arXiv:2404.14303v1l [math.NA] 22 Apr 2024

ORTHOGONAL LAURENT POLYNOMIALS OF TWO REAL VARIABLES

LIDIA FERNANDEZ AND RUYMAN CRUZ-BARROSO

ABSTRACT. In this paper we consider an appropriate ordering of the Laurent monomials z’y?,
1,7 € Z that allows us to study sequences of orthogonal Laurent polynomials of the real variables
x and y with respect to a positive Borel measure p defined on R? such that {x =0} u {y = 0} ¢
supp(p). This ordering is suitable for considering the multiplication plus inverse multiplication

operator on each varibale (:c + % and y+ i), and as a result we obtain five-term recurrence

relations, Christoffel-Darboux and confluent formulas for the reproducing kernel and a related
Favard’s theorem. A connection with the one variable case is also presented.

1. INTRODUCTION

Orthogonal Laurent polynomials with respect to a positive Borel measure supported on the
real line were introduced for the first time in ﬂﬁ], and also implicitly in @] in relation to con-
tinued fractions and the solution of the strong Stieltjes moment problem (see also chronologically
, 18, 24, 5, ]) An extensive bibliography has been produced after these works, giving rise
to a theory close to the well known theory of orthogonal polynomials on the real line (see e.g.
B, @, ﬂ, @, E, ﬁ]), with applications in moment problems, recurrence relations, reproducing
kernels, Favard’s theorem, interpolation and quadrature formulas along with denseness and con-
vergence, linear algebra and inverse eigenvalue problems, Krylov methods, model reduction, linear
prediction, system identification,.... This theory has been also considered for positive Borel mea-
sures supported on the unit circle (for the first time [33]), giving rise in particular to the well
known CMV theory (M], see also e.g. ﬂa, ]) that has produced an important impulse in the theory
of orthogonal polynomials on the unit circle (see ﬂ3__1|]) In particular, in the context of quadrature
formulas on the real line, the advantages of considering rules based on Laurent polynomials instead
of ordinary polynomials have been shown deeply in the literature, theoretically and numerically.

In the one variable case, there are few weight functions on the real line that give rise to explicit
expressions for the corresponding orthogonal Laurent polynomials. In practice these orthogonal
Laurent polynomials are computed recursively from a three-term recurrence relation that holds
for an arbitrarily ordered sequence of monomials {x'};z (induced from what is known in the
literature as “generating sequence”). In the particular case of the “balanced” ordering

z:span{mé,x? : } (1)

’ ;7

this recurrence is given by the following (see [11, [12])
Theorem 1.1. Let w be a positive Borel measure on R and let {¢x}rs0 be the sequence of
orthonormal Laurent polynomials induced by the inner product (f,g). = [;~ f(2)g(z)dw(z) and
the balanced ordering {). Then, setting 1»_1 =0, there exist two sequences of positive real numbers
{Qn}nso and {Cy}nso such that for all n >0,

Cntni1(x) = (Quz-1)Y,(z) - Cro1thp-1(x) if n is even,

Cothns1 (x) (1-22) (@) = Cpatona (2) if n is odd.
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/ —_m2
Furthermore, g = ﬁ’ Qo = 2_[1) and Cy = %, my = (2%, 1) being corresponding moments
forw, keZ.

On the other hand, the general theory of multivariate orthogonal polynomials is still far from
being considered an established field and has experienced delayed development, especially in fun-
damental aspects. In 1865, C. Hermite |15] explored a two-variable generalization of Legendre
polynomials, marking the initial appearance of orthogonal polynomial families in multiple vari-
ables in the literature. However, it was not until 1926 that a study on families of orthogonal
polynomials in two variables on the unit disk and the triangle appeared in the classic monograph
by Appell and Kampé de Fériet [1]. Since that moment, various authors have contributed to the
development of the general theory of polynomials in several variables; see, for example, [21,124, 32].

Based on a vectorial representation, M. Kowalski (|23, 22]) proposed a novel approach in the
study of polynomials in multiple variables. This perspective has allowed the development of a
basic algebraic theory, which can be found in the monograph by C. F. Dunkl and Y. Xu ([14]).
In particular, it has been possible to extend fundamental properties to multiple variables, such
as the three-term relation, Favard’s theorem or the Christoffel-Darboux formula. The monograph
[14] comes highly recommended as reference for gaining insight into the current state of the art in
multivariate orthogonal polynomials.

Orthogonal polynomials in several variables find diverse applications across fields like physics,
quantum mechanics, and signal processing. One prominent application lies in optics and ophthal-
mology. Zernike polynomials are orthogonal polynomials on the unit disk [34] and were introduced
by Fritz Zernike (Nobel prize for physics in 1953) in 1934 to address optical challenges related to
telescopes and microscopes. In the year 2000, the Optical Society of America adopted them as
the standard pattern in ophthalmic optics.

The purpose of this paper is to consider for the first time in the literature (as far as we know) the
theory of sequences of orthogonal Laurent polynomials in several real variables. The advantages
of considering orthogonal Laurent polynomials (or more generally, orthogonal rational functions)
instead of ordinary orthogonal polynomials have been showed in a wide variety of contexts in the
literature of the one variable case. The growing interest in the study of orthogonal polynomials
in several variables undoubtedly motivates to consider generalizations to more general kind of
functions than ordinary polynomials, mainly due to their possible applications in many problems
like cubature rules, Fourier orthogonal series and summability of orthogonal expansions, moment
problems,. .. In [2], multivariate orthogonal Laurent polynomials in the unit torus are studied.

For simplicity, we will restrict to the case of two real variables, but all the results can be
extended to more variables by using a somewhat more involved notation. Here, the basic key is
to start from an appropriate ordering for the Laurent monomials z'y’, i,j € Z that is inspired on
the “balanced case” (that is usually considered in the literature), but now for both real variables
simultaneously. The vectorial representation of the Laurent polynomials is necessary for the proof
of the main results.

The paper has been organized as follows. An appropriate ordering of the Laurent monomials
x'yl, i,j € Z for the construction of Laurent polynomials sequences of two real variables with
respect to a linear functional is considered in Section 2. We concentrate in the positive-definite
case, dealing with orthogonality with respect to a positive Borel measure x defined on R? such that
{z =0}u{y =0} ¢ supp(u). Five-term recurrence relations are obtained involving multiplication by
T+ % and y+ % In Section 3 we deduce a Favard’s theorem and Christoffel-Darboux and confluent
formulas for the reproducing kernel, whereas in Section 4 we present a connection with the one
variable case when p is supported in a rectangle and it is of the form du(z,y) = dui ()du2(y).
Some conclusions are finally carried out.

