2404.14522v1 [cs.GT] 22 Apr 2024

arXiv

Finite-memory Strategies for Almost-sure
Energy-MeanPayoff Objectives in MDPs

Mohan Dantam
School of Informatics, University of Edinburgh, UK

Richard Mayr
School of Informatics, University of Edinburgh, UK

—— Abstract

We consider finite-state Markov decision processes with the combined Energy-MeanPayoff objective.
The controller tries to avoid running out of energy while simultaneously attaining a strictly positive
mean payoff in a second dimension.

We show that finite memory suffices for almost surely winning strategies for the Energy-
MeanPayoff objective. This is in contrast to the closely related Energy-Parity objective, where
almost surely winning strategies require infinite memory in general.

We show that exponential memory is sufficient (even for deterministic strategies) and necessary
(even for randomized strategies) for almost surely winning Energy-MeanPayoff. The upper bound
holds even if the strictly positive mean payoff part of the objective is generalized to multidimensional
strictly positive mean payoff.

Finally, it is decidable in pseudo-polynomial time whether an almost surely winning strategy
exists.

2012 ACM Subject Classification Theory of computation — Random walks and Markov chains;
Mathematics of computing — Probability and statistics

Keywords and phrases Markov decision processes, energy, mean payoff, parity, strategy complexity

Digital Object Identifier 10.4230/LIPIcs...

1 Introduction

Background. Markov decision processes (MDPs) are a standard model for dynamic systems
that exhibit both stochastic and controlled behavior [29]. MDPs play a prominent role in
many domains, e.g., artificial intelligence and machine learning [33, 31], control theory [5, 1],
operations research and finance [32, 24, 10, 30], and formal verification [2, 32, 20, 15, 3, 12].

An MDP is a directed graph where states are either controlled or random. If the
current state is controlled then the controller can choose a distribution over all possible
successor states. If the current state is random then the next state is chosen according to
a fixed probability distribution. One assigns numeric rewards to transitions (and this can
be generalized to multidimensional rewards). Moreover, priorities (aka colors), encoded by
bounded non-negative numbers, are assigned to states. By fixing a strategy for the controller
and an initial state, one obtains a probability space of runs of the MDP. The goal of the
controller is to optimize the expected value of some objective function on the runs.

The strategy complexity of a given objective is the amount of memory (and randomization)
needed for an optimal (resp. e-optimal) strategy. Common cases include memoryless strategies,
finite-memory strategies, Markov strategies (using a discrete clock, aka step counter), and
general infinite-memory strategies.

Related work. The Parity, MeanPayoff and Energy objectives have been extensively studied
in the formal verification community. A run satisfies the (min-even) Parity objective iff the
minimal priority that appears infinitely often in the run is even. It subsumes all w-regular
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objectives, and in particular safety, liveness, fairness, etc. The MeanPayoff objective requires
that the limit average reward per transition along a run is positive (resp. non-negative in
some settings). MeanPayoff objectives go back to a 1957 paper by Gillette [21] and have
been widely studied, due to their relevance for efficient control. The Energy objective [11]
requires that the accumulated reward at any time in a run stays above some finite threshold
(typically 0). The intuition is that a controlled system has some finite initial energy level
that must never become depleted.

Combinations of these objectives have also been studied, where the runs need to satisfy
several of the above conditions simultaneously.

The existence of almost surely winning strategies for MeanPayoff-Parity in MDPs is
decidable in polynomial time [13]. These strategies require only finite memory for MeanPayoft
> 0 [22], but infinite memory for MeanPayoff > 0 [14].

The existence of almost surely winning strategies for Energy-Parity in MDPs is decidable
in NP N coNP and in pseudo-polynomial time [26]. (The NP N coNP upper bound holds even
for turn-based stochastic games [27].) Almost surely winning strategies in MDPs require
only finite memory in the special case of Energy-Biichi [13], but infinite memory for Energy-
co-Biichi and thus for Energy-Parity [26]. However, c-optimal strategies for Energy-Parity
require only finite (at most doubly exponential) memory, and the value can be effectively
approximated in doubly exponential time (even for turn-based stochastic games) [18].

The Energy-MeanPayoff objective is similar to Energy-Parity, but replaces the Parity part
by a MeanPayoff objective for a second reward dimension. I.e., one considers an MDP with
2-dimensional transition rewards, where the Energy condition applies to the first dimension
and the MeanPayoff condition applies to the second dimension. (It can be generalized to
higher dimensions d, where the MeanPayoff condition applies to all dimensions 2,3,...,d.)
This might look like a direct generalization of the Energy-Parity objective, since Parity games
are reducible to MeanPayoff games [28, 25]. However, this reduction does not work in the
context of these combined objectives when one considers stochastic systems like MDPs; see
below. Non-stochastic Energy-MeanPayoff games have been studied in [9].

A sightly different objective has been studied in [17] who consider MDPs with d-
dimensional rewards, where d = dy +ds. The objective requires a strictly positive MeanPayoff
surely in the first d; dimensions, and almost surely in the remaining ds dimensions. This
objective is strictly stronger than Energy-MeanPayoff. E.g., a MeanPayoff of zero in the first
dimension may or may not satisfy the Energy objective, but it never satisfies the objective in
[17].

The objective studied in [6] aims to maximize the expected MeanPayoff (rather than
the probability of it being strictly positive) while satisfying the energy constraint. However,
unlike in our work, the reward function has a single dimension (i.e., both criteria apply to
the same value) and e-optimal strategies can require infinite memory.

Our contribution. We consider the Energy-MeanPayoff objective in MDPs with d-dimensional
rewards. The first dimension needs to satisfy the Energy condition (never drop below 0),
while each other dimension needs to have a strictly positive MeanPayoff. We show that
almost surely winning strategies for Energy-MeanPayoff require only finite memory. ! This

1 Our results do not carry over to Energy-MeanPayoff objectives with non-strict inequalities where one
just requires a MeanPayoff > 0 almost surely. This needs infinite memory even for the case of d = 2,
i.e., one energy-dimension and one MeanPayoff-dimension. It suffices to modify the counterexample for
Energy-co-Biichi from [26, Page 4] such that a visit to a state with unfavorable color incurs a reward of
—1 in the MeanPayoff-dimension.
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is in contrast to the Energy-Parity objective where almost surely winning strategies require

infinite memory in general [26, Page 4] (even for the simpler Energy-co-Biichi objectives).

This also shows that Energy-Parity is not reducible to Energy-MeanPayoff in MDPs, unlike
the reduction from Parity to MeanPayoff in [28, 25].

We show that almost surely winning strategies for Energy-MeanPayoff, if they exist, can
be chosen as deterministic strategies with an exponential number of memory modes. The
crucial property is that it suffices to remember the stored energy only up to some exponential

upper bound. A small counterexample shows the corresponding exponential lower bound.

Even for randomized strategies, an exponential number of memory modes is required, and
this holds even for the case of small transition rewards in {—1,0,+1}.

Although almost surely winning strategies are ‘exponentially large’ in this sense, their
existence is still decidable in pseudo-polynomial time; cf. Section 7.

2 Preliminaries

A probability distribution over a countable set S is a function f: .S — [0, 1] with ) o f(s) = 1.

supp(f) = {s| f(s) > 0} denotes the support of f and D(S) is the set of all probability
distributions over S. Given an alphabet ¥, let ¥¢ and X* (X1) denote the set of infinite and
finite (non-empty) sequences over X, respectively. Elements of X% or ¥* are called words.

MDPs and Markov chains. A Markov Decision Process (MDP) is a controlled stochastic
directed graph M = (S, S, So, E, P,r) where the set of vertices S (also called states) is
partitioned into the states Sy of the player O (Mazimizer), and chance vertices (aka random
states) So. Let E C S x S be the transition relation. We write s—s’ if (s,s’) € E and
assume that Succ(s) = {s' | sEs'} # () for every state s. The probability function P assigns

each random state s € S a distribution over its successor states, i.e., P(s) € D(Succ(s)).

def

We extend the domain of P to S*S by P(ps) = P(s) for all ps € STS. A Markov chain is
an MDP with only random states, i.e., Sy = (. In this paper we consider finite-state MDPs,
i.e., the set of states S is finite.

Strategies. A run is an infinite sequence sgs7 ... € S“ such that s;—s;11 foralli > 0. A
path is a finite prefix of a run. Let Runs(M) = {p = (i) en |quq1‘+1} denote the set of all
possible runs. A strategy of the player O is a function o: S*Sy — D(S) that assigns to every
path ws € S*Sy a probability distribution over the successors of s. If these distributions
are always Dirac then the strategy is called deterministic (aka pure), otherwise it is called

randomized (aka mixed). The set of all strategies of player O in M is denoted by YM.

A run/path sgsy ... is compatible with a strategy o if s;11 € supp(o(so-.-$;)) whenever
s; € Sp. Finite-memory strategies are a subclass of strategies using a finite set M of memory
modes. A function nxt : M x Sy — D(S) chooses a (distribution over) successor states based
on the current memory mode and state and upd : M x E — D(M) updates the memory
mode upon observing a transition. Let o[m] denote the finite-memory strategy o starting in
memory mode m. The set of all finite-memory strategies in M is denoted by E?". Strategies
with memory |[M| =1 are called memoryless. Memoryless deterministic (resp. randomized)
strategies are called MD (resp. MR). By fixing some finite-memory strategy o from some

initial state in a finite-state MDP M, we obtain a finite-state Markov chain, denoted by M.

Measure. An MDP M with initial state sy and strategy o yields a probability space
(505%, Fey, PM ) where Fy, is the o-algebra generated by the cylinder sets sgsy .. . 5,5 for

0,80

XX:3



XX:4

Finite-memory Strategies for Almost-sure Energy-MeanPayoff in MDPs

n > 0. The probability measure PM

0,80
P (p) 20 if p is not compatible with o and otherwise P (pS) = H?:_Ol 7(s0 ... 5i)(Sit1)
where 7 is ¢ or P depending on whether s; € Sy or Sp, respectively. If M is a Markov chain
then there is only a single strategy, and we simply write 7?;:]". By Carathéodory’s extension
theorem [4], this defines a unique probability measure on the c-algebra. Given some reward

function v : $05% — R, we write £(.) for the expectation w.r.t. P and v.

is first defined on the cylinder sets. For p = sqg ... 55, let

Objectives. General objectives are defined by real-valued measurable functions. However,
we mostly consider indicator functions of measurable sets. Hence, our objectives can be
described by measurable subsets 0 C S“ of runs starting at a given initial state. By 73[/,\,’;(0)
we denote the payoff under o, i.e., the probability that runs from s belong to 0. The value of
a state is defined as val!(s) = sup,csm P2L(0). For £ > 0 and state s, a strategy o € LM
is e-optimal iff P2(0) > valy”(s) —e. A O-optimal strategy is called optimal. An MD/MR
strategy is called uniformly e-optimal (resp. uniformly optimal) if it is so from every start
state. An optimal strategy from s is called almost surely winning if val{(s) = 1. By AS(0)
(resp. AS;(0)) we denote the set of states that have an almost surely winning strategy (resp.
an almost surely winning finite-memory strategy) for objective 0. For ease of presentation,
we drop subscripts and superscripts wherever possible if they are clear from the context.

We use the syntax and semantics of the LTL operators [16] F (eventually), G (always)
and X (next) to specify some conditions on runs. A reachability objective is defined by a
set of target states T'C S. A run p = sg$;7 ... belongs to FT iff 33 € Ns; € T. Similarly, p
belongs to FS"T (resp. FZ"T) iff 3i < n (resp. i > n) such that s; € T. Dually, the safety
objective GT consists of all runs which never leave T. We have GT = —F-T.

