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Multipolar Skyrmion Crystals in Non-Kramers Doublet Systems
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We study the Kondo lattice model of multipolar magnetic moments interacting with conduction electrons
on a triangular lattice. Bond-dependent electron hoppings induce a compass-like anisotropy in the effective
Ruderman-Kittel-Kasuya-Yosida interaction between multipolar moments. This unique anisotropy stabilizes
multipolar skyrmion crystals with a skyrmion topological charge of 1 and 2 at a zero magnetic field. Diverse
multipolar phases in the phase diagram give rise to novel spontaneous Hall response of conduction electrons.

Magnetic skyrmion crystal (SkX) configurations were first
theoretically proposed [1-3] and then experimentally ob-
served [4-8] in chiral magnets. SkX formations have also
been found in centrosymmetric magnets stabilized by compet-
ing exchange or dipolar interactions [9-22]. Due to their topo-
logical nature and potential applications in spintronics [23],
magnetic skyrmions have been a central focus in condensed
matter physics over the past decade. The skyrmions are typi-
cally based on a Kramers doublet and are commonly referred
to as dipolar skyrmions. Here, we explore the emergence
of SkXs within non-Kramers doublet systems [24]. In these
systems, all constituents of the skyrmions are multipolar mo-
ments devoid of any dipolar character. The distinct symmetry
properties of these underlying multipolar moments imply that
non-Kramers skyrmions may harbor novel physics that is not
shared by their dipolar counterparts.

The non-Kramers doublet as the ground state is common
in both partially filled d and f shells with an even num-
ber of electrons, driven by the interplay between the crys-
tal electric field (CEF) and spin-orbit coupling (SOC) [25].
We focus on the latter scenario, with the aim of establish-
ing connections with the family of intermetallic compounds
Pr(Ti, V,Tr),(Al,Zn)yg [26-29]. Here, the interactions among
multipolar moments that reside in the non-Kramers doublet
subspace are mediated by conduction electrons, which is sim-
ilar to the Ruderman-Kittel-Kasuya-Yosida (RKKY) interac-
tion for the dipolar moments [30-32].

The RKKY interaction is known to stabilize dipolar
skyrmion crystals [14]. Like typical skyrmion hosting sys-
tems [9-12, 33], achieving the SkX phase generally requires
the presence of an external magnetic field. [34] However, the
coupling between the magnetic field and the multipolar mo-
ments is of higher order [35]. This implies that obtaining a
multipolar SkX may necessitate the application of an unre-
alistically strong magnetic field. We show that our system,
featuring a compass-like anisotropy originating from the non-
Kramers nature of the constituent doublet and bond-dependent
hoppings, stabilizes multipolar SkXs even at zero magnetic
field. Moreover, our model exhibits various multipolar phases.
The absence of dipolar characteristics also poses a challenge in
detecting multipolar orders, as they evade conventional mag-
netic probes, such as neutron scattering and nuclear magnetic
resonance [35, 36]. Consequently, these orders are often re-
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Figure 1. (a) Under 7; CEF, degenerate J =4 levels of f 2 electrons
split, leading to the low-lying non-Kramers doublet '3, and a CEF
gap A. (b) Diamond lattice formed by ions (black circles) that host
the f 2 electrons. The [111] plane is a 2D triangular lattice (red
lines). The orange dot line indicates the 3-fold axis n (1], (c) Bond-
dependent hoppings and pseudo-spin interactions on the triangular
lattice. For the blue, red, and green bond, ¢, =0, 27/3, and 47/3,
respectively. (d) The bubble diagram used to compute the magnetic
susceptibility yMM ' (q)- (e) The red dots indicate the peak positions
of yMM ’ (g) in the first BZ (shaded area) of the triangular lattice.

ferred to as “hidden orders.” We propose that the spontaneous
Hall response of conduction electrons in the presence of these
multipolar phases can serve as a signature for detecting these
orders.

