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ON THE ASYMPTOTIC NUMBER OF LOW-LYING STATES IN
THE TWO-DIMENSIONAL CONFINED STARK EFFECT

LARRY READ

ABSTRACT. We investigate the Stark operator restricted to a bounded domain 2 <
R? with Dirichlet boundary conditions. In the semiclassical limit, a three-term as-
ymptotic expansion for its individual eigenvalues has been established, with coeffi-
cients dependent on the curvature of 2. We analyse the accumulation of eigenvalues
beneath the leading-order terms in these expansions, establishing Weyl-type asymp-
totics. Furthermore, we derive weak asymptotics for the density of the spectral
projector onto these low-lying states.

1. INTRODUCTION

Consider the operator

Ly =—hA+ 1z in L*(Q) (1.1)
with Dirichlet boundary conditions, where € = R? is an open, bounded and connected
region. Suppose that there is a unique point Xy = (¢, yo) € 0€2 that minimises the
first coordinate, and that around Xj the boundary is smooth with positive curvature
at Xg. Then, as the semiclassical parameter h tends to zero, the bound states of
(L) cluster near the boundary at Xy, where the repulsive potential is smallest. The
confined Stark effect is characterised by the splitting of the energy levels in this limit.

.....

ting. They determined that for any fixed k£ > 1 the kth eigenvalue of (L)) satisfies

M(Lh) = @0 + 21h?® + (2k — 1), /%h + Opso, (W) (1.2)

where —z; ~ —2.338 is the first zero of the the Airy function and ko > 0 is the
curvature of the boundary of Q2 at X,. We note that a higher-dimensional analogue
of this expansion has been found in [2].

The idea behind the expansion ([L2) is that as the bound states of (II) become
concentrated near X, the curvature in the boundary acts as an effective harmonic
oscillator in the tangential component, whilst the orthogonal component produces the
Airy zero. Indeed, the approach taken in [I] was to construct quasi-states using the
eigenfunctions of the Airy operator and harmonic oscillator in tubular coordinates
around X, on a suitable scale in h.

In this work, we are concerned with the directly related question of how many
eigenvalues accumulate below the different levels in (L2). To introduce this, first
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consider the general case of a Schrodinger operator —h?A +V in L?*(w) with Dirichlet
conditions, on an open set w < R? with suitably regular potential V. The well-known
Weyl’s law states that the counting function,

N(=R*A+V,A) = #{k e N: \y(—=R°A+ V) < A},
satisfies the asymptotics

Jim REN(—h2A +V,A) = Lgldf (A= V() da (1.3)
h—04 ’ w
where ay = (|a| + a)/2 and L, is an instance of
Lcl _ F(7 + 1)
T (4m)d20(y + 1+ df2)’
We investigate this limit for the Stark operator (L1I), where for the counting function
we take A as a function of h, choosing either

(1.4)

zo 4+ ph?? or x4+ 21 A3 + uh?,

with ¢ > 0 and « € (2/3,1). In doing so, we count the number of low-lying eigenvalues,
corresponding to the expansion (L2)). We note that a similar regime was considered
by Frank in [3], who determined the asymptotic number of edge states for a magnetic
Laplacian with Neumann boundary conditions.

1.1. Main results. Before stating our main results, we establish the construction of
tubular coordinates about Xj. For the latter, we follow [I] and its notation as closely
as possible. Without loss of generality, we will assume that xq = 0.

Consider an arc-length parameterisation ~y(s) of d€2 in the vicinity of X, such that
7(0) = Xy. The outward normal at any point on this curve can be represented by
n(s) = (cos(6(s)),sin(A(s))) and the curvature by x(s) = ¢'(s), with ko = x(0). We
can then fix § > 0 to be sufficiently small so that the mapping 7: (—4,9) x (0,6) —
defined by

T(s,t) = v(s) — tn(s) (1.5)
establishes a diffeomorphism between the strip and its image in €2, where the deter-
minant of its Jacobian is given by 1 — k(s)t.

Our first result reveals Weyl-type asymptotics for the y—Riesz means of the Stark

operator (L)), Tr (£, — A)?, for which we identify v = 0 with the counting function.

