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Towards testing the general bounce cosmology with the CMB B-mode

auto-bispectrum
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It has been shown that a three-point correlation function of tensor perturbations from a bounce
model in general relativity with a minimally-coupled scalar field is highly suppressed, and the
resultant three-point function of cosmic microwave background (CMB) B-mode polarizations is too
small to be detected by CMB experiments. On the other hand, bounce models in a more general
class with a non-minimal derivative coupling between a scalar field and gravity can predict the
three-point correlation function of the tensor perturbations without any suppression, the amplitude
of which is allowed to be much larger than that in general relativity. In this paper, we evaluate
the three-point function of the B-mode polarizations from the general bounce cosmology with the
non-minimal coupling and show that a signal-to-noise ratio of the B-mode auto-bispectrum in the
general class can reach unity for ℓmax ≥ 9 and increase up to 5.39 for ℓmax = 100 in the full-sky
case. We also discuss the possibility to test the general class of bounce models by upcoming CMB
experiments.

I. INTRODUCTION

Inflation [1–3] is the most conventional scenario of the early universe, whereas, motivated by the initial singularity
problem [4] in that scenario, non-singular alternatives have also been considered (see, e.g., Refs. [5–7]). The study
of the non-singular alternatives is not only interesting for exploring theoretical new possibilities but also important
for testing inflation itself by comparing the observational predictions from different scenarios. For these reasons, it is
worth investigating observational signatures in the non-singular alternatives as well as inflation.
In the present paper, we consider a bouncing cosmology [6, 7] as the non-singular alternative scenario. Recent studies

have found a model space of the bouncing cosmology where the observed cosmic microwave background (CMB)
fluctuations are predicted consistently [8]. The CMB temperature fluctuation and E-mode polarization originate
from both a primordial density fluctuation and primordial gravitational waves, while the B-mode polarization arises
solely from the latter [9]. Statistical properties of the primordial gravitational waves have been less constrained
compared to those of the primordial density fluctuation. However, both fluctuations carry rich information on the
early universe physics, and thus future detections of the B-mode polarization by e.g., LiteBIRD [10], CMB-S4 [11],
Simons Observatory [12], SPIDER [13], BICEP Array [14], and PICO [15], among others, are expected to open a new
window to a more detailed description of the early universe.
In general, two-point statistics of the gravitational waves from inflation can be mimicked by non-singular alter-

natives (see, e.g., Ref. [16]), and hence different scenarios can predict the same two-point statistics of the B-mode
polarization. On the other hand, the degeneracy of the predictions at the power spectrum level can be resolved at the
primordial bispectrum level [8, 17]. Therefore, the three-point statistics of the B-mode polarization originating from
the primordial tensor bispectrum are important for discriminating the different scenarios.
So far, the three-point statistics of the B-mode polarization from the bouncing cosmology has been studied only

in the context of general relativity with a minimally-coupled scalar field [17], where it has been found that a signal-
to-noise ratio of the B-mode auto-bispectrum is too small to be detected. On the other hand, those from inflation
have been widely studied. In particular, a recent study has shown that inflation in the context of general relativity
predicts a signal-to-noise ratio much smaller than unity [18]. It has been found that for extended models of inflation
in beyond general relativity, the three-point function of the B-mode polarization can potentially be detected by CMB
experiments [18, 19] (see also Refs. [20–22] for a sizable B-mode bispectrum originating from external sources). Thus,
as with the extended models of inflation, it is interesting to see whether observable signatures of the three-point
statistics are predicted in an extended framework of the bouncing cosmology, e.g. modified gravity.
In our paper, we use the Horndeski theory which is the most general scalar-tensor theory giving the second-order

field equations [23–25] (see Ref. [26] for a review). An extended framework of the bouncing cosmology with a power-
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law contracting phase has been constructed and the three-point function of tensor perturbations has been computed
in this theory [8] (see also Ref. [27] for a similar analysis in a subclass of the Horndeski theory). Besides a cubic
operator of the tensor perturbations present in general relativity, an additional one is induced by the so-called G5

term in the Horndeski Lagrangian [28]. In particular, for the bouncing cosmology with a minimally-coupled scalar
field, the three-point function of the tensor perturbations originating from the cubic operator in general relativity
is negligibly small [8, 29], which results in unobservable three-point statistics of the B-mode polarization [17]. The
three-point function originating from the additional cubic operator does not have such a negligibly small amplitude [8],
but its impact on the B-mode polarization has not been studied so far. In the present paper, by using the extended
framework of the bouncing cosmology, we calculate the signal-to-noise ratio of the B-mode bispectrum originating
from the new cubic interaction term and show that the three-point statistics can potentially be tested by upcoming
CMB experiments.
This paper is outlined as follows. In the next section, we briefly review the framework of general bounce cosmology

including both primordial power spectum and bispectrum of tensor perturbations. In Sec. III, we first show an
analytical expression of a B-mode auto-bispectrum and then compute it numerically. In the same section, we also
compute a signal-to-noise ratio of the B-mode bispectrum and evaluate its upper bound by taking into account a
condition for linear perturbation theory to be valid. Our conclusions are given in Sec. IV.