We start by considering single-ion physics for the f2 con-
figurations. Under local T; CEF, the spin-orbit coupled J =4
multiplet splits and gives rise to a low-lying non-Kramers dou-
blet I'3, [37], separated from high-energy levels by a CEF gap
A [see Fig. 1 (a)]. Within the I3, three pseudo-spin-1/2 oper-
ators, defined as
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form a closed su(2) algebra. Here SXY are time-reversal even
quadrupolar operators, while §% [38] is the time-reversal odd
octupolar operator.
In general, pseudo-spin operators SX-¥Z interact with both
spin and orbital degrees of freedom of conduction electrons.
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In this work, we focus on the simplest e, conduction elec-
trons to illustrate the multipolar SkX physics. One impor-
tant observation is that the symmetry-allowed Kondo inter-
actions are always singlet for physical spins of conduction
electrons [37, 39, 40]. As a result, we suppress the physical
spin indices, and the Kondo Hamiltonian is written as

Hx = Jk, Z [cj (S;(TX —S}/TZ)CJ'] +Jk, ZSJch.Tch-,
J

J
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where cj. = (cj. 1,622) denotes the two-component spinor that
carries the e, orbital indices, and 7s are the Pauli matri-
ces acting in this space. The two e, orbitals also form a
non-Kramers doublet. We perform a symmetry analysis to
constrain the symmetry-allowed hoppings. We consider the
nearest-neighbor (NN) tight-binding model for e, electrons
on a 2D triangular lattice, which can be viewed as the [111]
plane of the diamond lattice [see Fig. 1 (b)]. In the presence of
inversion, time-reversal and the three-fold rotation symmetry
along the [111] direction, the Hamiltonian can be written as

7—(5;1 = —tclT‘rocj - t’cj(iry)cj

—1"¢l(cos g, 7% —sing,7%)¢; +h.c., (3)

where all hopping amplitudes are real. Here ¢, =
0,27/3,4n/4 describes the bond-dependent hopping, see
Fig. 1 (¢).

The full Kondo lattice problem is then described by the
Kondo coupling Eq. (2) and the bond-dependent hopping
Hamiltonian Eq. (3). We focus on the weak-coupling limit
[k, ,/t] < 1, and take the classical limit for the multipolar
moments, i.e., replacing the multipolar operators with their
expectation values in the SU(2) coherent states formed by the
I';; doublet [41]. In this limit, we may integrate out con-
duction electrons to obtain a “pseudo-spin-only” Hamiltonian
(also known as the RKKY Hamiltonian):

HUKY = 3 MM ()% sy (4)
q

Here yMM'(q) (M,M’ = X,Y,Z) is the magnetic suscepti-
bility tensor, which is obtained by evaluating the diagram de-
picted in Fig. 1(d) and subsequently taking the static limit:
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where f (&g p) is the Fermi distribution function and the matrix
element [Mq,n]‘“’/ =Uon(qQ)U,, ,(q) with U(q) as the
eigenvector matrix of Eq. (3) [40]. Here J %I ¢ indicates the
Kondo coupling between the multipolar component M and the
orbital Pauli matrix component a [c.f. Eq. (2)] and the Greek
letters as denote the e, orbital indices.

Now we discuss the dependence of y™™'(q) on the pa-
rameters J, ,, ', and ¢/ (we set r =1 as the unit). First,

the Kondo interactions Jk, and Jk, control relative strengths
for the quadrupolar (SX,SY) and the octupolar (S%) sectors,
i.e., Jx, # Jk, induces an “XXZ-like” RKKY interactions. As
the Kondo interactions are just multiplicative factors for the
RKKY Hamiltonian, and given that both ¢’ and ¢” can also
induce XXZ anisotropy, we set Jx, = Jg, in the following
to simplify our discussions. If the hopping is isotropic and
bond-independent (' = t”” = 0), the tensor ™™’ (g) becomes
proportional to the identity matrix and the RKKY interaction
is SU(2) invariant (within the pseudo-spin space), recovering
the results given in Ref. [14] for dipolar spins. For finite #’
and ¢”, after Fourier transforming Eq. (4) to real space, the
pseudo-spin interaction on the y-bond [see Fig. 1 (c) for NN
bonds as an example] [42] takes the form
;RKKY X SY &

H, =J.(SKST+STS)) +IFESTST+078757, (6)
where 87 = cos¢,SX +sing, SY is the in-plane pseudo-spin
component along the y-bond direction that manifests the three-
fold rotation symmetry of the model. Couplings between the
quadrupolar and octupolar moments like SX(¥)§% are absent
because they violate the time-reversal symmetry.

