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ABSTRACT
The formation and evolution of supermassive black holes (SMBHs) remains an open
question in the field of modern cosmology. The detection of nanohertz (n-Hz) gravi-
tational waves via pulsar timing arrays (PTAs) in the form of individual events and
the stochastic gravitational wave background (SGWB) offers a promising avenue for
studying SMBH formation across cosmic time, with SGWB signal being the imme-
diately detectable signal with the currently accessible telescope sensitivities. By con-
necting the galaxy properties in the large scale (Gpc scale) cosmological simulation
such as MICECAT with the small scale (∼ Mpc scale) galaxy simulations from ROMULUS,
we show that different scenarios of galaxy–SMBHs evolution with redshift leads to a
frequency-dependent spatial anisotropy in the SGWB signal. The presence of slow evo-
lution of the SMBHs in the Universe leads to a pronounced blue anisotropic spectrum
of the SGWB. In contrast, if SMBHs grow faster in the Universe in lighter galax-
ies, the frequency-dependent spatial anisotropy exhibits a more flattened anisotropic
spectrum. This additional aspect of the SGWB signal on top of the monopole SGWB
signal, can give insight on how the SMBHs form in the high redshift Universe and its
interplay with the galaxy formation from future measurements.

Key words: gravitational waves, black hole mergers, cosmology: miscellaneous

1 INTRODUCTION

The groundbreaking observation of gravitational waves
(GW) by the LIGO-Virgo-KAGRA (LVK) collaboration
(Abbott et al. 2016) has opened up new possibilities for
understanding the complex nature of our Universe. The
LVK collaboration has been discovering compact binary
mergers, which include binary black holes (BBHs), binary
neutron stars (BNSs), and neutron star-black holes (NS-
BHs) mergers, since 2015. (Abbott et al. 2021). Pulsar Tim-
ing Array (PTA) (Verbiest et al. 2022; Manchester 2013;
Burke-Spolaor et al. 2019) operating in the 10−9 − 10−7

Hz range, promises to complement these findings and pro-
vide an additional avenue for studying the undiscovered do-
mains of the cosmos. The PTA consortium, which includes
the North American Observatory for Gravitational Waves
(NANOGrav; McLaughlin (2013)), European PTA (EPTA;

† mohit.sah@tifr.res.in
‡ suvodip.mukherjee@tifr.res.in

Desvignes et al. (2016)), Parkes PTA (PPTA; Manchester
et al. (2013)), Indian PTA (InPTA; Joshi et al. (2018)), Chi-
nese PTA (CPTA; Xu et al. (2023)) and MeerKAT (Bailes
et al. 2020), search for the gravitational wave by accurately
measuring the pulse arrival times of a set of pulsars. Each
group observes a set of pulsars once every few weeks for peri-
ods of years. Recently, the PTA collaborations NANOGrav
(Agazie et al. 2023a), EPTA+InPTA (Antoniadis et al.
2023), PPTA (Zic et al. 2023), and CPTA (Xu et al. 2023)
have announced the evidence of a stochastic gravitational
wave background (SGWB).

The primary source of SGWB is believed to be the pop-
ulation of supermassive black hole binaries (SMBHBs) in the
mass range ∼ 107−1010M⊙ apart from cosmological sources
(Ellis et al. 2024; Madge et al. 2023). These SMBHs are be-
lieved to have formed from smaller seed BHs. The seed BHs
grow by the hierarchical mergers and accretion of surround-
ing matter (Merloni & Heinz 2008; Cattaneo et al. 2009;
Volonteri & Natarajan 2009; Jahnke & Macciò 2011; Ri-
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carte et al. 2019). The history of mergers of SMBHs is highly
dependent on the initial seed BHs and the environment in
which these BHs evolve. Further, the environment surround-
ing the host galaxy influences both the growth of the SMBHs
and the host galaxy through accretion and merger. This sug-
gests coevolution of both the galaxy and the central SMBHs.
There is strong evidence for the correlation between the
masses of SMBHs and their host galactic properties from
simulations and observational studies (Häring & Rix 2004;
Jahnke & Macciò 2011; Beifiori et al. 2012; McConnell &
Ma 2013; Kormendy & Ho 2013; Reines & Volonteri 2015;
Habouzit et al. 2021). Therefore, to understand the evolu-
tionary trajectories of both central BHs and galaxies, it is
essential to conduct a study that involves the simultaneous
examination of SMBHBs and their host galaxies. This can
help us address various questions, such as the formation,
evolution, and types of galaxies favorable for hosting SMB-
HBs, among others. Moreover, the detection of SMBHs at
the high redshift Universe by the James Webb Space Tele-
scope (JWST) has questioned the scenarios of their forma-
tion and evolution in the Universe (Übler et al. 2023; Larson
et al. 2023; Harikane et al. 2023).

In this regard, the study of the GW from the SMB-
HBs can be very crucial. Future PTA experiments are ex-
pected to detect signals from individual low redshift SMB-
HBs. Apart from the individual sources at low redshifts, the
SGWB from unresolved sources at higher redshifts can pro-
vide crucial insights into the population and evolution of
SMBHBs across cosmic time. The shape and strength of the
SGWB spectrum depend on the population of the SMBHBs
and their environment. When two galaxies hosting SMBHs
merge, an SMBHB is formed. These binaries lose energy
to the environment through mechanisms such as dynamical
friction, stellar loss-cone scattering, and viscous drag, in ad-
dition to gravitational wave (GW) radiation (Sampson et al.
2015; Kelley et al. 2017; Chen et al. 2017; Izquierdo-Villalba
et al. 2022). The evolution of SMBHBs driven solely by GW
emission predicts a power-law GW background spectrum.
However, the spectrum of the SGWB is expected to vary
significantly depending on the environment in which these
binaries evolve (Saeedzadeh et al. 2023a). Environmental ef-
fects become dominant at larger separations, i.e., when the
binary emits at lower frequencies, thereby influencing the
shape and steepness of the spectra. Consequently, the spec-
trum of the SGWB can provide valuable insights into the
environment in which SMBHBs are formed. In addition to
the sky-averaged SGWB, the SGWB is also expected to ex-
hibit spatial anisotropy.

In this work, we demonstrate how the frequency-
dependent spatial anisotropy of the SGWB can provide valu-
able information about the SMBHB population and its evo-
lution. Throughout the paper, we make the simplistic as-
sumption of circular orbits for the SMBHBs and disregard
all other potential sources of n-Hz gravitational waves, apart
from SMBHBs. The presence of eccentricity in SMBHBs
has been studied in the past (Armitage & Natarajan 2005;
Iwasawa et al. 2011; Bonetti et al. 2020; Gualandris et al.
2022). In this analysis, we primarily focus on the large-scale
anisotropy in the n-Hz GW signal and its dependence on the
cosmic evolution of SMBHs. Therefore, the impact of eccen-
tricity is not important. The paper is organized as follows: in
Sec. 2, we discuss the motivation behind the present work;

in Sec. 3, we review the formation and evolution of SMBHs
and SMBHBs; in Sec. 4, we discuss the cross-matching of the
small-scale effect to the large scale distribution of galaxies;
in Sec. 5, we briefly discuss the gravitational waves emit-
ted by SMBHBs. Then, in Sec. 6, we describe the SGWB
and the simulation used to generate the SGWB signal, along
with its results. Finally, in Sec. 8, we discuss the conclusions
and future prospects.

2 MOTIVATION BEHIND THE WORK

The formation and evolution of SMBHs are among the lead-
ing mysteries in cosmology today (Volonteri 2007; Jahnke &
Macciò 2011; Latif & Ferrara 2016; Woods et al. 2019; Smith
& Bromm 2019; Sassano et al. 2021). While various mod-
els have been proposed, none have convincingly accounted
for the existence of SMBHs at high redshifts. (Volonteri
2010; Latif & Ferrara 2016; Volonteri et al. 2021; Sassano
et al. 2021). The complete understanding of the formation
of SMBHs requires knowledge of the SMBH population and
its evolution with redshift, along with coevolution with the
host galaxies. In this context, the detection of n-Hz gravita-
tional waves using PTA can provide a novel avenue to study
the formation of SMBHs. PTAs can measure the SGWB
power spectrum along with its large-scale anisotropy. The
measurement of the anisotropy will provide complementary
information on top of the isotropic SGWB.

The motivation behind the work is to understand im-
prints of the evolution of SMBHs across redshift and their
mergers on the large angular scale anisotropies in the SGWB
as a function of its spectra, as shown in the schematic dia-
gram Fig. 1. This figure shows that the study of the large
angular anisotropies (about a degree-scale or larger; Janssen
et al. (2015); Ali-Häımoud et al. (2021); Pol et al. (2022);
Sato-Polito & Kamionkowski (2023)) as a function of GW
frequencies which are accessible from the current and next
generation radio antennas, can make it possible to explore
the formation and evolution of the SMBHBs. One of the ob-
servable quantities from the n-Hz signal is the sky-averaged
SGWB signal ΩGW(f) and its spatial fluctuations in the
spherical harmonic domain denoted by Cl(f) at large scales
(lower valuer of l). However, one of the major challenges
in predicting the spatial fluctuations at large scales arising
from the mergers of the SMBHBs across cosmic redshifts
based on cosmological simulations is the involvement of large
dynamical length scales from Gpc-scale to sub-parsec scale.