II. SETUP

Throughout the present paper, we work in a spatially-flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric
which is of the form,

ds2 = −dt2 + a2(t)δijdx
idxj

= a2(η)(−dη2 + δijdx
idxj) , (1)

where a is the scale factor and η stands for the conformal time defined by dη := dt/a. Hereafter, a dot and a
prime represent differentiation with respect to t and η, respectively. For later convenience, we introduce the Hubble
parameter defined by H := ȧ/a. The early universe in the bouncing cosmology experiences contracting, bouncing,
and expanding phases. The simplest contracting phase is described by a power-law model in which the scale factor is
parametrized as

a =

( −t

−t∗

)n

=

( −η

−η∗

)n/(1−n)

, (2)

where 0 < n < 1, and t∗(< 0) and η∗(< 0) represent the cosmic and conformal time at the end of the contracting
phase, respectively. As an example, one can consider the case of n = 2/3, which is known as the matter bounce [30]
and whose contracting phase is dominated by matter. Classical power-law contracting models have been unified in
the Horndeski theory, the action of which is of the form [23–25]

S =

∫

d4x
√−g

[

G2(φ,X)−G3(φ,X)✷φ+G4(φ,X)R+G4X [(✷φ)2 − (∇µ∇νφ)
2]

+G5(φ,X)Gµν∇µ∇νφ− 1

6
G5X [(✷φ)3 − 3✷φ(∇µ∇νφ)

2 + 2(∇µ∇νφ)
3]

]

, (3)

where Gi(φ,X) are arbitrary functions of φ and its canonical kinetic term X := −gµν∇µφ∇νφ/2. In the present
paper, we define GX := ∂XG and Gφ := ∂φG.
Whether the statistical properties of the perturbations during the contracting phase can have imprints from the

subsequent phases or not depends on the specifications of the model considered (see, e.g., Refs. [31, 32]). In the present
paper, we follow Ref. [8] and assume that the observational predictions are solely determined during the contracting
phase, and hence we investigate the impacts of a correlation function evaluated at the end of the contracting phase
on the statistics of the CMB B-mode polarization.
Under the background metric in Eq. (1), the Friedmann and evolution equations have been obtained, respectively,
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as [25]

E =

5
∑

i=2

Ei

= 2XG2X −G2 + 6Xφ̇HG3X − 2XG3φ − 6H2G4 + 24H2X (G4X +XG4XX)

− 12HXφ̇G4φX − 6Hφ̇G4φ + 2H3Xφ̇ (5G5X + 2XG5XX)− 6H2X (3G5φ + 2XG5φX) = 0 , (4)

P =

5
∑

i=2

Pi

= G2 − 2X(G3φ + φ̈G3X) + 2(3H2 + 2Ḣ)G4 − 12H2XG4X − 4HẊG4X − 8ḢXG4X

− 8HXẊG4XX + 2(φ̈+ 2Hφ̇)G4φ + 4XG4φφ + 4X(φ̈− 2Hφ̇)G4φX − 2X(2H3φ̇+ 2HḢφ̇+ 3H2φ̈)G5X

− 4H2X2φ̈G5XX + 4HX(Ẋ −HX)G5φX + 2
[

2(HX)· + 3H2X
]

G5φ + 4HXφ̇G5φφ = 0 , (5)

where Ei and Pi are originating from the Gi terms in the action (3). The general class of power-law contracting
models has been studied by assuming that each term in E and P evolves in time as

Ei,Pi ∝ (−t)2α . (6)

The tensor perturbations hij around the FLRW metric are defined by

ds2 = −dt2 + gijdx
idxj , (7)

where

gij = a2
(

δij + hij +
1

2
hikhkj +

1

6
hikhklhlj · · ·

)

. (8)

By expanding Eq. (3) up to quadratic and cubic order in the perturbations, one obtains the quadratic and cubic
actions as [25]

S
(2)
h =

1

8

∫

dtd3xa3
[

GT ḣ
2
ij −

FT

a2
(∂khij)