Theorem 1.1. Let v >0, a € (2/3,1) and p = 0, then

cl
lim 028 Ty (£, — ah?9)" = T

h—04 - \/2/{ 2
4L
1—a(147) _ 2/3 a _ 7,2
hh£61+ h Tr (E 21h™" — ph )7 e L

where —zy, s the kth zero of the Airy function and LS/{Q is given by (L4).

1
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The approach we employ involves the use of Dirichlet—Neumann bracketing and
a rescaling of tubular coordinates around X,. The former operation is carried out
exclusively in the parallel coordinate, whilst in the orthogonal component we con-
struct quasi-states, as in [I]. These quasi-states approximate the eigenfunctions of the

operator
2

d .
T +tin L*(Ry)

with Dirichlet boundary conditions, R, = (0, 00), which arises from the Taylor series
of 7 near X,y. The eigenvalues of this operator are the absolute values of the zeros of
the Airy function, z;. We denote the corresponding normalised eigenfunctions by ay,
which are given by

a(l) = Al(t—_ZQQ
[AL( = z)

where Ai denotes the Airy function.
Now, let pp(:;A) denote the density of (£, — A)?. Recall that for a trace class
operator 7' represented by its Schmidt decomposition 7" = >, _, si(-, ¢x)¢r the den-
sity is defined as pr = >, _, sklor>. Then, in our second result we find weak-type

for k>1, (1.6)

asymptotics for pj, in tubular coordinates rescaled in R? := {(s,t) € R?: ¢ > 0}.

Theorem 1.2. Let a € (2/3,1) and = 0, then as h — 0

1 1/2
W pp(r (B2, B3t); ph?%) — = 3 (M - D Zk) ar(t)?, and
7'('k=1 2 +
1 1/2
h5/3_0‘/2,0h(7'(h0‘/25, h2/3t); 2 h?3 + puht) — — <u — %32> ap (t)?
™ +

in the sense of distributions on R2, where T is given by (LH).

The structure of the paper is as follows. In Section 2] we start with an approach
using Dirichlet-Neumann bracketing to obtain a semiclassical result. In Section Bl
we then proceed to prove a generalised version of Theorem [L.I] with the addition
of a potential, which we achieve by rescaling and splitting more accurately in the
orthogonal component. Finally, in Section 4] we make use of this generalisation and
proceed to prove Theorem L2

2. SEMICLASSICAL APPROXIMATION FOR THE COUNTING FUNCTION

Our aim in this section is to deduce asymptotics for the counting function by brack-
eting in the tubular coordinates defined by (LH). According to the semiclassical ap-
proximation, it is suggested that

N(Ly, uh*?) ~ (27T)_2H(§,x) eR? x Q: WYEf + 2y < MhS/Q}"
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Thus for sufficiently small h only the region near Xy becomes relevant in the estimate,
due to the positive curvature of Q at Xy. Taking 7 = (71, 7») as in ([ILH]), we note from
[1] that the Taylor series expansion for 7, about (0,0) is given by

K
mi(s,t) =t + 55" + Opmgam (sl + |t7)). (2.1)

It follows that

1 9 o
N<ch,m3/2>~m [ ] s =m0 - s asas

2/3 ko o _
AM? f f h ) (1 — w(s)t) ds dt
5/2h 1/3 + th +(h1/3)

15w\/ﬁ 1574/ 20"
Though this appears to contradict the statement of Theorem [ 1], we find that it holds
for large i The consistency is evident from the known asymptotics for the Airy zeros,
which satisfy

1
2, = Z(37T)2/3(4k —1)?3(1 + 0p50(1)).
Thus as p unlocks the levels in the leading order term the number of eigenvalues
becomes semiclassical.

We start by restricting £;, to some region about X, sufficiently proportional to h,
with Neumann and Dirichlet conditions. We fix n € (0,1/15) and define the region
Wh = (—hY371 RY371) x (0, h?/37"), then it results from the variational principle that

Ly — ,uh2/3 < (—Af(wh) +x1 — uhz/?’) ® ( AQ\T o) T %1 — h2/3) , and

Ly — ,uh2/3 > (_Aiv(wh) +x1 — uhz/?’) ® ( AQ\T o) T 21— h2/3)
in the sense of quadratic forms, where —AL and —AY denote the Dirichlet or Neumann
Laplacians on w < R? (In the case of the latter, we have the option to maintain
or substitute the existing Dirichlet boundary conditions without altering the above

relationship). Consequently, noting that {z € Q: z; < uh??} = 7(W),) for sufficiently
small A, it follows that

