statistical models. The
major feature of such models is that the stochastic component ((v) = L(v) — IEL(v)
of the log-likelihood L(v) is linear in parameter v. We also assume that the expected
log-likelihood is a concave and smooth function of the parameter v . This class includes
popular Generalized Linear Models but it is much larger. In particular, by extending
the parameter space, one can consider many nonlinear models including nonlinear re-

gression or nonlinear inverse problems as a special case of SLS; see Spokoiny (2019). We



also focus on the case of a quadratic penalization peng(v) = ||Gv|?/2. This would
not affect the SLS conditions. The assumption of stochastic linearity helps to avoid
heavy tools of empirical process theory which is typically used in the analysis of pMLE
g see e.g. Birgé and Massart (1998), van der Vaart (1998), Geer (2000), Kosorok
(2005), Gine and Nickl (2015) among many others. We only need some accurate devia-
tion bounds for quadratic forms of the errors; see Section B in the appendix. Our aim
is to establish possibly sharp and accurate results under realistic assumptions on a SLS

model and the amount of data. The study includes several steps.

Concentration of the pMLE The first step of our analysis is to establish a concen-
tration result for the pMLE v defined by maximization of Lg(v). If the expected
log-likelihood IELg(v) is strictly concave and smooth in v then vg well concentrates

in a small elliptic vicinity Ag of the “target” vy, from (1.2):

P(|F{* (e - vg)| > ra + V2x) < 37,
where r2 =< pg . The result becomes sensible provided that pg < n with n™! < ||F;'|.
In the classical parametric theory, such results about concentration of pMLE involve some
advanced tools from the empirical process theory. The use condition () about linearity
of the stochastic component ((v) = L(v) — IEL(v) allows to reduce the analysis to
deviation bounds of the quadratic form HlF&l/ V¢ |?; cf. condition (V(). Section B
presents several results in this direction under different assumptions on the stochastic

gradient V(.

3G Fisher and Wilks expansions Having established the concentration of vg €

Aq , we can restrict the analysis to this vicinity and use the Taylor expansion of the pe-

nalized log-likelihood function Lg(v). This helps to derive rather precise approximations

for vg — v and Lg(vg) — La(vg):

37
4

" 1
La(vg) — La(vg) — §HEGH2 <73 HEGH3=

lec !

|7 (B —vi) &al <

where

¢o = Fg'*Via(vg) = Fg' Ve,

and V({ = V({(v) does not depend on v due to linearity of ((v) = Lg(v) — ELg(v).

The accuracy of approximation is controlled by the value 73 which describes the accuracy
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of the third-order Taylor expansion of the function fg(v) = ELg(v) in terms of the
third directional derivative of fg. In typical examples 73 < \/1/—n The presented
results require 72 pg < 1 which again leads to the condition pg < n. The first result
in (1.3) about the pMLE v will be referred to as the Fisher expansion, while the second
one about Lg(v¢g) is called the Wilks expansion. The main technical tool for deriving
these expansions is the so-called basic lemma; see Proposition A.9.

These two expansions provide a finite sample analog of the asymptotic statements
(1.1) and are informative even in the classical parametric situation. In fact, under stan-
dard assumptions, the normalized score vector €. is asymptotically normal N (0, X¢)
with Yg = F51/2V21F51/2 € M, and V? = Var(VL(v)) € M,. Stochastic linearity
implies that the matrix V2 does not depend on the point v. If the model is correctly
specified, then Y approaches the identity as n — oo, and we obtain the classical results
(1.1). Note that the use of stochastic linearity allows us to obtain much more accurate
bounds than in Spokoiny (2012) or Spokoiny (2017).

3G risk bounds The loss of v can be naturally expanded as
vg — V" =vg —vgt+vg—vt. (1.4)
Due to the Fisher expansion (1.3),
Vg —vg ~ Fg'VC.

This expansion is based on the basic lemma; see Proposition A.9. Another application

of this result yields an expansion of the bias:
v — U R —lF(;lG2v* .

Putting together these two expansions leads to the so-called bias-variance decomposition

of the squared risk: for any linear mapping ): RP — IRY
E|Q(®g —v)|* ~ %q,
where Zg is the squared risk in the approximating linear model:
%o € | QFZ (V¢ - GPoY)||P = tr Var(QFS'VC) + ||Q P 'GP |
Theorem 2.7 provides sufficient conditions allowing to state a sharp risk bound:

(1—a0)’*%o < E|Q@a —v)||° < (14 ag)’Zo .-



Of course, this result is only meaningful if ag < 1. It appears that this value strongly
depends on the dimension ¢ of the mapping Q. If Q@ =1, or Q = lF(l;/ 2 then PG <K n
is sufficient to ensure ag < 1. In the case of a low dimensional target with ¢ < 1, the

condition ag < 1 translates into [p%v <«Ln.

4G expansions and risk bounds The critical dimension condition [p%v < n can be
very limiting. Fourth-order smoothness conditions on fg(v) allow us to improve the
accuracy of expansion (1.4) by accounting for the third-order term and thus, relax the
critical dimension bound. Consider the third-order tensor 7 (u) = +(V3f(v§),u®?).

Let VT (u) = $(V3f(vg,), u®?) be its gradient. Define the vectors ng and mg by

ng = F;'Y{V¢+VT(F;'V()}, .
1.5
mg = F;'G*v* + F,'VT(F,'G*v).

Theorem 2.11 states the following bound:
~ * —1/2) (T4 -1/2
1Q @ —v* = ng+ma)ll < IQFG"| (5 +73) (IFG*V¢I? +bE),  (16)

where bg = HlFal/ 2G2U*H and 74 controls the fourth derivative of fi. Typically
74 < n~! and (1.6) is an improvement of (1.3) because the full dimensional error term
in the right-hand side of (1.6) is of order [p?(’;/2 /n compared to pZ/n in (1.3). Therefore,
the corrections from (1.5) improves the critical dimension condition from p% < n to
[p%/2 < n. An interesting question of using a higher order expansion of fs for a further
relaxation of the critical dimension condition is still open because even for 4G case, a

closed-form solution of the corresponding 4G approximation problem is not available.

Tools The presented results are based on two kinds of statements. The results about
concentration of the PMLE heavily rely on deviation bounds for quadratic forms of a
centered and standardized score vector. Such results are collected in Section B. We sepa-
rately study the cases of Gaussian errors, sub-Gaussian errors, and sub-exponential errors.
The other important technical element of the proofs is the so-called “basic lemma”. It
describes the solution of a convex optimization problem after a linear perturbation. This
result only relies on the smoothness and convexity of the objective function and it can
be proved by elementary tools like a third of fourth-order Taylor expansions. Section A

presents this and similar results.
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1.3 Examples

Section 2 presents some general theoretical results. Section 3 illustrates how the general
conditions of Section 2 can be checked for the classical setups like logistic regression,
log-density, and precision matrix estimation. This enables us to apply the results of
Section 2 to such models which improve and extend the similar results from the earlier
paper Spokoiny (2023a). All the mentioned examples are particular cases of Generalized
Linear Models (GLM). However, the SLS approach goes far beyond the GLM setup.
In particular, the paper Spokoiny (2023b) explains, how the so-called calming device
can be used to bring a nonlinear regression problem to the SLS setup. The developed
results can be applied to models like deep neuronal networks, nonlinear inverse problems,
etc. One more class of examples is given by error-in-operator models. This class includes
random design regression, instrumental regression, functional data analysis, diffusion, and
McKean-Vlasov models, etc. The calming trick applies here as well; see Puchkin et al.
(2023) for the case of a high-dimensional random design. The other examples include
effective dimension reduction, Gaussian mixture estimation, low-rank matrix recovery,
covariance and precision matrix estimation, smooth functional estimation, among others.
However, a rigorous treatment of each problem requires a separate study with a careful

check of the conditions and specific results and will be done elsewhere.

2 Properties of the pMLE vg

This section collects general results about concentration and expansion of the pMLE
which substantially improve the bounds from Spokoiny and Panov (2021) and Spokoiny
(2023a). We assume to be given a pseudo log-likelihood random function L(v), v €

T CIRP, p < co. Given a quadratic penalty ||Gv]||?/2, define
Le(v) = L(v) — [|Gv|* /2.

Consider in parallel three optimization problems defining the penalized MLE v¢, its

population counterpart vy, , and the background truth v*:
vg = argmax Lg(v), v = argmax ELg(v), v* = argmax [EL(v).
v v v
The corresponding Fisher information matrix Fg(v) is given by

F(v) = —-V2EL(v), IFg(v)=-ViELg(v)= F(v)+ G
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We assume IFg(v) to be positive definite for all considered v. By Dg(v) we denote a

positive symmetric matrix with D% (v) = Fg(v), and Fg = Fg(vy,), Do = lF(l;/2.

2.1 Basic conditions

Now we present our major conditions. The most important one is about linearity of the
stochastic component ((v) = L(v) — EL(v) = Lg(v) — ELg(v).

(¢) The stochastic component ((v) = L(v) — IEL(v) of the process L(v) is linear in
v. We denote by V( =V ((v) € RP its gradient .

Below we assume some concentration properties of the stochastic vector V(. More

precisely, we require that V{ obeys the following condition; see (B.51) of Theorem B.15.

(V¢) Let V2> Var(V¢), D% = D4 (vE), pe = tr(D5*V?), and A\g = | D' VDG .
Then for any considered x > 0

P(||Dg' V¢ > xa(x) < 37, (2.1)
ra(x) € pe + v2xG - (2.2)

This condition can be effectively checked if the errors in the data exhibit sub-gaussian
or sub-exponential behavior; see Section B.3. The important value pg = tr(D(_;2V2) can
be called the effective dimension; see Spokoiny (2017).

We also assume that the penalized log-likelihood Lg(v) or, equivalently, its deter-
ministic part IELg(v) is a concave function. It can be relaxed using localization; see
Spokoiny (2023b).

(Cg) The function ELg(v) is concave on 1 which is open and convex set in IRP.

Later we will also need some smoothness conditions on the function f(v) = IEL(v).
The class of models satisfying the conditions (¢), (V) with a smooth function f(v) =

IEL(v) will be referred to as stochastically linear smooth (SLS). This class includes linear

regression, generalized linear models (GLM), and log-density models; see Spokoiny and Panov

(2021) or Spokoiny (2023a). However, this class is much larger. For instance, nonlinear
regression and nonlinear inverse problems can be adapted to the SLS framework by an

extension of the parameter space; see Spokoiny (2023b).
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2.2 Concentration of the pMLE v . 2G expansions

This section discusses some concentration properties of the pMLE U = argmax,, Lg(v)

under second-order smoothness conditions.

2.2.1 Local smoothness conditions

Given x and rg = rg(x) from (2.2), define for some v <1 the set Ug by

def _
Z/[G = {u: HDGuH <v lrg}. (2.3)

The result of this section states the concentration properties of the pMLE vg in the
local vicinity Ag of v, of the form

Ac déffunguGZ{fu:v*GJru:ueuG}gTo.

Local Gateaux-regularity of f(v) = IEL(v) within Ag will be measured by the error of

the second-order Taylor approximation

Sav,u) = f(v+u) — f(0) — (VI (0),u) - 3 (T F(0),u™),
(5é(’l), u) - (Vf('u + u)? u> - <Vf(v)7 u> - <V2f(v)7U®2> :
More precisely, define

def 2|03 (v, u) ) def 195 (v, w)l

wo & 2%0e Wi 2.4
S T[Dou Y0 S Doul? 24)

The quantities wg and wy can be effectively bounded under smoothness conditions
(73) or (S3) given in Section A. Under (73) at v = v} with D?(vy) = D% and

r =rg, by Lemma A.1, it holds for a small constant 73

we < T3 v lre, wa < v trg/3.

1/2

Also under (83), the same bounds apply with 73 = cgn™"/¢; see Lemma A.3.

2.2.2 Concentration bound

Now we are prepared to state a very important concentration result for pMLE v .

Proposition 2.1. Suppose (), (VC), and (Cg) . Let also

1—v—wg > 0; (2.5)
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see (2.4) and (2.3). Then Vg € Ac on a set 2(x) with P(2(x)) >1—3e™, i.e.
|Da(vg —vg)|| < V_lr(;. (2.6)

Proof. By (V(), on a the random set §2(x) with P(£2(x)) > 1 — 3e™*, it holds
HD&IVCH < rg. Now the result follows from Proposition A.6 with f(v) = ELg(v),
g(v) =Lg(v), r =vlrg,and A= V(. 0

Remark 2.1. The result (2.6) continues to apply with any matrix D < D¢ in place of
D¢ provided that (V) as well as (2.4), (2.5) hold after this change.
2.2.3 Fisher and Wilks expansions. 2G bounds

Here we show how the concentration of v around vy, can be used to establish a version
of the Fisher expansion for the estimation error vg — vy, and the Wilks expansion for

the excess Lg(vg) — La(vy) . The result follows by Proposition A.7.

Theorem 2.2. Assume the conditions of Proposition 2.1. Then on (2(x)

2L(B6) - 2Lawy) — DGV < 1|Dg
2L¢(06) — 2La(v) — ||DE'VC||* > —we|| D5 V¢
Also
~ N _ Swa
|Dc (Ve —vg) - DGIVCH2 = (172 |Dg
~ . 1 +\/2
|D6(Be - vg)| < =2 D& V¢

2.2.4 Effective sample size and critical dimension in pMLE

This section discusses the important question of the critical parameter dimension still
ensuring the validity of the presented results. An essential feature of our results is their
dimension-free and coordinate-free form. The true parametric dimension p can be very
large, it does not appear in the error terms. Also, we do not use any spectral decom-
position or sequence space structure, in particular, we do not require that the Fisher
information matrix JF and the penalty matrix G? are diagonal or can be jointly di-
agonalized. The results are stated for the general data Y and a quasi log-likelihood
function. In particular, we do not assume independent or progressively dependent obser-

vations and additive structure of the log-likelihood. The effective sample size n can be
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defined via the smallest eigenvalue of the matrix Fg = D% = —V2ELg(v}):

—1 def —1
n~t = ||IF .

Our results apply as long as this value is sufficiently small. Alternatively, the error terms

V2 70 = p . In typical

73,74 scale with n so that in typical examples, 73 < n~
examples like regression or density modeling such defined value n is closely related to

the sample size of the data.

For the concentration result of Proposition 2.1 we need the basic conditions (¢) and
(Cg) . Further, (V() identifies the radius rg of the local vicinity Ag . The final critical
condition is given by (2.5). Essentially it says that the values wg and wy, are significantly

/2 see Lemma A.3. So, (2.5) means

smaller than 1. Under (S3), wg < c3 vlrgn~
rZ, < n. Moreover, definition (2.1) of rg yields that r% < tr(D(_;2V2) = pg , where pg
is the effective dimension of the problem. We conclude that the main properties of the
PMLE v are valid under the condition pg < n meaning sufficiently many observations

per effective number of parameters.

2.2.5 The use of ﬁé instead of Dé

The penalized information matrix D% = DZ(v},) = —V?ELq(vf) plays an important
role in our results. In particular, Dg describes the shape of the concentration set Ag =
v +Ug . However, this matrix is unavailable as it involves the unknown point v, . If the
matrix function IF(v) is locally constant in Ag, one can replace v§, with its estimate
Vg . Variability of IF(v), or, equivalently, Fg(v) = IF(v)+ G? can be measured under
the Fréchet smoothness of f(v) = ELg(v) by the value w/, from (A.6) with v = v,
D(v) = D¢, and r = v~ 'rg. Note that w/, < 73t under (73).

Proposition 2.3. Assume the conditions of Proposition 2.1 and let wg < 1/2; see
(A.6). The random matriz D% = Fg(Tg) fulfills on 2(x) for any u € RP

+ n—2 WE
wa s HDGDG DG_HPH = 1_or’

DDA DT
H a Yata PH —wg (2.7)

IN

(1 - @) [Doull? < [Deul? < (1 +wE) [ Deul®.

Proof. The value vg — v{, belongs to Ug on (2(x) and (2.7) follows from (A.7). O
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2.3 Expansions and risk bounds under third-order smoothness

The results of Theorem 2.2 can be refined if the second order smoothness conditions (2.4)

can be strengthened to the third order. Assume for f(v) = EL(v) and all u € Ug

F" )~ ")~ (V) w) — (V20w < P Dgul,
(2.8)

(V@ + ), u) = (VF(07),w) = (V2F(0),u®?)| < 2| Dol

2.3.1 Fisher and Wilks expansions. 3G case

The first result substantially improves the remainder in the Fisher and Wilks expansions

of Theorem 2.2. It follows from Proposition A.9.
Theorem 2.4. Assume (¢), (VC), and (Cq). Let Ug be given by (2.3) with v < 2/3
and (2.8) hold for all w € Ug with T3rq/2 <1—wv. Then on (2(x)

27
3

Moreover, under (T3)

1D V¢ < 2L (D) — 2La(ve) — |1DG'VEI? < m31IDG VC|P.

~ 3
|De (86 — ) — D'Vl < 106 VeI,
(2.9)
~ « - 3 .
D66 — vg)|| < I1Dg' Vel + =2 DG Vel

Remark 2.2. The presented results are meaningful under the condition 73 | D V(|| <
1. A sufficient condition is T3¢ < 1 because |D;'V(|| < rg on 2(x).

2.3.2 Smoothness and bias. 3G bounds

Due to Proposition 2.1, the penalized MLE ©¢g is in fact an estimator of the vector
v, . However, vy, depends on penalization which introduces some bias. This section
discusses whether one can use ©g for estimating the underlying truth o* defined as
the maximizer of the expected log-likelihood: v* = argmax,, IEL(v). First, we describe
the bias v —v* induced by penalization. It is important to mention that the previous
results about the properties of the pMLE ©¢ require strong concavity of the expected
log-likelihood function IELg(v) at least in a vicinity of the point v . In some sense,
this strong concavity is automatically forced by the penalizing term in the definition of
v, . However, the underlying truth v* = argmax,, IEL(v) is the maximizer of the non-
penalized expected log-likelihood, and the corresponding Hessian [F(v*) = —V2EL(v*)

can degenerate. This makes the evaluation of the bias more involved. To bypass this
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situation, we assume later in this section that the Hessian V2IELg(v) cannot change
much in a reasonably large vicinity of v*. This allows to establish an accurate quadratic
approximation of f(v) and to evaluate the bias v§, — v*. Proposition A.13 yields the

following result.

Proposition 2.5. Let D2 = Fg(v*), v < 2/3, and bg = | D5 G?*v*||. Assume
(T3) with r =v"'bg and let T3be < 1/2. Then the bias v} — v* fulfills
IDe(vé; — vl < v™lbe = v DG G|
37'3

* * — * 3T *
|Dg (v — v*) + DG G| < 2202 = | D G| (2.10)

Corollary 2.6. Assume the conditions of Proposition 2.5. Let also Q be a linear oper-
ator Q: RP — IRY. Then

N 37'3
Qv —v* + DG*GPv*)| < [|Q Dg'|| == b,

(2.11)
1Q(vg —v7)| < [|Q Dg 2G2U*H +]lQ D' @ b, .
The same bounds apply with D2 = Fg(vy) in place of DE = Fg(v*).
Proof. Obviously
Qs — v < [QDF2CH" | + [Q(vs — v + D G|
< |Q Dg*G*v*(| + |Q Dg'|| [|Da(vg — v* + DgG?v"))|
and (2.11) follow from (2.10). The last statement is due to Remark A.2. O

2.3.3 Loss and risk of the pMLE. 3G-bounds

Now we combine the previous results about the stochastic term v — v§ and the bias
term wv{, —v* to obtain sharp bounds on the loss and risk of the pMLE v . Everywhere
in this section, we fix 2(x) as the random set from (V) on which [|£4] < re with
P(£2(x)) > 1 —3e™™; see condition (2.1) of Proposition 2.1.

Theorem 2.7. Assume the conditions of Theorem 2./ and Proposition 2.5. With bg =
||D51G20*H and T from (2.2), it holds on 2(x)

37'3 (

IDG D6 — v* = DG*(V¢ — G*o)}]| < == (DG VCI* + bE),

(2.12)

~ N 3T
HDG (’UG —v )” <rg+bag+ T3 (r%;—i—b%;).
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Furthermore, with pg = 1E|]D51VCH2 , define the approzimating risk Za by

Ze  E{|DG (V¢ - G*o)|* T ) -
Then Zc < pa + b%; and

. 3
E{||Da(vc —v")|| Low } < V% + % (pe +bZ) - (2.13)

Finally, introduce ag by

o def (3/4)73 (rav/PG + bé) .

V#c
If ag <1 then
(1-— 04(;)2 Ha < IE{”Dg(’INJG — ’U*)H2 ]IQ(X)} < (1+ QG)2<@G. (2.14)

Proof. Define e & D {Dg — v* — DGA(V( — G*v*)} and g = DZ'VC. Tt follows
from (2.9) of Theorem 2.4 that on §2(x)

37’3

lecll < == (I&all* +b) -

This and (2.10) imply (2.12). Bound (2.13) follows from (2.12) in view of E|{4|? <
E|¢:]1? = pe - Now we check (2.14). As ||€4| < rg on 2(x), it holds

3 2
B{llec|? Tow} < () E(rclésl +b2)’

< (%)2@0 EE)2 + bé)2 = <%)2 (re VPG + b%;)z (2.15)

and
E{||D¢ (0¢ — v*)|* Low } = B{|ID;' (V¢ — G*v*) + eg® T }
< (VBUDG (V¢ ~ G20 P Tag) + \/Blllecl? Tow) )
< (Ve + 2 (ravpa+2)} < (1+06)(pa + b2) (2.16)
The lower bound in (2.14) is proved similarly. O

Remark 2.3. The results of Theorem 2.7 implicitly assume that ag < 73 (rg + bg) =

o(1). Then bound (2.14) yields classical bias-variance decomposition

E{||D¢ (v — v*)|* Tow } = Za{l +o(1)}. (2.17)
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With 73 =< n~1/2 asin (S83) and rg ~ /pg , the condition T3rg = o(1) can be restated
as the critical dimension condition pg < n. Our bound is sharp in the sense that for the
special case of linear models, (2.17) becomes equality. Under the so-called “small bias”
condition b% = | D;'G?*v*||?> < pg, the impact of the bias induced by penalization
is negligible. The relation ||D(_;1GQU*H2 = pg is usually referred to as “bias-variance
trade-off”.

Similarly to Corollary 2.6, the bound can be easily extended to any mapping : RP —
IR? in place of D¢ . Define Bg = Var(QD52VC) = QD(_;2 Var(VC)D(_;QQT )

po & trBy, o™ irBg + \/2x||Bgl|. (2.18)

Conditions ensuring (V) also imply
P(|QDZ*V(| > rg) < 3e7™

Later we assume without significant loss of generality, that HQDE;VC | < rg on the
same set {2(x) shown up in (V).

