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Optimally scrambling chiral spin-chain with effective black hole geometry
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There is currently significant interest in emulating the essential characteristics of black holes, such
as their Hawking radiation or their optimal scrambling behavior, using condensed matter models.
In this article, we investigate a chiral spin-chain, whose mean field theory effectively captures the
behavior of Dirac fermions in the curved spacetime geometry of a black hole. We find that within the
region of the chain that describe the interior of the black hole, strong correlations prevail giving rise
to many-body chaotic dynamics. Employing out-of-time-order correlations as a diagnostic tool, we
numerically compute the associated Lyapunov exponent. Intriguingly, we observe a linear increase
in the Lyapunov exponent with temperature within the black hole’s interior at low temperatures,
indicative of optimal scrambling behavior. This contrasts with the quadratic temperature depen-
dence exhibited by the spin-chain on the region outside the black hole. Our findings contribute to
a deeper understanding of the interplay between black hole geometry and quantum chaos, offering
insights into fundamental aspects of quantum gravity.

Introduction:— Black holes pose direct challenges to
our understanding of fundamental laws of nature. Cen-
tral to these open questions is the black hole informa-
tion paradox, first articulated by Stephen Hawking in the
1970s [1, 2]. According to general relativity, the gravi-
tational pull of black holes is so intense that it creates a
region known as the event horizon, beyond which infor-
mation appears to be irretrievably lost. However, the uni-
tarity of quantum mechanics suggests information cannot
be destroyed, leading to the question of what happens to
the information of an object that falls into a black hole.
This apparent contradiction between quantum physics
and general relativity has given rise to intense theoreti-
cal investigations and remains unresolved to this day.

Recent advancements in theoretical physics have pro-
vided new insights into black hole dynamics, particu-
larly through the investigation of quantum information
scrambling. Information scrambling refers to the rapid
and thorough mixing of information within a quantum
system. It is thought that black holes exhibit opti-
mal scrambling behavior, leading to the rapid thermal-
ization of newly engulfed quantum information. Cur-
rently, toy models that exhibit maximal scrambling, such
as the (0 4+ 1)D Sachdev-Ye-Kitaev (SYK) model [3-8],
are related to (1 + 1)D black holes only through the
AdS;41/CFTy4q duality [9], with direct black hole mod-
els that exhibit this behavior still lacking.

In this study, we explore the quantum properties of
(1 4+ 1)D black holes using a recently introduced chiral
spin-chain model [10, 11]. The mean field theory limit of
this model effectively describes Dirac fermions in a black
hole background geometry, which is similar to the semi-
classical limit of quantum gravity [12]. However, within
the region of the chain representing the black hole’s inte-
rior, the mean field theory description breaks down due to
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the dominance of strong correlations. The natural ques-
tion arises if this strongly correlated region gives rise to
optimal scrambling behaviour.

To probe the scrambling behaviour of the chiral spin-
chain, we numerically investigate its Out-of-Time-Order
correlators (OTOCs). OTOCs are a special class of quan-
tum correlation functions that determine the Lyapunov
exponent, capable of diagnosing early-time chaotic be-
haviour [13, 14]. Our model exhibits similar scrambling
behavior as the SYK model, so we employ the approach
presented in [15] for the numerical analysis of the SYK
model. By focusing on the system’s Lyapunov exponent
at low temperatures [6, 9, 16, 17] we observe that it be-
haves linearly with temperature at the region of the chain
that describes the inside of the black hole, where the chi-
ral interactions are dominant. This signature of optimal
scrambling contrasts with the quadratic behaviour ob-
served in the outside region of the black hole, where the
chiral interactions have a perturbative effect on top of an
XY coupling [18]. The functional dependence of the Lya-
punov exponent on temperature is analysed for various
coupling regimes and system sizes showing a robust be-
haviour and fast convergence to the expected thermody-
namic values. Therefore, our chiral model reveals an in-
tricate interplay between black hole geometry and quan-
tum chaos behaviour as expected from a comprehensive
quantum gravity description.

The chiral spin-chain:— The model, first introduced
in Refs. [10, 11], is shown in Fig. 1(a). It describes an
interacting chain of spin-1/2 particles with Hamiltonian

1 . v
H= [ (5780 + SYSYy) + 5Si- Sia % Sise]
i=1
(1)
where wu,v are taken here to be positive numbers and
S = (0F/2,07/2,07/2) with ¢ (a = z,y,2) is the a-
Pauli matrix of the ith spin. Notably, this is the XY
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FIG. 1. (a) The chiral spin-chain (1) with position dependent

chiral coupling v, while u is constant. The chiral interaction,
Xi, acts on three successive spins and has alternating orienta-
tion. The fermionic sites a and b represent the unit cell of the
mean field theory (MFT), where the spin of the Dirac field
is encoded. The MFT gives the black hole (BH) geometry
with v small on the left of the chain (3 < u, outside BH) or
large on the right (§ > u, inside BH), with the horizon posi-
tioned at § = u. (b) The dispersion relation E(p) obtained
from the MFT description of homogeneous periodic chains.
In the low energy limit it faithfully reproduces the behaviour
of Dirac fermions in black hole geometry given by (3). (c) The
lightcones, reciprocal to the dispersion relation that describe
the effective metric (4) of the system for various values of
v. (d) The Lyapunov exponent of the fully interacting model
exhibits quadratic behaviour A oc T2 (orange line) on the out-
side of the BH, where chiral interactions act perturbatively.
Maximal scrambling is observed on the inside of the BH with
A o T. The orange line corresponds to the predicted optimal
scrambling behaviour with slope 27v/2. The constant offsets
tend to zero with system size. Plots are for N = 8 and v = 1.

model with an additional three-spin chirality term
Xi = Si+ Sit1 X Siyo, (2)

that introduces interactions [10, 11, 19, 20]. The enumer-
ation of the sites in the chiral interaction term causes
the chirality to alternate along the chain, as shown in
Fig. 1(a). Unless otherwise stated we adopt open bound-
ary conditions.

