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We introduce the Euclidean-time correlator of axial charge and electric current as an observable
that can be used to study the out-of-equilibrium Chiral Magnetic Effect (CME) in first-principle
lattice QCD simulations with background magnetic field. This observable directly reflects the fact
that in the background magnetic field, a state with nonzero axial charge features nonzero electric
current. For free fermions, the axial-vector correlator only receives contributions from the Lowest
Landau Level, and features a linear dependence on both magnetic field and temperature with a
universal coefficient. With an appropriate regularization, non-vanishing axial-vector correlator is
compatible with the vanishing of the CME current in thermal equilibrium state with nonzero chiral
chemical potential µ5. We demonstrate that the real-time counterpart of the Euclidean-time axial-
vector correlator is intimately related to the real-time form of the axial anomaly equation, which
strongly limits possible corrections in full QCD. We present numerical results for the Euclidean-time
axial-vector correlator in SU(2) lattice gauge theory withNf = 2 light quark flavours, demonstrating
perfect agreement with free fermion result on both sides of the chiral crossover. The proposed
methodology should help to answer the question whether the QCD corrections might be responsible
for non-observation of CME in RHIC isobar run.
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I. INTRODUCTION AND MOTIVATION

Since the original proposals which date back almost
two decades [1, 2], the Chiral Magnetic Effect (CME)
and, more generally, macroscopic transport responses
generated by quantum anomalies became a subject of in-
tense theoretical and experimental studies. Recent non-
observation of CME in a dedicated isobar run at RHIC
heavy-ion collider [3] has generated renewed interest in
understanding this phenomenon in Quantum Chromo-
dynamics (QCD). A particularly important question is
whether the CME can get significant corrections in QCD,
thus leading to its non-observation. In the absence of an-
alytic methods that would be reliable in the low-energy
regime of QCD probed in heavy-ion collisions, lattice
QCD simulations may be the only way to answer this
question from first principles [4, 5].

∗ pavel.buividovich@liverpool.ac.uk

FIG. 1. Schematic dispersion relations and single-particle en-
ergy level occupancies for Dirac fermions in thermal equilib-
rium with nonzero chiral chemical potential µ5 (left) and with
non-equilibrium level occupancy (right).

CME is conventionally associated with the renowned
formula

j⃗ =
µ5

2π2
B⃗, (1)

where j⃗ is the electric current density, B⃗ is the magnetic
field, and µ5 is the “chiral chemical potential” which
parameterizes the imbalance of left- and right-handed
fermions in the system (here we consider just a single
fermion field with unit electric charge). While the electric
current and the magnetic field are well-defined physical
quantities, most of the controversy around the interpre-
tation of CME is related to the definition of the chiral
chemical potential µ5.

In contrast to j⃗ and B⃗, µ5 is a phenomenological quan-
tity which is not contained in the QCD Lagrangian. It
was introduced as an effective description of chirality im-
balance created by real-time sphaleron transitions in hot
QCD [1].
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The usual way to introduce the chiral chemical poten-
tial in QCD calculations is to change the QCD Hamilto-
nian as

Ĥ → Ĥ+ µ5Q̂5, (2)

Q̂5 =
∑
f

∫
d3x⃗ q̂†f (x⃗) γ5q̂f (x⃗) (3)

where Q̂5 is the axial charge operator and q̂†f (x), q̂f (x)

are the creation/annihilation operators for quarks of
flavour f .
The introduction of µ5 changes the dispersion relation

of Dirac fermions in such a way that the energies of left-
and right-handed fermions have different dependence on

the momentum k⃗. In a state of thermal equilibrium, the
Fermi level remains at zero energy, but the resulting oc-
cupation numbers of left- and right-handed fermions be-
come different, as schematically illustrated in Fig. I (left
plot). This results in a net chirality imbalance, that is,
nonzero expectation value of the axial charge operator
Q̂5.

Quite a few seminal studies of the CME and chirally
imbalanced QCD matter used the prescription (2) to in-
duce chirality imbalance [1, 6, 7], including the lattice
studies [5, 8, 9]. An advantage of this prescription is
that the CME can be studied in thermal equilibrium.
Furthermore, lattice QCD simulations at finite µ5 do not
suffer from fermionic sign problem, in contrast to the case
of baryonic chemical potential.

However, it was quite quickly realized that the CME
electric current vanishes in a state of thermal equilib-
rium with nonzero µ5 [10–12], and the finite result (1)
is a result of an improper regularization of the electric
current operator. The CME current can still be nonzero
in the case of time-dependent magnetic fields [7, 13–15],
which drive chiral fermions out of thermal equilibrium.
In principle, this observation allows to study CME in
lattice QCD simulations by using Kubo formulae [16]
and numerical analytic continuation from imaginary (Eu-
clidean) to real time [17]. However, even with time-
dependent magnetic fields, interpretation of the chiral
chemical potential µ5 in QCD remains unclear.