N (—A?(Wh) + :El,,uhz/?’) <N (Eh,uhQ/g) <N (_Aiv(wh) + xl,uhQ/g) : (2.2)

Each of these operators, which are restrictions of £, to 7(W,), can be written in
tubular coordinates as

—h*m om0, — h*m~toymao, + 11 (s, t) in LW, mdsdt),

where 7 is the first coordinate of 7 = (71, 73) and m(s,t) = 1 — k(s)t is the Jacobian
of 7. Their quadratic forms correspond to

’QZ)] = J:f [h2 (m—2|65’¢|2 + |@tw|2) + 7_1(8,75)|’17Z)|2] mds dt,
Wh,

considered for suitable classes of ¢ € H'(W),) depending on the boundary conditions.
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At this point, we wish to use our shrinking domain to change the operator to one
on a flat strip, without the curvature term. Given the Taylor expansion (Z.I]) and the
fact that the boundary of €2 is smooth and kg > 0, we can take h to be sufficiently
small so that for every (s,t) € W,

)Tl(s,t) — (t + %82>) <A and — B3 < m(s,t) —1 <0,

with implicit constants that are independent of h. Then we use the above estimates to
approximate ¢, from above and below correspondingly. To simplify notation, where
we have used implicit constants above, we bound them by A" and assume that h is
sufficiently small. We find that for any ¢ € H*(W),)

anl0] — B2 < (1 — 2y H W2 (6 +10a0) + (£4 257 [0l ds
Wh

and

vl + Rl > (1= 25 [0 (0 +1owP) + (1+ 22) i dsdr
Wh

Thus we reduce to operators in L*(W,,, dsdt) and using the estimates ([Z.2) together
with those for ¢, above, we see that

N(Ly, ph*?) = N <—h2A$\;h + %52 +t,h2B (- h1/3’5’7)) and
(2.3)
N(Lp, uh®?) < N <_h2AJvVvh + %52 ot 2P+ h1/3‘5”)) .

In the following section, we will represent the errors in the preceding expression in a
different manner. However, it will be crucial for our subsequent discussions that we
are able to express it as B35,

Proposition 2.1. The following holds

lim hY2N(Ly, ph*?) = AR (14 Opse (™)

h—04 ’ 15m+/2k0 peo )
Proof. We carry out Dirichlet—Neumann bracketing; see, for example, [6]. That is, we
start by further splitting the operators in (2.3) into equal-sized intervals scaled in h,
applying Dirichlet and Neumann boundary conditions. Let ¢, L. > 0 and define

Li(€, Ly h) = BM3(05,0(5 + 1)) x h¥3(Lk, L(k + 1))

with j € Z and k € Nj.

Starting with the Neumann operator constructed above, we restrict it to each in-
terval I;; that intersects with W, and impose Neumann boundary conditions whilst
estimating potential from below. Since the potentials become purely attractive out-
side of W, we can trivially extend to all intervals j € Z, k € Nj. Using the variational
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principle and (23)) we obtain
N(Ln, h?3p)

. Ko -
< Y N <—h2AZk(Z7L;h) +  min )(552 ) b2 (B 5"))

(4,k)eZxNg Ik (4, Lsh
h2m2m? h2 p
- 0 2042 2/3 1/3—5n
Z#{(m, n) e Ng: h2/302 h4/3L2 (Zlgh) ( 55+ t) < kP (u+h ) }
h4/371'2m2 7r2n2 .
B i - <—° 2 t) pia=sm | L
Z 2 #{m € Ny 2 < "= Ijk(gng 5 (5 s2+t) +
_],k nENO .

