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Classification of a class of planar quadrinomials

Chin Hei Chan and Maosheng Xiong

Abstract

Let p be an odd prime, k, ¢ be positive integers, ¢ = p*, Q = p’. In this paper we characterise planar functions
of the form fo(X) = cgX19F7 4 ¢, X 99T 4 o XT3 X9 over Fyo for any ¢ = (co, c1,02,¢3) € IF‘;‘2 in

terms of linear equivalence.

Index terms— Planar polynomials, two-to-one polynomials, differential uniformity, linear equivalence,

rational functions.

I. INTRODUCTION
A. Background and motivation

Let p be any prime number, k a positive integer, ¢ = p*, and F, the finite field of order ¢. A function

F :F, — F, is called planar if all the equations
F(x+a) — F(x) = b, Va,b € F,,a#0 (1)
have exactly one solution. In other words, for any a € F;, :=F, \ {0}, the function
D,F(x)=F(z+a)— F(x),

called the derivative of F' in the direction of a, is a permutation on [F,.

In the above definition, only the additive operation is involved, so planar functions can also be defined
on any finite dimensional vector space over [,

Planar functions were originally introduced by Dembowski and Ostrom in the seminar paper [14]]
in connection with projective planes in finite geometry. This notion coincides with that of perfect
nonlinear (PN) functions in odd characteristic introduced by Nyberg [26] from cryptography. From this
perspective, planar functions have the best differential uniformity, hence if used as S-boxes, they offer

the best resistance to differential cryptanalysis, one of the most powerful attacks known today used
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against block ciphers. Besides their importance in cryptography, planar functions have applications in
coding theory [10], [34], combinatorics [1], [32] and some engineering areas [16]. Planar functions
also correspond to important algebraic and combinatorial structures such as commutative semifields
[13]], [35]. All of these make the study of planar functions fruitful and important in a much broader
context in mathematics and computer science. Planar functions together with almost perfect nonlinear
(APN) functions in characteristic two have become a central topic in design theory, coding theory and
cryptography (31, [8], [151, [28]).

Planar functions exist only for odd q. Currently there are less than 20 distinct infinite families of
planar functions (see [21] for a list and [11]] for a recent construction of planar functions). One of the
main reasons why new planar functions are so difficult to construct and analyze is that planar functions
are classified up to a certain notion of equivalence, namely linear equivalence, EA-equivalence or CCZ-
equivalence, and to show that a given planar function is equivalent or inequivalent to some known ones
is usually rather difficult, most of such verification involves quite technical computation. For a flavor of
the techniques, interested readers may refer to a recent work [29].

Now let p be an odd prime, k,¢ be some positive integers, ¢ = p*, Q = p’, and 2 the finite field of

order ¢°. For any ¢ := (o, ¢1, ¢a, ¢3) € F o, we define a quadrinomial f.(X) € F,2[X] given by
fg(X> — cquQ+q + chqQ+1 + 02XQ+q 4 C3XQ+1_ 2)

In this paper we study planar functions from these f.(.X) for all ¢ € IE‘;lz.

We remark that when ¢ is even, this class of quadrinomials f.(X) and some variations have been
studied extensively in the literature. In fact in this case these f.(X)’s have been the main object of
study in more than 40 papers and by more than 60 authors (see [17]). Now we have reached somewhat
satisfactory understanding of their various cryptographic properties. For example, when ¢ is even, com-
plete characterization as to when f.(X) is a permutation on F,» was obtained in [17], [23]; complete
characterization as to when f.(X) is a permutation with optimal Boomerang uniformity was obtained in

[25]], [33]. In another perspective, f.(X) satisfies the subfield property
fo(aX) = a® T f(X) for all a € F,.

By identifying (x,y) € F2 with X = z + (y € Fp for a fixed element ( € Fj2 \ F,, one sees that the

class of f.(X) is linear equivalent to the class of (@), Q)-biprojective functions f*(x,y) € F,[z,y]? given



[ (x,y) = (a0$Q+1 + a12% + a2xy® + asy® T, bzt + b2y + byay? + b3yQ+1) ; (3)

whose various properties were studied in depth in [19], [20]. In this language, in [20] Gologlu provided
a complete characterization of APN functions from f.(X) under linear equivalence, hence giving a
satisfactory answer to a question of Carlet [7]].

In view of all these papers and in particular of [7] and [20], it is natural for us to study and to

characterize planar functions from f.(XX) for odd gq.

B. Statement of main results

The main results of the paper are as follows.

Theorem 1. Let p be an odd prime, k and { positive integers, ¢ = p* and Q = p'. Consider the
quadrinomial f.(X) given in ([2) for any ¢ = (co, c1,¢2,¢3) € Ff‘lz. Let p,+1 denote the set of (¢ + 1)-th
roots of unity in Fp. If f.(X) is planar over F 2, then it is linear equivalent to one of the polynomials
listed below (which are either univariate over Fp or (Q, Q)-biprojective over Fg ):

1) X+,

2) XQta.

3) Py(z,y) = (2%, 29 + ey9*Y) for some ¢ € F*;

4) Pi(x,y) = (a9 — 2%y, xy? + ey9t) for some e € F; \ {—1};

5) X9t 4 X%t for some ¢ € F2 \ Hgta-

The next result gives criteria as to when the polynomials 1)-5) listed in Theorem [1| are indeed planar

functions:

Theorem 2. Let p be an odd prime, k and ( positive integers, ¢ = p* and Q = p".
(1) For Families 1) to 3) in Theorem [

1) X9 is planar over Fg2 if and only if 3 is even;

cd(k
2) X9+ is planar over F . if and only 1f wed(h0? is odd;
3) Py(x,y), € € F; is planar over Fg if and only if m is odd and ¢ € ¥} is a non-square;

(i) For Families 4) to 5) in Theorem [l we only have partial results:



4) if Py(x,y), € € Fi\ {—1} is planar over F?, then m is odd and 1 +¢™' € F} is a
non-square. Moreover, if k | {, then this condition on ¢ is also sufficient for Ps(x,y) to be
planar;

5) if k| {, then X@+1 4 eX@FL ¢ ¢ F? \ tgt1 is planar over Fp2 if and only if ¢ > 5 and

_1\1+¢/k . .
1 — DT s g square in I,

Finally, when k | £, it turns out planar functions f.(X) are all linear equivalent to X?2. Here we also

describe the result in terms of the coefficients ¢;’s.

Theorem 3. Let p be an odd prime, k and { positive integers such that k | {, ¢ = p* and Q = p*. For
any ¢ = (cg, ¢1,C2,03) € F;lg, define
=gt (Lis odd)

e =

g+l _ g+l (¢
3 — (7 is even)

and

; ar(ch+ ) — c(co+c3) (5 is odd)

cs(c] +c3) — cl(er + ) (% is even).
Then f(X) given in (2) is planar over F 2 if and only if €* — 67" is a square in F}, and in this case

fo(X) is linear equivalent to X>.

C. Discussions

In Theorem [1} since f,.(X) is a Dembowski-Ostrom (DO for short) polynomial, when f.(X) is planar,
the CCZ-equivalence, EA-equivalence and linear equivalence all coincide with each other [3]. Since planar
functions in odd characteristic are natural analogue of APN functions in characteristic two, Theorem
can be considered as both complementing and parallel to [20, Theorem 1.1], which gave a complete
classification of APN functions from the class of f.(X) for even ¢ (by using the language of (Q,Q)-
biprojective functions).

In Theorem 2, when k t ¢, planar functions from Families 1)-3) are all known: X Q@+l gnd XQte
resemble the Albert family [2], and Py(z,y) is a subclass of the Zhou-Pott family [35]. As for Families
4) and 5) when k 1 ¢, we did experiments by MAGMA for some small values of p, k and ¢ but it seems no

such planar functions exist regardless of the choice of €. It may be an interesting question to investigate



whether or not there are planar functions from Families 4) and 5) of Theorem [I] when £ 1 /. We leave
this as an open problem.

Next, we explain the method we use in proving Theorems The polynomial f,(X) can be written
as f.(X)= X9t A (X9 1) where

A(X) = CQXQ+1 + ClXQ + CQX + C3.

Define
B(X) =X 4+ X9+ X + ), g(X) = B(X)/A(X).

It was well-known that when ¢ is even, permutation properties of f.(X) are closely related to those of
the accompanying rational function g(X) defined over ji,.,. Encompassing this idea, many techniques
were developed to study this g(X') over y,41 in the literature, most of the techniques were elementary but
quite complex and involved a lot of computation. In a recent paper [17], Ding and Zieve provided a new
way of studying ¢g(X): they employed advanced tools such as the Hurwitz genus formula from arithmetic
geometry to study geometric properties of g(X) (i.e. the type of branch points and ramification indices)
from which permutation properties of f.(.X) follow in some natural way. This powerful technique allowed
them to resolve eight conjectures and open problems from the literature concerning f.(X) for ¢ even
and to cover most of the previous results. In proving Theorem we adopt their ideas to study f.(X)
for odd q. We do a careful analysis of geometric properties of g(.X) for odd ¢ and give a classification.
While the ideas and techniques are similar to that of [17], the study g(X) is more complex in this paper.
It turns out that the linear equivalence result comes naturally from this study of g(.X), from which planar
functions in f.(X) can also be identified. We comment that this idea was already hinted in [17] (see [17,
Theorem 1.2]), though the authors may not be aware of it at the time.