We end this introduction with some remaining notation throughout the paper. We denote by
E[-] the integer part function, by d,; the Kronecker delta symbol, by M,, ,, the space of (real)
matrices of dimension n x m, M,, being the space of square (real) matrices of dimension n, by
Z, the identity matrix of dimension n, by O, », and O, the zero matrices in M, ,,, and M,,
respectively, and by diag(as,...,a,) € M,, the diagonal matrix with ordered entries in the main
diagonal aq,...,an,.
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2. ORTHOGONAL LAURENT POLYNOMIALS OF TWO REAL VARIABLES. FIVE-TERM RELATIONS

In the one-variable situation it is usual to consider a nested sequence of subspaces of Laurent
polynomials {%,} such that % = span{l}, %, ¢ %1, dim(%,) = n+1 for all n > 0, and
Unso -Zn =-Z. See e.g. |11, [13].

Having in mind the “balanced” ordering () in the one variable situation

1
£ =span {1}, fgk:span{—k,...,xk}, fgk_lzfgk_geaspan{xk}, Vk>1,
x

(see e.g. [5,19, 12, 18] for the real line case, and [33, 131, 4, [§] for the unit circle case), we can
proceed by defining the sequence

o= ()" E|——|, ¥n20
2

and considering the Laurent monomials
Pmn(z,y) =2y, ¥m,n>0

and the infinite matrix

po,o = xCyC =1 pro =27y =z p20 =22y = 1 ps0 = Y = 2
po1=zCyt =y p11 =2y =y p21 =Pyt =4 paa = xSyt =2’y 2
(2)

: 1 . 1 2

po,2 = xCY? = v pr2=ay? =2 v

P22 = x?Y? = = P32 =xBY? =

Y Y

Setting £ = span {z'y’ : i, j € Z}, the space of Laurent polynomials of real variables = and ¥y, we
can order these elements p, »,, by anti-diagonals in ([2)) as

L =span{ po,o ,P1,0,P0,15P2,0,P1,1,00,2,P3,0:02,1,DP1,2,P0,3,P4,0,P3,1,02,2,P1,3: 00,4, (3)
—— —
n+m=0 n+m=1 n+m=2 n+m=3 n+m=4

and define

1 2
L, =span {p;;:i+j<n}, foralln>0,  dim(L,)= (n+1)(n+2)

=L, ()

2 ’ n30
Consider
pro(z,y)
oy =| P @) e mnn Vo, (5)
po.k(7,y)

that is, the components of the vector ¢, are the k + 1 linearly independent Laurent monomials of
Li\Ly-1, ordered as they appear in the expansion ([B]). So, we can interpret £,, = span {¢o, ..., on},
for all n > 0 so that if ¥y € L for some k > 0, then v, = Zf;o Ci¢ where C) € My ;11 are constant
matrices (C being the leading coefficient matrix).

Observe that ¢ =1 and for all [ > 1,

2y 20
(xl% x;(l—l)y
—(-1), -1 —1, -1
x X
du(w,y) = : Y ; p2-1(z,y) = :y
2! 2y=(-1)

J:Oyfl xOyl



Thus,

LL‘¢21($, y) =

g1 (x,y) =

yoau(z,y) =

and

yda-1(z,y) =
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Pai-2,0 € Lor—2\La-3
pai+1,1 € Lopra\Loss1
Pai-a,2 € Loj—o\Lo-3

Po,21-2 € Loj—o\ L3
p3.21-1 € Lopro\Los1
p1,21 € Lo\ Loy

P21+1,0 € Low1\ Lo

Pai-a,1 € Loj-3\Loj-4

pai-1,2 € Lope1\La

P0,21-3 € Loj—3\Laj-4

P3,21-2 € Lojp1\ Loy
p1,21-1 € Lo\ Lar-1

pai € Low1\ Lo
P21-1,3 € Lorr2\ Lo
Pai-2,0 € Loj-2\Loi-3

p2,21-4 € Loj-2\Loj-3
p1,2141 € Lopso\Las1
Po,21-2 € Loj—2\Loj_3

Dai-1,1 € Loy\Lai—1
Pai-2,3 € Lo\ Lo

P2i-3,0 € Loa-3\La-a

p2.21-1 € Lop1\ Loy

D1,21-4 € Log-3\La—a

Po,2141 € Lo\ Loy

%¢2l(‘r7y) =

L par-1(z,y) =

%¢21(fl;,y) =

§¢21—1(5€7y) =

P2i+2,0 € Lors2\Lors1
pai-3,1 € Loj—2\La-3
pai,2 € L2\ Lo

Pa,21-2 € Lopro\Los1
Po,21-1 € L2121\ L2
p2,21 € L2\ Lo

D21-3,0 € L21-3\Lo1-4
pai1 € Lo\ Lo
Pai-5,2 € Lo-3\La-a

Pa,21-3 € Lo\ Loy
Po,21-2 € Loj—o\ L3
p2.21-1 € Lo\ Lo

pai2 € Lar2\ Lo
P21-1,0 € Low1\ Loy
pai-2,4 € Lojr2\Lor+1

p2,21 € L2\ Lo
p1,21-3 € Loj—2\Loj-3
Po,21+2 € Lopso\Las1

P21-1,2 € Logp1\ Loy
Pai-2,0 € Loj-2\Loi-3
pai-3,4 € Lope1\La

P2,21-5 € Lo1-3\Lo1-a
p1,21 € Loe1\ Loy
P0,21-3 € Loj-3\Loj-4

It follows from ([@)-([7) and @B)-@@) that if ¢ € Lx\Lx-1, then xhy € Liya, %1/% € Lr.2 and
YUk € Liya, %1/11@ € L2, respectively. However, the key fact in what follows is that (w + %)wk €

Lreo\Lror and (y+ 1)y € Lreo\Lran.

A Laurent system in two variables {¢, }ns0 iS a sequence of vectors of increasing size

®n € ‘Cn\ﬁn—lu

©Yn € Mn+l,17

YVn>0

such that the components in the vector ¢, are linearly independent. It is clear that in this case

on = Aip;, with A, invertible.
i=0

Let us consider a linear functional L defined in £ by L(a'y’) = y; ; for 4,5 € Z and extended by
linearity. It can be defined over product of vectors in the following way

L(ng) = (L(figj))lgl

..... k; j=1,....m € Mkﬂ”’ where f = [fla s

afk]T and g= [glv"'

,gm]". (10)

Definition 2.1. A Laurent system {p, }nso is a system of orthogonal Laurent polynomials with

respect to the linear functional L if for all m >0

k=0,...,n-1

In the case when H,, =

polynomials.