Since each of the sums in j, £ and n are finite and independent of h, after discounting

the zero terms, we see that

limsup A3 N (L, B ) Z 14 (u - L2 -, II(IZHLI ) <%32 + t))
3,k £ L5

h—0+ _] k,n

1/2

+
Integrating with respect to n,j and k appropriately we find that
limsup A3 N (L, h*3 )

h—>0+

Ro o 1/2 L Ro o
- 2062 4 ¢ Zp— min (224t
< 3 (n= i, () G (i (5+0))

+

4 T o 1 s Lyp3? 20 1 Lu
N s2) T 2 32, Lo Ly
- 2/{0[<8Lu ML >+4“+ 6 |7 3L“ TR ) TVEE L

Hence by taking ¢ — 0, we arrive at the following:

2Lu3? m 1
li RYBN(Ly, K23 1% + 2 . (24
im sup AN (L, 7)< 157Tm METNGTE Y 7o Tl ARG ret S

For the lower bound, we restrict ourselves to the intervals contained in W, and
impose Dirichlet boundary conditions. It follows from bracketing and (Z3]) that

N(Ln, h?3p)

> 3 N <—h2Agk(wh> + min (5257 t) B (- h1/35"))

, I 1 (€,L;h)
(k) Ik (6,L;R) Wy, J

h2m?m?  h%r’n K
_ 2. Mo 2 2/3 _ 11/3-5n
2#{mn ) e N?: ST + NTENE +ij(12§;h)(28 +t><h (n—"h )}

hA372m?2 2n? K
_ N: — - h2/3 o h1/37517 e <_0 2 t)
ZZ#{W < R C R

J

7,k neN n
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Similar to before, we use the finiteness of the sums and integrate in n, j and k to get

lim inf RYBN(Ly, W)

—04

1 w2n? Ko
>— Y l|lp— - (— 2 +t)
P2 (T e (5

>32€ £ — max <@32+t> — — max <@52+t> v
/ij 4 a Ln(6,L;1) \ 2 N . Ik (6,L;1) \ 2

+
5/2 5/2 2 2 2
S S V7S 7 T/l B SR A N
T/ 2K0 | 15 I 8L dr W

Now letting ¢ — 0, provided that we take L < u, we obtain

1/2

+

4M5/2 2L,LL3/2 7ru2
liminf K2 N (L, h?3 1) > — — . 2.5
o o D) 2 T e = 3 vme  2Ln2re (2:5)

To see the asymptotics as yu — o0, we combine the limits (24) and (ZX) choosing
L proportional to . We see that choosing L = p/* leads to the best order in the
remainder term. 0

We note that the asymptotics we derive differ from the classical Weyl asymptotics
(L3)) applied to the potential z; —uh?3. However, a correct leading-order upper bound
for g — oo can be derived using the CLR-type bound found in [7], which is applicable
due to the monotonicity of the potential. In the following section, we demonstrate in
Remark [3.4] that a simpler proof of this result is achievable through rescaling and a
double application of Weyl’s law.

3. ProOOF OF THEOREM [T

In this section we prove a generalisation of Theorem 1l For V € Cif(R?) we define
the rescaled potential V} as a function in €2, zero outside of W, with

Vi(r(s,t)) = V(h Y35, h=%3t) for (s,t) € Wh. (3.1)

The idea is to introduce a potential that acts on the same scale as the low-lying
eigenvalues we are concerned with. In this case, instead of bracketing in the orthogonal
coordinate t we use separation of variables and the construction of quasi-states to

extract the eigenvalues of the operator
2

d
L(s) = =5 T 1+ V(s,1) in L*(Ry, dt) (3-2)

with Dirichlet boundary conditions, which we denote by {Ax(s;V)}r=1. We note that
for smooth and compactly supported V', these eigenvalues are well-defined continuous
functions of s. Before stating our result, we need a technical lemma from [IJ.
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Lemma 3.1. Let A > 0 and V € C{(R.) then there exist positive and finite constants
R=R(A,|V|,) and C = C (A, |V|,,) such that for any { > R and any eigenvalue

A < A of the operator
2

d .
—@+t+V( ) in L=(0,¢),

with Dirichlet conditions at t = 0 and Dirichlet or Neumann conditions att = £, the
corresponding eigenfunction ¢, satisfies

74
2 3/2
| (682 +10) e at < Clinlnr

This result is essentially identical to [I, Proposition 2.1]. The only difference is that
we work on a different scale and use the boundedness of V.

Proposition 3.2. Let v >0, p =0 and V € CF(R2), then
v+1/2
lim AU=23 Ty (Ln + h23V;, — h2/3 = LCl Z J w— @32 — A;(s; V)) ds.
h—04 - +
Taking V' = 0, it follows that the eigenvalues extracted from (B3.2)) are just Airy
zeros, independent of s. Putting this into the expression above precisely yields the
first result in Theorem [Tl

Proof. To ease notation, we label
Ly(, V) = Ly + 223 (Vi — p).