Energy/Reward/Counter-based objectives. Letr: E — {—R,...,0,..., R} be a bounded
function that assigns rewards to transitions. Depending on context, the sum of these rewards
in a path can be viewed as energy, cost/profit or a counter. If s— s’ and 7((s, s')) = ¢, we
write s — s'. Let p = 89 —= 81 —= ... be a run. We say that p satisfies

1. the k-energy objective EN(k) iff (k: + Z?:_Ol ci) >0 for all n > 0.

2. the l-storage condition Infix(l) if Z+Z?:_nll ¢; > 0 holds for every infix s,, —= S+l - -+ Sn
of the run. Let ST(k,[) denote the set of runs that satisfy both the k-energy and the
l-storage condition. Let ST(k) = |J; ST(k, ). Clearly, ST(k) C EN().

3. Mean payoff MP(r> ¢) for some constant ¢ € R iff (hm inf, oo % 2?2—01 ci) > ¢ for > €
{<.<=2,>}

A different way to consider the energy objective is to encode the energy level (the sum of the

transition weights so far) into the state space and then consider the obtained infinite-state

game with a safety objective.

An objective 0 is called shift-invariant iff for all finite paths p and plays p’ € S, we have
pp) €0 < p’ € 0. Mean payoff objectives are shift-invariant, but energy and storage/infix
objectives are not.

Multidimensional reward-based objectives. Let N, Q,R denote the set of positive integers,
rationals and reals respectively. For a d-dimensional real vector u, let u; denote the "
component of p for 1 < i < d. Given two vectors pu,v € RY ~€ {<, <, >, > =} we say
pn ~ v if u; ~ v; for every i. In particular, g > 0 means that every component of p is
strictly greater than 0. For a multidimensional reward function r : E — [~ R, R]¢, we can
consider any boolean combination of reward based objectives using any components of r.
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For instance, 0; = EN; (k) NMP2(> 0) denotes the objective that contains all runs that satisfy
EN(k) in the 1% dimension and MP(> 0) in the 2"¢ one. We denote conjunctions of the same
objective across different dimensions in vectorized form, with the dimension information
in the subscript. Therefore, EN[g,3)(K) N MP[c,q)(> ) denotes the runs where the EN;(k;)
objective is satisfied for each i € [a,b] and the MP;(> z;) objective is satisfied for each

j € [¢,d]. Given an infinite run p = sy —> s, —% ..., let X,,(p) = s,, denote the n-th state.

def n—1

Let Y, be the sum of the rewards in the first n steps, i.e., Yn(p) = >_. ¢;. These become
random variables once an initial distribution and a strategy are fixed.

Size of an instance. Given an MDP M = (5, S5, So, E, P, r) with reward function r : £ —
[~ R, R]¢, its size | M| is the number of bits used to describe it. Similarly for |P|. Transition
probabilities and rewards can thus be stored in binary. We call a size pseudo-polynomial in
| M| if it is polynomial for the case where R is ‘small’, i.e., if R is given in unary.

3 The Main Result

» Theorem 1. Let M = (S, Sp, So, E, P,r) be an MDP with d-dimensional rewards on the

edges r : E — [~ R, R|?. For the multidimensional Energy-MeanPayoff objective ENy (k) N

MP(2,q] (> 0) the following properties hold.

1. The existence of an almost-surely winning strategy implies the existence of an almost-surely
winning finite-memory strategy.

2. Moreover, a deterministic strategy with an exponential number of memory modes is
sufficient.

3. An exponential (in |P|) number of memory modes is necessary in general, even for
randomized strategies, even for |S| =5, d=2 and R =1.

In the following three sections we prove items 1.,2.,3. of Theorem 1, respectively.

Here we sketch the main idea for the upper bound. Except in a special corner case
where the energy fluctuates only in a bounded region, almost-surely winning strategies for
Energy-MeanPayoff can be chosen among some particular strategies that alternate between
two modes, playing two different memoryless strategies. This alternation keeps the balance
between the Energy-part and the MeanPayoff-part of the objective. This is similar to
almost-surely winning strategies for the Energy-Parity objective in [26]. In one mode, one
plays a randomized memoryless strategy that almost surely yields a positive mean payoff in
all dimensions (in case of Energy-Parity, instead of mean payoff it satisfies Parity almost
surely). This is called the Gain phase. Whenever the energy level (the cumulative reward
in dimension 1) gets dangerously close to zero, one switches to the other mode and plays
a different memoryless strategy that focuses exclusively on getting the energy level up
again, while temporarily neglecting the other part of the objective (Parity or Mean payoff,
respectively). This is called a Bailout. Once the energy level is sufficiently high, one switches
back to the Gain phase again. The crucial property is that, except in a null set, only
finitely many Bailouts are required, and thus the temporary neglect of the second part
of the objective does not matter in the long run. Such a strategy uses infinite memory,
because it needs to remember the unbounded energy level. For Energy-Parity (and even

Energy-co-Biichi) this cannot be avoided and finite-memory strategies do not work [26].

However, for Energy-MeanPayoff one can relax the requirements somewhat. Suppose that
one records the stored energy only up to a certain bound b, i.e., one forgets about potential
excess energy above b. In that case, one might have to do infinitely many Bailouts with high
probability, most of which are unnecessary (but one does not know which ones). However,

XX:5
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for a sufficiently large bound b, these superfluous Bailouts occur so infrequently that they
do not compromise the MeanPayoff-part of the objective. The critical part of the proof is
to show this property and an upper bound on b. Once this is established, one obtains a
finite-memory strategy, because it suffices to record the energy level only in the range [0, b]
(plus one extra bit of memory to record the current phase, Gain or Bailout).

Note that the argument above is different from the one that justifies finite-memory
e-optimal strategies for Energy-Parity in [18]. These also record the energy only in a bounded
region, but stop doing Bailouts after the upper bound has been visited. I.e., they do too
few Bailouts, and thus incur an e-chance of losing. In contrast, our almost-surely winning
strategies for Energy-MeanPayoff rather do too many Bailouts, but sufficiently infrequently
such that they don’t compromise the objective.

4 Proof of Item 1

W.lo.g, we assume that every state in M has an almost surely winning strategy for Energy-
MeanPayoff for some initial energy level. (Otherwise, consider a suitably restricted sub-MDP.)
def

For conciseness, we denote the objective by 0(k) = ENy(k) N MPj2,4)(> 0). Let
Win(s) = {k | s € AS(0(k))}, i, = min(Win(s))

denote the possible initial energy levels and the minimum initial energy level such that one
can win almost surely from state s. In particular, i, is well defined by our assumption on M.

Towards a contradiction, assume that not all configurations are winnable with a finite-
memory strategy. Le., let Wins(s) = {k | s € AS;(0(k))} denote the energy levels from which
one can win almost surely with a finite-memory strategy from s, and assume that there is a
state s' such that iy ¢ Win . (sT). We then construct a finite-memory winning strategy from
st for 0(i 1), leading to a contradiction. Similar to i,, let f denote the minimal k such that

k € Wing(s) and oo if there is no such k.

» Definition 2. We construct a new MDP M™ which abstracts away all the Winy configura-
tions. At every state s, the player gets the option to enter a winning sink state if the energy
level is sufficiently large to win with finite memory, i.e., if the current energy level is at least
fs. The states of the MDP M* will have two copies of each state s of M, namely s and s'.
Moreover, we add a new state s;y,. All states s' are controlled by O and every step s1—s
in the original MDP M is now mapped to a step s1— s with the same reward (and the
same probability if s1 was a random state). In s', the player has two choices: he can either
go to s with reward 0 or go to Sy, with reward (—fs,0). The latter choice is only available
if fs < 00. Swin 1S a winning sink where Syin—> Swin With reward 1, i.e., reward +1 in all
dimensions.

The following lemma shows that the existence of almost surely winning (finite-memory)
strategies coincides in M* and M.

» Lemma 3. Let s € S and k € N, and consider the objective 0(k). There exists an
almost surely winning strategy o* from s in M™* if and only if there exists an almost surely
winning strateqy o from s in M. Moreover, if o* is finite-memory then o can be chosen as
finite-memory, and vice-versa.

Proof. Towards the ‘only if’ direction, let o* be a strategy from s in M* that is almost surely
winning for 0(k). We define a strategy o from s in M that plays as follows. First ¢ imitates
the moves of ¢* until (if ever) o* chooses a move s| — syin with non-zero probability at
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some state s}. This is possible, since any finite path in M* that does not contain sy, can
be bijectively mapped to a path in M. The only difference is that paths in M* contain
extra steps via primed states, which are skipped in the paths in M. Moreover, the transition
probabilities at random states coincide in M* and M. If o* chooses a move s — Syin with
non-zero probability at some state s} then the current energy level must be > fs,, because o*
satisfies the energy objective almost surely (and thus even surely). Thus, in M, there exists
an almost surely winning finite-memory strategy & for 0(fs,) from s;. In this situation o
continues by playing & from s;. Therefore, o satisfies the energy objective surely. Moreover,
by shift invariance and the properties of &, it also satisfies the Mean payoff objective almost
surely. Thus, o satisfies 0(k) almost surely. Finally, if ¢* is finite-memory then so is o,
because & is also finite-memory.

Towards the ‘if” direction, let o be a strategy from s in M that is almost surely winning
for 0(k). We define a strategy o* from s in M* that imitates the moves of o. Moreover, at
primed states ¢’ it always goes to ¢ (and never to syin). Since the probabilities at random
states coincide in M™* and M, also the probabilities of the induced paths coincide. The only
difference is that the runs in M™* contain extra steps via primed states and these extra steps
carry reward zero. Thus, the mean payoff of a run in M* is 1/2 the mean payoff of the
corresponding run in M. However, this does not affect the property that the mean payoff
is > 0 almost surely in either MDP. Thus, o* satisfies 0(k) almost surely. Finally, if o is
finite-memory then so is o*. <

The next lemma shows that, in M*, it is impossible to satisfy Energy-MeanPayoff from s
with arbitrarily high probability, unless one also allows arbitrarily large fluctuations in the
energy level, or f; =is. (Recall that fs, i, are defined relative to M.)

» Lemma 4. For cvery state s with fs > is and every £ € N, there exists a 6y > 0 such that
valé\("i:)mlnﬁxl(z)(s) <1-94,.
Proof. Towards a contradiction, assume that valé\(/z) ﬁInfixl(E)(S) =1 for some ¢.

D(Zé) N Infin(E) = ENl(’is) n MP[Z,d](> 0) N Infixl(f) = STl(is,é) N MP[z,d](> 0)
Therefore, we have val" (STy (is, £) N MP[2,4)(> 0)) = 1. Below we prove that this objective
has a finite-memory almost-surely winning strategy ¢ in M*. Consider a modified MDP
M7 that encodes the energy level up to is + ¢ in the states. A step exceeding the upper
energy bound g + £ results in a truncation to iy 4+ ¢, while a step leading to a negative
energy leads to a losing sink. There exists a memoryless randomized (MR) strategy oy
in M7 from state (s,is) that wins MPz qj(> 0) almost surely, by Lemma 6. We can then
carry o1 back to M* as a finite-memory strategy o with is + ¢ + 1 memory modes such
that Pg\f (ST1(is,€) N MPi2 g1(> 0)) = 1. By set inclusion, Pﬁg (0(is)) = 1. By Lemma 3,
there also exists a finite-memory strategy from s in M that is almost surely winning for
0(is). This implies fs = is, a contradiction to our assumption f; > is. Hence, we obtain
e E1— valé\(’ll.:) A1ntix (0)(8) > 0. <

The following three lemmas show that almost surely winning strategies for Energy-
MeanPayoff can be found by combining two different memoryless strategies for the simpler
Bailout and Gain objectives.

