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THE ZETA-DETERMINANT OF THE DIRICHLET-TO-NEUMANN OPERATOR OF

THE STEKLOV PROBLEM ON FORMS

KLAUS KIRSTEN AND YOONWEON LEE

Abstract. On a compact Riemannian manifold M with boundary Y , we express the log of the zeta-

determinant of the Dirichlet-to-Neumann operator acting on q-forms on Y as the difference of the log

of the zeta-determinant of the Laplacian on q-forms on M with absolute boundary conditions and that

of the Laplacian with Dirichlet boundary conditions with some additional terms which are expressed

by curvature tensors. When the dimension of M is 2 or 3, we compute these terms explicitly. We also

discuss the value of the zeta function at zero associated to the Dirichlet-to-Neumann operator by using

a conformal rescaling method. As an application, we recover the result of the conformal invariance

obtained in [13] when dimM = 2.

1. Introduction

Let (M,Y ; g) be an m-dimensional Riemannian manifold with smooth boundary Y and Ωq(M) be the

space of smooth q-forms. We consider the exterior derivative dq : Ωq(M) → Ωq+1(M) and its formal

adjoint δq = (−1)mq+1 ⋆M d⋆M , where ⋆M is the Hodge star operator. Then the Hodge-De Rham

Laplacian ∆q
M acting on Ωq(M) is defined by ∆q

M = δqdq + dq−1δq−1. If there is no confusion, we will

drop the q on dq and δq. We choose a collar neighborhood U of Y which is diffeomorphic to Y × [0, 1)

and denote the canonical inclusion by i : Y → M . We also choose a unit vector field ∂
∂u which is an

inward normal vector to Y and denote the dual by du. We write a q-form ω on U by ω = ω1 + du ∧ ω2,

and define the tangential part ωtan and normal part ωnor of ω as follows.

ωtan := i∗ω = ω1|Y , ωnor = i∗
(
ι ∂
∂u
ω
)
= ω2|Y , (1.1)

where ι ∂
∂u
ω is the interior product of ω and ∂

∂u . A q-form ω is said to satisfy absolute boundary conditions

if ωnor = (dω)nor = 0, and it is said to satisfy relative boundary conditions if ωtan = (δω)tan = 0. We

denote by Ωq
abs / rel(M) the space of smooth q-forms satisfying absolute/relative boundary conditions, i.e.

Ωq
abs(M) = {ω ∈ Ωq(M) | ωnor = (dω)nor = 0}, Ωq

rel(M) = {ω ∈ Ωq(M) | ωtan = (δω)tan = 0}. (1.2)

We also denote by ∆q
M,abs / rel and ∆q

M,D the Laplacian ∆q
M with absolute/relative and Dirichlet boundary

conditions, respectively. Then, ∆q
M,abs / rel and ∆q

M,D are self-adjoint operators having discrete eigenval-

ues. We note that for q = 0, absolute/relative boundary conditions are equal to Neumann/Dirichlet

boundary conditions. For 0 ≤ λ ∈ R, we define the Dirichlet-to-Neumann operator Qq
abs(λ) and Q

q
rel(λ)

acting on Ωq(Y ) as in [7, 26, 29]. For ϕ ∈ Ωq(Y ), we choose arbitrary extensions φ ∈ Ωq(M) and

φ̃ ∈ Ωq+1(M) of ϕ and du ∧ ϕ satisfying
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i∗φ = ϕ, i∗
(
ι ∂
∂u
φ
)
= 0, i∗φ̃ = 0, i∗

(
ι ∂
∂u
φ̃
)
= ϕ. (1.3)

We define the Poisson operators

Pq
abs(λ) : Ω

q(Y ) → Ωq(M), Pq
absϕ := φ−

(
∆q

M,D + λ
)−1

(∆q
M + λ)φ, (1.4)

Pq
rel(λ) : Ω

q(Y ) → Ωq+1(M), Pq
relϕ := φ̃−

(
∆q+1

M,D + λ
)−1 (

∆q+1
M + λ

)
φ̃.