We refer to the last (bond-dependent) term of Eq. (6) as
the “compass-like” term. This particular compass term has
been demonstrated to favor the formation of six-sublattice
“vortex”-like multipolar textures in honeycomb and triangular
lattice [43, 44]. Additionally, in the square lattice, the as-
sociated compass-like anisotropy has been shown to stabilize
dipolar skyrmion crystals at zero magnetic field [45]. Here
the strength Jiy. is solely determined by the ratio t”’ /¢ [c.f. the
bond-dependent hopping term in Eq. (3)] when fixing Jk, ,.
We notice that pseudo-spin Hamiltonians, presented in forms
equivalent to Eq. (6), have been explored in Refs. [44, 46].
However, our derivation highlights the natural emergence of
Eq. (6) as the low energy effective model from a microscop-
ically more realistic high-energy model Egs. (2)-(3). More
importantly, the RKKY origin of Eq. (6), which favors the for-
mation of multipolar ordered states with ordering wave vector
|@,| = 2kF [14], inherently introduces a length scale bigger
than the atomic lattice parameter. This length scale, in com-
bination with the compass-like term, stabilizes the multipolar
skyrmion crystals to be discussed below.

We compute the 7 = 0 phase diagrams by numerically
minimizing the classical multipolar RKKY Hamiltonian
Eq. (4) (see [40] for details). The three phase diagrams
in Fig. 2 are obtained by fixing Fermi wave vectors at
2kp =1b1]/4,1b1]/6,|b1|/8, where b is the reciprocal lattice
vector of the triangular lattice.

The phase diagrams shown in Fig. 2 include a variety of
multipolar phases. Within the multipolar vertical spiral (MVS)
phase [Fig. 3(a)], the pseudo-spin expectation values trace a
spiral pattern on a plane parallel the “direction” of the Z-
component (octupolar) of the pseudo spin. The multipolar
vertical spiral with the modulated quadrupolar components
(MVS’) phase depicted in Fig. 3(b) is related to the MVS
phase through a second-order transition. Moving on to the
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Figure 2. Phase diagrams for the multipolar RKKY model as functions of the anisotropic hopping amplitudes ¢’ /t and ¢’/ /¢. Solid lines represent
first-order phase boundaries, whereas dotted lines denote second-order phase boundaries. (a) 2kr = |b|/4 with filling n. =0.03-0.13; (b)
2kp =|b1|/6 with filling n. =0.016 —0.035; (c) 2k = |b|/8 with filling n, = 0.009 —0.019.
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Figure 3. Multipolar (pseudo) spin configurations of some common
phases of the three phase diagrams shown in Fig. 2. The in-plane
components, $X and SY, represent the expectation values of two
quadrupolar operators, while the out-of-plane component, %, corre-
sponds to the expectation of the octupolar component. Insets show
the quadrupolar (Sady and octupolar (S°'“) structure factors in
the first Brillouin Zone (BZ). Solid red circles emphasize dominant
peaks, while dotted red circles indicate subdominant peaks.

Q-spiral phase presented in Fig. 3(c), it showcases an “in-
plane” spiral exclusively formed by the quadrupolar compo-
nents. The octupolar-polarized (OP) phase signifies the pres-
ence of “ferromagnetic” octupolar ordered states, establishing
a connection to the multipolar vortex crystal (MVtX) phase
through a second-order transition. Following this OP to MVtX
transition, the quadrupolar components organize into a 3-Q
structure, while all octupolar moments maintain alignment
in the same direction. Noteworthy are two emergent mul-

tipolar skyrmion crystals (MSkXs) for 2kp = |b{|/6,]b|/8
[Fig. 2(b)(c)]. Both MSkXs phases feature a 3-Q structure
in both quadrupolar and octupolar components. They differ
from each other by the net skyrmion charge in a magnetic unit
cell: MSkX-I has ng = +1, whereas ng = +2 for MSkX-II.
The MSkXs with + topological charge are degenerate due to
the inversion or time reversal symmetry of Eq. (4), but the sys-
tem automatically chooses one flavor in the phase diagram as
a result of the spontaneous symmetry breaking. The MSkX-II
with ng = +2 is particularly interesting, because topological
excitations with higher topological charge usually cost more
energy and hence is less favored. A similar phase for the
dipolar moment was obtained both in the Kondo lattice model
in the strong coupling regime [47] and with bond-dependent
RKKY interactions [48]. The remaining phases, including
the quadrupolar stripe (Q-stripe), octupolar stripe (O-stripe),
multipolar meron crystal (MMX), and quadrupolar double-Q
(Q-2Q), are comprehensively described in the SM [40].