First, we define the objective Bailout(k) = ENj(k) N MPy(> 0). Let 8211 denote the
minimal energy value k with which one can almost surely satisfy Bailout(k) when starting
from state s (or oo if it does not exist).

XX:7
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» Lemma 5. [6, Lemma 3] Let M be an MDP. If s € AS(Bailout(k)) for some k € N
then i823itout < 3. | M| - R. Moreover, there exists a uniform MD strategqy ogss1on Which is
almost surely winning Bailout(k) from every state s € AS(Bailout(k)).

We define the Gain objective as MP[; 4(> 0). The following lemma shows that an almost
surely winning strategy o¢,;, for this objective can be chosen as memoryless randomized.

» Lemma 6. [7, Proposition 5.1] There is a uniform MR strateqy oly;, which is almost
surely winning for Gain (or any subset of dimensions) from all states s € AS(Gain).

A difference between M* and M is that if one can almost surely win Energy-MeanPayoff
in M* then one can also push the energy level arbitrarily high. This does not always hold in
M. (Consider, e.g., a single-state Markov chain with a single loop with reward 0 in the 1¢
dimension and +1 in all other dimensions.) The difference comes from the loop at state Syin
in M* which has a strictly positive reward in all dimensions. Thus, the following lemma
only holds for M*.

» Lemma 7. In M*, there are two uniform memoryless strategies g, ;100 ANA Ogain Which,
starting from any state s € AS(0(k)), almost surely satisfy Bailout(k) and Gain, respectively.

Proof. Let s € AS(0(k)). We show that s € AS(Bailout(k)) and s € AS(Gain). The existence
of the memoryless strategies oj, 100t a0d 0gyip then follows from Lemma 5 and Lemma 6,
respectively.

We assumed that all states s in M admit an almost surely winning strategy for Energy-
MeanPayoff. By Lemma 3, this also holds for all states ¢ in M*. Let O'g denote an almost
surely winning strategy from ¢ for 0(i,) in M* (without restrictions on memory).

Recall from Section 2 that the random variable X; denotes the state at time ¢, and Y;
denotes the (d-dimensional) sum of the rewards until time ¢.

> Claim 8. For every state ¢ € M* there exists some number of steps n, € N and a
probability p, > 0 such that

Nq

PAC (V)1 > ix, —ig) U (Vi1 > fx, —ig) | = Dy

j=0
Proof. Towards a contradiction, assume that for all m

PM

Uq7q

((Yj)l > in _iq) U ((Yj)l > fXj _iq) =0.

-

0

J

Due to the second part of the union, this implies that never (Y;)1+i4 > f X; Since aﬁ satisfies
ENy (44) almost surely, it can never choose the step to syin. This implies 79 (stm) =0,
ie., X; is always different from syin. (The values f, were initially defined w1th respect to
states s of the original MDP M, but the definition is naturally extended to the MDP M*,
by giving the primed states the same value, i.e., fsr = fs. The state syi, does not appear in
M, but only in M*. We can extend the definition by having f, ,, = 0. However, this is not
strictly required. The fx; is already defined, since X is always different from syiy.)

Since Jti satisfies ENy (i4) almost surely, all runs always satisfy (Y;)1 > ix; —iq for all j. On

the other hand, our assumption yields PM (U] oY) >ix; — zq> = 0. This implies that

(Yj)1 = ix, —iq4 for all j. Hence, in all runs the energy fluctuates by at most ¢ = 2 max, i,



M. Dantam and R. Mayr

Thus, ’P;\f;(o(iq) N Infix;(¢)) = 1. Then Lemma 4 implies that f, = 4,. Since Xy = ¢ we
o

have fx, = f, and thus (Yp)1 > fx, — i = 0. This contradicts our assumption, since the

second part of the union is surely satisfied. <

For any state g, let ny, p, denote the values from Claim 8.

Now we show that s € AS(Bailout(k)). Define a strategy opaiious Which plays in phases,
separated by resets. It remembers the number of steps t > 0 since last reset, the (under-
approximated) sum of rewards Q; and the current state X;. The first phase starts at state s
and Opailout Plays like og until one of the following events occur.

1. There is enough energy such that it is safe to move to syin, i.e., (Q¢ > fx, —is), or

2. The current energy level is strictly greater than the minimal required energy level of the
current state, i.e., (Q > ix, —is), or

3. ns steps have elapsed, i.e., (t = ng).

If at any point Item 1 happens, then the strategy simply goes to swin. If it is the case that

Item 2 occurs before t = ng, let’s say at some time ¢/, then the phase ends at ¢'. The sum

of the rewards in the phase, between the last reset (where ¢ = 0) and the current time is

>ix, — tis+ 1. If neither Item 1 nor Item 2 occurs before £ = n,, then the phase ends and

we let t/ £t = ns. The sum of the rewards in this phase is then exactly ix, — s At the

end of the phase 0pai1out resets the number of steps (¢t = 0), and Q; to 0. In the following

phase it moves according to Ug(t, until the next reset.

OBailous Clearly satisfies ENj(k) as it is a mix of energy safe strategies (Og)qe g and
since we are starting from a safe energy level. By Claim 8, there is a positive probability
(lower-bounded by min, p, > 0) that either Item 1 or Item 2 happens in each phase.

Hence, unless event Item 1 occurs, Item 2 occurs infinitely often almost surely. Moreover,
since the length of phases is upper bounded by max, ng, it occurs frequently. We obtain

P,f;:;oms (MP1 > minq(%‘g > 0] —\stin) = 1. On the other hand, if sy, is reached, then
MP; holds by shift invariance and the definition of the positive rewards in the loop at syin.
Therefore, Pﬁ;oms(ENl(is) N MP1(>0)) = 1.

Now we show that s € AS(Gain). We make use of the following strategies.

Ug which satisfies ENy (k) N MP[2 (> 0) almost surely from ¢ for every k > i,.

a uniform MD strategy oyp which satisfies MP;(> 0) almost surely from every state.

It exists since AS(MP;(> 0)) = S* (where S* is the set of states of M*), because

PM" (ENy(is) N MP (> 0)) = 1.

OBailout,S

From the former, we get probabilistic bounds on the achievable mean payoff in all the
dimensions, i.e., for all states s, and 0 < e < 1, there is a d — 1 dimensional vector v > 0

such that P%Z(MP[z,d] > I/E) > 1 — 5. This follows from the fact that for any sequence

of decreasing vectors v, — 0 in R4, MPj3 4 (> 0) = |J,, MP[2,4)(> v») and continuity of
measures. Furthermore, denoting by Y; the sum of rewards in all dimensions until time
t, there exists a sufficiently large bound n. € N such that 73;‘5/1;((1/;)]' > @) >1—¢in
each of the dimensions j € [2,d] for all ¢ > n. steps. This can be shown by observing that

2, (> (n),) = (2 U2 N (S

),
T
Similarly, there exists a bound n} € N and value v} > 0 such that P_. S<(Yz)1 > %:) >
MPy ?

> (ve); - (1- 2%)) and using continuity of measures.

1 — e after t > n} steps for every state s.
Now consider the following strategy ogain, which switches between two phases.

Phase 1: If the current state is ¢, it moves according to Ug for some number o > n. of steps.

Then it switches to phase 2.

XX:9
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Phase 2: It moves according to oy, for some number 3 > n? of steps, and then switches
back to phase 1.
The strategy ogain is a finite-memory strategy, since the lengths of the alternating phases are
bounded by « and S, respectively. (Even if ag is an infinite-memory strategy, it can only use
bounded memory in each phase.)
We fix 0gain from the start state s and obtain a finite-state Markov chain. In every BSCC
of this Markov chain, the expected mean payoff in the 1%! dimension will be

_¢n+5.(1_5).(%§)_5.5.3
= a+p '

where ¥ = max, i, denotes the maximum (over all states) minimal safe energy.
Similarly, in every BSCC, the expected mean payoff in the j** dimension for j > 2 can
be lower-bounded by

a'((lfe)'<@>fe~R)fﬂ~R
= a+p '

By choosing ¢ sufficiently small, 5 sufficiently large to make the first term positive and

a > (3 sufficiently large to make the second term positive, we can get positive expected mean
payoff in all dimensions. Since this holds in every BSCC of the induced finite Markov chain,
the objective Gain is satisfied almost surely. |

The following lemma shows the converse of Lemma 7. In M*, it is always possible to
win 0(és) almost surely from s by playing a particular strategy o3, 5, ; Which combines the
two uniform memoryless strategies op,;100 and 0gyin. Let Zp, denote the minimal universally
safe energy level for Bailout, i.e., Zy = max, min{k | s € AS(Bailout(k))}. Moreover, let
Zg4 > Zy be a larger energy level at which our strategy switches from o0g,;14u¢ 10 gain-

Similarly to [26], we define an infinite-memory strategy 031, 7, ; that always records the
current energy level and operates by switching between two phases. It starts by playing og,i,
(Gain-phase) if our starting energy level is sufficiently high (> Z, + R), and otherwise starts
by playing op:1.,¢ (Bailout-phase). In the Bailout-phase, the primary goal is to pump
the energy level up until it is > Z,, and then it switches to the Gain-phase. It enters the
Bailout-phase again if the energy level drops below Z, + R (in which case it will still be
> Zp).

» Lemma 9. There exists a Zg € N such that for every s in M* the strategy 0y, 7, 7 15
almost surely winning for 0(is) from s.

Proof. The parameter Z, is chosen sufficiently large such that there is a fixed non-zero
probability that after every Bailout-phase one never needs another Bailout. (Thus, except
in a null set there are only finitely many Bailouts.) The existence of such a finite Z; is
« (0(k)) = 1. (Lemma 22). Eventually, except in a
null set, 07y 7, 7 plays Gain forever, thus satisfying 0(is) almost surely from s. |

guaranteed by the fact that limy_, P,

Some combined objectives like Energy-Parity really require infinite memory for almost
surely winning strategies [26]. However, we show that a sufficiently large finite memory is
enough to win Energy-MeanPayoff almost surely. The idea is to modify the strategy Oa1t,2,.2,
such that it remembers the current energy only in the interval [0, b], for some sufficiently
large b > Z,, and ignores any possible excess energy above b. This modified strategy is
denoted by 0314 7, 7 b, and it has a finite set of memory modes [0, 8] x {0,1}. The {0,1} part
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is used to remember the current phase (Gain = 0 or Bailout = 1). Then 071, 5 7 ,[(u, 2)]
denotes the strategy 071, 5, 7, With current memory mode (u,z) € [0,5] x {0,1}.
The finite bound b on the remembered energy has the effect that 0y 7 7 1, can no longer

guarantee a fixed positive probability of not needing another Bailout after each Bailout-phase.

Thus, one might have infinitely many Bailouts with positive probability. (Most of these are
unnecessary, but one cannot be sure which ones). Unlike for Energy-Parity, where using
infinitely many Bailout phases can compromise the objective, the nature of the MP[z, ) (> 0)
objective allows us to use infinitely many Bailouts with non-zero probability, provided that
they happen sufficiently infrequently.

By its construction, the strategy o2y, 7, 7 [(is, )] is energy-safe from every state s, every
initial energy > iy and x € {0,1}. It remains to show that it also satisfies MPz,q(> 0)
almost surely. Since 0y 7, 7 1 is finite-memory, it suffices to consider the induced finite

Markov chain A and show that the expected mean payoff is strictly positive in every BSCC.

Le., we prove that &, .