Theorem 2.8. Assume the conditions of Theorem 2.7. For any linear mapping QQ: IRP —
RY, with bg = ||QDZ*G*v*|| and pg,rq from (2.18), it holds on £2(x)

373

1Q(@c — vl < QDG (V¢ = G*u)|l + 11QDG || =

(D& Vel® + bZ)

_ 37’3
< rq+bo + QDG | = (& +bE) - (2.19)
Also, define

def — *
#q = E{|QDg*(V( — G*v")|* Log } -

Then Zq < pg + bé and it holds
. N 1., 3T _
B{|Q@e — ") Taw } < 24+ 100G 22 (b +b3) QDG (220

Let ag be given by

ag déf |’QD&1|’(3/4)T3 (rG\/IFD_G—l— b%)

V%q ’

(2.21)

If ag <1 then

(1—aq)*%g < B{||Q (0 — v)|]* Tow } < (1+ag)*Zq . (2.22)
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Proof. We follow the line of the proof of Theorem 2.7. It holds by (2.9) and (2.11)

~ * _ _ 37’3 _
1Q(@a — vi: — DAVel < QDM =32 D5 Ve,
* * —2,2, % —1 3T3 2
Qg — v + Dg*GP")|| < |IQDG'| 272 b
and hence
~ N _ _ N _1, 373 _
QW — v* — DG*V( + DG*G*o")|| < QDG 1 (IDG'VCIP + bg)

yielding (2.19) and (2.20). Further, define

Similarly to (2.15)

_ 373\ 2
B{leql Low} < 1QDG' () (rovia +b%)’ < o} %o,

and as in (2.16)
E{|Q (Vg —v")|* Tow } = B{IIQDG*(V( — G*v*) + eql* Lo } < (1+aq)? %q .

This yields (2.22). O

2.3.4 Critical dimension. 3G case

The results of Theorem 2.8 are meaningful only if ag in (2.21) is small. This condition
crucially depends on the operator . For the case ) = D¢ as in Theorem 2.7, it follows
from the relation pg < n. However, in some other situations like semiparametric estima-
tion when @ projects onto a low dimensional target component, (2.21) requires [pé <«Ln
which can be very restrictive. An interesting question about a further improvement of

the error term in (2.19) will be discussed in the next section.

2.4 Risk bounds under fourth-order smoothness

This section explains how the accuracy of the expansions for pMLE can be improved

and the critical dimension condition can be relaxed under fourth-order smoothness of
fa(v) = ELg(v).
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2.4.1 Fisher and Wilks expansions

Consider the third-order tensor 7 (u) = $(V3f(v§,), u®®). Let VT (u) = 1(V3f(vf,), u®?)

be its gradient. Define a random vector ng by
ng = DG*{V(+ VT(D;*V()}. (2.23)

The next result shows that by light modification of the term D(_;QVC to ng we can

substantially improve the accuracy of the Fisher expansion (2.9).

Proposition 2.9. Suppose (€), (Cg), and (V). Let (T3*) and (T;) hold at v
with D? = Fg and r = v~ 'rg for rq from (2.2) and v = 2/3. Finally, let T3v " 'rg <
1—v. With ng from (2.23), it holds on §2(x)

|D6 (6 —vi —na)ll < (5 +73) 10" VI (2:24)
1D ne — D'Vl = DG VT(DG*V O < 5 1D VeI (2:25)
and
La(@a) ~ La(vs) — 5| DG VeI ~ T(DG*V¢)|
< BT petvgp + B3 potg e,
Proof. See Proposition A.11 with A =V(, F = Dé, and a = DE;lVC. O

Expansion similar to (2.24) applies to the bias term due to Proposition A.14. Define
mg = DG*G*v* + DZ*VT (DG G*v*). (2.26)

Proposition 2.10. Let bg = ||Dg' G?v*||. Assume (T3) and (T;) at v with

r=v"lbg, and let 13 satisfy T3bg < 1/2. With mqg from (2.26), it holds

|De (= v +me)l < (5 +73) b

IDg ma — DG G20 < %b%. (2.27)

2.4.2 4G risk bounds

Putting together the results on the stochastic component vg — v§, and on the bias
v(, — v* yields the bound on the loss and risk of the estimator vg . First, we consider

the approximation vg — v* ~ ng — mg.
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Theorem 2.11. Under the conditions of Propositions 2.9 and 2.10, it holds on §2(x)

for any linear mapping Q
- . _ T. _
1Q @6 —v* —ne +ma)l < 1QDG'I| (5 +73) (IDG'VEIP +b%),  (2:28)
_ N T _ _
|Q{na —me — D(V¢ — G*u)}| < F1QDG| (IDG" VeI +b2)
Also
E{[|Q (b6 — v)|| o } < B{|Q(na —ma)| Tow }
_ T.
+1QDGI| (5 +73) (re pe +b2) (2:29)
and
‘E{HQ(nG —mg)| Tow } — E{|QD;* V(- QD;* G*v*|| I[Q(x)}‘
_ T:
< QDG 5 (pe +b) -

Proof. All the expansions for the loss @ (vg — v*) follow directly from Propositions 2.9
and 2.10. Also

E{||D;'V¢|P Lgw } < reE|DG'VC|* = rapa
yielding the ¢; -risk bound (2.29). O
Now we study the quadratic risk of U . Define
%o = BLIQDGA(VE — o) [ g } (2.30)

E EB{Q(ne — ma)|? Low ! - (2.31)

Hq2 =

Theorem 2.12. Assume the conditions of Propositions 2.9 and 2.10. For a linear map-
ping Q and Zq2 from (2.31), it holds

(1 — aQ,g)zﬁQQ < IE{”Q (’lNJG — ’U*)”2 I[Q(x)} < (1 + aQ,g)%@Q,g (2.32)

provided that

aet QDG (74/3 + 73) (x; + b))

«
- Va2

If another constant ag1 <1 ensures

<1.

_ T:
1QDG I 5 (xa VG +b%) < agu Vg (2.33)
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with Zq from (2.30) then
%Q(l — aQ,1)2 < ZHgo < %Q(l + aQ71)2 . (2.34)

Proof. Define eg = Q(vg —v* —ng+mg). It can be bounded by (2.28): [leg|| L) <

aq,2 . Therefore,

E{)|Q (Wc — v")|? Low } = B{|Q(nc — me) + ecl* Tow } < (VZaz2 +ag2)?,

and (2.32) follows. Further, denote

0o € QDZA(V( - GPvY),

5o & QDFAVC - ng) — Q(DGG v — ma).
By definition, Zg = E{|poll’ Tow |, Zq2 = E{llpq +dol* Tow | , and
%02 — %q = E{60]* Taw } + 2E{{(pq,0q) Loy }-
Also (2.25) and (2.27) imply

—1 73 —~ 1 T3 _
60l Loy < 1QDG' | 2 (IDG"VCIP + %) Lo < QDG 2 (xall DG vl +52)

and by (2.33)

\/IE(HCSQH2 Tow) < 1QDG| % \/E{(IG||D51VCH +b2)? Mo}
< QDG 2 (ra via + b) < aga v/ Zq.

This easily yields (2.34). O

2.4.3 Critical dimension. 4G case
The results of Theorem 2.11 and 2.12 enable us to improve the issue of critical dimension.
For simplicity, let HQD(_;lH = 1. Then the derived bounds are meaningful if

<% +T§> (rapa + b)) = o(1).

Assume 74 < 1/n and 75 < 1/n. As r} ~ pg, we obtain the critical dimension
condition p‘é/z < n which is much weaker than p}, < n. Condition (2.33) ensuring
equivalence of Zg 2 and Zg requires 13 pg <K Z¢g . The target risk Zg corresponds to
the target effective dimension after the mapping ) and it can be a fixed value. Therefore,

the mentioned condition requires pg < 1/73 or pg < n'/2 as in 3G case.



23

3 Examples

This section illustrates the general notions on the particular examples including logistic
regression, log-density estimation, and precision matrix estimation. We mainly check the

general conditions. This enables us to apply the results of Section 2.

3.1 Anisotropic logistic regression

This section considers a popular logistic regression model. It is widely used e.g. in
binary classification in machine learning for binary classification or in binary response
models in econometrics. The results presented here can be viewed as an extension of
Spokoiny and Panov (2021) and Spokoiny (2023a).

Suppose we are given a vector of independent observations/labels Y = (Y7,...,Y;,)"
and a set of the corresponding feature vectors ¥; € IRP . Each binary label Y; is modelled
as a Bernoulli random variable with the parameter 6 = IP(Y; = 1). Logistic regression
reduces this model to linear regression for the canonical parameter v = log % in
the form v} = (¥;,v*), where v is the parameter vector in IR”. The corresponlding

log-likelihood reads

Lw) = Y {vi @i 0) - o((@,0)) }
i=1
with ¢(v) = log(l + e“). For simplicity we assume that the ¥,;’s are deterministic,
otherwise, we condition on the design.
A penalized MLE v is defined by maximization of the penalized log-likelihood
Lg(v) = L(v) — ||Gv]|?/2 for the quadratic penalty ||Gv]|?/2:

vg = argmax Lg(v).
velRP

The truth and the penalized truth are defined via the expected log-likelihood

v* = argmax [EL(v),
veRP

v = argmax [ELg(v).
velRP

The Fisher matrix IF(v) at v is given by

eU

F(v) =Y ¢"((@,v) & @], ¢"(v)= Ao
i=1

We also write D%(v) = Fg(v) = F(v)+G? and denote D?% = D% (v},) = F(vg) +G2.
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Now we check of general conditions from Section 2. Convexity of ¢(-) yields concavity
of L(v) and thus, (Cg). Let

((v) = L(v) — EL(v) = Y (Y; — EY;)(¥;,v)
i=1

be the stochastic component of L(v). It is obviously linear in v with

V(¢ = Zn:(m ~ EY;)¥,.

i=1

Therefore, (¢) is granted by construction. Further, with Y; ~ Bernoulli(¢;)

Var(VQ) = Y Var(V;) @@ =Y 0;(1—0;) W%, (3.2)
=1

i=1
If 67 =Mo" /(1 4 e®iv™))  then Var(V() = IF(v*); see (3.1).
Lemma 3.1. Let V2 > 2Var(V(); see (3.2), and D% = Fg(v,); see (3.1). Define
pe = tr(DZ2V?), e =|Dg*V?. (3.3)
Let 3¢9 > 0 be such that

max [V 71| < s < 0.5y/Ac/pa - (3.4)
1<n

Then (V) is fulfilled with for all x such that v/2x < 1/(2:0) — \/Pa/A -

Proof. Let g =1log(2)/5y and x. be given by (B.50). By Theorem B.46,
P(|D;'VE| > e + V2xAg) < 3e7*

for all x < x., and by (B.52), \/%c > g/2 — /Pc/(2Ag) . This yields the assertion. [

For checking the smoothness conditions (73°) and (7,°), we need one more condition
on regularity of the design ¥q,...,¥,, . It assumes a point v € T to be fixed. For any
vector w, it holds with w;(v) = ¢/ ((¥;,v))

n

Y @i w)wi(v) = || D()ul;

i=1

see (3.1). Later we assume the following condition.
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(¥) For some constants 3 and s and a matrix D? = D?(v) with D?(v) < DZ(v)

I%a;(HD_l!PiH <, (3.5)
f:(s[li,z>4 wi(v) < 2| Dz, z € RP. (3.6)
i=1
By (3.5)
Zn:(!Pi, 2y wi(v) = Zn:(!P,, 2)2 (D7, D2)? w;(v)
i=1 i=1

n
< gDzl Y (i, 2)? wi(v) = 55| D2||*.
i=1

Therefore, s < 3¢p. However, it might be that s < 3¢5. As the final accuracy bound is
given in terms of s, we keep the definition (3.6). The constant > in (3.5) and in (3.4)
can be different. However, we expect that V2 =< D?(v) for v close to v* and use the

same notation.

Lemma 3.2. Assume (¥) for v €T . Let a radius r = r(v) satisfies
swr < 1/2. (3.7)

Then (T3F) and (T;) hold at v with T3 = /e, and T4 = \/e .

Proof. We start with some technical statements. First, observe that the function ¢(v) =

log(1 + ev) satisfies for all v € IR

o™ ()] < ¢"(v), k=34 (3.8)
Indeed, it holds
§0) = T
S0 = T
v 2v
o) = g (12+eev)3’
¢(4) () = eV B Ge2v Gedv

Are )2 (d+e) (et

It is straightforward to see that |¢*)(v)| < ¢”(v) for k = 3,4 and any v.
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Next, we check local variability of ¢”(v). Fix v° < 0. As the function ¢"(v) is

monotonously increasing in v, it holds

o"(v) _ @' +b) _
wfﬁ}j’gb ¢'(v°) ¢ (v°) <e’.

Putting together (3.8) and (3.9) leads to a bound on variability of D(v +w). Let us fix

(3.9)

any w with ||Du|| < r. By definition
D*(v+u) = Z!IIZ v/ " (¥, v+ u)).
i=1
By (3.7) and (%), for each i < n, it holds |(@;,u)| < |[D7'%;||[Du| < spr < 1/2
and by (3.9)

" ((Wi,v+u)) < e d"((¥;,v)).
This yields
D?(v +u) < VeD?(v). (3.10)

As the next step we evaluate the derivative V*f(v +u) for f(v) = IEL(v). For any
u € U with ||Du|| <r and any z € RP, it holds

n

<ka(v —|—u),z®k> = —Z(Wi,z>k ¢(k)((lpi,v+u>).
i=1

With w;(v) = ¢ ((¥;,v)) , we derive by (¥), (3.8), and (3.10)

(V2w +u) =) < 3|02 o' (Fi v+ w)

i=1
n 3 n 1/2 , n 1/2
< VEY | wi(v) < Vo Y o)) () o))
i=1 i=1 i=1
< Vesx|Dz| Dz
This yields (73") with 73 = \/es. Similarly (7;*) holds with 74 = \/e »*. O

Now we can summarize.

Proposition 3.3. Let V2 > 2Var(V() ; see (3.2). Let also pe and Ag be given in (3.3)
while g = /PG + V2xhg. Assume (¥), (34), and »yrg < 1/2. Then (T3) and
(T7) hold at v with 73 = \/esx and 74 = \/esx*. (V) applies with V? = Var(V()
from (3.2) for x with v2x < 1/(230) — \/Pa/Xc -
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3.2 Log-density estimation

Suppose we are given a random sample X7,..., X, in R?. The density model assumes
that all these random variables are independent identically distributed from some mea-
sure P with a density f(x) with respect to a o -finite measure po in R?. This density
function is the target of estimation. By definition, the function f is non-negative, mea-
surable, and integrates to one: [ f(x) duo(x) = 1. Here and in what follows, the integral
[ without limits means the integral over the whole space Re. If f(-) has a smaller sup-
port 2", one can restrict integration to this set. Below we parametrize the model by a
linear decomposition of the log-density function. Let {wj(a:), 7=1,... ,p} with p < 0o

be a collection of functions in R? (a dictionary). For each v = (v;) € RP, define

def

Uz, v) = v (x) + ...+ vptp(E) — $(v) = (), v) — d(v),

where ¥(x) is a vector with components 1;(x). Let ¢(v) be given by

o(v) aof log/e“p(”c)’”> dpo(x). (3.11)

It is worth stressing that the data point « only enters in the linear term <!P(:c), 'v> of the
log-likelihood ¢(x,v). The function ¢(v) is entirely model-driven. Below we restrict v
to a subset 7 in IRP such that ¢(v) is well defined and the integral [ e @)V dug(x)

is finite. Linear log-density modeling assumes

log f(x) = l(x,v") = <W(ac),v*> — ¢(v) (3.12)

for some v* € 7. A nice feature of such representation is that the function log f(x),
in contrary to the density itself, does not need to be non-negative. Another important
benefit of using the log-density is that the stochastic part of the corresponding log-
likelihood is linear w.r.t. the parameter v. With S = >"  ¥(X;), the log-likelihood
L(v) reads as

n

Lv) =) (#(X,),v) —ng(v) = (S,v) — ng(v).

i=1
The truth can be defined as its population counterpart:
v* = argmax EL(v) = argmax{(ES,v) — n¢(v)} = argmax{(¥,v) — ¢(v)}, (3.13)
veY vel vel

where ¥ = n~!'IES. This yields the identity

Vo(v*) = .
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For a given penalty operator G2, the penalized log-likelihood Lg(v) reads as
1 2 1 2
Lo(v) = L(v) - 5Gul = (5, v) — no(v) - 5 |Gv
The penalized MLE ¥ and its population counterpart v, are defined as

vg = argmax Lg(v), v, = argmax [ELg(v).
veY vel

We are interested in sufficient conditions on the model which enables us to apply the

general results of Section 2 for quantifying the error terms vg — v§, v§ —v*, and the

corresponding risk E||Q(vg — v*)|?.

Assumptions

First note that the generalized linear structure of the model automatically yields condi-
tions (Cg) and (¢). Indeed, convexity of ¢(-) implies that EL(v) = (IES,v) — ng(v)
is concave. Further, for the stochastic component ((v) = L(v) — IEL(v), it holds

V((v) = V(=85—-ES =) [#(X;) - E¥(X;)],
i=1

and (¢) follows. Further, the representation IEL(v) = (IES,v) — n¢(v) implies
F(v) = —V?EL(v) = —V2L(v) = nV?¢(v).

To simplify our presentation, we assume that Xi,..., X, are indeed i.i.d. and the density
f(x) can be represented in the form (3.12) for some parameter vector v*. This can be
easily extended to a non i.i.d. case at the cost of more complicated notations. Then
¥ =n"'ES=IEW¥(X;). Moreover, by (3.11), V?¢(v*) = Var{®(X;)} and

Var(V¢) = nV2¢(v*) = F(v*). (3.14)
For any v € 7 and p > 0, consider the elliptic set %,(v) C RP with
Bo(v) < {u e R: (VZo(v),u™) < o*}.
Assume the following conditions.
(f) Xi,...,X, areiid. from a density f satisfying log f(x) = ¥(x) v* — ¢(v*).

(¥) The set T is open and convex, the value ¢(v) from (3.11) is finite for all v € T,
v* from (3.13) is an internal point in 7 such that %s,(v*) C Y for a fixed ¢ > 0.
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(¢) For the Bregman divergence ¢(v;u) ey d(v+u) —op(v) — (Vo(v),u), it holds

sup sup expo(viu) < C,. (3.15)
VEAB,(V*) ueH,(v)

Introduce a measure P, by the relation:

dP,

T @) = ep{(F(@),v) — 6(v)}. (3.16)

Identity (3.11) ensures that P, is a probabilistic measure. Moreover, under (3.12), the

data generating measure IP coincides with PS%".
(W4) There are Cyz >0 and Cyq > 3 such that for all v € By(v*) and z € RP

|Eo(¥(X1) — E®(X1),2)°| < Cos B (0(X1) — (X)), 2)°,
Eo(®(X1) — E,%(X1),2)" < Cpg E2(W(X)) — E,¥(X1),2)°.
In fact, conditions (¢) and (¥4) follow from (27) and can be considered as a kind
of definition of important quantities C,, Cy 3, and Cy 4 which will be used for describing

the smoothness properties of ¢(v).

For a penalty operator G?, define IF = IF(v*), Fg = IF + G?, and

def

pe = t(FG'F), 6= pc+V2x.

Proposition 3.4. Assume (f), (¥), (¢), and (P4), and let r¢ < 0+/n/2. Then,
for any v € ABy(v*), the function f(v) = IE,-L(v) satisfies (S3) and (S4) with
h(v) = (Vo(v*),v) — ¢p(v), m?(v) = V2¢(v), and constants c3 and cy satisfying

3/2
c3 =Cyg3 C¢/ , cy = (Cy'/74 — 3) Ci, Cp = \/CwaCy.

Moreover, (V) holds with V? = 2nV?¢(v*) for x < (o\/n/2 — \/pc)?*/4.

Proof. Let P, be defined by (3.16). It is straightforward to check that FE,%¥(X;) =
Vo(v) and Vary,(¥(X1)) = V2p(v) . Further, if u € %,(v) and v+ u €T, then

d(v+u) = log Eyexp{(¥(X1),v +u)} = log E,, exp{<!l7(X1),u> + gb('u)}.
This yields in view of E,¥(X;) = V¢(v) that e = ¥(X;) — E,¥(X,) fulfills

log By, exp((e, u)) = o(v + u) — ¢(v) — (Eu¥(X1), u)

= ¢(v+u) = o(v) = (Vé(v),u). (3.17)
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Lemma 3.5. The function ¢(v) satisfies for any v € Bo(v*) and z € IRP

[(V3(v), 259)| < Cuz (V2(v), 25%)%/2, (3.18)

[(Vi0(v), 2%%)| < (Coa — 3) (V2o(v), 29%)% (3.19)
Proof. Denote € = X1 — E, Xy . By (3.17) with w =tz for t sufficiently small
x(t) = log By exp(t(e. 2)) = ¢(v + t2) = §(v) — (Vo(v).12),

and by (¥4) with Cg4 > 3

IXP0)] = |Eule, 2)°| < Cos B (e, 2)?,

XD (0)] = |Eyle, 2)* — 3EL(e, 2)%| < (Coa — 3)EL (e, 2)°.
This implies the assertion. O
Lemma 3.6. If v € B,(v*) then with cy = /CpsC,y

(V0022
ucB,(v) z€RP <v2¢(v)7Z®2>

< cy. (3.20)

Proof. Let (VZ¢(v),u®?) < ¢?. By (3.17) with € = X; — E, X3

EU{EETe(e,w} B Ey{e e(e,u)}Ev{E e(e,u)}‘r

2 _ 2 (eu) _
V (b(’U + ’U/) - V IOg Eve - (E'U e(e,u>)2 (E'U e<€7u>)2

and by (3.19) and (3.15) in view of E,e&®) > 1

(Vi(v +u),2%?) < Ev{(s,z>2e<€vu>}

< B (e, 2)* EB7e¥e% <\ [CpaC, (V2(v), 222)
and the assertion follows. O

Now we are prepared to finalize the check of (S3) and (S4). Let v € %,(v*). For
any u with |m(v)u|| <rg/v/n <o, by (3.18) and (3.20)

(V3¢ (v + tu), 223)| Cw,3\|m(v+tu)z\|3<c 372
Im(v)z]3 = m(u)zlp T

and (S3) follows with c3 = Cy 3 CZ/ > The proof of (S4) is similar.
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Now we check the deviation bound for V¢ = §—IES'. Li.d. structure of S =), X;
and (3.14) yield Var(S) = nV2¢(v*). Further, for any u € %,(v*), again by the i.i.d.
assumption and by (3.17)

n~ ' log By exp{(V(, u)} = log Ey-e'®™ = g(v* +u) — ¢(v*) — (Vo(v™),u).

