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ABSTRACT

Context. Over the recent years, additional low-amplitude non-radial modes were detected in many of the first-overtone RR Lyrae
stars. These non-radial modes form a characteristic period ratio with the dominant first-overtone mode of around 0.61. The incidence
rate of this phenomenon changes from population to population. It is also strongly dependent on the quality of the analyzed data.
Current models explaining these additional signals involve non-radial modes of degrees 8 and 9.

Aims. Using synthetic horizontal branch populations, we investigate the incidence rate of first-overtone RR Lyrae stars with non-
radial modes depending on the population properties, i.e., ages and metallicities. We compare our results with the observed results for
globular clusters and the numerous collection of field first-overtone RR Lyrae stars to test the predictions of the models.

Methods. We used synthetic horizontal branches combined with pulsation models to predict how the incidence rate would depend on
the age and metallicity of the population. To test whether the results based on synthetic horizontal branches are realistic, we compared
them to incidence rates observed by TESS in first-overtone field RR Lyrae stars, using photometric metallicity values from a newly
established calibration for TESS.

Results. The analysis of synthetic horizontal branches showed that the incidence rate decreases with decreasing metallicity. We
inferred photometric metallicity for RR Lyrae stars observed by TESS and showed that the theoretical predictions are in agreement
with the observations. Using the same method, we also conclude that the metallicity distribution of RR Lyrae stars showing an
additional mode with a period-ratio around 0.68 appears to be different from that of both all first-overtone stars and those showing
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additional non-radial modes.

1. Introduction

RR Lyrae stars are low-mass population II pulsating stars lo-
cated at the intersection of the horizontal branch (HB) with the
] classical instability strip. The majority of them pulsate typically
= in radial fundamental mode (RRab type) or first overtone (RRc
g type). Double-mode pulsations fundamental mode and first over-
tone (RRd type) are also often observed among RR Lyrae stars.
Double-mode pulsations in the fundamental mode and the sec-
- = ond overtone are also known but are rare (see e.g. Benkd et al.
= P010). Six RR Lyrae stars were reported as possible triple-mode
'>2 pulsators in radial fundamental mode, first overtone and second
overtone (Jurcsik et al.[2015}; [Soszynski et al.|2019).
E Besides the dominant pulsations in radial modes, many more
phenomena are currently known to occur in RR Lyrae stars. The
long-standing mystery is the Blazhko effect, which is a quasi-
periodic modulation of the amplitude and/or phase of pulsations.
It was discovered more than a hundred years ago by Blazko
(1907). The Blazhko effect is more common among RRab stars
(around 50 per cent, e.g. [Jurcsik et al.[2014) than among RRc
stars (around 10 per cent, seeNetzel et al.[2018)). The modulation
in RRd stars was also reported, typically in anomalous RRd stars
(aRRd, see e.g.|Soszynski et al.[2016, and references therein).
Another phenomenon observed in RR Lyrae stars is the
presence of additional signals that cannot correspond to radial
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modes. Multiple groups of stars with such additional signals
were reported already (for a review see Netzel|2023)). The so-
called RR¢; stars are the most common group. These are orig-
inally classified as either RRc or RRd stars in which the addi-
tional low-amplitude short-period signal forms a period ratio of
around 0.60-0.64 with the first overtone. A characteristic feature
of this group is that these stars form three sequences in the Pe-
tersen diagram, i.e., a diagram of period ratio vs longer period
(see e.g. fig. 1 in[Smolec et al.[2017a). The three sequences are
at the period ratio of around 0.61, 0.62, and 0.63. Henceforth,
throughout this paper, we will use fq1, fo2, fo3 While describ-
ing individual signals falling into one of these sequences. Cur-
rently, more than a thousand RR ¢ stars are known, the majority
of which were detected with the ground-based Optical Gravita-
tional Lensing Experiment (Netzel & Smolec|2019), but also nu-
merous sample was found only recently in the space-based mis-
sions TESS (Benkod et al.[2023)) and K2 (Netzel et al.[2023)). Ad-
ditionally, many of the RR ¢4 stars were detected during studies
of smaller samples (e.g. Jurcsik et al.[2015} Smolec et al.[2017bj
Moskalik et al.|2015}; |[Forrd et al.|[2022; Molnar et al.|2023} and
references therein). The explanation of these additional signals
was proposed by [Dziembowski| (2016), who suggested that they
are caused by harmonics of non-radial modes of degrees £ = 8,9,
where harmonic of the non-radial mode of degree 8 corresponds
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to the fs3 signals, and of degree 9 corresponds to the fs; signals.
The f; is a linear combination of the two non-radial modes. We
note that similar signals to those in RR(g¢; stars were detected
in classical Cepheids as well (e.g.|Soszynski et al.[2008}; [Smolec
& Sniegowska 2016; |Stiveges & Anderson|[2018}; Rathour et al.
2021;Smolec et al.[2023| and references therein). The model by
Dziembowski| (2016)) predicts that the additional signals in clas-
sical Cepheids are caused by harmonics of non-radial modes of
degrees £ = 7,8, 9. Interestingly, a similar signal was detected in
one anomalous Cepheid only recently by Plachy et al.|(2021).