The SGWB signal in the n-Hz frequency range, measur-
able at large angular scales from sources integrated over the
observable Universe, arises from the coalescence of SMB-
HBs at sub-parsec scales. The dynamics of SMBHBs are
influenced by small-scale processes such as environmental
hardening and accretion, which operate at scales ranging
from sub-parsec to kiloparsec scales (Chen et al. 2017; Kel-
ley et al. 2017; Izquierdo-Villalba et al. 2022; Saeedzadeh
et al. 2023a). Resolving these binaries at such small scales,
along with capturing the large-scale cosmic evolution of the
Universe, is extremely challenging due to the large dynam-
ical length scale in the problem, ranging from Gpc scale
(cosmological scale) to sub-pc scale (separation between the
SMBHBs emitting n-Hz). Therefore, it is crucial to incor-
porate the small-scale physics of SMBHB dynamics into the
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large cosmological scales in order to predict the impact of
the redshift evolution of the SMBHBs on the n-Hz SGWB
signal.

In this work, we investigate the impact of the cosmic
evolution of SMBHBs on the n-Hz SGWB signal by using a
large scale to small scale adaptive technique as shown by a
schematic diagram in Fig. 2. In this technique, we combine
physics in three length scales, Gpc scale, Mpc scale, and
sub-pc scale. At the Gpc scale, we utilize the cosmological
simulation MICECAT to explore the cosmic evolution of galax-
ies. At the Mpc scale, we employ the ROMULUS simulation to
investigate the host galaxy properties of the SMBHBs. Fi-
nally, at the sub-pc scale, we use an analytical prescription
to evolve the coalescence of the binaries, aiming to predict
the distinguishable signatures of cosmic SMBHB evolution
on the n-Hz SGWB signal. This multiscale adaptive tech-
nique enables the connection of physics across scales, facili-
tating an understanding of the interplay between galaxy and
SMBH evolution. By using different analytical relations to
connect the SMBHBs mass and merger rate evolution with
host galaxy properties, we can explore and predict the ob-
servable quantities such as the sky average SGWB power
spectrum ΩGW(f) and its spatial fluctuations power spec-
trum as a function of GW frequencies Cl(f). These predic-
tions can be tested using n-Hz GW observations for a wide
range of astrophysical models.

3 FORMATION AND EVOLUTION OF SMBHB

In our current understanding, SMBHs are believed to form
through the accretion of matter and the hierarchical merger
of the initial seed BHs (Volonteri et al. 2003; Merloni &
Heinz 2008; Volonteri 2010; Woods et al. 2019; Chen et al.
2020; Wirth & Bekki 2020; Ni et al. 2022). The precise pro-
cess leading to the creation of these seeds is still a subject of
ongoing research, but they represent the foundational stage
for SMBHs. Some potential sources of seeds for SMBHs in-
clude remnants of the first generation of stars, massive pri-
mordial black holes, and the collapse of massive stars created
in runaway collisions in dense stellar clusters (Volonteri &
Natarajan 2009; Booth & Schaye 2009; Alexander & Natara-
jan 2014; Latif & Ferrara 2016; Pacucci et al. 2017; Ricarte
& Natarajan 2018; Sassano et al. 2021; Volonteri et al. 2021;
Natarajan et al. 2023). In the standard cosmological hierar-
chical structure formation model, massive halos experience
multiple mergers during their lifetimes (Volonteri et al. 2003;
Rees & Volonteri 2006; Ni et al. 2022). The seed BHs in early
halos grow by accreting halo gas and hierarchical mergers.
These BHs sink to the center of the halo due to dynamical
friction and form the center of the galaxies (Volonteri 2010;
Smith & Bromm 2019; Woods et al. 2019). These galaxies
further merge to give binary BHs. Once a binary is formed,
its evolution is driven by environmental effects. The three
main environmental processes are dynamical friction, stel-
lar loss cone scattering, and viscous drag. These effects are
effective at different separations of the binaries. The dynam-
ical friction, which is the retarding force experienced by the
SMBH as it moves through a bulk of lighter particles, is ef-
fective at above-parsec separation (Dosopoulou & Antonini
2017; Kelley et al. 2017). At sub-parsec separation until
∼ 10−2 pc, binary hardening is dominated by the scattering

of stars by the SMBH, known as stellar loss cone scattering
(Vasiliev et al. 2015; Kelley et al. 2017). Viscous hardening
by circumbinary disc drives the BHs below the separation of
around 10−2 before the GW emission becomes dominant at
a very small separation. Although the fundamental mecha-
nism that gives rise to the evolution of the SMBH may be
known to some extent, we still do not comprehend many
characteristics and phenomena associated with the SMBH
evolution. Some of the most important questions in this con-
text are listed below.

(i) What kind of galaxies host the SMBHBs?: Sev-
eral simulations, as well as observational analyses, indicate
a correlation between the mass of SMBHs and the proper-
ties of their host galaxies, particularly bulge mass, stellar
mass, luminosity, and velocity dispersion (Cattaneo et al.
2009; Häring & Rix 2004; Beifiori et al. 2012; Kormendy &
Ho 2013; Reines & Volonteri 2015; McConnell & Ma 2013;
Muhamed Kozhikkal et al. 2023). This signifies the coevo-
lution of SMBHs and their host galaxies. However, the in-
terplay between the growth of SMBHs and galaxies is not
yet well understood. Understanding the formation and evo-
lution of both SMBHBs and their hosts requires not just
the relationship at the local Universe but also its evolu-
tion with redshift (Ding et al. 2020; Muhamed Kozhikkal
et al. 2023). The key questions include: Are certain types
of galaxies more conducive to the formation of SMBHBs?
What is the relationship between the masses of BH bina-
ries and the observable properties of the host galaxies? How
does this relationship evolve with redshift? Do black holes
occupy heavier galaxies at low redshifts or higher redshifts?

Understanding the probability of a galaxy to host a BH of
a certain mass denoted as P (MBH, q|galaxy), and its redshift
evolution is crucial for addressing many questions regarding
the SMBH population and its evolution. Here, M1 and q
represent the primary mass of the SMBHB and mass ratio,
respectively, and ’galaxy’ denotes the properties of the host
galaxies such as stellar mass, luminosity, velocity dispersion,
etc. In this analysis, we use the stellar mass (M∗) of the host
galaxy as an indicator to model the occupation of SMBHBs
in galaxies.

(ii) What was the mass of the initial seed BHs?:
Understanding the mass of the initial seed BHs is pivotal for
unraveling the subsequent cosmic dynamics of SMBHs. Ob-
servational evidence suggests that there are SMBH of mass
≳ 109M⊙ at z ≳ 6 (Barth et al. 2003; Wang et al. 2021). This
provides significant constraints on the possible mass of the
seed. Given that the cosmic time available at that redshift
is less than a billion years, the seeds must be at least a few
hundred times the mass of M⊙ (Volonteri 2010). Some of
the popular scenarios for the formation of initial seed BHs
include massive Population III stars, the direct collapse of
massive gas clouds, the formation of massive stars through
collisions in compact nuclear star clusters, and primordial
BHs. Recent work by Natarajan et al. (2023) claims that re-
cent discovery of a quasar called UHZ1 by Chandra-JWST
at redshift of around 10.1 hints towards the existence of the
heavy black hole seed formed from direct collapse.

The initial mass of SMBHs directly influences the mass
distribution of SMBHs as well as the correlation between
SMBH mass and host galaxy properties with redshift
(P (MBH, q|M∗, z)). Understanding this correlation can help
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Figure 1. A schematic diagram explaining the coevolution of the SMBH and host galaxy and its consequence on the anisotropy of the

SGWB. The left panel and the right panel represent the coevolution of the SMBHs and the host galaxies at low and high redshifts,
respectively.

us trace back the mass of SMBHs through the evolution of
the host galaxy over cosmic time.

(iii) How do SMBHs evolve over cosmic time?
SMBHs are believed to have grown from initial seeds
through accretion and mergers, or formed from the direct
collapse of the massive gas clouds. Accretion is expected to
contribute significantly to the growth at all cosmic times
(Merloni & Heinz 2008; Inayoshi et al. 2022; Lin et al.
2023). The comparison of the total mass in SMBHs to-
day with the total integrated radiative output from quasar
(Soltan 1982) suggests that the last 2 to 3 e-folds of the
growth of the SMBH are dominated by radiatively efficient
accretion (Volonteri 2010). However, a comprehensive un-
derstanding of the evolution of SMBHs requires further in-
vestigation. Studying the SMBH mass-galaxy properties re-
lation [P (MBH, q|M∗, z)] and its evolution can provide addi-
tional insights into the growth mechanisms of SMBHs. This
relation is thought to be influenced by various factors, in-
cluding accretion rates, galaxy mergers, feedback processes,
etc. By analyzing how this correlation changes over cosmic
time, we can gain a deeper understanding of the co-evolution
of SMBHs and their host galaxies.

