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The nature of charge carriers in strange metals has become a topic of intense current investigation.
Recent shot noise measurements in the quantum critical heavy fermion metal YbRh2Si2 revealed a
suppression of the Fano factor that cannot be understood from electron-phonon scattering or strong
electron correlations in a Fermi liquid, indicating loss of quasiparticles. The experiment motivates
the consideration of shot noise in a variety of theoretical models in which quasiparticles may be
lost. Here we study shot noise in systems with co-existing itinerant electrons and dispersive bosons,
going beyond the regime where the bosons are on their own in thermal equilibrium. We construct
the Boltzmann-Langevin equations for the coupled system, and show that adequate electron-boson
couplings restore the Fano factor to its Fermi liquid value. Our findings point to the beyond-
Landau form of quantum criticality as underlying the suppressed shot noise of strange metals in
heavy fermion metals and beyond.

Introduction: In conventional metals described by
Landau Fermi liquid theory, the scattering rate increases
quadratically with temperature, and the electrical cur-
rent is carried by well-defined quasiparticles with elec-
tronic charge e [1]. However, in strange metals, like
quantum critical heavy fermion materials [2], resistivity
increases linearly with temperature, and quasiparticles
may lose their identity [3, 4]. This requires a new descrip-
tion beyond the Landau paradigm, which may no longer
involve discrete current carriers. Shot noise provides a
non-equilibrium probe of the granularity of charge carri-
ers [5, 6], helping to clarify the nature of current carriers
in these enigmatic metals.

The shot noise Fano factor (F ) measures the low-
frequency current fluctuations relative to the average
current, serving as a valuable indicator of discreteness
of the current carriers. Recent measurements in the
quantum critical heavy fermion metal YbRh2Si2 revealed
a strong suppression of the Fano factor in the strange
metal regime [7], which cannot be attributed to electron-
phonon interactions in a Fermi liquid. The experiment
has motivated theoretical studies of shot noise in strongly
correlated metals [8–10]. In particular, we found that
when the current is carried by quasiparticles, the Fano
factor F =

√
3/4 even when the renormalization effect

is extremely strong as in heavy Fermi liquids [8]. This
implies that quasiparticles must be destroyed to account
for the shot-noise reduction, a conclusion that is consis-
tent with the beyond-Landau form of quantum criticality
advanced for heavy fermion metals [11–13]; it also is sup-
ported by the overall phenomenology of YbRh2Si2 and
related quantum critical heavy fermion metals [14, 15],
which includes Fermi surface jump across the quantum
critical point (QCP) [16–18] and dynamical Planckian
scaling at the QCP [19–21]. This conclusion also im-
plies that the Fano factor joins the Weidemann-Franz
law [22, 23] and Kadowaki-Woods ratio [24, 25] as a valu-
able tool for characterizing strong correlations in diffusive
Fermi liquids and diagnosing quasiparticle loss.

To further sharpen the considerations, here we study
shot noise in coupled electron-boson systems. We take
cue from the known result about the effect of electron-

(a)

(b)

FIG. 1. (a) Schematic plot of the Fano factor (F ) as a
function of system size L, initially derived based on a Fermi
gas experiencing electron-electron and electron-phonon scat-
tering [26–29]. With the phonons taken as in equilibrium on
its own, the electron-phonon coupling equilibrates the elec-
tron distribution and, thus, reduces the Fano factor, when
the system size L exceeds the scattering lengths leb. Here
we ask what happens if the bosons are not assumed to be
in equilibrium. (b) Schematic result for the Fano factor as a
function of the electron-boson coupling, λeb, when the bosons
are allowed to be out of equilibrium.