2

]

, (9)

S
(3)
h =

∫

dtd3xa3
[FT

4a2

(

hikhjl −
1

2
hijhkl

)

hij,kl +
µ

12
ḣij ḣjkḣki

]

=: −
∫

dtHint , (10)

where

GT := 2[G4 − 2XG4X −X(Hφ̇G5X −G5φ)] , (11)

FT := 2[G4 −X(φ̈G5X +G5φ)] , (12)

and µ := φ̇XG5X . Here, we have GT ,FT ∼ E4/H2,P4/H
2 ∝ (−t)2(α+1), which indicates that the propagation speed

of the gravitational waves c2h := FT /GT is a constant. Additionally, one can express µ as µ = −(1/2)∂GT/∂H , and
hence we have µ ∝ (−t)2α+3 in our power-law setup.
In Fourier space, we expand the quantized perturbations as

hij(t,x) =

∫

d3k

(2π)3
ĥij(t,k)e

ik·x,

=
∑

s

∫

d3k

(2π)3
[h

(s)
k

(t)â
(s)
k

e
(s)
ij (k) + h

(s)∗
−k

(t)â
(s)†
−k

e
(s)∗
ij (−k)]eik·x , (13)

where the creation and annihilation operators satisfy the following commutation relations:

[â
(s)
k

, â
(s′)†
k′ ] = (2π)3δss′δ(k− k

′) , (14)

others = 0 , (15)
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with s = ±2 standing for the two helicity states of the graviton. The polarization tensor e
(s)
ij satisfies the transverse

and traceless conditions, kie
(s)
ij = 0 = δije

(s)
ij . Additionally, we adopt the normalization condition as e

(s)
ij (k)e

(s′)∗
ij (k) =

2δss′ .
Let us express the two-point function of the tensor perturbations in terms of the power spectrum Ph as

〈ξ̂(s)(k)ξ̂(s′)∗(k′)〉 =: (2π)3δss′δ(k+ k
′)
π2

k3
Ph , (16)

where we introduced ξ̂(k) := ĥij(k)e
(s)∗
ij /2. Given the power-law behavior of the time-dependent functions (i.e., a,GT

and FT ), the equation of motion for canonically normalized tensor perturbations can be written as

v
(s)′′

k
+

[

c2hk
2 − 1

η2

(

ν2 − 1

4

)]

v
(s)
k

= 0 , (17)

where v
(s)
k

:= a(GTFT )
1/4/2)h

(s)
k

, and we defined ν by

ν :=
−1− 3n− 2α

2(1− n)
. (18)

By imposing the Minkowski vacuum initial condition for the perturbations as

lim
η→−∞

v
(s)
k

=
1√
2k

e−ichkη , (19)

one obtains the solution of the mode function as

h
(s)
k

=
2

a(GTFT )1/4
·
√
π

2

√−chηH
(1)
ν (−chkη) . (20)

The spectral index of the tensor power spectrum, nt := d lnPh/d ln k, can be written in terms of ν as [8]

nt = 3− 2|ν|. (21)

Since the equation of motion for v
(s)
k

is invariant under ν → −ν, the same spectral index is realized for two cases.
Note that a spectral index of a power spectrum of curvature perturbations ns takes the same form, i.e., ns − 1 =
nt = 3 − 2|ν| [8]. The scale-invariant case corresponds to |ν| = 3/2 that is realized for α = −2 (ν = 3/2) or
α = 1− 3n (ν = −3/2). These two branches are related to the behavior of superhorizon modes satisfying |chkiη| ≪ 1
since the amplitudes of those modes are proportional to |η|ν−|ν|: the amplitudes for α = −2 (ν = 3/2 > 0) are constant
as in de Sitter universe while those grow in time in proportion to |η|−3 as in a matter-dominated contracting universe.
In terms of conformal transformation, the authors of Ref. [8] have shown that the dynamics of the perturbations in
the former and the latter are identical to de Sitter inflation and matter-dominated contracting models, respectively
(see Ref. [16] for the duality of de Sitter inflation and the matter-dominated contracting universes in terms of the
scale invariance of the power spectra). Since observational consequences of the perturbations in de Sitter spacetime
have been well studied so far, we solely consider the case of α = 1− 3n.1 Also, we do not discuss scalar perturbations
in our paper, but it has been shown in Ref. [8] that the case of α = 1− 3n can realize a small scalar non-Gaussianity
and a small tensor-to-scalar ratio, consistent with the observed CMB fluctuations.
In the case of α = 1− 3n, the power spectrum has been obtained as [8]

Ph =
2

π2

(

1− 1

n

)2
H2

FT ch

∣

∣

∣

∣

t=t∗

. (22)

Note that the power spectrum grows with time since the mode function does.