We fix 7 = 0 and start by recalling the construction in the previous section with the

addition of a potential. Due to the boundedness of the potential V}, it follows from
22) and (Z3) that for sufficiently small h,

TrLy (1, V) > Tr <—h2A$Vh + %52 +t+ 0P (Vior—p+ hl/?’*f’”))7

(3.3)
Tr Ly, (p, V) < Tr <—h2A%h + %52 +t+ h3 (Vior —p— hl/?hfm))7

with M here denoting mixed boundary conditions, where we keep Dirichlet boundary
conditions where ¢ = 0 and impose Neumann conditions elsewhere. In deriving (3.3))

from (23)) we have used that
[tr(s)h* Va7 (s, 1)) < 71|V,

Now we carry out a change of scale directly and use separation of variables. Applying
the unitary transformation Uy,p(s,t) = h™2p(h='3s, h=2/3t) to the operators on the
right in (3.3) we obtain

— 32 4 p3 ( 0t B0 4y, t)) in L2((—h™", k=) % (0, h~")).
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with their respective boundary conditions. It is then helpful to reformulate these,
writing them as one-dimensional Schrodinger operators in s with operator-valued po-
tentials. In this form, the operators with Dirichlet and mixed boundary conditions
are, up to a factor of h%3, given by
dz |p K
g2 4 Ko 2 D
h dSQ)(—hn,hn)®H+ 75* @I+ VP(s), and
_h2/3d_2’N
ds? l(—h=n,h—n)
in L?((—h™",h™"), ds; L*(0, k")), where for each s

®H+%32®H+Vﬁ/[(s)

b Sl g 1% d
Vh (S) = _@‘(07]7,77) + 1+ (S,t) an
v o 1%

=—— t t

M) = gl V)

as operators in L?(0, "), where M symbolises the imposition of Dirichlet conditions
at t = 0 and Neumann conditions at ¢ = h™". Furthermore, we can fix the domain of
the operators in s. Noting that

MV () 2 V] e gas
we can restrict the Neumann operator to the interval (—ﬁ’, ﬁ) with

R =/2/ko(IV ], +201)"" (3.4)
so that the potential is purely repulsive outside of this set. Whilst for the Dirichlet
case we can restrict it to any smaller interval and use domain monotonicity.

Thus, we obtain from (B.3]) and the above that for every ¢ € (1/2,1) and R > 0
there exists h’ > 0 such that for all h < A/,

dz \p K 7
T VY SR N T _h2/3_‘ o2y (YD _
LV 2 ST (ol e ) e )

Y p2v/3 2/3 d* v ko 2 M a0\ 39
Tr Ly (p, V) <h Z Tr( —h @‘(_ﬁ i st M (V(s)) —e )
k=1 ' -

Moreover, we note that the number of eigenvalues of V}(s) and VP (s) that we need
to consider in the sums above are finite, uniformly in s € R and A < A/, in particular

N D M -1 < ,
N : aerg%’(l) {N(Vh (5),em), N(V},"(s), € “)} NI HVHLO@(RQ-

The idea now is to use Lemma B.I] to show that the eigenvalues \,(VP(s)) and
M (VM (s)) converge to the eigenvalues of the Dirichlet operator L(s) as h — 0.,
uniformly in s. Then we can apply the standard form of Weyl’s law for y—Riesz
means of Schrodinger operators on finite intervals with Dirichlet and Neumann condi-
tions to each of the operators above; see, for example, [4]. Finally, by taking R — oo
and ¢ — 1_ we will obtain the result.
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We begin with the eigenvalues of VM(s). Fixing s € R, we denote by ¢y the
eigenfunction corresponding to A\, (V) (s)), satisfying Neumann conditions at ¢t = h™".
Take x € C*(R) with 0 < x < 1 with x(¢) = 1 for t < 0 and x(t) = 0 for t > 1
and such that |0;x]|,, < c0. Then for 0 < 7 < n define x5 (t) = x(t — h™7). It follows
that the cut-off functions xx¢x s lie in the form domain of the operator L(s) given by
[B2), after being trivially extended by zero. The min—max principle for eigenvalues
then yields