phonon scattering when the phonons are in equilibrium
on their own as illustrated in Fig. 1(a): when this scatter-
ing is operative, which happens when the corresponding
scattering length leb falls below the system size L, the
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electron-phonon coupling equilibrates the electron distri-
bution and, thus, reduces the Fano factor [26–29]. While
this phonon-based mechanism per se was ruled out for
YbRh2Si2 through measurements of long wires [7], it
provides a concrete setting for addressing the following
question: What happens to the shot noise in coupled
electron-boson systems when the bosons can be driven
out of equilibrium through their coupling with the elec-
trons? This question is relevant for the electron-boson
problem in the boson-drag regime, where the momen-
tum or energy transferred from the electrons to the boson
component can be transferred back to the electron com-
ponent. While the drag effect for the electron-phonon
problem is negligible except for extreme low tempera-
tures, it is expected to be important for the cases where
the bosons are collective modes of the electron system
due to a large electron-boson coupling (which traces
back to the bare electron-electron Coulomb repulsion).
The latter case applies to the quantum criticality in the
Hertz-Millis-based description [30–32]. In this scenario,
in the clean limit, only specific sections of the Fermi sur-
face lose quasiparticle-like behavior (the so-called “hot-
spots”) [33, 34] whereas the Fermi liquid description re-
mains valid across the remainder of the Fermi surface,
dominating transport properties and leaving the Fano
factor intact. In contrast, zero momentum order pa-
rameter fluctuations – the kind relevant for ferromag-
netism, Ising-nematic and excitonic orders – render the
entire Fermi surface “hot” [30], even though their con-
tributions to the electrical resistivity is expected to be
superlinear in temperature. It is desirable to construct
the Boltzmann-Langevin equations suitable for the study
of shot noise in coupled electron-boson systems without
assuming equilibrium bosons. Here, we do so and de-
termine the shot noise. Our key conclusion is that a
sufficiently strong electron-boson coupling restores the
Fano factor to F =

√
3/4, as illustrated in Fig. 1(b). Our

results support the suggestion [7, 8] that quantum crit-
icality of beyond the Landau form [11–13] underlies the
suppressed shot noise in YbRh2Si2, in a similar way that
it causes a violation of the Wiedemann-Franz law [35].

Transport in electron-boson systems: Here, we
consider metals with two distinct interacting degrees
of freedom, one fermionic (electrons; ψ) and the other
bosonic (phonons, collective soft modes, etc.; ϕ), with
their interaction modeled by a Yukawa term, ϕψ†ψ [36]
A universal description of the system in the presence of an
external electromagnetic field, E, which acts as a source
terms, is given by

S =

∫
dτ dr

{
L[ψ, ϕ] + V (r)ψ†ψ + ieA(τ, r) · ψ†∇ψ

}
,

(1)

where L[ψ, ϕ] = ψ†[∂τ −H0(∇)]ψ − ϕ†
[
∂2τ + c2∇2

]
ϕ +

ϕψ†g(∇)ψ + uψ
(
ψ†ψ

)2
+ uϕ|ϕ|4, V (r) is a random po-

tential with ⟨V (r)V (r′)⟩ ∝ δ(r − r′) which is responsi-
ble for elastic scatterings among the electrons, g(∇) is a
coupling function that controls the interaction between

(a) (b)

(c) (d)

FIG. 2. Scattering processes contributing to the electrical
conductivity. In diagrams of type (a) the external frequency-
momentum can be carried entirely by electronic propagators.
Here, one or more of the boson lines can be exchanged for the
dashed lines representing four-fermion vertices [c.f. Appendix
C]. For diagrams of type (b), both virtual bosons and elec-
trons carry external frequency-momentum. These processes
become important in the drag regime, as explained in the
text. (c) and (d) are the renormalized current vertices that
capture the scattering of electrons and bosons by the exter-
nal photon, the thick straight (wavy) lines represent the fully
renormalized electron (boson) propagators.

ψ and ϕ, A is an external electromagnetic field such that
the applied electric field E = −∂tA. We will work in
the regime where the self-interaction among the bosons
is weak; henceforth, we set uϕ = 0 and simplify notation
by setting uψ → u. The diagrammatic representation
of the remaining vertices is shown in Appendix C. Here,
the source of the Yukawa vertex is the four-fermion in-
teraction channel that produces soft collective modes as
the system is tuned towards a quantum critical point.
The remaining four-fermion interaction channels are rep-
resented by the u(ψ†ψ)2 term. Thus, away from the crit-
ical point, while both interaction channels suppress the
quasiparticle weight, the development of non-Fermi liq-
uid correlations solely result from the Yukawa vertex [30].