It is not difficult to see that the definition of Pq
abs(λ) and Pq

rel(λ) do not depend on the choices of the

extensions of φ and φ̃ [7, 23]. Pq
abs(λ) and Pq

rel(λ) satisfy the following relations.

(∆q
M + λ)Pq

abs(λ)ϕ = 0, i∗Pq
abs(λ)ϕ = ϕ, i∗

(
ι ∂
∂u

Pq
abs(λ)ϕ

)
= 0, (1.5)

(
∆q+1

M + λ
)
Pq
rel(λ)ϕ = 0, i∗Pq

rel(λ)ϕ = 0, i∗
(
ι ∂
∂u

Pq
rel(λ)ϕ

)
= ϕ.

Definition 1.1. We define two Drichlet-to-Neumann operators Qq
abs(λ) and Q

q
rel(λ) as follows [7, 26, 29].

Qq
abs(λ) : Ω

q(Y ) → Ωq(Y ), Qq
abs(λ)(ϕ) = −i∗

(
ι ∂
∂u
dPq

abs(λ)ϕ
)
,

Qq
rel(λ) : Ω

q(Y ) → Ωq(Y ), Qq
rel(λ)(ϕ) = i∗ (δPq

rel(λ)ϕ) .

Remark : (1) When q = 0 and λ = 0, Q0
abs(0) is the usual Dirichlet-to-Neumann operator on the Steklov

problem on the space of smooth functions.

(2) In eq.(3.15) below, Qq
abs(λ) and Qq−1

rel (λ) are defined by using a local coordinate system, which is

more intuitive.

The Green formula for the Hodge-De Rham Laplacians is given as follows [22, 27]. For ω, θ ∈ Ωq(M),

〈dω, dθ〉M + 〈δω, δθ〉M = 〈∆q
Mω, θ〉M +

∫

Y

i∗(θ ∧ ⋆Mdω − δω ∧ ⋆Mθ), (1.6)

where we use the convention that d vol(M) = −du ∧ d vol(Y ) on Y . For ϕ1, ϕ2 ∈ Ωq(Y ), eq.(1.6) shows

that

〈Qq
abs(λ)ϕ1, ϕ2〉Y = λ〈Pq

absϕ1, Pq
absϕ2〉M + 〈dPq

absϕ1, dPq
absϕ2〉M + 〈δPq

absϕ1, δPq
absϕ2〉M ,

〈Qq
rel(λ)ϕ1, ϕ2〉Y = λ〈Pq

relϕ1, Pq
relϕ2〉M + 〈dPq

relϕ1, dPq
relϕ2〉M + 〈δPq

relϕ1, δPq
relϕ2〉M ,

which implies that Qq
abs / rel(λ) are non-negative self-adjoint operators. Moreover, they are elliptic ΨDO’s

with parameter λ of order 1 and weight 2 with the principal symbol σL(Q
q
abs / rel(λ))(x, ξ) =

√
|ξ|2 + λ

(see [6, 28] for a ΨDO’s with parameter). It is well known (Theorem 2.7.3 in [10]) that

ker∆q
M,abs = {ω ∈ Ωq

abs(M) | dω = δω = 0} ∼= Hq(M), (1.7)

ker∆q
M,rel = {ω ∈ Ωq

rel(M) | dω = δω = 0} ∼= Hq(M,Y ),

which shows that
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kerQq
abs(0) =

{
i∗ω | ω ∈ ker∆q

M,abs

}
, kerQq

rel(0) =
{
i∗
(
ι ∂
∂u
ω
)
| ω ∈ ker∆q+1

M,rel

}
. (1.8)

In particular, it follows that

dim kerQq
abs(0) = dimker∆q

M,abs = dimHq(M), (1.9)

dimkerQq
rel(0) = dimker∆q+1

M,rel = dimHq+1(M,Y ).