As v is increased the model undergoes a quantum phase

transition from a gapless XY-phase, to a gapless chirally-
ordered phase, where the total chirality (x) = >, {(xi)
acts as an order parameter. The critical point is located
at § ~ 1.12u [10, 11]. For § < 1.12u, the ground state is
in a free XY phase with (x) = 0. Using standard boson-
isation techniques [21-23] we found that the interactions
were irrelevant and the low energy physics is described
by free fermions with renormalised Fermi velocities. On
the other hand, for 5 Z 1.124 the chiral interaction dom-
inates the XY term and the model transitions to a chi-
ral phase with (x) # 0. In this phase bosonisation is
more complicated due to the system possessing two Fermi
points. We find that in this phase, the model does not re-
main at the free fermion point, revealing the dominance
of the interactions [11].

Black hole background geometry:— Intriguingly,
the model has a geometric interpretation in terms of
black hole physics [10]. We first apply the Jordan-Wigner
transformation that maps the spins into fermions. The
system then has a unit cell of two fermion sites, a and b,
sitting at opposite ranks of the triangular ladder shown
in Fig. 1. By employing self-consistent mean field the-
ory (MFT), one can map the interacting spin model to
a model of free fermions on a lattice. We can investi-
gate the behaviour of the model by taking homogeneous
coupling v and adopting periodic boundary conditions to
extract the dispersion relation. This description faith-
fully captures the phase diagram of the model, albeit
with critical point at § = u. The dispersion relation of
the model, shown in Fig. 1(b), at low energies, i.e., in
the continuum limit, can be faithfully reproduced by the
Dirac action on a fixed curved spacetime background

Suvr = [ a4iaeliGo) (ie4°5, ) i),

where a = 0,1 are local inertial frame indices, u = ¢,z
are coordinate indices; the spinor field is given in terms
of the unit cell fermions as ¢ (z) = (a(z),b(z))?//|e| as

>
shown in Fig. 1(a); A0, B = 3 (49,B — (8,A)B); y* =
(0%, —ic®); and le| = det(e?,). The zweibein e/ are
related to the spacetime metric by g, = ea#ebunab, where
nay = diag(l,—1) is the Minkowski metric and g, is
given by [10]
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This is the Schwarzschild metric of a black hole expressed
in Gullstrand-Painlevé coordinates [24-27] (see SM for
more details), which has also been observed in other syn-
thetic black hole systems [28-31].

We now take the coupling v to be a function of position,
v(z), varying monotonically from small to large values. If
it is slowly-varying compared to the lattice spacing, then
the continuum description in terms of the Dirac equation
remains valid. In this case the event horizon is located
at 5§ = u, where g < u corresponds to the outside of the



black hole and 5 > u corresponds to the inside, as shown
in Fig. 1(c). In Gullstrand-Painlevé coordinates the light
cone tilts when approaching the black hole, having even-
tually both light directions pointing towards its centre
inside the black hole, as shown in Fig. 1(c) (Right). We
see that the event horizon aligns well with the bound-
ary between the two phases of the spin-chain, where the
chiral phase is inside the black hole and the XY phase
outside. Using the mean field description it was shown
in Ref. [10] that a free particle that passes through the
phase boundary of our model emerges as a thermal ra-
diation with the Hawking temperature, similar to other
models [32-45].

Apart from reproducing the semiclassical behaviour of
a black hole, our model also exhibits a chaotic behaviour,
as we shall see in the following. This can be quantified
by the Lyapunov exponent shown in Fig. 1(d). For small
v we obtain a Lyapunov exponent A\ o T2, as expected
from perturbative interactions [46]. For large v, i.e. in-
side the black hole, the numerically obtained Lyapunov
exponent exhibits linear behaviour A o T [47], with a
slope which is in excellent agreement with the predicted
optimal scrambling behaviour. The constant offsets in
Fig. 1(d) for v = 1 and v = 10 go to zero with system
size, as we shall see in the following.

Quantum chaos inside black hole:— A natural
question to ask is if this black hole geometric analogy of
Eq. (1) extends to the thermalising dynamics expected
at the interior of a black hole. In particular, we investi-
gate whether the spin model is chaotic for § > u (with
homogeneous v along the chain) and, more importantly,
whether it exhibits maximal information scrambling as
expected of a black hole.