1 See Ref. [27] where the bounce model generating the tensor perturbations effectively living in de Sitter was studied in a subclass of the
Horndeski theory, which corresponds to the case of α = −2 in our paper.
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We then move to the three-point function of the tensor perturbations. By employing the in-in formalism and using
the interaction Hamiltonian defined in Eq. (10), one can compute the three-point function as

〈ξ̂(s1)(k1)ξ̂
(s2)(k2)ξ̂

(s3)(k3)〉 = −i

∫ η∗

−∞

dη′a(η′)〈[ξ̂(s1)(η∗,k1)ξ̂
(s2)(η∗,k2)ξ̂

(s3)(η∗,k3), Hint(η
′)]〉, (23)

= (2π)3δ(k1 + k2 + k3)(BGR + Bnew) , (24)

where BGR and Bnew stand for the bispectrum originating from the cubic operators of the form h2∂2h and ḣ3,
respectively. For later convenience, let us express those as

BGR :=
(2π)4P2

h

k21k
2
2k

2
3

AGR , (25)

Bnew :=
(2π)4P2

h

k21k
2
2k

2
3

Anew . (26)

In the general bounce cosmology, the explicit forms of AGR and Anew have been obtained as [8]

AGR = − 1

128
c2hK

2η2∗

( ∑

i k
3
i

k1k2k3

)

SGR , (27)

Anew =
3

16

1− n

n

µH

GT

( ∑

i k
3
i

k1k2k3

)

Snew , (28)

where K := k1 + k2 + k3 and

SGR :=
1

K2

[

k3kk3le
(s1)∗
ki e

(s2)∗
ij e

(s3)∗
jl +

1

2
k2ik3ke

(s1)∗
ik e

(s2)∗
jl e

(s3)∗
jl + (2 permutations)

]

, (29)

Snew := e
(s1)∗
ij e

(s2)∗
jk e

(s3)∗
ki . (30)

AGR involves the suppression factor |chKη|2 ≪ 1, which makes the detection of the B-mode auto-bispectrum from that
term hopeless. Actually, in Ref. [17], a signal-to-noise ratio of a CMB B-mode auto-bispectrum has been computed
from AGR in the context of matter bounce cosmology (i.e., the case of n = 2/3), but the smallness of the three-point
function of the tensor perturbations has led to the signal-to-noise ratio much smaller than unity. Furthermore, it has
been shown in the context of inflation as well that the B-mode auto-bispectrum from AGR leads to a small signal-to-
noise ratio so that we cannot detect the B-mode at the bispectrum level. In particular, the authors of Ref. [18] have
clarified that only Anew has a potential to be tested by CMB experiments depending on the value of µH/GT within
the Horndeski theory. In light of the above, in the following section, we will compute the B-mode auto-bispectrum
originating solely from the new cubic operator and evaluate the signal-to-noise ratio.

III. B-MODE AUTO-BISPECTRUM

The CMB B-mode polarization, B(n̂), originating from the primordial tensor perturbations can be expanded on
the CMB sky in terms of the spherical harmonics as

B(n̂) =
∑

ℓ,m

aBℓmYℓm(n̂) , (31)

where

aBℓm := 4π(−i)ℓ
∫

d3k

(2π)3
T B
ℓ (k)

∑

s

(

s

2

)

−sY
∗
ℓm(n̂)ξ(s)(k) , (32)

with the B-mode transfer function T B
ℓ (k) and the spin-weighted spherical harmonics sYℓm. Throughout the present pa-

per, we use the transfer function computed using the Boltzman code CAMB [33] with the latest values of cosmological
parameters obtained by Planck [34].
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Then the B-mode angular-averaged auto-bispectrum denoted by Bℓ1ℓ2ℓ3 can be written as

Bℓ1ℓ2ℓ3 =
∑

m1,m2,m3

(

ℓ1 ℓ2 ℓ3
m1 m2 m3

)

〈aℓ1m1
aℓ2m2

aℓ3m3
〉

=
∑

s1,s2,s3

B
(s1s2s3)
ℓ1ℓ2ℓ3

, (33)

where

(

ℓ1 ℓ2 ℓ3
m1 m2 m3

)

is the Wigner-3j symbol, and

B
(s1s2s3)
ℓ1ℓ2ℓ3

=
∑

m1,m2,m3

(

ℓ1 ℓ2 ℓ3
m1 m2 m3

) 3
∏

j=1

[

4π(−i)ℓj
∫

d3k

(2π)3

(

sj
2

)