Another interesting multi-mode group of RR Lyrae stars is
the so-called RRygg (Netzel et al.|[2015a). These are RRc in
which the additional signal, fgg, has a period longer than the first-
overtone and forms a period ratio of around 0.686. Since the first
detection more and more RRg¢g stars are identified in various
stellar systems (e.g. [Netzel & Smolec|2019; Molnar et al.|[2022;
Benko et al.[2023)). Again, the analogous multi-mode group was
also identified among classical Cepheids (Stiveges & Anderson
2018 Smolec et al.||2023). The only explanation for fsg signals
was proposed by [Dziembowski| (2016), but it faces several dif-
ficulties (see a discussion in Sec. ). Only recently, Benkd &
Kovacs|(2023) reported discovery of analogous signals in RRab
stars.

The incidence rates of RRg¢; stars are different depending
on the studied sample. The dominant factor influencing the inci-
dence rates is the quality of photometry. Netzel & Smolec|(2019)
analyzed RRc stars based on the OGLE-IV data for the Galactic
bulge fields and obtained an incidence rate of 8.3 per cent for
RR¢; stars. On the other hand, Netzel et al.| (2015c) analyzed
only the two most frequently sampled Galactic bulge fields from
the OGLE-IV data and obtained a significantly higher incidence
rate of 27 per cent. As expected, using space-based data typi-
cally results in a higher incidence rate than using ground-based
photometry. From the ground-based data, the incidence rate does
not exceed 60 per cent, except for the NGC 6362 study, where
the incidence rate of the RRg¢; stars is as high as 62.5 per cent
of the RRc sample (Smolec et al.|2017b)). From the space-based
data, the incidence rate usually exceeds 60 per cent. In this re-
gard, a record holder is the stars from the original Kepler field,
where the inferred incidence rate reaches 100 per cent (Moska-
lik et al.|[2015; [Forro et al.|[2022)). The literature incidence rates
of the RRy¢; stars from different stellar systems and based on
various studies are collected in Table [I} An interesting result
from color-magnitude diagrams is that RRg ¢ stars tend to avoid
the bluest region of it (Jurcsik et al.|2015; [Smolec et al.|2017b;
Molnar et al.|[2022)). [Netzel & Smolec| (2022) calculated a grid
of theoretical models of RR Lyrae stars pulsating in radial and
non-radial modes of degrees predicted by |Dziembowskil (2016)
and showed that close to the blue edge of the instability strip,
these non-radial modes are linearly stable. Consequently, in stel-
lar systems with densely populated horizontal branches, the in-
cidence rate of RRg¢; is expected to be lower than 100 per cent
due to the lack of excitation of those non-radial modes in the
stars close to the blue edge of the instability strip.

Incidence rate is not the only difference between RR¢; stars
from different studies. There are also differences in the Petersen
diagram between different samples of RRg¢; stars (see a discus-
sion inMolnar et al.[2022] and their fig. 13). The scatter, appear-
ance of characteristic sequences, and average period ratio change
from sample to sample. At least some differences between the
different samples of the RR¢; stars can be explained by differ-
ences in physical parameters, metallicities, and ages. The depen-
dency of radial modes content on those parameters has already
been studied from both observational and theoretical perspec-
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tives. The occurrence of double-mode RR Lyrae stars in differ-
ent stellar systems was studied recently by |Braga et al|(2022),
who reported that the fraction of RRd stars to all RR Lyrae stars
increases with decreasing metallicity of the system. Zhang et al.
(2022) reported that the ratio of fundamental to first-overtone
classical Cepheids increases with increasing average population
metallicity. The mode selection was studied from a theoretical
perspective by |Szab6 et al.|(2004)) in the context of double-mode
RRd stars (see, however, a discussion in Smolec & Moskalik
2008| on problems with modeling double-mode RR Lyrae stars).

In this work, we aim to characterize the incidence rate of
RRg¢; stars, assuming that the signals in these stars are indeed
explained by non-radial modes of degrees 8 and 9. First, we cal-
culated synthetic horizontal branches using horizontal branch
evolutionary tracks. Then, we used pulsation models to deter-
mine how many stars in the horizontal branch would be RRc
stars and how many of those would also have non-radial modes
of degree 8 or 9 unstable. We varied age and metallicity when
calculating synthetic horizontal branches. Based on those results,
we can predict the incidence rate of RRg¢; stars for different
metallicities and ages. We tested our results by comparing them
with the numerous sample of field RRc stars observed within the
TESS project and analyzed by [Benkd et al.| (2023) and to a few
globular clusters which were already analyzed in the literature
and have derived observed incidence rates of the RR ¢ stars.