The conductivity tensor is given by σij =〈
(ψ†∂iψ)(ψ

†∂jψ)
〉
, which receives quantum corrections

from the interaction terms in L. Following Holstein [37],
we compute σij at finite g and u. Two classes of diagrams
contribute to σij . The first class of diagrams is exempli-
fied by processes depicted in Figs. 2(a), where the exter-
nal frequency-momentum can be carried entirely by elec-
tronic virtual excitations. The second class of diagrams,
represented by Fig. 2(b), constitute scattering processes
where the external frequency-momentum must necessar-
ily be carried by both virtual electrons and bosons. As a
result, in scattering processes of the former (latter) cate-
gory the bosons are at equilibrium (out of equilibrium),
which makes the latter class of diagrams to become im-
portant in the drag regime where both the electrons and
the bosons are out of equilibrium [37].
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While computing σij in the drag regime, it is conve-
nient to view the renormalizations to the external-source
vertex (c.f., Appendix C) as a self consistent solution to
a pair of coupled equations for renormalizations to the
current-vertices, one for each type of current-vertex in
Figs. 2(c) and (d). These equations are represented dia-
grammatically as

= + + (2)

= (3)

In Eq. (2) the quantum corrections are split into three
categories: the first term is the renormalized current ver-
tex for the electrons due to the four-fermion scatterings,
the second term contains additional corrections purely
due to the Yukawa vertex, and the final term encodes
the feedback from the boson-current vertex. Since the
bosons are not charged, they do not directly couple with
the external gauge field. Consequently, the quantum cor-
rections in Eq. (3) are generated only through the renor-
malized electron-current vertex. We note that in Eqs. (2)
and (3) the propagators are fully dressed by u, g, and V
appearing in (1), which implies that the fermionic ex-
citations that contribute to the above processes are not
necessarily quasiparticles. We have assumed that the sys-
tem is in the regime where the Migdal’s theorem applies
such that the vertex corrections from the Yukawa vertex
can be neglected and, in addition, the spectral functions
contain dispersive peaks.

The coupled equations above can be utilized to obtain
a relationship between the electron and boson distribu-
tion functions [37], as described in Appendix A.

In the limit Ω → 0, Eqs. (A1) and (A2) lead to a
set of coupled Boltzmann equations for the electrons and
bosons with electron-boson (Ieb) and boson-electron (Ibe)
collision integtals. For completeness, we add collision
integrals resulting electron-electron (Iee), boson-boson
(Ibb), electron-impurity scatterings (Iimp) and Langevin
source δJext(x, k, t) [38] This procedure leads to the fol-
lowing coupled Boltzmann-Langevin equations:

L̂ψf(x, k) + Iimp(x, k) + Iee(x, k) + Ieb(x, k) = δJext

L̂ϕN(x, q) + Ibb(x, q) + Ibe(x, q) = 0 (4)

where

L̂ψf(x,k)

=

[
∂t + vx∂x + (eE −

∑
k′

Uk,k′∂xδfk′) · ∂k

]
f(x,k)

(5)

L̂ϕN(x, q) = (∂t + cx∂x)N(x, q) (6)

and vx = ∂ϵk/∂kx and cx = ∂ωq/∂qx are the group
velocities of the electronic and bosonic excitations, re-
spectively, and the fermion distribution function f here
equals f+ introduced above. In addition, Uk,k′ describes
the effective electron-electron interaction, δJext is the ex-
traneous electronic flux for the description of electronic
fluctuations and shot noise [8, 39]. In the correlated
regime, where the electron-electron scattering length lee
is much smaller than the system size L, strong elec-
tron scattering significantly shapes the nonequilibrium
fermion distribution. This distribution, which was de-
rived in our previous work[8], has the following form:
f(x, k) = fF (ϵk, Te(x)) + eEvxτ∂ϵfF , where fF (ϵk, Te)
is the Fermi Dirac distribution function with the elec-
tron energy ϵk = ϵ0k+

∑
p′ Uk,k′δfk′ and temperature Te.