One of the most effective methods for diagnosing the
chaotic behaviour of a many-body quantum system is
to study its energy level statistics, provided all relevant
symmetries have been resolved. We consider the chain
with periodic boundary conditions which has transla-
tional symmetry, U(1) symmetry and global spin flip
symmetry X = [[,0f. We restrict to the symmetry
sector with quantum numbers £ = 0,z = 0,2 = +1 of
these symmetries, respectively, and determine the eigen-
values, {E,} of (1). We then take the set {s,}, where
$n = B, — E,_1, and evaluate [48]

- min{s,, $p—1} 5)

max{sy,, Sn_1}
The average of this value (r) and the probability distri-
bution over all r,, are shown in Fig. 2. For v # 0, we
find Wigner-Dyson statistics indicating that this model
is chaotic, a characteristic that becomes more prominent
with system size. Notably, we find (r) =~ 0.53 [49], which
corresponds to the GOE ensemble. This is perhaps unex-
pected since H possesses complex matrix elements. De-
spite this, the model retains time-reversal symmetry due
to satisfying the relation PHTP = H where P is the
parity operator, reminiscent of Ref. [50]. We also calcu-
lated the Spectral Form Factor which further probes the
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FIG. 2. (a) The average r-value (5) of the eigenspectrum

of Hamiltonian (1) for different values of v and N (u = 1).
(b) The probability distribution of all r-values in the reduced
symmetry sector at N = 20,v = 4,u = 1. In both cases we see
the model matches the Gaussian orthogonal ensemble (GOE)
indicating a non-integrable model. Results were computed in
the £k =0,z = 0,2 = +1 symmetry sector.

spectrum for evidence of chaotic behaviour but did not
observable any notable additional behavior [51-53].

Lyapunov exponent and optimal scrambling:—
The average level spacing (r) is a crude measure of the
chaotic behaviour of a quantum system, in the thermo-
dynamic limit we expect Wigner-Dyson statistics for all
models except fine-tuned integrable systems. Therefore,
we need a more precise measure of the chaotic behaviour
of the system inside the black hole to determine whether
the scrambling of quantum information is optimal, as it
is the case for the SYK model [15].

As a diagnostic tool we will employ the Lyapunov ex-
ponent, A, that quantifies the rate of thermalisation of a
chaotic system [54]. In the quantum mechanical frame-
work, )\ is calculated using the decay in out-of-time-order
correlators (OTOCs) with respect to some local operator
O; on site i, as a function of time, t. We primarily focus
on the regularised OTOC

C(t) = (0i(t)p**0;(0)p"/*0;(t) p*/*0;(0)),  (6)

where p = exp(—pH)/Z, with the partition function Z =
Trexp(—FH) and S = 1/T is the inverse temperature.
We also scale such that C'(0) = 1.

The regularised version of OTOC: is suitable for inves-
tigating small temperature behaviours and exhibits fast
convergence even for small system sizes [15]. This should
be contrasted to the unregularized correlator which is
subject to stronger finite-size corrections at low temper-
atures [55]. Using the regularised version, C(t), we are
restricted to exact diagonalisation techniques. Further
restrictions are placed on system size N < 13 due to
the need of time evolution. Fortunately, due to the fast
convergence of our model with system size, we find this
to be sufficient for our study. Unless otherwise stated,
we take O; = S§ 5 and O; = S§ 5, for N even and
0, = SEEN+1)/27 0; = SEEN—B)/Q’ for N odd. While the
choice of O = S¥ restricts the use of system’s symmetries,
it is reminiscent of the Majorana fermionic operators in
the SYK model and successfully unearths the desired op-
timality behavior. We show below that the regularised
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FIG. 3. Out-of-time-ordered correlators, C(t), and Lyapunov
exponent, A, of the chiral spin-chain for various coupling
regimes. (a) Coloured dots show the numerically evaluated
C(t) given in Eq. (6) for various values of v (shown in the
color bar), and T' = oo. Lines show the fit of Eq. (7) with
A = 0.78v, which improves for v deep in the chiral phase. (b)
Using the same process and parameters as in (a), we com-
pute the OTOCs, while varying both T and v and extract
A via fitting (7). Large values of A\ are observed for large v
(chiral regime) and large temperatures T' that probe the full
spectrum of the Hamiltonian. Black dashed line indicates the
phase transition at v/2 & u, where a clear change in behaviour
at low temperatures is witnessed. Both plots are computed
with N = 10, u = 1.

correlators we choose, allow us to faithfully extract the
chaotic behaviour of the model even with moderate sys-
tem sizes.

With maximally quantum information scrambling
models, one expects an exponential decay in the OTOCs
defined in Eq. (6) with an associated Lyapunov exponent,
A, indicating the rate of decay. The numerical recipe we
employ here is identical to that presented in Ref. [15] in
the context of SYK. We find that the same method is
effective at identifying the scrambling behaviour of our
model. Mirroring this study of the SYK model, we fit the
numerical data of Eq. (6) to the semiclassical function of
the OTOC at low temperatures

C(t) = U(% 1L Ne M) VNe N2, 1)

where U is the Kummer’s confluent hypergeometric func-
tion and A is the fitted Lyapunov exponent. In general,
we expect A to depend on the coupling v and the tempera-
ture T of the model, while we keep u = 1. Fig. 3 (a) shows
the behaviour of OTOC:s for various values of coupling v
when v = 1 and the system size is N = 10. We verify
that the OTOCs exponentially decrease in time as seen
by the fit (solid lines) in Fig. 3 (a) with A = 0.78v. This
exponential scrambling behaviour is present for large v,
that take the spin-chain in the chiral regime, i.e. inside
the black hole. These results remain largely unchanged
as we vary the system size demonstrating the fast con-
vergence in the properties of the chiral spin-chain.