A\ (S' V) < (L(S)(pl,hth Qol,hXh>L2(R+) (V/y(s)%,hXha Qpl,hXh)L2(o7hfn)
1\o = =

2 2
H‘Pl,hXth(RJr) HSpl,hXth(o,h—n)
< MW (s)) + Ce

with a finite constant C' < oo that is independent of h and s. In the last line we have
used the decay estimate from Lemma [B.T] together with the boundedness of y and d;y,
to show that for all 1 < £ < N we have

_p—37/
< e ol

2
(V}]L‘/I@k,ha <Pk7h)L2(o7/rn) - (V/]z\/[@k,hXhaSpk,hXh)Lg(OJrn) L2(0,h=7) and

_p—30/2

se [0kl

2 2 2
‘HXhSOk,h ‘L2(0,h—n) = [ox,n ‘L2(0,h—n) L2(0,h—)

where the implicit constants depend only on x,  and [V e -
+
To deduce a similar statement for the higher eigenvalues, we note that

< 6_h73n/2

~ bl

’(X@k,h, XnPih) 2,y — Ok

uniformly in 1 < j,k < N and independent of s. Thus, h can be chosen sufficiently

small so that for all & < N the set {xnp;s}i_; forms a k dimensional subspace of

L?*(R,). Therefore, by the min-max principle and the decay estimates above, we have
(L(S)QO, QO)L2(R+) (Vli‘/l(s)(pk,hXha (pk,hXh)L2(07hfn)

A(s;V) < max = 5
‘PE{XMOZ ?:1 H(p‘|L2 (Ry) Hwk,hXhHLQ(OJL—n) (36)

< M(VM(s)) + Ce ™"

for all k < N , with the constant C <o independent of k, h and s.

We now turn to the Dirichlet operator VP (s). This time we fix s € R and work
with the eigenfunctions of L(s), which we denote by ;. Cutting these off in the set
(0, =) and using estimates analogous to the above from Lemma [3.1] we see that there
exists h sufficiently small so that for all k£ < N

VD 2 -n L 5 2 -n
M(VP(s) < max % (S)%;%)L hn _ (L(s)¥n 21/%)L 0
ve{v;ti [¥1(72 0 p-m) 1%l 720 p=n) (3.7)

< (s V) + Ceh™""

with some constant C' < o0 independent of k, h and s.
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We insert the estimates (8.6) and (B7) in (335), where we incorporate the errors
into &, noting that we can still take it as close to 1 for all A < A’ with A’ small. Then
after applying Weyl’s law, it follows that

+1/2
limsup A =23 Tr £, (1, V)7 < Ly Z f (5_1,u — (s, V) — @52>7 ds
h—04 ’ R 2 +
and
e (1-29)/3 ol ko 2)7“/2
h}gl(l)l:fh Tr Ly (1, V) = L ZJ ep— Ae(s;V) 5% ). ds,
thus by taking ¢ — 1, and R — o0 we obtain the result. O

Remark 3.3. The assumption in Proposition that V e C°(R2) can be relaxed. It
is possible to extend to the class of V € L7 (R?%) using an approximation argument
similar to that in [6, Section 4.7].

Take a sequence C(R2) 3 VW — V and denote the rescaling of the former ac-

cording to (B1]) by Vh(n). Then for any 6 € (0, 1) one can split our operator into
L(u, V) = (—h2(1 — )AL + 2y + WPV — u)) + (—hQQAg + RV, — V,§">)> .
and see that N(Ly(u,V),0) is bounded from above by

N (—h2(1 “O)AD 1y 4+ BBV, h2/3u) N (—h29A£ B, — V), o) .

For the first term, we can apply Proposition and for the second term, use the
CLR type bound found in [5] to control the limit as h — 0,. Taking n — oo and
6 — 0, yields the correct upper bound. The argument for the lower bound and for
the y—Riesz means is similar.