(iv) How efficiently SMBHBs merge in Hubble time
for contributing to n-Hz GW signal?

SMBHBs are the byproduct of galaxy mergers. These bi-
naries spiral inward, emitting gravitational waves towards
the end of the merger. However, the binaries evolving purely
by GW emission need to be much closer than a parsec dis-
tance for them to merge on a timescale smaller than the
age of the Universe. This is known as the final parsec prob-
lem (Milosavljević & Merritt 2003; Vasiliev et al. 2015; Koo
et al. 2023). For the binaries to come closer and actually

emit gravitational waves in the PTA sensitive range and
eventually merge, the binary must undergo hardening by the
environmental processes mentioned above. The timescale of
hardening by various processes depends on galactic proper-
ties such as stellar and gas density, distribution of gas in
the galaxy, and velocity dispersion of stars. These effects
become more significant at larger separations where gravi-
tational wave (GW) hardening is weak (Vasiliev et al. 2015;
Kelley et al. 2017; Dosopoulou & Antonini 2017).

The efficiency of environmental hardening directly in-
fluences the observed distribution of binary separation,
P (a|M∗) as well as the occupation fraction of the binary host
galaxy, where ’a’ is the semi-major axis of the binary. A dis-
tribution with relatively more sources at lower frequencies
could indicate that binaries are efficiently being transported
to smaller separations. P (a|M∗) can be further factored as
the coalescence rate of the binaries at a given separation
(dNa/dtc) and time spent by a binary at that separation
(dtc/da). The quantity dtc/da depends on the environment
condition in which binary evolves. The effect of the environ-
ment on dtc/da can be modeled as (Sampson et al. 2015;
Saeedzadeh et al. 2023a)

τh
τGW

(fr) =
[
1 + β

(fr
ft

)−κ]−γ

, (1)

where τh(fr) and τGW (fr) represent the environmental
hardening time and the GW hardening time of the binary
respectively, ft represents the transition frequency above
which the GW emission becomes dominant over the envi-
ronmental effect. κ, γ, and β are parameters that depend on
the environmental properties of the host galaxy like stellar
mass, gas density, stellar density, velocity dispersion, etc.
Here, κ governs the spectral dependence of the environmen-
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tal effects, γ controls the overall shape of the environmental
effects, and β governs the overall strength of the environmen-
tal effect in comparison to the hardening effect solely due to
gravitational waves. We refer to Saeedzadeh et al. (2023a)
for a detailed description of the parameters and their depen-
dence on the galactic properties.

4 ADAPTIVE TECHNIQUE: COSMOLOGICAL
SCALES TO SUB-PC SCALE

Cosmological simulations, which aim to model the evolution
of the large-scale distribution of the Universe, are among the
most memory-intensive simulations in astrophysics. Simulat-
ing a Gpc3 comoving volume at kpc resolution can take a
long time, making kpc-resolution simulations feasible only
for small volumes. High resolution simulation captures de-
tailed halo and galaxy dynamics, while large-scale simula-
tions offer insights into the large-scale structure of the Uni-
verse. The small-scale dynamics do not affect the inference of
the large-scale simulation due to the low resolution of these
simulations. Therefore, it becomes essential to bridge the
large-scale cosmological simulation to the small-scale simu-
lations by modeling the impact of the physics at the small
scale on the larger-scale structure for studying the signatures
of the cosmic evolution of SMBHBs from the n-Hz SGWB
signal.

One such large-scale cosmological simulation is the
MICE Grand Challenge (MICE-GC) (Fosalba et al. 2015;
Crocce et al. 2015). MICE-GC is a dark matter-only simula-
tion with halo mass resolution of around 1011M⊙. MICECAT is
a halo and galaxy catalog derived from the MICE-GC simula-
tion. The galaxies are assigned to the halos by halo occupa-
tion distribution (Scoccimarro et al. 2001; Berlind & Wein-
berg 2002; Crocce et al. 2015; Wechsler & Tinker 2018) and
abundance matching technique (Vale & Ostriker 2004; Con-
roy et al. 2006; Crocce et al. 2015; Wechsler & Tinker 2018;
Springel et al. 2018). The catalog provides quantities such
as stellar mass and star formation rate of galaxies, which
are crucial for bridging different-scale physics (Saeedzadeh
et al. 2023a). In the following subsections, we briefly delve
into cross-matching the dynamics at different scales in cos-
mological simulations. The application of this technique is
not only limited to MICECAT but can be extended to other
large cosmological simulations. We will extend this to other
large-scale cosmological simulations in future work.

4.1 Cosmological scales to galaxy scales

Within the domain of cosmological simulations, bridging the
vast range of scales from the largest cosmological structures
to individual galaxies presents a significant challenge. Simu-
lations such as MICECAT and ROMULUS (Tremmel et al. 2017;
Butsky et al. 2019; Tremmel et al. 2020; Saeedzadeh et al.
2023b) are at the forefront of this effort. MICECAT covers
one-eighth of the sky covering around 4 Gpc3 of comoving
volume. It focuses on the evolution of large-scale structures,
tracing the growth of cosmic web-like filaments and the for-
mation of dark matter particles over billions of years. On
the other hand, the ROMULUS simulations are high-resolution,
cosmological simulations that explore the smaller, more in-
tricate scales of the Universe. Among the ROMULUS simu-

lations, ROMULUS25 is the leading simulation that extends
over a uniform volume of 25 Mpc3 (Saeedzadeh et al. 2023a;
Sharma et al. 2020). The simulation includes phenomena
such as star formation, feedback mechanisms, and interac-
tions with the surrounding environment. It employed a mas-
sively parallel tree+SPH code, CHaNGa (Menon et al. 2015;
Wadsley et al. 2017), and has the Plummer equivalent grav-
itational force softening of 250 pc, a maximum SPH reso-
lution of 70 pc. This high resolution enables the tracking
of the evolution of galaxies and the SMBHs to the sub-kpc
scale. One of the key findings from the ROMULUS25 simulation
is the insights into the properties of the SMBH population
and the intricate relationship between SMBH mass and the
properties of their host galaxies and halos (Ricarte et al.
2021; Saeedzadeh et al. 2023a; Tremmel et al. 2023). These
simulations reveal that SMBHBs crucial for PTA are more
likely to reside in galaxies with high stellar and halo masses
but low star formation rates (SFR) that reisdes at the cen-
ter of galaxy group (Saeedzadeh et al. 2023a). Specifically,
SMBHBs with chirp masses greater than 108M⊙ are more
prevalent in galaxies with stellar masses exceeding 1010.5M⊙
(Saeedzadeh et al. 2023a). The characteristics of SMBHBs
from a small-volume simulation of ROMULUS25 can be com-
plemented by cross-matching them with MICECAT based on
their stellar mass and halo mass. Using the knowledge gained
from the ROMULUS simulations, we can effectively populate
galaxies in MICECAT with SMBHBs using parametric rela-
tion between MBH and M∗.

It is to be noted here that the MICECAT catalog is com-
plete for DES-like surveys (i < 24) out to z=1.4 (DES 2005).
Therefore, the completeness of the catalog is poor at high
redshifts. As a result, the number of galaxies in the catalog
at high redshifts is absent. This limits us from exploring high
redshift (beyond z > 1.4) SMBHB mergers from the simu-
lated Universe. However, in standard scenarios, the mergers
of SMBHs that can contribute to the n-Hz signal take a sig-
nificant fraction of the age of the Universe, to come from
kpc to sub-pc scale (Saeedzadeh et al. 2023a). This leads
to a larger delay time from the time SMBHs form to the
time SMBHBs can contribute to the n-Hz frequency band.
As a result, the number of SMBHs that can contribute to
the n-Hz signal at high redshift is lower, as also shown in
Saeedzadeh et al. (2023a) from ROMULUS25. From the sim-
ulation, we have seen that contributions to the n-Hz sig-
nal mostly arise from redshift z < 1.4. Also, the masses
of SMBHs are likely to be lighter at higher redshifts than
at lower redshifts, as they have more cosmic time to gain
masses through accretion, except for the scenario where mas-
sive BH seeds are formed by the direct collapse of massive
gas clouds Natarajan et al. (2023). Consequently, the masses
that can contribute to the n-Hz signal will be lighter than
the sources at lower redshifts, making their contribution to
the n-Hz signal weak. Due to both these effects, we expect
the limitation of MICECAT due to the redshift cutoff not to
be severe for our analysis.