For rg < on'/?, consider all u with n(V2¢(v*),u®?) < ré. If csre < 3n'/2, then by
(S3) and (A.5) of Lemma A.3

1+c3rgn1/?/3

L (TR0 u) < (Vo(v7), u).

P(v* +u) = ¢(v*) = (Vo(v™),u) <

This implies (B.46) with V2 = 2n¢(v*), g = 0y/n/2 and thus, the deviation bound
(B.51) of Theorem B.15 implies (V) for x < x. < (0v/n/2 — /Pg)*/4. O

3.3 Precision matrix estimation

Let Xq,...,X, bei.i.d. zero mean Gaussian vector in IRP with a covariance X: X; ~
N(0,X). Our goal is to estimate the corresponding precision matrix v = X~!. Later
we identify the matrix v with the point in the linear subspace 7" of IRP*P composed
by symmetric matrices. The ML approach leads to the log-likelihood

L(v) 12%(2 )+ 2 log det(v) (3.21)

v) = —— L U) = v .
2 4 1 is B ogdae
1=

with A; = X,; X, . Here and later (A, B) means tr(AB) for A,B € T. The corre-
sponding MLE © maximizes L(v):

v = argmax L(v).
vel

The target of estimation v* can be defined as its population counterpart:

*

v* = argmax [EL(v).
vel

Now introduce a quadratic penalization on v in the form [|[Kv||% /2 for a linear operator

IC on the space 7. One typical example corresponds to the case with

p
chv”%‘r = Z ”Icm’Um”2, U= (U17' . 7UP)7

m=1



32 ESTIMATION FOR SLS MODELS: FINITE SAMPLE GUARANTEES

for a family of linear mappings Ki,...,K, in IRP?. The corresponding penalized MLE
Ui is defined by maximizing the penalized log-likelihood Ly (v) = L(v) — ||[Kv||3, :

~ 1
x = angmax L (v) = angmax{ L(v) — 5Kl |
~ angain{ 304 v) — nlog det(v) + ol |
v i=1

Define also the penalized target vy as
1
v = argmax{lEL(v) — §”IC'UH12?r} = argmin{n(E,v> — nlogdet(v) + HIC'UH%r}
v v

We intend to state some sharp bounds on the loss and risk of v by applying the general
results of Section 2. Model (3.21) is a special case of an exponential family. Therefore,
the basic assumptions (¢) and (Cg) are fulfilled automatically. Next, we check the

smoothness properties of IEL(v) in terms of the Gatoux derivatives.

Lemma 3.7. Let v € T be positive definite. For any z € T and U = v~ /2 z0v 12,
1t holds

—d—2 EL(v+tz) N tr{(v12)%} (3.22)
dt? —o 2 2 ’ '
Similarly
d? 3 d* 4
@EL(U + tZ) o = ntr U s @IEL(’U + tZ) o = —3n trU . (323)

Proof. Fix some z € 1. It holds by (3.21) with U = v~ /2 zv~1/2

2

d

2

n d
» =5 log det(v +t 2)

t=0
2

n d

S VA Hv_l/zzv_l/z”%r.
—0 2 2

This formula can easily be checked when U is diagonal, the general case is reduced to

this one by an orthogonal transform. (3.23) can be checked similarly. O
Bounds (3.23) help to check condition (73") and (7).

Lemma 3.8. For v € T positive definite, define D*(v) by

D)zl = Slv 220 2R, zeT
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Then (T3°) and (T5) are fulfilled with
7= VB8(1—/2:2/n) nTV2 o =12(1— /2e2/n) a7t

Proof. Consider uw € 1" such that ||[D(v)ulp < r. Fix z € 7 and define U = (v +
w)~ Y2z (v +u)"/2. Then by (3.23) and by |tr Ug‘ < (tr U2)3/2, the function f(v)

satisfies
(VP f(v+u),29%)] < nltrid?] < n(tr U2)3/2 < nll(v+u) 2z (0 +u) V23,
Further, ||D(v)u|lm < r implies
”U—1/2(,U + u)’u_l/2 _ 1[”2 _ HU—1/2UU—1/2”2 < ”v—1/2uv—1/2”%r < 2r2/n

yielding

1

1—+/2c2/n

1w + )" 2022 = (I + o~ Puv™ )7 <

Therefore, for any z € T

1w +u) ™20 )? o™ 2207 2,
1

< -
T 1—+4/2r2/n

1w +u) ™22 (v 4+ u) "

IN

”’U_l/2z U_1/2”Fr )

Therefore,
(V3 f (v +u), 22| < n(1 - v/202/n) o220 2|3,

and condition (73") is fulfilled with 75 = v/8(1 — \/2r2/n) “*n=1/2 _ Similarly, one can
check (7). O

By (3.22), the Fisher matrix IF(v) o —~V2EL(v) is a linear operator in 7 with

(F(v),u®?) = g trU? = g tr{(vtu)?}, U=v12z0712,
The penalized Fisher information operator lD,2C = IF(v*) + K? is given by

IDrulf = 5 6{(Zw) + [Kulf:  uweT. (3:24)

The next condition to be verified is (V).
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Lemma 3.9. Let Dx be given by (3.24). Define also

B ¥ D' 2Dt (3.25)

If px <n/8, then (V) is fulfilled with

ryc(x) &

\/[DIC‘F\/E, P déf (trB;c)2—|—trB,2C.
Proof. The stochastic component ((v) = L(v) — IEL(v) reads
1 n
¢(v) = L(v) -~ EL(v) = —3 > (&v)

=1

with & = A; — EA; = X; X — ¥ Clearly ¢(v) is linear in v and condition (¢) is
fulfilled. Moreover, for any direction w in the parameter space 1,

n n

(V(,u) = —% Z(E,-,UJ = —%Z(XZTUX, — (X, u)) = _%Z{%’TU% — tr(U)}
i=1

i=1 i=1

with v, = Y-12X; standard Gaussian and U = X'/24X"/2 . By Lemma B.1
Var(V(,u) = gVar('leUﬂyl) = gtr(Uz) = gtr(ﬂu)2.
In particular, for v = v* = ¥~! the operator ID? = IF(v*) coincides with Var(V():
|Dulf, = 5 tr(2w)

This is in agreement with the fact that under the true parametric assumption, it holds
~V2EL(v*) = Var(VC) . One can easily check for any u € T

Var(ID' V¢, u) = Var(V(, Dilu) = gtr(ulDlleQID,EIu) = gtr(u Bz u)
with By from (3.25). Moreover, Theorem B.26 yields under px < n/8
P(| D VEre > Tc(x)) < 37

see (B.81), and (V) is verified. O
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A Local smoothness and a linearly perturbed optimization

This section discusses the problem of linearly and quadratically perturbed optimization

of a smooth and concave function f(v), v € RP.

A.1 Smoothness and self-concordance in Gateaux sense

Below we assume the function f(v) to be strongly concave with the negative Hessian
F(v) L _v2 f(v) € M, positive definite. Also, assume f(v) three or sometimes even
four times Gateaux differentiable in v € T". For any particular direction u € IRP, we
consider the univariate function f(v 4 tu) and measure its smoothness in ¢. Local
smoothness of f will be described by the relative error of the Taylor expansion of the

third or fourth order. Namely, define

Sa(v,u) = f(0 )~ () ~ (Vi) u) — 3 (T F(0),u™),
6é(vvu) = <Vf('u + u)7u> - <Vf(v)7u> - <V2f(v)7U®2>a
and

(0, u) & fw+w) — f(0) ~ (VF(0),0) — 5(V2F(@),u) — V() u).

Now, for each v, suppose to be given a positive symmetric operator D(v) € M, with

D?(v) < F(v) = —V2f(v) defining a local metric and a local vicinity around v :
U(v) = {u e R": |D(v)ul <r}

for some radius r.

Local smoothness properties of f are given via the quantities

def 2|63(v, u)| oy def |05(v, u)
w(v) = sup —, w(v) = sup —_— Al
@) u: [D)ul<r D(V)ul? @) u: D)<z D)y (A1)
The definition yields for any w with ||D(v)u| <=
5 < “O) i p(w)ul? P < W' (V)| D(v)ul? A2
[G3(v,w)| < == D)u]”,  [F(v,u)| < @)[D)u]”. (A.2)

The introduced quantities w(v), w'(v) strongly depend on the radius r of the local
vicinity U(v). The results about Laplace approximation can be improved provided a
homogeneous upper bound on the error of Taylor expansion. Assume a subset 17° of 1
to be fixed.



36 ESTIMATION FOR SLS MODELS: FINITE SAMPLE GUARANTEES

(T3) There exists T3 such that for all v € T°

33(v.u)] < ZID@)ul®,  [5w.u)] < FIB@)ul®, ueUw).

(T1) There exists T4 such that for all v € Y°
di(v,u)| < D) ul*,  wel(v).
We also present a version of (73) resp. (71) in terms of the third (resp. fourth)
derivative of f.
(T5) [f(v) is strongly concave, D*(v) < —V2f(v), and

(VS (v +u), 2%9)]

T i S 1705 P R
(T) f(v) is strongly concave, D*(v) < —V2f(v), and
[(VAf (v + u), 29|
u: [Doyl<r el Doz[i S
By Banach’s characterization Banach (1938), (75°) implies
(VP f(v+u),21 @22 ® 23)| < 73D (v)21] [|D(v)22] [D(v)23]| (A3)

for any w with ||D(v)u| <r and all z1, 29,23 € RP. Similarly under (7;")
4
(Vv +u),21® 200 230 2z4)| < 7 [[IID(0)2kll,  21,20,23,24 € RP.  (AA4)
k=1
Lemma A.1. Under (T3) or (T3), the values w(v) and w'(v) from (A.1) satisfy

73T
< =
ww) < 55,

W'(v) < 7T, vel.
Proof. For any u € U(v) with |[|[D(v)ul <r

T3 73T
|Gs(v,u)] < & ID(v)ul® < S ID(v)ul?,

and the bound for w(v) follows. The proof for w'(v) is similar. O
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Lemma A.2. Assume (T3). Then
ID(v)"H{V f(v+u) = Vf(v) = (V2f(v),u)]| < —IID( Jul?.
Moreover, under (T;)
[D(v)"{Vf(v+u) = Vfv) = (VZf(v),u) — —<V3f uP) | < HD Jull®.

Proof. We write D in place of D(v). Denote

dof

Vi +u) = V@)~ (Vf(v).u).
For any vector w, (73) and (A.3) imply

(4, w)| < 2 [|Dul? Dl
Therefore,

D' A| = sup [(D7'A,w)| = sup [(4,D7 w)| < 2 ||Dul?
lwl=1 lwl=1 2

which yields the first statement. For the second one, apply A 'y flo+u)—Vf(v)—
(V2f(v),u) — $(V3f(v),u®?) and use (T;) and (A.4) instead of (73*) and (A.3). O

The values 73 and 74 are usually very small. Some quantitative bounds are given
later in this section under the assumption that the function f(v) = IEELg(v) can be
written in the form —f(v) = nh(v) for a fixed smooth function h(v) with the Hessian

V2h(v). The factor n has meaning of the sample size.
(8S3) —f(v)=nh(v) for h(v) conver with V?h(v) > m?(v) = D?(v)/n and
[(V3h(v + u), u®?)|

sup <c3.
u: [m(v)ul|<r/\/n [m(v)ul?
(84) the function h(-) satisfies (S3) and
|(V4h('u +u), u®4>|
sup 1 <c4.
w: [m(v)u|<r/vm ([ (v)ul|

(S3) and (84) are local versions of the so-called self-concordance condition; see Nesterov
(1988). It is also referred to as Ly— Lo norm equivalence; see e.g. Mendelson and Zhivotovskiy
(2020). In fact, they require that each univariate function h(v + tu) of t € IR is self-
concordant with some universal constants c3 and c4. Under (S3) and (S4), we can

use D?(v) = nm?(v) and easily bound the values 63(v,u), d4(v,u), and w(v), W' (v).
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Lemma A.3. Suppose (S3). Then (T3) follows with 73 = c3n~Y2. Moreover, for
w(v) and W'(v) from (A.1), it holds

C3T
w(v) < 312 W/(’U)

IN

(A.5)

Also (Ta) follows from (S4) with 74 = cyn™!.

Proof. For any u € U(v) and t € [0,1], by the Taylor expansion of the third order

1 n nc
(v, u)| < g|<V3f(v +tu), u®?)| = 6 [(VPh(v + tu), u®)| < T?’ lm(v)u|®
n~1/2¢ n 1 2cr
=~ [Pl < === [D(v)ul®*.

This implies (73) as well as (A.5); see (A.2). The statement about (73) is similar. [

A.2 Smoothness of the Hessian

For evaluation of the bias, we also need stronger smoothness conditions. Let f be a
strongly concave function. Essentially we need some continuity of the negative Hessian
F(v) = —V2f(v). Let us fix r and for any v € T, some D(v) < F/2(v), and define

def (F(v+u) —F(v),29%)]

v) = sup sup
u: [D()ul|<r zERP ID(v)z|[?

(A.6)

This definition of w™(v) is, of course, stronger than the one-directional definition of
w(v) in (A.1). However, in typical examples these quantities w(v) and w™(v) are

similar.

Lemma A.4. Condition (T3") yields (A.6) with wt(v) <73r and
IF~2(0) Flv +u) F 2 (v) = L,|| < 5 |D(0)ul <751, [[D0)ul|<r. (A7)
Proof. Let ||D(v)ul| <r. By (T3), for any z € R?, it holds with § = F~'/2(v)z
|<[F_1/2('v) F(v +u) F Y2 (v) - I, z®2>‘ < tSI[épH!(V?’f(U +tu),u ® 5®2>‘
€l0,

< 73 |D(v) u]| ID(v) §]* < m3x |D(v) F2(v)z|* < m3x |12

This yields (A.7). O
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A.3 Optimization after linear perturbation. A basic lemma

Let f(v) be a smooth concave function,
v* = argmax f(v),
v

and F = —V2f(v*). Later we study the question of how the point of maximum and the

value of maximum of f change if we add a linear or quadratic component to f .

A.3.1 A linear perturbation

This section studies the case of a linear change of f. More precisely, let another function

g(v) satisfy for some vector A

g(v) —g(v") = (v—v", A) + f(v) - f(v7). (A.8)

A typical example corresponds to f(v) = IEL(v) and g(v) = L(v) for a random
function L(v) with a linear stochastic component ((v) = L(v) — IEL(v). Then (A.8)
is satisfied with A = V(. Define

v argmax g(v), g(v°) = max g(v). (A.9)

v

The aim of the analysis is to evaluate the quantities v° — v* and g(v°) — g(v*). The
results will be stated in terms of the norm |[F~/2A|. First, we consider the case of a

quadratic function f.

Lemma A.5. Let f(v) be quadratic with V2f(v) = —F. If g(v) satisfy (A.8), then
vt =FA, g0f) - o) = AR (A.10)

Proof. If f(v) is quadratic, then, of course, under (A.8), g(v) is quadratic as well with
—V2g(v) = F. This implies

Vg(v*) — Vg(v°) = F(v° —v%).

Further, (A.8) and Vf(v*) = 0 yield Vg(v*) = A. Together with Vg(v°) = 0, this
implies v° — v* = F~!A. The Taylor expansion of g at v° yields by Vg(v°) =0

* o 1 o * 1 —
g(v*) —g(v°) = —§H[F1/2(v —v)|* = —3IF 24|72

and the assertion follows. O
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The next result describes the concentration properties of v° from (A.9) in a local

elliptic set of the form
def *
A(x) E {v: |[F?(v —v")|| <}, (A.11)
where r is slightly larger than ||[F~Y/2A].

Proposition A.6. Let f(v) be a strongly concave function with f(v*) = max,, f(v)
and F = —V2f(v*). Let further g(v) and f(v) be related by (A.8) with some vector
A. Fiz v<1 and t such that |[F~/2A| < vr. Suppose now that f(v) satisfy (A.1)
for v=v*, D(v*)=F'/2 =D, and ' such that

1—-v—u >0. (A.12)
Then for v° from (A.9), it holds
IF?(v° — ") < x.
Proof. With D = F/2 the bound ||[D~*A|| < vr implies for any u
(A, u)| = ‘(D_lA,DuH < vr|Du|.

Let v be a point on the boundary of the set A(r) from (A.11). We also write u = v—v*.
The idea is to show that the derivative &4 g(v* +tu) < 0 is negative for ¢ > 1. Then all

the extreme points of g(v) are within A(r). We use the decomposition
9" + 1) — g(v") = {A,u)t + f(0" + tu) — F(u7).
With h(t) = f(v* +tu) — f(v*) + (A, u) t, it holds
d * /
Ef(v +tu) = —(A,u) + W' (t). (A.13)

By definition of v*, it also holds h/(0) = (A, u). The identity V2f(v*) = —D? yields
h"(0) = —||Du|?. Bound (A.2) implies for [t| <1

|W'(t) — 1’ (0) — th"(0)| < ¢|n"(0)|w’.
For t =1, we obtain by (A.12)

(1) < —(A,u) + h'(0) — B"(0)a < —|B"(0)|(1 - —v) <0.
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Moreover, concavity of h(t) imply that h'(¢t) — h'(0) decreases in ¢ for ¢ > 1. Further,

summing up the above derivation yields

Eg('u* + tu) . < —||Dul*(1 - v - ') <O0.

As %g(v* + tu) decreases with ¢ > 1 together with A/(t) due to (A.13), the same
applies to all such ¢. This implies the assertion. O

The result of Proposition A.6 allows to localize the point v° = argmax,, g(v) in the
local vicinity A(r) of v*. The use of smoothness properties of g or, equivalently, of f,
in this vicinity helps to obtain rather sharp expansions for v°—v* and for g(v°)—g(v*);
cf. (A.10).

Proposition A.7. Under the conditions of Proposition A.6

* — w —
—THD TA|? < 29(v°) —2g(v*) — D42 < EHD ta|?. (A.14)
Also
o * — 3w —
ID(v° —v*) —DA|]? < m D142,
L (A.15)
D(v° —v")|| £ ——— 1= ||[D 'a].

Proof. By (A.1), for any v € A(r)
f@?) = f(©) ~ 5ID( —v)?| < SID( — o) (A.16)
Further,
o(v) ~ g(v") - 5D AJ
= (00", A) + f(v) (o) - D7 AP
= 3B — ") = DA + f() - f@") + 5D — o). (A.17)
As v° € A(r) and it maximizes g(v), we derive by (A.16)

o * 1 — * 1 —
o(v%) ~ g(w") = 51D AJ = max {gv) —g(v") — D74}

_ w *
< Ugl%){——uu:o v—v) - DAl + T D — v }.



42 ESTIMATION FOR SLS MODELS: FINITE SAMPLE GUARANTEES

Further, maxy{w|ul” - [lu —&[*} = 25 [€]* for w € [0,1) and £ € R, yielding

e} * 1 — —
9(v°) = g(v") = 5[DAJ* < ID~ A2,

_w
2(1 —w)
Similarly
o * 1 —1 2 1 * —1 2 w *\ (|2
_ I > _ _ _ _ = _
9(v°) = g(v") = 5IDT AP > max {3 D - v") - DA - Jp( - o) P
w

= 3t o) ID~LA| (A.18)

These bounds imply (A.14).
Now we derive similarly to (A.17) that for v € A(r)

9(0) ~ g(v") < (v - v, 4) = 2 Do — v .

A particular choice v = v° yields

9(0°) ~ gfv") < (v° — 07, 4) = = D(° — v 7.

Combining this result with (A.18) allows to bound

1—w

o * o * 1 — W
(v° =" A) = ——[ID(v° — V)| - S DA > -

———|DptA|*
w0 Al

Further, for € =D 'A, u = D(v° —v*), and w € [0,1/3], the inequality
9 (1 2 el > Y g2
(u, &) — (1= w)[ull® —[1€]* > el

implies

2w
1+ w)(l—w)

1
Ju- 2l < ; Sl

yielding for w <1/3

[ 2w\ &l _ V3wl
HU—E||§<W+ 1—i—w>1—wS l—w ’
< (14 ) L ¢ 1+
- l14w/l—w™ 1-w

and (A.15) follows. O

Remark A.1. The roles of the functions f and ¢ are exchangeable. In particular, the
results from (A.15) apply with D? = —V?g(v°) = —V?f(v°) provided that (A.1) is
fulfilled at v = v°.
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A.3.2 Basic lemma under third order smoothness

In this section, we assume that f satisfies the local smoothness conditions (73) with
some D? < F = —V2f(v*), a small constant 73, and some radius r to be specified

below.

Proposition A.8. Let f(v) be a strongly concave function with f(v*) = max,, f(v)
and F = —V2f(v*). Let g(v) fulfill (A.8) with some vector A . Suppose that

o |[F2A| <vr for v <2/3 and some r;
e f(v) follows (T3) with this r and some D*> <F and 73 >0;
o yr/2<1—v.

Then v° = argmax,, g(v) satisfies
|FY2(v° —v")|| < r. (A.19)

Proof. Let v be a point on the boundary of the set A(r) from (A.11). We also write
v —v* = F2u for |ul| = r. The idea is to show that the derivative %g('u* +
tF~1/2u) < 0 is negative for ¢ > 1. Then all the extreme points of g(v) are within
A(r). We use the decomposition

g0 +tF 1 2u) — g(v*) = (A, F2u)t + fo* +tF Y 2u) — f(o*).
With h(t) = f(v* +tF~12u) — f(v*) — (A, F~/2u) t, it holds
%f('u* +tFY2u) = (A, FY2u) + B ().

By definition of v*, it also holds V f(v*) =0 and

H(0)] = (A, FY2u)| < |(FY24,0)] < [FY2A] fuf < e
By V2f(v*) = —F, it holds A”(0) = —||u||? = —r?, and (73) implies by D? <F

|W(t) — 1'(0) —th"(0)| < m3t®|Jul?/2 =3 t32?/2, It < 1.
For t =1, we obtain by m3r/2<1—v

R'(1) < K(0)+h"(0)+mrd/2 <vr’—r’+mrd/2 <0.