Within the first-principle QCD description, generation
of chirality imbalance (axial charge) is governed by the
axial anomaly equation

d⟨ Q̂5 ⟩
dt

=
E⃗ · B⃗
2π2

+
E⃗a · B⃗a

2π2
+ 2imf

∫
d3x⃗ ⟨ q̂†γ5γ0q̂ ⟩. (4)

The net chirality imbalance can be thus created by par-

allel electric and magnetic fields E⃗ and B⃗ acting on QCD
matter, or by quantum fluctuations of non-Abelian gauge

fields with nonzero scalar product E⃗a · B⃗a of chromo-
electric and chromo-magnetic fields (sphaleron transi-
tions) [1]. The last term, proportional to the quark mass
mf , describes relaxation of axial charge because of ex-
plicit breaking of chiral symmetry by the mass term.

If external electric and magnetic fields are switched on
and off sufficiently slowly, they create an excited state
with different occupancies for quark states of different
chiralities, as illustrated on Fig. I (right plot). Note that
the dispersion relation of Dirac fermions is not changed,
only the occupation numbers are. The resulting state is
not a thermal equilibrium state, and can give rise to a
nonzero CME current.

FIG. 2. A combination of axial anomaly diagrams leading to
negative magnetoresistance (quadratic dependence of electric
conductivity on magnetic field). In contrast, the lattice ob-
servable proposed in this work corresponds to a single fermion
diagram with external lines Q5, j⃗ and B⃗ (right triangle).

On the other hand, the non-equilibrium nature of this
state does not readily allow to study CME in lattice QCD
simulations, which always assume thermal equilibrium.
Probably for this reason lattice studies of CME did not
go beyond the insightful, but technically rather imperfect
seminal studies [4, 5], in contrast to lattice studies of the
Chiral Separation and Chiral Vortical effects which both
exist in thermal equilibrium [18–23].
A combination of the CME and chirality generation

in parallel electric and magnetic fields leads to a specific
prediction for the enhancement of electric conductivity

in the direction of magnetic field B⃗, the so-called Nega-
tive Magnetoresistance (NMR) [24–27]. Namely, parallel
electric and magnetic fields create a state with nonzero
axial charge ⟨ Q̂5 ⟩. In combination with magnetic field

B⃗, this chirality imbalance creates the CME current as
predicted by (1). This results in a contribution to electric

current j⃗ that is quadratic in magnetic field. If an exter-
nal electric field is treated within the linear response ap-
proximation, this scaling can be readily understood from
a combination of two triangular axial anomaly diagrams,
as illustrated in Fig. I.
NMR is one of the most robust signatures of CME that

is especially suitable for lattice QCD simulations [24, 27]
as well as for experimental studies in Dirac semi-metals
[28]. However, a disadvantage of NMR response is that
it is difficult to disentangle the CME contribution from
other contributions to DC or AC electric conductivities
[28], especially given that quark-gluon plasma is a very
good electric conductor [29].
The goal of this paper is to introduce a framework for

studying CME in first-principle lattice QCD simulations
without the need to add phenomenological terms to QCD
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Lagrangian, such as the chiral chemical potential µ5. Ab-
stracting ourselves from the formula (1), we can take a
broader view on CME and state that CME is a response
of electric current density to dynamical fluctuations of
net chirality imbalance (axial charge) Q̂5.
On Euclidean lattice, the most natural observable to

characterize such a response is the Euclidean-time cor-
relator of the electric current density Ĵz with the axial
charge Q̂5:

G5z (τ) = ⟨ Q̂5Ĵz (τ) ⟩, Ĵz (τ) = e−τĤĴze
τĤ. (5)

Here the expectation value ⟨ . . . ⟩ is the thermal expec-

tation value with respect to the QCD Hamiltonian Ĥ:

⟨ Ô ⟩ = Z−1Tr
(
Ôe−βĤ

)
, where β ≡ T−1 is the inverse

temperature T and Z is the thermal partition function.
We will argue that the correlator (5) characterizes the

CME strength and is sensitive to non-equilibrium CME
response only, in contrast to NMR signal which is mea-
sured on the lattice in terms of Euclidean-time correlator
of two current operators Ĵz. At the same time, we will
demonstrate that nonzero value G5z (τ) does not contra-
dict the vanishing of the CME in equilibrium state with
µ5 ̸= 0.
By virtue of Green-Kubo relations [30, 31], the Eu-

clidean correlator G5z (τ) also encodes the real-time
CME response, described by the retarded correlator

GR
5z (t) = i θ (t) ⟨

[
Q̂5 (0) , Ĵz (t)

]
⟩,

Ĵz (t) = eiĤtĴze
−iĤt, (6)

where θ (t) is the Heaviside step function and Ĵz (t) is the
time-dependent electric current operator in the Heisen-
berg representation. Namely, the Fourier transform of
the Euclidean-time correlator (5) as a function of Mat-
subara frequencies wk = 2π T k is an analytic continu-
ation of the Fourier transform GR

5z (w) of the real-time
correlator (6):

G5z (wk) = GR
5z (w → iwk) ,

G5z (wk) =

β∫
0

dτ eiwkτG5z (τ) ,

GR
5z (w) =

+∞∫
−∞

dt e−iw tGR
5z (t) . (7)

We will show that GR
5z (t) is directly related to the real-

time anomaly equation (4), which strongly constraints
possible corrections to CME. Our main results are equa-
tions (27) and (35) for G5z (τ) and GR

5z (w).
In what follows, we will first present a derivation

and regularization of the correlator G5z (τ) for non-
interacting, continuum Dirac fermions in the background
magnetic field, highlighting some of its interesting fea-
tures (Sections II and III). In Section IV we will discuss

the relation of G5z (τ) to real-time retarded correlator
GR

5z (t), and the relation of GR
5z (t) to the anomaly equa-

tion (4).