L(enpr ) =0,
L(‘Pn@i) =H,

with H,, an invertible matriz.

(11)

n+1 for all n > 0, {@n}nso is called a system of orthonormal Laurent
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Observe that the orthogonality conditions are equivalent to

L(oppl)=0, k=0,...,n-1

12
L(¢pnpl) =S, with S, an invertible matrix. (12)

For n >0, k,1 >0, we define the matrices

My, = L(¢x ¢} )
and the matrix
M, = (Mkvl)Zl:O with A, =det M,,.

We call M,, a moment matriz. Observe that

10,0 H1,0 10,1 H-10 HM1,1  Ho,-1
H1,0 H2,0 M1 Ho,0 H21 M1,-1
Ay = Ho,1 Hi11 Ho,2 H-1,1  H12 10,0
H-1,0 | MO0 HM-1,1 | H-2,0 H0,1  MH-1,-1
M1 2,1 H1,2 Ho,1 H22 H1,0
Ho,-1 | #1,-1  Mo,0 | H-1,-1 HM1,0 H0,-2

| Ho,0 | H1,0  Ho,1
Ap = |/L0.,0|a Aq = | H1,0 | H2,0 H1,1
Ho,1 | M1,1 Ho,2

Proposition 2.2. A system of orthogonal Laurent polynomials with respect to the linear functional
L ezists, if and only if, A, #0 for all n> 0.

Proof. Using that ¢, = ¥, Ai¢; we have
L(¢wey) = Z L(¢ri ) A} = Z My AT

The orthogonality conditions (I2)) are equivalent to the following linear system of equations:

AT\ (0
Mal 47 17| 0
AT Sn
The system has a unique solution if the matrix M, is invertible, that is, if A, #0. O

Definition 2.3. A linear functional L defined in L given by (3) is called quasi-definite if there
exists a system of orthogonal Laurent polynomials with respect to L. L is positive definite if it is
quasi-definite and L(¢?) >0, Vi e L, 1 # 0.

Proposition 2.4. If L is a positive definite moment functional then there exists a system of
orthonormal Laurent polynomials with respect to L.

Proof. Suppose that L is positive definite. Let a = (ag,...,an), (a5 with j + 1 components)
be an eigenvector of the matrix M,, corresponding to eigenvalue A\. Then, on the one hand,
aTMya=\|a|?. On the other hand, a’ M,,a = L(?) >0, where ¢ = -0 a;T¢;. It follows that
A > 0. Since all the eigenvalues are positive, A, = det(M,,) > 0.

As a consequence, there exists a system {,, },, of orthogonal Laurent polynomials with respect
to L with H,, = L(pn ¢L). For any nonzero vector v, ¢ = vip,, is a nonzero element of £,. Then,

vH,vT = L(1?) > 0, so H, is a positive definite matrix. If we define 3, = (H 1/2) ©n, then

L(pn @l = (H,ll/z) YL (on oT)( 1/2) =Z. This proves that {@,}, is a system of orthonormal
Laurent polynomials with respect to L. (|

From now on, we will deal with a positive Borel measure u(z,y) on R? such that {z =0} u{y =
0} ¢ supp(p) =: D. We consider the induced inner product

=[] 1@ e any). fgers={n:w R[] By <o, (13
and we suppose the existence of the moments
Hi g = ('rivyj>,ua v Zv.] e/. (14)
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Consider the inner product

(f?gT): ((fi7gj)ﬂ)i:17,,,7k;j;l)m)meMk,mu Where f: [fla"'afk]T and g= [glu"'agm]T'

(15)
From orthogonalization to £,, = span{dy, ..., ¢, } with respect to the inner product (IH), for all
n >0, we can obtain an equivalent system L,, = span{yy, ..., n} verifying ¢g € Lo, ©; € Li\Li-1,

o1 L Lyq, foralll=1,...,n, and (¢, go;‘g) =Tg41, for all k=0,...,n. If this procedure is repeated
for all n > 0, we get {®k k0, a family of orthonormal Laurent polynomials of two real variables
with respect to the measure p.

Remark 2.5. Observe that o, is uniquely determined up to left multiplication by orthogonal
matrices. Indeed, if Qpi1 € Mps1 is an orthogonal matriz and @, = Qpi1@n then @, L L1 and

<¢n7</~7£> = (QnJrl(an(PZQzﬁ—l) = QnJrl((Pn, @£>Q£+l = I’”«

We can write

on=> AMg, (16)
i=0

with Ag") € M1 i+1 constant matrices, A being regular.
From (@)-(T) we get

1 n n n n
(.’L‘ + ;) On = B7(1+)2)1¢n+2 + B7(1+)171¢n+1 + Bfl_)171¢n—l + Bfl_)z)l(bn—%

where by introducing zs = (0 - 0 1 0) e My, for all s >3, it follows for all n > 2 that

In—l
Bf:i)zl = € Mn+1,n—17 Bf;i)l)l = [On+1,n—l|z;€+1] € Mn+1,n7
| 02,7171 ]
) ) (17)
(n) On,n+2 (n)
Bn+171 = € Mn+1,n+2; Bn+211 = [In+1|0n+1,2] € Mn+1,n+3-
Zn+2

These formulas are also valid to define Bi(ol) and B](ll) for ¢ = 1,2 and j = 0,2,3 if we interpret
0,2 =029 =@ and z2 = (1 0). Here, the second subindex in the B;"l) € My11,541 matrices with

se{n-2,n-1,n+1,n+2} is used to separate the case of multiplication by (y + i), see further.
So, it is clear that

1 n n n n n
(CL‘ + E) cpn(x,y) = Agz ) I:B7(1+)2,1¢n+2 + B7(1+)171¢n+1 + Bfl_)l,l(bn—l + B7(1_)2)1¢n—2:| + 1t (18)

where by “l. t.” we understand linear combinations of {¢g,. .., dn+1}-
The main reason why multiplication by = + % should be considered is the fact that 322)271

is full rank. So, for certain constant matrices C,gn&) € Myis i+, it holds that ¢pee(z,y) =

-1
T O gn(a,y) with O3 = (A7) and then

(3:+ %)gpn(a:,y) - AWpm) bnr2(x,y) + lower terms

n+2,1

AW B (ZZ;’(? C,Emz)wk(a:,y)) + lower terms

n+2,1

A ) O(mz)gamg(:z:,y) + lower terms.

n+2,1~"n+2

If we define
D, =AM BM) ot

n+2,1>"n+ n+2,1 n+2
and it has (full) rank n + 1.