It seems possible that the classification results of [20] can be obtained in this way. It might be interesting
to see if Theorem [I] can be obtained by adopting the approach of (Q, @))-biprojective polynomials utilised
in [20] for odd characteristic.

The paper is organized as follows. In Section [II] we introduce some universal notations and recall some
background results that are needed for our proofs. In Section [[Il] we give detailed geometric properties
of the rational function g(X') under consideration and in Section [V] we classify g(X) in terms of linear

equivalence. In Section [V] we derive the list of linear equivalence classes of f.(X') under the classification



of g(X). Then in Section [VIl we prove Theorems Finally in Section we conclude our paper and

provide some open problems.

II. PRELIMINARIES

Throughout this paper, we adopt the following notation:

« for any finite set S, 45 is the cardinality of S;
for any field K, K* = K \ {0}, P/(K) = K U {oo} is set of K-rational points in P!, and K is an

algebraic closure of K

p is an (odd) prime, k is a positive integer, ¢ = F, IF, is the finite field of order g;

for any positive integer d, 14 is the set of d-th roots of unity in F;

o forany c € F2, c = ¢

A. Self-conjugate reciprocal polynomials

Let D(X) € F2[X]. Denote by D@ (X) the polynomial in F,2[X] formed by taking g-th powers (or

conjugates) on all the coefficients of D(X). The conjugate reciprocal of D(X) is defined as
D(X) := X%ePpl)(1/X).

To be more precise, if D(X) = Y _ a; X" with a; € F2 for all i and a, # 0 where r > 0, then
DW(X) =3 X" and D(X) = I a,_;X". Note that if D(0) = ao = 0, then deg D < r = deg D.
Otherwise if D(0) # 0 then we have deg D = deg D.

A nonzero polynomial D(X) € F2[X] is called self-conjugate reciprocal (SCR for short) if D(X) =
aD(X) for some « € Fy,. In particular this implies D(0) # 0.

The following about conjugate reciprocals and SCR polynomials are immediate from the above defi-
nitions:

Lemma 4. All of the following hold:

« if D(X) € F2[X] is SCR then D(X)/D(X) € pigr1;

o if D(X) € Fpe[X] is nonzero and o € Fz, then the multiplicity of o as a root of D(X) equals the

multiplicity of a~% as a root of lA)(X)

o D(X) € Fpe[X] is SCR if and only if the multiset of roots of D(X) is preserved by the function

a— o~ In particular, if deg D = 1 then it is SCR if and only if its unique root is in fig41;



o ifaely, and B € F, then aX?*+ X + & is SCR.

There are simple conditions describing the nature of the roots of a degree-2 SCR polynomial, but the
situation is quite different for p = 2 and for p > 3 being odd. Here we focus on the case p > 3. Interested

readers may refer to [[17, Lemma 2.4] for the case p = 2.

Lemma 5. Assume p is odd and D(X) = aX?+ X + & with o € F 2 and 3 € F, not both zero. Define
A(D) := 8% — 4aa. Then the following hold:

1) D(X) has a multiple root (which must be in ji,41) if and only if A(D) = 0;

2) D(X) has two distinct roots in pi,yy if and only if A(D) is a non-square in F};

3) D(X) has no roots in 41 if and only if A(D) is a square in F}.

This result is quite elementary, since we cannot find it in the literature, for the sake of completeness,

we provide a proof here.

Proof. If a« =0 and § # 0, then D(X) = 5X is a degree-one polynomial, with a unique root 0, which
is not in j,.1. We also have A(D) = 3% being a square in [F;. So 3) applies to this case.

Hence from now on we assume a # 0. By Lemmald] D(X) is a degree-2 SCR polynomial. It is clear
that D has a multiple root if and only if A(D) = 0, and by Lemma [ since its multiset of roots is
preserved by the function v > 79, this multiple root must satisfy v = 79, that is, 7 € 1.

Now suppose A(D) # 0. Then D(X) has two distinct roots v, d. Note that 70 = £ € f1441, s0 either
both ~,§ are in yi,41, or none of them are in yi,4;. Noting that A(D) € [, there is an 0 € IF7. such that
62> = A(D). Easy to see that we have either § = 6 or —6, according to whether 6 € [y or not. We may

take v = —%. We see that v € 41 if and only if v7™! = 1, that is,
B+0\ (B+6\ .
2a 2a -

3+ B(0 + ) + 00 = 4aa,

This can be further simplified as

and again

B(O+6) + 60+ 6% =0.



Taking / = 0 where ¢ € {£1} we have
O(1+e)(B+0)=0.

Since 6 # 0 and 8+ 6 # 0 as y # 0, this implies that ¢ = —1, that is & ¢ IF;. Hence we conclude that

in this case 7,9 € 411 if and only if § ¢ ;. This completes the proof of Lemma O

B. Rational Functions

Let K be a field and G(X) = N(X)/D(X) be a rational function in K where N,D € K[X]
and D is nonzero. Let C(X) = ged(N(X), D(X)), the monic greatest common divisor of N(X) and
D(X) in K[X]. We write N(X) = C(X)Ny(X),D(X) = C(X)Do(X) with Ny, Dy € K[X], so that
ged(No(X), Do(X)) = 1. We identify G(X) with Go(X) = No(X)/Dy(X) and view G(X) as the
function P!(K) — P!(K) defined by a — Gy(a), so G(X) is also well-defined at elements o € K even
if N(a) = D(a) = 0. We refer to Ny and D, as the numerator and denominator of G respectively, and
define the degree of G as deg G = max{deg Ny, deg Dy} if G(X) # 0. G is called separable if the field
extension K (z)/K(G(x)) is a separable extension of function fields where x is transcendental over K.
In fact, G is separable if and only if G'(X) # 0 if and only if G ¢ K(X?) where p = char(K) [18|
Lemma 2.2].

We say non-constant F, G € K (X) are linearly equivalent over K (or K-linearly equivalent for short)
if there are degree-one p,o € K(X) such that G = po Foo.

The following are results about degree-one rational functions over . satisfying certain properties [17],

[36]. These are very useful when we study geometric properties of the accompanying function g.(.X).

Lemma 6. A degree-one p(X) € F2(X) permutes i,y if and only if p(X) = (BX +a)/(aX + B) for
some «, 3 € F 2 with aa # P.
Lemma 7. A degree-one p(X) € F2(X) maps pi,1 onto P*(F,) if and only if p(X) = (§X +76) /(X +7)
for some v € 1441 and 6 € Fe \ F,.

Given D(X) € F2[X] and r > 0, define Go(X) := X"D(X)? . It is easy to see that Go(pg+1) C
fg+1 U{0}. Moreover, Go(ftg+1) C fig+1 if and only if 0 ¢ D(p,41), and under this situation G, induces

the same function as the rational function G(X) := X"D@(1/X)/D(X) on p,4 1. While G(X) is usually

defined over F 2, it can be transformed into a rational function defined over I, as follows:



Lemma 8. [[I7, Lemma 2.11] Let G(X) = X"DYW(1/X)/D(X) for some D(X) € Fpz[X] and r > 0.

Let p,o € F2(X) be any degree-one rational functions mapping ji,+1 onto P'(F,), and define
h=pogoo '

Then we have h(X) € F, (X).

C. Branch points and ramification

Here we introduce the concepts of branch points and ramification, which are the main tools to describe
the geometric properties of the accompanying rational function g.(X) later on.

For a non-constant rational function G(X) € F,(X), write G(X) = N(X)/D(X) where N(X), D(X) €
F,[X] with ged(N(X), D(X)) = 1. For any a € F,, define H,(X) € F,[X] as

It is clear that H,(a) = 0 for all a € F,. The ramification index ec(a) of « is then its multiplicity as
a root of H,(X). The ramification index of oo is defined as eq(00) := eg, (0), where G (X) = G(%).
Given any (3 € PL(F,), the ramification multiset Eg(3) of G(X) over /3 is the multiset of ramification
indices eg(a) for any o € G71(3), that is, Eg(8) := [eg(a) : a € G1(B)]. In particular, the elements
in Eg() are positive integers whose sum is deg G. We call o € P'(F,) a ramification point (or critical
point) of G(X) if eq(c) > 1, and its corresponding image G(«) a branch point (or critical value) of G.
Hence a point 3 € P'(F,) is a branch point of G if and only if Eg(3) # [19°8€], where [m"] denotes
the multiset consisting of n copies of m, or equivalently, G~1(3) < deg G.