We will then present numerical results obtained in
SU (2) lattice gauge theory with Nf = 2 light dynami-
cal quarks in Section V, demonstrating an almost perfect
agreement with the free-fermion result (27).

II. AXIAL CHARGE - VECTOR CURRENT
CORRELATOR FOR NON-INTERACTING

CONTINUUM DIRAC FERMIONS

In this Section, we will calculate the correlator G5z (τ)
for non-interacting Dirac fermions in the continuum. We
start with the non-interacting Dirac Hamiltonian

Ĥ =

∫
d3x⃗ q̂† (x⃗)Hq̂ (x) ,

H =

(
−iσk∇k m

m iσk∇k

)
(8)

in the background of a uniform magnetic field B⃗ =
{0, 0, Bz}, which we assume to be parallel to the z axis.
We choose the corresponding Abelian vector gauge field
as Ax = −Bz y, Ay = Az = 0. The system is then
translationally invariant in x and z directions. This al-
lows us to use the plain wave basis and replace the partial
derivatives ∂x and ∂y with the corresponding wave vector
components: ∂x → i kx and ∂z → i kz. For simplicity, we
consider just a single fermionic field q̂† (x), q̂ (x) with unit
electric charge. The terms with the covariant derivatives
∇k in the single-particle Dirac Hamiltonian H in (8) can
be represented as

−iσk∇k =

(
kz kx +B y − ∂y

kx +B y + ∂y −kz

)
=

=

(
kz

√
2B a†√

2B a −kz

)
. (9)

Here we introduced the usual magnetic creation and
annihilation operators a = 1√

2B
(kx +B y + ∂y), a† =

1√
2B

(kx +B y − ∂y) which satisfy the standard commu-

tation relations
[
a, a†

]
= 1.

The eigensystem of the single-particle Hamiltonian H
consists of:

• The Lowest Landau Level

|kz, 0, s⟩ =


√

1
2 + kz

2Es
|0⟩

0

s
√

1
2 − kz

2Es
|0⟩

0

 ,

Es (kz, 0) = s
√
m2 + k2z ; (10)
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• Doubly degenerate higher Landau levels

|kz, n, σ, s⟩ =

=



1
2

√(
1 + ϵσ

Es

)(
1 + kz

ϵσ

)
|n⟩

σ
2

√(
1 + ϵσ

Es

)(
1− kz

ϵσ

)
|n− 1⟩

s
2

√(
1− ϵσ

Es

)(
1 + kz

ϵσ

)
|n⟩

s σ
2

√(
1− ϵσ

Es

)(
1− kz

ϵσ

)
|n− 1⟩


,

Es (kz, n) = s
√
m2 + k2z + 2B n , (11)

where σ = ±1 labels doubly degenerate energy levels
Es (kz, n), ϵσ (kz) ≡ σ

√
k2z + 2Bn, s = ±1 labels par-

ticle and anti-particle states, and |n⟩, n = 0, 1, 2, . . .
are the harmonic oscillator states generated by the cre-
ation/annihilation operators a†, a from the oscillator
ground state |0⟩. For the sake of brevity, we sometimes
omit the arguments kz and n of the eigenenergies. All
energy levels are NB times degenerate, where

NB =
2πBz

Lx Ly
∈ Z (12)

is the integer-valued magnetic flux through the (x, y)
plane, and Lx,y is the size of the system in x and y direc-
tions. With lattice gauge theory simulations in mind, we
assume that the Dirac Hamiltonian is defined on a finite
torus with sizes Lx, Ly and Lz along the three spatial
dimensions.

Since the net axial charge Q̂5 as defined in (3) is an
extensive, volume-averaged quantity, translational invari-
ance allows us to replace the local current density in (5)
with a volume average

Ĵz =
1

V

∫
d3x⃗ q̂† (x⃗) jz q̂ (x⃗) , jz =

(
σz 0
0 −σz

)
, (13)

where V = Lx Ly Lz is the spatial volume. We also in-
troduced the single-particle current operator jz

For non-interacting fermions, the correlator (5) can be
readily expressed in terms of the single-particle operators
jz, γ5 and eigenstates as

G0
5z (τ) =

∑
k,l

⟨k| γ5 |l⟩⟨l| jz |k⟩
e−τEl

1 + e−βEl

e−(β−τ)Ek

1 + e−βEk
,(14)

where the generalized indices k and l label all eigen-
states of the single-particle Hamiltonian H and Ek, El

are the corresponding eigen-energies. In our case, k and
l comprise the momentum kz, the Landau level number
n = 0, 1, 2, . . ., and the discrete indices σ and s in (10)
and (11).