Additionally, we present a distribution of photometric metal-
licity for RR g stars based on the numerous sample identified
by Benkd et al.|(2023) in the TESS data.

The paper is structured as follows. Methods are presented
in Sec. 2l The results are described in Sec. 3] and discussed in
Sec.f] Sec.[5]summarizes our findings.

2. Methods
2.1. Synthetic horizontal branches

We followed the method from [Lee et al.| (1990) to create syn-
thetic horizontal branches for a given age and metallicity. The
masses are drawn randomly from the truncated Gaussian distri-
bution:

Mug) — M)?
P(M) = [M ~ (Myg) — AM)] (Mgg ~ M) exp [_«H?—z)] :
M

ey

where M is the mass of each horizontal branch star, (Myg) is a
mean mass of stars on the horizontal branch, Mg is a mass of a
star on the tip of the red giant branch if no mass loss occurred,
AM is mass lost on average, i.e. AM = Mrg — {(Mug), and om
is a mass dispersion. We assumed that stars arrive at the hori-
zontal branch at a constant rate regardless of mass, i.e. the age
is drawn randomly from a uniform distribution. We chose four
values of Mgg: 0.80 My, 0.83 Mg, 0.85 Mg, and 0.88 M. The
Mg value translates to age. That is, the higher the mass, Mgg,
the younger the system. For Z ~ 0.001 these masses correspond
to the ages of around 13.7, 12, 11, and 9.7 Gyr, respectively. For
lower metallicities, Z ~ 0.0003, thses masses correspond to the
ages of around 12.5, 11, 10, and 9 Gyr.

We used solar-scaled horizontal branch tracks from the
BaSTI database (Pietrinferni et al.[|[2004). From the available
tracks, we chose four sets of tracks for the following metal
and helium abundances (Z, Y): (0.0001, 0.245), (0.0003, 0.245),
(0.0006, 0.246), and (0.001, 0.246). These values were chosen
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System Incidence rate  Ngg,,,  Reference

Galactic bulge (OGLE-III) 5.6% 145 Netzel et al.[(2015b)
Galactic bulge (2 fields of OGLE-1V) 27% 131 Netzel et al.| (2015¢))
Galactic bulge (OGLE-IV) 8.3% 949 Netzel & Smolec|(2019)
Pisces K2 75% 3 Molnar et al.[(2015)
TESS (first-light results) 65% 20 Molnar et al.[(2022)
TESS 72% 456 Benko et al.|(2023)
Kepler field 100% 4 Moskalik et al.| (2015))
Kepler field (Kepler Pixel Project) 100% 6 Forro et al.| (2022))

K2 62% 452 Netzel et al.[(2023)
MB80 (K2) 62.5% 5 Molnar et al.| (2023)
NGC 5897 (K2) 11% 1 Kalup et al. (in prep.)
M3 38% 14 Jurcsik et al.| (2015))
NGC 6362 63% 10 Smolec et al.| (2017b))

Table 1. Incidence rates of RR(¢; stars from the literature. Consecutive

columns provide the stellar system (and the particular study), derived

incidence rate, the total number of identified RR ¢ stars and the reference for the study.

arbitrarily to cover the metallicity range of RR Lyrae stars and
correspond to [M/H]=-2.267, [M/H]= —1.790, [M/H]= —1.488,
and [M/H]= -1.266, respectively. For each value of mass,
Mgg, and metallicity, we interpolated between the evolution-
ary tracks using linear interpolation to obtain the synthetic hori-
zontal branch population. Each horizontal branch was populated
with 500 stars. We adopted oy = 0.02 to be constant. We also
set AM = 0.15. We note that in the literature both values are
varied. Average mass loss can also be connected to metallicity.
In this analysis, however, we did not study those nuances. The
principal goal is to study main trends, not to reproduce a partic-
ular globular cluster exactly. We also repeated the same analysis
using a—enhanced tracks from the BaSTI database and the re-
sults do not change the conclusion drawn from the analysis of
solar-scaled tracks.

In Fig. [T]we plotted simulated horizontal branch stars for dif-
ferent Mg and two values of metal abundance: Z = 0.001 (top
panel) and Z = 0.0001 (bottom panel). The population is shift-
ing towards lower effective temperatures for higher M. For the
same MRg, the population is shifted towards lower temperatures
for higher Z. In the case of Z = 0.001, the population corre-
sponding to Mrg = 0.88Mj, is outside the instability strip. In the
case of Z = 0.0001, the population corresponding to the low-
est considered mass, Mrg = 0.80M,, is located outside of the
instability strip.

In Fig. 2] we plotted synthetic HB stars for different metal
abundances Z, and two different Mgg: 0.80 (top panel) and 0.88
Mg (bottom panel). First, for lower mass, Mrg = 0.8M,, the
scatter on the HR diagram is larger. The effect of metal abun-
dance is clearly visible. Namely, the higher the metallicity, the
more towards the lower effective temperature is the popula-
tion shifted. Consequently, inside the instability strip, the stars
are shifted towards lower luminosities with increasing metallic-
ity forming a known absolute brightness — metallicity relation,
Mvy—[Fe/H] (e.g. Fernley et al.|[1998)). As already visible from
Fig.[T] for the lowest mass and lowest metallicity, the population
is located outside the instability strip. The same situation is for
the highest mass and the highest metal abundance.