-1
;2) _ A,(ln)B(n) (A("+2)) € Myi1.n+3,
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In short, we have proved that

n+2

1
(7 3)entr) = & D{Dutry) where DT Mo

and D) being of (full) rank n + 1. Now, using the orthogonality conditions and the property

n+2,1

(x + z) vr(x,y) € Lii2, it follows that

D = ([ 2 ) nea) el @) = (uoa), (2 ) eF @b =0 it k<n-2.

This implies the following five-term recurrence relation that holds for n > 2:

(z+ 1) onlz,y) = DI onia(z,y) +D,,31 i1 (@,y) + D on(a,y)

(19)
D( )119071 1(z,y)+D )219071 2(2,y),
with
. 1
Dg,l):<($+_)<Pn(x7y)7¢§(xay)>EMTL+1,S+17 SE{TL—2,...,7’L+2} (20)
and leading coefficient matrix D! +)2 , of (full) rank n + 1. Moreover, for se {n—-2,...n+2}
(n) 1 T L\ r
Ds71 :< T+ ; @H(Iay)aws (I’y)> = <90’n«(x7y)7 € + — | ¥s (Iay)>
T T
:<90n7 (D£+)271<Ps+2 +D£+)171905+1 +D£ 1)905 +D( -1,1Ps-1 +D5 2,1Ps- 2) ) = (D,(l)i)
so we have proved that
T
D) = (D)) se{n-2,..n+2}. (21)

This implies, in particular, that Dflnl) is symmetric and that the tailed coefficient matrix sz )2 1€

Mipi1,n-1 in ([I9) is also of full rank, equal to n - 1.
Concerning the initial conditions, we may observe that the recurrence (I9) is also valid for
n=0,1 by setting ¢_1 = p_5 = 0. Indeed, recall first that

. 1/z x/l
$o(2,y) =1, ¢1($,y)=( y ) ¢>2(3:,y)=( y ) ¢3(x,y) = Z/y
17y e

For n = 0, we can find matrices ngl) € M1,i41, 3 =0,1,2 such that (I9) holds. From (I6) we can

write
( )A(O) [D£01)A(2)] bo + [D(O)A(l) D(O)A(2)] b1+ [D(O)A(O) D(O)A(l) D(O)A(2)] o
where Agi) are regular, for ¢ = 0,1,2. Hence, since
(gc+ ) AD = B A0 gy + B AP ¢,
x

it follows that
-1
0 0 0 2
D;l) = B;,l)AO( ) (Aé ))

-1
0 0 0 0 2 1
D - (B AL - DYAD) (420) @

D) =~ (DA + DY AP (D)
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Similarly when n = 1, we can find matrices Dl(’ll) € Mg 41, ¢ =0,1,2,3 such that (I9) holds. By
one hand, we can write from (6]

1
(3 )[40+ AD0n] = [DD A 03 + [DRAF + DY AP o
+[ D5 A + DY AT + DI A |61
+ [ DDA + DY A + DI AGY + DEY AL | 60
with Al@ regular matrices for ¢ =0,...,3. By other hand,
1
(I v ;) (4900 + AV 1] = AL BR 65 + [AD B + AD B g + AP B g1 + AV B 6.
Hence,
-1
1 1 1 3
DS} = AV B - (45)
-1
1 1 0 1 1 1 3 2
DY = (A B + AP B{) - DN ALY ) - (A7)

- (23)
1 1) (0 1) 4(3 1) 4(2 ny!
Dil) = (AO( )Bi_’l) —D3(71)A§ )—DQ(J)AE )) . (Ag ))

-1
1 1 1 1 3 1 2 1 1 0
D§Y = (A B(Y - DY ASY - DY AP - DY AP - (487)

As a consequence, we can give from (2I]) a matrix representation with respect to {¢x }72, of the
multiplication plus inverse multiplication operator:

1
($+E)'(900 01 92 3 P15 =) =F1-(po 91 P2 03 Pa 5 ) (24)

where F7 is the block symmetric matrix given by
D(()?l) DE?B Dg?l) O1,4 O15 016 O17 Oig
(Di?f)T Dill) Déll) Déll) O25 Q2 Oa7 Oa3
Dy} )T (Dgll) )T D) D) D) Os6 037 Os
o (D) (B2) D DY DY 0 O
Os.1 Os,2 (D4(121) )T (D4(131) )T pfY DfY) DY Oss

Fi = ( (25)

A very similar analysis can be done from (8)-(Q) when considering multiplication by y + i, we

omit most of the details. It is important to point out that the corresponding ng) matrices in the

relation )
() 60 = B tmsa + B s + B s + B y60

are given in this case (compare with () for all n > 2 by

) O2,n-1 -
n n ~T
B"*272 = € Mns1,n-1, Bn71,2 = [Zn+1|on+l,n71] € My,
In—l
(n) Fre2 (n)
n n
B"+172 = € Mii1ns2, Bn+2,2 = [On+1-,2|zn+l] € Mui1.n+3,
On n+2

where Z, = (01 0 -+ 0) e My, for all s >3 and Zz = (0 1). These formulas are again valid for
n=0,se{l,2} and n=1, s€{0,2,3}. Thus,

-1
D= [Ouraal]-CUZP = A B, (A02) " € Mo

n+2,2 =
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also has (full) rank n + 1. The analog of (8] is

1 n
(y + 5) on(z,y) = Agzn) I:B1(1+)2 oPns2 + Bn+1 2¢n+1 + B ¢n 1+ B( -2, 2Pn- 2] + lower terms. (26)

The corresponding five-term recurrence is now, for n > 2:

(v+2) onlmy) = DT sona(@,y) + DI o (2,y) + DS pu(a,)

+D( -1,2¥n- 1($ y)+Dn 2,2¥n- 2(=T y)
with )
Dgg)—((y+ )gon(:v Y), 0l (2,9)) € Mpi1.si1, se{n-2,...,n+2}. (28)
Equation (27) is again valid for n = 0,1. The analog of (22)) is
-1
0 0) 4(0 2
o2 - AP ()
0 0) 4(0 0) 4(2 D!
D0 (B - D) (4) )
-1
0 0) 4(1 0) 4(2 0
D2 (D + DAL) (4)
As in 2I)) it holds
D = (D(S))T for se{n-2 n+2} (30)
s,2 n,2 [
and hence, Dflnz) is symmetric and the tailed coefficient matrix D7(171)2,2 € Mpi1n-1 in 27) is also
of full rank, equal to n — 1.