One most important result regarding ramification is known as the Hurwitz genus formula (see [30,

Corollary 3.5.6]), which applying to the field extension F,(z)/F,(G(x)) for transcendental = over F,

yields the following result used in our proof:

Lemma 9. Let G(X) € F,(X) be a rational function of degree n. Then

2m—2> Y (eg(a)—1)

acPL(Fy)

with equality holds if and only if char(F,) { eq() for all a € P*(F,).
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D. Linear equivalence, EA-equivalence and CCZ-equivalence

Linear equivalence, EA-equivalence and CCZ-equivalence are equivalence relations of functions over
the finite field IF,» under which planar (or PN) and APN properties are invariant. Due to these equivalence
relations, one PN (or APN) function can generate a huge class of PN (resp. APN) functions. While the
notion of these equivalence relations was introduced in 2006 in [4], the ideas behind this notion appeared

much earlier [9]], [27]. Let us first recall some definitions:

Definition 1. A function F' : F,n — F,n is called
o linear if F(a+ ) = F(a) + F(B) for any a, [ € Fyn;
o affine if F' is a sum of a linear function and a constant;

« affine permutation (or linear permutation) if F' is both affine (resp. linear) and a permutation on

Fon.

p

o Dembowski-Ostrom polynomial (DO polynomial) if

F(X)= Y X", ay €Fp.

0<k,j<n
In particular, F is affine if and only if F/(X)=b+ Z;‘;& a; X? where a;,b € F,. for any j.

Definition 2. Two functions F' and F' from Fn to itself are called:
« affine equivalent (or linear equivalent) if F' = A; o ' o Ay, where the mappings A1, Ay are affine
(resp. linear) permutations of Fn;
« extended affine equivalent (EA-equivalent) if F' = Ay o F o Ay + A, where the mappings A, Ay, Ay
are dffine, and where Ay, Ay are permutations of Fpn;
« Carlet-Charpin-Zinoviev equivalent (CCZ-equivalent) if for some affine permutation L of Ff,n the

image of the graph of F' is the graph of F', that is, L(Gr) = G, where
Gr={(z,F(x)): 2 €Fp}, Gp={(z,F'(x)):x€Fp}.

It is obvious that linear equivalence is a particular case of affine equivalence, and affine equivalence is
a particular case of EA-equivalence. It was known that EA-equivalence is a particular case of CCZ-
equivalence and every permutation is CCZ-equivalence to its inverse [9]. CCZ-equivalence is more
general than EA-equivalence but there are particular cases of functions for which CCZ-equivalence can

be reduced to EA-equivalence. For instance, CCZ-equivalence coincides with linear equivalence for DO
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planar functions [5]], [6]. Since the quadrinomial f,(X) (2) is a DO polynomial, we only consider linear
equivalence in this paper. For simplicity, if two such polynomials f; and f; are linear equivalent, we call

them equivalent to each other.

Definition 3. Two functions F' and F' from F,n to itself are called multiplicatively equivalent if there

are a, 3 € B, and a positive integer k with ged(k,p™ — 1) = 1 such that
f(X)=af (BX*F)  (mod X*" — X).

It is easy to see that if f; and f, are multiplicative equivalent with n being a power of p (including

the case n = 1), then f; and f, are also linear equivalent.

III. GEOMETRIC PROPERTIES OF ¢g(X)

For any ¢ = (cg, ¢1, ¢, ¢3) € Ty, define

AX)=A(X) = X+ X%+ X +cs. (4)

The quadrinomial f,.(X) given in @) can be written as f.(X) = X9t A (X971,

Let us assume that ¢ # 0. Denote

B(X) = B(X) = &X' +6X%+6X + 4, (5)

9(X) = go(X) = B(X)/A(X). (6)

Here we use the notation ¢ := ¢ for any ¢ € F .
When ¢ is even, geometric properties of g.(X) were given in [17] in order to study when f.(X) is a
permutation on [F 2. In this Section, we refine and extend this work to give detailed geometric properties

of g.(X) for all ¢ while focusing on the case that ¢ is odd. This will be useful when we classify g.(X)
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in the next Section. To describe the result, let us define a few parameters

.
€1

€2

and three polynomials

= COE() — 0161 — 0262 + 0363,
= —CpCy — C1C1 + CaC2 + C3C3,

= —CpCy + C1C1 — C2Co + 0353,

(7)
= 0203 — Cpl,
= C1€3 — CoCa,
= 6% — 49292,

(0102 — CQCg)X2 + 61X + (6152 - 5063) s
9_2X2 + €2X + 92, (8)
0/9X2 + e/ 9 X + 65/%.

Here for simplicity, we drop the subscript ¢ in the notation when there is no ambiguity. It is easy to see

that eq, e9, 3,07 € Fy, 61,05,03 € F2 and W(X),U(X),V(X) € F2[X] are SCR polynomials.

We first state some properties that relate the three polynomials U(X), V(X)) and W (X) in (@) with
A(X) and B(X) given in (@) and (@) respectively:

Lemma 10. Assume ¢ # 0 and q is odd. Denote C(X) = gcd(A(X), B(X)), the greatest monic common

divisor of A(X) and B(X).

1) If U(X) and V(X)) are not both zero, then C(X) | ged(U(X), V(X)) and C(X) is either X or a

monic SCR polynomial of degree at most two;

2) Assume none of U(X),V(X) or W(X) is the zero polynomial. Denote I' = T, the union of the set

of roots of V(X)) and the set with (2 — deg V') copies of oo (this set is either empty if degV = 2,

or {oo} if degV = 1); denote A = A, the union of the set of roots of W(X) and the set with

(2 — deg W) copies of oc.

a) ' = 4A € {1,2}, and the cardinality is 1 if and only if 6; = 0;

b) Either both I, A C pg+1, or both sets are of the form {a,a '} for some o € Fp2 \ pigi1;

c) I is the complete set of ramification points of g, and any branch point of g is in A;

d) Assume C(X) = 1. Then A gives the complete set of branch points of g. Moreover, the

g-ramification multiset of any X € A\ is either [Q + 1] or [1,Q)].
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We remark when ¢ is even, all the above statements of Lemma remain true except 2(c) in the
special case that Q = 2 and C(X) # 1 and deg g = 1, in such as case I' = () since ¢ has no ramification

or branch points.

Proof. Here we borrow ideas from the proof of [[17, Theorem 3.1] and treat the case that ¢ is odd.

For any polynomial of the form P(X) := aX? + X + ~ with o, 8,7 € F 2, define
A(P) := % — 4ay.

Thus if deg(P) = 2 then A(P) is the discriminant of P(X). Recall from [17] that U(X),V(X) and
W (X) stated in (8) satisfy the following identities:

U(X) = (63X + &) A(X) — (coX + 1) B(X); )
V(X)? = A(X)B'(X) — A'(X)B(X); (10)
AW) = A(U) = A(V)? =6} (11)
UX)V(X)? = W(g(X))A(X)*. (12)

It is immediate from (9) and (0) that C'(X) | U(X) and C(X) | V(X)%. Moreover, the second part of
Statement 1 easily follows from the fact that each of U(X) and V' (X) is either a constant times X or a
degree-two SCR polynomial and the assumption that they are not both zero. Now assume C'(X) 1 V(X).
This implies C'(X) is not square-free. In particular it must be the square of a linear SCR polynomial.
Hence U(X) is a constant multiple of C'(X'), which implies #; = 0. Then Equation (LI) implies A(V') = 0,
and C'(X) | V(X)¥ implies that the unique root of C'(X) is a root of V(X), so V(X) is also a constant
multiple C'(X), a contradiction. Hence we have C'(X) | ged(U(X), V(X)).

Statements 2(a) and 2(b) follow from Equation (1)), Lemmas 4] and [3] in Section [l In addition, the
right hand side of (I0) is simply A(X)2¢’(X). Hence we see that any ramification point of g in [F, must
be in I'. On the other hand, writing A(X) = Ay(X)C(X) and B(X) = By(X)C(X) for Ay, By € F2[X],
so that ged(Ao(X), Bo(X)) = 1. Then (I2)) can be rewritten as

UX)V(X)? = W(g(X))A(X)*C(X)%. (13)

Here we note that W (g(X))Ag(X)? =W (ﬁgg;) Ap(X)? is a polynomial in F .

Denote 'y :=T'\ {oo}. If 6, = 0, then U(X) = f5(X — o), V/(X) = 6/(X — )% and W(X) =
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¢(X — \)? for some ¢ € F}, and a, 7, A € j151. We have T'y = {7} and A = {\}. Putting these into

and taking square root on both sides, we have
(X = a)(X = )% = &(Bo(X) — Mo(X))C(X)

for some ¢ € F7,.

Here C'(X) = 1 if o # ~, otherwise C(X) = (X — )" for some ¢ < 2. Upon dividing both sides by
C(X), it is easy to see that « is a multiple root of the LHS (the factor X — ~ appears with exponent at
least ) — 1 > 2). Hence it is also so in the RHS, which is precisely equivalent to saying that v € I'y is
a ramification point of g(X), and its image is a branch point of g, that is, A\ € A.