1t,2,2g b7

s (MP[2,d]) > 0 for a sufficiently large b. To this end, we consider

the finite Markov chains A" and A4Bai1°wt ohtained by fixing the memoryless strategies
Odain ANd 0Fpi10ue I M, respectively. The application of 0a1t,2,,2,0 Can then be seen as
alternating between these two Markov chains based on hitting certain energy levels.

Let T denote the random variable that measures the length of a Gain-phase, when
starting at energy level Z, and assuming that the energy it truncated at b. Similarly, 721ou®
is the random variable that measures the length of a Bailout-phase when starting at energy
level Zy,. (Here it does not matter that the energy is truncated at b, since the Bailout-phase
ends when the energy reaches Z, < b.) Since R can be > 1, the Bailout-phase might actually
start at a slightly higher energy level u € [Zy, Z,+ R—1], and thus TB31°% gver-approximates
the actual length of the Bailout-phase, which is conservative for our analysis. Similarly, the
Gain phase might start with an energy slightly higher than Z,, and T under-approximates
the length of the Gain-phase, which is again conservative. The random variables (Y7ea);
and (Y7sees); then measure the sum of the rewards the i'" dimension obtained during the
Gain and Bailout phases, respectively.

The following lemma shows that the strategy Oa1t,2,,2,,0 CaN attain a strictly positive mean
payoff in all dimensions ¢ € [2, d], provided that the expected reward during the Gain-phase
is sufficiently large (positive) and the expected reward during the Bailout-phase (though
possibly negative) is not too small.

» Lemma 10. If there are constants v; > 0 and v? such that, for all i € [2,d] and states q

*

1
O':R)Zbyzgvb[(zg,0)],q<(YTGam>i> > v;
M 2
ga:lt,zb,Zg,b[(Zb71)]7q((YTBaiIOUt)i) Z "Ulv

vf + v >0

then EM” (MP;) > 0 for all s and m € [i,, b] x {0,1}.

alt,Z,Zg,b [m],s

Proof. By fixing the finite-memory strategy o071, 7, We obtain a finite Markov chain.

Consider any BSCC in this Markov chain. In this BSCC, except for a null set of runs, either no
Bailouts happen or infinitely many. In the former case, this BSCC behaves like playing o¢,;,
forever, which attains a strictly positive mean payoff in all dimensions almost surely, and thus
a strictly positive expected mean payoff in each dimension i. In the second case, almost surely
there happen infinitely many Bailouts, each starting at an every level > Z;,. Then, by the
finiteness of the BSCC, we obtain that £(7%'") < co. Moreover, by the definition of 03,10

XX:11
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the expected duration of the Bailout-phase is always finite, i.e., £(T52°%) < oo. Thus, by
linearity of expectations, EM° (MP;) > (v} + v2)/(E(T) 4 £(TB2ilout)) > (. <

alt‘Zb,Zg,b’S

The following technical Lemma 11 (proof in Appendix B) shows that the constants v}, v?

17 7
from Lemma 10 exist. Recall that the finite Markov chains A% and AB21°%t are obtained by
fixing the memoryless strategies og,;, and 05,5100 i M™, respectively. Let Tmin,1 and min 2
denote the minimal occurring non-zero probabilities in these two Markov chains, respectively.
(They come from solutions of linear programs and can be chosen as only exponentially small,
i.e., described by a polynomial number of bits; cf. Appendix B). The proof works by applying
general results about expected first passage times in truncated Markov chains to the induced
Markov chains A%® and APt The general idea is that in the Gain-phase one has a
general up drift in all dimensions, and in particular in the first (energy) dimension. It is thus
unlikely to go down very far in the energy dimension, even if the energy is truncated at b.
Thus, for a sufficiently large truncation point b (actually b = Z, + 1 suffices), the expected
time spent in the Gain-phase is very large relative to the expected time spent in the Bailout
phase. More exactly, the former increases exponentially in b, while the latter is polynomial
in b. For a sufficiently large b (exponential in |[M*|), the condition v} + v2 > 0 is met.

» Lemma 11. Let p; > 0 denote the lower bound on the mean payoff in dimensioni in any
BSCC in the Markov chain A®® with corresponding computable constants ¢;, ggain, Neain
((5),(9), (1)), and let p denote the lower bound on the mean payoff in the 15* dimension in
any BSCC of AB31ut with the corresponding constants gsaiiout,PBaitouwt- All the above
constants, except ¢;, can be chosen as al most exponential in |[M*| and 1/(1 — ¢;) €
O (exp(exp(|M*[OM))).

Then there are constants 0 < C; <1, Cy >0, C3 >0, Cy >0, C5 > 0, all exponential
in |M*| and dependent only on M, such that for k = jlssll € O(exp(|./\/l*\o(1))), any

min,1
§ € (0,1) sufficiently small such that (|S*|+1)- (3 — 1) + [(log,, (6 - (1 = ;)))] > % for
all 2 <1 <d, one can choose
Zy = Zy+ R+ k-R+max; (R - [log,, (0 - (1 = ¢))] — R+ 1, hgain) € O(elM*

def

and b= Z, +1 so that

|O(1)

log(1/6) )

. 1 1
59/1:1“2%@[(25,0)]@((YTGam)i) >Cy- g -y 10g2 (5> -3 = Uzl

* 1 €,
gagit,zb,zg,b[(zb’l)Lq((YTBailout)i) > 704 10g2 <(5) — 05 d:fUzv2

In particular, in order to satisfy the condition v} + v? > 0, it suffices to choose 1/§ €
O(max(1/Cy, maxa< ;<5 C;)°W). Since the constants C; are exponential in |M*|, and by
the conditions on the other constants above, the value Z,, and hence the overall bound

b= Zy+ 1, can be chosen such that b € O(exp(|,/\/l*\0(1))),
Now we can prove the first item of our main result.

Proof of Theorem 1(ltem 1). Towards a contradiction, we assume that there exists a state
sT such that there is no finite-memory almost surely winning strategy from s’ for 0(i,:) in
the MDP M.

First we consider the MDP M*. The finite-memory strategy 031, z, 7 v[(ist,1)] from st is
energy-safe by construction and satisfies ENy (47 ) surely. Now consider the finite Markov chain
induced by fixing this finite-memory strategy in M*. By Lemma 10 and Lemma 11, for a
sufficiently large (exponential) b it yields a strictly positive expected mean payoff v} +v? > 0
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in every dimension ¢ € [2,d] in every BSCC of this Markov chain. Since the Markov chain is
finite, this implies that the mean payoff in every dimension ¢ € [2, d] is strictly positive almost

surely. Hence, P MPj5 q(> 0)) = 1 and thus P (G 1)) 4 (0(ig)) = 1.
alt,zy,2g, b\ s T/

O‘alt,Zb,Zg‘b[(isT ’1)],57 (

So there exists an almost surely winning finite-memory strategy from s' for 0(i,) in M*.

However, Lemma 3 then implies that there also exists an almost surely winning finite-memory
strategy from st for 0(i ) in M. Contradiction. <

> Remark 12. If 0y, 7, 7, satisfies 0(is) almost surely from some state s then it also satisfies
the stronger objective 0(is) N Infix(b) almost surely. Consider a winning run induced by
Oa1t,2,,2,,0- While the true energy might sometimes be higher than b, the energy remembered
by 021t 2,,7,b 15 always < b. Even with this conservative under-approximation of the energy,
the run still satisfies the energy objective. Therefore, in any winning run induced by Oa1t,2,,2,b"

the energy can never decrease by more than b. Thus, also Infix(b) is satisfied almost surely.

5 Proof of Iltem 2

Given some state s, let ¢ = (M, mg, upd, nxt) be a finite-memory strategy that is almost
surely winning for 0(is) (which exists by Item 1). We show there exists an almost surely
winning strategy ¢’ for 0(is) such that the energy fluctuations are bounded by some constant
which is exponential in |M].

First, inside any BSCC B of M7, we construct an almost surely winning strategy op
and upper bound the minimal safe energy levels and energy fluctuation while following op.
Using this, we upper bound the energy fluctuations in paths before reaching a BSCC. We
use the fact that the set of states and transitions that occur in any BSCC of a Markov chain
induced by fixing some finite-memory strategy in an MDP is an end component of this MDP
([19, Theorem 3.2]).

» Lemma 13. Let B be a BSCC of M and let M(B) be the corresponding end component
in M with states Sp and transitions Ep. Then there is a strateqy op, a bound bp €
O(exp(|M(B)|O(1))) such that for any state q € Spg, there is a minimal safe energy level

o Zif"B) < 3.1Sp] - R such that P22 (0(j,) N Infix(bg)) = 1.

Proof Sketch. (Full proof in Appendix C.). The idea is that for M(B) there are two cases.
In the first case it behaves similar to M™* from Section 4, in the sense that it is possible to
win Gain and Bailout almost surely, and thus Energy-MeanPayoff can be won almost surely
by switching between the two strategies for Gain and Bailout like in the strategy 0y, 7, 7 -
Then one can invoke Lemma 11 and Remark 12 on M(B) to get an exponential bound bp
such that Por2)(0(j,) N Infix(bg)) = 1.

If the first case does not hold then M(B) is very restrictive, and one can show that the
energy level fluctuations are bounded by a constant in O(|Sp| - R). <

Since the minimal safe energy levels inside these end components are not too large, one
can then bound the energy fluctuations in paths before they reach any such end component
M(B). The following lemma is shown in Appendix C.

» Lemma 14. Let T denote the union of all Sp of every BSCC B of M?, as in Lemma 13.
Then one can almost surely reach any state in T with the corresponding minimal safe energy
level with energy fluctuations of at most 5 - |S| - R.

Proof of Theorem 1(ltem 2). By Lemmas 13 and 14, for each state s, one can choose a
strategy o and some constant b € O (exp(|M|°™M)) such that P (0(is) N Infix(b)) = 1.
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This means if one encodes the energy levels between [0, b] into the state space by discarding
any excess energy above b and redirecting all the transitions which result in a negative energy
to a losing sink (for MPf; 4 (> 0)) and constructs this larger MDP M]0, b], then there is a
strategy o’ such that ’P;\/AE(;Z]) (MP[27(1](> 0)) = 1 for every k € [is,b]. Then, by Lemma 6,
there also exists a memoryless (MR) strategy o* in M0, b] which is almost surely winning
MP(y q(> 0) from (s, k).

We can carry the memoryless strategy o* in M]|0,b] back to M as a finite-memory
strategy o, with memory [0,b]. It stores the encoded under-approximated energy level
from M](0,b] in its finite memory instead. Thus o} is a finite-memory strategy from s that
satisfies 0(is) almost surely, and the size of its memory is bounded by b € O (exp(|M|°M)).

The strategy o'y, uses randomization, because ¢* from Lemma 6 is MR. However, the
MR strategy o* for the mean payoff objective could be replaced by a deterministic strategy
with an exponential number of memory modes. Hence the overall number of memory modes
in the obtained deterministic version of o7, is still only exponential. |

6 The Lower Bound (Proof of Item 3)

In the previous sections we have shown that finite memory suffices for almost surely winning
strategies for the Energy-MeanPayoff objective. However, the required memory depends on
the given MDP. We show that no fixed finite amount of memory is sufficient for all MDPs. In
fact, the required memory is exponential in the transition probabilities even for an otherwise
fixed 5-state MDP with just one controlled state, R =1 and d = 2.

» Definition 15. Let 1 > 6 > 0 and M;s = (5, Sq, So, E, P,r) be an MDP with 2-dimensional
rewards. It has just one controlled state s with transitions s — s; and s — s.. From s;
there are two transitions e; = (s; — s}) and es = (s; — s?). Let P(e1) = (14 6)/2 and
Ple2) = (1—10)/2 and r(e1) = (+1,+1) and r(e2) = (—1,-1). s} and s? are random states
which each have just one transition back to s with probability 1 and reward 0. From s, there
is only one transition ez back to s with probability 1 and r(es) = (+1,—1).