The matrix representation with respect to {¢} 4o of the multiplication plus inverse multipli-
cation operator in the variable y is

1 T T
(y+§)'(% 1 P2 @3 P15 ) =Fa-(po 1 P2 3 Pa P5 ) (31)

where F3 is a block symmetric matrix like 7 in ([25]) but replacing the second subindexes 1 in the
Dgﬁ) matrices by 2.

The results of this section can be summarized in the following
Theorem 2.6. Let {¢k}rs0 be a family of orthonormal Laurent polynomials with respect to the

measure . Then, for all n >0 there exist constant matrices D( ™ ¢ Mpi1,s+1, s€{n-2,...,n+2},
i€{1,2} given by (20) and (28) when n >2, s€{0,1,2} if n = O and s € {0,1,2,3} zfn—l such
that the following five-term relations hold:

1 n
(:v " E) on(z,y) = D7(1+)2 1Pns2(2,y) + D(+)1 1P (2,9)

+D( 1<P"(I y)+Dn )1 1<P7l 1('r y) +D'n, )21<Pn 2($7y)7

, (32)
(v ) ente) = D sprsale) + DI ()
+ D" on(@,y) + DI ppu-1(2,) + DI ppn-a(x,y),
with -1 = p_9 = 0. Moreover, for i € {1,2}, D(n-) = (DS?)T, forallm>2, se{n-2,n-1n},
D(l) (D(O)) and the matrices D7(1+)2 , and D( )2 are full rank.

We conclude this section with the following elementary result that will be used in the next
section.

Lemma 2.7. For alln > 1, the matrices

€ Mo(ni1),n43 and  B(Y, = € Mo(nsi1),n+3
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have full rank, equal to n+ 3. This full rank properties are also valid for n = 0, but in this case
they are equal to 2, instead of 3.

(n)

n+2
(n) (n)
B, 51 = [Zn+1|Ons1,2] € Mpsa pss, B, 50 = [On+12|Zn41] € Mpi1 pss.

We can write

Proof. The result trivially follows for the matrix B, 5 since we have already seen that

A o 1
(n) n n+1,2 (n+2)
Dn+2 = ( (n) : (An+-; ) ’
On+1,2 An

so the result follows directly by using Sylvester inequality (see e.g. [16, p. 13]). Finally, the result

for n = 0 holds since )
0 0 2)\~
D = B (a®)

3. FAVARD’S THEOREM AND CHRISTOFFEL-DARBOUX FORMULA

From the results of Section 2] we have all the necessary technical modifications to adapt the
proofs of Favard’s theorem and Christoffel-Darboux formula presented in [14, Section 3.3] for the
ordinary polynomials in several variables to the Laurent case.

Our first observation is that since for all n > 1, the matrix Dfﬁé € Ma(n+1),n+3 defined in Lemma
2 is of full rank n + 3, it has a generalized inverse

=\ _ (s Y (5™ \" —m "
(Dn+2) = ((Dn+2,1) | (Dn+2,2) ) € Mn+3,2(n+1)7 (Dn+2,i) € Mn+3,n+17 1= 1725
that is not unique. This means
T T T
(Dn+2) Dr(z+)2 = (Dn+2,1) 'D7(1+)2,1 + (Dn+2,2) .D’EL+)2,2 = +n+3-
We need also the following auxiliary result.

T
Proposition 3.1. Let (Efﬁé) be a generalized inverse of EEZ)Q Then, there exists constant

matrices B € M3 nes-i, 1=1,2,3,4 such that

1\ (=) \T 1\ (= " 1 2 3 4
Pn+2 = (‘r + E) (Dn+2,1) + (y + ;) (Dn+2,2) On+ Epone1 + Eqon + Epon-1 + B pn-2.

T
Proof. If we add (0) multiplied by the left by (ﬁfﬁz,l) and (27) multiplied by the left by

—m \"
(20.)" vere
T T T T
—=(n) —(n) —(n) n —(n) n
[(517 + %) (Dn+2,1) + (y + i) (Dn+2,2) ]%z = [(Dn+2,l) D’EL+)2,1 + (Dn+2,2) D7(1+)2,2:| Pn+2
T T T T
+ [(Dn+2,1) D7(1+)1,1 + (Dn+2,2) D1(z+)l,2:| Pn+1 + [(sz,l) Dv(zl) + (Dn+2,2) D7(12)] Pn
T T T T
+ [(Dn+2,1) Dn—)l,l + (Dn+2,2) D1(z—)1,2:| Pn-1+ [(Dn+2,1) Dfl—)2,1 + (‘Dn+2,2) Dv(z—)2,2:| $n-2-
So, the result follows by considering
: =m ' o = ' m
E, =- [(Dn+2,l) Dnz2fi,1 + (Dn+2,2) Dnﬁ?i,?] € Mps3,na3-is i=1,2,3,4.

O

Now we are in position to prove a Favard-type theorem by following the ideas presented in [14,
Section 3.3]. We concentrate in the positive-definite case.
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Theorem 3.2 (Favard). Let £ and L, be given by (2)-{)), {¢n}neo be an arbitrary sequence in
L written in the form (I0) with ¢y defined in (@) for all k >0, v, € L\Lno1, for all n > 1 where
wo =1 and set p_o =p_1 =0.

Suppose that for all n > 0, there exist matrices D](CZ) e Mprige1, 0=1,2, ke{n-2,... ,n+2}
when n>2, ke{0,1,2} when n=0 and k € {0,1,2,3} when n =1, such that

T
(1) the L-polynomials ¢, satisfy the recurrences [B2) with DEZ-) = (foz) , for all n > 2,

T
se{n-2,n-1,n}, D) = (Dg?g) and i€ {1,2}.
(2) the matrices in the relation satisfy the rank conditions:

rank D{"), . = rankDflnf) =n+1, n>0, i=1,2,

n+2,1

ramkDf:r)2 =n+3, n>1

rank Dio) =2,
with Dfﬁr)z € Mo(n41),n+3 introduced in Lemmal[2.77 and Dgo) e My given by

1,1

D = e M. (33)

0
D

Then, there exist a linear functional L which defines a positive-definite functional on L and which
makes {¢n ooy an orthonormal basis in L.