Now assume #; # 0. Then I’ = A = 2 and U(X),V(X) and W(X) are square-free. Writing
U(X) = Uy(X)C(X) and V(X) = V5(X)C(X), and upon dividing both sides of by C(X)?, we
obtain

Un(X)Vo(X)UC(X)?™" = W (g(X))Ao(X)*.

Now any v € I'y is a root of either V5(X) or C(X). Since ) > 3, X — y appears as a factor with
exponent at least two in LHS. Hence ~ is a multiple root of LHS and hence also a root of RHS. This
clearly implies 7 is a ramification point of g(.X'), whose image ¢g(7) is either a root of W (X)) or oo, and
is hence a branch point of g. Note that g(y) = oo if and only if v is a root of Ay(X), whence this may
happen only if deg W = 1. In either case, we see that the branch point g(7) € A.

To complete the proof of Statement 2(c), we need to show that oo is a ramification point of ¢ if and only
if deg V' = 1. This can be proved as follows: oo is a ramification point of g if and only if O is a ramification
point of g(1/X) = g (X) where ¢’ = (c3,¢ca,c1,¢p). It is easy to verify that Vy(X) = —V@(X) and
Wy (X) = W(X). Hence 0 is a ramification point of g if and only if 0 is a root of V@ if and only if
0 is a root of V, which is equivalent to deg V' = 1. In this case, the branch point g(cc) = ¢~(0) is in
Ao =A.

Finally, assume C'(X) = 1. Then deg ¢ = max{deg A, deg B}. Note that the latter is not () + 1 if and
only if ¢y = ¢3 = 0, whence in this case C'(X) # 1. Hence deg g = Q + 1. By (12)), for any ramification
point v € I, e4(7) is either Q41 or () according to whether it is a root of U(X) or not. This implies that
the g-ramification multiset of the corresponding branch point g(v) € A is [Q + 1] or [1, Q)]. Hence each

branch point corresponds to exactly one ramification point. By Statements 2(a) and (c), then g(I") = A,
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so A gives the complete set of branch points of g. U

Armed with Lemma we can give more detailed information about geometric properties of g.(X).

We remark that Lemma [L1] are still true when p = 2, though we focus on the case that ¢ is odd.

Lemma 11. Assume ¢ # 0 and q is odd. Then we have

1) g(X) is constant if and only if U(X) and V(X)) are both zero;
2) ¢(X) is non-constant and A(X) has a root in 1,41 if and only if at least one of U(X),V(X) is
a nonzero polynomial with roots in ji,11 and degg # Q + 1;

3) g(X) is non-constant and A(X) has no roots in p,.1 if and only if one of the following is true:

a) g(X) is F-linearly equivalent to X" where n € {Q + 1,Q — 1}, this occurs if and only
U(X)/V(X) € Fp; or

b) g(X) has at least one branch point in P*(F,) with ramification multiset [1, Q).

Proof. For 1), if g(X) is constant, then there is A\ € FZQ such that ¢35 = \cg, G = Aci, 6 = Acp and
¢o = Acs. Putting into the formulas in (7)) implies es = e3 = 0y = 03 = 0. Hence U(X) and V(X)) are
both zero; Next assume that both U(X) and V' (X) are zero. By using (9), we see that g(X) = igﬁ—ﬁf,
so degg < 1. By using (I0), we see that A(X)B'(X) — A(X)B(X) = 0, so g(X) is non-separable.
This shows that g(X) is constant. So we have proved 1) of Lemma [Tl

For 2), let us first assume that g(.X) is non-constant and A(X) has a root « in fi,41. Then at least
one of U(X) and V(X) is nonzero. Note that the multiset of roots of B(X) in FZ is the same as the
multiset of (—¢)-th powers of roots of A(X) in FZ. Hence @ = o7 is also a root of B(X), which
implies C(X) = ged(A(X), B(X)) has a root in p,,1. On the other hand, if C'(X) has a root in fi,1,
then obviously so does A(X). Hence to prove Statement 2), it suffices to show that C'(X) has a root in
q+1 if and only if any nonzero member among U (X ), V(X) have roots in 1,4, and deg g # @+ 1. This
follows from Statement 1 of Lemma [I0] by simply noting that whenever U(X) (resp. V(X)) is nonzero,
then either all its roots are in ji,4q1 or none of the roots are, and also that deg g # () + 1 if and only if
C(X) # 1. This proves 2) of Lemma [I1l

As for 3), let us assume that g(X) is non-constant, and A(X) has no roots in zi,.;. We first know by
1) of Lemma [I1] that at least one of U(X) and V(X)) is nonzero.

If U(X)=0and V(X) # 0, then 6; = 0. By (I3), A(V) = 0. By Lemma[3] V(X) has a multiple

root in p,. 1. Moreover, U(X) = 0 implies that degg <1 < ) + 1 and so A(X) has a root in fi,+1 by
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Statement 2) of Lemma

If V(X)=0and U(X) # 0, then A(V) = 0. By (I3), #; = 0. By Lemma [5 U(X) has a multiple
root in /i,41. Moreover, V(X) = 0 implies that ¢ is non-separable, so that deg g # () + 1. Hence A(X)
has a root in (1,41 by Statement 2) of Lemma [[1]

From now on we assume both U(X) and V(X) are nonzero, so that max{degU,degV'} < 2, and
so degC' < 2 by Statement 1 of Lemma If degg = @ + 1 then C'(X) = 1 and Statement 2) of
Lemma [Tl implies A(X) has no roots in f,.1. Moreover, by Statement 2) of Lemma there are one or
two branch points of ¢, each with ramification multiset [@) + 1] or [1, Q)]. If at least one has ramification
multiset [1, Q)] then we are done. Now assume all branch points of ¢ have ramification multiset [Q)+1]. In
particular p { e,(c) for all a € P!(F,). By the Hurwitz genus formula (Lemma [9), we see that there must
be exactly two such branch points. Both have a unique g-preimage in P*(F,). Hence g(X) is F,-linearly
equivalent to X9,

Finally assume degg # @ + 1, so that C'(X) # 1. By Statement 2) of Lemma [[1] then V(X)) (and
U(X)) has no roots in /i, ;. Hence the set I' as defined in Lemma [[0]is of the form {«, @'} for some
a € F 2\ fig41. This could happen only if C'(X) is a nonzero constant multiple of V' (X') (and hence also
U(X)). If C(X) = X, then ¢y = ¢3 = 0 while at least one of ¢; or ¢, is nonzero, so max{deg A, deg B} =
Q. If deg C' = 2, then at least one of ¢, or ¢ is nonzero, so max{deg A, deg B} = @) + 1. In either case

we have deg g = Q — 1. Putting these into (I3)) and dividing both sides by C'(X)? we have
V(X)9 =W (g(X))Ao(X)

for some constant ¢ € F..

This immediately implies that e,(y) = Q — 1 = degg for all v € I'. Since ) > 3, g has two branch
points with unique preimages in P'(F,), and thereby is F,-linearly equivalent to X“~'. This proves 3)
a) and b) of Lemma

Finally, if g(X) is F,-linearly equivalent to X?*1, then C'(X) = 1, by counting multiplicity of the
term X — ~ for all v € T on both sides of (I3), we see that U(X)/V(X) € F; if g(X) is F,-linearly
equivalent to X?~1, then deg C' = 2, we also have U(X)/V(X) € Fro. It U(X)/V(X) & F., clearly
g(X) is not F,-linearly equivalent to X" for n € {Q + 1,Q — 1}. Now the proof of Lemma [IT] is

complete. U
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IV. CLASSIFICATION OF g(X)

We will see in later sections that Cases 1) and 2) of Lemma do not yield planar functions, which
are the main interest of this paper. So we examine g(X) further according to Case 3) of Lemma 1l We

first consider Case 3) a).

Lemma 12. Let ¢ # 0. Assume that A(X) has no roots in ji 1 and g(X) is F-linearly equivalent to
X" where n € {Q + 1,Q — 1}. Then one of the following holds:
1) g(X)=ptoX%oo for some degree-one p,o € Fp2(X) both of which map ji,1 onto P(F,);
2) g(X)=ptoX oo for some degree-one p,o € F2(X) both of which permute pi,1;
3) g(X) = ptoX9 oo for some degree-one p,o € Fp2(X) both of which permute pu,,1, and there
exists o € F 2\ pig11 such that o({a,a™'}) = {0, 00} and ged(A(X), B(X)) is a constant multiple
of (aX —1)(X — «).

The proof of Theorem [12] was essentially given by following and combining the proofs of [17, Lemma
5.1 and Proposition 5.3], though in their proofs some extra assumptions were made on some other

parameters to fit their purpose. For the convenience of readers, we provide a detailed proof here.