The first term in this expression, symmetric in momen-
tum space, is critical for determining the characteristics
of shot noise, while the second, antisymmetric term pre-
dominantly influences the current behavior.
Shot noise: When the impurity scattering is domi-

nant over inelastic scatterings, the shot noise can be ex-
pressed as [8, 39]:

S =
4G

L

∫ L/2

−L/2
dx

∫
dϵf(x, ϵ)(1− f(x, ϵ)) = 4GT̄e (7)

where T̄e =
1
L

∫ L/2
−L/2 dxTe(x) is the averaged nonequilib-

rium temperature. The Fano factor, defined as the ratio
between noise and current, could be expressed as follows,

F =
S

2eGV
= 2Θ̄e (8)

where Θ̄e ≡ T̄e/eV denotes for the dimensionless aver-
aged temperature. In the absence of any electron-boson
coupling, the Fano factor F is 1/3 for non-interacting

electrons[39] and
√
3/4 for hot electrons with strong

electron-electron collisions[27, 40]. It holds true even in
the context of a strongly correlated Fermi liquid where
the Landau parameters are considered to be large [8].
When the electron-boson coupling is present, the elec-

trons and bosons will exchange energy and momentum
during electron-boson scattering. Consequently, the tem-
peratures of the electrons (Te) and bosons (Tb) evolve,
which in turn affects the characteristics of the shot noise.
To accurately track this evolution, it is necessary to solve
the coupled Boltzmann-Langevin equations for both elec-
trons and bosons. In this study, we consider the case
where bosons deviate from global equilibrium due to
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interactions with nonequilibrium electrons, and assume
they achieve local equilibrium in the steady state due to
scattering with electrons. This local equilibrium is char-
acterized by a Bose distribution function nB(ω, Tb(x)),
where Tb(x) denotes the locally defined temperature at
position x within the sample.
To investigate the evolution of Te and Tb, we derive the

diffusion equations for electrons and bosons. They are
obtained by splitting their nonequilibrium distributions
into symmetric and antisymmetric part, and substituting
equation for the antisymmetric part into symmetric part
(for details see the Appendix D):

D∂2xf(ϵ, Te) + Ieb = 0 (9)

∂2xnB(ω, Tb) =
d

c2τbe

(
1

τbe
+

1

τbb

)
[nB(ω, Tb)− nB(ω, Te)]

(10)

where

Ieb =

∫
dωM(ω)[2f(ϵ, Te)− f(ϵ− ω, Te)− f(ϵ+ ω, Te)]

[nB(ω, Te)− nB(ω, Tb)] (11)

where M(ω) = λebω
n+d−2

2πvFωn
Dc

d−1 ,
1
τbe

= 4πNFλeb
c
vF

(
ω
ωD

)n
.

Here, d is the space dimension, n = 1 describes the scal-
ing of the Yukawa coupling with Goldstone bosons (e.g.
phonons and AFM magnons), and n = 0 corresponds to
the Yukawa coupling with critical bosons (e.g. collective
soft modes of the Hubbard-Stratonovich field). The in-
verse boson-boson scattering time, represented by 1/τbb,
is assumed to be negligible relative to 1/τbe. Multiply-
ing Eq.(9) with ϵ and integrate with ϵ, also multiplying
Eq.(10) with ωd−n and integrate with ω, one gets:

L2∂2xΘ
2
e +

6

π2
= γe(Θ

d+n+1
e −Θd+n+1

b ) (12)

L2∂2xΘ
d−n+1
b = γb(Θ

d+n+1
b −Θd+n+1

e ) (13)

where Θe(b), the dimensionless temperature for electrons
(bosons), and the parameters γe and γb are defined as
follows

Θe(b) = Te(b)/eV ; γe = L2/l2eb; γb = L2/l2be, (14)

with l−1eb ≡ l−1e←b =
√

6ζ(d+n+1)Γ(d+n+1)
2π3vF cd−1ωn

DD
λeb(eV )d+n−1

and l−1be ≡ l−1b←e =

√
8dπ2N2

F

v2Fω
2n
D

ζ(d+n+1)Γ(d+n+1)
ζ(d−n+1)Γ(d−n+1)λ

2
eb(eV )2n.