The multiscale adaptive technique that we have devel-
oped in this analysis to make a simulation-based prediction
of the spatial-spectral signal in the n-Hz frequency range for
different parametric forms of SMBH mass and evolution can
be applied to other cosmological simulations that are com-
plete up to higher redshifts. This will be explored in future
work.
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4.2 Galaxy scales to sub-pc scales

ROMULUS25 tracks the evolution of thousands of galaxies and
SMBHs up to a gravitational softening length of 0.7 kpc. Be-
low this scale, the gravitational interactions between SMBHs
and their surrounding environments play a significant role in
the evolution of the SMBHBs. At these scales, the dynamics
of SMBHBs are affected by environmental effects like dy-
namic friction, stellar loss cone scattering, and viscous drag.
These dissipation processes decrease the residence time of
the binary at different separations, thereby influencing the
shape and slope of the SGWB spectrum. Eq. 1 represents the
effect of the host galaxy environment on the SGWB spec-
trum, where we model this effect using three parameters: β,
κ, and γ. A denser stellar and gaseous environment will re-
sult in a decrease in the environmental hardening timescale.
This affects the distribution of orbital stages in the evolu-
tion of the SMBHBs. Modeling the sub-pc scales allows us
to populate the host galaxies with the SMBHBs at different
stages of their evolution.

5 GRAVITATIONAL WAVE FROM SMBHBS

SMBHBs emit GWs in the frequency range 10−9 − 10−7

Hz detectable by PTA. The orbit of the SMBHBs in this
frequency range is highly stable. Fig. 3 illustrates the evo-
lution of the frequency of GW emitted by SMBHBs start-
ing with three different frequencies. In particular, SMBHBs
with a chirp mass 109M⊙ emitting at a frequency as high as
3×10−8 Hz demonstrate a minimal frequency deviation over
the observational timescale of PTAs. This makes SMBHBs
a fairly monochromatic source of GW.

The SGWB is the superposition of all the GW sources
that are unresolved as an individual source. It is defined
as the GW energy density per unit logarithmic frequency
divided by the critical energy density of the Universe. The
SGWB density can be expressed as a function of frequency
f and sky position n̂ as (Phinney 2001; Sesana et al. 2008;
Christensen 2018)

Ωgw(f, n̂) =
1

ρcc2

∫ n∏
i

dθi

∫ ∞

zmin

dz
dV

dz

×
[

1

1 + z

dn+2N(n̂)

dΘndV dtr

] [
1 + z

4πd2Lc

]
×

[
fr

dEgw(f,Θn, n̂)

dfr

]
,

(2)

where dn+2N(n̂)
dΘndV dtr

is the number of events per unit comov-
ing volume per unit cosmic time (tr) at a sky direction n̂,
dEgw(f,n̂)

dfr
is the energy emitted by the source per unit source

frame frequency (fr) and Θn = {θi}ni=1 denotes the GW

source parameters. The quantity d3N
dΘndV dt

can be expressed
as

dn+2N(n̂)

dΘndV dt
=

dn+2N(n̂)

dΘndV d ln fr
× d ln fr

dtr
, (3)

where d3N(n̂)
dΘndV d ln fr

represents the comoving number density
of the sources emitting in logarithmic frequency interval.

Substituting eq. 6 into eq. 2, gives

Ωgw(f, n̂) =
1

ρcc2

∫ n∏
i

dθi

∞∫
zmin

dz
dV

dz

×
[

dn+2N(n̂)

dΘndV d ln fr

][
1

4πd2Lc

]
×

[
d ln fr
dtr

dEgw(f,Θn, n̂)

d ln fr

]
.

(4)

The term d ln fr
dtr

dEgw(Θn,n̂)

d ln fr
is the flux of energy emitted by

a binary emitting at frequency fr

dEgw

d ln fr
=

(Gπ)2/3M
5/3
c × f

2/3
r

3
, (5)

where Mc is the chirp mass of the SMBHB. The relative
fluctuation in Ωgw(f) can be defined as,

∆Ωgw(f, n̂) ≡
Ωgw(f, n̂)− Ωgw(f)

Ωgw(f)
, (6)

where n̂ is the line-of-sight direction. ∆Ωgw(f, n̂) can be
written in terms of spherical harmonics Yℓm(n̂) as

∆Ωgw(f, n̂) =
∑
ℓ

ℓ∑
m=−ℓ

ωℓm(f)Yℓm(n̂). (7)

The angular power spectrum (Cℓ) is given by

Cℓ(f) =
1

(2ℓ+ 1)

∑
m

|ωℓm(f)|2. (8)

Cℓ(f) is the angular power spectrum. It captures the angular
fluctuation of the ∆Ωgw(f, n̂) at angular scale of ∆θ = π/ℓ.
While the monopole (ℓ = 0) describes the isotropic Ωgw, the
anisotropy depends on the higher order moment (ℓ > 0).

6 SIMULATION OF THE SGWB

The strength and shape of the spectrum of the SGWB are in-
fluenced by several factors, including the mass distribution,
number density, binary separation distribution, and redshift
evolution of the population. A population with SMBHs of
higher chirp mass will result in a stronger background. Sim-
ilarly, the binary separation distribution will affect the over-
all shape of the spectra. The evolution of the population
of SMBHBs with redshift depends on factors such as the
merger history of galaxies, the delay time between galaxy
mergers, and the formation of the binary, along with other
factors like the accretion history of the SMBHs.

6.1 SMBHB Population

We aim to connect the SMBHB host galaxy properties to
the population of SMBHBs. The distribution of the source
population in eq. 4 can then be written with the quantities
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Figure 2. A schematic diagram illustrating simulations of galaxy and SMBH evolution at different scales.

Figure 3. The change in frequency emitted by an SMBHB of

chirp mass 109M⊙ when it starts with a frequency of f0 = 6 ×
10−9 Hz, f0 = 1 × 10−8 Hz, and f0 = 3 × 10−8 Hz.

discussed in the Sec. 3 as

d5N

d log(M∗)d log(MBH)dqdV da
=

dN

d log(M∗)
× P (MBH, q, a|M∗, z)

=

MICECAT︷ ︸︸ ︷
dN

d log(M∗)

ROMULUS︷ ︸︸ ︷
×P (MBH|M∗, z)× P (q|M∗, z)

×

sub−pc physics︷ ︸︸ ︷
P (a|M∗, z) ,

(9)
here, the term dN

d log(M∗)
represents the number of host

galaxies with stellar mass, M∗, in the catalog. The terms
P (MBH|M,z), P (q|M,z), and P (a|M∗, z) represent the prob-
ability distributions of the primary mass (MBH), mass ratio

(q), and binary separation (a), respectively. The dN
d log(M∗)

can be directly obtained from the MICECAT simulation. While
the distributions P (MBH|M,z) and P (q|M,z) can be ob-
tained from the ROMULUS simulation (Saeedzadeh et al.
2023a) and by using parametric forms discussed below, the
distribution P (a|M∗, z) can be modeled by including sev-
eral dissipative processes that are active at sub-pc scales.
Although the SMBH mass can also depend on several other
galactic properties, for simplicity, we consider only the stel-
lar mass dependence of SMBH mass.

We model P (MBH|M,z) and P (q|M,z) as

P (MBH|M∗, z) ∝ N (Log10(MBH)|Log10(Mµ), σm), (10)

P (q|M∗, z) ∝
{

1/q, 0.01 < q < 1,
0, else,

(11)

where N is the normalised Gaussian with standard de-
viation σm and mean Log10(Mµ) as (Reines & Volonteri
2015; Habouzit et al. 2021; Muhamed Kozhikkal et al. 2023;
Saeedzadeh et al. 2023a)

Log10(Mµ) = η + ρ Log10(M∗/10
11M⊙) + νz. (12)

In eq. 11 η, ρ, and ν are free parameters, where ν controls the
redshift evolution of the relation. This parametric form will
make it feasible to obtain the theoretical signal of ΩGW(f)
and Cl(f) for a vast range of astrophysical models efficiently,
which can be incorporated in a Bayesian framework to con-
strain from n-Hz data in future.

In Fig. 4(a), we show the primary mass (MBH) distribu-
tion of the simulated SMBHBs using the above equations for
different values of η and ρ. The scenario with higher values
of η and ρ favors higher mass black holes, as shown in the
figure. In Fig. 4(b), we display the primary mass distribution
of the SMBHBs for different ν values at various redshift bins.
A negative (or positive) value of ν indicates a preference for
higher mass at low (or high) redshifts. At low redshifts, the
distributions for all values of ν considered here appear to
be very similar. However, at high redshifts, the distribution
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(a)

(b)

Figure 4. (a) Mass distribution of the primary mass MBH of
SMBHBs for different η and ρ. (b) Mass distribution of the pri-

mary mass MBH of SMBHBs for different ν at different redshift
bins.

varies significantly for different ν values. This allows us to
see the redshift evolution of SMBH masses in the Universe.
From standard cosmological scenarios, we expect the heav-
ier SMBHs to be more likely in the low redshifts, which is
captured by ν < 0.