In Section III we will consider a regularization of
G5z (τ). In order to stress that for now we are work-
ing with the bare, unregularized observable, in (14) we
put a superscript 0 on G0

5z (τ).

Taking into account the translational invariance of the
system in the direction z and the orthogonality of Lan-
dau levels with different values of n, we conclude that
only states |k⟩ and |l⟩ with the same values of n and
kz can contribute to the correlator (14). To calculate
G0

5z (τ) from (14), we need the matrix elements of jz and
γ5 between the single-particle Landau level states (11)
and (10). For the higher Landau levels (11) we get:

⟨kz, n, σ2, s2| jz |kz, n, σ1, s1⟩ =
kz
Es1

δs1,s2δσ1,σ2
+

+δs1,−s2

(
kz
ϵσ1

m

|Es1 |
δσ1,σ2 +

√
2Bn

|ϵσ1
|
δσ1,−σ2

)
, (15)

⟨kz, n, σ1, s1| γ5 |kz, n, σ2, s2⟩ =

=
ϵσ1

Es1

δs1,s2δσ1,σ2
+ δs1,−s2δσ1,σ2

m

|Es1 |
(16)

Using the fact that s1,2 and σ1,2 only take the discrete
values ±1, the product of matrix elements of γ5 and jz
which enters the Euclidean correlator (14) can be simpli-
fied as

⟨kz, n, σ1, s1| γ5 |kz, n, σ2, s2⟩ ×
×⟨kz, n, σ2, s2| jz |kz, n, σ1, s1⟩ =

= σ1
kz
|ϵσ1

|
δσ1,σ2

(
δs1,s2

ϵ2σ1

E2
s1

+ δs1,−s2

m2

E2
s1

)
. (17)

We see that the product of two matrix elements is odd
in σ1. Since the energies Es1 (kz, n) and Es2 (kz, n) and
the terms |ϵσ1

| and ϵ2σ1
do not depend on σ1 or σ2, the

entire contribution of higher Landau levels under the sum
over k, l in (14) is odd in σ1 and hence vanishes upon
summation over σ1.
Let us now consider the contribution from the Lowest

Landau Level. The matrix elements of γ5 and jz between
the Lowest Landau Level states (10) are

⟨kz, 0, s1| γ5 |kz, 0, s2⟩ = δs1,s2
s1 kz
|Es1 |

+ δs1,−s2

m

|Es1 |
,

⟨kz, 0, s2| jz |kz, 0, s1⟩ = δs1,s2
s1 kz
|Es1 |

+ δs1,−s2

m

|Es1 |
.(18)

The fact that the matrix elements of the single-particle
operators of axial charge and vector current γ5 and jz
are equal to each other is very instructive and deserves
a separate discussion. The expressions (18) imply that
for many-body quantum states with nonzero occupancy
of some of the Lowest Landau Level, electric current is
identically equal to the axial charge. Hence any many-
body state with nonzero ⟨ Q̂5 ⟩ which overlaps with the
Lowest Landau Level will be also characterized by non-
vanishing electric current ⟨ Ĵz ⟩. This is the essence of the
CME for non-equilibrium states with different occupan-
cies of left- and right-handed chiral states, as illustrated
in Fig. I (right plot).
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Let us now proceed with the contribution of the Lowest
Landau Level states to G5z (τ), which is in fact equiva-
lent to two-dimensional axial anomaly by virtue of di-
mensional reduction in the Lowest Landau Level. The
product of the matrix elements (18) of γ5 and jz that
enters (14) can be simplified as

⟨kz, 0, s1| γ5 |kz, 0, s2⟩⟨kz, 0, s2| jz |kz, 0, s1⟩ =

= δs1,s2
k2z
E2

s1

+ δs1,−s2

m2

E2
s1

. (19)

Plugging this expression into (14) and simplifying sum-
mations over s1,2, we obtain two distinct contributions
to G0

5z (τ):

G0
5z (τ) =

NB

V

∑
kz

∑
s=±1

k2z
E2

e−β sE

(1 + e−β sE)
2 +

+
NB

V

∑
kz

∑
s=±1

m2

E2

e(β/2−τ) 2 sE

(1 + e−β sE) (1 + e+β sE)
, (20)

where we introduced the short-hand notation E ≡
|Es1 (kz, 0) | =

√
k2z +m2. The contribution in the first

line of (20) does not depend on τ . The dependence on τ
only comes from the second summand, which is propor-
tional to the square of fermion mass m.
Taking the massless limit, we see that only the first line

in (20) gives a nonzero contribution, and G0
5z (τ) becomes

τ -independent. Taking into account that E = |kz| in this
limit, we represent G0

5z (τ) as

G0
5z (τ)

∣∣
m=0

=
NB

V

∑
s=±1,kz

1(
eβsE/2 + e−βsE/2

)2 =

=
NB

2V

∑
kz

1

cosh2 (βkz/2)
.(21)

For sufficiently large spatial volume, summation over kz

can be replaced with integration as
∑
kz

→ Lz

2π

+∞∫
−∞

dkz.