ζ(x) and Γ(x) denote the Riemann zeta function and
the Gamma function, respectively. γe(b) are dimension-
less quantities that characterize the energy relaxations of
electrons (bosons) due to interactions with bosons (elec-
trons), respectively. The terms leb and lbe denote the
electron-boson and boson-electron relaxation lengths, re-
spectively. Specifically, leb measures the distance elec-
trons can travel without energy relaxation due to bosons,
and lbe similarly applies for bosons relative to electrons.

FIG. 3. Fano factor F as a function of the ratio γb/γe ∝ λeb,
in the electron-boson drag regime for critical bosons (n = 0),
where Te(x) = Tb(x). This regime is characterized by either
γe ≫ 1 or γb ≫ 1.

We note that the electron-boson relaxation length leb dif-
fers from the electron-boson scattering length used in
the context of resistivity (e.g., Bloch’s law for acous-
tic phonons), where the latter is derived from the lin-
earized electron-boson collision integral assuming that
bosons are in equilibrium. We further note that the ratio
γb/γe ∝ λeb, the electron-boson coupling at the Yukawa
vertex.
Multiplying Eq.(13) with γe/γb and sum with Eq.(12),

one can get an exact relation between the two tempera-
tures:

Θ2
e +

γe
γb

Θd−n+1
b =

6

π2

[
1

8
− 1

2

( x
L

)2
]

(15)

where we utilized the zero temperature conditions at
two boundaries: Te(±L

2 ) = Tb(±L
2 ) = 0. This relation

captures the conservation law of heat transfer between
electrons and bosons under local equilibrium conditions.
Here, the second term in Eq.(15) can be neglected when
γe ≪ γb, corresponding to lbe ≪ leb. In this regime, the
electrons stay hot, resulting in Fano factor F =

√
3/4.

Conversely, when γb ≪ γe, or equivalently leb ≪ lbe, the
temperature of the bosons, Θb → 0. This occurs be-
cause in the absence of significant scattering from elec-
trons (1/τbe = 0), bosons remain in global equilibrium.
We investigate the regime where γe ≫ 1 or γb ≫ 1,

which arises when the electron-boson or boson-electron
scattering is sufficiently strong such that L ≫ leb or lbe.
The strong drag between electrons and bosons equalizes
their temperatures, leading to:

Θe = Θb (16)

as seen from Eqn. (12 or (13) at leading order. Under
such drag regime, one can get analytic solutions for Θe
after combining Eq. (16) with Eq. (15). We summarize
these results in Table (I) and plot them as functions of
γb/γe in Fig. 3. We note that our analytical results
are fully supported by the direct numerical solution to
Eqs. (12, 13).
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Θ
(d−n)
e (x) n = 0 n = 1

d = 2 Θ(2)
(

γb
γe
,Θ0e

) √
γb

γe+γb
Θ0e

d = 3 1√
2

(√
γ2
b

γ2
e
+ 4γb

γe
Θ2

0e −
γb
γe

) 1
2

Θ(2)
(

γb
γe
,Θ0e

)
TABLE I. Table of local temperature for electrons coupled
with critical (n = 0) and Goldstone (n = 1) bosons in two
(d = 2) and three (d = 3) dimensions in the limit γe ≫

1. Θ0e(x) =

√
3

4π2

[
1−

(
2x
L

)2]
is the local temperature of

hot electrons without electron-boson couplings, which leads

to F (λeb = 0) =
√

3
4
. The form of Θ(2) is shown in Appendix

E.

Discussion: Fig. 3 is the central result of our work.
Note that γb/γe ∝ λeb. When the electron-boson cou-
pling λeb is small, leb ≪ L, lbe, and the Fano factor F
goes below

√
3/4. By contrast, when the electron-boson

couping is adequately large, as we expect for the cases
where the bosons correspond to collective excitations of
the electrons, the Fano factor is restored to

√
3/4. This

qualitative trend is illustrated in Fig. 1(b).