Proof of Lemma Let I and A be defined as in Lemma

First, we know that g(X) has 2 branch points in P*(F,), so that fI" = fA = 2. We first assume
I' C pgy1. Then we also have A C pi41. Since A(X) has no roots in i1, n = degg = @ + 1 by
Lemma Let I' = {ay,a0} and A = {f, B2}. Since each point in I' is the unique g-preimage of a

point in A, we may assume g(«;) = 51 and g(as) = fo. Now define

anzvg;zﬂ
and
px) = 2=,

where 7,6 € F}, such that /vy = as/a; and §/8 = [3y/B1 respectively. Then we have

X -y
o(X) = X
and
_ 60X — B0
plx) = e

X —h
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respectively, that is, o (1) = plpgr1) = PY(F,) by Lemma [Zl In addition, o(a;) = oo = 5(3;) and
o(az) = 0 = p(f32). This implies that the function /(X)) := po go o '(X) maps P!(F,) into P*(F,),
and 0 and oo are the unique h-preimages of 0 and oo respectively. In addition, degh = degg = @ + 1.
Together with Lemma [8] we conclude that h(X) = eX9*! for some ¢ € F}. Finally, we have g(X) =
plohoo(X)=pT'oX9oog(X), where p(X) := e 'p(X) € Fp2(X) is of degree-one and maps
pg+1 onto PY(F,). This proves 1) of Lemma

Next we assume I' Ny, = (. By Statement 2(b) of Lemma we have I' = {o,a"'} and A =

{B, 371} for some «, 3 € P*(F,2) \ pty+1. Again each point in I' is the unique g-preimage of a point in A,

so we may assume that g(a) = 3 and g(a~') = 37'. Now define o(X) = —2=L if a € Fp2 \ j14+1 and
o(X) = X if o = co. Similarly, define p(X) = —B;(X—__Bl if B € Fp\ ig+1 and p(X) = X if = oo. In all

these cases o, p both permute f1,.. In addition, o(a) = 0o = () and o(a~!) = 0 = j(B~'). Combining
these we conclude that the function /(X)) := po go o' (X) maps p,1 into p,1, and 0 and oo are the
unique h-preimages of 0 and oo respectively. Hence h(X) = ¢X™ for some ¢ € FZ, where n := degg.
Since A(pig+1) C fgr1, we must have € € f1,41. This implies that g(X) = ptohoo(X) = p~to X" o0 (X),
where p(X) := 7'p(X) € Fpe(X) is of degree-one and permutes 1. In addition, by Lemma [I1]
n =@ +1or Q— 1 according to whether C'(X) = 1 or not. The case C'(X) = 1 corresponds to 2) of
Lemma [I2] If C(X) # 1, then n = @ — 1, we also know that C'(X) is a constant multiple of V' (X). If
degV =1, then C'(X) = X = —(aX — 1)(X — a) with a = 0, and ({0, 00}) = {0, c0}. Otherwise
C(X)=(X—-a)(X —-at)=aaX —1)(X — a). This proves 3) of Lemma 12l Now the proof of
Lemma [12] is complete. [

Next we consider g(X) in Case 3) b) of Lemma [I1l

Lemma 13. Let ¢ # 0. Assume g(X) has at least one branch point with ramification multiset [1,Q)].

Then either one of the following holds:

l) g(X) — p_l o XQ+1

o1 © 0 for some degree-one p,o € F.2(X) both of which map jig41 to PYF,);

2) g(X)=pto XQXf?JrE o o for some degree-one p,o € F2(X) both of which map ji,1 to P(F,),

and € € F;;

3) g(X)=plo XQ)g;l) oo for some degree-one p,o € F2(X) both of which map ;41 to P*(F,),

and € € F; \ {—1};

4) g(X)=plto Wfif:l) o o for some degree-one p,o € F2(X) both of which permute 1,1, and
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e € Fp \ Ha+1-

Proof. Since deg g = @ + 1, from Lemma [I1], we see that C'(X) = 1, A(X) has no roots in ;41 U(X)
and V' (X) are both nonzero, U(X)/V(X) ¢ F},, and g(X) is not F,-linearly equivalent to a monomial.

We first consider the case where ged(U, V) # 1. Since U(X)/V(X) ¢ F;,, we must have degU =
deg V' = 2. In addition, U(X) and V(X) only have one common root, say c. If « is not in f,41, then
a~? will also be a common root of U(X) and V(X) since they are SCR polynomials, a contradiction.
Hence o € ji,41. It cannot be a multiple root either. Hence #; € F» \ F, by Lemma [5| which in turn
implies that U(X), V(X) and W (X) all have two distinct roots in j,4; by (II). Let 3; and /3> be the
other roots of U(X) and V(X)) respectively. In addition, let A = {71, 72} be the set of roots of V. Using
Equation (13)), we see that o has multiplicity (Q+ 1 as a ramification point of g, while 5 has multiplicity
. Lemma [10] implies that « is the unique g-preimage of some element in A. Let us assume that this
root is 5. Then 7, is the unique branch point with g-ramification multiset [1, )]. In fact Equation (I3))

implies that g(/31) = 1 = g(f2). Define

L
and
p(X) = 7522?(__7?2) :

where 01,0, € 7, such that 51/01 = o/ By and 85/0, = /71 respectively. By Lemma 7] &, 5 both map
g1 onto PH(F,). In addition, 6(82) = oo = p(71) and 6(a) = 0 = j(y2). Combining these results, we
find that the rational function h(X) := po go s '(X) has degree @ + 1 and maps P'(F,) into P*(F,),

and O is the unique h-preimage of 0, and oo is another branch point of h, with co as an h-preimage

of multiplicity ). Together with Lemma [8] we conclude that h(X) = ”;:1 for some A, ¢ € F;. This
implies g(X) = p~tohod(X)=plo )gffll oc(X), where 0(X) :=e715(X) and p(X) := A\ 1e 9p(X)

are both of degree-one in F,2(X) and map s, onto P'(F,). This proves 1) of Lemma

From now on we assume ged(U, V) = 1. We first assume U(X) has a root in fi,q. If this is the
unique root of U, then #; = 0 by Lemma [5] and V(X) and W (X)) both have a unique multiple root in
tq+1 by Equation (II)) too. Let us denote by «, ap and § the unique roots of U(X), V(X) and W (X)
respectively. Since ged(U, V) = 1, oy # «ay. Since W has only one root, by Lemma [I0, we must have

g(an) = 6 = g(az), and (5 is the unique branch point of g, whose ramification multiset is [1, Q]. Now
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define

L Y(X —ay)
o(X) = X a,
and
o X=p
PX) = x5

where 7,6 € F 2\ F,, with /7 = aa/a;. Then both ¢ and p map p,1 onto P'(F,). In addition, o(ay) =
oo and o(ay) = 0 = p(3). Combining these we find that the rational function h(X) := po go o 1(X)
has degree @ + 1 and maps P'(F,) into P!(F,), O is the unique branch point of A, with 0 and oo as its

h-preimages of multiplicity () and 1 respectively. By Lemmal[8] h(X) € F,(X). Hence h(X) = % for

some D(X) € F [X] of degree Q+1 with D(0) # 0. Since g(X) = Z5), we must have D(X) = A

= A0 (X)

<o

for some Cy = (CQ(), Co1,5 Co2, 003) € F;l, with Co0Co3 7é 0. Then D(X)Zh/(X) = —XQ(C()QXQ + 002). Since

0 is the unique critical point of h, we must have cos = 0. Hence h(X) = o XQHJ)S; <7e;- Ihis

implies g(X) = 5~ 0 h o o(X) = p~' 02X 0 0(X), where p(X) = (cgnp(X))/(1 — corp(X)) and
e = c3/coo € F}, 50 p(pig+1) = P'(F,). This proves 2) of Lemma

Now we assume U has two distinct roots in 1. By Lemma [3 this implies §; € Fp. \ F,, and
V(X), W (X) have two distinct roots in zi,.; too by Equation (L1). Denote by ¥ = {ay, a2}, T' = {1, B2}
and A = {71, 72} the set of roots of U(X), V(X)) and W (X) respectively. Since ged(U, V') = 1, we have
YN[ =(. By Lemmal[l0, T is the set of ramification points of g, each of which has multiplicity Q. In
addition, we may assume g(«;) = ~; = g(B;) for i = 1,2. Then both elements of A have g-ramification

multiset [1, )]. Now define

01 (X — Bo
(7()() = 7( ) )
and
X d2(X — 72

where 01,0, € 72 such that 61/01 = B2/B1 and 0y/02 = 72/ respectively. Then &, 5 both map fiq:1
onto P(F,). In addition, 5(3;) = oo = p(71) and 6(B2) = 0 = p(2). Combining these we find
that the rational function h(X) := po go ¢ '(X) has degree Q + 1, maps P!*(F,) into P'(F,), 0 and
oo are the branch points of h, as h-preimages of 0 and oo of multiplicity () respectively. Together
with Lemma [8] we have h(X) = MXOXHe) for some A €1,&2 € Iy, with €, # &5, This implies that