Combining this expression with the definition (12) of
magnetic flux NB , we obtain a very compact and τ -
independent result:

G0
5z (τ)

∣∣
m=0

=
Bz

8π2

+∞∫
−∞

dkz

cosh2 (βkz/2)
=

Bz T

2π2
. (22)

Our derivation highlights an important property of the
correlator (5): it only receives contributions from the
Lowest Landau Level states, even at finite fermion mass.

III. REGULARIZATION, CONTACT TERMS
AND VANISHING CME CURRENT AT µ5 ̸= 0

An important ingredient in the demonstration that the
CME current vanishes in a state of thermal equilibrium

with µ5 ̸= 0 is a proper ultraviolet regularization which
preserves gauge invariance, for example, the Pauli-Villars
regularization. In particular, Pauli-Villars regularization
leads to the correct vanishing result for the CME Kubo
formulae [11, 31].
In order to carry out the Pauli-Villars regularization of

the correlator G0
5z (τ), we need to subtract the infinite-

mass limit G0
5z (τ)

∣∣
m→+∞ of this correlator from the

massless result (22).
In the limit m → +∞, the first, τ -independent term in

(20) is exponentially suppressed and does not contribute.
For further analysis, it is convenient to rewrite the second
term in (20) as

G0
5z (τ)

∣∣
m→+∞ =

=
Bz

8π2

+∞∫
−∞

dkz
m2

m2 + k2z

cosh (2E (τ − β/2))

cosh2 (βE/2)
. (23)

This representation makes it obvious that G0
5z (τ)

∣∣
m→+∞

is also exponentially suppressed at any 0 < τ < β, be-
cause the cosh2 term in the denominator will always out-
grow the numerator at large energies E > m. However,
at τ = 0 or τ = β both denominator and numerator
grow at the same rate, and exponential suppression is
absent. In fact, with τ = 0 and m ≫ β, the ratio
cosh(2E (τ−β/2))

cosh2(βE/2)
= cosh(β E)

cosh2(βE/2)
is exponentially close to 2

in the entire integration region. Replacing this ratio with
2, the integral in (23) becomes very easy to take, and we
obtain a linear divergence in the limit m → +∞:

G0
5z (τ = 0)

∣∣
m→+∞ =

Bz

8π2
2πm+O

(
e−βm

)
. (24)

We conclude that G0
5z (τ)

∣∣
m→+∞ is divergent at τ = 0

(identified with τ = β), and vanishes at any finite
0 < τ < β. This suggests that G0

5z (τ)
∣∣
m→+∞ may be

proportional to the Dirac δ-function δ (τ). In order to
check this, let us consider the integral

β∫
0

dτ G0
5z (τ)

∣∣
m→+∞ =

=
Bz

8π2

+∞∫
−∞

dkz
m2

m2 + k2z

1

E

sinh (βE)

cosh2 (βE/2)
=

=
Bz

8π2

+∞∫
−∞

dkz
2m2

(m2 + k2z)
3/2

=
Bz

2π2
, (25)

where we again used the fact that the ratio sinh(βE)
cosh2(βE/2)

is

exponentially close to 2 in the limit m ≫ β.
We see that the integral of G0

5z (τ)
∣∣
m→+∞ over the

entire thermal circle τ ∈ [0, β] is finite, as it should be
for a delta-function term. We conclude therefore that the
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Pauli-Villars regularization term can be written as

G0
5z (τ)

∣∣
m→+∞ =

Bz

2π2
δ (τ) . (26)

Subtracting this regulator term from the massless limit
G0

5z (τ)
∣∣
m=0

, we obtain our final result for the axial

charge-vector current correlator (5) for free massless
Dirac fermions in the background magnetic field:

G5z (τ)|m=0 =

= G0
5z (τ)

∣∣
m=0

− G0
5z (τ)

∣∣
m→+∞ =

=
Bz T

2π2
− Bz δ (τ)

2π2
. (27)

A remarkable property of this result is that the integral
of G5z (τ)|m=0 over the thermal circle τ ∈ [0, β] van-
ishes. Let us now demonstrate how this property (and
hence the Pauli-Villars regularization) is essential to en-
sure the vanishing of the CME current in thermal equi-
librium state with µ5 ̸= 0.

Let us consider the expectation value ⟨ Ĵz ⟩ =

Z−1 Tr
(
exp

(
−βĤ − βµ5Q̂5

)
Ĵz

)
of electric current in

a thermal equilibrium state of the QCD Hamiltonian with
nonzero µ5. It is easy to see that the derivative of ⟨ Ĵz ⟩
with respect to µ5 at µ5 = 0 is proportional to G5z (τ):

∂⟨ Ĵz ⟩
∂µ5

∣∣∣∣∣
µ5=0

=

= Z−1

β∫
0

dτTr
(
e−τĤQ̂5e

−(β−τ)ĤĴz

)
−

−Z−2 ∂Z
∂µ5

Tr
(
e−βĤ Ĵz

)
=

β∫
0

dτ G5z (τ) , (28)

where we used the fact that ∂Z
∂µ5

∼ ⟨ Q̂5 ⟩ = 0 at µ5 =

0. Thus the integral
β∫
0

dτ G5z (τ) should vanish for the

CME current to be zero in the thermal equilibrium state
with µ5 ̸= 0 (to the linear order in µ5), as required, for
example, by the generalized Bloch theorem [12].