For D = ∆q
M,abs / rel + λ or Qq(λ)abs / rel, we define the zeta function ζD(s) by

ζD(s) =
1

Γ(s)

∫ ∞

0

ts−1
(
Tr e−tD − dimkerD

)
dt. (1.10)

It is well known that ζD(s) is analytic for ℜs > m
ord(D) and has a meromorphic continuation to the whole

complex plane having a regular value at s = 0. When kerD = {0}, we define the zeta-determinant of

D by DetD = e−ζ′
D(0). If dimkerD ≥ 1, we define the modified zeta-determinant by the same formula,

which we denote by Det∗ D = e−ζ′
D(0). In this paper, we are going to discuss

lnDet∗ ∆q
M,abs − ln Det∆q

M,D − lnDet∗Qq
abs(0) and (1.11)

lnDet∗ ∆q+1
M,rel − lnDet∆q+1

M,D − lnDet∗Qq
rel(0),

and their applications. However, for the Hodge star operators ⋆M and ⋆Y ofM and Y , simple computation

shows that

⋆−1
M ∆m−q

M,rel⋆M = ∆q
M,abs, ⋆−1

M ∆m−q
M,D⋆M = ∆q

M,D, and ⋆−1
Y Qm−1−q

rel (λ)⋆Y = Qq
abs(λ), (1.12)

which shows that

lnDet∗ ∆q
M,abs − lnDet∆q

M,D − lnDet∗Qq
abs(0) (1.13)

= lnDet∗ ∆m−q
M,rel − lnDet∆m−q

M,D − lnDet∗Qm−1−q
rel (0).

Hence, it is enough to consider lnDet∗ ∆q
M,abs − lnDet∆q

M,D − ln Det∗Qq
abs(0).

In this paper, we use the method of proving the BFK-gluing formula for zeta-determinants of Laplacians

[6, 7, 9] to show that lnDet∗ ∆q
M,abs − lnDet∆q

M,D − lnDet∗Qq
abs(0) is expressed by some curvature

tensors on Y . We compute it explicitly when dimM = 2 and 3. We also discuss the value of the

zeta function ζQq
abs

(s) at s = 0 by using the conformal metric rescaling method. Finally, when M is

a 2-dimensional smooth Riemannian manifold with smooth boundary Y and ℓ(Y ) is the length of Y ,

we show that 1
ℓ(Y ) Det∗Q0

abs(0) is a conformal invariant, which was proved earlier by Guillarmou and

Guillopé in [13] (see also [8]).
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2. Relation between lnDet∗ ∆q
M,abs − lnDet∆q

M,D and lnDet∗Qq
abs(0)

In this section, we are going to discuss the relation between lnDet∗ ∆q
M,abs − lnDet∆q

M,D and

lnDet∗Qq
abs(0) . We first recall that for λ 6= 0,

(∆q
M + λ) · Pq

abs(λ) = 0, i∗Pq
abs(λ) = Id, i∗ι ∂

∂u
Pq
abs(λ) = 0, (2.1)

which shows that

(
∆q

M,abs + λ
)−1

−
(
∆q

M,D + λ
)−1

= Pq
abs(λ)i

∗
(
∆q

M,abs + λ
)−1

. (2.2)

Lemma 2.1. For λ 6= 0 we have

d

dλ
Pq
abs(λ) = −

(
∆q

M,D + λ
)−1

Pq
abs(λ).

Proof. Taking the derivative of (2.1), we obtain the following equalities.

Pq
abs(λ) + (∆q

M + λ) · d
dλ

Pq
abs(λ) = 0, i∗

d

dλ
Pq
abs(λ) = 0, i∗ι ∂

∂u

d

dλ
Pq
abs(λ) = 0,

which yields the conclusion. �

From Definition 1.1 we note that

d

dλ
Qq

abs(λ) = −i∗ι ∂
∂u

d
d

dλ
Pq
abs(λ) = −i∗ι ∂

∂u
d

(
−
(
∆q

M,D + λ
)−1

)
Pq
abs(λ) (2.3)

= −i∗ι ∂
∂u

d

((
∆q

M,abs + λ
)−1

−
(
∆q

M,D + λ
)−1

)
Pq
abs(λ)

= −i∗ι ∂
∂u

d Pq
abs(λ)i

∗
(
∆q

M,abs + λ
)−1

Pq
abs(λ)