−sjY
∗
ℓjmj

(n̂j)Tℓj (kj)
]

× 〈ξ̂(s1)(k1)ξ̂
(s2)(k2)ξ̂

(s3)(k3)〉 . (34)

The details of the derivation of the explicit form will be summarized in Appendix A, and we here show only the final
expression. After some manipulation, one finds that the explicit form of Bℓ1ℓ2ℓ3 takes the following form,

Bℓ1ℓ2ℓ3 = 23
∑

L1,L2,L3

I2−20
ℓ12L1

I2−20
ℓ22L2

I2−20
ℓ32L3

I000
L1L2L3







ℓ1 ℓ2 ℓ3
2 2 2
L1 L2 L3







×
∫

x2dx

3
∏

j=1

[

2

π
iLj−ℓj

∫

dkjTℓj (kj)jLj
(kjx)

]

(2π)4P2
hK(k1, k2, k3) , (35)

where

Is1s2s3
ℓ1ℓ2ℓ3

:=

√

(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)

4π

(

ℓ1 ℓ2 ℓ3
s1 s2 s3

)

, (36)

and we imposed ℓi + Li = odd (i = 1, 2, 3). We also introduced the following function,

K(k1, k2, k3) := − (8π)3/2

10

√

7

3
fNL

∑

i k
3
i

k1k2k3
(37)

with a dimensionless parameter fNL defined by

fNL :=
3

16

1− n

n

µH

GT
. (38)

In the following section, we will show the results of the numerical calculations.

A. Numerical Results

In this subsection, we will show our numerical results. The plot of the B-mode auto-bispectrum is shown in
Figure 2. For ℓtotal = 33, the bispectrum takes the maximum value for (ℓ1, ℓ2, ℓ3) = (2, 15, 16), similarly to the results
in Refs. [18] and [17]. Additionally, Figure 2 shows that the B-mode bispectrum has a peak at ℓj ≪ ℓj+1 ≃ ℓj+2 for
a given ℓmax, similarly to the primordial bispectrum in Figure 1, which has a peak at kj ≪ kj+1 ≃ kj+2.
We then compute a signal-to-noise ratio (denoted by SNR) by assuming an ideal case where the noise comes solely

from cosmic variance. For a given maximum multipole ℓmax, the signal-to-noise ratio squared can be computed
as [19, 35]

(SNR)2 =
∑

2≤ℓ1≤ℓ2≤ℓ3≤ℓmax

(−1)ℓ1+ℓ2+ℓ3
B2

ℓ1ℓ2ℓ3

σℓ1ℓ2ℓ3

, (39)

where σℓ1ℓ2ℓ3 is the variance of the bispectrum which reads [36]

σℓ1ℓ2ℓ3 = Cℓ1Cℓ2Cℓ3(1 + δℓ1ℓ2 + δℓ1ℓ3 + δℓ3ℓ2 + 2δℓ1ℓ2δℓ2ℓ3) (40)
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FIG. 1: Anew(k1, k2, k3) as a function of k2/k1 and k3/k1 in the case of s1 = s2 = s3 = +2. We have normalized the result to
1 for the equilateral triangle k1 = k2 = k3.

FIG. 2: The B-mode auto-bispectrum divided by iP2
hfNL for ℓtotal :=

∑

i ℓi = 33.

in an weakly-Gaussian regime where the contribution of the bispectrum to the variance can be ignored. The power
spectrum of the B-mode polarizations Cℓ is defined by

〈aBℓmaBℓ′m′〉 = δℓℓ′δmm′Cℓ , (41)

where

Cl := 4π

∫

dk

k
Ph[T B

l (k)]2. (42)

Note that the factor (−1)ℓ1+ℓ2+ℓ3 in Eq. (39) always gives −1 because of the odd parity property of the B-mode
bispectrum (i.e., Bℓ1ℓ2ℓ3 6= 0 only for ℓ1 + ℓ2 + ℓ3 = odd).
Here, the B-mode polarizations originate from not only the primordial gravitational waves but also the gravitational

lensing [37], and hence the lensing B-mode also acts as noise. So far, how much the lensing B-mode can be delensed
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has been discussed for several experiments by evaluating D := Cdelens
l /C lens