We proceed to provide an understanding of the phase dia-
grams illustrated in Fig. 2. Each phase diagram corresponds
to a specific range of conduction electron filling fractions,
denoted as n.. Maintaining a fixed 2k and adjusting ¢’ /¢
within the range of O to 1.6 and ¢’ /¢ within the range of 0 to
1.8, the variations in n. remain relatively modest. However,
when #’'(#"") /¢ falls outside these specified ranges, a significant
shift in n. occurs, and the peak locations of Y™™’ no longer
necessarily reside along the I' — M direction, as depicted in
Fig. 1(e). Consequently, we constrain ¢’ /¢ and t”’ / to be within
the mentioned ranges. A common feature across all three phase
diagrams is that the phases exhibit more similarity with varying
¢’ /t but greater variation with varying ¢”’ /t. This discrepancy
arises because, in the small 7. limit considered here, the bare
electron dispersion relation (see [40]) can be expanded near
the ['-point as g4,. = =61+ [31/2£3t" /4] ¢* +O(¢*). As a
result, '/t must be large to make substantial contributions.

When examining the two phase diagrams depicted in
Fig. 2(b)(c), a similarity emerges upon rescaling both axes,
implying a universal underlying physics that governs the sta-
bilization of these phases. We point out that while the RKKY
interaction introduces a length scale in the system, it is not



the exclusive mechanism for stabilizing these textures. A
short-ranged model with frustration can also establish a length
scale, albeit with a less clear microscopic origin compared to
the RKKY interaction. In SM [40], we begin with the frus-
trated Ji-J» version of the multipolar spin model [Eq. (4)],
from which we derive the universal Ginzburg-Landau theory
to elucidate this point. Here, we provide a brief summary of
the results. For a small J” [corresponding to small ¢/t in
Fig. 2(b)(c)], the system evolves into an in-plane quadrupo-
lar spiral (Q-spiral) or a multipolar vertical spiral (MVS),
depending on whether the XXZ interaction is easy-plane or
easy-axis. If the easy-axis interaction is dominant, the system
polarizes fully into the OP phase. A significant J¥ > 0 then
promotes the vortex pattern, giving rise to the MVtX phase.
As J7 increases further, a SkX-I emerges by leveraging more
in-plane quadrupolar components. The SkX-II always occurs
at a larger J” (¢"/t) compared to SkX-I due to its additional
in-plane components. Eventually, for a large enough J7, the
system favors in-plane orders such as the Q-2Q and Q-stripe
phases. The phase diagram shown in Fig. 2(a), corresponding
to a larger electron filling n. and a shorter wavelength, ex-
hibits greater dissimilarity because the aforementioned long-
wavelength analysis no longer applies.

In the presence of multipolar textures, the electronic bands
undergo folding to the reduced Brillouin zone (RBZ). In
Fig. 4(a), the folded band structure is depicted for #' /r = 0.8 and
¢/t =1.225 in the RBZ with Jg, , = 0. Figure 4(b) shows the
band structure in the presence of MSkX-I for the identical hop-
ping parameters, but with Jg, = Jk, = 0.2¢ and 2kr = |b,|/6.
The presence of a MSkX-1 opens up gaps across the entire
RBZ; for instance, notice the opening of gaps at the M and
K points for the lowest bands in Fig. 4(a) and (b). Mean-
while, the lowest band develops non-trivial Berry curvature
[see Fig. 4 (¢)] and has Chern number C,, = —1.

Interestingly, in addition to the MSkX phase, the lowest elec-
tronic bands also exhibit nonzero Berry curvatures in the RBZ
when Kondo-coupled to the MVtX phase, the MVS (MVS’)
phase, and the OP phase, as illustrated in Fig. 4(d)—(f). Due
to the spin-orbit coupled nature of the MKLM under consid-
eration, the Berry curvature of the electronic band [49] gains
contributions from both the momentum-space Berry curvature
linked to the anomalous current [50] induced by the Kondo
coupling to the uniform (octupolar) component and the real-
space Berry curvature associated with the magnetic flux gen-
erated by non-coplanar multipolar textures [51-53]. The latter
mirrors the Aharonov-Bohm effect [54] of electrons under a
physical external magnetic field in the strong coupling limit.