With the confirmed presence of exponential decrease
in the OTOCs with time, we have already substantiated
the argument for the presence of exponential scrambling
characterized by the Lyapunov exponent. We now inves-
tigate the change in the Lyapunov exponent with tem-
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FIG. 4. The Lyapunov exponent of the chiral spin-chain sim-
ulating the black hole. (a) Outside the black hole (v =1 and
u = 1) the Lyapunov exponent exhibits at low temperatures
a quadratic behavior. The observed even/odd system size de-
pendence is decreased when N increases. (b) Inside the black
hole (v = 8 and u = 1) a linear behaviour in the Lyapunov
exponent is observed, indicating optimal scrambling. (c¢) The
functional dependence of the linear regime of A on the cou-
pling v. When scaling both A and T by v we find that with
increasing v, the scaled Lyapunov exponent eventually flat-
tens out (N = 8). (Inset) Upon scaling both A and T' axis by
v, the linear plots collapse on top of each other (N = 12). (d)
In the linear regime we fit A = a(T — ¢) as shown in (b) and
extract the slope a and the offset c¢. (d, Top) We plot a scaled
by v/2 and by 27 against 1/N (N from 6 to 13). We find the
slope A/(v/2) tends towards 27 (dashed line) as N increases.
(d, Bottom) The constant offset, ¢, is also extracted. The
linear fit to the data (dashed line) showing ¢ tending to 0 in
the large N limit.

perature where temperature defines the average energy of
the density matrix. Zero temperature corresponds to the
ground state while infinite temperature corresponds to a
uniform superposition of all eigenstates. Due to expected
thermal behaviour of mid spectrum eigenstates in chaotic
models, one expects the Lyapunov exponent, A, to in-
crease with 7' to some maximal bound. The behaviour
of \ as a function of the coupling v and the temperature T’
is given in Fig. 3 (b), where the increase in A is observed
with v and T', as expected. We also note a sudden change
in the behaviour of A/v as v crosses the phase transition
point § ~ u at small temperatures, revealing the corre-
sponding dramatic change in the scrambling behaviour
of the model.

It is predicted that the Lyapunov exponent, describing
the scrambling behaviour in quantum systems, satisfies



the universal bound A\/J < 27T, where J is a characteris-
tic coupling of the system [47]. The quantum gravity de-
scription of black holes and their holographic duals, such
as the SYK model, are known to saturate this bound [56],
when )\ is normalised by appropriately chosen coupling
J. This optimal scrambling behaviour is analytically and
numerically identified in the SYK model for low temper-
atures [47]. We will now investigate whether the chiral
spin-chain is optimally scrambling or not. To achieve
that we will quantitatively determine the functional de-
pendence of the Lyapunov exponent on temperature, T,
for various regimes of v that correspond to the inside and
outside of the black hole. Again, we employ the same
method seen in [15] when fitting with Eq. (7).

In the low temperature limit we expect that in the
weakly-interacting regime, described by § < u, the Lya-
punov exponent will grow quadratically with tempera-
ture. In Fig. 4(a) we observe that the Lyapunov expo-
nent obtains the quadratic behaviours as T' goes to zero,
when v is small, i.e. outside the black hole. Note that
odd system sizes have a zero offset, i.e. A = 0asT — 0,
while for even N there is a non-zero offset. This offset is a
finite system size effect that tends to zero as N increases.

If the strongly interacting regime, 5 > wu, exhibits
black hole phenomena, then optimal scrambling is ex-
pected, witnessed by a linear growth of the Lyapunov
exponent, A\/J = 277T. In Fig. 4(b) we observe that,
similar to the SYK model [15], the numerically obtained
Lyapunov exponent has a liner dependence on temper-
ature. Hence, we anticipate that the chiral spin-chain
exhibits optimal scrambling at the coupling regime that
describes the inside of a black hole. To quantify how
accurately the quadratic and linear behaviors are mani-
fested in our system we module a fit in the data of the
form A = a(T® —c) and study b with system size. We find
that b takes values 1 and 2 in the corresponding regimes
to a very good accuracy (see SM for more details). Fur-
thermore, Fig. 4(c) shows that for large enough v, the
Lyapunov exponent remains more or less constant tak-
ing the value A\/v & 0.20. This should be contrasted to
other sub-optimal models with a rate of chaos that is
parametrically slower than the SYK model [57, 58].

We next investigate the slope of the linear behaviour
exhibited by the Lyapunov exponent when v is large. In
Fig. 4(b) we identify the linear behavior A = a(T — ¢) for
a range of temperatures between T ., and Ty,.x. Here,
Thin depends on the discreteness of the finite system and
tends to zero as NN increases, while Ty,.x depends on the
rest of the dynamics of the chiral model. The saturation
of the scrambling bound is achieved for a linear gradient
27 normalised by the coupling of interactions, given in
Hamiltonian (1) by v/2. In Fig. 4(d) (Top) we see that
the slope of \/(v/2) as a function of temperature, 2a/v,
tends to 27w with increasing system size as expected from
the optimal scrambling behaviour. Moreover, we observe
that the constant offset, ¢, tends to zero with increasing
system size, N, where the dashed line in Fig. 4(d) (Bot-
tom) is a linear fit to the data. Note that both a and ¢

show a strong oscillatory behaviour as a function of N,
indicating the significance of the boundary effects for the
system sizes we considered. Hence, in the strong chiral
regime of our simulator, i.e. inside the black hole, we
expect to have vi/z = 27T in the thermodynamic limit.
Although, resolving the ambiguity associated with choos-
ing the appropriate energy scale of the model, J = v/2,
needs a theoretical investigation that goes beyond the
scope of this article, we postulate that this expression
corresponds to optimal scrambling.