X+eo

g(X)=plohoa(X)=plo XOX-1) o0 (X), where o(X) := —e7'6(X) and p(X) := —A"'e;“p(X)

X—+e
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are both of degree-one in Fy2(X) and map 11411 onto P'(F,), and ¢ = —ey/e1 € F}; \ {—1}. This proves
3) of Lemma

Finally we assume U has no roots in ji,41. By Lemma [3 this implies 6, € F}, and V(X), W (X)
both have no roots in (41 by Equation (II)). If degU = 1, define ¥ = {0,00}. If degU = 2, define
Y as the set of roots of U(X), which is of the form {a,a~'} for some o € T, \ pi441. To combine
these two cases, let us simply write ¥ = {o, @'} where a € PY(F2) \ f411. Assume I' = {3, 37!} and
A = {7,77'} as defined in Lemma [[0l respectively, where 3,7 € P'(F,2) \ g+1. Since ged(U, V) = 1,
we have ¥ N T = (). Hence by Lemma [0, T" is the set of ramification points of g, each of which has
multiplicity Q. In addition, we may assume g(a) = v = g(3). Since g(X~!) = m_l, we automatically

have g(a~!) = 47! = g(B7'). Then both elements of A have g-ramification multiset [1, Q)]. Now define

o(X) = —@f_—ﬁl if 3 € Fpe\ pigr1 and o(X) := X if 8 = oo. Similarly, define 5(X) = —Zf_j

if v € Fo \ pg+1 and p(X) = X if v = oo. In all these cases o,/ both permute 1i,.1. In addition,
o(B) = co = p(v) and o(B7') = 0 = p(¥!). Combining these we find that the rational function
h(X) :=pogoo ! (X) € Fp2(X) has degree @ + 1, maps /1,41 into pi,4+1, 0 and oo are the branch points
of h, as h-preimages of 0 and oo of multiplicity ) respectively. Hence h(X) = X%h;(X) for some
degree-one hy(X) € F,2(X) such that h;(0), hi(c0) ¢ {0,00}. Since both h(X) and X9 map 1,41 to

fig11, 50 is hy(X). Therefore hy(X) permutes /1,4, and by Lemma [ it must be of the form Z25£2L for

XQ(EXH+1) o O'(X),

some €1, &2 € F7,, such that €181 # €28,. This implies g(X)=plohoo(X)=plo e

where p(X) := 2p(X) € Fp(X) is of degree-one and permutes fiz+1, and € = 22 € Fy; \ pg41. This
proves 4) of Lemma [I3] Now the proof of Lemma [13]is complete. O

The proofs of Lemma [12] and [13] actually provided detailed conditions as to which family that g(X)

belongs. We record the results here for future references.

Proposition 14. Let ¢ # 0. Assume that g(X) is non-constant and A(X) has no roots in ji,1. Then both
U(X) and V(X) are nonzero.
@) IfU(X)/V(X) € F;, is constant, then

(1) I' C pgy1 <= g(X) belongs to Family 1) of Lemma [I2]

2) TNpg1 =0,C(X) =1 < ¢(X) belongs to Family 2) of Lemma [I2}

3) I'Npgy1 =0,C(X) #1 <= g(X) belongs to Family 3) of Lemma [I2}

(i) If U(X)/V(X) is non-constant, then
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() ged(U(X), V(X)) #1 < ¢g(X) belongs to Family 1) of Lemma [13}

(2) ged(U(X), V(X)) = 1,U(X) has a unique root in 1,41 <= ¢(X) belongs to Family 2) of
Lemma [[3]

(3) ged(U(X), V(X)) = 1,U(X) has two distinct roots in ji,41 <= ¢(X) belongs to Family 3)
of Lemma [[3

4) ged(U(X), V(X)) =1,U(X) has no roots in 1,41 <= ¢(X) belongs to Family 4) of Lemma
(I3l

V. LINEAR EQUIVALENCE CLASSES OF f(X)

In this section we turn Lemmas and about the classification of ¢g(X) into linear equivalence

classes of f(X).

Lemma 15. We use notation from Section For ¢ # 0, suppose deg g = Q + 1.

1) Ifg(X)=plo ﬁgl g; oo for some degree-one p,o € F2(X) both of which map p,41 to P*(F,) and
<0
some ¢y, ¢, € Fy, then f(X) is linear equivalent to the (Q,Q)-biprojective function P : F2 — T

defined by

P(z,y) = (y* A, (z/y), y9 Ag (z/y)) -

2y Ifg=pto 9e,(X) 0 0 for some degree-one p,o € F2(X) both of which permute fi,,1 and some

co € Foo, then f(X) is linear equivalent to f. (X).

Proof. 1). Since p,o map p,4+1 to P'(F,), there exist o, 5 € F 2 \ F, and 7, € f1,41 such that

D% _
o= 252
and B
X+
p(X>_5X15B

Clearly B
(X —

pH(X) =~ (X_g)-
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Acy (X)
Acy (X)

We may expand the expression g(X) = p~!o o o and obtain

X —B) Ay(X) aX+rya
X—-4 AQO(X) X 47

o (5 o (2]
A, (222) - a,, (2522)

Multiplying (X + v)@*! on both the numerator and denominator of the right side, we obtain

9(X) = —

§y@HIXQHIDW(1/X)

9(X) = D(X) ; (14)
where
Since A, (X), A, (X) € F[X], we have D(X) € Fp[X].
Comparing (I4) with the expression g(X) = % and using the condition degg = @ + 1, we shall

have

max {deg B,deg A} = max{degXQ“D(q)(l/X),degD}:Q+1,
ged (B(X), A(X)) = ged (X®T'DYW(1/X),D(X)) = 1.

This implies that
A(X) = AD(X),

for some \ € Fzz. Now using
fX)=XCMA (X = XA (X/X),
we obtain

o 0+1 aX +yaX B aX +yaX
FX) = ME 49202 |, (PSR < pa, (25

The above expression of f(.X) can be further simplified. Writing v = £/¢ for some € € F7,, and letting
r = eaX +éaX,

B (15)
y = eX+EX,
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clearly x,y € F, for any X € F, we can write f(X) as

A
130 = g0 [ (2) = 9, (2)] = a0 Po Latx),

where

A
Li(z,y) = ori (x — By) : Fz — Fpe

and

Ly(X) = (z,y) = (eaX +caX,eX +£X) : Fp — F..

Clearly L; and Lo are linear functions. They are also permutation: L; is bijective since A\e # 0 and

peFp\F,; Ly is bijective since

Therefore f is linear equivalent to P over [F ..

2). Since p, o permute [, 1, there exist oy, B; € Fp2 for ¢ = 1,2 such that a0y # Qa@ta, B1B1 # Pafo,

 mXta
n OélX—i—OQ’

B X+ B

o(X) = BX 45

X)

Bey(X _
As g (X) = A;gEX; and g(X) = p~'og. (X)oo, we have

X - @1 . B, (X) 5 X + oy
ﬁlX — ﬁg AQO(X) OélX + [6%)

as X+aq ) as X+an
52390 (a1X+a2) 511490 (a1X+a2>

wX+a1 ) _ 2 asX+ar )
ﬁlBgO <a1X+a2) ﬁ2A§O (alX—i-ag)

9(X) =

Similarly we can obtain

_ X9TDW(1/X)
B D(X) ’

9(X)

where

s X + @ . as X + @
D(X) == (1 X + ap)9* {51390 (ﬁ) — BaA,, (2)} e Fe[X].

Also using similar argument as in 1), and noting that deg g = Q) + 1, we have A(X) = yD(X) for some
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7 € F;. This further implies that

_ o X + ay X _ as X + X
X) = vy X + 0 X))@ | gB, (L TU2) g4 (B2 THA
JX) =k + azX) [ﬁl <a1X Fanx ) 7o X fanX
= Ly o fe,(X)o Lo,
where L, Lo are given by

Ll(X> = ’}/(51X — BQX), LQ(X) = OZ1X —|—042X.

The maps L;, Ly : F2 — IF 2 are linear permutations because ;& # asde and

(V8)(vB1) = VBB # VBB = (—1B2) (—7a).

Hence f(X) is linear equivalent to f, (X) over Fg.. This completes the proof of Lemma O

Assuming that g(X') is non-constant and A(X) has no roots in .41, we can list and prove all the

possible linear equivalence classes of f(X) as follows.

Theorem 16. If g(X) is non-constant and A(X) has no roots in ji 1, then f(X) is linear equivalent

to one of the following functions:

D) Py(z,y) = (a9, yH) 1 F2 — F2;

2) fo(X) =X,

3) [i(X) =X

4) Py(z,y) = (a9 xy® +y9th) : F2 - F2;

5) Py(z,y) = (a9, 29" 4 ey@tY) . F2 — F2 for some € € F};

6) Ps(z,y) = (a9 — 2%, ay? + ey?™) : F2 — F? for some ¢ € F;\ {—1};
7) fo(X) = X@H + X for some ¢ € Fly \ p1g11.