Remark 3.4. The above analysis leads to a simpler proof of Proposition 21l To see
this, note that if we don’t approximate using quasi-states then Weyl’s law applied to
the statement (B.0) yields that for any R > 0

1/2
liminf B3N (Lp, ph®?) = J w— —5 — MV )) ds

h—>0+

R
d2 D Ko 1/2
=|T —) +t+ —s°— ds.
JR ln<d152 (0,R—) 2° M)_ y

Applying Weyl’s law again for the trace of the operator in ¢t as u — oo one obtains
a bound from below with the same leading-order term as Proposition 2.l The same
argument applied to the Neumann operator gives the result.
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Next, look at the asymptotic number of eigenvalues between the second and third
levels in (L2). Let o € (2/3,1), then we consider for V € CF(R?%) a modified form of
rescaled potential V}, ,, supported in 7(W},), with

Via(7(s,1)) = V(h=*2s, h=*3). (3.8)
To simplify the notation, we employ
Ly, Vi) = Ly — 2h%3 + h® (Vha — 1)

and find asymptotics for the sums of its negative eigenvalues. The crucial element
here is that we find an explicit dependence on the normalised Airy function a; given
by (). That is, the eigenfunction of the operator L(s) given in (B.2), which arises
in the following result from linear perturbation theory.

Proposition 3.5. Let v >0, a € (2/3,1), u =0 and V € C(R%), then
v+1/2
lim AU T £ (, Via)! = L,Cyllf <u D0 J V (s, t)ai(t)? dt> ds.
h—04 IR 2 R4+ +
Proof. We begin by fixing v = 0 and choosing 7 € (0, (1 — «)/5). The latter ensures
that the errors introduced in (2.3]) can be kept on a scale of 0,0, (h*). Then we find
that for any € € (1/2,1) there exists h’ such that for all h < A/

Tr Ln(p, Vi)l = Tr (—th{?Vh + %52 +t— 20?2 4 A (VigoT — z—:u))y
Tr Ly, Vi) < Tr (—hZA%h + %52 +t—2h3 + h* (Vygor — e—lﬂ)y

where we have used the boundedness of V in R2.
Applying a change of scale induced by the unitary transformation U, ¢ (s,t) =
h=1/3=a/tp(h=/25 h=2/3t) to the operators above we obtain

_h2ed? 4 ha%ﬁ + W23 (=02 4+t + BBV (s, 1))

in the rescaled domain, with their respective boundary conditions. We then think of
these operators as one-dimensional Schrodinger operators in s with operator-valued
potentials. We find that operators with Dirichlet and mixed boundary conditions are,

up to a factor of h%3, given by
_h4/3ad_2)
ds2l(=n1/3-a/2—n p1/3-a/2-n)

_h4/3ad_2)N
ds2l(—n1/3-a/2—n p1/3-a/2—n

p a—2/3K0 2
XL+ h 55 ® I+ VDy(s), and

: QI+ ha*2/3%32 QI+ VM (s)
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in L2((—h/3=/2=n pl/3=a/2=n) ds: [2(0, h™™)), where for each s

d2 p
P(sia) = —— t+h* PV (s,t) and
Vy (s; ) dtQ)(O,h—W) +t+ (s,t) an
VM (s;a) & b+ heT2BY (s, 1)
s;) = ——
h A% de2lo,n—n) ’

as operators in L?(0,h™"), with M denoting mixed conditions as before.

Therefore, together with domain monotonicity we see that for every ¢ € (1/2,1) and
R > 0 there exists i’ > 0 such that for all h < h', Tr Ly, (1, V;«)? is bounded from
below by

h2/3 Z Tr <—h4/3ad—2 ’ + o3 <@32 — u) + M (VP (s50)) — 2’1>V (3.9)
Pt ds?|(-R,R) 2 hA™ N ’

and bounded from above by

2 N Y

d K
R2BN Ty | —pY3e— Ro—2/3 <_o 2 ) N (VM (s B 510
;; ' < ds?l(-R,R) * 5% TH + Ak (Vh (3704)) 2 . (3.10)

where R is given by (B4). The approach now is to use Lemma BT to show that the first
eigenvalues of VP (s;a) and VM (s; ) converge to the first eigenvalue of the operator

2

d
Ly(s;a) = e T t+ o728V (s, 1)

in L*(R,) with Dirichlet conditions, as h — 0, uniformly in s. To do this, we use
regular perturbation theory for the eigenvalues of Ly (s; «), see, for example, [8, Section
XII.2]. It follows that for any fixed k > 1, if ¢ is the normalised kth eigenfunction of
Lo(s; a), then

Me(Lp(s; ) = Me(Lo(s; o)) + hO‘_Q/gJ V(s, t)cpk(t)2 dt + O, (h2“_4/3)
o (3.11)
= 2 + hO‘_Z/?’f V (s, t)ax(t)*dt + Op_o, (h2“_4/3) :
Ry

The fact that for any given k the error term in (B.I1]) is uniformly finite in s can be
seen from the boundedness and compact support of V. It is then clear from (31T
that we only need to consider the first eigenvalue in both (3:9) and (BI0), since all
other terms will be zero for suitably small h.