Our numerical investigation shows that as the coupling
v varies from small to large values the spin-chain (1) un-
dergoes a quantum phase transition. This transition does
not only changes its ground state properties from non-
chiral to chiral [10, 11], but its thermalisation properties
change from weakly scrambling to optimal scrambling at
§ ~ u, much in the same way as in [18]. Notably, our
system does not have random all-to-all interactions as it
is the case for the SYK model [15]. This locality and uni-
formity facilitates the fast convergence of our numerical
simulations with system size to the expected behaviour.
This is manifestly seen in Fig. 4, where system size effects

become less pronounced with increasing N.

Conclusions:— Our investigation establishes the con-
nection between quantum information scrambling and
the behavior of chiral spin chains that encode black hole
spacetime geometry. Through numerical analysis of out-
of-time-order correlators, we have provided compelling
evidence that at the coupling regime representing the in-
terior of the black hole information encoded in the chain
scrambles at an optimal rate.

Our findings open avenues for further exploration in
several directions. Firstly, a theoretical analysis to de-
termine the Lyapunov exponent of our chiral spin chain
would complement our numerical findings, offering a
deeper understanding of its chaotic behavior. Addition-
ally, investigating the quantum phase transition at 5 ~ u,
where both the ground state and scrambling behavior un-
dergo significant changes, presents an intriguing topic for
future research. Moreover, this initial investigation lends
itself to generalisations to (2 + 1) or (34 1) dimensional
black holes following the methodology presented in [59].

Importantly, unlike the SYK model, our model incor-
porates uniform local chiral interactions, making it more
experimentally accessible. Previous studies have shown
the feasibility of realizing chiral interactions in optical
lattice systems [20, 60]. This suggests the potential for
experimental verification of optimal scrambling behavior
in laboratory settings. The plausible experimental acces-
sibility of our model opens new possibilities for studying
quantum gravity-inspired phenomena in controlled envi-
ronments.
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Appendix A: Lattice representation of Dirac field in
black hole background

1. Mean field approximation

The system we investigate in the main text is the one-
dimensional spln— chain with the Hamiltonian

1

H= 5 zn: [ u (S5 Shsr +SuSy 1) + QX"} , (A1)

where the spin chirality operator is given by
n — Sn : (Sn+1 X Sn+2)a (A2)

where S,, = (0%, 0Y,0%) is the spin vector, where o is
the a-Pauli matrix actlng on the nth lattice site for a €
{z,y, 2}, and the u,v € R are couplings with dimensions
of energy. In this supplemental material, we assume we
are working in the thermodynamic limit.

First we transform from spin operators to Pauli oper-
ators. In terms of the Pauli operators, the Hamiltonian
is given by

H:;[—

v
a_ b c
+ 372 6lﬁ?co—nan-‘r10-n—i-2]

On n+1 + 0n0n+1)
(A3)

where the repeated Latin indices a, b, ¢ are summed over
in the chirality term. We now introduce the ladder oper-
ators o;F = (0% +i0Y¥)/2 and the Jordan-Wigner trans-
formation defined by [61]

o} =exp <—i7r Z cincm> cl (A4)
m<n
0, = exp (iw Z cjncm> Cn (A5)
m<n
02 =2clhe, —1 (A6)

where ¢,, are a set of fermionic modes obeying the anti-
commutation relations {c,,cn} = {cl,,cl} = 0 and
{cn,cl,} = 6mun. After expressing the Hamiltonian in
terms of o7 and ¢Z and then applying the Jordan-Wigner
transformation, we arrive at

1 1
H = 1 Xn: {— UCILCH_;,_l 1 Ilcn_,_z

w
+ (Cizcn+102+2 + CIL+1Cn+207ZL> } +Hec.,

4
(A7)

where for convenience we have left o7 alone under the as-
sumption that it represents the Jordan-Wigner transfor-
mation of Eq. (A6). We see that the model is intrinsically
interacting as the fermionic Hamiltonian contains quar-
tic terms which arise from terms like cfc,4107,, after
explicitly substituting in Eq. (A6).

To analyse the behaviour of the interacting model, we
apply mean field theory (MFT) to transform the Hamil-
tonian into an effective quadratic Hamiltonian which can
be analytically diagonalised. MFT defines the fluctua-
tion of an operator A as 64 = A — (A), where (A) is
the expectation value of the operator A with respect to
the mean field ground state |Q2). For a product of two
operators we have

AB = (A)B + A(B) — (A)(B) + 0 AéB, (A8)
where the second order in fluctuations can be ignored.
Applying this to the interacting terms of Eq. (A7) where
we always consider o7 as one of the operators in the
product of Eq. (A7), so replace o2 — (07) = Z and
cleni1 — (cheny1) = a, where we have assumed trans-
lational invariance. These expectation values are done
with respect to the ground state of the mean field Hamil-

tonian. The Hamiltonian becomes
1
HMF(CY, Z) - 1; |:_ <’LL_ Z) C Cn+1

(A9)
cn+2 + 4uc cn] + Ey+ H.c.,

4 n

where p = vlm(a)/4 is an effective chemical potential
controlling the number of particles in the ground state,
Ey =v(Z — 1)Im(«)/8 is a constant energy shift.