Moreover, concavity of h(t) implies that h'(t) — h/(0) decreases in ¢t for ¢ > 1 and
hence, h'(t) <h'(1) <0 for [t| > 1. This implies the assertion. O
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The result of Proposition A.8 allows to localize the point v° = argmax,, g(v) in the
local vicinity A(r) of v*. The use of smoothness properties of g or, equivalently, of f,
in this vicinity helps to obtain rather sharp expansions for v°—v* and for g(v°)—g(v*).
Proposition A.9. Under the conditions of Proposition A.8

27
3

Moreover, under (T3)

[F2A)° < 29(0°) — 2g(v") — [F2AI° < [F2AJF. (A20)

[ — o)~ F24] < 22 E2 a2,
. (A.21)
P20 —v*) | < JF-724) + 22 /2 a2

Proof. By (73) and Vf(v*) =0, for any v € A(r)
f@) = fo) = SIF2 0 =P < 2D o) < ZIF 2w - o). (A22)
Further,
sy _ Lpr—1/2 42
9(v) = g(v7) = SlIF~/~A]
* * 1 -
= (v—v", A) + f(v) = f(v") = 5 [F/2A)°
1 - 2 sy L .
= —5F2@ =0 —F2A 4 f(0) — f@0) + 3 IF P - o).
As v° € A(r) and it maximizes g(v), we derive by (A.22) and Lemma A.10

o * 1 — * 1 —
9(0°) — gv") — 5 IF2AJ = max {g(v) ~ gfv") ~ 5IF2AJ}

IN

Lyc1y2 * —1/2 4112 , T3 -1/2 NI T3 1ic=1/2 2113
i — — = — < 2 .
e =S [[FV2 (0 — 07) — FURAI 4 FEw -0t | < SIFT2A]

Similarly

o * 1 —
mv)—ﬂv)—jwlmAW

L1y * —1/2 4112 _ T3 z1/2 #1113 T3 1c=1/2 4113
> S —v*) — - — e .
max LS [[F (0~ 07) - FAI - FF A -0t P} > 2 F A

These bounds imply (A.20). For proving (A.21) use that Vf(v*) =0, Vg(v°) =0,
Vf(w°)=Vg(v°)— A= —-A,and —V2f(v*) =F. By Lemma A.2 with u =F 1A

[F2{f (" + FA) + A} < ZIF2A)2.
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Further, by (A.8)
[F2Vg(v" + FrA)|| = [[F/3{Vg(v" +F'A) — A+ A}
< ||[F_1/2{Vf(v* T FA) + A} < %H[F—l/zAHg
By definition Vg(v°) = 0. This yields
|F~/2{Vgv" + FA) = Vg(o)}| < ZIF2AIP. (A.23)
Now we can use with A = v* +F 1A —v°

1
F~Y/2{Vg(v* + F'A) — Vg(v°)} = (/ F1/2V2g(v° + tA)F~1/2 dt> F'/2A.
0

By (A.8) VZg(v) = V2f(v) for all v. If |[F/?3(v — v*)| < r, then (73) implies
|[F~Y2V2f(v) F/2 + || < wh with w < 731 <1/3. Hence,

[F~2 (V" +F4) — Vg(o*)}| > (1 —wh)[F(v° —v* — FLA)].

This and (A.23) yield

373

IF2(v° — 0" —F1A)| < 1

IF=2A)7 < == F~12 A2,

B
2(1 —w)
and (A.21) follows. O

Lemma A.10. For any € € RP with ||€]| < 2r/3 and 7 with T < 1/2, it holds

Tilalld — g — £112) < T 13 A.24

o (Sl — = €7) < 5 Il*, (A.24)
. (T 3 2 T 3

T _ < L . A.25

i (Sl + = €7) < S e (A.25)

Proof. Any maximizer w of the left-hand side of (A.24) satisfies
7wl ?u —2(u - €) = 0.
Therefore, u = p€ for some p, reducing the problem to the univariate case:

< (Z”uug —Jlu - 5H2> = [I€[> max (Mﬂg —(p— 1)2).

[[ul|<r \ 3 p: llp€l<z\ 3

Define a = 7||&]]. The conditions [|£]| < 2r/3 and 7r < 1/2 imply a < 1/3 and
p€ll < r implies |p| < 3/2. The function ap3/3 — (p — 1)? is concave on the interval
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|p| < 3/2 and hence, the maximizer p fulfills ap? —2p+2 =0 yielding

1+£+v1—-2a
p=iEVIZZ i cs
a
As a €]0,1/3], we can only use
1-VT—2a 2 L 1-vI2a 2a
Pa = a Tliviooa M S 14+vV1-2a (1++1I—-2a)?2"

Therefore,

3,3
mae (Tl — 1) = TIELPe gy, 1y

<= 3
_ TIEP 80 +vT—2a) —12a _ 7f§|° - 8(1+V1—2a) —12a _ T[]
3 (1+vI=2a)* ~ 3 a1z (1+yVI-2a)* ~ 2 °

The function ¢(a) ey 8(1(41'+— V\l/zi—aﬂ increases with a € [0,1/3]. To see this, represent

with y =141 —2a or —2a= (y—1)> —1=1y> -2y,

(b(a)_8(1—1—\/1—2(1)—12&_8y—|—6y2—12y_6y—4
T (1+VI-20t yt oy

and the latter decreases with y > 1. Moreover, ¢(1/3) < 3/2, and (A.24) follows. The

proof of (A.25) is similar. The general case can be reduced to the univariate one by using

u = p&. With a = 7|/&]|, the minimizer p, reads as

V1t 2a—-1 2 1  V1+2a—-1 2a
Pa = a 141424’ Po = At2a+1 (Vt2a+1)2
yielding for a € [0,1/3]
3,3
(T3 _ 2>:TH€” Pa 2(, _ 1)
i (Sl + = €7) = ZEEE (o~ 1)
7| €1 8(1+ 1+ 2a)+12a

<

max ,

3 a€l0,1/3) (I+vV1+2a)*

and with y =14+ 1+ 2a or 2a = y? — 2y,

8(1 ++/1+ 2a) + 12a 8y + 6y% — 12y 6y — 4
max < max ————— = max =1,
ac[0,1/3) (14 1+ 2a)* y>2 y y>2 3
and (A.25) follows. O

Remark A.2. Asin Remark A.1, the roles of f and ¢ can be exchanged. In particular,
(A.21) applies with F = F(v°) provided that (73) is also fulfilled at v°.
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A.3.3 Advanced approximation under fourth order smoothness

The bounds of Proposition A.9 can be made more accurate if f follows (73°) and (7,°)

and one can apply the Taylor expansion of the fourth order.

Proposition A.11. Let f(v) be a strongly concave function with f(v*) = max,, f(v)
and F = —V2f(v*). Denote T(u) = +(V3f(v*),u®) for uw € RP. Let g(v) fulfill
(A.8) with some vector A . Suppose that

o |[F2A| <vr for v <2/3 and some r;
o f(v) follows (T3) and (T;) with this r and some D? <F;
o 73 from (T3") satisfies 3r < 1/3.

Then v° = argmax,, g(v) satisfies (A.19) ||[F/2(v° — v*)|| < r. Further, define

a=F'Y{A+VT(F'A)}. (A.26)
Then
_ T _ T3V T
IF'2a—FY24) < ZIF2A12 < 25 |F2 4]
- (A.27)
IF2al < (1+ 255 )|F 1/2AH
and
2
P2 o - @) < oI el < T jpa . (aas)
6(1— 731 3
Also

1
9(v%) = g(v*) = S [F72 AP = T(F'4)

2 2\2
. T—JT?’ /2 a4 2T +5373) (LY (A.29)

IN

Proof. Proposition A.8 yields (A.19). W.lLo.g. assume v* = 0. It holds by (73) in
view of D < F/2
F'2a — F-12A] = [F129T(F1 A) |

— sup 3|(T,F'A®F 'A®F /)| < %H[F—WAH2 (A.30)
Jull=1
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yielding (A.27) by ||[F~Y2A|| < vr. Similarly for any v

[FY2 V2T (F20) F2) = sup 6(T,F Vv @ (F/2u)%?)| < n3)v].
[l =1

Furthermore, the tensor V27 (u) is linear in w and hence,
sup |[FY2V2T (ta+ (1 —t)FTA)F~ 2
t€[0,1]
= max{|[F~2 V2T (F A)F2|, [F' V2T (a) |} < 3 max{[|[F~"/>Al|, |F'/2all} .
Later we assume |[F'/2al| > ||[F~'A| in view of (A.27). This and (A.30) yield
IF~2VT(a) — F/2VT(FA)|

2
< sup [F2VT(ta+ (1 - OF TA)F 2| [F2 (@ —F1A)| < 2 F%al?.
te[0,1]

Further, by Lemma A.2 in view of VT (a) = 2(V3f(v*),a ® a)
[F=2(Vf(a) + Fa - VT(@)}]| < ZIF"al?.
Now we can bound the norm of F~'/2Vg(a). In view of (A.8) and (A.26), it holds

|E=2Vg(a)| = |F/*{Vg(a) + Fa — VT(A) — A}

IN

[F=2{9 1(a) + Fa = VT (@)} + [FV*{VT(a) - VT(A)}]

IN

6 :
By definition Vg(v°) = 0. This yields
2
[F2{Vg(a) - Vo(o)}] < "2 | 2l (A.31)
Now we can use with A =a —v°
1
F~Y/2{Vg(a) — Vg(v°)} = </ F~Y/2V2g(v° + tA)F1/2 dt> F'/2A.
0

By (A.8) V%g(v) = V2f(v) for all v. If |FY/2(v —v*)|| < r, then (73) implies
[F=Y2V2f(v)F~Y/2 + I|| < w™ with w < 731 < 1/3. Hence,

IF~12{Vg(a) = Vg(°)}]| = (1 - 1) |F/2(v° — a)] .
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This, (A.27), and (A.31) yield in view of 73r < 1/3 and v =2/3

T4 + 37'?3
r

° 7'4—|-3T2 _
IF'2(v° —a)| < 5 IF'2a|® < =—=2|F'24)?, (A.32)

(1 — 73 ) 3
and (A.28) follows. It remains to bound g(v°) — ¢(0). By (A.30)

2
SIE2AR — (4,a) + SIF2al? = SIF 20— F24)7 < B E-2 4]
First consider g(a)—g(0). One more use of (7;*) yields with v* =0 and —V?f(0) =F
1,
l9(a) = 9(0) = 5 IF~2AJ12 ~ T(a)|
1, _
= | (@) = £(0) + (4,a) - SIFT/2A)2 - T(a)
1 1/2 12 T?? —1/2 44
< |f(@) = 1) +51F2a)? = T(@)| + Z|F /24
T4+

2 2
T4 172 44 T3 pe—1/2 44 < 213 —1/2 44

Also by Vg(v°) =0 and (A.32), it holds for some v € [a,v°] as in (A.32)

IN

IN

R _ o
l9(a) — g(v)| < SIIF~2V2g(0) F-V2| [[FY2(a — v7)|?

(4 +373)? 12,6 (Ta+ 373)° ~1/2 4116
< ——=|F ——||F A
< L p e < LI e ape,
Moreover, similarly to (A.30)

T (a) — T(FLA)| < sup |[FTV2VT(HF A+ (1 —t)a)|| |[FY/%a — F1/24]
te[0,1]

2 2
< DI 2al? [F2 AR < 22 F 12 A,
4 16
Summing up the obtained bounds yields (A.29). O

A.3.4 Quadratic penalization

Here we discuss the case when g(v) — f(v) is quadratic. The general case can be
reduced to the situation with g(v) = f(v) — [|Gv||?/2. To make the dependence of G
more explicit, denote fg(v) ey fv) —||Gv|?/2,

v* = argmax f(v), v = argmax fg(v) = argmax{f(v) — HG’UH2/2}.

We study the bias v —v™* induced by this penalization. To get some intuition, consider

first the case of a quadratic function f(v).



50 ESTIMATION FOR SLS MODELS: FINITE SAMPLE GUARANTEES

Lemma A.12. Let f(v) be quadratic with F = —V?f(v) and Fg =F + G?%. Then
vE —v* = —F; 'GP,
fa(ws) - fa(v?) = 3G 262 .
Proof. Quadraticity of f(v) implies quadraticity of fg(v) with V2fg(v) = —Fg and
Via(vg) = Vicv") = —Fa (vg —v").

Further, Vf(v*) =0 yielding Vfg(v*) = —G?v*. Together with V fg(v§) = 0, this
implies vy, —v* = —F; 'G2v* . The Taylor expansion of fo at v¢; yields

faw®) — falwl) = —5F2 " — v = —3 IFg 6P P
and the assertion follows. O

Now we turn to the general case with f satisfying (73°).

Proposition A.13. Let f be concave, v* = argmax, f(v), F = —V2f(v*), and
Fo = —V2f(v*) + G?. Define
be = |Fg"/? G?v|).

With v =2/3, assume (T3) for r =v"'bg and D? < Fg. Then H[Fcl;/z(v*G —vY)| <

vl bg or, equivalently,

v € Ag € {v: [[F (v —v")|| < vl bet (A.33)

Moreover,

[t —w) + 85 | < e,

|2fg(vé) — 2f(;(’v*) — b%;‘ < 73 b?(’;.

Proof. Define gg(v) by
96(v) = 96(vg) = fa(v) = fa(vE) + (GPv* v —vg). (A.34)

The function fg is concave, the same holds for gg from (A.34). Now we show that
v* = argmax gz (v) . It suffices to check that Vgg(v*) = 0. By definition, Vf(v*) =0,
and hence, Vfg(v*) = —G?*v*+G?*v* = 0. Now the results follow from Proposition A.9
applied with f(v) = gg(v) = fa(v) — (A,v), g(v) = fe(v), and A = G*v*. O
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The bound on the bias can be further improved under fourth-order smoothness of f

using the results of Proposition A.11.

Proposition A.14. Let f be concave and v* = argmax,, f(v). With Fg = —V2f(v*)+
G? and v =2/3, assume (T3") and (T;) for D* <Fg and r =g e v~ tbg , where
bg = ||[FG_1/2G2’U*|| . Then (A.33) holds. Furthermore, define

meg = F5H{G*v* + VT (F;'G*v*)}

with T(u) = (V3 f(v*),u®3). Then Hﬂ%ﬂmgH <rg,

T3V rQg
2

T3V rQg
IF*mell < (14257 )be,

[F'Pme — By 6P| < Sbg, < b,

and
IR 0" — vt~ ma)l < I g < TS by
Also
fa(vs) — fo(v®) — %b%  T(me)| < ™ %1—62732 bl (14 +537§)2 "

B Deviation bounds for quadratic forms

Here we collect some useful results from probability theory mainly concerning Gaussian

and non-Gaussian quadratic forms.

B.1 Moments of a Gaussian quadratic form

Let Z be standard normal in IRP for p < co. Given a self-adjoint trace operator B,

consider a quadratic form <BZ7 Z > .

Lemma B.1. It holds

E(BZ,Z) = tr B.
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Moreover,

and

E(BZ,2)*

E(BZ,7)’

E(BZ,7

) =
) =
Vo
Var(BZ, Z)? =

Moreover, if B < I
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E((BZ,Z) - tr B)® = 2tr B,

E((BZ,Z) - tr B)’ = 8tr B,

E((BZ,Z) - tr B)" = 48tr B* + 12(tr B%)?,

E((BZ,2) —tr B)’ = 512tr B® 4 32tr B tr B?,
(tr B)* + 2tr B?,

trB +6tr B tr B —|—8tr33
(tr B)* + 12(tr B)? tr B? + 32(tr B) tr B> + 48tr B* + 12(tr B%)?,

8(tr B)? tr B 4 32(tr B) tr B> + 48 tr B* + 8(tr B%)2.

, and p = tr B, then tr B™ < p|| B[t for m > 1 and

E(BZ,2)" < p? + 2p|B| < (p+ B
E(BZ,2)’ < p* + 6p*(| B|| + 8pl| B|® < (p+2/BI)?
E(BZ,2)" < p! + 12p° || B|| + 44p|| B|1* + 48p| B < (p+3|IB|)*,
E(BZ,Z)’ < p° + 20p*| B|| + 140p°(| B|* + 2729 | B||* + 512p| B|* < (p + 4I|BI)°.
Var(BZ,Z)* < 8p° + 40p?|| B|| + 48p|| B>
Finally,
E(ZZT - Hp)B(ZZT —I,) = B+ tr(B)I,
yielding
E|B(ZZ" - L,)|% = (tr B)> + tr B (B.1)

Proof. Let x = 4% — 1 for 7 standard normal. Then Ey = 0, Ex?> =2, E\3
Ex* = 60. Without loss of generality assume B diagonal:

Then

= 87
B = diag(A1, A2,. .., Ap)

p
€ (B2,Z) ~wB =Y N} -1),

J=1
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where v; are i.i.d. standard normal. This easily yields with p,, = tr(B™)
EE =) NE(y; - 1)’ = Ex® tr B* = 2p,,

EE =Y MNE(y; - 1)* = Ex® tr B® = 8ps,

j=1
p
ZA;* F— D)) CNNE(] - 1)2E(y] - 1)
i#]
= (lEX4 — 3(EX?)?) tr B* + 3(Ex? tr B)? = 48p4 + 12p3,
p
=2 00 - 174 Y RNEGE - 1PBGF - 1)°
J=1 i#]

= {E(*-1)" - E(®* -1’ E(*-1)*} r B> + E(y* — 1)’E(y* - 1)* tr B> tr B

= 512[[3)5 + 32[[3)2 Ps .

and
E(BZ,2) = (E(BZ,2))* + B = p + 2ps,
E(BZ,2)* = E(¢ +p)® = p’ + BE® + 3p B = p° + 6p pa + 8ps,
E(BZ,2)" = E(¢ +p)" = p* + 6p>E¢? + 4p BE® + Ee*
= p* + 12p® p2 + 32p p3 + 48p4 + 12p3,
and

Var(BZ, Z)" = E(¢ +p)* — (p* + 2p2)”

2
= p' + 6p°BE* + 4p EE® + E¢* — (p® + 2p2)” = 8p° p2 + 32pps + 48p4 + 8p3 .
Also

E(BZ, 2)’ = E(¢ +p)’ = p° + 10p* E? + 10p? BE + 5pEE* + EE

= p° + 20p” p2 + 80p”ps3 + Sp(48pa + 12p5) + 512ps + 32p2 ps3 -
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Assume ||B|| =1 yielding p,, < p. Then

E(BZ,Z)" <p*+2p < (p+1)%,

E(BZ, Z>3<p +6p% +8p < (p +2)%,

E(BZ,7)" < p* + 12p® + 44p® + 48p < (p+3)*,
E(BZ,Z)° < p® +20p* + 140p® + 272p> 4 512p < (p + 4)° .

For the last result of the lemma, observe that with B = diag(A1, A2, ..., Ap), the matrix

E(ZZ" - L,)B(ZZ" — I,) is diagonal with the ith diagonal entry
p

> AN E(iy; — big) ZA Aj+ A2

j=1

yielding
p p 2 p
E|B*(2ZT - L)B?|f = Y MNE(y; — 6iy)° = <Z )\z') + N
ij=1 ‘

and assertion (B.1) follows.

Now we compute the exponential moments of centered and non-centered quadratic

forms.

Lemma B.2. Let ||Bllop = A and Z ~ N(0,L,). Then for any pu € (0,A71),
Eexp{%(BZ, Z)} — det(IL, — uB)~Y2.

Moreover, with p =tr B and v = tr B2

2v?

loglEexp{ ((BZ,Z) —[p))} < TESYIR

=

If B is positive semidefinite, \j > 0, then
11292
loglEexp{——(<BZ Z) — )} < R

For any complex valued p with |Au| <1,

Alp*v?
T 6(1 = Alpl)

((BZ,2) —p) - MQUBQ}

log IE exp{ 1

=

(B.2)

(B.4)
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Proof. W.lo.g. assume A = 1. Let \; be the eigenvalues of B, |\;| < 1. By an
orthogonal transform, one can reduce the statement to the case of a diagonal matrix
B = diag();) . Then (BZ,Z) = )\ﬂ] and by independence of the ~;’s

p
1 1 —1/2
~(BZ,Z H]Eexp =[] ——— = det(L, — uB)"'".
{2 } ( > =1 \/1 — ,u)\j
Below we use the simple bounds:
SR w2
—log(l—u)—u=Y —<— k 1
gl —u=Y TGSt =gt we )
=2 k=0
lo (1—u)—|—u—iu—k<u— u € (—1,0)
g - k: k — 2 ) ) N
Now it holds for p >0
log JE{ ((BZ.2) — )} = log det(IL, — uB)~1/2 — %
p 2)\2 2.2
v
= —— log(1 — pA;) + pA;j .
Z{ 81— 1) A} < 241—MA A1 — N
Similarly for any complex p with |ulA <1
2 2 2 2
I o\ ptrB B _ _1/2 Hp p°trB
loglE{2 ((BZ,Z) —p) 1 } = |log det(I, — pnB) 5 1
LS { A =P MR\
= — log(1 — pAj) — pA; } = .
3 (2 01 )~ <2 G0 =) ~ 60—l
Statement (B.3) can be proved similarly. O

Now we consider the case of a non-centered quadratic form (BZ,Z)/2+ (A, Z) for

a fixed vector A.

Lemma B.3. Let ||B|| = Amax(B) < 1. Then for any A

Eexp{%(BZ, Z) + (A, Z>} = exp{ I, - B2) 1/2AH2} det(I, — B)~Y2.
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Moreover, for any p € (0,1)

loglEeXp{g((BZ, Zy—p)+ <A,Z>}
I, — uB)~1/2A|>?
— ||( P M2) H +logdet(ﬂp_MB)_1/2_/le
@ —uB) AR v )
- 2 41— plBIl) - '

Proof. Denote a = (I, — B)~'/2A. Tt holds by change of variables (I, — B)'/?xz = u
for C, = (2m)7P/?

Eexp{%(BZ, Z)+ (A, Z>} = Cp/exp{—%«llp — B)x,x) + <A,a:>}dac
= Cpdet(I, — B)~1/2 /exp{—%HuH2 + (a,u>}du = det(I, — B)~1/2 ellall?/2,

The last inequality (B.5) follows by (B.2). O

B.2 Deviation bounds for Gaussian quadratic forms

The next result explains the concentration effect of ||Q&||? for a centered Gaussian vector
& ~ N(0, V%) and a linear operator Q: R? — IRY, p,q < oo. We use a version from

Laurent and Massart (2000). For completeness, we present a simple proof.

Theorem B.4. Let £ ~ N(0, V?) be a Gaussian element in IRP and let Q: IRP — IRY
be such that B = QWV?2QT s a trace operator in IRY. Then with p = tr(B), v? =
tr(B?), and \ = ||B||, it holds for each x >0

P(HQ&HQ —p>2viE+ 2AX) <e ™ (B.6)
P2 —p < —2vx) < e (B.7)
It also implies
P(|[|Q¢|° — p| > 22(B,x)) < 27,
with

def

29(B,x) = 2vy/x+ 2X\x . (B.8)
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Proof. W.lo.g. assume that A = ||B|| = 1. We use the identity ||Q¢|?> = (BZ,Z) with
Z ~ N(0,I;) . We apply Markov’s inequality: with x> 0

B
P((BZ, Z)—p> Z2(B,X)> < Eexp(g(wz, Z) —p) - W) '
Given x > 0, fix u < 1 by the equation
7 2¢/x o v
T-n v =l+5—=. B.
1—pu v or K + 2\/§ ( 9)

Let A; be the eigenvalues of B, |A\;| < 1. It holds with p = tr B in view of (B.2)

2.2
7 (v
logIE< =((BZ,Z) — < —. B.1
s B{5((B2.2) - )} < 14~ (B.10)
For (B.6), it remains to check that the choice p by (B.9) yields
2.2 2.2

pv? o pz(Bx) o ptv? _(IWE s N
=) 5 _4(1—,“) u(vﬁ—kx)—ﬂ( 9 Vy/X x)— X.