Figure 4(g) shows the Hall conductance oxy within the
2D triangular lattice plane as one tunes through different
phases [40]. The MVS (MVS’) phase, the MVtX phase, and
the MSkX-I phase yield finite oxy, consistent with the nonva-
nishing Berry curvatures of electronic bands in the RBZ. oxy
depends on the band structure and the location of the Fermi
level. Fig. 4(h) shows oxy versus Jk, = Jg, = Jx while main-
taining a constant electron filling fraction within each phase.
For the OP phase, oxy remains negligible for Jx /t < 0.3, gain-
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Figure 4. Electronic band structures for ¢’ /t = 0.8, ¢’' /t = 1.225: (a)
Jk,, =0and (b) Jk, =Jk, =0.2t. The orange dot lines in both (a)
and (b) represent the Fermi levels, for a common filling fraction n, =
0.02055. The bare Fermi level in (a) corresponds to 2kr = |b1]/6.
(c)—(f) The Berry curvatures for the lowest band in momentum space
for different phases under the conditions ¢+’ /r =0.8, 2k = |b1|/6, and
Jk, =Jk, =0.21: () MSKX-1(+" /1 =1.225), () MVtX (" [t =1.15),
(e) MVS (¢’ /t = 1.4), and (f) OP (¢’ /t =0.8). (g) Dependence of
the Hall conductance oxy on t”/t while maintaining ¢/t = 0.8,
Jk, =Jk, =0.2t, and 2k g = |b1|/6. (h) The Hall conductance oxy
as a function of Jg, = Jk, = Jx for the four phases represented in
(c)—(f), with a constant n. for each phase: MSkX-I (n. = 0.02055),
MVtX (ne = 0.02115), MVS (ne ~0.01946), and OP (n. ~ 0.02389).

ing significance only for a larger Jx /t. It is noteworthy that
multipolar phases solely characterized by quadrupolar compo-
nents, such as the Q-spiral phase and the Q-stripe phase, do
not break the time-reversal symmetry, resulting in a zero Hall
conductance.

In summary, we present a microscopic mechanism to stabi-
lize topological multipolar textures, such as MSkX, within f2
non-Kramers doublet systems. The critical factor for stabiliz-
ing MSkX at zero magnetic field lies in the compass-like in-



teraction on the triangular lattice, induced by bond-dependent
RKKY interactions. This bond-dependent interaction is a di-
rect consequence of the spin-orbit intertwined nature inherent
in the constituent non-Kramers doublet. Notably, these topo-
logical multipolar textures exhibit a large magnitude of Hall
conductance of the order of %/ even in the weak coupling
limit [refer to Fig. 4(g)(h)]. Consequently, the Hall response
of conduction electrons is a valuable tool for detecting these
multipolar textures. A family of Pr** compounds [29, 55-59],
particularly in the 2D limit, is a fertile playground to hunt for
the MSkX.
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I. SYMMETRY ANALYSIS FOR MULTIPOLAR KONDO COUPLINGS

The derivation of the multipolar Kondo coupling, restricted by local 7; symmetries, is provided in [1]. Rather than reiterating
the procedures for T7,;, we provide the recipes to derive the symmetry-allowed Kondo couplings that can be generalized to any
arbitrary point group.

As outlined in Ref. [1], multipolar moments couple to the conduction electron billinears of orbitals and spins. Taking the e,
electrons as an example, the most general Kondo coupling takes the form

f{,{=ZWM“"[(§§4)®c}(T“®a“)c,- : (1)
J
where KM4® denotes the interaction strength that live in the tensor product space of the multipolar operators (SM), orbital (7¢),
and physical spin (o ?), and ¢ ; denotes the spinor of conduction electrons c; 4 in the tensor product space of orbital and spin.
The summation goes over all the sites j of the lattice. Note that the tensor product space of multipolar moments, orbital, and
physical spin has a dimension of 3 x4 x 4 =48 for e, electrons. Here we have included 7y (09) to denote the orbital (physical
spin) singlet.
Now we impose symmetries. In the above-mentioned tensor product space, a symmetry operator U of a point group G is
written as

U=S®AQZ, ()

where S acts on the multipolar moments space, A acts on the orbital space, and X acts on the spin space. Let us use
OMaa = §M g ¢T (7% ® 0¥)c to denote a coupling trilinear. The symmetry-allowed trilinear then must satisfy

WMaaO‘Maa:f](Maa/UO"Maa. (3)