Proof. By 3) of Lemma [[1l we know that g(X) must be in one of the families in Lemmas [12] or

We first look at cases when ¢g(X) is in Family 1) of Lemma [I2] or Families 1) to 3) of Lemma

Ay (X)
Acy (X)

In all these four families degg = Q + 1 and g(X) is of the form p~! o o o for some ¢y, ¢, € F;
and degree-one p,o € F,2(X) both of which map 1 to P*(F,). Hence 1) of Lemma [[3] applies, and
f(X) is linearly equivalent to functions listed in 1), 4), 5) and 6) of Theorem [I6] respectively.

Now consider the case when g(X) is in Family 2) of Lemma [12] or Family 4) of Lemma [I3] In both
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families deg g = Q+1 and g(X) is of the form p~' o g, (X) oo for some degree-one p, o € Fy2(X) both
of which permute 14,11, and ¢, = (0,0,0,1) and (0,0, 1, ¢) respectively. Hence 2) of Lemma [15] applies,
and f(X) is linearly equivalent to functions listed in 2) and 7) of Theorem [I6] respectively.

It remains to investigate the case when ¢(X) is in Family 3) of Lemma Here degg = @ — 1, so
we cannot apply Lemma [I3] directly. Instead, we can find the linear equivalence of f(X) directly, as in

the proofs of Lemma Writing o, p explicitly as

o(X)= 22Dy

OélX + 042’

_ BoX + B
i X + 6o

where «;, 5; € F2 for ¢ = 1,2 such that a0 # Qa@ig, B1B1 # Bof2, We have

B X - ?1 o X1, A X + oy
51{( — B3 a1 X +
/82(6[2X + 6(1)Q_1 — 51(0&1X + Oég)Q_l

51(0_[2X —+ 5(1)Q_1 — ﬁg(OZlX —+ OéQ)Q_l .

g(X)=p o X¥ 00 =

This can be further written as

_ XeHpa(1)X)

X 16
where
D(X) = (OélX + Oég)(ng + dl) [ﬁl(ng + dl)Q_l — BQ(O{:[X + Oég)Q_l] .
Again by using g(X) = % and deg g = @ — 1, we conclude that A(X) = yD(X) for some v € F;.

Now from f(X) = X9™A (X /X), we have

f(X) = ’)/(OélX + OéQX)(O_AgX + O_élX) [ﬁl(O_éQX + O_élX)Q_l - Bg(alX + OKQX)Q_1:|
= ’}/[ﬁl(OélX + OéQX)(O_QX -+ O_Z1X>Q — BQ(OKlX -+ OKQX)Q(O_[QX + O_élX)]

= Ll OXQXOLQ(X),

where

Li(X) =7 (51X — 52 X)

and

LQ(X) = Oél)_( -+ OAQX.
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Since ayay # asap and

(751)(%) = 725151 # 725252 = (—762)(_752%

the maps Ly, Ly : F 2 — F,2 are linear permutations, and hence f(X) is linear equivalent to X QX, that
is, the function in 3) of Theorem Now the proof of Theorem [16 is complete.
O

We remark here that all results in this section work for p = 2 as well. Moreover, this classification also
provides an alternative proof to the main result in [20] that all permutation quadrinomials f,(X) given

in the form of (2)) are linear equivalent to Gold or “doubly-Gold” functions.

VI. PROOFS OF THEOREMS [TH3]

We are now in a position to prove Theorems [IH3] Let us first define two-to-one functions.

Definition 4. Given finite sets R and S, a map F : R — S is said to be two-to-one (or 2-to-1 for short)
if one of the following holds:
1) if 4R is even, then for any s € S, 1F~(s) € {0,2};
2) if R is odd, then there is a unique sy € S such that $F~(sq) = 1, and for any s € S\ {so},
tF1(s) € {0,2}.

The following result was known.

Theorem 17. [[I2| Theorem 1.1] Let F, be a finite field of odd order q and f(x) be a DO polynomial

over . The following statements are equivalent:
() f(z) is planar;
(ii) f(z) is a two-to-one map, f(0) =0 and f(x) # 0 for any v € F}.
Note that the quadrinomial f.(X) is a DO polynomial. To make sure that Theorem applies, we

need to show that if f is 2-to-1, then O is the only f-preimage of O in [F2. This is a partial consequence

of the following lemma.

Lemma 18. Let p be odd and ¢ # 0. If f(X) is 2-to-1 over F 2, then g(X) is non-constant and A(X)

has no roots in [ig41.
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Proof. Obviously f(0) = 0. Now suppose A(a) = 0 for some a € fig41. Then for any = € F}, such that

27~! = @, the number of such z is exactly ¢ — 1, we have
flz) =2 A (297") = 29T A (a) = 0,
so §f71(0) > (¢—1)+1=¢ >3, so f can not be 2-to-1 over F .
Next suppose g(X) = E— A is a constant A € F7,. For any fixed « € py41 and any = € F, such

that 7! = o, we have
f(x)q_l — pla=D(@+1) 4 (xq—l)q_l — aQ+1A(a)q‘1

Noting that since a € p441, the right hand side can be written as

Q
%
£

on+1A(a)q_1 _ aQ+1A(O‘) _ — )\,

that is (since a € p,41 is arbitrary),
f(z)it =\, Vo € Fp,.

Noting that f(z) takes at most ¢ — 1 distinct values and x varies in the set F.> which has cardinality
¢* — 1, there is one value y € F, with y9~" = X such that §f~'(y) > q =qg+1>4,s0 fis not

2-to-1 over Fzz. O

Now we can give a proof of Theorems [1] and 2l For simplicity, we prove them together here.

A. Proof of Theorems [I] and [2]

For ¢ # 0, if f(X) is planar, Lemma [I8] ensures that g(X) is nonconstant and A(X) has no roots
in fi,4+1, then by Theorem [16] we know that f(X) must be in one of the linear equivalence classes
1)-7). Note that 2-to-1 and planar properties are preserved under linear equivalence. Therefore it suffices
to check the functions listed in Theorem to see whether or not they are planar (the number labels
correspond to the family numbers in Theorem [L6)).

Case 1). Py(z,y): since Q+1 is even, it is easy to see that Py(£1,+1) = (1,1), that is, $7;'((1,1)) >
4, so Py can never be 2-to-1.

Case 2). fo(X) = XL f; is 2-to-1 on F2 if and only if ged(Q + 1, ¢* — 1) = 2, which holds if and

only if is even, since ¢ = p*, Q = p’ and p is odd.

gcd(k )
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Case 3). f1(X) = X974 f, is 2-to-1 one F 2 if and only if ged(Q + ¢, ¢> — 1) = 2. It is easy to check
that this is equivalent to gcdfilf,a? is odd.

Case 4). Pi(z,y): since Q + 1 is even, 1 and —1 are two distinct solutions of %' = 1 in F}. At
the same time, xy% + y9*! = 0 has two solutions y = 0, —x for each fixed nonzero z. Hence all the
four points (1,0),(—1,0), (1, —1) and (—1,1) are Pi-preimages of (1,0) in .. Therefore P; cannot be
2-to-1.

Case 5). Py(x,y): suppose Py(z,y) is 2-to-1 on F2. Since 297" =1 has d = ged(Q +1,¢ — 1) > 2
solutions = € [}, say 71, -+, 24, and obviously Py(z;,0) = (0,1) for any 7, so d = 2, that is, m is
odd. Moreover, if € € IFZ is a square, then the equation eyt = 1 has two solutions v,y € IE‘Z, and
we have Pp(+1,0) = P5(0,41) = Pa(y2) = (0,1), so Py(z,y) cannot be 2-to-1 on F2. So if Py(x,y) is
2-to-1 on Fg then m is odd and € € F} is a non-square.

From now on we assume is odd and € € F is a non-square. Then ged(Q +1,g—1) = 2.

_k
ged(k, L)
It is easy to see that #P5 '((0,b)) = 2 for any b € F;. Next, for any a € F: and § € F,, we consider

(z,y) € F2 such that
%y =, 2949 =45 (17)
Since a # 0, we have x,y # 0, and the above equations are equivalent to y = az~% and
AR Ccin I S I} (18)

So the number of solutions (x,y) € Fg to Equations is the same as the number of solutions = € [,
to Equation (I8). We claim that this number is always O or 2 for any o € I and any 8 € [F,, so that
Py(x,y) is 2-to-1 on F2.

First consider the case 3 = 0: If ¢ = 1 (mod 4), then —¢ € F} is a non-square, so Equation (18) is
not solvable for = € F; if ¢ =3 (mod 4), then —¢ € [y is a square, Equation (18) is solvable, and the
number of roots = € F, is ged((Q 4+ 1)%,¢ — 1) = 2. So the claim is prove in this case.