In Fig. 5, we show the primary mass of the SMBHs
(MBH) and the stellar mass (M∗) of the host galaxy of the
simulations, with their redshift represented in color-bar for
different values of η and ρ, and ν. In Fig. 5(a), 5(b), and
5(c), ν= 0, therefore SMBH mass-Stellar mass (MBH −M∗)
relation does not evolve with the redshift. In Fig. 5(d) and
5(e), ν= 0.5 and -0.5 respectively. The value ν = 0.5 indi-
cates that there are heavier BHs at higher redshifts, while
ν = −0.5 indicates that there are lighter BHs at higher red-
shifts. This trend can be observed in the two figures, where
most of the low-redshift BHs lie below and above the fitted
lines in Fig. 5(d) and 5(e), respectively. If heavier SMBHs
are more prevalent at lower redshifts, it would suggest that
SMBHs are continuously growing even at low redshifts. How-
ever, if there is a population of SMBHs with heavier BHs at
higher redshifts than at lower redshifts, this could imply
that the growth of heavier SMBHs ceased at lower redshifts.

This parameter ν also has a significant impact on the SGWB
anisotropy signal as we will discuss in the results section.

One of the next important ingredients for simulating
the SGWB signal is to model the probability distribution
of the orbital separation of SMBHs in galaxies of different
stellar masses across cosmic redshift, P (a|M∗). This can be
written in terms of the coalescing rate and residence time of
a source at a particular orbital separation by

P (a|M∗) ∝
dNa

dtc
× dtc

da
, (13)

where dNa
dtc

and dtc
da

represent the coalescence rate and the
residence time of the binaries at the separation of ’a’, respec-
tively. We have assumed a power law form of dNa

dtc
, where δ

is a power law index and µ controls its redshift evolution of
the form

dNa

dtc
∝ aδ∗(z−z0)

µ

. (14)

The binary separation a corresponds directly to the emitted
frequency (fr) of the binary, which is an observable quantity
of gravitational waves in terms of redshifted frequency fz =
fr/(1 + z) for a source contributing from redshift z. Thus,
we prefer to model the separation distribution P (a|M∗) with
the probability distribution of frequencies emitted by the
binary P (fr|M∗) as

P (fr|M∗) = P (a|M∗)×
da

dfr

∝ dNf

dtc
× dtc

dfr
,

(15)

where da
dfr

is the Jacobian of the transformation from ’a’ to
’fr’. We can write the number of coalescing binaries as a

function of frequency
dNf

dtc
as

dNf

dtc
∝ f

− 2
3
δ∗(z−z0)

µ

r

∝ f
δf∗(z−z0)

µ

r

(16)

where the parameters δf , z0, and µ control the frequency
dependence and the redshift dependence of the coalescing
rate across cosmic time. The residence time for the GW sig-
nal to emit at a frequency fr

dtc
dfr

is modeled as (Saeedzadeh
et al. 2023a)

dtc
dfr

∝ f−11/3
r × τh

τGW
(fr). (17)

As discussed in the Sec. 3, the quantity τh
τGW

(fr) repre-
sents the environment hardening time scale and the factor
f
−11/3
r captures the GW only hardening time scale. The
residence time of the binary due to only GW emission at
frequency fr is proportional to f

−11/3
r . The factor also rep-

resents the frequency distribution of the SMBHB population
in the absence of the environmental effect and the frequency-
dependent coalescence rate.

In Fig. 6, we illustrate the
dNf

df
vs f , of the sources in the

simulation along with the redshift represented by colormap
as well as theoretical curves at three different redshifts, for
different values of µ and z0. In Fig. 6(a) and Fig. 6(b) we
represent the case where µ = 0 and hence no redshift de-
pendence of the frequency distribution, as can be seen from
the analytical curves. In Fig. 6(c) and Fig. 6(d), we show
the same quantity for the µ = 1, and z0 = 0.5 and z0 =
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1, respectively. Here, the slope of the curve increases with
the redshift. This means that there are comparatively more
sources at low frequencies than at high frequencies at low
redshifts. In these cases, the number of sources emitting at
high frequency is even smaller than that of redshift inde-
pendent case. Consequently, the SGWB power spectrum is
expected to be less steep toward higher frequencies. Also,
since the number of sources at high frequency is smaller,
the anisotropy is expected to be larger in these cases.

The analytical curves show the increasing trend in the
slope with decreasing redshift. In this case, the slope of the
curve is expected to be even larger than in the last case at
low frequencies. The distribution of the sources at lower fre-
quencies fits the analytical curve better than at the higher
frequencies due to the greater number of GW sources at
lower frequencies than higher frequencies. As the number of
SMBHs must be an integer and cannot be fractional, there
is a discrepancy between the analytical and simulated dis-
tributions of the sources at higher frequencies, where the
analytical distribution predicts (dNf/df)∆f < 1. Due to
the Poisson fluctuation on the SMBHB sources, the scatter
of the sources at low frequencies is higher than at the lower
frequencies.

6.2 Simulation Methodology

We have constructed all the parts required to calculate the
larger-scale observation of the GW background signal from
the sub-pc scale SMBHBs. The sub-pc scale physics pro-
vides us with the number distribution of binary separations
(a) of the sources, which determines the occupation fraction
of galaxies with those separations. The ROMULUS simulation
informs us about the masses of the SMBHBs that reside
in galaxies with a given stellar mass. The catalog provides
the number density of galaxies with a given stellar mass.
The relationship between the SMBH mass and the galaxy
stellar mass, combined with the galaxy catalog, allows us
to determine the population of SMBHBs and, consequently,
its large-scale distribution. The anisotropic SGWB can be
determined by calculating the GW signal from individual
sources. Combining all these terms, we can express the term
dn+2N(n̂)
dΘndV dfr

in Eq. 4 as

dn+2N(n̂)

dΘndV dfr
=

d5N(n̂)

d log(M∗)d log(MBH)dqdV dfr

∝ dN(n̂)

d log(M∗)
× Po(M∗)

× P (MBH|M∗, z)× P (q|M∗, z)× P (fr|M∗, z)
(18)

We sample the frequency of the binary using eq. 15 in
the range accessible from the PTA detector. The minimum
frequency as well as the size of the frequency bin (∆ f) of the
PTA is given by the total observation time (T) of pulsar tim-
ing, which is 1/T. The maximum frequency (fmax) is given
by Nyquist frequency (1/(2 ∆t)), where ∆t is the interval
between two consecutive observations. For our analysis, we
assume ∆ f = 2× 10−9 Hz.

We calculate the SGWB by Monte Carlo sampling
of the population using eq. 18 and adding the contribu-
tion from each sampled source using eq. 4. We first assign
the component masses of the binary to the host galaxies.

For this, we use MICECAT galaxy catalog. We simulate the
background for different SMBH mass-galaxy stellar mass
(SMBH-Stellar mass) relations and different host galaxy en-
vironmental scenarios. Simulations by (Saeedzadeh et al.
2023a) have shown that most of the SMBHBs important
for the PTA band reside in galaxies with high stellar mass
and low star formation rate (SFR). The SMBHBs with mass
> 108M⊙ are more likely to be found in the galaxies with
stellar mass above 1010.5M⊙ Saeedzadeh et al. (2023a). We
select the host galaxies of MICECAT with stellar mass (M∗)
greater than that corresponding to the Mµ = 108M⊙ in eq.
10.

We then sample a primary BH mass (MBH) using eq. 10
and the mass ratio q using eq. 11 and obtain different Monte
Carlo realizations of the SGWB corresponding to different
realizations of SMBHBs distribution. If the SGWB signal is
driven by a large number of sources (as in the lower frequen-
cies, see Fig. 6), then the distribution is Gaussian, and the
use of mode, median, and mean represents the underlying
distribution. However, for higher frequencies, we have fewer
sources (see Fig. 6), resulting in a non-Gaussian distribution
of the SGWB signal. In this case, the mode is a better rep-
resentative of the underlying distribution than the mean or
median. The Monte Carlo realizations of the SGWB are nor-
malized such that the mode of the distribution agrees with
the data of the n-Hz signal observed by PTA. As a mode
of distribution captures the most likely value of the under-
lying population (even for a non-Gaussian distribution), we
expect the observed realization of SGWB of the Universe to
be a typical distribution for a given underlying population
model of the GW source. So, we have chosen the mode of
the distribution as opposed to the mean or median in this
analysis.

We select sources from the sample with equal proba-
bility, ensuring that the mode of the distribution of Ωgw(f)
in each frequency bin agrees with the current estimate from
the NANOGrav 15-year data release (Agazie et al. 2023a,b).
The details of the fitting can be found in the Appendix. A. In
Table. 1, we show different cases for the SMBH population
models considered in this work along with the parameters of
the fitted power law curve (B×(f/2× 10−9)λ ) to the mode
of the Cl(f). In the first two cases (SMBH mass-Stellar mass
and SMBH mass-Stellar mass evolution), we normalize the
mode of the Ωgw(f) by the 1/8 th of 50 % confidence level
of the power law curve parameters A and α fitted to the 15-
year data release of NANOGrav. The factor 1/8 is taken to
match the 1/8 part of the sky spanned by the MICECAT cata-
log. In the third and fourth cases (Environmental effect and
Coalescence rate), the quantity of interest is the frequency
distribution, i.e., the shape of the Ωgw(f). Therefore, we
fix the total number of binaries to be equal to that in the
third scenario of the SMBH mass-Stellar mass case (which
is obtained after normalizing to the PTA data), instead of
normalizing the Ωgw(f) by NANOGrav data again.