The above constraint is equivalent to a matrix equation UK = K, where U and K should now be viewed as a flattened 48 x 48
matrix and a 48-component vector, respectively. Rearranging terms, the matrix equation is written as

(U-DK =0, “)

where I is the identity matrix. The set of solutions {v;} forms the so-called null space for the operator F = U —1. Let us
arrange the columns of {v;} into a rectangular matrix V. We can then define the projector onto the null space as P = VV'.
The symmetry-allowed interactions then correspond to the eigenvectors of P with eigenvalue one. For multiple symmetries
{U1,U,...} € G, we need to calculate the intersection of projectors to null space

P=P\P;..., )

and then find eigenvectors of eigenvalue one. We note that the symmetry analysis discussed above can be generalized to an
arbitrary number of orbitals. For instance, considering p-orbitals (or 75, orbitals), one just needs to replace the T matrices in
Eq. (1) by the Gell-Mann matrices.

II. VARIATIONAL METHOD

We applied the variational method outlined in Ref. [2] to construct the 7' = 0 phase diagrams in the main text. This approach is
based on the observation that the magnitude of the ground state ordering wavevector Q = |@, | is fixed by 2k r for small conduction
electron filling fractions. Subsequently, we set Q = 2kr = |b|/L, where L is an integer corresponding to the linear size of the
super-cell of multipolar spins (pseudo spin-1/2). This super-cell is defined by the basis a,a,, with a; and a, constituting the
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Fig. S 1. Multipolar (pseudo) spin configurations of multipolar phases. The in-plane components, SX and SY , represent the expectation values
of two quadrupolar operators, while the out-of-plane component, SZ, corresponds to the expectation of the octupolar component. Insets show
the quadrupolar (Sauady apq octupolar (S°°) structure factors in the first Brillouin Zone (BZ). Solid red circles emphasize dominant peaks,
while dotted red circles indicate subdominant peaks.

basis of the triangular lattice. As noted in [2], the choice of commensurate 2k is only for convenience of calculation, and any
nearby incommensurate 2k ¢ is expected to produce similar phase diagrams.

For a given pair of anisotropic hopping amplitudes (#’, ") for conduction electrons, alongside fixed Kondo coupling strengths
Jk, = Jk, and fixed ordering wave vector Q = 2ky = |b|/L, we calculate the magnetic susceptibility tensor y™™’(g) for all
wave vectors within the first reduced Brillouin zone (RBZ) of the L x L triangular super-cell. Subsequently, we perform a Fourier
transform on y™™’(g) to obtain the pseudo spin-1/2 Hamiltonian in real space. Finally, using the open-source semiclassical
spin dynamics package Sunny.jl [3], we proceed to numerically minimize the classical pseudo spin-1/2 Hamiltonian within the
3L2-dimensional phase space of L x L pseudo spins.

III. CHARACTERIZATION OF OTHER MULTIPOLAR PHASES

Here, we describe the multipolar phases in Fig. S 1 that have not been addressed in the main text.

* Octupolar stripe (O-Stripe) phase: In this phase, the octupolar components are organized into a “up-up-down-down” stripe-
like structure. This phase is discovered exclusively within the short-wavelength phase diagram, where Q =2k = |b|/4.

* Multipolar meron crystal (MMX) phase: In this phase, the multipolar components are arranged in a meron crystal structure.
Within each magnetic unit cell, two merons with a skyrmion charge of 1/2 are present. This phase is observed within a
narrow region of the phase diagram, where Q =2kp = |b{|/6.

* Quadrupolar double-Q phase (Q-2Q) phase: In this phase, the quadrupolar components adopt an “in-plane” double-Q
structure.

* Octupolar polarized (OP) phase: In this phase, the dominant feature is the ferromagnetic alignment of the octupolar
components.

* Quadrupolar stripe (Q-Stripe) phase: In this phase, the quadrupolar components are arranged in a stripe-like structure.
This phase is observed for significant large antiferromagnetic compass interactions.