IV. REAL-TIME CME RESPONSE AND
RELATION TO AXIAL ANOMALY

Let us now calculate the retarded correlator (6) for free
non-interacting fermions. A standard expression for the
Fourier transform (7) within the linear response approx-
imation for non-interacting fermions is

GR0
5z (w) =

∑
k,l

⟨k| γ5 |l⟩⟨l| jz |k⟩
w − (Ek − El)− iε

×

×
(
e−βEl − e−βEk

)
(1 + e−βEk) (1 + e−βEl)

, (29)

where the superscript 0 in GR0
5z (w) is again used to stress

that for now we work with an unregularized quantity. As
usual, a small complex shift w → w − iε ensures the
correct pole structure of GR0

5z (w) in the plane of complex
w.

Similarly to the case of Euclidean correlator G5z (τ),
it is clear that higher Landau levels with the product of
matrix elements ⟨k| γ5 |l⟩⟨l| jz |k⟩ given by (17) will not
contribute to the real-time propagator (29), as contribu-
tions of states with different σ labels cancel each other.

Plugging in the expression (19) for the product of ma-
trix elements ⟨k| γ5 |l⟩⟨l| jz |k⟩ between the Lowest Lan-
dau Level states, we again conclude that only the states
|k⟩ = |kz, 0, s1⟩ and |l⟩ = |kz, 0,−s1⟩ contribute to
GR0

5z (w) at w ̸= 0, yielding the contribution

GR0
5z (w) =

∑
s=±1,kz

m2

k2z +m2

eβ sE − e−β sE

w − 2sE − iε
×

× 1

(1 + e−βsE) (1 + eβsE)
, (30)

where again E = +
√
k2z +m2. After some manipulations

with exponentials e±β sE in the numerator and denomi-
nator of (30), the expression (30) can be rewritten as

GR0
5z (w) =

∑
s=±1,kz

m2

k2z +m2

tanh (β sE/2)

w − 2sE − iε
=

=
∑
kz

4m2√
k2z +m2

tanh
(
β
√
k2z +m2/2

)
(w − iε)

2 − 4m2 − 4k2
. (31)

Counting the powers of kz in the denominator, it becomes
clear that summation over kz is UV finite for any finite
m and w. At any finite m, GR0

5z (w) has singularity at
w = 2m. A direct calculation also shows that the unreg-
ularized propagator GR0

5z (w) vanishes in the chiral limit
m → 0.

However, similarly to the case of Euclidean correla-
tor G0

5z (τ), the retarded correlator (31) still needs to be
regularized by subtracting the contribution of the Pauli-
Villars terms. To this end, we consider GR0

5z (w) in the
infinite mass limit m → +∞. At m ≫ β, the function

tanh
(
β
√
k2z +m2/2

)
in (31) is exponentially close to

one, and we can simplify (31) as

GR0
5z (w)

∣∣
m→+∞ =

=
∑
kz

4m2√
k2z +m2

1

(w − iε)
2 − 4m2 − 4k2

. (32)

We now replace
∑
kz

→ Lz

2π

+∞∫
−∞

dkz, and remember that

the Lowest Landau Level is NB times degenerate, with
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NB =
Bz Lx Ly

2π . We then obtain

GR0
5z (w)

∣∣
m→+∞ =

=
Bz

4π2

+∞∫
−∞

dkz

(w − iε)
2 − 4m2 − 4k2

4m2√
k2z +m2

. (33)

The integral can now be taken analytically at any m. In
the limit m → +∞, we get a very simple result, similar
in spirit to (26):

GR0
5z (w)

∣∣
m→+∞ = − Bz

2π2
. (34)

Remembering that the unregularized massless limit
GR0

5z (w)
∣∣
m→+∞ was equal to zero, we conclude that the

massless limit of the regularized retarded correlator is

GR
5z (w)

∣∣
m→0

=

= GR0
5z (w)

∣∣
m→0

− GR0
5z (w)

∣∣
m→+∞ =

Bz

2π2
. (35)

It is remarkable that in the massless limit, the only
nonzero contribution to the retarded correlator GR

5z

comes from the Pauli-Villars regulator term. Our deriva-
tion as well as the analytic relations (7) between the Eu-
clidean and real-time correlators make it clear that the
nonzero result (35) is in one-to-one correspondence with
the contact term proportional to δ (τ) in (27).
Let us now clarify the relation of the result (35) to

the conventional CME result (1) as well as to the axial
anomaly equation (4).