The following lemma directly implies the exponential lower bound on the number of
memory modes in Theorem 1(Ttem 3).

» Lemma 16. Consider the Energy-MeanPayoff objective. For every finite bound m € N
on the number of memory modes there exists a § = 1/(6m) > 0 such that the finite MDP
Ms = (S, Sn, S0, E, P,r) from Definition 15 satisfies the following properties.

1. 3o/ ’Pé\,/[; (EN1(0) N MP2(> 0)) =1, i.e., it is possible to win almost surely from s in Ms,
even with initial energy 0.

2. For every finite-memory strategy o with < m memory modes we have 'Pﬁg“’ (ENy (k) N
MP5 (> 0)) = 0 for every k € N, i.e., o attains nothing in Ms, regardless of the initial
energy k.

3. For My we have |S| =5, d=1 and R = 1. The number of memory modes required for
an almost-surely winning strategy in Ms is exponential in |P| (and in |M;]).

Proof. Towards item 1, consider a strategy ¢’ that plays as follows. It keeps a counter
that records the current energy, which is initially 0. Whenever the current energy is 0, it
plays s — s,., otherwise it plays s — s;. Thus ¢’ satisfies EN;(0) surely from s. Since § > 0
it follows from the classic Gambler’s ruin problem (with strictly positive expected gain,
here in the first reward dimension) that ¢’ plays s — s, only finitely often, except in a
nullset of the runs.Therefore, the expected mean payoff (in the second dimension) under ¢’
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is(140)/2—(1—-46)/2=4 > 0. Hence 77?,42 (MP2(> 0)) = 1. Since the energy objective is
satisfied surely, we obtain 73;\,4‘2 (ENy(0) N MP(> 0)) = 1.

Towards item 2, let § = 1/(6m) > 0 and let ¢ be a finite-memory strategy with < m
memory modes. Consider the finite-state Markov chain C that is induced by playing o
from s in Mg. This Markov chain has < 5m states, since M has 5 states and o has
< m memory modes. Let B be any BSCC of C that is reachable from s and the initial
memory mode of o. In particular, |B| < 5m. In B there must not exist any loop that
does not contain s,, because otherwise the energy objective cannot be satisfied almost
surely. Thus every path in B of length > 5m must contain s, (and hence a reward
(+1,—1)) at least once. Therefore, the expected mean payoff in B (in the second reward
dimension) is < 5md — 1 = —1/6 < 0. Since this holds in every reachable BSCC, we obtain
P (MP2(> 0)) = 0 and thus PN (ENy (k) N MPz(> 0)) = 0.

Towards item 3, the size of M; follows from Definition 15. By items 1 and 2, the
required number of memory modes m for an almost-surely winning strategy satisfies m >
1/(66). Since |P| = ©(log(1/0)) and |[Ms| = ©O(|P]), we obtain m = Q(exp(|P|)) and
m = Qexp(|Ms])). <

The exponential lower bound on the required memory does not require probabilities
encoded in binary like in Lemma 16. One can construct an equivalent example with
polynomially many states where all transition probabilities are 1/2. This is because one can
encode exponentially small probabilities 27% with a chain of k extra states and transition
probabilities 1/2.

7 Computational Complexity

We have shown that the existence of an almost surely winning strategy for the Energy-
MeanPayoff objective for a given state and initial energy level in an MDP implies the
existence of a deterministic such strategy with exponentially many memory modes (unlike
for Energy-Parity which requires infinite memory in general [26]).

A related problem is the decidability of the question whether a given state in an MDP and
a given initial energy level admit an almost surely winning strategy for Energy-MeanPayoff.
This problem is decidable in pseudo-polynomial time, using an algorithm very similar to
the one for Energy-Parity presented in [26]. IL.e., the time is polynomial, provided that the
bound R on the rewards is given in unary. Transition probabilities in the MDP can still
be represented in binary. The crucial point is that it suffices to witness the mere existence
of an almost surely winning strategy, regardless of its memory. Basically, it suffices that
the algorithm proves that the infinite-memory strategy 03, z, 7, wins almost surely (plus a
small extra argument about a corner case where the energy fluctuates only in a bounded
region). The algorithm does not need to compute the bound b or to explicitly construct the
finite-memory strategy 01¢ 7, 7 v

» Proposition 17. Let M = (S, Sg, So, E, P,r) be an MDP with d-dimensional rewards on
the edges v : E — [—R, R]%. For any state s and k € N, the existence of an almost surely
winning strategy from s for the multidimensional Energy-MeanPayoff objective ENy(k) N
MPi2,q)(> 0) is decidable in pseudo-polynomial time (i.e., polynomial for R in unary).

Proof. The proof is similar to the one for Energy-Parity presented in [26]. We outline
the differences below. First, in the corner case where it is impossible to pump the energy
up arbitrarily high almost surely from some state g, the only possible way to win Energy-
MeanPayoff (resp. Energy-Parity) almost surely (if at all) is by using a non-nullset of runs
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where the energy only ever fluctuates in a bounded region. In that case, the size of the
energy fluctuations in these runs can safely be restricted to a region that is polynomial in
|S] - R, and thus pseudo-polynomial in |M] [26]. It thus suffices to win multi-dimensional
MP[2,4/(> 0) almost surely in a derived MDP M’ where the bounded energy is encoded
into the states. Deciding this requires time polynomial in |M’| [13, 22] and thus pseudo-
polynomial in |M|. The winning situations of the corner case can then be encoded into M,
yielding a derived MDP M’ of pseudo-polynomial size, where Energy-MeanPayoff can be
won almost surely if and only if it can be won almost surely by a combination of Gain and
Bailout strategies, i.e., by strategy 073z, 7 . Therefore it suffices to compute the states
(and minimal initial energy levels k) where Gain and Bailout(k) can be won almost surely.
The objective Bailout(k) = EN; (k) N MP1(> 0) is exactly the same as the Bailout objective
analyzed in [26], and winning it almost surely is decidable in pseudo-polynomial time. Our
objective Gain & MP[; (> 0) differs from the Gain objective considered in [26] (which was
MP;(> 0) N Parity), but winning it almost surely is still decidable in polynomial time [13, 22]
by solving a linear program. So overall the algorithm runs in pseudo-polynomial time. <«
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A Bounds in Markov Chains

This section shows some generic results for Markov chains with transition rewards. We show
bounds on the expected arrival time (aka first passage time) of situations when the total
reward reaches particular levels, under the condition that the total reward is truncated to
remain inside some interval [a,b]. E.g., the total reward might hit the upper limit b many
times (and be truncated there) before arriving at the lower level a for the first time. These
bounds are later applied to Markov chains obtained by fixing certain finite-memory strategies
in MDPs, and they are used in the proof of Lemma 11.

Let A be a strongly connected Markov chain with state space S, one-step transition
probability matrix P and stationary distribution 7 > 0. Consider a reward function on
the edges r : E — [—R, R] (alternately it can be seen as a vector in [—R, R]¥)such that

the average reward gained in the limit is positive, i.e., p = >e—(s,sep Je - T(e) >0 where

fe = w(s) - P(s)(s') denotes the long term relative frequency of the edge e. We begin by
defining some functions on S“. Let p = qoq1 ... be a generic infinite word.

Recall that X,, denotes the state of a Markov chain at time n and Y,, is the sum of the
rewards until time n.

Let xpyin denote the minimum occurring probability in A. The size of the Markov chain
with the reward structure |A| is defined as the total number of bits required to represent
each state, edge, probability and reward in binary. We assume that all the probabilities are
rational and rewards integers. Let

def 2|S‘R

= (1)

» Lemma 18. /8, Theorem 3.4] Let uy = Y sresucc(s) L(8)(s) - 7((s,8")) be the expected

reward gained after taking an edge from state s. There exists v € [0, h]® such that
u+Pr=v+1u

where 1 on the RHS is a vector of all 1’s.

» Fact 1. Let v be the vector from Lemma 18 and s be the start state, i.e., Xg = s. Then
the sequence of random variables given by

M:2Y, +v(X,) —nu

is a martingale for all s.

Since the average mean payoff p > 0 is strictly positive, lim inf,, _, o ¥;, = oo almost surely.

In the above setting, suppose that we bound the total reward gained to lie in some interval
[a, b] for some integers a < 0 < b, i.e., we define a new sequence of functions inductively as
follows.

v ey, = 0
Y,ga’b] L max(a, min(b, YTELEZ;] +7r(Xpn-1,X,)))) forn>1

Considering the sequence Vi let 7% Tb[a7b] be the functions which denote the first
hitting time of the left boundary a and right boundary b respectively. Clearly, Yn[a’b} <Y,
before T.*", because the only possible difference is that ¥;/*"" loses something when hitting

the right border b. One of the advantages of Y, is that it can be described using only
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a finite number of bits for any n, because of its boundedness, whereas this is not the case
for Y,,. This is useful in situations where such an under-approximation suffices instead of
remembering the exact reward gained. However, the bounding of the reward also changes
the behaviour of Y,,. For example, the probability of Y,, falling below a infinitely often is
zero, i.e., P(GF(Y;,, < a)) =0 for a positive mean payoff ;1 > 0. The same does not generally
hold for Yia’b], which might fall below a infinitely often almost surely.

We want to show that (on average) YA“”’] hits the lower bound a much less frequently
than the upper bound b. That is, we derive a lower bound on the expected time it takes to
hit the lower bound a, and an upper bound on the expected time it takes to hit the upper
bound b.

» Remark 19. Although we denote the functions by Tga’b], Tb[a’b] and Yn[a’b] etc., note that
there is an implicit assumption that the initial sum is 0 which lies between a and b. Therefore,
the hitting times are actually parametrized by three numbers a, b and z such that a < z < b

given by T,%", Tb[a’m’b], Y, But we continue to represent with just the boundary points

]

. . . . . a,z,b a’ b
as all the functions are invariant under translation i.e., , Ta[ T = TIL I Where o’ = a — z

and b = b — x. Moreover, for a < z1 < 22 < b
,T1,b ,T2,b
Tcga z1,b] < Ttga 2,b]

Or in other form Tlga_;fl’b_g”] < Tga_;zz’b_wz] for all a < 1 < @y <b.

A.1 Upper bound on the hitting time in the direction of drift
Given an initial state s, let the random variable T} denote the first time Y,, is > b > 0.
T, = inf{n | Y, > b} (2)

Since the overall drift is in the positive direction, i.e., u > 0, it is immediate that the
expectation of T} is finite for every b. Also, the event T}, = n can be determined by looking
at the first n steps of any run, so T} is a stopping time w.r.t the natural filtration of the
Markov chain.

» Fact 2. For all states s and b > 0, Ty, is a stopping time and E,(T}) < oo.
Now we show some bounds on this expected stopping time.

» Lemma 20. For all states s and b > 0

ﬂ S gs(Tb) S w
7 1%

where h is the constant from Equation (1).

Proof. Since &£,(Ty) < oo and the martingale M; has bounded step size, we can apply
optional stopping theorem to get

£,(Mp,) = £,(Mg) = v(s)
Since 0 < v(s) < h, it follows that

0 S 55(YT5 + V(XTb) — Tb,u) S h.
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Simplifying by using linearity of expectation and the fact that b < Yy, < b+ R and
0 <v(Xr,) < h, we get

0<b+R+h—E(T)u
b+0—E(Ty)u<h

Rearranging terms and noting that p > 0 yields the required bounds. |

Lemma 20 shows that, starting from any state, the expected time to hit any upper total
reward boundary b > 0 is asymptotically linear in b. To get the upper bound for Tb[a’b],
observe that (Yn < Yn[,a’b]) | (T, > n) implying Tb[a’b] < Ty. Hence we obtain the following as
a corollary.