We note that in Figures [I] and [2] the instability strip edges
are plotted based on [Marconi et al.| (2015)), who provides a po-
sition of the fundamental red edge and first-overtone blue edge.
However, to select first-overtone RR Lyrae stars from the syn-
thetic populations, it is necessary to know the position of the
first-overtone red edge. Therefore, we calculated blue and red
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Fig. 1. Synthetic horizontal branch stars on the Hertzsprung—Russell
diagram. The mass at the tip of the RGB is color-coded as indicated
in the key. Black lines are instability strip edges from Marconi et al.
(2015)). Top panel: for Z = 0.001. Bottom panel: for Z = 0.0001.

edge for the first-overtone pulsations using envelope pulsation
code MESA-RSP (Paxton et al.[2019). We calculated a grid of
models for each value of metal and helium abundance matching
the values of the evolutionary tracks. For each grid we chose one
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Fig. 2. Synthetic horizontal branch stars on the Hertzsprung—Russell
diagram. Metal abundance Z is color-coded as indicated in the key. In-
stability strip edges from [Marconi et al.| (2015)) are plotted with lines
whose color also corresponds to Z. Top panel: for Mrg = 0.80 M,,. Bot-
tom panel: for Mrg = 0.88 M.

value of mass based on mass—metallicity relation from |Castel-
lani et al.| (1991). For Z = 0.0001 we set M = 0.74 M, for
Z = 0.0003 we set M = 0.70M,, for Z = 0.0006 we set
M = 0.67Mg, and for Z = 0.001 we set M = 0.65M,. We
used ayr = 1.5 and convective parameters from set A in [Pax-
ton et al.|(2019). The grid was calculated for three values of lu-
minosity log L/Lg € (1.5, 1.6, 1.7), and for effective temperature
from T = 5700K to 8000 K with a step of 100 K. Linear cal-
culations were carried out and based on the linear growth rates
the positions of the edges were interpolated for each metallicity.

2.2. Incidence rate based on synthetic horizontal branches

In order to estimate the incidence rate of RRc stars with non-
radial modes of degrees 8 or 9, we used the grid of models al-
ready calculated by Netzel & Smolec| (2022)). The models were
calculated using the envelope code by Dziembowski| (1977) and
are discussed in detail in [Netzel & Smolec| (2022). Here we
briefly provide the most important information. The mass range
covered by the grid is 0.5 — 0.9 M, with a step of 0.01 Mg. The
metallicity range is from —3.0 dex to +0.1 dex with a 0.05 dex
step. The luminosity, log L/L, range is 1.3 to 1.8 dex with a step
of 0.01 dex, and effective temperature, log Tq, range is from
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3.75 to 3.91 dex with a step of 0.005 dex. The number of all
models in the grid is over two million. For the further study, we
selected four subgrids of models with matching Z. On average,
each subgrid has around 33 000 models with linearly unstable
first-overtone, and around 15000 and 20000 were non-radial
modes of degrees 8 and 9 are unstable, respectively. We note,
that the used envelope code cannot calculate the position of the
red edge of the first-overtone instability strip due to the frozen-in
approximation of convection. We used the calculated edges de-
scribed in Sec. We also note that the used edges are linear,
while more realistic nonlinear red edge for the first-overtone is
hotter.

The method to derive the incidence rate based on synthetic
horizontal branch and pulsation models is presented in Fig. [3]
Simulated stars on the synthetic horizontal branch are plotted
with crosses. The models located in the grey area have at least
one non-radial mode linearly unstable. First-overtone red edge
is plotted with a red solid line, while blue edge is plotted with
a blue solid line. For a given metallicity, we compared the po-
sitions of the synthetic horizontal-branch population with se-
lected regions of instability strip provided by theoretical models.
In Fig. [3] the synthetic population is plotted with black if it is
outside the instability strip. In green, we plotted those stars that
should be RRc stars with additional non-radial modes. Pure RRc
stars are plotted with orange. In order to estimate the incidence
rate together with its error, we simulated 20 HB populations for
a given metallicity and Mgrg. We counted the number of RRc
stars with additional non-radial modes and all RRc stars in each
simulation and the resulting incidence rate is an average from
incidence rates from 20 simulations. The errors were estimated
through the bootstrap resampling technique, employing a confi-
dence level of 95 per cent based on percentiles.

2.3. Metallicity observations

For testing further if the models trying to explain the extra sig-
nals in RRc light curves with high-order non-radial modes are
correct, a comparison of the synthetic and the observed metallic-
ity dependencies of incidence rates provides a great opportunity.