The bound (B.7) is obtained similarly from Markov’s inequality applied to —(BZ,Z)+p
with g = 2v~!{/x. The use of (B.3) yields

1P<(BZ, Z)—p< —2v\/§> < Eexp{g(—(BZ, Z)+p) — ,uv\/}_c}

2.2

< exp(MTV —,uvﬁ) =e
as required. O

Corollary B.5. Assume the conditions of Theorem B.J. Then for z > v

2 2 22

Proof. Given z, define x by 2vy/x +2\x = z or 2\y/x = Vv2 + 2z — v. Then

(m_vf}:exp{_( 22 }

P(IQE> —p>2) < e-xzexp{—
( ) 4x? v+ Vv + 2)\2)2

This yields (B.11) by direct calculus. O

Of course, bound (B.11) is sensible only if z > v.
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Corollary B.6. Assume the conditions of Theorem B.J. If also B >0, then

P(|IQ¢I* = 22(B,x)) < o~
with
2(B,x) € p+2vyx+2x < (VB+ V2Ax)°.
Also

P(lQ¢l* ~p < ~2v ) < e

Proof. The definition implies v < pA. One can use a sub-optimal choice of the value
p(x) = {1+ 2y/Ap/ x}_l yielding the statement of the corollary. O

As a special case, we present a bound for the chi-squared distribution corresponding
to Q=V2?=1I,, p<oo. Then B=1I,, tr(B)=p, tr(B?) =p and \(B) =1.

Corollary B.7. Let Z be a standard normal vector in IRP. Then for any x >0
lP(HZH2 >p+2px+ 2X) <e¥
P(IZ]] > yp+VE) <o

P(|Z]* < p - 2/px)

—X

IN

[§]

The bound of Theorem B.4 can be represented as a usual deviation bound.

Theorem B.8. Assume the conditions of Theorem B.4. For y > 0, define

af (VYFP—/P)? '

x(y) 75
Then
P(|QEI* >p+y) < e, (B.12)
YR\ )
B{(IQ¢I - o) L(IQEI* 2 p+3)} < 2(S 7)) e (B.13)

Moreover, let >0 fulfill € = pX + p\/Ap/x(y) < 1. Then

B{e 1922 (| Qg)* = p +y)} <

T expi-(1—ex(y)}. (B.14)
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Proof. Normalizing by A reduces the statements to the case with A = 1. Define n =
Q€| — p and

z(x) = 2/px + 2x. (B.15)

Then by (B.6) IP(n > z(x)) < e™*. Inverting the relation (B.15) yields

x(2) = (¢z+ ~vB)’
and (B.12) follows by applying z = y. Further,
E{nln=>y)} = / P(n>z)dz < / e @) gz = / e 2 (x)dx.
y y x(y)

As 2/(x) = 2+ /p/x monotonously decreases with x, we derive

E{nl(n>y)} < 2(x(y)e™ = X,;y) o—x7) _ ;+\/—y+ e

and (B.13) follows.
In a similar way, define z(x) from the relation p~'logz(x) = \/px + x yielding

z(x) = exp(uy/Px + px).

The inverse relation reads

2) = (Vi Tlogz + p/d — /p/4)”.
Then with x(y) = xe(e/¥/2) = (Vy+p-— \/_) /4

E{e"?U(n>y)} = [ PE"?>z)dz= [ P(y>2u " logz)dz

ehy/2 ehy/2

g/ e %@ dz:/ e * 7 (x) dx.
el»"Y/2 X(Y)

Further, in view of p+ 0.5 py/p/x < p+ py/p/x(y) =€ < 1 for x > x(y), it holds
Z(x) = (n+0.5p/p/x) exp(py/px+ pnx) < exp(pxy/p/x(y) + px) = exp(ex)
and

E{e""?1(n>y)} < / e (7 gy = —
x(y)

and (B.14) follows. O
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B.3 Deviation bounds for sub-gaussian quadratic forms

This section collects some probability bounds for sub-gaussian quadratic forms.

B.3.1 A rough upper bound

Let & be a random vector in IR?, p < oo, with IE£& = 0. We suppose that there exists
an operator WV in IRP such that

e
2 )

log Eexp((u, V7'¢)) < u € R”. (B.16)

In the Gaussian case, one can take W2 = Var(¢). In general, W2 > Var(¢). We
consider a quadratic form ||Q€||?, where & satisfies (B.16) and @ is a given linear

operator IR? — IRY. Denote

def

BYQv2Q", p¥um), Y um. (B.17)

We show that under (B.16), the quadratic form [|Q&||? follows the same upper deviation
bound IP(||Q€||* — tr B > 23(B,x)) < e ™ with 25(B,x) from (B.8) as in the Gaussian
case. Similar results can be found e.g. in Hsu et al. (2012). We present an independent

proof for reference convenience.

Theorem B.9. Suppose (B.16). With notation from (B.17), it holds for any u < 1/||B]|

Bexp(5Q¢I7) < exp(% +5)

and for any x > 0
P(|Q&|* > p +2vyx +2x) < e ™™ (B.18)
Proof. Normalization by ||B|| reduces the proof to ||B|| =1. For p € (0,1),
Eexp(p]|Q€|%/2) = E By exp(u'/*(VQ T, V'¢)), (B.19)

where « is standard Gaussian in IR? under IE, independent on §. Application of
Fubini’s theorem, (B.16), and (B.10) yields

p? tr(B?) n Mtr(B))'

lEeXp<g||QE||2) < E, eXp(gHWQT7||2) < exp( 4(1 — p) 2

Further, we proceed as in the Gaussian case; see the proof of Theorem B.4. O
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The bound (B.18) looks identical to the Gaussian case, however, there is an essential
difference: p = tr(B) can be much larger than E|Q&||* = tr{Q Var(§)Q "} . The result
from (B.18) is not accurate enough for supporting the concentration phenomenon that
|Q€||> concentrates around its expectation IE|Q&||*. The next section presents some

sufficient conditions for obtaining sharp Gaussian-like deviation bounds.

B.3.2 Concentration of the squared norm of a sub-gaussian vector

Let & be a centered random vector in IRP with sub-gaussian tails. We study concen-
tration effect of the squared norm ||QX || for a linear mapping @ and for X = W—1¢
being the standardized version of &, where W2 = Var(£). More generally, we allow
V2 > Var(€) yielding Var(X) < I, to incorporate the case when Var(¢) is ill-posed.
The aim is to establish the results similar to (B.6) with B = QW?2Q" as in Gaussian

case. Later we assume the following condition.

(X) A random vector X € IRP satisfies EX = 0, Var(X) < I, for the identity
matriz I, . The function ¢(u) dof log Ee‘®X) s finite and fulfills for some Cy

o(u) ¥ log Be'X) < %u”z, u e RP. (B.20)

The constant C4 can be quite large, it does not show up in the leading term of the
obtained bound. Also, we will only use this condition for ||u|| > g for some sufficiently
large g. For ||u| < g, we use smoothness properties of ¢(u) in terms of its third and
fourth derivatives.

The bounds in (B.6) and in (B.18) are uniform in the sense that they apply for all x
and all B. The results of this section are limited to a high dimensional situation with
tr(B) > || B|| and apply only for x < tr(B)/||B]|. This corresponds to high dimensional
concentration of [[QX||? for X Gaussian. As compensation for this local behavior, the
bounds are surprisingly sharp. In fact, they perfectly replicate bounds (B.6) from the
Gaussian case, the upper and lower quantiles are exactly as in (B.6) and the deviation
probability is increased from e™ to (1 + A,)e™ for a small value A, . For larger x,
one can still apply rough upper bound (B.18) involving Cy.

With ~ standard normal in IR?, define

p ¥ EIQX|? = 0{Q Var(X)QT} = tr(B),

po & E|QT~|? = tr(QQT).

(B.21)
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The presented results apply to a high-dimensional situation when p and hence pg is a

large number. Define for u € IRP | define a measure IE, by

aet E(nelX))
Butl = —pefuxy (B.22)
Also fix some g > 0 and introduce
s SUp | Ey(u, X — lEuX>3‘ ’ (B.23)
uf<g el
def
™= ”Sﬂp [ae|* | By (u, X — E,X)* — 3{By(u, X — lEuX>2}2| . (B.24)
u Sg

The quantities 73 and 74 are typically not only finite but also very small. Indeed, for
X Gaussian they just vanish. If X is a normalized sum of independent centred random
vectors &y,...,§, then 73 = n~Y2 and 74 < n~!; see Section B.3.3.

First, we present an upper bound which nicely replicates (B.6) under some restric-

tions; see Section B.3.4 for a further discussion.

Theorem B.10. Let X satisfy EX = 0, Var(X) < I,, and (X). For any linear
mapping Q with |Q|| = 1, set B = QVar(X)Q' and define p, pg by (B.21). Fix
g such that g* > 3pg and gr3 < 2/3 for 3 from (B.23). For any x > 0 with

4x < \/tr(B?)/(3Cy) , it holds

P(|QX|? > tr(B) + 2y/xtr(B2) +2x) < (1+ Ay)e ™, (B.25)
where p = p(x) is given by pu~t = 1+ \/tr(B2)/(4x) and A, depends on T3, T4,

P, PQ only and will be given explicitly in the proof. Moreover, A, < 1 under pg > 1,
(T32+T4)[Dé <1.

The key step of the proof is the following statement.

Proposition B.11. Assume the conditions of Theorem B.10. If 1 > 0 satisfies
Cop <1/3, (B.26)
then it holds
Bexp(u|QX[2/2) — det(, — uB)~"?| < A, det(T, - pB)"?  (B27)

for some constant A, such that A, < 1 under pg > 1, (7'32 + 7'4)[;% < 1; see the

proof for a closed-form representation.
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Proof. We use (B.19) and Fubini theorem: with Ey = IE, 0,1,)
Eexp(u|QX|*/2) = EEy exp(u'/*(Qv, X)) = By expg('’Q'y).  (B.28)
Further, with g2 = 3pq ,

E, exp ¢(1'/?Q ) = Ey expo(2QT) I(|u*Q || < g)

+ Ey exp o(u2Q T y) I(||12Q | > g). (B.29)

Each summand here will be bounded separately starting from the second one. Define
def 1 112 2 def
du = 1( Cyp g —\/po) ) wy = Cp i+ Copp\/PQ /3y -

Then (B.26) ensures that 3, > (1/9pg — 1/[FDQ)2/4 =pg and w, <2/3. By (B.20) and
(B.14) of Theorem B.8, it holds under the condition wy <2 /3
Ey expo(u?Q ) 1(|n*Q | > g)
< By exp(Co | QTIP/2) 1(|QT~[* > 17 'g?)

< exp(Cy 11pq/2) By exp(Co u(|Q I — p@)/2) T(IQTI* > 1'%

Sy exp{Cy npqQ/2 — (1 — wu)3u} - (B.30)

Note that w, <2/3, 3, > pg, and Cyp < 1/3 imply

I —w exp{Cy up@Q/2 — (1 —wyu)iu} < 3e Pa/l. (B.31)
o

Now we check that ¢(u) satisfies conditions (D3) and (Dg4):

[(V3g(x),u®?)| < 73ul®, ue RP, (B.32)
and
¢ Ly Lo
81(w)| = |#(w) = $(¢"(0),u?) = (6" (0),u)| < Zull', Jull <g. (B33

Consider first the univariate case. Let X satisfy IEX =0 and IEX? < ¢2. Define for

any t € [0,g] a measure IP; such that for any random variable 7

&, et Ene'™)
1 = EetX
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Consider o¢(t) o log IEe'X as a function of ¢ € [0,)\]. It is well defined and satisfies
#(0) = ¢'(0) =0, ¢"(0) = EX? < 02, and

" (t) = By(X — B X)3,

oD (t) = By(X — B X)* — 3{Ey(X — B, X))}
Therefore, conditions (D}) and (D4) follow from (B.23) and (B.24). The multivariate
case can be reduced to the univariate one by fixing a direction w € IRP and considering
the function ¢(tu) of t.

Next, consider the first term on the right-hand side of (B.29). Define W = {w €
R?: ||p/2QTw|| < g}. Then with ¢, = (27)~%2 and ~ ~ N(0, I,)

E,, exp ¢(1'/2Q ) I(||2QTv| < g) = ¢, /W o) gay

where for w € IRY
fu(w) = ¢(u'?Q T w) — |Jw]?/2

so that f,(0) =0, Vf,(0) =0. Also, define

D2 V2,(0) = —pQ Var(X)Q + I, = I, — B,

pe < te{ D (1QQTD; Y,

def _ _
ay = 1D (uQQ D

Note that ||B|| <1 implies (1 — p)I, < Di < I, and with pg = tr(QQT)
_ _ _def M
Pu < LPQ, ay <L, = —.
Iz Q B 1—p
The function f,(w) inherits smoothness properties of (1*/?QTw) . In particular,
‘(vgfu(o)a’“@gﬂ < T3||N1/2QTUH3 <73 ﬁ3/2||DuuH3 = 7'37“||D“u||3,
and for any w with ||p'/?Q T w| < g

[(V fu(w), u®)| < mlln'?Q T ull* < 7 | Dyul* = 7 ul| Dy

Also w € W implies fl|D,wl|* < g®. We apply Proposition B.43 to f,(w) yielding

fu(w) - —[Duwl|?/2
S el ) dw fwf " dw <o. (B.34)
fe—”Duw” /2 dw
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The quantity < here is computed as follows. Let T(u) = (V3f,(0),u®), ~, ~
N(0,D;?). Define

2
T3 8/ 1
€ = T < 57'3%27

or = ET*(v,) < V/5/1273,pu < \/5/1273pq |

1 1
b = By 52('@) < 21 Tau(Pp + 30‘#)2 < o T4(pg + 3)2.

Then

UZ 542:# 5 3 2
‘<> - 7‘ é 0-;1,54,;1“‘ 77 + gﬁueXP(Eu)a <> S

Furthermore, it holds

—IDawl?/2 g
def | Jwe Y P(1420T D1
G [ e 1Puwl/2 gy =P(ln'"Q el > g)

< PIQTI* > (1 - p)n'g”). (B.36)
By (B.26), it holds p~'g? > 9Cs po > 9pg and p < 1/(3C4) < 1/3, and hence
pu < P(IQ "] > 6pg) <e7P2. (B.37)

By (B.34) and (B.36)

fW efl»t(w) dw
fe_||DMw||2/2 dw

— 1 <O+ pu- (B.38)

It remains to be noted that

, / e IDuwI?/2 oy — det(I, — pB) M2 < 1

det D,

and (B.27) follows from (B.30) and (B.38) with

1
Ay <O+ put T o exp{Cy 1pq/2 — (1 — wu)?w}' (B.39)
I

Moreover, the last two quantities on the right-hand side of (B.39) are small for pg large
in view of (B.31) and (B.37) while <) is small provided that (72 + 74) [p%2 is small. O

Proof of Theorem B.10. Upper deviation bounds for |[[QX||?> can now be derived as
in the Gaussian case by applying (B.27) with a proper choice of p. Let x satisfy
Vix < /tr(B2)/(3Cs). We check (B.26) for p = pu(x). Indeed, the definition p=t =
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tr(B2)/(4x) implies p < \/4x/tr(B?). Therefore, V4x < \/tr(B2)/(3C,) yields
p < 1/(3Cy) and (B.26) is fulfilled for g = 3tr(B). The bound (B.25) follows from
(B.27) as in the Gaussian case of Theorem B.4. O

For getting the bound on the lower deviation probability, we need an analog of (B.27)

for p negative. Representation (B.28) reads as

EeHeXI?/2 _ EE, ei\/ﬁ(QT%X> — lE,ylEei\/ﬁ<QT7’X> (B.40)

with i = y/—1. For our approach, it is necessary that the characteristic function

E exp(i(u, X)) does not vanish. This allows to define

def

f(u) = log EeHwX)

Later we assume that the function f(w) is bounded on the ball ||u| < g. On the

contrary to (X)), we don’t require finite exponential moments for the vector X .
(iX) For some fired g and Cs, the function f(u) = log IEe*%X) satisfies

f(u)| = [log Be*™ X < i, Jluf <s.

Note that this condition can easily be ensured by replacing X with X 4 a7y for any
positive a and v ~ N(0,I,). The constant Cg¢ is unimportant, it does not show up in

our results. It, however, enables us to define similarly to (B.24)

def
T4 = sup

. ’ ,
< 1wl | By (iu, X — B X)* - H{ Biy(iu, X — EiuX>2} | (B4
uj=g

Theorem B.12. Let X satisfy EX = 0, Var(X) < II,. Let also Q be a linear
mapping Q with |Q|| =1, po =tr(QQR"), B =QVar(X)QT , v? = tr(B?). Assume
(iX) for some g with g? > 4p22/v2 . Let also 13 be given by (B.23) and w dof g13/2 <
1/3. Then for any x < v%/4, it holds

P(|QX|? < tr(B) —2vyx) < (24 O+ pu)e ™, (B.42)

where ,udéf 2v~ly/x and
Ap—1n2 2 2
def Hop P _ Y
o P(\IQT7\|2 > Q) < exp{— 5@ =1} Sexp(-1 %) (B.43)

The value < is described in the proof of Theorem B.11 and it is small provided pg > 1
and (132 +74)po < 1.
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This result is based on an approximation Ee HIQXI*/2 ~ det(I, + uB)~"/2.

Proposition B.13. Assume the conditions of Theorem B.12. For any p € (0,1), it

holds with B = Q Var(X)Q"

‘lEe_“”QX”2/2 — det(I, + ,uB)_l/2| < (O 4 py) det(I, + uB) Y2 + p,,
(B.44)
pu < Py (IIQT I = 4p"pg) < exp{—[p?TQ(%fl/2 - 1)2} :

Proof. We follow the line of the proof of Theorem B.11 replacing everywhere ¢(u) with
f(u). In particular, we start with representation (B.40) and apply with g? = 4pg

Ee QX2 — B of(ViQT)
= Ey ' VIOV (| EQ | < g) + By VUV (| QT > g).
It holds
f(0) =0, VF(0)=0, —V?f(0)= Var(X)<TI,.

Moreover, smoothness conditions (B.32), (B.33) are automatically fulfilled for f(w) with
the same 73 and 74 from (B.41). The most important observation for the proof is that

the bound (B.38) continues to apply for u < 0 and

fuw) = 1(/nQ w) — |lwl?/2,

with < from (B.35) and

def

p2E V2, 0) = pQVar(X)Q' + I, = I, + uB,
def _

pa = tr{D%(pQQN} < 1_ﬁutr(QQT) < upg,
def I

ay = ||D;1(MQQT)D;1|| < T

and p, < P(||QT~|?> > p~'g?); cf. (B.36). This yields

&+ pu

1
E f(/EQ ™) 1 T <g)— :
~ € (IVeQ vl =g det(qu—l-,uB)l/2 - det(ﬂq+NB)1/2

Finally we use [ef®)| <1 and thus,

| By VIOV (| /E Q] > g)| < P(lvEQ Y] > 8) = Py (IQT] = 417 "pe)

and (B.44) follows in view of (B.12) of Theorem B.8. O
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Proof of Theorem B.12. By the exponential Chebyshev inequality and (B.44)
P(tr(B) — QX2 > 2vy/%) < exp(—p vy Bexp{utr(B)/2 — u|QX]?/2}
< exp(utr(B)/2 — pvyx) {(1+ O + p) det(I, + pB) ™2 + p,.}.
In view of z —log(1+x) < 2%/2 and u = 2v~1y/x, it holds as in the proof of Lemma B.2
—pvy/x + ptr(B)/2 + log det(I, + uB) V% < —pvy/x + p?v? /4 = —x.

Also ptr(B)/2 — pvy/x = v 1tr(B) x — 2x < v lpg v/x — 2x. The bound on p, in
(B.43) follows from (B.12) of Theorem B.8 in view of pg > v and hence, pg < [pé/vz.
Finally, observe that

2
P_@+PQ_\/§_2X)

4v2 v
2
ep{~(Ge V) —xjse”

and (B.42) follows as well. O

Py exp(v_l[pQ Vx —2x) < exp(—

IN

B.3.3 Sum of i.i.d. random vectors

Here we specify the obtained results to the case when X = n~1/2 Yo, & and & are
iid. in RP with IE§; = 0 and Var(§;) = X < I,. In fact, only independence of
the &, ’s is used provided that all the moment conditions later on are satisfied uniformly
over ¢ < n. However, the formulation is slightly simplified in the i.i.d case. Let some
Q: RP — IR? be fixed with [|Q| = 1. It holds

p=E|QX|*=t(B), B=QxQ'.

Also define pg = QQT. We study the concentration phenomenon for ||QX|[?. The
goal is to apply Theorem B.10 and Theorem B.12 claiming that ||QX]|> —p can be
sandwiched between —2vy/x and 2vy/x + 2x with probability at least 1 — 2e™*. The
major required condition is sub-gaussian behavior of &; . The conditions are summarized

here.

(&1) A random wvector & € RP satisfies IE§; =0, Var(§;) =X <I,. Also
1. The function ¢1(u) def log Ee{®41) s finite and fulfills for some Cs

c 2
o1(u) def log [Be(®&1) < w , u e RP.
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2. For some o > 0 and some constants c3 and cy, it holds with IE,, from (B.22)

1
sup (u,& > <c3;
lull<e HUH?" e
2
SUup 4‘1E u, &) — Euéy)! — 3{Bu(u. & — Eué))?} | <.
luf<o llwl]

3. The function log IE e*%&1) is well defined and

1 ) 2
sup 1 ‘Eiu<1u,£1 1u£1 - 3{1E1u iw, & — iu£1>2} ‘ <cy.
lul <o 12l

We are now well prepared to state the result for the i.i.d. case. Apart (&;), we need
tr(B?) to be sufficiently large to ensure the condition tr(B?) > C2 Also we require n

to be large enough for the relation [pQ < n; see Section B.3.4 for a further discussion.

Theorem B.14. Let X =n~1/2 S &, where &; are i.i.d. in RP satisfying IEE; =0
and Var(&y) = X < I,, and (&) . For a fived Q with ||Q| = 1, assume n o® > 4pg
and n > pé . Then with B =QXQ" , it holds

P(|QX|? —tr(B) > 2/xtr(B?) + 2x) < (1+ A, )™, if x/ﬂgivt;éBz),
@
P(IQX|? - tr(B) < -2yxu(B?)) < (2+A40e7*, i x<t(BY/4,

where

2
< Po (B.45)
n

Ay S
Proof. The definition and i.i.d structure of the &,’s yield
p(u) = log EeX ™ = nei (n~12u).
Moreover,
E(u,X)* = E(u,£,)’,  Bu,X)’ =n "E(u,¢)’,

and for any u

Ey(u, X — B, X)! — 3{ By (u, X — E,X)?}

= n_llEu<U,£1 - Eu51>4 - 3”_1{EU<'“751 - Eu51>2}2'
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This implies (B.24) for any g with g/y/n < ¢ and

1/2

T3 § n- C3, T4§n_1C4.