» Corollary 21.

g, (i) < VAR }:f &

A.2 Bounding the probability of going in the opposite direction of the
drift

We now derive an upper bound on the probability that the total reward ever falls below some
large negative number a < 0. This will be used later to derive the required inequalities for
T,

Given a < 0, let the random variable T;, denote the first time that the total reward is
< a.

T, = inf{n |V, <a} (3)
Since the average reward p > 0 is positive, it is unlikely that Y, ever hits large negative
numbers. The following lemma quantifies this intuition. Recall that h = z‘f;l‘R and let
Lmin
def
n=p+h+R (4)
dor =B
c=em? (5)

» Lemma 22. For all a < —h and states s we have

5

PA(T, < 00) < -

_C.

Proof. Observe that the consecutive terms of the sequence M, differ by at most 1. Consider
the event T, = n. From our assumption a < —h we obtain that a + h < 0, and thus

M — Mg = (Y, — Yo) + (v(X,) — v(Xo)) — np
a+h—np

INIA

—np

Hence, using the Azuma-Hoeffding inequality, we obtain

—n?pu? 2\ "
P(Tu = n) < P(M; - My < —np) < e 3 = ( )
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o =u2
Since we have defined ¢ & ¢27 | we see that P(T, =n) <c". Since T, > [%-‘, we get that

T

1—c’

P(T, < >0) = i P(Ty,=n) <

<

The above lemma provides a bound for the case of Y;, where the total reward is unrestricted.
It is exponentially more unlikely that Y,, ever drops as low as @ when a — —o0.

We need a lower bound on the expected time to hit the left bound a for the bounded
random variable Y,ga’b] (since we are interested in a finite-memory strategy). To do so, we
first lower bound it by another variable which is simpler to analyse. Recall that Téa"b] =

inf{n | Yi“’b] < a}. Define a new sequence of random variables Y,i[a’b] inductively as follows.

a,b] a,b]

=yl <o
VI (X1, X)) if a < V9 4 0((Xooy, X0)) < b+ rule
y/latl = 0if Y19 4 (X1, Xn)) = b : reset

aif YU 4 r(Xno1,X0)) <a : hit

YO/[

Intuitively, the behaviour of Vit is similar to that of Yn[a’b], except when it hits/exceeds
b. Instead of clamping to b, Yé[a’b] ‘resets’ and behaves as if it is starting from the current
state Xn. Let To®" denote the first time that Y, " hits the left bound a, i.e., Ty*% &'
inf{n | vt < a}.

> Claim 23. Foralln > 0and b > 0 > a we have Y,E“"’] > Yﬁ[a’b]. Consequently,
T[‘I’b] > T/[a,b]
a - a .

Proof. By induction on n.
In the base case n = 0 we have YO[“’H = Yol[a’b].
For the induction step let n > 0.
I V" 4 r((Xp_1, X)) > b then YU 4 r((X,,_1, X,.)) > b, by induction hypothesis.
Then Y,*" =0 < b = v},
Else if Y!" 4 1((X,_1, X,,)) < a, then Y,/*" = a4 < V!
Otherwise, we have a < Yé[a’b]) = Yé[f’lb] +7((Xpn-1,Xn)) < band by induction hypothesis

Yalt? =y (Xt X)) < min(, V2 4 r((Xno1, X)) = Yi®PL <

»in—1

a,b]

To lower bound &; (T é[a’b]), we split each run at the reset points (when b is hit or exceeded)

and evaluate the expected number of resets that happen before hitting a. Formally, let Va/[a’b]

be the random variable denoting the number of resets before hitting a.

T(i[thb]

la,b] def
Va/ = ; 1(Yi,£al’b]+r((xi71,Xi))Zb)'

We analogously define the random variables Va[a’b] and V! for the non-primed random variable
Yn[a’b] and the unbounded random variable Y,,, respectively.

For the argument to work, we have to space the bounds a and b sufficiently far apart. In
the rest of the section we assume that a < —h < 0 < b.
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Since the step size is bounded by R, the constants a = f%1 and § = (I—g} are universal

lower bounds on the minimum time it takes to hit the left bound a and the right bound b,
respectively.

g, (T;[“’b]) = i P, (T;[avb] > n)

n=0

Since hitting a takes at least o > 0 steps, the probability P, ( T S ) = 1 for all

0 <n < a—1. Thus, the summation can be simplified to

o+ Z P, (T;[a’b] >n+ a)
n=0

oo B-—1

:a—&-ZZPS(TQ[“’b] >j-6+k+a)

7=0 k=0

>a+2ﬂ P (T > (j+1) - 6+a—1)
7=0

—04—&—26 P,

(
(119 > (j+ 1) B+a)
Sat 308 P (TI0 > (G+1) B+ a AV 2 1)
=0
(

204+ZB P,

7=0

V/ab >,]+1)

a

where the last inequality is justified by the fact that resetting at least j + 1 times implies
that the time taken to hit the left bound a would be at least (j +1) - 8 + a.

> Claim 24. Let 0 < 6 < 1 and let ¢ be as in Equation (5). By choosing a £
min(—R[(log.(d - (1 —¢)))] + R — 1, —h) we obtain P, (Va'[a’b] = O) < ¢ for any start state

s. Moreover, it holds that P, (Va/[a’b] >J+ 1) > (1—68)y ",

kd <94

l—c —

Proof. From our choice of a and Lemma 22, it follows that PA(T, < c0) < €
Consider the event Vj b — 0 when starting from s. This means any run in this event doesn’t
hit the reset transitions, which implies that the probability of this event doesn’t change when

considering Y,, or Yi‘“b] instead of the sequence Y,;[a’b

P, (Viet = 0) =P, (V¥ = 0) =P, (v} =0).

But the event V? = 0 is exactly equivalent to the event T, < T} in A which further implies
that T, < oo in A. Therefore, we have that

P, (Ve = 0) = P(Tu < Ty) < PAT, < 00) <6, (6)
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We can then prove the required claim by induction on j.

Base case j = 0: P, ( /[a 9 > 1) P, (Va/[a’b] > 0) =1-7P, (Va/[a’b] = O) >1-96, by
Equation (6).

Induction step:

P (Vi = j42) = P (VI 2 42,V > 1)

=P (VI 2 g 42|V 2 ) P (VI 2 4 1)

Let T'[a " denote the time taken for the 4" visit to energy level b in A. It is clear that T, [ )
is a stopplng time for every j. Using strong Markov property, one can simplify the above
conditional probability to get the required result.

> (1— H—l Z,P <V/[ab]>j+2vl[ab >i+1,X /[ab] —S> .PS<XT/[a'b] :3/|V4[a,b]2j+1>

s'eS bt
(16)j+1~ZPS,(VQ’[“’Z’]zl)~Ps<X P |v'[ab1>J+1>
s'eS b]+1
>(1=8)* > (1-9) P, (XT,[q,b] =5 | Vet > 54 1)
s'€S n
=(1-4)"?
<
Thus, we get that
g (Tt > g (Tl >a+25 P (VI > 541
(1) > £, (1204) 205752, (1209 > 541
>a+26 ]+1
1-9
:a+ﬂ.T
1
=85+ (-9 (™)

We aim to make the interval [a, b] as small as possible (since later the size of the memory
in our strategies will be proportional to |b — a|). Due to the different influences of the
parameters a and b, it is better to fix b as 1 and make a smaller (more negative). The 8 will
then be 1 as well.

» Lemma 25. For 0 < ¢ <1 and a = min(—R[(log.(0 - (1 —¢)))] + R — 1, —h) we have
1
E,(TY) > <+ [(log.(3- (1 - )] ~ L.

Proof. Since b = 1 and |a| > R([(log,(0-(1—=¢)))]=1)+1, 8 =1 and a = [Igﬂ >
[(log.(0- (1 —¢)))]. Substituting these values in Equation (7) gives the required bound. <

As § — 0, the expected hitting time grows as = % = exp(log(1/0)), i.e., exponentially in
log(%), whereas the memory & a required to achieve this lower bound would be proportional

to R(igig;ig) = 27;R log(1/0), linear in log(1/9).
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A.3 General Markov Chains

To get a lower bound on &, (T ia’b]) when A is not strongly connected, one has to account
for the time spent in transient states. Fortunately, the probability to spend a large amount
of time outside a BSCC falls exponentially and this allows the analysis from the previous
subsections to carry over with a minimal increase in the size of the interval [a, b] required
for general Markov chains. Assume AS(MP(> 0)) = S, i.e., every BSCC of A has positive
average mean payoff. Let C' C S denote all the recurrent states. Compute the constants
na, kG, G, hg from Lemma 22 for each BSCC G and let 7, u, ¢, h be the maximum over
all BSCC’s. Let T denote the hitting time of some BSCC. For some positive integer k, let
7y, denote the event T < k. By the tower property, one has

e (Tie") = &,((Ti 12,)) = & (Tl Z2) - Po(Ze) + €, (T | 20 ) - Po(Z).

Since we are only interested in a lower bound, we can ignore the low probability event Zj,
as Tc[La’b] is a non-negative random variable.

&) = &, (Tl 2, ) - P Z). (8)

If 2y is the minimum occurring probability in A, then let

def _$|S~|
9= exp| - SET“ (9)

» Lemma 26. Let ynin denote the minimum occurring probability in A outside every BSCC.

Then there exists 0 < g < 1 such that for all k > |S|,
Py(Zr) <2- g~

Proof. The proof is similar to [8, Lemma 5.1]. Assume ymin 7 1 (the other case is trivial
P, (Z) = 0). This implies ymin < % Let n = |S|. From any state s, there will be a path

of length at most n — 1 to a state in C, == for all states s, P,(Tc <n) > y" 1 > y2,.

Dividing the run into segments of length n — 1, one gets

P, (Zy) = Py(Tc > k)
<P, Tc > k)

<(1—ynber

1 k
<2 (eXp( log(1 — yfnm)»
n
< ) gk:<g _ exp<_ymin>>
n

From the above lemma, we get a lower bound on P,(Z) for k > n. Before computing a

<

lower bound on &, (Tia’b] | Zk>, we choose a to be sufficiently negative so that it is never the
case that T, < k.

» Lemma 27. For any 0 < ¢ < 1, choosing a = min(—R[(log,(6 - (1 —¢)))] + R—1,—h) —
k-Randb=1

E,(T12) 2 (4 1)+ (5 -1) + T(og(6 - (1= )]
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Proof. Since Tp < k < T\ | Zk, Yz[f;’b} > —k-R.
Let T2 {(y,q) | V" =y A Xg = q AP, (YI[“?H =y, Xro = q| Zk) > 0}

& (Tia’b] \ Zk) = > & (Tia’b} | Z, Y =y, Xp = q) - Py (YT[Z’b] =y, X1, = 4| Zk)
(y, )€l

Let E(y, q) denote the event Z; N Yj[f;’b] =y N X, =¢

&, (Tia,b] \E(y7q)) — &,(To | E(y,0) + €, (Tﬁgy,b,g})
g, (T )

> (40 (5-1) + Mlosla- (1= )] ()

Summing over all mutually exclusive events, one obtains the specified bound. |

Using Lemmas 26 and 27, one gets the following result.