= Qq
abs(λ)i

∗
(
∆q

M,abs + λ
)−1

Pq
abs(λ),

where in the third equality we used the fact that ωnor = (dω)nor = 0 for ω ∈ Ωq
abs(M). This yields

Qq
abs(λ)

−1 d

dλ
Qq

abs(λ) = i∗
(
∆q

M,abs + λ
)−1

Pq
abs(λ). (2.4)

For ν = [m−1
2 ] + 1, we also note that

dν

dλν

{
logDet

(
∆q

M,abs + λ
)
− logDet

(
∆q

M,D + λ
)}

(2.5)

= Tr

{
dν−1

dλν−1

((
∆q

M,abs + λ
)−1

−
(
∆q

M,D + λ
)−1

)}

= Tr

{
dν−1

dλν−1

(
Pq
abs(λ)i

∗
(
∆q

M,abs + λ
)−1

)}

= Tr

{
dν−1

dλν−1

(
i∗
(
∆q

M,abs + λ
)−1

Pq
abs(λ)

)}
= Tr

{
dν−1

dλν−1

(
Qq

abs(λ)
−1 d

dλ
Qq

abs(λ)

)}

=
dν

dλν
logDetQq

abs(λ).
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This equality leads to the following result, which has been already proved in Theorem 6.2 of [7] by a

different method.

Lemma 2.2. There exists a polynomial P q(λ) =
∑[m−1

2
]

k=0 akλ
k such that

log Det
(
∆q

M,abs + λ
)
− logDet

(
∆q

M,D + λ
)

=

[m−1

2
]∑

k=0

akλ
k + lnDetQq

abs(λ).

To determine the coefficients ak, we are going to consider the asymptotic expansion of each term in

Lemma 2.2 for λ→ ∞. When t→ 0+, it is well known [10] that for some aj, bj ∈ R,

Tr e−t∆q
M,abs ∼

∞∑

j=0

ajt
−m−j

2 , Tr e−t∆q
M,D ∼

∞∑

j=0

bjt
−m−j

2 . (2.6)

It is straightforward ((5.1) in [31], Lemma 2.1 in [16]) that for λ→ ∞,

lnDet
(
∆q

M,abs + λ
)
− lnDet

(
∆q

M,D + λ
)

∼ −
N∑

j=0

j 6=m

(aj − bj)
d

ds

(
Γ(s− m−j

2 )

Γ(s)

)∣∣∣∣∣
s=0

λ
m−j

2 (2.7)

+ (am − bm) ln λ +

m−1∑

j=0

(aj − bj)

(
Γ(s− m−j

2 )

Γ(s)

)∣∣∣∣∣
s=0

λ
m−j

2 lnλ + O(λ−
N+1−m

2 ),

where we note that the constant term does not appear. Since Qq
abs(λ) is an elliptic ΨDO of order 1 with

parameter of weight 2, it is shown in the Appendix of [6] that for λ→ ∞, lnDetQq
abs(λ) has the following

asymptotic expansion,

lnDetQq
abs(λ) ∼

∞∑

j=0

πjλ
m−1−j

2 +

m−1∑

j=0

qjλ
m−1−j

2 lnλ, (2.8)

where πj and qj are locally computable as follows. For a fixed local coordinate system we denote the

homogeneous symbols of Qq
abs(λ) and its resolvent (µ−Qq

abs(λ))
−1 by

σ(Qq
abs(λ))(y, ξ, λ) ∼

∞∑

j=0

α̃1−j(y, ξ, λ), (2.9)

σ
(
(µ−Qq

abs(λ))
−1
)
(y, ξ, λ, µ) ∼

∞∑

j=0

r̃−1−j(y, ξ, λ, µ).