For a thorough analysis, good-quality light curves are needed
to detect the extra signals in as many cases as possible. In this
work, we used TESS photometric measurements processed by
Benko et al.[(2023)). This provides us with 1357 time series ana-
lyzed in total for 670 stars brighter than 14 mag, from which 23
blended and 14 non-RRc stars were omitted leaving 633 stars for
the further analysis. Note that the higher number of time series
stems from the fact that some of the stars were observed during
multiple TESS sectors.

Spectroscopic metallicities are not available for most of these
stars. However, metallicity may be estimated in an empirical
way, based on light curve shape and pulsation period. For RRc
stars, the formulae were first established by Morgan et al.[(2007)).
The hence-derived photometric metallicities are much less pre-
cise than those determined by high-resolution spectroscopy, but
for a not individual but statistical purpose, as in our case, such
approach is sufficient. A difficulty in the photometric metallicity
estimations is, however, that the shape of the light curve varies
with optical filters, and therefore the calibration of the relation
has to be done separately for different passbands. Lacking a fit
for TESS, we have established a new calibration for the RRc
subtype. Here we present only the key aspects, details are to be
found in Varga et al. (in prep.).

As the photometric calibration dataset, the same set as that
for the extra signal detection (Benkd et al.[2023) was used, while
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spectroscopic metallicities were provided by the Carnegie RR
Lyrae Survey (CARRS, [Kollmeier et al.|[2013; |Sneden et al.
2018). The cross-matched calibration sample consisted of 96
stars. To describe the light curve, the Pq first-overtone period
and the ¢3; = ¢3 — 3¢ Fourier phase difference were used,
along with [Fe/H] indices describing the metallicity. Benkd et al.
(2023) provide this value for 632 out of 633 stars. For the em-
pirical relation, we ended up using a second-degree polynomial
in the following form and getting the following values of the 4
fitting parameters:

[Fe/H] = —-0.26 - ga%l —11.5- P10 +0.96 - 31 + 2.05. 2)
The fitting process did not consider the varying confidence in the
data points of the calibration sample, hence the fitting parame-
ters should be considered preliminary, and their final values are
yet to be published in Varga et al. (in prep.). The spectroscopic
metallicity values of the calibration sample range from —2.7 dex
to —0.3 dex, and the root mean square deviation (RMSD) of the
fitis 0.23 dex. Using such established relation for the[Benkd et al.
(2023) TESS sample, an [Fe/H] value was provided for all 632
stars with known ¢3; values.

Conversion to total Z metallicities is not a straightforward
procedure. [Kollmeier et al.| (2013)) report that CARRS abun-
dance measurements were performed by fitting to a grid of syn-
thetic spectra generated by MOOG, for which the atomic line
lists begun with the [Kurucz (2011) line database, followed by
further refinements. Kurucz (2011)) uses the solar abundances of
Anders & Grevesse| (1989), who are reportedly (Grevesse et al.
2013)) overestimated. Hence, despite not being the solar refer-
ence used for the abundance measurements, we can obtain pre-
sumably more accurate Z values calculating with the total solar
metallicity value Z; = 0.0134 of |Asplund et al|(2009), approx-
imating the iron contents and total metallicities to be propor-
tional, therefore using the formula
Z = Z, - 101Fe/H 3)
We note that in case of using a higher solar metallicity reference,
like that of |[Anders & Grevesse| (1989), the observed trends and
therefore conclusions remain the same.

3. Results
3.1. Theoretical incidence rate

Using synthetic horizontal branches for four values of metal
abundance, Z, and four values of mass at the tip of the red gi-
ant branch, Mg, we were able to determine the incidence rates
for different populations. These results are collected in Table. [2]
and presented in Fig. ] We note, that one population is not plot-
ted. In the case of Mrg = 0.88 My and Z = 0.001, i.e. young and
metal-rich population, there were no stars inside the instability
strip, as the population was redder than the red edge (compare
with Fig.[2).

There are two trends visible in Fig. @ The incidence rate
of the RRy ¢ stars depends on both metallicity and Mgg of the
given population. The incidence rate decreases with decreasing
metallicity. Moreover, typically, the incidence rate is lower for
lower values of Mg, which corresponds to older populations.
The lowest (non-zero) values of incidence rate are reached by the
population of Z = 0.0001 and Mg = 0.83 M, and the highest
is for Z = 0.001 and Mg = 0.85 M, and for Z = 0.0006 and
Mgg = 0.88 Mg.