Next consider the case 5 # 0: Let z = 2~9~1 then we have

a9t _ g 41 =0. (19)
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Using the substitution z = —[3(ca@*t!)~1/9z;, we obtain
20 4 2+ [e(e/B)9T)YE = 0. (20)

Note that a := [¢(a/B)%™]"/< is a non-square in F}. By [22, Theorems 8-9 and Lemma 5], 20) has at
most 2 solutions for z; in 7, and if @0) does have solutions in [, then they are precisely the roots,
say x1,29 of the quadratic polynomial H(z) = F(a)z? + G(a)z + aF(a)?, where F,G are specified
polynomials with coefficients in F, such that F'(a) # 0. Note that x; - x5 = aF'(a)¥~?, which is a non-
square in ;. Hence either xy, zo ¢ IF}, i.e., H(x) has no roots in I}, which implies that (20) and hence
(I8) has no roots in IF;, or one of the roots of H(x) is a square in [, and the other is a non-square in ;.
Say z; is a square and x5 is a non-square in IFZ For these z1, x2, the total number of solutions of x € [,
such that 27971 = —[3(ea®T1) 1Y%y, or —[B(ea®t)~1/Qq, is still 2. So in this case Equation (I8)
still has either O or 2 solutions in F,. Now the claim is proved, so P(z,y) is 2-to-1.

Case 6). P;(r,y): First, noting that for any z,y € I,
Py (2,0) = (z975,0) . (0,9) = (0,e9%"),  (y,9) = (0, (1 +)y?™),

by using similar argument for P;(x,y), we see that if Ps(x,y) is 2-to-1 on FZ, then m is odd and

—1 _ —1 * 3
e (1+¢)=1+¢"" €T} is a non-square.

From now on we assume 1-+¢7! is a non-square in [, and ﬁ is odd. Under this general condition
we are unable to conclude anything. So we assume that k | £. Then 29 = z for any = € F,. We claim
that in this case Ps(z,y) = (2° — zy, zy + €y®) is 2-to-1 on FFZ, that is, the number of (z,y) € F. such

that

P —ry=a, zy+ey:=7 (21)

is either 0 or 2 for any («, 3) € F2 \ {(0,0)}. The proof is as follows.
Consider («, 3) € F2 with o # 0. Then z(z —y) = a implies = # 0, and y = = — axz~'. Hence

y(z + ey) = B becomes (z — az™)[(1 +¢)z — aex™!] = 3, or equivalently,

(14 e)z? — (a + 2ae + B)z* + o’ = 0. (22)
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Let z = 22, then we have

(1+e)2* — (a+20e + )z + a’e = 0. (23)

The product of the two roots of (23) is f—ii = a?(1 4+ &)~ is a non-square in [F;. Hence at most one
of them makes the equation z? = z solvable in F, for x (and if so then there are 2 solutions), which
in turn gives 2 solutions to the equation (22)). Each such solution gives one corresponding value of .
Hence («a, ) has 0 or 2 Ps-preimages in Fg for each choice of a € F; and 8 € F,. If « = 0 but 3 # 0,
the result is obvious. Combining all possible cases, we see that P; is 2-to-1 if and only if 1 +c7!is a
non-square in 7.

Case 7). For f5(X) = X@+7 4+ X! for some ¢ € 7> \ ttg+1: Under the genral condition we are not

able to conclude anything except that ged(Q + 1, — 1) = 2, that is, ) is odd.

o)
Let us assume that k& | {. We consider first that g is even. Then for any = € Fp, we have fy(z) =
2% + ex?. We will use this expression to find conditions on € € e \ ftg+1 such that f; is planar on F .
fo is planar if and only if for any a € F}, and any b € F., the equation f(x +a) — f(z) = b always

has a unique root x € F 2. Replacing = by az, and dividing a“@ on both sides, we obtain for any a € Fro

and any b € F 2, the equation

2 b
e (24)
a aQa a

always have a unique solution x € [F 2. The left hand side of is linear in z, so this is equivalent to

the statement that for any a € F,, x = 0 is the only solution of the equation

2
:c—l—f—i—gx:o (25)
a

in Fg2, so, for any a € F}, and any = € F},, we have v + = + 22a 0 £ (), that is,

a

—Tr— T
=—-1——.
x x

25?;&
a

As x runs over Fzz, Z = % runs over fi,41. Since a € IF;Q is also arbitrary here, we need to have

262 =4ec # (1+2)(1+2) = (1+2) (1+271),  Vz€ pger,

or equivalently, the equation

deg=(1+2)(1+2z7")
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has no roots in ;1. This is equivalent to that

P24+ (2-4e8)2+1=0 (26)
has no roots in y,4;. By Lemma [3] this is equivalent to that

A= (2—4e8)" —4=(4e8)” (1 - (e8)7")

is a square in [}, that is, 1 — (ed)l e [, is a square. This proves the case ﬁ is even.

If £ is odd, noting that in this case fo(z) = 2> + 27 for any x € F 2 and z* + ea® = £(2% + & '2?),
by using the result for % being even, we conclude that in this case f, is planar if and only if 1 —¢e& € F
¢

is a square. This proves the case ; is odd. Now we have proved Theorems [I] and U

B. Proof of Theorem [3|

Now we assume & | £. This implies that Q = p’ = ¢*/*. Then X© induces the same function on Fg

as X or X according to whether % is odd or even. Therefore f.(.X) induces the same function on F . as

X2+ (o4 c3) XX + 1 X? (£ is odd)

Fo(X) = (27)
c0X?+ (c1 + ) XX + X% (£ s even).
This leads us to study a simpler form of polynomials, namely f(X) = f,(X) = aoX?+ a1 XX +a,X? €
F2[X] for a = (ag,a1,a2) € ng. We see that f(X) = X2A(X7 ") where A(X) = A,(X) = agX? +
alX + as.

We first introduce some notations. For a = (ag, a1, a3) € Fzz, define

B(X) = By(X) = X* + @ X +ap = X2AD(1/X),

~ ~ B(X

6x) = Gulx) = 22
€= é(g) = QoG9 — aoC_L(), (28)
é = é(g) = Q109 — C_loal. (29)

Then we have the following result, and Theorem [3 follows immediately by the relation (27).

Lemma 19. Let o = (ag, a1, a5) € F3,. Then f(X) = fu(X) = agX?+ a1 XX + a;X? € F 2 [X] is 2-t0-1

over F 2 if and only if & — 09" is a square in IF?. Moreover, in this case f(X) is equivalent to X2.
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Proof of Lemma Since ged(2,q — 1) = 2, as similar to Lemma [I8 we see that A(X) has no roots

in pg41 and G(X ) is non-constant on fi,41. Since deg G < 2, we actually must have deg G = 2, that

is, ged(A(X), B(X)) = 1. In particular, no points have ramification index divisible by p = char(F,).
By Hurwitz genus formula (Lemma 0), G must have exactly two branch points in P! (F,), each having
a unique preimage in P*(F,). Hence in particular G is [F,-linearly equivalent to X?2.

Define V (X) := B'(X)A(X) — B(X)A'(X). It is easy to see that
V(X)=01X%+ 26X + 0,

where 0 and é are given in (29) and (28) respectively. The ramification points of G are the roots of V
in Fq (and oo if degf/ = 1). Since G is separable, we have V(X ) # 0, that is, at least one of & and
0 is nonzero. Moreover, G has two distinct ramification points. Hence A := iA(f/) = &2 — got! # 0.
Furthermore, by Lemma 3, V' has no roots in ftq+1 if and only if A is a square in F7.

We first assume A is a non-square in F4, so both ramification points of G are in ftq+1. Following
the proof of Lemma in Section [II} we see that G(X ) = p~toX?oo0 for some degree-one p,o €
F,2[X] mapping 1,1 onto P'(F,). Following the proof of Lemma T3] in Section [V] we see that f(X)
is equivalent to (z,y) — (2*3?) : F2 — F2. This map is not 2-to-1 since the four distinct points
(1,1),(=1,1),(1,-1),(=1,—1) € F2 are all mapped to the same point (1,1) € 2.

Now we assume A is a square in [, so neither ramification points of G are in ftq+1. Following the
proof of Lemma [12]in in Section [II, we see that G(X) = p~' o X?o0 for some degree-one p, o € F2[X]
permuting j,1. Following the proof of Lemma [[3]in Section [Vl we see that f(X) is equivalent to X2,
which is indeed 2-to-1 and hence planar. This completes the proof of Lemma and also the proof of
Theorem O

VII. CONCLUSION

In this paper, we listed all possible equivalence classes of planar functions from a class of quadrinomials.
This supplements the classification result of APN functions [20] from this class of quadrinomials in
characteristic 2. We adopted a “geometric method” developed by Ding and Zieve [17] in odd characteristic
to study this problem, and the linear equivalence result followed naturally from this method. It may be
interesting to see if other results can be obtained in this way. The following question is on our mind

when writing this paper:
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Is it true that the condition k | { is necessary for polynomials in Families 4 or 5 in Theorem [I] to be

planar? If the answer is positive, then it implies that the quadrinomials of the form (2)) do not yield new

planar functions (up to CCZ-equivalence).
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