Proof. We first prove that {¢,}o>, forms a basis of £. Using the expression (I6), it suffices to
prove that the leading coefficient A,(zn) is regular, for all n > 0. For n > 2 we see that comparing

the coefficient matrices of ¢y,.2 in (I8), 26) and ([I9), 1) we get
diag (A0, AM)- BS, = D, A,

n+2

where Bfﬁ)z, Dfﬁr)z are the matrices of rank n+3 that have been introduced in Lemma[27l To prove
that rank A%") =n+ 1 we proceed by induction by showing that from the two initial conditions
n =0,1 (that holds by hypothesis) we get that if rank AT = 41, then rank AT = n+3. Indeed,

n+2
if AU is invertible, then diag (Ail") , AEL")) is also invertible,
rank (diag (Agl") : A;")) : Bfﬁ)z) = rank Bf:r)Q =n+3,

P | 4(n+2)

n+2 n+2

and hence, rank ( ) =n+ 3. By using Sylvester inequality we get

rank Afﬁgz) > rank (D,(ﬁ)2 - A(mz)) > rank Dfﬁ)z +rank Afﬁf) - (n+3) =rank Aggz)'

n+2

So, we conclude rankAfﬁrf) = rank (Df;g . Afﬁf)) =n+ 3 and the induction is complete.

Since {pn }oo, is a basis of £, the linear functional L defined on £ by L(1) =1 and L(g,) =0,
for all n > 1 is well defined. We now use induction to prove that

L(gokcp;fp) =0, for all k + j. (34)

For n > 0 assume that (34) hold Vk,j such that 0 < £ <n and j > k. The induction process is
directly obtained from Proposition [3.1] since we have for all [ >n + 1 that

T T
—(n-1) 1 —(n-1) 1
L(‘Pn+190,ir) :L|:(Dn+1,1) Pn-1 ($+;)(P?:|+L|:(Dn+1,2) Pn-1 (y+§)@?] =0.

Let us see finally that H,, = L(0,9l) = Z,4+1. Notice from (I9) that

T
DY Huwe = L{(w+ 1) enelio] = L[on (2 +2) pniz)' | = #a (DIT?)

- H,D'™ Yn > 0.

n+2,1»
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We get a similar result from (27)) when multiplying by (y + %), and both relations can be written
together as

DY, - Hpyo = diag (Hy, , Hy) - DS (35)

n+2°
We proceed again by induction over n. It is clear from construction that it holds for n = 0 and the
proof is concluded if we prove it for n = 1. Indeed, in such case if we suppose that the property
holds for all 0 < k < n +1, it follows from (35) that D ") -H,.o = DI, Since D) is of full rank
it has a generalized inverse, so Hy+2 = Zp+a.
Taking n = 0,1 in ([I]) we see that

1 0 0 0 0
L [(:r - ;) wowlT] = DOV L2l 1+ D) Llp1oT 1+ DO Lol 1 = D) Llpro] ]

e ]

The same argument can be used to prove L[(y+ %)gpogp{] = Dg?Q)L[gplgfﬁ = Di?z), so we get

DgO)L [wlgpf] = Dio) with Dgo) introduced in ([33). Thus, the proof follows since Dio) is regular.
O

and

Lles] (D) + Llpa] (DY) + LLea) (DD + LLwo] (D)
= (pf)) =0,

Let us introduce now the reproducing kernel
n
Kn(z1,91,22,92) = 2. o (31,91) 0k (22, 52).
k=0

This definition is clearly independent on the election of the orthonormal family {¢, }nso (recall it
is uniquely determined up to left multiplication by orthogonal matrices). The name reproducing
kernel is justified as in the ordinary polynomial situation because it is easy to verify the reproducing
property ¥ (x,y) = (¥ (u,v), KL (x,y,u,v)), Vi) € L,,. The extension of the well known Christoffel-
Darboux formula for the ordinary polynomial situation (see [14, Section 3.6.1]) is given by the
following

Theorem 3.3 (Christoffel-Darboux). Under the above conditions it holds

Qp1+ An,1 + Anfl,l Qo+ An,z + A7171,2

S e Y o ) (e ) (e )

1

Z2

1

whenever x1 + - # xq + =
x Y2

- in the first equality, y1 + Ull Yo +
1=1,2 and k>0, ‘

in the second one, and where for

) \T 2

Api = 90;222(56173/1)(17;(“)271-) <Pk(f€27y2)—@;}F(iﬂlayl)D;(€+)27i<Pk+2($2,y2), (36)
) \L k

Qri = SO;QFJrl(Il,yl)(D;(H)M) <Pk(332792)_‘P;}F(Ilayl)D;(g+)17i<Pk+l(I2ay2)-

Proof. From ([9)) and (2I)) we can write for all k£ > 2 and z7 + z—ll #To + 1—12,
1 1
[(361 + :1:_) - (xz + a:_)] oF (x1,91)or (22, y2) = Mg+ Qien — Apa1 — Qi11.
1 2

Taking n = 0,1 in (3] it follows that the relation also holds for k = 0 and k = 1 respectively (recall
Y1 =pY-2= 0), if we define A_Q)l = A—l,l = Q—l,l =0. SO,

n 1 1
> [(Il + —) - (Iz + —)] o (21,51)r(T2,52) = iy + At + An1
k=0 L1 L2

and the first equality of the statement is deduced. The second equality follows in a similar way

from (27)) and (30)). O
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Corollary 3.4 (Confluent formula). Under the above conditions it holds
2

4 1 [Qn,z +Apo+ An—l,Q]

’Cn(‘ru y7 x? y) =

2 . _ }
2 _ 1 [Qn,l +An,1 +An_1)1] —

whenever 2% # 1 in the first equality, y* # 1 in the second one, and

(k)

~ A T
Rer = @lo(@n) (DY) Zo(my) - of (@.0) D) 2 ore(@,y),

(z,y)

(z.9) ) aucpk(x y) - (pk( )Dl(c+)22(9y90k+2($ ),
) T #) )" *) o
Qer = opa(@,y) (D’”lxl) Brwk(x y) - i (@, YD ek (2, y),

(z,y) ) e

k
)D](H)l 2(981190164—1 ('Iuy)