The densities πj(y) and qj(y) are computed as follows (Appendix of [6]).
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πj(y) = − ∂

∂s

∣∣∣∣
s=0

(
1

(2π)m−1

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr r̃−1−j

(
y, ξ,

λ

|λ| , µ
)
dµdξ

)
, (2.10)

qj(y) =
1

2

(
1

(2π)m−1

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr r̃−1−j

(
y, ξ,

λ

|λ| , µ
)
dµdξ

) ∣∣∣∣
s=0

,

πj =

∫

Y

πj(y) dy, qj =

∫

Y

qj(y) dy,

where dy is the volume form on Y and γ is a contour enclosing the poles of Tr r̃−1−j

(
y, ξ, λ

|λ| , µ
)
coun-

terclockwise. Comparing the coefficients of λj , we have the following result.

Lemma 2.3.

a0 = −πm−1, ak = −πm−1−2k − (am−2k − bm−2k)

(
d

ds

Γ(s− k)

Γ(s)

) ∣∣∣∣
s=0

, 1 ≤ k ≤ [(m− 1)/2],

qm−1 = am − bm, qk = (ak+1 − bk+1)

(
Γ(s− m−k−1

2 )

Γ(s)

) ∣∣∣∣
s=0

, 0 ≤ k ≤ m− 2.

Since the heat coefficients are quite well known [11, 15], we are going to concentrate on computing the

πk’s to determine the coefficients ak. We note that the coefficients πk are expressed by some curvature

tensors including the scalar curvatures and principal curvatures of Y in M like heat coefficients (cf.[25]).

In Section 3 we are going to compute π1 and π2 along these lines when dimM = 2, 3.

Before going further, we make one observation. If M has a product structure near Y so that ∆q
M is

−∂2ym
+∆Y on a collar neighborhood of Y , it is known that Qq

abs(λ) =
√
∆Y + λ + a smoothing operator

(cf. [18, 24]). In this case, lnDetQq
abs(λ) and lnDet

√
∆Y + λ have the same asymptotic expansions for

λ→ ∞, which is shown in the Appendix of [6]. Since lnDet
√
∆Y + λ = 1

2 lnDet(∆Y + λ), the constant

term in the asymptotic expansion of lnDetQq
abs(λ) is zero (cf.(2.8)), which shows that a0 = 0.

We next discuss the asymptotic behavior of each term in Lemma 2.2 for λ→ 0. We first note that

lnDet(∆q
M,D + λ) = lnDet∆q

M,D +O(λ). (2.11)

In view of (1.9), we let dimker∆q
M,abs = dimkerQq

abs(0) = ℓq and {ψ1(0), · · · , ψℓq (0)} be an orthonormal

basis for ker∆q
M,abs. Considering λ ∈ C− (−∞, 0), Qq

abs(λ) is a self-adjoint holomorphic family of type

(A) in the sense of T. Kato (for the definition see p. 375 of [14]) and Theorem 3.9 on p. 392 of [14] shows

that there exist holomorphic families {θj(λ) | j = 1, 2, · · · } and {φj(λ) | j = 1, 2, · · · } of eigenvalues and

corresponding orthonormal eigensections of Qq
abs(λ) such that 0 < θ1(λ) ≤ · · · ≤ θℓq (λ) < θℓq+1(λ) ≤ · · ·

and

‖ φj(λ) ‖= 1, lim
λ→0

θj(λ) = 0 for 1 ≤ j ≤ ℓq. (2.12)

This leads to

lnDet(∆q
M,abs + λ) = ℓq lnλ + lnDet∗ ∆q

M,abs + O(λ), (2.13)

lnDetQq
abs(λ) = ln θ1(λ) · · · θℓq (λ) + lnDet∗Qq

abs(0) + O(λ).
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For each φj(λ), we denote Φj(λ) := Pq
abs(λ)φj(λ). Then,

Qq
abs(λ)(φj(λ)) = −i∗

(
ι ∂
∂u
dΦj(λ)

)
= θj(λ)φj(λ), (2.14)

and hence {Φ1(0), · · · ,Φℓq (0)} is also a basis for ker∆q
M,abs. The Green Theorem (1.6) shows that