IV. GINZBURG-LANDAU THEORY

In clarifying the stabilization mechanism of the multipolar phases reported in the main text, it is noteworthy that, like the
dipolar Kondo lattice model [2], the primary function of the long-range RKKY interaction is to induce frustration and introduce
a length scale. To substantiate this argument, we employ a process of “regularizing” the RKKY interaction, where we consider
a short-range J;-J, pseudo spin-1/2 model on triangular lattice:

H=J1 ) (SEST+S)ST+ASFSH + Y (SEST+S8)ST+ASTST)+J] ) SIS 6)

{.5) (i) {0y
The last term accounts for the compass interaction on the nearest-neighbor bonds of the triangular lattice, where 517 =Cos ¢, ST+
sin ¢7Sl,y defines the pseudo-spin component along the “compass” (bond) direction. Furthermore, we impose J; < 0 and J > 0
to induce frustration. Additionally, as we will soon demonstrate, J ;/ > 0 (anti-compass interaction) is necessary to stabilize the

multipolar skyrmion crystal (MSkX) phase.
We perform a standard gradient expansion [4, 5]

1

S,+5:S,+(6~V)S,+§(6~V)ZS,+... (7

to derive the continuum version of Eq. (6) :

2 I 2 I 2 2 212 le 9 x\2 yy2 3 x y y x
WGszd r —E(VS,) +3(v S,)*+D(S?) —7(§[(axs,) +(0y57) ]+Z[(axsr)(aysr)+(axs,)(ays,)]) , (8
where
3 3 3,

I = E(Jl +3]2) I, = 3—2(.]1 +9]2) D= 3(A— 1)(.]1 +12)— EJI . ©)]

Note that we have dropped an overall factor of 1/4 for the pseudo spin-1/2 model under consideration. Henceforth, |S,| = 1. By
setting 4/I»/1; as the unit of length and /; as the unit of energy, we obtain the universal Ginzburg-Landau (GL) energy functional:

Few = [ |- L8+ 1782 DOSER - 5 (G055 +0,5)%] + @S0 @8) + @)@ 0

The above GL energy functional is universal because all the coupling constants

~

LD 5y

D
R
i

J7 . H,
1_11’ Fg = —SL an

are dimensionless. Now we proceed to construct the T = 0 variational J” — D phase diagram for Hgr. We follow Refs. [2, 4-6] to
propose variational ansatzes for several principle multipolar phases that dominate significant regions within the phase diagrams
reported in the main text. These ansatzes are derived via Fourier analysis performed on the solutions obtained from unbiased
calculations, as detailed in the main text.

In contrast to the multipolar phases stabilized by the RKKY interaction, where the magnitude of the ordering wave vector
|Q| = 2kF is determined by the Fermi wavevector of conduction electrons, ¢ = |Q| may vary for different values of J¥ and D
in ﬂGL. Thus, we introduce ¢ as a variational parameter. Below, Q| = gb;, Q3 = gb>, and @, = Q3 — Q1, where b and b,
represent the reciprocal lattice vectors of the triangular lattice.

The octupolar polarized (OP) phase is given by S, = (0,0, 1) with energy density D.

The normalized pseudo spin configuration S, = m,. /|m, | for the multipolar vertical spiral (MVS) phase can be parameterized
as

mY =sin(Q3-r), my =0, mé=cos(Q3-r), (12)

whose GL energy density is —(47)%¢*/6 (1 -4n2¢?/3) + D [ d*rcos*(Qs-r). For small J7, the MVS phase has an instability
towards the OP phase as D < —1/4.
The normalized pseudo spin configuration S, = m, /|m, | for the quadrupolar spiral (Q-spiral) phase can be parameterized as

my =cos(Q3-r), my =sin(Q3-r), mi=0. (13)
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Fig. S 2. T =0 variational phase diagram of the universal Ginzburg-Landau energy function Eq. (10). Solid lines represent first-order phase
boundaries, whereas dotted lines denote second-order phase boundaries.

The normalized pseudo spin configuration S, = m, /|m, | for the quadrupolar stripe (Q-stripe) phase can be parameterized as
my =0, my =sign[cos(Q3-r)], mi=0. (14)