To summarize, in this paper we study the shot noise

in a coupled electron-boson system when the bosons are
allowed to go out of equilibrium due to their interactions
with the electrons. We construct the coupled Boltzmann-
Langevin equations. We show that adequate electron-
boson couplings restore the Fano factor to its Fermi liquid
value. Our results are important for understanding the
reduced shot noise observed in quantum critical heavy
fermion metals and beyond, pointing to the quasiparti-
cles being lost from the beyond-Landau form of quantum
criticality as the underlying mechanism.
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Appendix A: Coupled Boltzmann equations

The coupled equations (2,3) of the main text can be utilized to obtain a relationship between the electron and
boson distribution functions [37],

i(Q · vk − Ω)Φk = vk + 2π
∑
q,±

|gq|2
[
(Φk±q − Φk ∓ nq)

(
f∓F (ϵk±q +Ω) + f∓F (ϵk±q)

2
+ nB(ωq)

)
δ(ϵk − ϵk+q + ωq)

+
i

2π
P

(
1

ϵk − ϵk±q ± ωq

)(
f∓F (ϵk±q +Ω)− f∓F (ϵk±q)

)
(Φk±q − Φk)

]
(A1)

i(Q · ∇qωq − Ω)nq = 2π
∑
k

|gq|2δ(ϵk + ωq − ϵk+q)
[
−f−F (ϵk + ωq) + f−F (ϵk)

]
[Φk+q − Φk − nq] . (A2)

Here, we have set ℏ = 1, vk is the magnitude of the renormalized fermion-current vertex due to local coulomb
interactions, (Ω,Q) are the frequency-momentum of the external electromagnetic field, A, f±F (x) is the Fermi-
Dirac distribution function for the occupied and vacant states, nB(x) is the Bose distribution function, Φk =[
fk − f−F (ϵk)

]
/
[
eE∂ϵkf

−
F (ϵk)

]
and nq = [Nq − nB(ωq)]/

[
eE∂ωqnB(ωq)

]
with fk and Nq being the full fermion and

boson distribution functions, respectively, P(x) denotes the principal value, gq is the Fourier components of the
Yukawa coupling [42], and ϵk and ωq are the electron and boson dispersions respectively. We note that the Thomas-
Fermi screened temporal part of the electromagnetic gauge field can also participate in Boltzmann transport as an
independent bosonic mode. Here, we assume the temperature window is sufficiently smaller than the Thomas-Fermi
screening scale, such that the temporal part of the electromagnetic gauge field does not participate in transport. We
describe the case when the spectral functions are sharp, though we expect our analysis to remain valid provided that
the spectral functions are sharp enough to display dispersive peaks.

In the limit Ω → 0, Eqs. (A1) and (A2) leads to a set of coupled Boltzmann equations for the electrons and
bosons with electron-boson (Ieb) and boson-electron (Ibe) collision integtals. For completeness, we add collision
integrals resulting electron-electron (Iee), boson-boson (Ibb), , electron-impurity scatterings (Iimp) and Langevin
source δJext(x, k, t) [43]. This leads to the coupled Boltzmann-Langevin equations given in Eq. (4) of the main text.

Appendix B: From coupled vertex corrections to Boltzmann equations

In this section we outline the path from Eqs. (A1) and (A2) in the previous Appendix to the coupled Boltzmann
equations. Here, Φk and nq parameterize the deviations from the equilibrium fermion and boson distribution functions,
respectively,

fk = f−F (ϵk) + eEΦk∂ϵkf
−
F (ϵk); Nq = nB(ωq) + eEnq∂ωqnB(ωq). (B1)

In the limit Ω → 0 we obtain

iQ · vkΦk = vk + 2π
∑

q,s=±
Ws(k, q)(Φk+sq − Φk − snq)

(
f−sF (ϵk+sq) + nB(ωq)

)
(B2)

iQ · ∇qωqnq = 2π
∑
k

W+(k, q)
[
−f−F (ϵk + ωq) + f−F (ϵk)

]
[Φk+q − Φk − nq] (B3)

where we have defined the transition probability

Ws(k, q) = 2π|gq|2δ(ϵk − ϵk+q + sωq) (B4)

We multiply both sides of Eq. (B2) [Eq. (B3)] by eE∂ϵkfF (ϵk) [eE∂ωqnB(ωq)], and add iQ ·vkfF [iQ ·vknB ] to obtain
the Boltzmann equations in the main text.