1.84
o RPN

L7 oo

1.6

logL/Lo

1.54

1.4+

1.3

3.82 3.80 3.78 3.76

logTesf

3.90 3.88 3.86 3.84

Fig. 3. Example of synthetic horizontal branch together with pulsation
models used for incidence rate estimation. The models plotted with gray
were calculated with the MESA-RSP code by |Paxton et al.[(2019). In
these models, at least one non-radial mode is unstable. The red and blue
line correspond to the red and blue edge for first-overtone pulsations.
Synthetic horizontal branch stars are plotted with black crosses when
they are outside of the instability strip, in orange if they have unstable
first-overtone but stable non-radial modes, and in green when first over-
tone and non-radial modes are unstable.

z IR Rumin~ Rinax
0.80 M,

0.00 _ 0.79664 0.78409 0.80882
0.0006  0.65485 0.63453 0.67332
0.0003  0.5525  0.52515 0.58045
0.0001 0 0 0

0.83 Mg

0.001 091642 0.88579 0.94607
0.0006  0.81013 0.79762 0.8226
0.0003  0.6091  0.58558 0.63313
0.0001  0.28059 0.24483 0.31418
0.85 Mg,

0.001 I I I
0.0006 09104 0.89128 0.92789
0.0003  0.57177 0.55852 0.58548
0.0001  0.49106 0.45882 0.52212
0.88 M,

0001 = - -
0.0006 1 1 1
0.0003  0.85568 0.84479 0.86656
0.0001  0.67526 0.65092 0.70054

Table 2. Theoretical incidence rates. For four different Mg and Z, the
columns provide the incidence rate (IR) from 20 simulations together
with minimum and maximum values of IR corresponding to confidence
level of 95 per cent.

3.2. Metallicity of RR Lyrae stars with additional signals

We determined photometric metallicity for RRc stars studied by
Benk®d et al.|(2023)). The distribution of metallicities is plotted in
Fig. [5|for all RRc stars, and for RRc stars that were identified by
Benko et al.| (2023) to show additional signals as indicated in the
key.

The majority of RRc stars in Fig. [5] have metallicity from
—2.0dex to —1.0 dex. However, there are stars that have metal-
licity as low as —3.5 dex and as high as 0.0 dex. Stars classified
as RRgg; or with fg; or fs3 signals have metallicity distribu-
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Fig. 4. Incidence rate of RRg; stars as a function of metal abun-
dance, Z. The incidence rate is calculated based on synthetic horizontal
branches and pulsation models (see text for details). Different colors
and symbols correspond to different masses on the tip of the red giant
branch as indicated in the key.

tions that do not show large-scale differences compared to the
distribution of all RRc stars. Interestingly, stars with fgg have
a distribution that differs from the distribution of all RRc stars.
Typically the RRg¢g stars have lower metallicities than all RRc
stars, and RRc stars with fg; or fg3 signals. The majority of the
RR(¢s have metallicity from —1.7dex to —1.3 dex. Moreover,
while RRc stars with and without fg; signals can reach rela-
tively high metallicities, the RRg¢s are not detected for metal-
licity above —0.5 dex. The particularly interesting stars are those
classified at the same time as RR(¢; and RR ¢g stars, which are
also included in the distribution in Fig. [5] Their metallicity dis-
tribution shows more resemblance to the one for stars with fgg
than to RRg¢;.

3.3. Observed metallicity dependence of incidence rates

In Fig. |§|the incidence rates of RRg¢; stars out of all RRc stars
are shown, subdivided into groups defined by their more precise
period-ratio, namely the fs; and the fg3 signals. We converted the
photometrically estimated [Fe/H] values to total Z metallicities,
then calculated the incidence rates using bins from Z = 10~* to
Z = 10-107* with a width of AZ = 107*. The uncertainties of
the incidence rates were calculated as the standard error of the
sample mean.

Comparing the observed incidence rates of at least one sig-
nal (red crosses) on Fig.[6]to the simulated results on Fig.[4] sug-
gests a resemblance in trends. Notably, both distributions indi-
cate lower incidence rates with decreasing metallicity. However,
this observation should be verified using metallicity measure-
ments that have better accuracy than those obtained with photo-
metric metallicity calibrations.

4. Discussion

The predicted trend of decreasing incidence rate of the RRg¢;
stars with decreasing metal abundance was compared with ob-
served incidence rates for field stars observed with TESS in
Fig. @ The observed and predicted trends, indicating a decrease
in incidence rates with decreasing Z, seem to align well, sug-
gesting that the simulated results and the underlying theoretical
background are justified. The observed values of the incidence
rates corresponding to all manifestations of non-radial modes,
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i.e. RRy¢ in Fig. E], are within the range of the incidence rates
based on the models. We note, the uncertainties of photometric
metallicities are higher than of those determined spectroscopi-
cally. While the trend in observed photometric metallicities from
the TESS sample seem to match simulated trends, this conclu-
sion should be verified using metallicities that have smaller un-
certainties.

The most uniform populations that we could compare our
results to are globular clusters. Several known globular clus-
ters were already analyzed for the occurrence of additional sig-
nals in RR Lyrae stars (see Table E]): M80, NGC 5897, M3, and
NGC 6362. Interestingly, in the case of NGC 5897, which is the
lowest metallicity of the above-discussed globular clusters, the
incidence rate is only 11 per cent (Kalup et al. in prep.). We in-
cluded these four globular clusters in Fig.[7} For M3 we adopted
[Fe/H] = —-1.50, for M4 — [Fe/H] = —1.18, for NGC 6362 —
[Fe/H] = —1.07, and for NGC 5897 — [Fe/H] = —-1.9 (Car-
retta et al|[2009). We used Eq. [3 to calculate Z. Interestingly,
incidence rates for these four globular clusters appear to follow
the same trend with metallicity, although the values of incidence
rates are lower than the trend set by the models.