7 RESULTS: ISOTROPIC AND ANISOTROPIC
SGWB FROM SIMULATIONS

Quantifying the n-Hz SGWB signal using both monopole
power spectrum Ωgw(f) and angular power spectrum Cl(f)
as a function of frequencies brings complementary informa-
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(a) (b)

(c) (d)

(e)

Figure 5. Plots showing the primary mass of the SMBHs (MBH) and the stellar mass (M∗) of the host galaxy of the simulations, with
their redshift represented by colormap for different values of η and ρ, and ν.

tion. The isotropic SGWB signal Ωgw(f) measures the all-
sky-averaged signal as a function of frequency, representing
the net contribution across the observable Universe. How-
ever, the amplitude of the signal cannot distinguish be-
tween the scenarios on whether the signal is arising from
a few very massive SMBHBs present at low redshift, or
a large number of moderately massive SMBHBs spanning
from very high redshift. Also, it cannot explore the under-
lying correlation with the galaxy properties. On the other
hand, spatial anisotropy in SGWB measured in terms of

Cl(f) captures the spatial distribution of the SMBHBs. If
the SMBHs form efficiently in the high redshift Universe and
merge efficiently, the number of sources will be higher, and
the spatial anisotropy will be less pronounced. In contrast,
if the SMBHs formation is not efficient at high redshift,
and they also evolve and merge inefficiently, then the spa-
tial anisotropy will be pronounced. Moreover, as the num-
ber distribution of galaxies in heavier halos is more at low
redshift than at the higher redshifts, if the host galaxies of
the SMBHs are arising from heavier halos than the lighter
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(a) (b)

(c) (d)

Figure 6. Plots showing the number sources emitting in each frequency bin (∆f) (
dNf

df
× ∆f) vs Frequency (f), with their redshift

(with bin size ∆z = 0.1) represented by colormap for different values of µ, z0, δf , κ, and ρ.

Case η ρ ν µ z0 δf κ γ ft σm B (ℓ = 15) λ

8.5 1 0 0 – – – – 5 ×10−9 0.4 1.36 0.48
MBH and M∗ relation 8 1.2 0 0 – – – – 5 ×10−9 0.4 0.98 0.49

8 1 0 0 – – – – 5 ×10−9 0.4 0.75 0.53

8 1 0.5 0 – – – – 5 ×10−9 0.4 1.1 0.62
Redshift evolution of MBH and M∗ relation 8 1 0 0 – – – – 5 ×10−9 0.4 0.75 0.53

8 1 -0.5 0 – – – – 5 ×10−9 0.4 0.92 0.43

Environmental effect 8 1 0 0 – 1 0 0.8 5 ×10−9 0.4 0.65 0.71
8 1 0 0 – 1 3 0.8 5 ×10−9 0.4 0.66 0.63

8 1 0 1 1 1 3 0.8 5 ×10−9 0.4 0.42 1.13

Coalescence rate 8 1 0 1 0.5 1 3 0.8 5 ×10−9 0.4 0.47 0.94
8 1 0 0 – 1 3 0.8 5 ×10−9 0.4 0.66 0.63

8 1 0 0 – 0 3 0.8 5 ×10−9 0.4 0.52 0.96

Table 1. Table representing all the cases of SMBHB population considered in the work. The presence of dash for parameters δ, κ and
γ in certain cases implies that the mode of the Ωgw is normalized by 50 % confidence level of the power law curve parameters (A and
α) fitted to the 15-year data release of NANOGrav. The value of the fitted parameter B and λ of a power law to the mode of the Cℓ(f)

(over 1000 realizations) vs F is also shown.

halos, then the corresponding redshift distribution of the
SMBHs will be more at low redshift. This will also exhibit
a different spatial distribution of the SMBHBs and hence a
different spatial distribution of the n-Hz signal. We describe
below a few cases explored in this work to show the impact
of SMBHB evolution on the spatial-spectral anisotropy of
the SGWB signal.

SMBH mass and Stellar mass relation: The var-
ied scaling relation of the SMBH mass with the host galaxy

properties will result in varying levels of anisotropy. The
SGWB signal from two different SMBH mass functions
with similar power spectra will result in different levels of
anisotropy. This is because the population with larger mass
BHs will require a relatively smaller number of binaries to
achieve the same power spectrum. This becomes a very es-
sential factor in breaking the degeneracy between the mass
function and the number of sources.

In Fig. 7(a), we show the mode of Ωgw(f) (over 1000
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(a)

(b)

Figure 7. SMBH mass-Stellar mass : (a) Ωgw(f) for different η

and ρ (b) Cl vs Frequency for different η and ρ, for ℓ = 15.

realizations) vs frequency for different scenarios, along with
a 68 % confidence interval around the mode, for different
SMBH mass-Stellar mass relations. We present the mode
of the Ωgw(f) as well as Cℓ(f) instead of the mean, as the
distributions of both quantities are highly skewed. MICECAT
only covers one-eighth of the sky, so the magnitude of
Ωgw(f) is one-eighth that of actual all sky Ωgw(f). The pa-
rameter η captures the minimummass of the galaxies needed
to host the SMBHBs that are important for PTA sensitivity,
while ρ represents the slope of the relation. A curve charac-
terized by high η and ρ values indicates a scenario in which
galaxies host heavier SMBHs. The number of sources re-
quired to achieve a comparable SGWB density is small for
these cases. As a consequence, the angular power spectrum
(Cℓ(f)) for these cases is expected to be larger. This can be
seen in Fig. 7(b) where we show the mode of the Cℓ(f) vs
frequency curves at ℓ = 15, along with a 68 % confidence
interval around the mode, for different values of the parame-
ters η and ρ. It is to be noted that the anisotropy is expected
to remain similar at the scales that can be resolved by the
PTA as we will show in a later section. We therefore only
show the result for single ℓ. The 68 % error bars on the Cℓ(f)

(a)

(b)

Figure 8. SMBH mass-Stellar mass : (a) Ωgw(f) for different ν

(b) Cl vs Frequency for different ν, for ℓ = 15.

show the variation in the theoretical signal due to variation
in the realizations. This is the theoretical uncertainty as-
sociated with cosmic variance due to a single realization of
our Universe (Roebber et al. 2016; Pacilio et al. 2023; Allen
2023).

To understand the behavior of the anisotropy as a func-
tion of frequency, we infer the scaling of the anisotropy with
frequency by a power law Cl(f) = B(l)× (f/2 × 10−9)λ to
the mode of Cℓ(f). The value of parameters can be inferred
from Table 1. The power-law index for these cases is similar,
with a slightly higher value for η = 8 and ρ = 1 compared
to the other two cases. It is important to point out that,
although all these cases have similar Ωgw(f), their Cl(f)
values differ across frequencies. The correlation between the
masses of SMBHBs and their host galaxies provides valuable
insight into the evolution and initial seed masses of SMBHs.
In cases where η is comparatively large, similar galaxies will
host relatively larger SMBHs, suggesting that SMBHs orig-
inated from large seed black holes. This leads to a relatively
larger anisotropy in the SGWB as discussed in the last para-
graph. Similarly, a large value of ρ suggests a stronger cor-
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(a)

(b)

Figure 9. Environmental effect : (a) Ωgw(f) for different κ (b)

Cl vs Frequency for different κ, for ℓ = 15.

relation of stellar mass with SMBH mass. A large value of
ρ, indicating a strong correlation between stellar mass and
SMBH mass, will result in a higher anisotropy.

Redshift evolution of SMBH mass and Stellar
mass relation: In Fig. 8, we depict the mode of Ωgw(f)
and Cℓ(f) (more than 1000 realizations) vs. frequency, along
with a confidence interval 68 % around the mode for different
scenarios of evolution of the MBH − M∗ relation with red-
shift, parameterized by ν). The anisotropy (Cℓ(f)) is larger
for the case where ν is positive. However, the anisotropy is
comparable for the cases of ν = 0 and ν = −0.5. A posi-
tive value of ν represents a scenario where galaxies at high
redshift host heavy SMBHBs, whereas a negative value of
ν represents a scenario where galaxies at high redshift host
lighter SMBHBs (see Fig. 4(a) and Fig. 4(b) for comparing
their distribution). If heavier binaries occupy the center of a
galaxy at high redshifts, a smaller number of binaries is re-
quired to generate the same SGWB. The anisotropy for cases
with a negative value of ν will naturally be lower, as a larger
number of binaries are required to generate the same SGWB
compared to cases with a positive value of ν, where we have
heavier binaries at higher redshifts. The anisotropy is not

(a)

(b)

Figure 10. Coalescence rate evolution : (a) Ωgw(f) for different

δf , µ and z0 (b) Cl vs Frequency for different µ and z0, for ℓ =

15.

very distinct between the cases when ν = 0 and ν = −0.5,
despite there being a larger number of sources for ν = −0.5.
This is because lighter sources at higher redshifts in the case
ν = −0.5 contribute very little to the overall anisotropy. The
power-law index of the curve fitted to Cℓ(f), represented by
B(ℓ)×(f/2×10−9)λ, tends to be slightly higher for positive
values of ν, as expected.