Moreover, the quantity < from (B.35) satisfies { < pé/n yielding (B.45). Now the
upper bound follows from Theorem B.10. Similar arguments can be used for checking
the lower bound by Theorem B.12. O

B.3.4 Range of applicability, critical dimension

This section discusses the range of applicability of the presented results, in particular, of
the concentration phenomenon. It was already mentioned earlier that concentration of
the squared norm [|[QX || is only possible in a high dimensional situation, even for X
Gaussian. This condition can be written as tr(B)/||B|| > 1. In our results, this condition
is further detailed. For instance, bound (B.25) of Theorem B.10 is only meaningful if
tr(B?) > Ci. This is the only place where the value C, shows up.

Another important issue is the value A, which is presented in all our results. It
should be small to make the results meaningful. A sufficient condition for this property
are (73 +74) [p2Q < 1. For the case of additive structure of X, this condition transforms
into “critical dimension” condition pé < n. Recent results from Katsevich (2023)
indicate that Laplace approximation could fail if [p%g < n is not fulfilled even for a
simple generalized linear model. One can guess that a further relaxation of the “critical
dimension” condition [pé < n is not possible and approximation P ([|QX|| > z(B,x)) ~
P(|QX|| > 2(B,x)) with X gaussian can fail if [p% >n.

B.4 Deviation bounds under light exponential tails

Let &€ be a zero mean random vector in IRP with covariance Var(£) and let Q: RP —
IR? be a linear mapping. This section presents some deviation bounds on the norm

|Q&|| for the case of light exponential tails of £. Namely,

(g) for some fized g > 0 and some self-adjoint operator V2 in RP with W2 > Var(€),

2
o(u) def loglEexp((u, ‘V_l£>) < Hu2|| , u € RP, ||ul| <g, (B.46)
In fact, it is sufficient to assume that
sup Eexp((u, V7'¢)) < C. (B.47)

lull<e
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The quantity C can be very large but it is not important. Indeed, the function ¢(u) is

analytic on the disk [|u|| < g, and condition (B.47) implies an analog of (B.46):

Jul? | 7sllul?®  [u? < ng>
< < 1 - <
p(u) < 5+ 5 = 3 + 5 ) Jul| < g,

for a fixed value 73. Moreover, reducing g allows to take W?2 equal or close to Var(€)

and 73 close to zero. The next section presents our main results under (g). The proofs

are postponed until the end of the section.

B.4.1 Main results

Let a random vector £ satisfy IE£ =0 and (g). The goal is to establish possibly sharp
deviation bounds on ||Q€||? for a given linear mapping Q: IRP — IRY. Define

BEQVRQT, p=w(B), v*Eu(BY), AE|B|,
(B.48)

2(B,x) ¥ tr B+ 2¢/xtr(B2) + 2x||B|| = p + 2v/x + 2x).

Also fix some p < 1, a standard choice is p = 1/2. Our main result applies for all x

satisfying the condition

2 gvVh [P\
Z(B’X)S”<u<x> u<x>> (B.49)

with z(B,x) from (B.48) and p(x) defined by p='(x) =1+ ﬁ; see (B.9). One can
see that the left hand-side of (B.49) increases with x while the right hand-side decreases.

Therefore, there exists a unique root x. such that with pu. = u(x.)

gV E)z
Le pe)

22(B,x.) = ,0< (B.50)

The value x. is important, it describes the phase transition effect: the upper quantile
function of ||Q&|| exhibits the Gaussian-like behavior for x < x., while it grows linearly

with x/g for x > x. as in a sub-exponential case.

Theorem B.15. Assume (g). Fiz x. by (B.50) for some p < 1/2. It holds
P(|Q¢ll > 2(B,x)) < 3e™,  x<x. (B.51)

For p=1/2, the value x. from (B.50) fulfills

1 2p\° g’
— — 4/ — < < =, B.52
(e y3) =x<t (8.52)
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If g > \/2p/\ then z.= z(B,x.) follows
gV 2—(1-272)/p<z < g/A2+P. (B.53)

The results of Theorem B.15 state nearly Gaussian deviation bounds for the norm
of the vector Q& satisfying (g). Namely, the Gaussian deviation bound P(|Q&| >
z(B,x)) < e™* from Theorem B.4 applies with the additional factor 3 for all x < x..
Condition g > \/m is important. Otherwise, the value x. is not significantly large
and the zone x < x. with Gaussian-like quantiles is too narrow. It turns out that out of

this range, the norm [|Q€&|| exhibits a sub-exponential behavior.

Theorem B.16. Assume (g). With x. from (B.50) and z. = z(B,x.), set » =

\Vre
et/ n It holds

IP(HQEH > 2.+ %_1(){ — xc)) < 3e ¥, X > X,

(B.54)
IP(HQEH > Z) < 3eXp{_Xc — (2 — Zc)}v zZ 2 Zc.

The obtained deviation bounds of Theorem B.15 and Theorem B.16 can be fused into

one. To be more specific, we fix p=1/2.

Corollary B.17. Assume (g). Let x. be defined by (B.50) with p = 1/2. For all
x>0

P(||Q€| > 2.(B,x)) < 3e7*, (B.55)
, def g def .
where with »x = VErD7A and x A x, = min{x,x.}
def 1 Z(B7X)7 x < X,
2¢(B,x) = 2(B,x Axe) + 2 (X —Xo)p = % —x (B.56)
Z(B,XC)+ C, X>ZXc.
P

Moreover, x. follows (B.52) and z. = z(B,x.) satisfies (B.53) provided g > \/2p/\.

If g>> /p/A then x. islarge and z.(B,x) = 2(B,x) < /p+V2xA for all reasonable
x. For g < \/2p/\, the accurate bound (B.56) can be simplified by a linear majorant

which does not involve x..

Theorem B.18. Assume (g). Fix » = Then (B.55) applies with

g
(V8+1)VX

p
ze(B,x) < P+ =+ 'x.

V2
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The next result provides some upper bounds on the exponential moments of || Q€| .

We distinguish between zones z < z. and z > 2z, with z. = 2(B, x.) ; see (B.50).

Theorem B.19. Assume (g). Let x. fulfill (B.50) and z. = z(B,x.). For any z €
VP, 2] and any v < 2V it holds

2\ 7
_ 2
lEeVHQ&II ]I(HQ&H > Z) < 6exp{yz - 7(2 \/@) } (B57)
2\
def gV
Further, for any v < »x = A ervn
Ee ¢l I(|| Q& > ze) < e expq VZc — 7(% _ \/ﬁ)2 (B.58)
)= 5y &P ¢ 2\ ’ '

Moreover, for z > z.

3
B¢l (g > 2) < ==

B.4.2 Proof of Theorem B.15

By normalization, one can easily reduce the study to the case ||B|| = 1. Moreover,
replacing € with W~!'¢ and Q with QW reduces the proof to the situation with
WV = II,. This will be assumed later on. For p € (0,1) and 3(n) = g/p— /p/p >0,

define trimming t,(u) of u € IR as

u, if [|ul] < ,
. (u) def [ull <3(n) (B.60)

% u, otherwise.

By construction ||t,(w)|| < 3(u) for all u € RP.

Lemma B.20. Assume (g) andlet |B|| =1. Fiz p € (0,1) s.t. 3(n) =g/n—/p/1 >
0. Then with t,(-) from (B.60)

Eexp{£12(Q€)] < 2exp{e(n)}, (B.61)
where
def  pPVEup

Furthermore, for any 3 < 3(u)

P (| Q€] > 5. Q€] < 3(m) < 2exp{ -5~ +a(u) . (8.63)
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Proof. Let us fix any value of £&. We intend to show that

exp{ £ 1,(QE)IP} < 2B, exp{n*y1,(Q€)}. (B.64)

Here IE, means conditional expectation w.r.t. v ~ N(0,I,) given &. Obviously, with

A= {u: yu"?|QTu| < g}, it suffices to check that
def
Z,(€) " Byexp{u/74,(Q€) — LIt (QOIP Uy € 4) = 1/2.  (B.65)

With €, = (27)7P/2 it holds
7,(6) = G [ exp (427 4,(Q) - §16,(QE) 1 - 5 ul?)du
=G /A exp (gl — 12,(QE)|? ) du = Py (y — 1/21,(Q€) € A).
The definition of A and the condition ||¢,(Q€)|| < 3(1) imply in view of ||Q[ <1

P (v — p1?,(Q€) € A) = Py (|QT (v — u*,(Q8))|| < g/u'’?)
> Py (1QTI < g/p'? — p%3(1) = P (IQ "] < V) > 1/2

and (B.65) follows. Taking expectation for both sides of (B.64) and the use of Fubini’s

theorem yield
Bexp{ 5 14,(Q€) [} < 2B, {Bexp{u v 1,(Q€)} 1(:/*|QT ]| < g)}.
Obviously, for any u € IRP
exp{u’ t,(Q€)} +exp{—u"1,(Q€)} < exp{u’Q€} +exp{—u'QE}

and by (B.46)

Besp{ 4 1,017} < 28, {exp (5 11247 QIP) 1 21QT A < 8)}

IN

1 _
2B, exp(5 1277 QI12) = 2det(, — nQTQ) V2
We also use that for any p > 0 by (B.10),

~1j2 _ ptr(B) | p?tr(B?)

5 =) P(p),

log det (1[ — ,uB)

and the first statement follows. Moreover, by Markov’s inequality

5 2
P(IQ¢] > 5,1Q€] < 3() < e P Eexp{ 4 [1,(Q€)*} < 2exp{ -1 + o) .
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and (B.63) follows as well. O

The use of p = p(x) from (B.9) in (B.61) yields

_@ N — (B.66)

and similarly to the proof of Theorem B.4
P(|Q€I? > 22(B,x), Q€] < 5(w) < 267 (B.67)
It remains to consider the probability of large deviation IP(||Q€| > 3(u)) -

Lemma B.21. Assume ||B|| =1. Given x >0, fix p= p(x) and 3(n) = g/u—/p/1t .
Assume (B.49) for some p < 1/2. Then

P([Qll > 3(n)) < e (B.68)
Proof. Denote n = [|Q€||. By (B.67)
P(n > 2(B,x), n <3(n)) <277, (B.69)

For p = u(x), it holds (B.66) with @(u) given by (B.62). Bounding the tails of 7 in the
region 1 > 3(p) requires another choice of p. Namely, we apply (B.63) with pu instead
of p yielding

2
P(n > 3(p),n <3(pn) < 2e><p{—%(m + ¢(pu)}-

In a similar way, applying (B.69) with p?u in place of p and using that

pi(pp) = g/u—pp/u<3(n) (B.70)

yields

s (ow) o )}

P(n>3(pp).n <3(p°n)) < 2exp{ 5 P

< 2exp{ LWL ().
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This trick can be applied again and again yielding in view of (B.70)

P(n>3(w) <Y P(n>35(0"m),n <350 )
k=0
< Z2eXp{ P (0 ) /2 + 20 )}
<Z2exp{ pk (1) /2 + (p"H! w}.

Condition p32(u) > 22(B,p)/2 and (B.66) ensure for p < 1/2

P(n>5(n) < ZZexp{—p—kM (B, ) /2 + B(p" )
k=0
<2 exp{®(p" ) — pED(u) — pFx} < e
This yields (B.68). .

Putting together (B.67) and (B.68) yields (B.51).

Now we check (B.52). Normalization by A reduces the proof to the case ||B| =
[QW2QT| = 1. We use the simplified bounds z(B,x) < \/p+ v2x and p~' =1+
V/P/(4x) . Now (B.49) with p = 1/2 can be rewritten as

g > TP+ V3 (V + VR). (B.71)

The use of p = V4x/(V4ix + /p) yields

WE(VB + V) =\/_$+ﬁz\/_

and (B.71) is not possible for x > g?/4. Further, with y = /4x/g and a = /p/g

VEBF V2P +VE) _ [ya?  y(VIaty) o y(VE=Da o g
a+y a+y o

g a+y

Together with (B.71), this yields y > 1 — v/2a and (B.52) follows. For (B.53) we use
2e < /P +V2Xx. and z. > \/p/2 + V2Xx .
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B.4.3 Proof of Theorem B.16

Assume w.l.o.g. A = 1. First we present an accurate deviation bound, which, however,
does not provide a closed form quantile function for ||Q€||. Then we show how it implies
a rough linear upper bound on this quantile function. For x. from (B.50) and x > x.,

fix p by the relation

2 2,2
pu32 (1) pp | pv (B.72)

= @ = —_—
x+P(u) =x+ 5 —1-4(1_#),

where 3(u) =g/ — /p/1; cf. (B.66). It is easy to see that the solution p exists and
unique. Moreover, if x = x, then u = u. and 3?(u.) = 22(B,x.); see (B.50). If x > x,,
then p < p. and 3%(u) > 22(B,x).

Lemma B.22. For x > x., define p by (B.72). Then with 3(n) =g/pu— /pP/1

P([Q€)I* > p3*(n) < 3e7*. (B.73)

Proof. We again apply Lemma B.20, however, the choice p = p(x) from (B.9) is not
possible anymore in view of z(B,x) > 3(x). More precisely, for x large, the value pu(x)
approaches one and this choice of p yields the value 3(u) smaller than we need. To cope
with this problem, we apply (B.63) of Lemma B.20 with a sub-optimal p from (B.72)
ensuring pu32(p) — ®(u) = x. By (B.63) of Lemma B.20

2
P(IQ€] > vA3(0). Q€] < 5(w) < 2exp{ ~5 1) 4 iy — e

Repeating the arguments from the proof of Lemma B.21 implies

P(IQEI > p5*(0) < 3 2exp] ~ 2o s (k) + Bt}
k=0

[oe)
1 _
< ZZexp{—ﬁp M2 () +¢(pku)}
k=0

o
_ _ 1, _ _
<2 F 427D eXp{—g(p F— Dpps®(p) + (") —¢(u)} <3e %
k=1

as stated in (B.73). O

It remains to evaluate p3%(u) with p from (B.72) and 3(u) = g/p—/p/p- For p < pe

g(%—vﬁ):xw(m
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and
% — /ER T 35(0) + /PP,

This results in

_Vr(e BRSO vy YO0 X
\/ﬁz(u)—\/ﬁ<\/ﬁ ﬁ)é\/ﬁg( 2% +20(u) +/pPp) /2% + 20(n)

< ﬁ (2% +20(1c) + v/pp(2x + 20(n.))) 2 2(x)

By (B.50), this inequality becomes equality for x = x. and p = p. with /p3(p.) =

Z(x.) = z(B, %¢) . Furthermore, the derivative of z(x) w.r.t. x satisfies

d 1 VPP L /)
ax 2% \/ﬁg<2+ 2x+2q§(uc)>§\/ﬁg<2+\/m>'

Moreover, 2x. + 2®(u.) = 2%(B,x.) and
d 1 v/ 2+
—z(x)§—<2—|— PR )g VP

dx rg 2(B, %) Vre
yielding
2 2
2(x) < 5(x0) + —P(x—x) = 2(B.x) + =L (x— x,)
VPg Vre
and hence,
2+./p X — X
< z(B,x.) + X — Xo) = Ze + . B.74
VPa(p) < 2(B,xc) N ( ) > (B.74)

This implies (B.54).

B.4.4 Proof of Theorem B.18

As previously, assume A = 1. We use z(B,x.) < /P + v2x.. Further, k., — /2%, +
»%/v/2 >0 and thus,

V2%, — x'x. < %/\/§
Therefore, for x > x., it holds

ze(B,x) = z(B,x.) +

X — X, X, X » X
< N LS

In the zone x < x., it holds z.(B,x) = 2(B,x) < /p+ v2x and it remains to note that

V2x < /2 + 21k,
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Assume w.ol.g. A = 1. First consider z > z.. By (B.74) of Theorem B.16, it holds

with 3 =g\/p/(2+ /p) and x. = (2. — \/P)?/2
P(|Q€]l > 2) = P(|Q&] > 2c + 2 — 2c) < Be7* 7).
In particular, P(||Q&|| > z.) < 3e*<. Integration by parts yields for v < s

Ee’UQ81=2) 11(]| Q¢ > z.) = — /OO ") dP([| Q€| > )

Zc

— P(IOg] = 20 +v [ T P(lQg] 2 2) dz

”—v

o 3
< 3e * + l// eV (Fmze)—xemx(z=2e) gy — <3 + - > e xe
and (B.58) follows. Similarly, for z > z., we derive (B.59) as follows

B98I 1(|Qg] > 2) = - [ e ap(lQg] > )

3v

euzc—xc—%(z—zc) _
w -V -V

< 3euzc—xc—%(z—zc) +
Now fix z, with 2z, — VP > 2v but 2z, < z.. Then

Ee198 (| Qgl| > =) = / = dP(|Q€] > 2)
_ = P(|Qg]] = ) + v ( [+ ) e P(|QE] > 2)dz
By (B.51), for any z € [z, 2, it holds in view of 2(B,x) < /p + V2%

P(||Qg|| > z) < 3e~ VP2,

As vz—(z2— P)?/2) =v—2z+p < —v for z— /p > 2v, it holds

V/Zc euz—(z—\/@)2/2d2 < euzo—(zo—\/ﬁ)zﬂ V/Zc e_V(Z_ZO)dZ < euzo—(zo—\/@)zﬂ

(B.75)

and also vz, — (20 — /P)?/2 > vz. — (2. — \/P)?/2 . Putting this together with the above

bound on fzoco e”*IP(||Q&|| > z)dz as in (B.75) completes the proof of (B.57).
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B.5 Frobenius norm losses for empirical covariance

Let X; ~ N(0,X) bei.id. zero mean Gaussian vectors in IR with a covariance matrix

X edMm,. By Y we denote the empirical covariance
1 n
TE S Xx X
i
Our goal is to establish sharp dimension free deviation bounds on the squared Frobenius
norm || X — 23
12— 2|3 = tr(2 — 2)2.

We demonstrate how the general results of Section B.4 can be used for obtaining accurate

deviation bounds for Hf — Y%, and for supporting the concentration phenomenon.

B.5.1 Upper bounds

First we establish a tight upper bound on || £ — X |2, . We identify the matrix 5 with
the vector in the linear subspace of IRP*P composed by symmetric matrices. Our aim is
in showing that the quantiles of | — X |2, mimic well similar quantiles of (P> 12,

for a Gaussian matrix % with the same covariance structure as % . Define
p(X) = (r ) +tr 2%, vA(Z) = (tr2?)” + e 2 (B.76)

Later we show that p(X) = E[|X — D3 = tr Var(2) and v2(X) = tr{Var(2)}? while
AX) = || Var(X)| = 2||Z|2. In our results we implicitly assume a high dimensional
situation with p(X) large. The presented bounds also require that n > p(X).

Theorem B.23. Assume || X|| =1 and p(X) < n/8. Given x with 4/x < \/n/8 —

VPR(Y), fir p<1 by
p(1—p)V/n/8 = V/p(2) +4vx. (B.77)
Then

ﬂ)(nuf ~ |3 > %p{p(Z) +2v(D)Vx + 4x}) < 307X, (B.78)

1
B.5.2 Lower bounds

This section presents a lower bound on the Frobenius norm of 5 — Y. Later in Sec-

tion B.5.3 we state the concentration phenomenon for ||X — X 12, .
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Theorem B.24. Let ||X|| =1 and p(X) and v(X) be defined by (B.76). For x > 0
with 2v/x < p(X)/v(X), define p = pu(x) = 2/x/v(X) and assume that there is a < 1/2

satisfying
a\/ﬁ > W(JMJF %) (B.79)
Then,

% p(Z) — 20()VE) < 267

P(n|Z - Z|f <
B.5.3 Concentration of the Frobenius loss

Putting together Theorem B.23 and Theorem B.24 yields the following corollary.

Corollary B.25. Under conditions of Theorem B.23 and Theorem B.24, it holds for any
x resolving (B.77) and (B.79) on a random set 2(x) with P(£2(x)) > 1 —5e™*

1 -2«
l—«

p(Z) — 20(Z)Vx < nl| £ - D% < gp{p@ T ov(S)VE+4x).  (B.8O)

This result mimics similar bound of Theorem B.4 for ¥ Gaussian and of Theo-

rem B.15 for £ sub-Gaussian. However, the empirical covariance Y is quadratic in the

1

X ;’s and thus, only sub-exponential. We pay an additional factor (1—p)~" in the upper

quantile function and the factor 11__2;‘ in the lower quantile function for this extension.

Further we discuss the concentration phenomenon for the Frobenius error nHE’ —
Y||%, around its expectation p(X). Even in the Gaussian case, it meets only in high-
dimensional situation with p(X) large. As v3(X) < p(2)A(X) = 2p(¥), this also
implies v(X) < p(X). Statement (B.80) can be rewritten as

ap(X)

_ X)) 2v(X)vx+4x
Cap(®) R o2 < Bl ,
T 2v(Z)vx < nf| 2 - Xj —p(Y) < 1—p + 1—p

Therefore, concentration effect of the loss n||Y — X |2, requires p(X) large and « and
p small. Then for x < p(X), quantiles of n||X — X |2, — p(X) are smaller in order
than p(X). Definition (B.77) of p ensures p < /p(X)/n, and hence, “p < 17 is
equivalent to “p(X) < n”. Condition ensuring a < 1 is similar. To see this, assume
v2(Y) < p(¥). Then x < p(¥) yields p(x) = 2y/x/v(¥Y) < 1 and definition (B.79) of

« implies

n
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B.5.4 'Weighted Frobenius norm

The result can be easily extended to the case of a weighted Frobenius norm. Consider

for any linear mapping A: IRP — IR? the value n||A(X — DAT|3 .

Theorem B.26. Let || Y] = 1 and A: RP — IR? be a linear operator with ||A] =

IATA|| = 1. Define ¥4 < AXAT,

pa & p(Za) = 02(Za) + tr(Za)? vE Y vA(Z) = {53 +r(Ea)t, (B81)

and assume pa < n/8. The the statements of Theorem B.23 and Theorem B.2J apply
to n||A(§—Z)ATH%ﬁr after replacing p(X) and v(X) with pa and va.