Appendix C: Bare vertices

Here we specify the bare vertices associated with interaction terms in Eq(1) of the main text.
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(a) (b) (c)

FIG. 4. Graphical representation of the three vertices that contribute to electrical conductivity. (a) The electron-boson vertex;
(b) the four-fermion vertex; (c) the external source vertex representing the direct coupling between an applied electromagnetic
field and the electron current.

Appendix D: Boltzmann equations for electron-boson coupled systems

We study the coupled Boltzmann equations for electrons and bosons:

Lf(x, k) + Iimp(x, k) + Iee(x, k) + Ie−ph(x, k) = 0 (D1)

cx∂xN(x, q) + Iph−ph(x, q) + Iph−e(x, q) = 0 (D2)

where the collision integrals are given by

Iimp(x, k) =
∑
k′

W (kk′)[f(x, k)(1− f(x, k′))− f(x, k′)(1− f(x, k))], (D3)

Iee(x, k) =
∑
2,3,4

W̃ (12; 34)δk+k2,k3+k4δ(ϵ+ ϵ2 − ϵ3 − ϵ4)[f3f4(1− f1)(1− f2)− f1f2(1− f3)(1− f4)], (D4)

Ieb(x, k) =2π
∑
q

|gq|2 {[1− f(x,k)]f(x,k + q)[1 +N(x, q)]− f(x,k)[1− f(x,k + q)]Nλ(x, q)} δ(ϵk + ωqλ − ϵk+q)

+ |gq|2 {[1− f(x,k)]f(x,k + q)N(x,−q)− f(x,k)[1− f(x,k + q)][1 +Nλ(x, q)]} δ(ϵk − ω−qλ − ϵk−q)
(D5)

Ibe(x, q) =4π
∑
k

|gq|2 {[1 +N(x, q)]f(x,k + q)[1− f(x,k)]−N(x, q)[1− f(x,k + q)]f(x,k)} δ(ϵk+q − ωqλ − ϵk),

(D6)

and cx =
∂ωq

∂qx
= cqx

q is the group velocity of bosons. In these collision integals,W (pp′) and W̃ (12; 34) are the scattering

probability for electron-impurity and electron-electron collisions respectively, and |gq|2 = λeb

(
ω
ωD

)n
, where n = 1

denotes for the Yukawa coupling with Goldstone bosons (e.g. phonons and AFM magnons), and n = 0 denotes for
the Yukawa coupling with critical bosons (e.g. collective soft modes of the Hubbard-Stratonovich field).

When lee ≪ L, the Fermi distribution has the following local equilibrium form:

f(x,k) = fF (ϵk, Te(x)) + eE · vkτ
∂fF
∂ϵk

≈ fF (ϵk − eE · vkτ, Te(x)) (D7)

For simplicity, we assume the velocity of fermions is equal to the Fermi velocity vk = vF .
The form of Ibe can be simplified with the help of Eqn.D7,

Ibe(x, q) =4π|gq|2[nB(ωq, Te(x))−N(x, q)]
∑
k

[f(ϵk − eEvF τ)− f(ϵk + ωq − eEvF τ)]δ(ϵk+q − ωqλ − ϵk) (D8)

=4πNF |gq|2
c

vF
[nB(ωq, Te)−N(x, q)] (D9)

where ∑
k

[f(ϵk)− f(ϵk+q)]δ(ω − ϵk+q + ϵk) = − 1

π
Im[

∑
k

1

ω − ϵk+q + ϵk + iδ
] = NF

ω

vF q
(D10)

The nonequilibrium boson distribution can be split into even and odd sectors:

N(x, q) = Neven(x, q) +Nodd(x, q) (D11)
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where Neven = nB(ωq, Te) preserves under q → −q, and Nodd(x, q) = −Nodd(x,−q). Due to different parities, the
boson Boltzmann equation is split into two equations:

cx∂xNodd = −[nB(ωq, Te)−Neven(x, q)]/τph−e (D12)

cx∂xNeven = Nodd(x, q)(
1

τbe(q)
+

1

τbb(q)
) (D13)

with 1/τbe = 4πNF |gq|2 c
vF

= 4πNFλeb
cωn

vFωn
D
. Combining Eqs.(D12,D13), one get

c2x∂
2
xnB(ωq, Tb(x)) =

1

τbe

(
1

τbe
+

1

τbb

)
[nB(ωq, Tb(x))− nB(ωq, Te(x))] (D14)

where cx =
∂ωq

∂qx
= cqx

q , c2x = 1
dc

2.