l where C lens
l and Cdelens

l stand for a
B-mode power spectrum before and after a part of the lensing effect is removed, respectively. For instance, the best
possible delensing for the LiteBIRD experiment is Dbest = 0.33 [38]. Note that, in other experiments, e.g. PICO,
a smaller Dbest has been reported [38]. The B-mode power spectrum originating from the primordial gravitational
waves and the gravitational lensing and the best-delensed B-mode power spectrum for the case of the Lite-BIRD
experiment are shown in Figure 3. For different values of the tensor-to-scalar ratio2, r = 0.01, 0.03, 0.05 (below the
current constraint established by CMB observations, r < 0.056 [39]), the best-delensed B-mode power spectrum starts
to dominate over the primordial B-mode at ℓ ∼ 100, which implies that the signal-to-noise ratio would be saturated
for a larger ℓ. In light of this, let us compute the signal-to-noise ratio in the noiseless ideal case up to ℓmax = 100. This
gives us a reliable estimation of the maximum SNR achievable with an experiment like LiteBird. The dependence of
the signal-to-noise ratio on the maximum multipole ℓmax is shown in Figure 4.

FIG. 3: The plot of the B-mode power spectrum originating from the primordial gravitational waves (PGWs) for the cases
of r = 0.01, 0.03, 0.05 (green, orange, and blue lines, respectively) and the gravitational lensing (Lensing) and the
best-delensed B-mode power spectrum (Delensed) for the case of the LiteBIRD experiment.

FIG. 4: The ℓmax dependence of the signal-to-noise ratio divided by fNL. The solid and dashed lines correspond to the cases
of fsky = 1 (full sky) and fsky = 0.8 (sky coverage for the LiteBIRD experiment [38]), respectively, and the
signal-to-noise was multiplied by

√

fsky. The cases r = 0.01, 0.03, 0.05 correspond to the green, orange, and blue
lines, respectively.

A larger fNL leads to a larger signal-to-noise ratio, but the magnitude of fNL is constrained as long as we work in a
linear perturbation regime, since a larger fNL would imply the necessity to take into account non-linear interactions
(e.g. originating from the cubic self interactions of the tensor perturbations) in the equation of motion for the tensor

2 The tensor-to-scalar ratio is defined as r := Ph/Pζ , where Pζ is the primordial power spectrum of curvature perturbations.
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perturbations. To discuss the validity of the predictions within the linear perturbation regime, let us evaluate the

ratio of the cubic Lagrangian of the tensor perturbations (denoted by L(3)
h ) to the quadratic one (denoted by L(2)

h ),

L(3)
h

L(2)
h

=
µH

GT

|ḣij |
H

. (43)

Since µH/GT is constant and |ḣij |/H monotonically increases with the conformal time, the above takes the maximum
values at the end of the contracting phase at which the perturbations are on superhorizon scales. On these scales, the
mode function satisfies

ḣ
(s)
k

Hh
(s)
k

≃ −3(1− n)

n
, (44)

and hence we obtain

L(3)
h

L(2)
h

≃ 3
µH

GT

1− n

n
|hij | ≃ 3

µH

GT

1− n

n
P1/2
ζ r1/2 , (45)

where we used |hij | ≃ P1/2
h .3 Since we evaluate Eq. (43) and Eq. (45) at the end of the contracting phase during

which the observational predictions are determined, we impose the current constraints on Pζ and r as Pζ ≃ 2× 10−9

and r ≤ O(10−2) [39]. By assuming L(2)
h > L(3)

h for the validity of the perturbative expansion4, we obtain

µH

GT

1− n

n
<

1

3
P−1/2
ζ r−1/2 . (49)

Finally, the constraint on fNL reads

fNL =
3

16

1− n

n

µH

GT
<

1

16
P−1/2
ζ r−1/2 . (50)

Here, SNR/fNL and the upper bound on fNL are proportional to r1/2 and r−1/2, respectively. Therefore, the upper
bound on the signal-to-noise ratio is independent of the value of r. A plot of the resultant possible values of the
signal-to-noise ratio is given in Figure 5. We find that there is a parameter space in which the signal-to-noise ratio
can reach unity for ℓmax ≥ 9. In particular, the possible maximum value is about 5.39 for ℓmax = 100. When we take
into account the sky coverage for the LiteBIRD experiment, the signal-to-noise ratio can reach unity for ℓmax = 40
and its possible maximum value is about 4.82 for ℓmax = 100.

3 The magnitude of hij is determined in terms of Fourier transformation as |hij | ∼
√

∫

dkPh/k. In our case, the tensor power spectrum

is scale invariant, and we ignored the square root of the logarithmic factor, which resulted in |hij | ≃ P
1/2
h .