» Lemma 28. Foranyk >n,0< 0 <1, witha = min(—R[(log,(6 - (1 —¢)))] + R—1,—h)—

k-Randb=1
(7o) = (1=24) - (41 (1) + ox6- (1 - o)1)
&.(n") < 1s+ 139 4l H’:HR

where g and h are computable constants dependent only on A and ¢ depends on A along
with reward function r. Furthermore, if ro : E — {—R,...,0,..., R} is an additional reward

function with positive mean payoff of at least ps in every BSCC, then assuming § is small
enough such that (|S|+1) - (3 — 1) + [(log.(d- (1 —¢)))] > %

&a((Vae),) = (040 (5-1) + om0 =0 ) ) - (1= 26%) - n)
o)

Proof. The first result follows from (8) and Lemmas 26 and 27.
To get the upper bound for Tb[a’b] in general case, we simply add the expected time it

takes to reach a BSCC and upper bound the time it takes with the worst possible Y}Z’b} (= a).
Hence, by Lemmas 20 and 26
2 la| +b+h+ R

e (1) < ey, (1) <o g o

Finally, for the lower bound on &, ((YT[a,b]) ), if &, (Ttga,b]) = oo we are done as s > 0
a’/2

could be a lower bound in this case for achievable mean payoff making &, ((YT[a,b]) ) = 00,
a’ /2

so assume & (T(E“”’]) < 00.
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By law of total expectation, partitioning based on whether T < Tc[fl’b]7 we have

(1)) &), 769 < ) . (59 <)
+ 53(<YT£a,b1>2 | Tt > Tc) Py (Tia’b] > Tc)

We will now show lower bounds for each summand separately. For &£, ((YT[a,b] ) ) | T, W’] < TC) .
P, (Téa’b] < TC), since ra(e) > —R always,

55( (YTga,b])z | Tlet) < TC) > _R-E, (Tg‘l»bl | Tlet) < TC)

g, (Tgav’ﬂ | Tlatl < TC) P, (Tyvbl < TC)

- i m- P, (T = m | T < To) - P, (Tt < To)
= i m- P, (Ti“’b] =mNT*Y < TC>
< im-?s(Tc >m)

(o)
< Z m-2-9g™ (Lemma 26)

m=k
< Z m-2 gm
m=0
__ %
(1—-9)°
and then using above inequality and (A.3)
2
la,b] . la,b] S_R. g
55((YT£Q,H)2 | Tlat] < TC) P, (Ta < TC) >R T

For the other summand, we split the sum into two parts; sum of rewards gained until

Te i.e., , until one reaches a BSCC and sum of rewards inside a BSCC. Let T = T(E“*”] —Tc

denote the time spent inside a BSCC and (Y7), denote the sum of rewards inside the BSCC
before hitting a. Then by linearity of expectation

(Vo) 1T 2 T6) P (19 2 1) = () + () 609 2 T0) 2, (10 = 72

For (Yr,),, one can follow a similar structure to that of the previous summand. So we first
find an upper bound on & (TC \Ti“”’] > Tc> P, (Té“’b] > TC>

E(Te| Tl > 16 ) - P, (T > Te) < E,(To)  Since Te > 0

= Z PS(TC > m)
m=0
2. glS
=|S| + 1 g p (Lemma 26)

2
< |8+ ——
_|\+1_g
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Thus )
[a,b] - . [a,b] - >_R. = ).
Ss((YTC)2|Ta —TC) PS(Ta —TC> - R <|S|+ 1_9)
[a,b]

To calculate expectation for (Yr),, we condition on the energy level Yr. @ wr.trand
the state in which we enter the BSCC. Suppose Y[a’b] =y and X7, = ¢. But conditioned on
Yj[f;’b} =yNXgp, =qgN Tlebla > To, T is precisely T[ y =Y with Xo=gq
a,b
€8<(YT)2 | Ta[la,b] Z TC N XTC = q n (Y,Z[—,C ])1 = y) = Eq ((YT[ay,by])Q | T Z 0)

a—y

—¢ <( rlo-u- y])z)

Also assume the mean payoff w.r.t ro in this BSCC is some A > po > 0. Since T is a stopping
time with finite expectation (as per our assumption), we can apply optional stopping theorem
to the martingale of 5 cf. Fact 1.

m3, = (Yn)y +v(Xn) = nA
where the index n is actually counted from T. This implies
myp = mgo
(Y1), +v(X7) = TA = v(q)
(Yr)y =T A+ v(q) —v(Xr)
>Tpz—h
— £,((Yr),) > £,(T) prr — = &, (T )y —
Therefore, partitioning over all possible tuples (g, y)

E((Yr), | T = Te) - P (TI = 7o)

>Z( ( [a yb y])~u2fh>~77<T[ab]>TcﬂXT —qﬂ( [ab]>1:y)

(g,v)

When Y% > _k . R, then £ ( Tl y]) > (k+1)- (2= 1) + [(log, (6 - (1 ¢)))] using
Equation ( ). Observe that this event subsumes T < k, so probability of this happening is
>1—2¢* by Lemma 26. In the other case when Y7, < —k - R, a trivial lower bound of 0

for &£ ( . y b= y]) suffices for our purposes. Since from our assumption, ¢ is small enough

so that (|S| +1)- (2 —1) + [(og.(6- (1 —¢)))] > .= putting it all together we have

£ (), | T > 70) -2, (109 > 70

> (e 1) (5 1) + Toml6 - (1= )T =) - (1= 26) = 24"
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B Proof of Lemma 11

» Lemma 11. Let pu; > 0 denote the lower bound on the mean payoff in dimensioni in any
BSCC in the Markov chain A% with corresponding computable constants ¢;, geain, Neain
((5),(9), (1)), and let p denote the lower bound on the mean payoff in the 15t dimension in
any BSCC of APt with the corresponding constants gsaiiout, PBaitouwt- All the above
constants, except c¢;, can be chosen as at most exponential in |[M*| and 1/(1 — ¢;) €
O (exp(exp(|M*[OM))).

Then there are constants 0 < Cy <1, Cy >0, C3 >0, Cy > 0, C5 > 0, all exponential
in |M*| and dependent only on M, such that for k = j‘lssll € (’)(exp(|./\/l*\0(1))), any

min,1

5 € (0,1) sufficiently small such that (|S*| +1) - (+ —1) + [(log,, (6 - (1 — ¢;)))] > == for

Hi

all 2 < i < d, one can choose
def

Zy=Zy+ R+k-R+max; (R [log. (6 (1—¢;))] — R+ 1,hgain) € (’)(e'M*‘O(l) ~log(1/6))

def

and b= Z, + 1 so that

. 1 1 e
5£§t,zb,zg,b[<zg,0>],q((YTcm)i) 2 Cr 5 — Crlogy (5> -G = v}

. 1 e
50/'\§t’zb_yzg’b[(zb7l)];q((YTBano“t)i) > —04 10g2 <5> - 05 d:fUZQ

In particular, in order to satisfy the condition v} + v? > 0, it suffices to choose 1/6 €
O(max(1/Cy, maxs< ;<5 C;)°W). Since the constants C; are exponential in |M*|, and by
the conditions on the other constants above, the value Z,, and hence the overall bound

b= Z,+ 1, can be chosen such that b € O(exp(|/\/l*|o(1))),

Proof. We parametrise | M*| along with 7 on

Number of states n = |S*|.

Maximum bit length of probability in P. Let it be w.

Number of reward dimensions d.

Maximum reward on an edge in any dimension R.

One can also similarly define size of the Markov chain induced by some finite-memory
strategy.

Let f(n,w,d,R) < n?>(2+w+d- (14 [(logy(R+1))])). Assuming binary representa-
tion of rewards, it is easy to see that |M| < f(n,w,d, R). The probabilities are always
represented in binary.

AS 05100 18 MD, |ABRI ] < f(n w, d, R).

Similarly, as o§,;, is obtained as a result of a linear program, we have

|AGain| S f(n7 LPGain(na w, da R), d, R)

where L Pgain (cf. Figure 1) is some fixed polynomial in n, w,d and log R. For succinctness,
we define weain = LPgin(n,w,d, R).

To show that all the constants lie in O (exp(|]M*|°()), we simply consider v} + v} and
show that each of the constants for v} + v4 is in the required size. The result then follows by
observing that every constant is positive.

From Lemmas 10 and 28, for

def

Zg = Zy+ R+ k- R+max(R[(log,, (6 (1 —¢)))]+ R —1, hgain)
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max e
Z s =1 s : Avg. time spent in s
seC

D Ty = s€5,nC
(s,s")EEC
T(s,e) = Ts - P(s)(s) seSoncC
> ar((ss) >R MP(; 4 (> 0)
(S,S/)EEC
e>0

Figure 1 LP for an MEC C for Gain [7, Figure 3]

it suffices to choose k and § such that

(640 (5=1) + Mo 0+ (= )T ) - (1= 26)-

2 2 ain
hgain — R - (TL + ) — Je 3 >
1 — geain (1 = geain)

2 Z hai ou .
R-<n+ + +Blt+R> v2<i<d (10)
1_gBailout 1%
k>n (11)
1
(40 (5-1) + M08 6+ = c)1) s> ha V25 i <
(12)

The last set of equations become redundant due to the first one. The left-hand side of
(10) is the over precision of constant vi and similarly the right-hand side is that of —v?Z. It is
simple to notice that once k is fixed, then v} varies with § as Cy - + — Calog(5) — C3 and v}
as —Cy log(%) — (5 for some appropriate constants C;. To further simplify, W.l.o.g, assume
0 is sufficiently small such that

R[(logcl (5 ' (1 - cl)))] +R > hGain~

By definition of Z,; and our assumption on ¢, we get that

Zg=2Zy+R+k-R+ R[(log,,(6- (1 —¢)))]+R—1.
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Then rearranging constants to one side and terms depending on k£ and § on other side we get

(40 (5-1) + Toma 0 = )T) - (1 - 20bic)
R2

~(k+ [(l0g, (0~ (1= e))]) - = >

2 2. ain
heain + R (n+ >+ Toorn
1- 9Gain (]. — gGain)

2 Zb+3'R_1+hBailout)
+
]- - gBailout /1,

—I—R-(n—i—

We will upper bound the RHS and lower bound LHS by simpler formulas to get sufficient
bounds on k and d. Let @min1 denote the minimum probability in A%*® and @i, 2 denote
the minimum probability in AB2#°% Then by definition of wgain and w,

1 1

Lmin,1 Z 9 Weain Lmin,2 Z w

from (1)

2-n-R

n
min,1

hGain =
< 21+ [logy n+log, R]+n-weain

< 2f(n7wGain7d7R)

Similarly, one gets hpaiions < 2/ (%w-dR)
From (9)

min,
n

n

. e—1
> minl ( Since 1 —e % >

e

- 2n
2 4-n-R
— R- <= T (14)
1 — eain Lmin,1

= 2Ngain (15)
< 22/ (nWeasa,d, R) (16)

cx > g for = € [0, 1]) (13)

< 22f(nw.d,R)

Similarly, R -

1—ggailout
2 ain 2
gciz <R ——
(1 - gcain) (1 - gGain)
2.-n%2- R

2n
min,1

< 21+ [21og n+log R]+2n-weain

R-

T

< 92f (0, Weain,d, )

To get a lower bound on u, let B be any BSCC of APt and Pz be the one-step
transition probability matrix in A4B211°% restricted to B. Clearly the number of states in B is
< n. The steady state probabilities 75 are solution to the linear system Figure 2.
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(I-Pg)" -7p=0