Proof. We can represented
VAL - XD)AT = AXYPe X2 AT

with £ from (B.82). This reduces the result to the previous case with X4 = AY A" in
place of X . O

B.5.5 Proof of Theorem B.23

Each vector ~; = X~ %/2X; is standard normal. Define
1 n
&= WZ(’Y{YZT —I). (B.82)
i=1

We will use the representation - Y =n"1251/2¢g 51/2 and
nl|T = D|f = te(ZVPEXE S = || 22 22,
The main step is in applying Theorem B.15 to the quadratic form ||QE||3 with Q& =
X2 ¢ 52 First check (B.46) for &€ = £.
Lemma B.27. For any symmetric I' € M, with ||| < g < /n/2, it holds
E(T,€)* = 2|I'|§ (B.83)

1 ) 1

log Eexp(l’, &) 1= 2012 176 < T o1/ (Al

Proof. Let us fix any symmetric I' € M, with ||I'||; < g. For the scalar product

(I',E) , we use the representation

(I,€) = 1/2 Z{% Iy, — E(y] I'v;)}.
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Then by independence of the ~,’s and Lemma B.1, it holds
1 < 2
E(I,8)* = — > B{y/ I, — B(y/ I'y,)} =2tr I,
i=1
Now consider the exponential moment of (I',€). Again, independence of the =, ’s yields

n T
log Eexp(l,€) = Z:loglEexpu —vntrIl

i=1 vn
n 2
provided that 2I" < \/nIl,. Moreover, by Lemma B.2
tr I TR

n
~ log det(I, — 2n~Y/2I") — tF‘< - ’
g logdet(ly =200 =Vt | < 7 o = T s

and the assertion follows in view of ||I'|| < [ < g. O

We now fix g = py/n/2. Then the random matrix & = £ follows condition (B.46)
with W?2 = 2(1 — p)~'I'. This enables us to apply Theorem B.15 to the quadratic form
|QE|2, for Q€ = X1/2€X1/2. By (B.83), it holds Var(€) = 2I. Now introduce a
Gaussian element € with the same covariance structure. One can use € = (¢+¢1)/V2,
where ¢ = ((;j) is a random p-matrix with i.i.d. standard normal entries (;;. Indeed,

for any symmetric p-matrix I,
E(E,I)? = 2E(,T)? =2.

Statement (B.51) of Theorem B.15 yields nearly the same deviation bounds for ||Q&||%,
as for ||QE|2, with & ~ N(0, Var(€)). Theorem B.4 claims

P(IQE] > 2(B.x) < e,
where B = Var(Q€) and the quantile z(B,x) is defined as
22(B,x) = tr B + 2/x tr(B2?) + 2x||B|. (B.84)

Lemma B.28. Let € = (C+¢")/V2, where ¢ = (Cij) is a random p -matriz with i.i.d.
standard normal entries (;; . Consider QE = XYV2E XVY2 | It holds for B = Var(Qg)

trB=p(X), trB2=v*Y), |B|=2
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Proof. We may assume X = diag{A,...,Ap}. Then it holds by Lemma B.1
IQE|IR = HEl/QgEl/zH%r— Z NG (G + G2 £ 23 NN G (B.85)
i,j=1 i<j
and thus

p
tr B = B|QE|F =2 M\ = <Z)\> +Y N =p(2)
=1

i<j

Further we compute v2(X¥) = tr B2. Note that Var(HQgH%r) # Var(||QE|%,). Due to
Lemma B.1, it holds v?(X) = Var(HQgH%r)ﬂ yielding by (B.85)

=2 " AA3Var(¢h) _2ZA2A2+2ZA4 (tr 2%)% + tr 21,
i<j i#£]

Finally, Var(€) =2I and ||X|| =1 implies A\(¥) = [|Q Var(£)QT || = 2. O

Now we apply Theorem B.15 to n||Z Y2, = ||QE|%, . Following to Lemma B.27,
define B = (1 —v)"'B. Then with z%(B,x) from (B.84)

ﬂ)(nuf ~ 3|3 > 22(B,x)) = P(|Q€|A > 22(B,x)) <3¢, x<x,

and assertion (B.78) follows in view of Lemma B.28 and 22(B,x) = (1 — v)'2%(B,x).
However, it is still necessary to check that the upper bound (B.78) applies for a given x.
(B.52) provides a sufficient condition g/A > \/p/\ + v8x with p = p(X)/(1 — p) and

A=2/(1-p) for g=py/n/2. By (B.77)

g_ [p_pvn_ &) pd-pVr _ [p(Y) e

A A 2\ 2

and the result follows.

B.5.6 Proof of Theorem B.24

As in the proof of the upper bound, we apply Markov’s inequality
lP(anJ ~ |k <z) < e”z/QlEexp(—%an - 2”%&) (B.86)

However, now we are free to choose any positive p. Later we evaluate the exponential
moments of —an — Y|4, for all > 0 and then, given x, fix u and 2z similarly to

the Gaussian case to ensure the prescribed deviation probability e™*.
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Denote by ¢ = ((;;) a random p X p matrix with i.i.d. standard Gaussian entries

Gj and E’déf (¢ +¢T)/2. Then for any pu >0

exp(—pn|| X — 2|3,/2) = Ecexp{iy/in (X — 2,¢)} = Beexp{iymn (L — £,0)}.
Therefore, by independence of the X;’s
Eexp(—pn|| L - X|3/2) = EcEexp(iyvim (X - X,0))
= B{Bexp(iviu/n (X1 X] - %,0) }
= lEC{lE exp(i\/,u/n (yyT — I,, 2 ¢ El/2>) }n
Further, by Lemma B.2, with B = X1/2¢ x1/2
{Bew(ivu/nir™ - 1,,8) }
= exp{nlogdet (I, — 21\/,u/n8)_1/2 —iypntr(B)}. (B.87)
Let some x > 0 and some « € (0,1/2) be fixed. Define

def 2v/X def 1 —« 1—a 2yx

B , B.88
vy M T T T 124 v (B-88)

and introduce a random set 2(«) with

200) € {¢: 2 pa/n Bl <o}, B=XY2(¢+¢T) 2?2, (B8Y)

It holds on 2(«) by (B.87) similarly to (B.4) of Lemma B.2

atr(B?
E" exp{i\/pa/n(yy" —L,,B)} < eXp<—ua tr(B?) + %)
= exp <— 11__25 o tr(82)> = exp(—pu tr(B?)). (B.90)

Exponential moments of tr(52) from (B.91) under IP; can be easily computed. We
proceed assuming X = diag{\;} and using that ¢; + (i ~ N(0,2) for i # j, and all
Gij + ¢ji are mutually independent for 7 < j. This implies

p
tr(B?) = i Z i Aj (G + Gi)® 4 ZM A (B.91)

i,j=1 1<j
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and
(X
Etr(B%) = > A= —) (B.92)
i<j
1
E; exp{—ptr(B?)} = E;exp <—/LZ/\Z‘ Aj (%) = eXp<—§ Zlog(l +2u N /\j)>.
i<j i<j

The latter expression can be evaluated by using (B.3) of Lemma B.2:

2.2
B¢ exp{—ptr(B }<exp< NZ)\ Aj +M22)\2)\2> —exp< Mpz(z)+uv4(2)>_

i<j i<j

This and (B.90) yield

~ 2V2
1Eexp<—'u2—an||2— 2||%> < Pe(02(a)°) +exp<_/~‘lp2<2> LM 4(2)>

and for any z by Markov’s inequality (B.86)

Fa o y; 2.,2 3
P(nl|E - DI < 2) < e*2P(2(a)°) +exp<u2z B u[pz( ) 1 V4( ))_

With p = 2/x/v(Y), we define z by

oz = 1lp(Z) - 20(2)VR) = 2B (B.93)
yielding
paz  pp(Y)  pvA(E) _p pp(X) ()
5 T + 1 = 5{[@(2) —2v(X)Vx} — 5 + 1 = —x
and
P(n||E - S|} < 2) < e + &2 P (2()°)
where

a

2= (1- 125 () - EWE 2 p(E) - 122 p(E) - EWR,

For bounding the probability of the set 2(«)¢ from (B.89), one can apply the advanced
results from the random matrix theory. To keep the proof self-contained, we use a simple
bound ||B|> < ||B||3, = tr(B?). For any matrix I, it holds

Var(C F —IE<Z Fz; CZ] + C]z)) ”F”%‘r

1,5=1
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yielding || Var(¢)|| < 1 and || Var(B)|| < 1. Also by (B.92) E|B|/3 = p(X)/2. There-
fore, by Theorem B.4 applied to ||B||%,, it holds for any x,

P (|1Blle > v/p(E)/2 + V2x:) < e 7.

By (B.88) and (B.93), it holds

def _ | pa? _ P(X)VX p* (%)
R ) R E=T65)
and
p(¥) | pE) iz
IPC<HBHFr> 5 +\/§v(2)> < e ¥ Haz/2,

Therefore, by definition (B.89) and condition (B.79)

eHeo? 2P (02(a)C §e“az/2ll-"<l3 r > aﬁ)ge_x
¢(£2(a)°) 1B]|r N

and the result follows.

B.6 Concentration for a family of second order tensors

Suppose to be given a family of Gaussian quadratic forms
p
—n—i: Z’];,j,k’y_?’yk7 izla"'upu
Jik=1

with standard Gaussian r.v.’s ;. Without loss of generality assume that each matrix

Ti = (Tijk)jk<p is symmetric. The value T; can be written as
T = Ty = (T, ) = (T5,7%?).

We study the concentration phenomenon of the vector T around its expectation in
terms of its covariance matrix S? = Var(T). Note that the use of S? = Var(T) is
not mandatory. All the results presented later apply with any matrix S? satisfying
S% > Var(T) . Denote

p
def
T = > Tiw-

ivjvk:]-

Given u € IRP, define

p
Tl € > w T (B.94)
i=1
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First, describe the covariance structure of T .

Lemma B.29. Denote

<,7;77-/ def ZTJkTﬂ]k, Z‘,Z‘,:17...7p.

7,k=1

Then

def

S Var(T) = (276, 7))y (B.95)
P
trs® = 2ZHT||H—2 > Tk =2TIR-
i,5,k=1

Moreover,

ISul? = 2| Tul|f,,  we R (B.96)

Proof. For any 14,4, it holds in view of E(yjy — 0;%)° =1+ & for all j,k <p

p
E(T; — ET;)(Ty — ETy) Z Tigk vk = 05k) Y, T (Vv — S50 i)
k=1 k=1

P
=2 TijuTogn = 20T, To).

j k=1
This yields (B.95). Further
- d f
trs® =23 (T, Ti) —22%!2 = 2| T % -
=1 =1
Similarly, for any w = (u;) € RP

1Su)? = w'S%u =2 Zuzuz (Ti, To) =2

i,i'=1

=2||Thl|,  (B97)

Fr

§ u’l’l

completing the proof. O
Given V2 > S? we characterize regularity of the family (7;) by the value § such that

sup 2| TTu]|| < 6. (B.98)
w: [Vl <1
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Remark B.1. With V? = 5%, by (B.97), bound (B.98) follows from the condition
Ve | Tlll| < 6Tl we R,

Clearly this condition meets for § = v/2. We, however, need this condition to be fulfilled
with sufficiently small 6. This can be ensured by choosing another matrix V2 > S2.
For instance, with V? = ¢25? | the inequalities v/2||T[u]|| < 6|7 w and |[Vul| <1
imply 2||7T[u]|| <é/C.

]HFr

B.6.1 An upper bound on ||Q(T — ET)]||

This section presents an upper bound on the norm of Q& for £ =T — IET and a linear
mapping Q. With V2 > S? | define B = QV2Q" and 2%(B,x) = p + 2vy/x + 2\x with

P B = tr(Q\/2QT),

v2 = tr B? = tr(QV2Q")?, (B.99)
def

A Bl = 1QvQT.

A “high dimensional” situation means p/A large. As pA > v2, this implies p > v.

Theorem B.30. Assume (B.98) and let g fulfill dg < 1. Given Q, consider

Z = T=0g |Q(T - ET)|.

Then with B = QV?QT , p,v,\ from (B.99), and x. from (B.50), it holds

lP(Z > z(B,x)) < 3e7F, x < x.. (B.100)
. _ _ g .
Moreover, with z. = z(B,x.), » = TR it holds
P(ZZzC—I—%_l(X—XC)) < 3e %, X > Xe,
(B.101)
P(Z>z) <3exp{-—xc.—x(z—2.)}, 2> 2.
For any z < z. and v with 2v < Z}/ﬁ, it holds
A
_ 2
Ee? (2 >2) < Gexp{l/z - (227)\\/@}, (B.102)
. . . _ g
while the condition 2v < »x = AT ensures

o 2
Ee"?1(Z>2) <6 exp{uzc — % —(e—v)(z— zc)}, z>z.. (B.103)
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Proof. Let & =V~'£. For any v € IRP with 2H’T[\/_1'U]H < 1, we check

log Eexp((€,v)) < T QH';H[;_%]H) ) (B.104)
Fix v € RP and define w =2V ~!v and T[w] by (B.94). By Lemma B.2,
log IE exp (€, v) = log E exp(E, V™ v)
= log Besp (5 (Tlw],7?) ~ 3 B{Tfw].+*?))
_ exp{—@ + log det (I, — T[w])_l/z} < #%. (B.105)
By (B.96)
tr(TTw))? = |27V 10]||5, = 20TV 1S2 V1w < 2|lw%, (B.106)

and (B.104) follows. If |lv|| < g, then by (B.98) 2||T[V~'v]| < dg, and condition (B.46)
is fulfilled with W2 = (1—0g) 'L, . Now Theorem B.15 applied to Z = /1 — dg |QVE]||
implies (B.100). Furthermore, Theorem B.16 with p = 1/2 yields (B.101) while Corol-
lary B.17 yields (B.102) and (B.103). O
B.6.2 A lower bound

We also present a lower bound on the quadratic forms ||Q&||?. Here we assume V2 = S2.

Theorem B.31. Assume (B.98) with V2 = S%. Fiz x < p?/(4v?), u = 2/x/v, and

a<l1/2 st
1—«a PA
> 1+4/22). B.1
“ 1—204—5*/@<Jr 2v2> (B.107)
Then
IP(HQSHZ p< —% - 2v\/)_<> < 2%, (B.108)

Proof. The main step of the proof is a bound on negative exponential moments of ||QE||*.

Then we apply Markov’s inequality with a proper choice of the exponent. Namely, given
w=2yx/v and a < 1/2, define u, by

1 -2«
1 Ha = H-
-«
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For ¢ ~N(0,IL,) independent of G and i =+/—1

Bexp(-5HQ€)) = B E¢exp{iny/*(Q€,¢)}
= IE; lE[eXp{l,ul/2<5, QTC>} ! C], (B.109)
and similarly to (B.105), it holds by Lemma B.2 with w = 2,u(1)/2QTC

itr(7[w])

E {exp(lu}xﬂ(&QTQ) ‘ C} = exp{— 5 + log det (I, — iT[w])_l/z}.

Now introduce a random set
2(a) € {2pY?||TIQTC) < a}.

Then |7 [w]|| < a on this set and by (B.4) of Lemma B.2

—12 itr(Tw]) | te(T(w])?
- 2 Ty

<@ tr(7 [w])? .

log det (I, — i 7 [w]) ~ 6(1—a)

This implies on 2(«) in view of (B.106)

(1-2a) tr(T[w])2>

oo (sn27108.6) ¢} o020

= exp<_ (1- 2Q)Z€1ti(i?[QTC])2>
_ eXp{_Ma(ll_—ja) HSQZTCHz} _ eXp(-gHSQTCHz)-

Now, by (B.109) and by (B.3) of Lemma B.2

Bexp{ ~521Q¢|*} < Beexp{ -515Q7¢I1?} + P(2()

ptr(B)
2

1/2

= det(I, + uB) " + P(2(a) < exp{-

2 t B2
+ £ il( )}—HP(Q(a)).
For any fixed z, by Markov’s inequality

P(|QE|? < 2) < exp( 257 ) Bexp (-5 1QE )

paz _ ptr(B)  p?tr(B?)
2 2 4

< exp{ } + exp('u; )P(Q(a)). (B.110)
With p=trB, v =tr B?, and pu = 2y/x/v, define z by

faZ i pvx
S =g v = B
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yielding
M_#_P+N2V2:B(p_gvﬁ)_“_p+@:_x (B.111)
2 2 4 2 2 4
while
1 -2«

z = (P—2vv/X) > p— ——p - 2vVx.
11—« 11—«

Now we check that e”az/QlP(Q(oz)c) < e *. By (B.9%) 2HT[QTC]H <5)1SQ7¢|, and

P(2(0)) < P2yi||TIQTC| > o) < P(5yim]SQT¢] > a).

Gaussian deviation bound (B.6) yields for any x, >0 by [|SQT¢||?> =¢"B¢

P(|SQT¢| > VP + V2x.\) < e™.
By construction,

PaZ _ M _
SR R L e

2
PV _ P

and the use of x, = p?/(4v?) ensures under (B.107)

euaz/le(Q(a)C)Ze““2/21P<HSQTCH> : >

/T
e““2/21P<HSQTCH > VB+ %)

Putting this together with (B.110) and (B.111) yields (B.108). O

IN

<e %

B.7 Some bounds for a third order Gaussian tensor

Let T = (7}7]-,;6) be a third order symmetric tensor, that is, 7; jx = Tr( k) for any per-
mutation 7 of the triple (7,7, k). This section present a deviation bound for a Gaussian
tensor sum T (vp) o (T,~5?) for a Gaussian zero mean vector vp ~ N (0,D72) in
IRP. Much more general results for higher order tensors are available in the literature,
see e.g. Gotze et al. (2021) and Adamczak and Wolff (2013) and references therein. We,
however, present an independent self-contained study which delivers finite sample and

sharp results. Later we use notations

7= swp [(Tow @ us @ us).

e [|=[luz]=[lus|=1



93

Banach’s characterization Banach (1938); Nie (2017) yields

ITI = sup (T, u®%)]. (B.112)
Define

p
T (u) = (T, U®3> = Z Tij ke Wi uj ug u = (u;) € RP.

ivjvk:]-

Clearly 7 (w) is a third order polynomial function on IRP. Define also its gradient
VT (u) € RP. Each entry of the gradient vector V7 (u) is a second order polynomial
of w. Symmetricity of 7 implies for any u € IRP

p
VT (u) = <3 Z Ti jk Uj Uk) = 3(UT7§u),~:17___,p ;
i=1,...,p

jk=1
(B.113)
P
V2T (u) = (6 > Tis u> = 67T,
i—1 3,k=1,...,p
where 7; is the sub-tensor of order 2 with (7;);x = 7, j, and
def &
T [ul] = Zuﬂ;
i=1
Also
1 1 2 ®2
T(w) = 5(VT(u).u) = (VT (u),u®).
Denote
T () 2 %VT(U) = (W' Tv)
1 (B.114)
T () %! 6V2T(u) = Tlu].

For the norm of the vector 7™ (u) and of the matrix 7 (), it holds by (B.112)

ITO@I = s (TO@),é)= s (Tususe) =|T| |
PERP: ||¢]|=1 PERP: ||@[=1
[T@@) = sup |p"TOMw)p|= sup [(T,u@d® )| =|T|ul.

PER?: ||p]=1 peR?: |p|=1
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B.7.1 Moments of a Gaussian 3-tensor

Consider a Gaussian 3-tensor 7 (y) = (T,v%3). Define

hS]

j=1
Lemma B.32. Let T = (7; 1) be a 3-dimensional symmetric tensor in IRP and T () =
(T, 4% for 4 ~N(0,I,). With M = (M;) € R? and || T3 = Y0,y T2 » it holds
B(T(7) = 3(M.7)" = 6Tl
ET(v) = 6|T| + 9 M. (B.115)

Proof. By definition
P P P
T()=3M,y)= Y Tijkvivim—3> % > Tijkdin-  (B.116)
ij,k=1 i=1  jk=1
It is easy to see that for each ¢ by symmetricity of T
P P P
E(’Yi Z Tijk ’Yi’Yj’Yk) =3 Z Tigi BOF7) + Z TiiilByi =3 Z Tij.g = 3M,

where the index set If = {1,...,i—1,i+1,...,p} is obtained by removing the index i
from 1,...,p. This implies orthogonality

E{(T(y) —3(M,~))(M,~)} = 0. (B.117)

Introduce the index set Z = {(4,j,k): i # j # k}:

T {4, k): Wi =)+ 0(i = k) + 0(j = k) = 0}

Represent (B.116) as

T(v)—3(M,~) = ZT,]k727]7k+3ZZT,j3% 1)+ Z,ﬁ,z,z( —3v) -

i=1 jelf i=1

All terms in the right hand-side are orthogonal to each other allowing to compute

E(T(y) - 3(M,~))*:

2
E(T(v) - 3(M,~))* = E(Z Tk i Vi %)
T

<ZZTW% —1)>2+1E<§p:72,m( —3%))2.

i=1 jel® i=1
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Further, by symmetricity of 7
2
E <Z Tigk ViV ’Yk) =E <Z Tijke ViV Yk Z Tirjt ke Yir Vit ’Yk/)
T T T
~B(S T X T ) - DI
T

(3" k") =m(i,5,k)

Similarly

2 P
(ZZT,JJ% —1)> :92 7;2“1E{%2( - _1SZZT,JJ’

=1 jelI? =1 jelI? =1 jelI?
2 p p
(Zﬁm 3%)) = Z i B —37)° = 627;222

yielding again by symmetricity of 7T

E(T(vy) - 3(M —627;2]k+1822 m+627; = 6|7

=1 jely

and assertion (B.115) follows in view of orthogonality (B.117). O
Similarly we study the moments of the scaled gradient vector
M L
T=T"()=3VT().
The entries T; of T can be written as T; = ' 7;~v; see (B.113).

Lemma B.33. [t holds IET = M ,

Var(T) = 8% = (2T, 7)) _y..p» (B.118)
p
tr$* =23 || Tl =2 Z T2 = 21T, (B.119)
i=1 i,j,k=1

E|T|* = [IM]* + 2| Tl <

1
—ET?(v).
3
Moreover, for any u € IRP

I1Su? = 2|| Tlu]||2 (B.120)

HFr'
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Proof. The first statement follows directly from IET; = IEy'7;v = tr7;. For any 4,7,
it holds in view of E(v;v, — 6;x)* =1+ ;4 for all j,k <p

p p
BT, — ET)(Ty —ETy) = B | > Tijr (e —0ik) Y Togrw (i — i)
et JR=1

P
23" TijuTogn = 2T To).

k=1
This yields (B.118). Further
P P et
trs? =2 (T, 7o) =2 ) I Tillk = 2T,
i=1 i=1
which proves (B.119). Similarly, for any u = (u;) € IRP

p
§ u; Ti
i=1

"ol

Fr

p
[Sull> = w'S%u =2 uwu (T, Tor) =2

ii'=1

completing the proof. O
B.7.2 /{3 — /{9 condition
This section introduces a special ¢35 — £5 condition for a symmetric 3-tensor 7 .
(") For some symmetric p-matriz I' and 7 >0, T(u) = (T,u®3) fulfills
1T (u)| < 7| Tul?, u € RP. (B.121)
Lemma B.34. Suppose that the tensor T satisfies (I'). Then
(T, u1 @ ug @ug)| < 7|l ||[Tue| || Tusl|, wi,us,us € RP, (B.122)

and it holds for T (u) = VT (u), TO(uw) = Tlu] from (B.114), any u € RP

ITO @) < 7|l |11 (B.123)
Tlu] < 7|[lu|| T2, (B.124)
yielding
ITlf < 72|10l (1), ue R,
(B.125)

1T < 7% te(1?) (1.