On the other hand, from the electron side, the collision integral can be simplified at leading order (we do not
consider Umklapp scattering: G = 0),

Ieb(x, k) =2π
∑
q

|gq|2 {[1− f(x,k)]f(x,k + q)[1 +N(x, q)]− f(x,k)[1− f(x,k + q)]Nλ(x, q)} δ(ϵk + ωqλ − ϵk+q)

+ |gq|2 {[1− f(x,k)]f(x,k + q)N(x,−q)− f(x,k)[1− f(x,k + q)][1 +Nλ(x, q)]} δ(ϵk − ω−qλ − ϵk−q)
(D15)

=

∫
dωM(ω) {[1− f(ϵk, Te)]f(ϵk + ω, Te)[1 + nB(ω, Tb)]− f(ϵk, Te))[1− f(ϵk + ω, Te)]nB(ω, Tb)

+[1− f(ϵk, Te)]f(ϵk − ω, Te)N(ω, Tb)− f(ϵk, Te)[1− f(ϵk − ω, Te)][1 +N(ω, Tb)]} (D16)

=

∫
dωM(ω)[2f(ϵk, Te)− f(ϵk − ω, Te)− f(ϵk + ω, Te)][nB(ω, Te)− nB(ω, Tb)], (D17)

where

M(ω) = 2π

∫
ddq

(2π)d
|gq|2δ(ω − ωq)δ(ϵk + ωq − ϵk+q). (D18)

For parabolic electronic bands we have,

ωq + ϵk − ϵk+q = (c− vF cos θ)q +
q2

2m
. (D19)

The form of M(ω) is dimensionality dependent. For small q in three dimensions

M(ω) =
1

2π

λ

vF c2ωnD
ωn+1, (D20)

while in two dimensions

M(ω) =
1

2π

λω

vF c sin(arccos (c/vF ))
≈ 1

2π

λωn

vF cωnD
. (D21)

We can also split the non-equilibrium Fermi distribution function into even and odd sectors:

f(x, k) = feven(x, k) + fodd(x, k), (D22)

where feven = fF (ϵ, Te(x)), fodd = eEvF τ∂ϵfF (ϵ, Te), and τ denotes the electron-impurity scattering time. After
combining the even and odd sectors of the Boltzmann equations [8], we get the following coupled electron-boson
diffusion equations:

D∂2xf(ϵ, Te) + Ie−ph = 0 (D23)

∂2xnB(ω, Tb) = d(4πNFλ/vFω
n
D)

2ω2n[nB(ω, Tb(x))− nB(ω, Te(x))]. (D24)
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Appendix E: Analytic expression of Θe in the drage regime

In the electron-boson drag regime, the bosons and electrons share the same temperatures: Θe = Θb. After combining
with Eq.(15) and Eq.(16) in the main text,

Θe = Θb (E1)

Θ2
e +

γe
γb

Θd−n+1
b =

6

π2

[
1

8
− 1

2

( x
L

)2
]

(E2)

one can solve Θe with different dimension d and scaling exponent n in Yukawa coupling as functions of p = γb/γe and

Θ0e(x) =

√
3

4π2

[
1−

(
2x
L

)2]
:

• d = 2, n = 1:

Θe(p,Θ0e) =

√
p

1 + p
Θ0e (E3)

• d = 3, n = 0:

Θe(p,Θ0e) =
1√
2

√√
p2 + 4pΘ2

0e − p (E4)

• d = 2, n = 0 and d = 3, n = 1:

Θe(p,Θ0e) =
1

3

−p+ 21/3p2(
27Θ2

0ep− 2p3 + 3
√
81Θ4

0ep
2 − 12Θ2

0ep
4
)1/3

+

(
27Θ2

0ep− 2p3 + 3
√
81Θ4

0ep
2 − 12Θ2

0ep
4
)1/3

21/3


(E5)
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