It should be noted that there is a sharp jump in the
Cℓ(f) curve at f = 2.6 × 10−8 Hz for ν = 0.5. This is
because, at high-frequency bins, the expectation value of the
number of sources in the low redshift bins is less than one
(as can be seen for some cases in Fig. 6). However, Monte
Carlo sampling of the population mostly results in either
one source or none, not a fraction of a source. Therefore, the
sporadic sampling at high-frequency bins leads to a sudden
increase in the anisotropy, or Cℓ(f), at these frequencies.

The correlation between the masses of SMBHBs and
their host galaxies and the redshift evolution of the corre-
lation offers valuable insights into the evolution as well as
the initial seed masses of SMBHs. If SMBHBs are predomi-
nantly found in galaxies with very high stellar masses, this
suggests that the SMBHs have undergone multiple merger
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(a) (b)

(c) (d)

Figure 11. Color matrix plot of the mode of Cℓ(f) (more than 1000 realizations) as a function of frequency (F) and multipole moment

(ℓ) for the first scenario of (a) the SMBH mass-Stellar mass case, (b) the SMBH mass-Stellar mass evolution case, (c) the case of
environmental effect and (d) the case of coalescence rate.

cycles. This information provides clues about the initial seed
masses required for the formation of these SMBHs. A small
initial seed mass would require numerous merger cycles and
efficient accretion processes throughout its lifetime. The red-
shift evolution of the MBH−M∗ relationship can potentially
tell us about the accretion and merger history of the SMBHs.
If the SMBHs are continuously growing even at low redshifts,
we expect to find heavier BHs at low redshifts that reside in
similar galaxies than at higher redshifts. This relates to the
case with negative ν where Cℓ(f) or anisotropy is greater
than the case where ν is positive.

Environmental effect : The residence time of a bi-
nary at a high frequency, in the absence of environmental
effects, is proportional to f−11/3. This relationship implies
that, compared to sources inspiraling at the lower limit of the
PTA band, we can expect the number of sources observable
at the higher frequency band of the PTA to be extremely
low. In the presence of environmental effects, the residence

time of the binary decreases at lower frequencies. This is be-
cause these effects are only significant at large separations
of the binary. In a scenario where the galactic environment
is more efficient at driving binaries to smaller separations,
we would expect to observe a population with a relatively
smaller number of binaries at low frequencies than one would
expect in the absence of environmental effects.

In Fig. 9, we illustrate the mode of Ωgw(f) and Cℓ(f)
(over 1000 realizations) as a function of frequency for dif-
ferent environmental effects captured by the parameter κ.
Additionally, we depict a 68 % confidence interval around
the mode. In these instances, we maintain a constant total
number of binaries. The curves representing Cℓ(f) at differ-
ent κ values are very similar to each other with almost the
same amplitude B and very little difference in the power law
index λ of the fitted parameters to the Cℓ(f). This is because
the environmental effect is important only at low. At these
lower frequencies, the number of sources is much larger, re-

MNRAS 000, 1–18 (2024)



Spectral and Spatial Anisotropy in SGWB 15

sulting in low anisotropy for both cases. This means that the
effect of the spectral change due to the environmental effect
is very small on a large-scale distribution of the SGWB.

Coalescence rate: At last, in Fig. 10, we illustrate the
result of Ωgw(f) and Cℓ(f) for different coalescence rates and
their evolution. We show the mode of the Ωgw(f) and Cℓ(f)
(over 1000 realizations) along with a 68 % confidence inter-
val around the mode. The parameter δf is the power index
of the coalescence rate, and parameters µ and z0 capture
the redshift evolution of the coalescence rate. In the case
where µ is non-zero, we have a redshift-dependent coales-
cence rate. The parameter z0 represents the redshift below
which the coalescence rate of the binaries (see Eq. 16) is
higher at lower frequencies. For z0 = 1, the coalescence rate
is higher at lower frequencies up to a redshift of 1. As the
value of z0 increases, the number of binaries emitting at high
frequencies decreases at lower redshifts.

For the case where z0 = 1, most of the sources are sam-
pled from the coalescence rate distribution that decreases
with frequency. In Fig. 6, we show the number of sources
emitting in each frequency bin (∆f) and each redshift bin
(∆z = 0.1), represented by a color bar, along with the the-
oretical curve at 3 different redshifts for scenarios of the
coalescence rate case. It can be seen that the slope of the
dNf

df
∆f decreases with redshift for redshift-dependent sce-

narios (Fig. 6(c) and Fig. 6(d)) whereas it remains stable
in the redshift independent scenarios (Fig. 6(a) and Fig.
6(b)) of the coalescence rate, as expected. For the redshift-
dependent case, the number of sources at low redshift in
high-frequency bins becomes so small that the expected
number of sources in that frequency bin at that redshift
is below 1. However, the Monte Carlo sampling only returns
the discrete integer source. Therefore, the analytical curve
lies below the simulated results at high frequencies. The ef-
fect of this is also evident in the Cℓ(f) for two cases: when
δf = 0 and µ = 0, and when δf = 1, µ = 1, and z0 = 1,
where there is a sudden jump at f = 2.4 × 10−8. Similar
to the ν = 0.5 curve in Fig. 8(b), the expectation value of
the number of sources emitting in high-frequency bins from
low redshift bins is less than one, but the sampled number
of sources is mostly either zero or one. This sporadic sam-
pling at high-frequency bins results in a sharp increase in
the anisotropy at high frequencies.

The effect of this is also seen in the Cℓ(f) for two cases:
when δf = 0 and µ = 0, and when δf = 1, µ = 1 and z0 = 1,
where there is a sudden jump at f = 2.4×10−8. Just like in
the ν = 0.5 curve in Fig. 8(b), the expectation value of the
number of sources in the low redshift bins, emitting at high
frequencies bins, is less than one, but the sampled number
of sources can be mostly either zero or one. This sporadic
nature of the sampling at high-frequency bins results in a
sharp increase in the anisotropy at high frequencies.

The fitted curves for Cℓ(f) show a significantly larger
power law index (λ) for the redshift-dependent case com-
pared to the redshift-independent case for the same δf value.
This difference arises because the number of sources in the
redshift-dependent case decreases as the frequency increases.
Similarly, the power law index is larger for δf = 0 than that
of δf = 1 for the redshift independent case because there
are fewer sources at high frequencies for the latter case than
for the former.

The redshift evolution of the coalescence rate can help

us understand the merger history of the galaxies. A con-
sistent coalescence rate across redshifts suggests a stable
merger rate of galaxies over time. Conversely, if relatively
more binaries are found at lower frequencies at some red-
shifts, it could indicate a higher merger rate during those
periods. In the case where the coalescence rate at low fre-
quency (compared to high frequency) increases with red-
shift, signifying a larger galaxy merger rate at high redshift,
the anisotropy of such signal will have a larger slope as com-
pared to the case where the coalescence rate is stable across
redshifts.

Variation of Cl with spatial frequencies (ℓ) and
spectral frequencies(f): In Fig. 11 we depict the spectral
and spatial structure of the anisotropies in the SGWB for
a few different models. The figure shows the mode of Cℓ(f)
over 1000 realizations as a function of the multipole moment
(ℓ) and frequency (f) in color. The results for different vari-
ations of the model parameters for each of these cases at a
fixed spatial frequency ℓ = 15 are discussed previously. Here
we mainly focus on the additional gain by measuring the
signal in ℓ as well. The ℓ = 0 mode signifies the isotropic
component (Ωgw(f)) of the SGWB signal. The presence of
non-zero higher-order moments implies additional informa-
tion in the ℓ − f space beyond just the ℓ = 0 (isotropic)
moment. The non-zero higher-order moments indicate the
presence of anisotropy in the SGWB as a function of GW
frequency. As evident from the color matrix plots in Fig. 11,
the ℓ− f structure remains nearly invariant with respect to
ℓ at all frequencies (f). This is expected as at these large
angular scales, the properties of the host galaxies and the
correlation with the n-Hz GW signal will be similar for a
statistically isotropic and homogeneous Universe.