A T
Ak;2 = Prio

Qo = ¢l aen(@,y) - o (@

T
Proof. Since ¢TI (21,y1) (ngz)) or(x1,y1) is a scalar function for s € {k+ 1,k + 2} and i € {1, 2},
we can write (compare with (B6]))

T *
Api = wkﬁ(m,yl)(%m) [on(22,92) = or (21, 31)]
~0k (xuyl)DM i Lorra(T2,2) — wrs2(z1,91)],

T
Qi = <Pk+1($1,y1)( bt 1) [or(z2,y2) — vr(x1,y1)]
~Pk (xhyl)DM i [ore1(m2,92) = a1 (z1,91)] -

1 1 — 1T 1 : 1 1
Also, (a:1+—)—(:1:2+—2)—(x1—x2)m o) 1fx1+z—1¢:1:2+x—2,

n 1+An 1+An—1,1 1T X [

IC (xlaylaIQayQ) - (;E +_) (12_‘_%) = x1T2-1

T — —
9054-1 (z1,y1) (Df(:r)l 1) . <Pn(127y;37<§:($17y1) _ @Z(xlvyl)D7(1+)1 5071+1(I27y;37527z+1(117y1) i

n T T - x n nea(x —pni2(T
¢Z+2($17y1)(p7(l+)271) . on(@2,y2)—on(w1,91) _@Z(xlayl)Dy(H)gJ . Pne2(@2,92) Pni2(21,91) |

T1—T2 T1—T2

1 n— X —¥n-— X 1 n+ X n+ X
@Zﬂ(zl’yl) (Dfﬁrl 1)) Zucalee yiz—fz R @Z—l(zlvyl)Dr(ﬁl 1) £oloe U;E fz e Ul)]

The first equality follows letting (x2,y2) — (z1,¥1) = (z,y) and the second one is obtained in a
similar way. O
4. A CONNECTION WITH THE ONE VARIABLE CASE

Consider the rectangle R = [a,b] x [¢,d], 0 < a <b < 00, 0 < ¢ <d < oo, and a positive Borel
measure on R that can be factorized in the form du(z,y) = dpi (x)dp2(y). Let (-,-), be the inner
product given by (I3)) and (-,-),, the corresponding inner products for the measures dy;, i = 1,2:

- fbf(x)g(x)dul(x) frgeLh ={h:[a,b] >R : [} h(z)du () < oo},
= [ ()9 (y)dps(y), fgell?={h:[c,d] >R : [Th*(y)dpa(y) < oo

Notice that the corresponding moments m,(:)

are strictly positive, for all k € Z and i € {1,2}. Let
us denote by { (¢ )} 0 for i = 1,2 the families of orthogonal Laurent polynomials in one variable
n

with respect to me measures p; and the “balanced” ordering ({l). Thus we can prove how from
these two families we can construct an orthonormal basis of Laurent polynomials in two variables.

Proposition 4.1. Under the above conditions, let ¢, 1 be given by

onk(z,y) = wfllk(ac) ](62)(3/), forall n>0 and ke{0,1,...,n}.
Then the set {onk:n 20, k=0,...,n} is an orthonormal basis of L.
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Proof. Recall Ly = span {¢o,...,¢r}. It is clear from the construction of the ordering (@) and
B)-@) that wfli)k(x) € Lo t\Lnk-1, @[11(62)(31) € L;;\Ly-1 and @bfla)k(x)w,(cQ)(y) € L,\Lp-1. Thus, for
fixed n >0 and k,l€{0,...,n}, it is clear from Fubini’s theorem that

(n 2 @2 () 65 @) () = (850, @), 00 @) - (2 ()4 (9)) iz = Ot
Also forn#m, n,m>0,ke{0...,n} and l € {0...,m}, we get by the same reason

(0 @02 () 50 @ () = (L @) 5 @) - (87 )8 () =
This concludes the proof. (I

The aim of this section is to make use of Theorem [[.T] and Proposition B.1] to obtain explicitly
the relations (B2)) in this particular situation. We start with the following

Lemma 4.2. Let {Q%z)}nzo and {C,(f)}nzo be the sequences of positive real numbers appearing
in Theorem [I1], associated with the measure dus. Then, under the above conditions the family
{¢n}ns0 satisfies the recurrence realations

C5pn omer (2,) (255 =1) en-1,2m(@,9) = CE)_ on-s.2m-1(2,y),

for 0<2m-1<n-2,

() ﬂéiiﬂ (2)
02m+1<%7n+1,2m+2($7 y) = 1- Pn,2m+1 (:E y) Cgm Pn-1 Qm(z y) (37)
for 0< 2m <n-1,
032)901,1(5573/) = (Q((f)y— 1)900,0(%3/)-

Proof. From Theorem [[.T] we have

2) (2 2 2 2 2
CEE) () = (98 = 1) i) (y) - O w) L (),
1)
n—(2m+1)
first relation in ([B7). We can prove the second and third relations in ([B7]) proceeding in a similar
way. ([

and multiplying in both sides of this equality by (z) we get from Proposition 1] the

Remark 4.3. A similar result can be proved involving only the coefficients {Q,(zl)}nzo and {C’,(zl)}nzo
related to the measure duy, we omit these details. It should be clear to the reader that despite
the recurrence in Lemma [{-3 only involves the coefficients related to the measure dus, there is
no relation between the families {on fnzo0 and {@n}nso associated with two measures of the form
du(z,y) = dpr (x)dp(y) and di(x,y) = dipn (z)dus(y) respectively, since the influence of the first
measure is due to

— 1
$0,0 = T oo
[0} [0}
1 2 1
%,0<x,y>=ﬁ¢< (@), %,l(x,w:T(Q” -1 (@), ¥nx1.

From Lemma [{.2 we see actually how the combination of (38) and the relations in (37) let us
compute the full sequence {©n }n0-

(38)

Next, let us see how explicit expressions for the matrices 1 and Fp in 24)-25) and 3I))
respectively, can be found from Lemma We present a proof for Fs, the corresponding for F;
follows in a similar way.

Theorem 4.4. Under the above conditions, let us introduce the constants

0(2)0(2) ! (2) 1 1
Fl: l 11 5 () A:(_l)c R S
(2) ’ l @) @ |
QL ! 2 QL
(2))2 (2))2
- 2 C CZ
:‘_Ql()+ (12)+%+%>07 VZZO,
o QL o
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with CE?) =0 and Qg) an arbitrary nonzero constant. Then, the matriz Fo in 1) is explicitly
given for all n>1 by

D'ELleQ) = (07%2 | dla’g (F07F17 o 7Fn71)) )
ij}zl) = (On1 | diag(Do,A1,... . Anly)),
DY) = diag(Zo,...,Eno1).