4 The condition L
(2)
h > L

(3)
h naively corresponds to the one for classical non-linear corrections to the linear tensor perturbation to be small:

O(|hij |fNL) < 1 (see, e.g. Refs. [40–42] for related discussions for scalar non-Gaussianities in the context of inflation). Additionally, one
might expect that strong coupling could appear on the subhorizon scales. For the canonically normalized perturbations, one obtains
the quadratic and cubic actions as

S
(2)
v =

1

2

∫

dyd3x

[(

dvij

dy

)2

− (∂kvij)
2 +

1

z

d2z

dy2
v2ij

]

, (46)

S
(3)
v =

∫

dyd3x

[

1

z

(

vikvjl −
1

2
vijvkl

)

vij,kl +
aµc2h
12

·
d

dy

(

vij

z

)

·
d

dy

(

vjk

z

)

·
d

dy

(

vki

z

)]

, (47)

where vij = zhij , z := a(GTFT )1/4/2, and dy := chdt/a. In particular, the second term in the cubic action scales on subhorizon scales
(−ky ≫ 1) as

∫

dyd3x

[

aµc2h
12

·
d

dy

(

vij

z

)

·
d

dy

(

vjk

z

)

·
d

dy

(

vki

z

)]

∼

∫

dyd3x
1

Λ2
·
dvij

dy
·
dvjk

dy
·
dvki

dy
, (48)

where Λ ∝ (−y)1/2 which is asymptotic to ∞ for y → −∞. Therefore, the ḣ3
ij term is not dangerous and strong coupling does not

appear on the subhorizon scales. See also Refs. [43–50] for related discussions where coupling functions of cubic scalar and/or tensor
interactions are asymptotic to infinity (Λ → 0 in the above case) in the past infinity.
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FIG. 5: The signal-to-noise ratio for the largest possible value of fNL in the linear perturbation regime. The blue region
stands for the possible values of the signal-to-noise ratio. The dashed line denotes the upper bound on the
signal-to-noise ratio in light of the sky coverage for the LiteBIRD experiment, i.e., the upper bound on SNR
multiplied by

√

fsky where fsky = 0.8 [38].

Before closing this section, let us comment on the expected B-mode signals from one of the non-standard models of
inflation that involves a non-attractor phase making the tensor perturbations grow in time as in a matter-dominated
contracting universe [51]. The dynamics of the perturbations in that paper is identical to ours. Actually, as has been
studied in [51], the three-point function of the tensor perturbations from that non-attractor model of inflation have
the same momentum dependence with that from the framework in our paper. Therefore, our results indicate that the
non-attractor model of inflation also has the potential to be tested with the B-mode auto-bispectrum by the upcoming
CMB experiments.

IV. SUMMARY

In this paper, we have investigated the three-point statistics of the B-mode polarization in the general bounce
cosmology. In particular, by focusing on the newly induced cubic operator of the tensor perturbations in the Horndeski
theory, we have computed the B-mode auto-bispectrum and its signal-to-noise ratio for the noiseless case. In doing
so, we have evaluated the theoretical upper bound on the signal-to-noise ratio by assuming the linear perturbation
regime and showed that the signal-to-noise ratio can reach unity for ℓmax ≥ 9 and ℓmax ≥ 40 in the full sky and the
sky coverage for the LiteBIRD experiment, respectively, and can increase up to 5.39 and 4.82 in the former and the
later, respectively, for ℓmax = 100. In the context of the non-singular alternatives, we have shown the first example
which can predict SNR ≥ 1. Once the B-mode bispectrum is detected, the extended bounce models can be one of the
candidates successfully explaining the origin of the signal, in addition to inflationary models. Therefore, this project
has its importance also from the viewpoint of testing the inflationary paradigm in terms of its counterpart.
In addition to the results presented in this paper, it would be interesting to take into account experimental and

lensing B-mode noise to discuss the possibility of the detection of the B-mode bispectrum more concretely, as has been
done in the context of inflation in Ref. [19]. Additionally, only a few examples predicting sizable three-point statistics
of the B-mode polarization have been found even in the context of inflation, and thus it would still be interesting to
find early universe scenarios predicting enhanced tensor non-Gaussianities and a sizable B-mode bispectrum. Since
the amplitude of the curvature perturbation is larger than that of gravitational waves, it would also be relevant to
investigate the CMB cross bispectra originating from primordial cross bispectra in the general bounce cosmology. We
leave these investigations to our future work.
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Appendix A: Derivation of the B-mode Bispectrum

One can expand the delta function and the polarization tensor in terms of the (spin-weighted) spherical harmon-
ics [52]