> ms(s) =1

seB
T3 >0

Figure 2 LP;: Linear program for steady state probabilities in a BSCC

We apply [23, Theorem 15]. First, lets multiply each row by lem of denominators to get
integer entries. The size of each entry is now bounded by n - w. Therefore, size of the entire
matrix is < n® - w. size(b) here < 2n +2. = the denominator of each component of 7z is
< 2(n3w+2n+2) < 9f*(nw,d,R)_

The mean payoff in this BSCC is then given by

ps =Y > ms(s) Pls)(s) (s, )

s {s'l(s,;s')EEB}

The least common denominator for all such P(s)(s’) will be < 27% < 2f(mw.dE) which

means the overall denominator for pug < 9 (nyw,d, R)+f (n,w,d, R) < 92f*(n,w,d,R)

Therefore, up > 2-2f(nw.d,R) - Gince i is just minimum over all such pg,
@ > 272 (nw.d.R)
Finally, Z, = max,i?!°"* < 3.p . R. Combining everything and from the fact that
Weain > W, we get that RHS

§ 2f(’ﬂ7wcain,d,R) + 2 . 2f(n>wcain,d,R) + 22f(n~,wGain7d7R) + 2 n- R

4+ 2. 9f(nwdR) | p2 92f*(nw.d.R) (3 n-R+3-R+ 23f2(n,w,d,R>)

S 5 . 2f(n7wGairnd7R) + 2 n- R + 22f(ﬂ,wcain,d,R)

1 R2.92f (nw.d.R) (3 ‘(n+1)-R+ 23f2(n,w,d,R)>

<7 22f(n,wGain,d,R) + 22f(n,w,d,R) . 22f2(n7w7d,R) (22f(n,w,d,R) + 23f2(n7w,d,R))
< 92f (1, Weatn,d, R)+3 + 24f2(n,w,d,R) . 25f2(n,w,d,R)

<2. 29f2(n,wcam,d7R)

To lower bound LHS, first choose k to be sufficiently large such that gf,., < 1/4. Let
k=[-2-7]>n+1. Then

Tmin,1

Y

(0 (5 1) Toma - = e ) - (1 20bh) = G4 1)+ (5-1) - 5

i !
> 2/“; Assume § < i
> 2_2f2(n,wcainvd7R) . 1

> 0

since k > 2 and p; > 272/ (wesn.d.R)
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2
kR < kRZ 2f(n,w,d,R)

22 f(n,weain,d,R) | 2f(n w,d,R)

FR o5 5n e R)
1

From (5) and (4)

—_— —

R%?  log1/d+1log(1/(1—¢;)) R?
1 §-(1—¢)) = = T
Ogci( ( ci)) [ log1/¢; L

277142-}32
(-

< (log1/6 +log(1/(1 = i) -

Using 7; < 3 - hgain, and 1 — ¢; > we get

T
277;." ’

(loga(1/6) + 142 -logy m; + 2 - logy 1/ ;) - (3hGainR)2 . 9687 (N Weasn,d, R)

IN A

IA

(
( 1/5 + 5 + 6 f (n Weain, d R)) 210f2(n’wcain7duR)
9-

910 (1, Wgain,d, R) log, (;) + 99 . 911/ (7, weain,d, R)

IA

Combining everything, we have LHS

1

> 2_2f2(7L7wGain7d7R) = _9_210f2(n7wGainadaR) 10g2 (;) _99211f2(7L1wGain1d7R) _23f(n,wcain,d,R) (17)

Comparing it with the constants from Lemma 11, one can see that C; = 272/ (@ d,R)

Cy 4 Cy = 9. 210 (e dR) and €y + C5 = 1022117 (M e dR) a]] of which are in the
required complexity.
Finally, it suffices to choose a ¢ such that

22 (nweam dR) . L 010f2(nweasmd,R) 1 11£2 (1 wgasn,d, R)
2 592 log2<6 > 1022

§ = 2720F*(n;wein,d:R) ghould satisfy the required inequality. Therefore, with &k = [—22-]

min,1

and § = 2720/*(nwe.d.R) the overall bound b will be exponential in |M|. <

C Proofs of Section 5

Before proceeding with the proof of Lemma 13, we state some useful definitions and prove
some intermediate lemmas which makes it easier to understand the idea. We start by defining
the notion of a winning end component (WEC).

» Definition 29. Let M(B) = (Sg, Sup, Sop: En,TB) be an end component of M. We say
that M(B) is a WEC (winning end component) iff there is some strategy o € Z}Vl(B)
that

M(B)? is irreducible and the end component defined by it is exactly M(B).

for every state ¢ € Sp, there is some minimal energy level j, such that P%I(B)(O(]q)) =1.

such

10g2 1/5 +14+2- 10g2 3+ 2f(n Weain, d R) + 4f2(77z, Weain, d, R)) -9 210‘f2(m’wcai“’d’R)
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We simply say B is a WEC instead of M(B) is a WEC for succinctness.

Furthermore, denote by C(B) = {C | C is a simple cycle in M(B)}, the set of all simple
cycles in M(B) and given a simple cycle C = sy —% s — ... s; = 59 be a cycle of length
j, where ¢; denotes the rewards in the energy (1%%) dimension, define the effect of C to be
ef£(C) = Y1 g k-

A WEC B is called a WEC of Type-I if there is some C € C(B) such that ef£(C) > 0.
Otherwise, it is called a WEC of Type-II.

» Lemma 30. If B is a WEC of Type-I, then one can choose o such that it satisfies all the
conditions of Definition 29 along with

PMBE) (P, (> 0)) = 1
for every state q € Sp.

Proof. Assume that 0 = (M, mg, upd, nxt) which satisfies the requirements of Definition 29
gives a mean payoff of 0 in the energy dimension. Let € = (so,mg) —% (s1,m1) —

... (8K, mg) = (89, my) be a simple cycle of length k in M(B)’.
> Claim 31. For any cycle € in M7, eff(€) = 0.

Proof. We have Pﬂ(B)(D(jS)) = 1, and PQ"S(MPl(> 0)) = 0. The former implies that
MP;(> 0) surely. In fact, it can be never be the case that eff(€) < 0 as otherwise EN; and
hence 0(js) is not satisfied almost surely. If eff(€) > 0 for some €, this then implies a
positive mean payoff since M? is an irreducible, finite Markov chain, a contradiction. Hence,
eff(¢) =0. <

We construct a strategy o’ which follows Definition 29 such that P;\ffiB)(O(jS) N MPy(>0)) =
1. Since B is a WEC of Type-I, there is some cycle C with positive effect. And since every
edge in Fp occurs somewhere in M? by definition of o, there is some cycle € such that
Ckq15Tky Ck1+1:Tky+1 .
(Ski>Miy) =" (Sked1,Migt1) = oo (Skyich Mkitic]) € Sk X M\ my, is a part
of € corresponding to C. The strategy o’ behaves exactly like o except on this specific
path at (sg,4(c/—1, M, +|c|—1), Where instead of continuing in the path of € and going to
(Sky> My, 4/c)) With probability @y, 4|c—1, this probability is split into two parts. For some
sufficiently small € > 0

with probability (1 —¢) - 2y, 4|c|—1 it goes to (skl, mk1+|C\)

with probability € - x4, 4|c|—1 it returns to (sg,, mg,)

Observe that it doesn’t matter if si, y|c|—1 was a random or a controlled state as the final
destination for both edges is the same with only the memory mode being different, so ¢’ is a
valid strategy which updates its memory stochastically. ¢’ should now not only remember
the memory state but also the path in which it arrived at that particular combination, but
this can be done with finite memory.

It is easy to see that ¢’ also induces an irreducible Markov chain with every edge in
Ep occurring at least once, and that the energy objective EN(js) is satisfied as the only
additional loop which occurs in M has a positive effect on the energy level. Furthermore,
for sufficiently small ¢, it doesn’t change the mean payoff in other dimensions by much
thereby still ensuring that o’ satisfies MP[5 4 (> 0). Finally, the addition of this new loop now
causes the mean payoff in 15 dimension to be strictly > 0. |

Lemma 30 shows that it is possible to win both Gain and Bailout almost surely in M(B)
from every state in ¢ € B whenever B is a Type-I WEC. le., q € ASM(B)(MP[17d](> 0)).
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Moreover, the minimal safe energy for Bailout in M(Q) from ¢ is exactly j,, that is
q € ASMB)(EN; (j,) N MPy(> 0)). Thus, M(B) satisfies the conclusion of Lemma 7, i.e., it
behaves like M*.

Therefore, the strategy 021¢ 7, 7 b, defined in Section 4, is almost surely winning 0(jq) in
M(B). We can now carry over the analysis on the memory bound b for M* from Lemmas 10
and 11 to M(B). The only difference is that the size is now measured in |[M(B)| < |M]|. So
we obtain the following lemma.

» Lemma 32. If B is a WEC of Type-I, there exists a bound bg = (’)(exp(\M(Qﬂo(l)))
such that for all g € B

P B (0(,) = 1.

*
Talt,z,,2g b5 79

Agfi),zg,byq(o(jq) N Infix(bp)) = 1.

Note that, if there is no positive effect cycle in B, there cannot be any cycle with negative
effect as well since every cycle is taken infinitely often in a WEC. So, in contrast to Type-I,
if B is such that eff(C) = 0 for every simple cycle C, then B is called a WEC of Type-II.
But this implies that the maximum fluctuation in energy level is at most |Sp|- R < |S|- R.

Therefore, we get the following.

By Remark 12, it is also true that P

g

» Lemma 33. For every WEC B of Type-1I, there is a finite-memory strategy o with a
constant bp € O(|S|- R) such that
PMB)(0(j,) N Infix(bg)) = 1.

OB,S
We are now ready to prove Lemma 13.

» Lemma 13. Let B be a BSCC of M and let M(B) be the corresponding end component
i M with states Sp and transitions Eg. Then there is a strateqy og, a bound bg €
O(exp(|/\/l(B)|O(1))) such that for any state q € Sp, there is a minimal safe energy level

g L") < 3.|Sp] - R such that PP (0(j,) N Infix(bp)) = 1.

Proof. We provide the bounds based on the type of the end component M(B). First observe
that B is a WEC as o acts as a witness by satisfying the requirements of Definition 29. If B
is a WEC of Type-II, then by Lemma 33 the minimal energy j, required to win from any
state ¢ in Sp is < |Sp|- R < |S|- R and the constant bp is bounded by O(|S]|- R). Choose
op and bp be the strategy and the constant from Lemma 33 in this case. Otherwise, B is
a WEC of Type-I. Therefore, j, in this case would be the same as the minimal energy to
satisfy Bailout which by Lemma 5 is < 3[Sgp|R < 3|S|R. By choosing op as 031; 7, 7, v,
with bp from Lemma 32, we are done. <

» Lemma 14. Let T denote the union of all S of every BSCC B of M?, as in Lemma 13.
Then one can almost surely reach any state in T with the corresponding minimal safe energy
level with energy fluctuations of at most 5 - |S| - R.

Proof. It is clear that o is also a witness for ENy (i) N FT. But by [13, Lemma 2], this can
be achieved with at most 2|S|R fluctuation in energy. However, since we also need to ensure
that the necessary minimal energy level, one can then simply encode the energy level into
the state space of M and enlarge M up to (3 + 2)|S|R. So the states of this new MDP
M’ will now be S x [0,5[S|R]. Let T" = U, g, ¢ % [i,5|S|R]. Then, it is not hard to see
that when starting from (s,is) in M’, one almost surely satisfies FT”. (Move according to
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o until you hit the maximum energy level of 5|S|R, at which point switch to one of the
winning strategies for ENy(-) N FT which uses only O(|S|- R) memory modes.) Therefore,
one can reach a state ¢ in a BSCC with its safe energy level with a fluctuation of at most

5-|5]- R. <
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