The caveat of the comparison between globular clusters is
that they were studied using different instruments and photo-
metric systems. M80 and NGC 5897 were observed during the
K2 mission, while the observations of M3 and NGC 6362 were
carried out in V band using different ground-based telescopes.
These differences cause different detection limits of the fj¢; sig-
nals and the incident rates cannot be directly compared. To esti-
mate the impact of this problem on our analysis we consider the
lowest amplitude of an additional signal detected with a given
instrument as a rough estimate of its detection limit. This gives
a detection limit of 0.5 mmag for M80 and NGC 5897, 5 mmag
for M3, and 2.3 mmag for NGC 6362. The amplitudes of the fj¢;
signals are lower for V band than for / band by roughly a factor
of two (see fig. 8 inJurcsik et al.|2015). Since the K, band spans
approximately from [ to V band, we assume that the amplitude
of signals in K, band is at most twice as large as in the V band.
Even with this assumption some stars discovered in K2 would
not be detected in the case of M3 and NGC 6362. Hence, the in-
cidence rate for M3 and NGC 6362 is likely underestimated. We
conclude that indeed the underlying incidence rate for M3 and
NGC 6362 is likely higher than for NGC 5897 and M8&0.

The incidence rates observed for globular clusters seem to be
lower than based on the models. There are multiple factors that
might cause this difference. First, there are observational limi-
tations. In some stars, the additional signals might have ampli-
tudes lower than the noise level and therefore not be identified as
RRy ;. This is certainly an important factor since the observed
incidence rates are strongly correlated with the quality of pho-
tometry. Moreover, distributions of amplitudes of additional sig-
nals in RRg¢; stars show a rise in the number of stars towards
low amplitudes until the cutoff due to data limitations (see e.g.
figures 4 and 5 in Netzel & Smolec|2019| and fig. 11 in Benkd
et al.[2023)).

Second, the signals in RR¢; stars are not stable. Specifi-
cally, their amplitude and/or phase often vary in time. As a con-
sequence, they form wide structures in frequency spectra, which
is commonly observed (see e.g. fig. 9 in|Netzel et al.[2023). With
longer and more precise data it is possible to trace this variabil-
ity in time. For instance, |[Netzel et al.| (2015¢) showed that fre-
quency spectra of RRg¢; stars can drastically change from ob-
serving season to observing season (see their fig. 10). Long-term
monitoring of four RRc stars in the Kepler field allowed to trace
these changes in more detail (see figures 6 and 7 in |Moskalik

et al.[[2015), which turned out to be significant. The irregular-
ity of changes was also shown based on observations of stars in
the continuous viewing zone of TESS (see figures 17 and 18 in
Benkd et al.|[2023). These changes might contribute to another
mechanism that decreases the observed incidence rate. Namely,
some RRg¢; stars might be simply observed during phases of
low amplitude of fs; 6263 due to its non-stationary nature, and
therefore not identified as RRg¢;.

The third effect that leads to decrease of the predicted inci-
dence rate is the fact that the non-linear first-overtone red edge
is hotter than the linear red edge. Therefore the number of RRc
stars with unstable non-radial modes will decrease and conse-
quently the incidence rate will be lower.

As visible from Table 2] in our simulated young and metal-
rich populations there are no RR Lyrae stars. We note that
there are known RR Lyrae stars with high metallicities (e.g. |Liu
et al.[2013)), which have kinematics consistent with young thin
disk (e.g. [lorio & Belokurov|[2021) However, the ages of indi-
vidual stars are not precisely known to verify this. Moreover,
such young and metal-rich RR Lyrae stars are difficult to ob-
tain through standard formation channel. |Bobrick et al.| (2024)
showed that they can be created through binary evolution. To
test whether young and metal-rich RR Lyrae stars population
exists, we used the collection of RR Lyrae stars in galactic glob-
ular clusters prepared by |Cruz Reyes et al.| (2024). For metal-
rich globular clusters we searched for ages in the literature and
checked their population of RR Lyrae stars. Our search revealed
that indeed in this sample there is no young and metal-rich glob-
ular cluster with sizeable population of RR Lyrae stars. The
only candidate is Terzan 7, whose metallicity is estimated around
[Fe/H]~ —0.6 (Harris||{1996) or [Fe/H]~ —0.6 (Sbordone et al.
2005; [TautvaiSiené et al.|2004). Its age is estimated to be 9 Gyr
by Buonanno et al.|(1995) or 6 Gyr by TautvaisSiene et al.|(2004)).
However, this cluster contains only one RR Lyrae star (Cruz
Reyes et al.[2024).