Let |Q(a, Z)) be the ground state of the Hamiltonian
of Eq. (A9). Self consistency requires

(A10)

<Q(a= Z)|O’Z‘Q(Oé, Z)) =7
e! (A11)

(Qa, Z)|cheni110a, 2)) =

for all n. While these two equations have many solutions,
we can single one out on physical grounds: the fully inter-
acting Hamiltonian of Eq. (A7) has particle-hole symme-
try, [H,U] = 0, where U is the particle-hole transforma-
tion with Uc,,UT = (=1)"¢c! and Uc[,UT = (=1)"¢,,. This
symmetry implies that (clc,) = 1/2 and {(clc,+1) € R
in the ground state. If we require the MF'T to retain the
particle-hole symmetry, then these conditions imply that
Z =Im(a) = 0, and the MFT Hamiltonian becomes

HMF = 4 Z < U«C Cn—i—l 4CLC7L+2> +HC (Alz)

It was shown in Ref. [10] that this mean field limit faith-
fully describes the second order phase transition exhib-
ited by the full spin model.

2. The Dirac equation on curved spacetime

We now briefly introduce the Dirac field on a curved
spacetime which we shall use in the next section of the
supplemental material. Suppose we have an N + 1-
dimensional spacetime with metric g,, and a set of veil-
bein {e '} and their inverses {e '} which are related to



the metric via

Guv = eauebunabﬂ guy = eauebunab7 (A13)
where n,, = diag(l,—1,—1,...,—1) is the Minkowski
metric. The veilbein and their inverses also obey

ea“ebﬂ =0y, ele”, =0k (A14)

The veilbein {e} are a set of vector fields that form an
orthonormal basis at every point in some patch of M.
The Latin indices a,b = 0,1, ... refer to the orthonormal
frame indices, whilst the Greek indices pu,v = t,z,...
refer to the coordinate indices.

Using this, we can introduce spinor fields on a curved
spacetime as a field on M which transforms as a spinor
under local Lorentz transformations (transformations
that act on Latin indices) and as a scalar under coor-
dinate transformations (transformations that act on the
Greek indices). The locally Lorentz invariant and coor-
dinate invariant action for spinor field 1 of mass m on an
N +1 dimensional spacetime M with metric g, is given
by [62]

i

S = 5 / dN 1 z|e] (lZ’YﬂDW — Doy + 2im1/71/1)
M

= / dNtlzL,
M
(A15)

where the gamma matrices {y* = e#v%} are the curved
space gamma matrices which obey the Clifford alge-
bra {y*,7} = 2¢"” and are related to the local flat
Minkowski space gamma matrices {y*} which obey the
flat space Clifford algebra {v%,+*} = 2n®. The Dirac
adjoint is defined as 1 = 140 where 4° is the flat space
gamma matrix. We also have |e¢| = dete®, = \/—g. The
covariant derivative of spinors D, is defined via

D;ﬂ/) - 8#1/’ + QM/’

where ), is the spin connection related to the connection
of M via

(A16)

i
Q, = ggabﬂzab,

7

Eab _
4

[v*,"] (A17)
and (4, are the components of the connection. For more
details, see Ref. [62].

In this study we are interested in the (1 4+ 1)D space-
times, in which case the spin connection vanishes from
the symmetrised action. To see this, we can substitute
in the covariant derivative explicitly

i _ _

£ = Slel (99D, = Dyin™y)

; (A18)
= ) le] (%W“%?/f - a;ﬂ/)'}”%/} +{y, Quh/’)

However, in (1+ 1)D, we have Q,, oc [y%,7!] &< 73, where
43 is the (1 + 1)D analogue of 4°. As {v*,73} = 0 for

FIG. 5. To reveal the relativistic behaviour, we introduce a
two-site unit cell by bicolouring the lattice.

all u, then the spin connection vanishes and we arrive at
the Lagrangian [62]

nd
L = |elpy" 0,1, (A19)
<>
where A0, B = 3 (A9, B — (0,A)B).

Throughout this we assume that we are working with
time-independent metrics, so that the vector £ = J; is a
time-like Killing vector which obeys L¢g = 0. In order
to perform canonical quantisation of this theory, we in-
troduce the canonical momentum m,(x) of the field and
apply the canonical commutation relations. We have

oL i, .
% 5lelvy (A20)
The equal time canonical Poisson bracket reads
{tha(t,z), ms(t,y)} = i6(x — y)dap (A21)

where the indices «, 8 here refer to the spinor indices.
This implies that the spinor field obeys the commutation
relation

(Y°9")250(x — )
le] '

{alt,x), 0Lt y)} = (A22)

Note that the factor of 1/2 is missing despite it being
present in the canonical momentum 7. This is because
the canonical momentum defines a constraint on phase
space, as m is linearly related to v, which means we
must employ the machinery of Dirac brackets instead of
Poisson brackets to quantise this theory. It is the Dirac
bracket that we upgrade to an anti-commutator using
canonical quantisation. More information can be found
in Ref. [63-66]. When taking this into account, the factor
of 1/2 vanishes.