The matrices Dfﬁ;lg (n>2) and D7(:512) (n>3) are the transpose of D" 2) and D£"132)

Proof. The initial conditions D( 2) withn=0 (s=0,1,2) and n=1 (s =0,1,2,3) are deduced by
direct computations derived from Theorem [L.T] and Proposition Bl in an analog procedure as in

2)-@3).

For n > 2 we have to consider separately the cases that involves the two-term relation for wé2)
and ¢§2) in Theorem [Tl So, from Theorem [I.T] and Proposition E.1] we can write

1
Céz)son 1= (9(2)3/ 1)<Pn 1,0 = ;Pn 1,0 = Qo 2o 1,0 —C( )?Pn 1 (39)
and
Q(Q)
01(2)30n+1,2 = (1 - # Pn,1 Céz)@n—l,o
(40)
1 1 c® ci?
=  —Pnl1= —onPn,1— Pn+1,2 ¥n-1,0
Qiz) Qiz) + 52)
If we substitute in ([B9) the term %gpml in (0) and we add y¢,-1,0 we get
1 —
(y + ;) On-1,0 = 20Pn-1,0 + Down,1 + Lo@n+1,2.
In a similar way, we can write ([@0) with n replaced by n—1 as
YPn-1,1 = 01(2)3/%1,2 + 952)9071—1,1 + Céz)ysﬁn—z,o (41)
and we also have from Theorem [[.1] and Proposition [£1] the relation
oY 1 o
YPn,2 = — oy P13+~ Pn2 ¥ —57 Pn-1,1- (42)
Qf) + ng) ng)

If we substitute in (ZI)) the terms yp, 2 in @2) and yp,-2,0 in B9) with n replaced by n—1 we
get

1 -
(y + ;) On-1,1 = [1@ns1,3 + A1@n 2 + E190p-1,1 + Dopn-2,0-
For the general case n >3 and [ = 2,3,...,n— 1 we start writing the first equation of ([B1) as
1 ) o 1
§<Pn71,2m(xa y) = _O( )y<Pn 2m+1($ y) + ng<ﬂn 1 2m($ y) O;,,z 1 y@n 2,2m— 1($ y) (43)

and the second equation of (7)) as

i@n,2m+l($7y) o [_02(7272+190n+1,2m+2(xay) + Sﬁn,2m+1(1?,y)

2m+1

—Cém% 1 2m(x y)]
2
Q@ [_Cz(nzfﬁﬁnflﬂm(%y)

2m-1

5 Pn-2,2m-1(2,y)
_ 0(2)
+Pn-2,2m-1 (33731) 2m72¢n73,2m72($ay) .
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Thus, if we substitute (Z4)) in (@3) and we add the term yyp,_1 2m (x,y) from the first equation of

B7) we get

(y+ )son Lom(2,y) = Tom@net2me2(2, ) + Dom@n 2m+1 (2, Y) + Eom@n-1,2m (2, y)

+A2m—1@n—2,2m71 (l“, y) + Lom-20n-3,2m-2 (l“v y)

A similar relation is obtained for (y + %) ©n-1,2m-1(z,y), yielding for all [ = 2,3,...,n -1 and
nx3, l

(y+2)en10(@y) = Tipnaa(@y) + Apni (2,) + Eipn-14(2,9)

+A1on-2,-1(2,y) + Tic2pn-3,1-2(x,y).
O

As it is indicated in [13, Section 2], the families {1 } x>0 of orthogonal Laurent polynomials in the
one variable case computed from Theorem [[T] are related to the families of ordinary polynomials
satisfying Laurent orthogonal conditions (that have been considered in the literature, e.g. by A.
Sri Ranga and collaborators, see |27, 128, 129, [30]). So, we can make use of some of the results
available in those references to get explicit expressions for the coefficients {2, }n>0 and {Cy, }nso
related to some particular absolutely continuous measures, like

ul
x 1+\/,E 2 log(t)
dwy(z) = %dm, dws(z) = dx wE(t) = 2’{\/_ (1+ ) (=2 ) dt,

(v+vab)\/(b-z)(z=a)’

with 2 € (a,b), 0 < a <b< oo, t>0, k>0 and g > —-1/2. Thus, if the measure du(z,y) =
dp1(z)dusz(y) defined on the rectangle R is of the form p, 2 € {w;}%.; we can recover directly
from the results of this section the recurrence relations for {¢p }n20 explicitly.

5. CONCLUSIONS

We have introduced for the first time in the literature the theory of sequences of orthogonal
Laurent polynomials in two real variables (z,y) (for the sake of simplicity, but it can be generalized
to several variables) with respect to a positive Borel measure p defined on R? such that {z =
0}u{y =0} ¢ supp(p). We have considered an appropriate ordering for the Laurent monomlals
2y, i,j € Z that let us to obtain five term relations involving multiplication by x +o Land y + 5
The corresponding matrices representations of these operators are block symmetric ﬁve diagonals.
Our approach enables us to extend some known results for the ordinary polynomials to the Laurent
case. In this respect, we have included a Favard’s theorem and Christoffel-Darboux and confluent
formulas. Also, a connection with the one variable is done when the measure p is a product measure
of separate variables defined on the rectangle R =[a,b] x [¢,d], 0<a<b< o0, 0<c<d< oo.

In the one variable case, there are very few measures that gives rise to explicit expressions
for sequences of orthogonal Laurent polynomials. We could almost say that the only ones are
practically the weight functions {w;}¢_; mentioned at the end of Section 4. In general, these families
are computed making use of Theorem [[LT] under the knowledge of the corresponding moments. In
the several variables case, there is not any sequence of orthogonal Laurent polynomials explicitly
known, except in the situations described in Section 4. However, these families can always be
obtained from the five-term relations obtained in Section 2 as long as the moments ([Id]) exist
and are computable. Also, unlike the situation in the one variable case, there are not known
applications in the literature for the moment of orthogonal Laurent polynomials in two or more
real variables. All these questions will be considered in a forthcoming paper, mainly focused
in the applications of orthogonal Laurent polynomials of two real variables in the construction
and characterization of cubature formulas for the numerical estimation of integrals of the form

Ip [ y)du(z,y).
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