Then we perform the same cutting off of the eigenfunctions of VM (s;«) and of
Ly(s; ) as in the proof of Proposition 3.2l With the exponential decay estimate from
Lemma [3.1] and the min—max principle we obtain that

MOV (s;0)) = 20+ h7?P J a1 (t)?V (s, t) dt — Ch**~?

Ry

MOVP(s;a)) < 2 4+ ho7?3 J a1(t)2V (s, t) dt + Ch2= 43

Ry

(3.12)
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with a finite constant C' < oo that is independent of h and s.
Inserting (B:12) into (3.9) and (BI0), absorbing the error into e, we conclude that

2 D Ko

d Y
. a 220 2 2
Tr Ly (g, V)L =h*7 Tr ( h dsQ‘ nm s - Jﬂh V(s,t)ai(t)"dt — eu)

d2 (N Y
+ 202 J V (s, t)a,(t)* dt — 5_1u) :
R+ -

T . o gha'yT h2 2a ‘
r ‘Ch(ﬂa Va a)— r ( d$2 E,ﬁi) 2

Then by applying Weyl’s law to these operators and taking ¢ — 1, and R — o0 we
obtain the result. OJ
Applying Proposition to V = 0 completes the proof of Theorem [ITL

4. PROOF OF THEOREM

In this final section, we culminate our results from previous sections to deduce
asymptotics for the density of the spectral projector onto low-lying states. The argu-
ment follows from that used by Frank in [4] and uses regular perturbation theory as
in Proposition 3.5

Proof of Theorem[L2. Let p;, denote the density of ', = (L5 — h*3u)°. Then we fix
V e C(R2) and take V}, as the rescaling of V according to (3.I)). It follows from the
variational principle that

h2/3f Vi(x)pp(x) de = Tr (Eh + 3y, — hz/?’,u) ry, —Tr (Eh — hz/gu) Iy
Q

—Tr (Ly + BBV, — B¥Pp)_ + Tr (L, — K¥Pp)

where we have used equality in the second term. Thus, from Proposition we have

3/2 3/2
hhlg(i)?f h'/3 JQ Vipn = Z J w— —s - zk) (,u — %32 — Ai(s; V))+ dz,
and applying it again after replacing V' by —V we see that
3/2 3/2
lim sup h1/3f Vion < Z J 5 — e(s; V)) — (u o zk) dz.
h—0.4 Q + 2 +

Then, considering V' 1nstead, it follows from the above that the liminf term is
bounded from below by

3/2 3/2
lim supL Z J [ - @52 - zk) (,u Do Ak (s; €V)> } dz.
e—0 + 2 +

Given that the sum in k is finite, we can use

d Ro o 3/2 3 Ko /2 d
_ M2y 1% ) - = < — g ) A 1%
dg<“ ¢ M) | =g ) ghlsel)
where from perturbation theory it follows that

_ f V(s Dan(t)? dt

0

)

e=0

d
—M.(s:€V
de k(s:V)

e=0
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uniformly in s, which follows from the boundedness and compact support of V. Per-
forming the same calculation for the lim sup yields

1/2
lim hl/gf Vipn de = Z J - @32 — zk> ap(t)?V (s, ) dsdt. (4.1)

h*>+

Now we note that the integral on the the left-hand side can be written as

f Vipn = f Vi(r (5. 1) pa(r(s, £))m(s, 1) ds dt

h—"
= hf f V (s, )pn(T(RY3s, h¥31)) (1 — h¥Btr(h'3s)) ds dt.

Thus, using the boundedness of the curvature x and combining this with (1)) we
conclude that
1/2

lim h4/3f V(s,t)pn(s,t)dsdt = f Z w— @52 - zk) ap(t)?V (s, t) dsdt

h—>0+ R2 R2 +
where pr(s,t) = pn(h'/3s, h?3t). Since this holds for any V € Cg°(R2), we obtain
the first statement in Theorem [L2. The proof of the second part follows by the same
argument using the rescaled potential (8.8)) and Proposition B.5l 0
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