3. Relativistic limit

To make the link with relativity, the lattice sites are
now labelled as alternating between sub-lattices A and
B by introducing a two-site unit cell, as shown in Fig. 5.
The mean field Hamiltonian of Eq. (A12) can be re-



parameterised as

1
—— —aal
Hyr = 1 E [ uan(bn + bnfl)
o (A23)
Wt bid H
- 4 (anan+1 =+ 0y, ’I’L+1) +H.c.,

where the fermionic modes a, and b, belong to sub-
lattice A and B, respectively, where now n labels the
unit cells. These modes obey the commutation rela-
tions {an,al } = {by,bl } = dpm, while all mixed anti-
commutators vanish. The index n now labels the unit
cells. We Fourier transform the fermionic modes as

1 _
Gy = i Z e ay, (A24)

pEB.Z.

and similarly for b,, where N is the number of unit cells
in the system, a is the unit cell spacing, and B.Z. =
[0,27/a) is the Brillouin zone and p = 2mn/L for L =
Na and integer m. The Fourier transformed Hamiltonian
becomes

Hyr = ) xph(p)xp, hp) = (ﬁ*(fg) ggg),
pEB.Z.
(A25)
where the two-component spinor is defined as x, =
(ap,b,)" and the functions are given by

g(p) = - sin(ap).  (A26)

) = =7 (1+e7), :

4

The dispersion relation is given by the eigenvalues of the
single-particle Hamiltonian h(p) which yields

E(p) =g £1f®)|

= %sin(ap) =+ %

2 4 2 cos(ap). (427)

In Fig. 1 of the main text, it is seen that the parameter v
has the effect of tilting the cones as it increases and one
band becomes flat at the Fermi point when |v|/2 = |u].

The Fermi points {p;}, defined as the points for which
E(p;) = 0, are found at

2

1 8
Po = z, p4+ = £~ arccos (1 - u2) ) (A28)
a a v

The roots p+ only exist if the argument of arccos is in the
range [—1, 1] which implies |v|/2 > |u] for these to appear
in the dispersion. Therefore, if |v|/2 < |u|, the only Fermi
point is located at py = 7/a which is where the Dirac cone
is located, as shown in Fig. 1 of the main text. When the
cone over-tilts, so when |v|/2 > |ul, then the additional
zero-energy crossings at p+ appear which is due to the
Nielsen-Ninomiya theorem which states that the number
of left- and right-movers must be equal [67, 68].

The continuum limit of a lattice model is an effective
theory obtained by letting the lattice spacing a — 0 in
such a way that the Fermi velocity remains fixed. In this
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process, only the linear portion of the dispersion rela-
tion, near the Fermi points, is relevant as the non-linear
portion of the dispersion goes off to infinite momentum.
Therefore, the continuum limit is equivalent to restricting
ourselves to a small neighbourhood of the Fermi points
in momentum space. We outline this below. See Ref. [69]
for more detail.

First we Taylor expand the single-particle Hamiltonian
h(p) about the Fermi point py to first order in momentum
which yields

h(po +p) = i (uayp - gﬂp) = e, a’pi, (A29)
The coefficients in the second equality are defined as
e = —v/8,e," = u/4, where we have absorbed a factor
of a into the couplings as au — u and av — v, and the
Dirac matrices are o = I, o' = ¢¥. We then project the
Hamiltonian of Eq. (A23) into a small region of momen-
tum space centred on pg by truncating the summation
with a cutoff A = O(1/a) as

H =~ Z XLo+qh(p0 + @) Xpo+q
lal<A

= > x'(9ea"pix(q)

lg|<A

(A30)

where we have defined the new momentum space fields
X(¢) = Xpo+q, Where ¢ measures the distance from the
Fermi point pg.

We also truncate the discrete Fourier transform for the
lattice fermions from Eq. (A24) as

1 _
~ i(po+q)an
an =~ —/— E e Apo+q
N lg|<A

_ elpoanﬁ Z ezqana(q)

lgl<A

(A31)

= eipoana(n)’
which defines a slowly-varying field a(n), and similarly
for b, which is related to b(n) analogously. We see that
on the subspace near the ground state, the fermionic op-
erators a, and b, consist of a slowly-varying field a(n)
and b(n) respectively, with a high-frequency oscillation
P09 on top [69].

We then take the limit that a — 0 in such a way that
the rescaled couplings u and v remain finite (equivalently
the Fermi velocity remains fixed) and Na = L remains
constant. We also define na — x which we must re-
member is the unit cell coordinate. The cutoff A — oo
additionally, so the summation is from 4oo. Perform-
ing this limit, real space becomes a continuum and the
envelope functions a(n) become

a(r) = lim a(n) = i el g
@) = i S = 77 3 el




and similarly for b(z), where now the Brillouin zone has
extended to infinity as B.Z. = [—00, 00] with p = 2mn/L
for m € Z, where the re-scaling by 1/1/a ensures that
the limits exist and the commutation relations become
continuum commutation relations. If we define the two-
component spinor field x(z) = (a(z),b(x))T, we see that
this is related to the momentum space fields derived in
Eq. (A29) by a Fourier transform as

1 v —iqx
x(q):ﬁ/o dze™" " x(z).