Within the linear response approximation, the re-
tarded correlator (6) describes the response of the time-

dependent expectation value ⟨ Ĵz (t) ⟩ of electric current
to a small time-dependent perturbation of the Hamil-
tonian Ĥ by the axial charge operator Q̂5: Ĥ (t) →
Ĥ+ µ5 (t) Q̂5 (t):

⟨ Ĵz (t) ⟩ =
t∫

−∞

dt′GR
5z (t− t′)µ5 (t

′) =
µ5 (t) Bz

2π2
, (36)

where we used the fact that the inverse Fourier trans-
form of GR

5z (w) given by (35) is simply GR
5z (t) =

Bz δ(t)
2π2 .

While this result is simply the standard CME formula
(1), our derivation clarifies the role of µ5 (t) as that
of a time-dependent perturbation, in contrast to the as-
sumption of the thermal equilibrium state with time-
independent µ5.

As a side remark, let us note that the retarded corre-
lator (35) is real-valued and has no pole singularities at
finite frequencies w. This implies that the spectral func-
tion S5z (w) =

1
π ImGR

5z (w) vanishes for all w, and time-
dependent µ5 (t) does not perform work. In contrast, for
the correlator of two vector currents, the spectral func-
tion is finite and proportional to AC conductivity.

To discuss the relation to the real-time anomaly equa-
tion (4), let us consider the complex-conjugate retarded
correlator ḠR

z5 (t), which can be rewritten as

ḠR
z5 (t) = i θ (t) ⟨

[
Ĵz (0) , Q̂5 (t)

]
⟩,

Q̂5 (t) = eiĤtQ̂5e
−iĤt. (37)

Comparing this expression with (36), we can interpret
ḠR

z5 (t) as a response of time-dependent axial charge

expectation value ⟨ Q̂5 (t) ⟩ to a small perturbation of

the Hamiltonian by the electric current operator Ĵz (t),

Ĥ (t) → Ĥ+Az (t) Ĵz (t). However, the coefficient Az (t)

in the perturbed Hamiltonian Ĥ (t) is nothing but the
z component of the electromagnetic vector gauge field.
Similarly to (36), we can write

⟨ Q̂5 (t) ⟩ =
t∫

−∞

dt′ḠR
5z (t− t′) =

Az (t) Bz

2π2
, (38)

Differentiating this expression over time t and remember-

ing that dAz(t)
dt = Ez (t), where Ez (t) is the electric field

parallel to the magnetic field, we arrive precisely at the
anomaly equation (4) in the massless limit m → 0. The
term responsible for sphaleron transitions is of course ab-
sent as we work with non-interacting fermions.

NB=0
NB=1
NB=2
NB=3
NB=4

0 2 4 6 8

-20

-15

-10

-5

0

5

τ

G
5
z
(τ
)
x
1
0
4

FIG. 3. Axial charge-vector current correlator G5z (τ) (5)
in SU (2) lattice gauge theory with Nf = 2 light dynamical
quarks on 303 × 10 lattice with magnetic fluxes NB = 0 . . . 4.
Dashed lines correspond to free fermion results obtained on
the same lattice. All values are given in lattice units.

V. LATTICE RESULTS

An important question in the context of experimental
detection of CME in heavy-ion collision experiments [3]
is how strongly does the Euclidean axial-vector correlator
G5z (τ) in full QCD deviate from the free fermion result
(27).
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As a preliminary step towards full lattice QCD simula-
tions, in this work we calculate G5z (τ) in SU (2) lattice
gauge theory with Nf = 2 light dynamical quarks. We
use the same ensembles of gauge field configurations gen-
erated with dynamical staggered fermions on 303 × Nτ

lattices as in [21, 32, 33]. We consider a subset of con-
figurations with zero chemical potential and temporal
lattice sizes Nτ = 4, 6, 8, 10, 12, 14, 16, 18, 20, 22. With
fixed gauge coupling βg = 1.7 (and hence fixed lattice
spacing a), the chiral/deconfinement crossover happens
around Nτ = 16. Fermionic correlators are calculated
used Wilson-Dirac valence quarks with background mag-
netic field. Magnetic field is not included in the action of
staggered sea quarks. We also neglect the contribution
of disconnected fermionic diagrams in G5z (τ).

FreeWD quarks
SU(2) LGT, Nτ=10

0 5 10 15 20 25 30

0

1

2

3

4

5

6

B x 10
3

G
5
z
(β
/2
)
x
1
0
4

FIG. 4. Plateau height G5z (β/2) as a function of magnetic
field strength, along with a linear fit (solid line).

For the electric current operator Ĵz, we use the con-
served lattice vector current for Wilson-Dirac fermions
[32, 33]. For the axial charge Q̂5, we use the point-split
definition of the axial current, proposed for Wilson-Dirac
fermions in [34, 35]. The axial charge is not conserved
for Wilson-Dirac fermions, and hence gets renormalized.
However, the corresponding renormalization constant ZA

is close to one within several percents [35] for reasonable
choice of lattice parameters.