4.1. RRy s stars

The analysis of photometric metallicities for a large sample of
RRec stars from the TESS data leads to additional noteworthy re-
sults regarding the RRggg stars. The metallicity of the RRg¢s
stars have a different distribution than all RRc stars, and the
metallicity of the RRggg stars is typically lower. We applied
the Komogorov-Smirnov test to verify the difference between
the two distributions. We assumed that the uncertainity of all
metallicity measurements is 0.23 dex, i.e. RMSD of the fit (see
Sec. [2.3). The test yielded a Kolmogorov-Smirnov statistic of
0.19 and a p-value of 0.001. With a significance level of 0.05,
the null hypothesis that the two samples were drawn from the
same distribution was rejected. This indicates a statistically sig-
nificant difference between the distributions of the RR( ¢g and all
RRc stars.

This is important in the context of explaining the nature of
the RRg¢g stars. At present, the nature of the additional signal
is unknown. |Dziembowskil (2016) showed that the period ratio
of around 0.68 can be reproduced by pulsations in radial funda-
mental mode and first overtone if the RR g stars are in fact not
true RR Lyrae stars, but low-mass giants stripped from their en-
velopes similarly to binary evolution pulsator (Pietrzynski et al.
2012). This explanation, however, is challenged by stars that
show fe162.63 and feg signals simultaneously. Such stars were al-
ready detected from the ground and space-based photometry (e.g
Netzel & Smolec||2019; | Benko et al.|[2023; Netzel et al.|[2023)).
Therefore explanations proposed for RRg¢; stars and for RRq ¢g
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stars are mutually exclusive. We note that fgg signals were also
detected in classical Cepheids since the development of the the-
ory by |[Dziembowski| (2016), and only recently in RRab stars
(Benko & Kovacs|2023)). So far, there was no clear observed dif-
ference between the RR( ¢, and the RR ¢ stars. In this study, we
show for the first time that in fact, the RRg¢; and the RR g5 stars
show differences. This observation will hopefully contribute to
future efforts in explaining the nature of the additional signals in
the RRq g3 stars.

5. Conclusions

We calculated synthetic horizontal branch populations to investi-
gate the incidence rate of stars with non-radial modes of degrees
¢ = 8,9. We calculated populations for four values of metallic-
ity, (Z,Y): (0.001, 0.246), (0.0006, 0.246), (0.0003, 0.245), and
(0.0001, 0.245), and for four values of mass at the tip of the red
giant branch, Mrg: 0.80 Mg, 0.83 Mg, 0.85 Mg, and 0.88 M.
We used BaSTI horizontal-branch evolutionary tracks (Pietrin-
ferni et al.|[2004). We used MESA-RSP code by [Paxton et al.
(2019) to derive the instability strip edge for first-overtone pul-
sations, and a grid of models fromNetzel & Smolec|(2022) to get
the region of the instability strip where the non-radial pulsations
in modes of degrees 8, and 9 occur.

We compared our theoretical predictions of incidence rates
with observed incidence rates of RR¢; stars. We used four glob-
ular clusters with derived incidence rates: NGC 5897 (Kalup et
al. in prep.), M80 (Molndr et al.|2023), M3 (Jurcsik et al.|2015),
and NGC 6362 (Smolec et al.|[2017b)). We also used RRc stars
observed by TESS and analyzed by Benk®d et al.[(2023)). For this
sample, we derived photometric metallicities based on our newly
established calibration for TESS. Our findings are listed below:

— For a population with metallicity of Z = 0.001 and mass at
the tip of the red giant branch, Mrg=0.88 Mg, i.e. metal-rich
and young population, all stars were outside of the instability
strip. In other words, this population did not contain any RR
Lyrae stars.

— For the rest of the combinations the incidence rate varied
from high values, close to 100 per cent, to relatively low
(non-zero) values of almost 20 per cent.

— The theoretically predicted incidence rate decreases with de-
creasing metallicity.

— The theoretically predicted incidence rate is lower for lower
values of Mg, i.e. for older populations.

— The trend of decreasing incidence rate with decreasing
metallicity appear in agreement with the observed values of
incidence rates for four globular clusters. The values of ob-
served incidence rates are systematically smaller than pre-
dicted by the simulations (see a discussion in4).

— The RRy¢; stars from the TESS sample also show the slight
trend of decreasing incidence rate with decreasing metallic-
ity but are subject to the relatively significant error bars.

We investigated differences between metallicity distributions
for the whole RRc TESS sample and stars classified as RRg; or
RRy 63. The distribution of photometric metallicity for the whole
RRc TESS sample and the RRg¢; stars do not show large scale
differences. Interestingly, RRc stars with the fgg signals show a
metallicity distribution that significantly differs from the rest of
the RRc sample. RR ¢g stars tend to have typically lower metal-
licities. This is also the case for the RRgg¢; stars with the fgg
signals.
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