In Fig. 11(a)– Fig. 11(d), we display the ℓ − f plot of
the Cℓ(f) for four different cases. Consistent with the be-
havior at ℓ = 15, the Cℓ(f)s curves exhibit an increase from
approximately one to twelve as the frequency increases from
f = 2×10−9 Hz to f = 3×10−8 Hz in nearly a steady way at
all values of ℓ. The steady increase at all ℓ for every spectral
frequency f makes the theoretical signal strongly correlated
and predictable. As the Universe is expected to be statisti-
cally isotropic and homogeneous at large scales, the SGWB
fluctuations at large scale are nearly independent of spatial
scale ℓ values and vary strongly with the spectral frequency
f of GWs, which captures the evolution of the SMBHBs. If
one can probe angular scales corresponding to galaxies and
smaller (higher ℓs), the spatial behavior is expected to show
some variation. As the current PTA analysis can only ex-
plore large angular, we have not explored the signal at small
angular scales in this paper. The small angular scale signal
will be explored in a future work.

The presence of anisotropic power spectrum with more
power at high f for every value of spatial frequency ℓ makes
it possible to measure the amplitude B(l) and the power-
law index λ (of a two-parameter model to capture the
anisotropic power spectrum) of Cl(f) by combining different
values of ℓ, which gives a

√
fsky(2ℓ+ 1) independent infor-

mation per ℓ for a survey with sky-fraction fsky. The the-
oretical analysis presented in this paper demonstrates how
the anisotropic signal of the SGWB in the ℓ − f space can
capture the imprints of SMBHBs evolution in the Universe.
We have shown the variation of Cl(f) for different scenarios
of astrophysical models and have theoretical predictions on
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the scaling of the anisotropic signal with f . In future work,
we will explore the measurability of this signal and how it
can be constrained from the SGWB observations.

A summary of the key signatures of SMBHBs evolution
on the SGWB spatial-spectral frequency are:

• Even in the absence of any redshift evolution of the
SMBH mass and galaxy stellar mass relation, the anisotropy
in SGWB captured in terms of the spatial-spectral power
spectrum Cl(f) can be large if SMBH masses and galaxy
stellar mass relation is more steep implying that heavier
SMBHs can be efficiently hosted in galaxies of lower stellar
mass. The amplitude and shape of SGWB power spectrum
Ωgw(f) can be comparable for both steep and shallow SMBH
masses and galaxy stellar mass relation.

• If heavier SMBHs form efficiently at high redshift, then
the amplitude of the anisotropy can increase in the high fre-
quencies of n-Hz signal than the low frequency for a compa-
rable SGWB power spectrum Ωgw(f). The spectral shape of
Ωgw(f) and spatial-spectral anisotropy power spectra Cl(f)
bring complementary information on the redshift evolution
of the SMBH and galaxy stellar mass relation.

• The effect of the environment hardening on the
anisotropy of SGWB in the spatial-spectral domain is not
very pronounced at large angular scales (larger than one-
degree angular scales) as the environment effect is more
dominant at small angular scales (less than arc-minutes an-
gular scales). However, the spectral shape of Ωgw(f) shows
prominent features in the presence of environmental effects.

• The coalescing rate of SMBHBs across cosmic time
shows prominent features in both power spectrum Ωgw(f)
and spatial-spectral anisotropy power spectrum Cl(f). If the
coalescence rate is less efficient in high frequency than in
low frequency, and/or is less efficient at low redshift, then
the amplitude of Cl(f) increases. By measuring Ωgw(f) and
Cl(f) the frequency and redshift evolution of the coalescing
rate can be inferred using the n-Hz signal.

8 CONCLUSION

The study of SMBH formation and evolution remains a cen-
tral challenge in modern cosmology. The observational study
of the SMBH population is constrained by our ability to de-
tect and resolve the source at high redshifts using electro-
magnetic probes. The detection of n-Hz gravitational waves
through radio observations of signals from pulsars presents a
promising avenue for unraveling the mysteries surrounding
SMBH formation and evolution. The SGWB density from
PTA will provide a new approach to understanding the pop-
ulation of SMBHs.

However, to truly comprehend the SMBH population
and its evolutionary trends, it is important to explore addi-
tional observational avenues and develop comprehensive the-
oretical frameworks that can account for the diverse range of
processes involved in their formation and growth. Our study
has highlighted the importance of studying the isotropic as
well as the anisotropic SGWB density in the study of the
SMBH signal which can shed light on the formation scenar-
ios of SMBHBs. The study of SGWB anisotropy holds great
promise as a valuable tool for advancing our understanding
of some of the open questions regarding the formation and

evolution of SMBHs and SMBHBs. The evolutionary his-
tory of the SMBHs is expected to have an imprint on the
correlation between the SMBH mass and the properties of
the host galaxies. To capture the physics from multi-scale,
we adopted a multiscale adaptive technique to cross-match
the physics involved at different scales from cosmological to
the sub-pc scale where the coalescence of the binary occurs,
to calculate the large-scale spatial and spectral anisotropy
of the SGWB in n-Hz range. By utilizing large-scale simula-
tions such as MICECAT and smaller-scale, high-resolution sim-
ulations such as ROMULUS25, along with an analytical model
for the physics of the sub-pc SMBH environment, we demon-
strate the impact of SMBHB evolution on the SGWB signal.

Our results have illustrated how the anisotropy of the
SGWB from the population of the SMBHBs is affected by
the SMBHmass-stellar mass relation. Similarly, we have also
demonstrated that the coalescence rate and its evolution af-
fect the overall shape of the spatial dependence of the an-
gular correlation Cℓ(f) of the SGWB. The coalescence rate
of the SMBHBs at different separations of binaries can be
used as a probe to the merger history of the galaxy. Fur-
thermore, our investigation highlights the significant impact
of environmental effects on the anisotropy of the SGWB.
The presence of environmental effects, particularly at large
separations of the binary, can alter the residence time of a
binary at low frequencies. This effect leads to an increase in
the anisotropy.

The efficiency of the multiscale adaptive technique can
be hindered by the poor resolution and volume of the simula-
tions. Lower resolutions can impact the accuracy of inferred
properties, particularly for low-mass sources. Moreover, poor
resolution can also affect the modeling of physical processes
within these structures, such as star formation, feedback
from supernovae and active galactic nuclei, and the growth
of SMBH. These processes are crucial for understanding the
observed properties of galaxies and SMBHs and their evolu-
tion over cosmic time.

Although with the present n-Hz data, the sky localiza-
tion is poor, the future inclusion of the Square Kilometre
Array (SKA) will significantly improve the sky localization
error, as a large number of pulsars can be detectable with
SKA (Lazio 2013; Stappers et al. 2018). SKA is projected to
find several hundred pulsars, which will enhance the PTA’s
ability to detect and localize the GW signal. The sky local-
ization of the PTAs scales as the square root of the number
of pulsars (Sesana & Vecchio 2010a,b). Therefore, with the
addition of hundreds of pulsars, SKA is expected to enhance
the localization of the GW signal to a few tens of square de-
grees (Sesana & Vecchio 2010a,b).

The approach proposed in the work will help us put
some valuable constraints on the population and evolution
of the SMBHs. Using the multiscale adaptive technique em-
ployed in this work, we can efficiently calculate the spatial-
spectral anisotropy of the SGWB signal for a wide range of
astrophysical scenarios of SMBH formation and evolution,
which can be tested with n-Hz observations. In the future,
incorporating this framework into a Bayesian data analysis
setup will enable the measurement of parameters (such as
ρ, η, ν, δf , κ, µ, z0) by using the spatial-spectral signal Cl(f).
Furthermore, cross-correlation of the SGWB signal with
the tracers of the large-scale structures (such as galaxies,
quasars, AGN) will bring additional insights into the forma-
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tion of the SMBHs in the Universe. A work is currently un-
der preparation to explore these aspects. Though this study
strictly limits the power spectrum of the SGWB, signatures
beyond the power spectrum, such as non-Gaussian signa-
tures are also expected to be important due to the sporadic
spatial distribution of the SMBHBs in the Universe. These
will also bring more constraining power in measuring the
SMBHB’s evolution parameters.
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APPENDIX A: FITTING POWER LAW TO THE
15-YEAR DATA RELEASE OF NANOGRAV

We fit the Ωgw(f) of the NANOGrav 15-yr data set to a
power law using PTArcade code (Mitridate et al. 2023).

Ωgw(f) = A× (f/fyr)
α, (A1)

where A is the amplitude of the Ωgw(f) at f = fyr, fyr =
1/yr, and α is the power law index. Fig. A1 shows the corner
plot of A and α fitted to the NANOGrav 15-yr data set. The
uncertainties on parameters based on the 16th, 50th, and
84th percentiles are Log10A= −7.14+0.28

−0.29 and α= 1.76+0.36
−0.34.

We have normalized the mode over 1000 realizations of the
Ωgw(f) in each frequency bin by the 50 % confidence level
of amplitude A and power law index α for cases ’SMBH
mass-Stellar mass’ and ’SMBH mass-Stellar mass evolution’
mentioned in the Table. 1.
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