The normalized pseudo spin configuration S, = m, /|m,| for the triple-Q phases, including the multipolar vortex crystal
(MVtX) state, MSkX-I (skyrmion charge one) state, and MSkX-II (skyrmion charge two) state, can be commonly parameterized
as

mfzalg(sin(Q1-r+¥)+sin(g—Q2'r)),
m; =a [sin|Q -r+3—ﬂ +1sin(Q 'r—z)+lsin(£—Q ,,.)
r S R R ) A R VS

mf =ap+az (—cos (Q1 r+ %) +cos(Q>-r)—cos (Q3 T+ %)) . (15)
We then optimize different variational ansatzes and find the lowest energy solution, which yields the phase diagram (see
Fig. S 2) for the universal GL energy functional Eq. (10). Notice that -D (D > 0) favors finite “out-of-plane” (octupolar)
pseudo-spin component, resulting in the OP phase for —D > 1/4. Conversely, positive J? favors a finite “in-plane” (quadrupolar)
component, leading to the formation of the Q-stripe phase for large /7. When —D and J” take small values, the interplay between
them gives rise to either an MVS phase or the Q-spiral phase, depending on whether the overall interaction is easy-plane or
easy-axis. For intermediate values of —D and J?, the ground state is energetically favorable to form triple-Q states with winding
of spins [7]. To understand this, we consider an ansatz for the triple-Q state in polar coordinates

S(r,p) =[cosO(r)cos®(p),cosO(r) sin®@(¢p),sinBO(r)], (16)

with ®(r, ) = me+ ¢o, where m is the vorticity (winding number) and ¢y is the helicity, which does not impact the GL energy.
As pointed out in Ref. [4], the first two terms of Eq. (10) penalize the triple-Q state described by Eq. (16). However, a positive
J¥ favors the same state with finite vorticity m, as the GL energy for the compass term at a particular (r, @) takes the form
RANS cos?[O(r)] sin?[®(¢)]m?. (17)
2 872
Finally, we make a connection between the pseudo-spin-1/2 models discussed in the main text and the GL theory discussed
here. To achieve this, we depict A = J7*/J;” and J7 /|J”| (for nearest-neighbor bonds with ferromagnetic J;” < 0) as functions
of t” [/t fort’ =0and 2kr = |b|/8 in Fig. S 3. Itis noteworthy that similar trends are observed for different #’-cuts of 2kp = |b1|/6
and 2kr = |b1|/8. The above analysis reveals an alignment between the behaviors depicted in the main text’s two mesoscale
phase diagrams [refer to Fig. 2(b)(c) of the main text] and the universal phase diagram.
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V. BAND STRUCTURE AND HALL CONDUCTIVITY

The bare dispersion relation for the conduction electron hopping Hamiltonian, as described by Eq. (3) of the main text, is
given by

gq.x =do(q) =1d(q)]|. (18)

Here d(q) = [d1(q),d2(q),d3(q)] with components:
do(q) = =21 (cos(q1) +cos(g2) +cos(q1 +q2))
d(q)=-21" (? (—cos(g2) +cos(q: +qz))) ;
da(q) =2t (sin(q1) +sin(q2) —sin(q1 +42)),

d3(q) =-2t" (005(6]1) - % (cos(g2) +cos(q; +6]2))) , (19)

where (q1, g2) represent the coordinates of the triangular lattice reciprocal basis vectors (b1, b,). The corresponding eigenvector
matrix is given by

_([d3(@) +1d(@)]]/n+(q) [d3<q>—|d<q>|]/n_<q>)
Ut = ([dl (q)+id>(9)] /i (q) [di(q)+ids(@)]/n_(a))" 20)
where
ne = A2+ d3+(ds(q) +1d (@) no =} +d3+ (ds(g) - 1d(q)])2. @1)

When conduction electrons are Kondo coupled to an L X L array of multipolar spin textures, the size of the Hamiltonian
increases to a size of 2L X 2L (accounting for the two e, orbitals) matrix H (q), spanning by the spinor:

1
c =—
q.aa ,—Nu -

—ig-R;
e CR;,aa> (22)



where a (@) is the sublattice (orbital) index, N, is the number of magnetic unit cell, and R; is the position of the i-th magnetic unit
cell. The Hamiltonian is then diagonalized to find the band structure [shown in Fig. 4(b) of the main text] and the eigenvectors:

H(q)un(q)) = En(q)|un(q)). (23)

Finally, the Hall conductivity is calculated as
e? / d’k
Oxy =— ——5 [ (En(k) = EF)Qu(k), 24)
Yok ; rpz (27)?

where f(E,(k)— EF) is the Fermi distribution function and

(1an (k)| O, H (@) |1t (K)) (1t (K) 01y H () [ (K))
(En(k) = Ep(k))®

Q. (k) =-29 Z

m#£n

(25)

is the Berry curvature of conduction electron in the RBZ.
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