Lattice results for the correlator G5z (τ) are shown on
Fig. IV for different values of the total magnetic flux NB .
For comparison, free fermion result on the same lattice
is also shown. While we only present such a plot for
Nτ = 10, the data for other temporal lattice sizes looks
very similar. We observe a very good agreement with the
free-fermion result (27): large negative values at a τ = 0
and a τ = Nτ − 1, and a characteristic plateau at inter-
mediate values of τ . We define the height of the plateau
as G5z (β/2), and find that it is proportional to mag-
netic fluxNB , or, equivalently, to magnetic field strength.
This proportionality is illustrated on Fig. V. On Fig. V
we also demonstrate that the sum of all correlator val-
ues

∑
τ
G5z (τ) is close to zero within statistical errors,

and is also significantly smaller than the plateau height
G5z (β/2). This is in perfect agreement with the vanish-

ing of
β∫
0

dτ G5z (τ) according to our final result (27).

Interestingly, Pauli-Villars regularization seems com-
pletely unnecessary for the equation (20), where all inte-
grals are UV-finite. However, we see that these regulator
terms are actually necessary in order to match the lattice
data. An explanation of how lattice fermions reproduce
the Pauli-Villars regulator terms will be presented else-
where.
We further extract the slope of the linear dependence

of the plateau value G5z (β/2) on magnetic field B us-
ing a linear fit, as illustrated on Fig. V. Denoting the
slope as G5z (β/2) /B, we plot it on Fig. V as a function
of temperature T (in lattice units). For comparison, we

also plot the slope G5z (β/2) /B =
Nc Nf T

2π2 for our free
fermion result (with the factor of Nc Nf taking into ac-
count the contributions ofNc = 2 color states andNf = 2
flavours).

FreeWD quarks
SU(2) LGT, Nτ=10

10 15 20 25

-0.1

0.0

0.1

0.2

B x 10
3

 τ
G
5
z
(τ
)/
G
5
z
(β
/2
)

FIG. 5.
∑

τ G5z (τ) on 303 × 10 lattice as a function of
magnetic field strength B, normalized to the plateau height
G5z (β/2).

Even though the pion mass is rather large for our lat-
tice ensemble (mπ/mρ = 0.4), the agreement with the
free fermion result (27) is very good. Remarkably, it is
better for the full lattice gauge theory than for free lat-
tice fermions, which can probably be explained by larger
finite-volume effects in the free case. Deviations from
the linear scaling G5z (β/2) /B =

Nc Nf T
2π2 for Nτ = 4 is

likely to be the lattice artifact, although this needs to be
checked by a proper continuum extrapolation. Remark-
ably, the slope G5z (β/2) /B appears to be completely
insensitive to the chiral crossover at Nτ = 16.

VI. DISCUSSION AND CONCLUSIONS

The Euclidean-time axial-vector correlator G5z (τ) in-
troduced in (5) opens the way to consider the out-of-
equilibrium Chiral Magnetic Effect in first-principle lat-
tice QCD simulations with background magnetic field. A
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NcNfT/(2π
2)

FreeWD quarks
SU(2) LGT

0.00 0.05 0.10 0.15 0.20 0.25

0.00

0.01

0.02

0.03

0.04

T

G
5
z
(β
/2
)/
B

FIG. 6. The slope of the linear dependence of G5z (β/2) on
the magnetic field B as a function of temperature (in lat-
tice units), compared with the free-fermion continuum result
G5z (β/2) /B = Nc Nf T/

(
2π2

)
and the corresponding result

for free Wilson-Dirac fermions. Vertical magenta line indi-
cates the position of the chiral crossover at T−1

c = Nτ = 16
(all quantities in lattice units).

numerical study of this correlator would be able to settle
down the question whether the CME response gets sig-
nificant corrections in full QCD. In the context of anoma-
lous transport, so far such a question was only satisfac-
torily answered for the Chiral Separation Effect (CSE)
[20–23]. Our free-fermion result (27) is a reference result
to compare with numerical data.

All quantities entering G5z (τ) are well-defined and
well-understood on the lattice 1. The expectation value is
calculated with respect to the conventional thermal equi-
librium state without any artificial extra terms like the
chiral chemical potential. Fluctuations of axial charge
(net chirality) that generate the CME current are ther-
mal in nature, as indicated by the linear dependence of
G5z (τ) on temperature.

Apparently, our preliminary results do not provide the
final answer yet, and there are a few further technical im-
provements that are necessary for full lattice QCD sim-
ulations:

• Inclusion of background magnetic field into the sea
quark action.

• Inclusion of disconnected fermionic diagrams.

• Proper continuum and large volume extrapolations.

• Proper renormalization of the axial charge operator
(likely to be at the level of few percents).

The real-time counterpart of G5z (τ) is the retarded
correlator GR

5z (t) defined in (6). Green-Kubo relations
(7) express G5z in Matsubara frequency space in terms
of the analytic continuation of GR

5z from real to imaginary
frequencies.
The relation of GR

5z (t) to the axial anomaly equation
(4), discussed in Section IV, suggests that in full QCD,
the Euclidean correlator G5z (τ) will only receive correc-
tions from the last two terms of the anomaly equation (4),
that is, from sphaleron transitions and from finite-mass
corrections. While finite-mass corrections are already in-
cluded in our lattice results and appear to be reasonably

small, a quantitative study of the contribution of E⃗a · B⃗a

term would require the inclusion of magnetic field into
the sea quark action as well as analysis of disconnected
fermionic diagrams.
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