δ(3)(k1 + k2 + k3) = 8

∫ ∞

0

x2dx

3
∏

n=1

∑

Ln,Mn

(−1)Ln/2jLn
(knx)Y

∗
LnMn

(n̂n)I000
L1L2L3

(

L1 L2 L3

M1 M2 M3

)

, (A1)

e
(s)
ij (k̂) =

3√
2π

∑

M,mi,mj

−sY
∗
2M (k̂)αmi

i α
mj

j

(

2 1 1
M mi mj

)

, (A2)

where

(αm)a :=

√

2π

3





−m(δm,1 + δm,−1)
i(δm,1 + δm,−1)√

2δm,0



 . (A3)

By using Eqs. (A2) and (A3), we obtain

e
∗(s1)
ij (k̂1)e

∗(s2)
jk (k̂2)e

∗(s3)
ki (k̂3) = −(8π)3/2

1

10

√

7

3

∑

M,M ′,M ′′

s1Y
∗
2M (k̂1)s2Y

∗
2M ′ (k̂2)s3Y

∗
2M ′′(k̂3)

(

2 2 2
M M ′ M ′′

)

, (A4)

where we also used the following property of the Wigner symbols:

∑

mi,mj ,mk

(−1)3−mi−mj−mk

(

1 2 1
mi −M mj

)(

1 2 1
mj −M ′ mk

)(

1 2 1
mk −M ′′ mi

)

=

(

2 2 2
M M ′ M ′′

){

2 2 2
1 1 1

}

=
1

10

√

7

3

(

2 2 2
M M ′ M ′′

)

, (A5)

and

{

ℓ1 ℓ2 ℓ3
m1 m2 m3

}

denotes the Wigner-6j symbol.

Then, B
(s1s2s3)
ℓ1ℓ2ℓ3

is obtained as

B
(s1s2s3)
ℓ1ℓ2ℓ3

=
∑

L1,L2,L3

Is1−s10
ℓ12L1

Is2−s20
ℓ22L2

Is3−s30
ℓ32L3

I000
L1L2L3







ℓ1 ℓ2 ℓ3
2 2 2
L1 L2 L3







×
∫

x2dx

3
∏

j=1

[

2

π

(

sj
2

)

iLj−ℓj

∫

dkjTℓj (kj)jLj
(kjx)

]

(2π)4P2
hK(k1, k2, k3) , (A6)

where







ℓ1 ℓ2 ℓ3
m1 m2 m3

L1 L2 L3







is the Wigner-9j symbol, and we used the following properties of the spin-weighted spherical
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harmonics and the Wigner symbols:

∫

dΩk−sjY
∗
ℓjmj

(Ωkj
)Y ∗

LnMn
(Ωkj

)sjY
∗
2M (Ωkj

) = Isj0−sj
ℓjLj2

(

ℓj Lj 2
mj Mj M

)

, (A7)

∑

M1,M2,M3

M,M ′,M ′′

(

L1 L2 L3

M1 M2 M3

)(

2 2 2
M M ′ M ′′

)(

ℓ1 L1 2
m1 M1 M

)(

ℓ2 L2 2
m2 M2 M ′

)(

ℓ3 L3 2
m3 M3 M ′′

)

=

(

ℓ1 ℓ2 ℓ3
m1 m2 m3

)







ℓ1 ℓ2 ℓ3
L1 L2 L3

2 2 2







, (A8)

∑

m1,m2,m3

(

ℓ1 ℓ2 ℓ3
m1 m2 m3

)(

ℓ1 ℓ2 ℓ3
m1 m2 m3

)

= 1 . (A9)

By taking the sum over the helicities, we obtain

Bℓ1ℓ2ℓ3 =
∑

s1,s2,s3

B
(s1s2s3)
ℓ1ℓ2ℓ3

= 23
∑

L1,L2,L3

I2−20
ℓ12L1

I2−20
ℓ22L2

I2−20
ℓ32L3

I000
L1L2L3







ℓ1 ℓ2 ℓ3
2 2 2
L1 L2 L3







×
∫

x2dx

3
∏

j=1

[

2

π
iLj−ℓj

∫

dkjTℓj (kj)jLj
(kjx)

]

(2π)4P2
hK(k1, k2, k3) , (A10)

with ℓi + Li = odd (i = 1, 2, 3) being imposed. To derive the above expression, we used

∑

s

s

2
Is0−s
ℓL2 = [1− (−1)ℓ+L]I20−2

ℓL2

=

{

2I20−2
ℓL2 (ℓ + L = odd) ,

0 (ℓ + L = even) .
(A11)
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