With this result in hand, we are now able to transform
the truncated Hamiltonian of Eq. (A30) back into real
space, arriving at the Hamiltonian

(A33)

H= /Rdxxf(fv) (m;w&) x(x)

= / daxH,
R

ud
with A9,B = 3 (49,B — (8,A)B) and the Dirac a® =
(I, oY) and B = o*. We have ignored the overall factor of
1/4 here.

This is a Hamiltonian for the slowly-varying envelope

function x(z). The corresponding action of this theory

is given by
>
S = /dHlx (iXTatx — ’H)

= /lexi)Zea”'yax

(A34)

(A35)

where we have defined Yy = xf7° and the gammas are
related to the alpha and beta matrices via v° = 8 and
~% = Bat, where 4% = 0% and ¥' = —io® which obey the
anti-commutation relations {y%,7%} = 21, with n® =
diag(1, —1). The coefficients are given by

on (1 —v/8> ot <1 v/(2u))

a = \0 w/4 )’ 0 4/ u
If we assume that the couplings are upgraded to slowly-
varying functions as v — u(z) and v — v(z), then the
continuum limit is still a good approximation.

This action looks very similar to the action of a Dirac
field on a (1 4 1)-dimensional curved spacetime, except
two subtle differences. The first is that the integration
measure is missing the factor of e, so it is the flat space
volume element. The second is that the fields obey flat
space commutation relations

{Xa(m)a Xﬁ(y)} = 5aﬁ5(x - y)

which can be obtained using Eqs. (A32) and (A33) and
the fact that the component momentum space modes
obey {a(p),a’(q)} = 0pq, and similarly for b(p). There-
fore, the theory in its current form describes a gener-
alised Dirac action on a flat (1 + 1)-dimensional space
with space-dependent coeflicients.

(A36)

(A37)
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In order to interpret this theory as a curved space the-
ory, we introduce a new field

P == (A38)
Vel
then the fields obey the curved space commutation rela-
tions

(Waavati)) = 250 (azo)
agreeing precisely with the general commutation rela-
tions of Eq. (A22) using the veilbein of Eq. (A36). The
action of Eq. (A15) re-expressed in terms of the field 1 is
precisely the Dirac action for a spinor on a spacetime with
veilbein given in Eq. (A36). This veilbein corresponds to

the metric

16

2
ds? = (1- 2 Y a2 - Lagar - a2, (aa0)
u? u?

4u?
If the variables u and v are upgraded to slowly-varying
functions of space, then the preceding calculation is still
valid and the event horizon is located at the point zj,
where [v(xp)|/2 = |u(zy)|. In the small region in which
v is a slowly-varying functions of x, the coupling of dif-
ferent momentum modes will be small and can be ig-
nored to a good approximation, leaving the diagonal
terms a;;ap only. This is quite standard to do in lat-
tice model where the continuum is described by a Dirac
equation [34, 69, 70]. For coordinate dependent coef-
ficients, this is the Gullstrand-Painlevé metric [24] also
know as the acoustic metric which is the Schwarzschild
metric of a (1 + 1)D black hole expressed in Gullstrand-
Painlevé coordinates. This metric is referred to here as
an internal metric of the model as it depends upon the in-
ternal couplings of the Hamiltonian and not the physical
geometry of the lattice. In addition, this is a fixed clas-
sical background metric and the quantum fields have no
back-reaction on the metric. Quite remarkably, the phase
boundary between the regions for |v|/2 < wand |v|/2 > u
can be interpreted as the inner and outer regions of the
black hole, where the phase boundary |u| = |v|/2 aligns
with the event horizon.
In order to transform the metric of Eq. (A40) into the
Schwarzschild metric, a coordinate transformation de-
fined as (t,z) — (7, ) is used, where

T(t,x) =1t — /; dzUZX_/(‘Z/)%Z),

0

(A41)

where we have absorbed some factors into the coupling
as u/4 — U and v/8 — V. This maps the metric to

ds? = <1 — ;Eg) dr? — @) (11_ V2(z)) dz?,

U?(x)
(A42)
which takes the general form of the Schwarzschild metric,
where the horizon is at the location where the metric

becomes singular at U = V which is equivalent to u =
v/2.
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FIG. 6. For different values of v, we fit A = (a(T® — ¢) and
extract the exponent b, plotting this against 1/N. We see in
XY phase (v = 1), this value tends towards 2 (red dashed line)
while in the chiral phase, v > 7.5, this value tends towards 1
(black dashed line).

Appendix B: Fitting the exponent of the Laypunov
vs temperature

In Fig. 4, we present the Lyaponov exponent vs tem-
perature in two regimes: in the XY phase (v = 1) where
the growth is quadratic, and deep in the chiral phase
(v = 8) where the growth is shown to be linear. In this
section, we explicity show that these fitting forms are
suitable in the two limits by additionally parameteris-
ing the fit of A vs T to a(T? — ¢) and plotting b against
N. The results are shown in Fig. 6 where we see in XY
phase, b =~ 2, while in the chiral phase b ~ 1, as one would
hope. It is important to note that the results of the fit
fluctuate dependent on the choice of Tii, and Thax in
the fitting window. To achieve this, different values have
been taken for different IV and v, so one must be cautious
during the fitting procedure. These results, nonetheless,
demonstrate that with a suitable choice of fitting window,
a quadratic and linear fit are reasonable to make.
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