97

Further, for M = (M;) € IRP with M; = trT;, it holds
1M < 7 ||| te(1?),
The matriz S% from (B.118) fulfills
S? < or?tr(I) 2. (B.126)
It holds for the Gaussian tensor T (=)
ET?(v) <672 te(I?) te(I) + 972 ||1)? tr2(1?) < 1572 | 0))? 22(1r?).  (B.127)

Proof. Define 3-tensor T by Tr(u) = T(I'"*u). Then condition (B.121) reads |71 (u)| <
7 for all ||u| <1 while (B.122) can be written as

(Truwr@ua@ug)| <7, V[ul| <1, j=1,2,3.
The latter holds by Banach’s characterization as in (B.112). Further,

ITO@) = sup (T (w)u)| = sup [(Touuew)

f[ur]l=1 f[ur]l=1

IN

Tllul* sup [[Full < 72wl |1

flui][=1

ITHu)ll = sup (Tlu],uf?) = sup (T, u@u ®@w)
lui]=1 [luifl=1

IN

TIull sup [|Tu|® < 7 ||l | 17

flui][=1

yielding (B.124). Further, (M, u) = tr T [u] and by (B.124)

|IM|| = sup | (M, u ‘ = sup |trT |<THFH tr([‘z).
lull= flul=1

Similarly for u € IRP
[T Tul|7, = te(Tlw)?) < 72| Tu|? (1) .

Finally, the use of 7; = T[e;] for the canonic basis vectors e; € IRP yields

TN = Ztr ) <72 Z | e;||? tr(I) = 72 tr(1?) tr(1?),

=1

and (B.125) follows. By (B.120) and (B.124), it holds for any u € IRP

I1Su|? = 2|| Tlu]||2

g < 272 tr(I')|| Tu)* .

This yields (B.126). The obtained bounds lead to (B.127) in view of (B.115). O
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B.7.3 Colored case

This section extends the established upper bound to the case when the standard Gaussian
vector 7 is replaced by a general zero mean Gaussian vector vp ~ N(0,D72) for a
symmetric covariance matrix D?. Then ~4p = D~!'4 with ~ standard normal and
T(vp) = T(D~ ') = T(y) with T(u) =T (D 'u). If T satisfies (I') then 7 does as
well but I'? has to be replaced by v? = D~'1?D~!.

Lemma B.35. Let T(u) satisfies (I') with some I' and 7. Then T (u) = T(D 'u)
satisfies (I') with v = DD~ in place of I'? and the same 7. In particular, with

;7: == (;73) ) M = (tr ﬁ), (md §2 déf (2(7\;, ~il>)ii’=1 o it holds
ITNF < 72 te(v?) tr(v"), (B.128)
M| < 7 |lv]| tr(v?), (B.129)

5% < 272 tr(vh) v,

Moreover, for any u € IRP

~ 1~
170 (w)]] SIVT @) <7 vl vl

[l

IN

72 |lva? trv?,

Proof. By definition, for any u € IR?
T(u) = T(D'u) < 7|TD " u|® = 7||vul?

yielding (I") for 7 . Now Lemma B.35 enables us to apply the results of Lemma B.34
with v in place of I'. Finally, for any w with ||vu| < r, it holds by (B.123)

17O @) < 7 llval® vl < 722 [|v]].
This completes the proof. O
Lemma B.36. For the Gaussian tensor T (vp), it holds
ET?(yp) < 1572 ||v|? tr?(v?). (B.130)
Moreover, with co =777,
VETHp) < ca7? ]2 tr2(v2).

Proof. Apply (B.115) of Lemma B.32 to T (vp) = 7 () and use (B.128) and (B.129). O
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B.7.4 An exponential bound on 7 (yp)

Let §(u) be a smooth function on IRP. A typical example we have in mind is §(u) =
T (u), where T is a symmetric 3-tensor satisfying (I') with some I'? and 7. Let
also vp ~ AN(0,D72). Our aim is a possibly accurate exponential bound for §(vyp),
in particular, for the Gaussian tensor 7 (vp) = (7,75%). We use §(vp) = 6(D71v) =
5(v) for 6(u) = §(D'u) and ~ standard normal. The results use a bound on the
norm ||Vé(w)| which is hard to verify on the whole domain IRP. Therefore, we limit
the domain of §(u) to a subset U on which the Gaussian measure N(0,D72) well

concentrates. Clearly, for any u with D~lu € U
Vé(u) = D™'VE(D " ).

For the rest of this section, we assume that ||[Vé(w)]|| is uniformly bounded over the set

of w with D™'u € U for the set U with the elliptic shape

UY {u: |Tu| <1} (B.131)

This applies to d(u) = T (u) for a tensor 7T satisfying (I"). We consider local behavior
of 6(vp) for vp ~ N(0,D72). With U fixed, introduce the notation

By ¢ < E¢(vp € U).

Remind the definition
v: & p-ip2p-t,

The next lemma explains the choice of the radius r to ensure a concentration effect of
Yp on U.

Lemma B.37. For a fired x, set r = r(x) = 2(v?,x) with

2V x) = tr(v?) + 2¢/x tr(vd) + 2x|v?.
For the set U from (B.131), suppose

sup  ||[Vo(w)| = sup |[D™'Vi(u)| < e. (B.132)
v: D~ lvel ueld

Then it holds for X = d(vp) — Ey 6(vp), with any p and any integer k

.lEu e“X

IN

exp(pu?€®/2) (B.133)

IA

Ey | X% < c2e? c2 =2 lpl, (B.134)
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Also
P(X > ev2x) < 27
Proof. With v ~ N(0,I,) and ~vp ~ N (0,D72), it holds
P(yp ¢ U) = P(||II'D~"|| > r).

2

For r = z(v”,x), Gaussian concentration bound yields

P(yp ¢U) = P(|I'D ™y > 2(v*,x)) < e ™

Further, §(yp) = 6(D~1'4) = 6(5) for ~ standard normal and by (B.132), the norm of

the gradient V§(v) is bounded by e for all v with D~'v € ¢ . The use of log-Sobolev
inequality and Herbst’s arguments yields (B.133) for X = §(D~'v) — Ey d(D~1y);
see Theorem 5.5 in Boucheron et al. (2013) or Proposition 5.4.1 in Bakry et al. (2013).
Result (B.133) also implies the probability bound

1P<X > Vaxe) < Plyp ¢ U) +1P<X > eV2x, yp €U) <27
see (5.4.2) in Bakry et al. (2013). Now Lemma B.38 and (B.133) imply (B.134). O

Lemma B.38 (Boucheron et al. (2013), Theorem 2.1). Let a random variable X satisfy
Eexp(uX) < exp(u?e?/2) for all u with some € > 0. Then for any integer k

E|X|?* < c2 e, c2 = 2k Hlpl, (B.135)
In particular, C; =2, Co =4, C3 =196 <10, C; = 1613 < 28.
Proof. Conditions of the lemma and Markov inequality imply for any « > 0 with p=u
P(X/e>u) < e "Eexp(uX/e) < exp(—u?/2)
and similarly for IP(—X /e > u) hence,

E|X/s = /O P(IX/s” > 2) do = 2/¢,/0 P (X8| > @) da

< 4]{7/ x2k—le—m2/2 de = 4k‘/ (Zt)k—le—t dt — 2k+1]€!
0 0

as claimed. O



101

Let X satisfy Eexp(uX) < exp(u?€/2) for all pu with some e small. One can
expect that eX can be well approximated for k > 2 by

Xk—l
k1)

X)) Y14 x4+ + (B.136)

Lemma B.39. Let a random variable X satisfy Eexp(uX) < exp(u?€?/2) for all u
with some € > 0. Then for a random variable & such that |£| <1 and any integer k
with Cy from (B.134) and &,(X) from (B.136)

B — &(x)¢] < T ete.
In particular, with Co =4 and C% =96
|E(e® —1-X)¢| < 2¢%e
X2 5 4 o2
[E(e” —1-X - =-)¢| < §e3e :
If € is not bounded but EBE*+2 < oo, then with p=k/(k+ 1)

|E(e® — & (X))¢| < C’;J Lk o (Ee2+2) T | (B.137)

In particular, with Cg/ = 96'/3 < 4.6 and C?’/4 <12

16

|B(eX —1 - X)¢| < 232 (BEO) (B.138)
|B(eX —1—X—X—2)5| <26 (BE)S. (B.139)
Proof. Define
2(t) ¥ B{(¢X - &(tX))¢}.
Obviously Z(0) = #'(0) = ... = #%*~1(0) = 0. The Taylor expansion of order k yields

1
12(1)] < — sup |Z2P ()],
k! te(0,1]

Further,
ZP) (1) = B(X*¢et).

Consider first the case || < 1 a.s. By the Cauchy-Schwarz inequality, (B.133) of
Lemma B.37, and (B.135), it holds for any ¢ € [0, 1]

|%(k)(t)|2 < E|X|2k Ee2tX < C%€2ke262.
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For a general ¢, in a similar way, it holds with p = k/(k + 1)
|%(k)(t)|2 S E(|X|2k£2) EthX S (E|X|2k+2)p(E£2k+2)l_p lEeQEz

20 2k, 2€2 2k+2\1—p
< Gl e (B )7,

and (B.137) follows. O

This result with ¢ = 1 yields an approximation Ee® ~ 1+ EX + EX?/2 and with
¢ = X an approximation E(XeX)~ EX +EX?2.

Lemma B.40. Let a random variable X satisfy Eexp(pX) < exp(u?€?/2) for all u

with some €2 > 0. Then
|Ee¥ — 1 - EX — EX?/2)| < 2%,
|E(XeX) — EX — EX?)| < 5.

Proof. The first bound follows from (B.139) with ¢ = 1. Further, (B.135) for k£ = 3
implies IEX® < 96¢% and (B.138) with & = X yields the second bound. O

Now we specify the obtained bounds for two scenarios. Let f be a function on IRP.
First we consider a symmetric 3-tensor 7 which can be viewed as third order derivative
of f at some point & and define X = T(vp) for vp ~ N(0,D7?).

Lemma B.41. Let T be a symmetric 3-tensor T satisfying (I') and vyp ~ N(0,D72).
Consider the set U from Lemma B.37. Then all the statements of Lemma B.37 and
Lemma B.39 continue to apply with X = T (yp) and € def 31r?||v||. In particular, it
holds for any pu and any integer k

Ey 7o) < exp(u262/2),
By |T(vp)* < cie®, Cp = 2MH 1Rl

Proof. Condition (I') ensures that the gradient of 7 (D~'u) is uniformly bounded by
¢ = 371?||v| on the local set U; see Lemma B.35. This enables the statements of
Lemma B.37 and Lemma B.39. O

For the second scenario, let §(u) be the third order remainder in the Taylor expansion

of f(x+u) at a fixed point «:
o(u) = fl@+u)— flx)—(Vf(z),u) - %<V2f($),u®2> (B.140)

and consider §(7yp). In this case we assume that f satisfies the following condition.
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(I's) For some I' and 73 >0, it holds for any w € U = {u: ||[['u|]| < r},

’<V3f(213 +u),u(1®3>\ < 73 HFU1”3, u; € IRP.

Banach’s characterization Banach (1938) yields for any wq,us, us € IRP
(V2 f (2 + u), w1 @ug @ ug)| < 73D || | Dl | Tus]|; (B.141)

see Lemma B.34.

Lemma B.42. Let a function f satisfy (I's) and vp ~ N(0,D72). Define v by
v2 =D7'I"2D~L. Then all the statements of Lemma B.37 and Lemma B.39 continue to
apply with X = 0(yp) for 6(u) from (B.140) and e X 7 r?|v]|/2.

Proof. Define §(u) = (D~ u). Note that D' € U means |[[I'D ™ u| = |jvu| < r.
We only have to check that condition (I3) implies with e = 73 r2||v||/2

sup  [Vo(u)| = sup [[DT'V(u)| < e

u: vul|<r w: |lvul|<r

Indeed, the Taylor expansion at w = 0 yields by Vd(0) =0 and V?5(0) = 0

ID7'Vo(u)|| < sup (Vé(u), D rw) = sup (Vi(u) — V5(0) — VZ5(0)u, D~ w)
[lw||=1 lw|=1

_ 1 sup (V30(tu), u ® u ® D™ w)

2 Jwj=1
By (B.141)
—1 1 3 —1 73 —1
ID™ " Vi(u)| < 5 Sup (Vo(tu),u ®u @ D™ w) < 5 Sup | Tl || w| [[I'D™ w||
flwl=1 flw=1
T3 T3
< By sup fvwl = 222
N 2
as required. O

B.8 Local Laplace approximation

This section presents the bounds on the error of local Laplace approximation. Let f(x)
be a function in a high-dimensional Euclidean space IRP such that f f@ de =¢ < 0,

where the integral sign [ without limits means the integral over the whole space IR? .
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Then f determines a distribution IP; with the density clef/®)  Let x* be a point of

maximum:

f(x") = sup f(z" +u).
uclRP

We also assume that f(-) is at least three time differentiable. Introduce the negative
Hessian F = —V2f(z*) and assume [ strictly positive definite. Moreover, implicitly we
assume that the negative Hessian F = —V?2f(x*) is sufficiently large in the sense that
the Gaussian measure N(0,F~!) concentrates on a small local set U . This allows to use
a local Taylor expansion for f(z*;u) ~ —||F"/?u|[?/2 in w on U . For this local set U,

we evaluate the quantity

def

[ ef@ 1) gy — [ oI Pul?/2 gy
fe—||":1/2"||2/2du )

As z* = argmax,, f(x), it holds Vf(z*) =0 and

I of (@) oy — I e IF2ull?/2 ga,
&= f e—||[F1/2””2/2du ) (B’142)
where f(x;u) is the Bregman divergence
flxiu) = flx+u) — fz) - (V) u). (B.143)

Our setup is motivated by Bayesian inference. Assume for a moment that
f(x) = U(z) — ||G(z — 20)|?/2

for some xp and a symmetric p-matrix G? > 0. Here /(-) stands for a log-likelihood
function while the quadratic penalty ||G(x — xo)||?/2 corresponds to a Gaussian prior
N(zo,G™2). Let also D? o —V2((z*) > 0. Then

F=-V%f(z*) = —-V*(z*) + G* = D* + G°. (B.144)
With decomposition (B.144) in mind, define
[D%;:[F:D2+G2, 2 def 51|D2[D(_;1,
Also, given r, define the local set U as

U= {u:||Du| <r}. (B.145)
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Assume that f(-) be a four times continuously differentiable function on IRP. We fix
a local region around x* given by the local set & C IRP from (B.145). Consider the

remainder of the second and third order Taylor approximation
03(u) = f(@*;u) — (V*f(2),u)/2,
da(u) = f@"u) — (VAf(2"),u®?)/2 = (V*f(2"),u®*) /6,
where f(x;u) is given by (B.143). We will use the decomposition
ﬂﬁno:—;mguW+&mo:—;mng+TmH44m, (B.146)

where T(u) = (V3f(x*),u®3)/6 is the third order tensor corresponding to the third
derivative in the fourth order Taylor expansion for f(x*;u). For ease of notation, we
skip dependence of T, d3, and d4 on x*.

Introduce the following conditions.
(D3) For some 13 >0,

sup (V3 (@),u)| < DDl uwe R

x: z—x*el
(Dy4) For some 14 >0 and the local set U from (B.145),

;
0a(w)| < orlDul!,  wel.

Expansion (B.146) allows to represent the error ¢ from (B.142) as

fu ef(m§u) du — fu e_”DGu”2/2 du

¢ = fe_”DGu||2/2du = Ey [{exp 3(va) — 1}} 7

where vg ~ N (0,D5%) and Ey ¢ means E{{T(yg € U)}.

Proposition B.43. Assume (D%), (D4). Then with ¢ = m312||v||/2, v’ = [D)E;l[[l)2 [[1)51 ,
02 =ET*(vg), and 64 = By 63(v¢) , it holds

2 53¢ 5 1 5
‘<> - U_G‘ < 0glic+ 2L+ et O < S(0g+016)2 + o . (B.147)

2 ’ 2 3 2 ’ 3

Moreover,
1
die < opmaftr(v?) + 3)v2)|}2, (B.148)
) 2

o6 <\ 55 IVl tr(v?). (B.149)
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Moreover, with o1 = E|T (vq)|

5
[ BuT(v6) 9(v6)| < ore < 06 <4/ 35 mllv] tr(v).

If g(u) is centrally symmetric, g(u) = g(—u), then Ey{T (va)9(va)} =0.
Proof. We start with a technical assertion.

Lemma B.44. Assume (D%) and (Dy4). Then for any g with sup,ey|g(uw)| <1,

‘IEU { (eg3(7f") —-1- 53('7(;) — %(;G))g(’yg)}‘ < gege62 ) (B.150)

and with o1, = [Ey 'T(va)l: 06 =+ Euy T2(’7G>

Ey |03(v¢) — T(ve)| = Bulds(ve)| < duc,
(B.151)

Ey @,(’YG) —T*(vg)| € 206616+ 03¢ -

Proof. Condition (D3) enables us to apply Lemma B.42 with X = 53(’70) and k= 3.
This yields (B.150). Further, by (D4) and Lemma B.1

4
Busve) < o EIDDZy|® < 21 fur(u) + 3v2))}

- 242

and (B.148) follows. As d5(v¢) = T(va) + 0a(v¢) ; it holds

Eulss(ve) — T(ve)| = Bulds(vg)| < \/Eugﬁ(vg) < \/IE“ 6i(va),
and by 54(70) =01(vg) — By ds(ve)

Eu|R(ve) — T*(v6)| < 2By |6s(ve) T(ve)| + Bu 6: (ve)

< 2/ BT2(v6) Bu (1) + Bu (1) < 200010+
and (B.151) follows as well. O

Now we are prepared to finalize the proof of the proposition. As IEy 25\3(7G) =0,
(B.150) with ¢(-) =1 and (B.151) imply (B.147). The use of (B.130) from Lemma B.36
with 7= 73/6 yields

Ey|T(ve) < VEuT () \/15T§ V]2 tr2(v2)

and (B.149) follows as well. O
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Let Y; be independent Bernoulli(f), ¢ = 1,...,n. We denote ¥ = (¥;) € R".

Weighted sums of the Y; naturally appear in various statistical tasks including classifi-

cation, binary response models, logistic regression etc. Recent applications include e.g.

stochastic block modeling; see e.g. Gao et al. (2017), Abbe (2018) and references therein,

or ranking from pairwise comparison Chen et al. (2022) among many others. We show

how the general bounds of Section B.4 can be used for vector sums of Bernoulli r.v.s.

For a linear mapping ¥: R" — IRP, define € = (Y — [EY). Below we state some

deviation bounds on the squared norm ||£]|? starting from the univariate case.

B.9.1 Weighted sums of Bernoulli r.v.’s: univariate case

Given a collections of weights (w;), define

S = Z}/;wl7
i=1
V2 = Var(S) =Y 07(1 - 07w},
i=1
w* = max |w;|.

First we state a deviation bound for a centered sum S — IES.

Proposition B.45. Let Y; be independent Bernoulli(6)) and w; € R, i =1,...,n.

Then S =31, Yw; satisfies

A(S — ES)

log(2)V
v —

loglEexp{ } < N2, A< »
w
Furthermore, suppose that given x > 0,
3 .
Then

P(VS - ES| > 2yx) < 2~

(B.152)

(B.153)

(B.154)

Without (B.153), the bound (B.154) applies with V' replaced by Vy =V V (3w*/x /2).
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Proof. Without loss of generality assume w* = 1, otherwise just rescale all the weights

by the factor 1/w*. We use that

N
f(w) Crog Eexp{u($ — BS)} = > [log(0re™™ +1 - ;) - uw;] .
i=1
This is an analytic function of u for |u| < log2 satisfying f(0) = 0, f/(0) = 0, and,
with v} =log 6 —log(1 —67),

29*( UWi N 2 wituw; N

N
" B w; e’
f (u) - Z (Q*Guwl +1 _9* Z vl tuw; + 1 Z {1 N }

=1 =1

for 0;(u) = evituwi /(evi tuwit1) . Clearly 6;(u) and thus, 6;(u){1—6;(u)} monotonously
increases with « and it holds for 6 = 6;(0)

w{l—0:i(w)} <elor(1—07)<20;(1-07),  |ul <log2.
This yields
flu) <V2u®  ful <log2.

As x < 4V?/9, the value A = /x fulfills \/V = /x/V <log2 < 2712, Now by the
exponential Chebyshev inequality

IN

lP(V_l(S ~ES)> 2\&) exp{—2\/x + F(A/V)}

< exp(—2A\/x+A\%) =e ",

A

Similarly one can bound IES — S. O

B.9.2 Deviation bounds for Bernoulli vector sums

Now we present an upper bound on the norm of a vector £ =¥ (Y — EY ), where ¥ is
a linear mapping ¥: R" — IR?. It holds

Var(€) = Var(@Y) = & Var(Y)& .

We aim at bounding the squared norm ||Q&||? for another linear mapping @Q: R? — IRY.

Theorem B.46. Let Y; ~ Bernoulli(f}), i = 1,...,n. Consider £ = ¥(Y — EY),
and let W2 > 2Var(€). Define

W= max [V, g = log(2)/u
i<n
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Then with B = QWV?2Q" and 2o(B,x) from (B.56), it holds
P (]| Q€| > z(B,x)) < 3e™*.

Proof. We apply the general result of Corollary B.17 under conditions (B.46). For any
vector u , consider the scalar product (V1§ u) = (V'@ (Y ~EY),u). It is obviously

a weighted centered sum of the Bernoulli r.v.’s Y; — 6} with
Var(“/"%,u) < ||u\|2/2
One can write with ¢; =Y; — 0 and € = (&)
(Ve u) = (e, "V lu).
By the Cauchy-Schwarz inequality, it holds
1oV uy = mlax‘(\V_l!Pi)TM < w*|ul|.
Bound (B.152) of Proposition B.45 on the exponential moments of (W !¢, u) implies
log Bexp{ (V'€ u)} < Jul/2,  [lul < log(2)/u".

Therefore, (B.46) is fulfilled with g = log(2)/w* . The deviation bound (B.55) of Corol-
lary B.17 yields the assertion. O
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