0 = 〈(∆q
M + λ)Φj(λ),Φk(0)〉 = 〈∆q

MΦj(λ),Φk(0)〉+ λ〈Φj(λ),Φk(0)〉

= 〈dΦj(λ), dΦk(0)〉+ 〈δΦj(λ), δΦk(0)〉 −
∫

Y

i∗ (Φk(0) ∧ ⋆MdΦj(λ) − δΦj(λ) ∧ ⋆MΦk(0))

+ λ 〈Φj(λ),Φk(0)〉
= −〈φk(0), Qq

abs(λ)φj(λ)〉Y + λ〈Φj(λ),Φk(0)〉M
= −θj(λ)〈φk(0), φj(λ)〉Y + λ〈Φj(λ),Φk(0)〉M ,

which leads to

lim
λ→0

θj(λ)

λ
δjk = 〈Φj(0), Φk(0)〉M . (2.15)

We define ℓq × ℓq matrices R = (rij) and S = (sij) by

rij = 〈Φi(0), ψj(0)〉M , sij = 〈ψi(0)|Y , ψj(0)|Y 〉Y , (2.16)

where ψi(0)|Y is equal to i∗ψi(0) since ψi(0) ∈ Ωq
abs(M). Since Φi(0) =

∑
k rikψk(0), we have

〈Φi(0), Φj(0)〉M =

ℓq∑

a,b=1

〈riaψa(0), rjbψb(0)〉 =
(
RRT

)
ij

= lim
λ→0

θi(λ)

λ
δij , (2.17)

which shows that RRT is a diagonal matrix. The above equalities show that

lim
λ→0

θ1(λ) · · · θℓq(λ)
λℓq

= Π
ℓq
j=1

(
RRT

)
jj

= det(RRT ) = det(R2). (2.18)

Since φi(0) = Φi(0)|Y =
∑ℓq

k=1 rikψk(0)|Y , we have

ψi(0)|Y =

ℓq∑

k=1

〈ψi(0)|Y , φk(0)〉Y φk(0) =

ℓq∑

k,a,b=1

〈ψi(0)|Y , rkaψa(0)|Y 〉Y rkbψb(0)|Y

=

ℓq∑

b=1

(
SRTR

)
ib
ψb(0)|Y ,

which shows that SRTR = Id. Hence,

detR2 =
1

detS . (2.19)

From (2.18) and (2.19), we obtain the following result.



8 KLAUS KIRSTEN AND YOONWEON LEE

Theorem 2.4. Let M be an oriented m-dimensional compact Riemannian manifold with boundary Y .

Then, for 0 ≤ q ≤ m− 1,

lnDet∗ ∆q
M,abs − lnDet∆q

M,D = a0 − ln detS + lnDet∗Qq
abs(0).

Here a0 is the constant term in the asymptotic expansion of − lnDetQq
abs(λ) for λ → ∞. If M has a

product structure near Y so that ∆q
M,abs is −∂2ym

+∆Y on a collar neighborhood of Y , then a0 = 0.

Corollary 2.5. When q = 0, ∆0
M,abs is the Laplacian acting on smooth functions with the Neumann

boundary condition on Y . Then ℓ0 = dimker∆0
M,abs = 1 and S =

(
ℓ(Y )
V (M)

)
, where V (M) and ℓ(Y ) are

volumes of M and Y , respectively. In this case, Theorem 2.4 is rewritten as

lnDet∗ ∆0
M,abs − lnDet∆0

M,D = a0 + ln
V (M)

ℓ(Y )
+ lnDet∗Q0

abs(0).

We should mention that the constant term corresponding to a0 in the BFK-gluing formula of zeta-

determinants is zero when M is an even dimensional manifold since the density is an odd function with

respect to ξ. However, the density for a0 in Theorem 2.4 need not be an odd function so that a0 may not

be zero even though M is an even dimensional manifold. In the next section we are going to compute a0
precisely when the dimension of M is 2 and 3.

In the remaining part of this section, we are going to discuss the values of zeta functions at zero by

considering the metric rescaling from g to c2g for c > 0 on M . It is well known [3] that

∆q
M (c2g) = c−2∆q

M (g), ∆q
M (c2g) + λ = c−2

(
∆q

M (g) + c2λ
)
. (2.20)

Lemma 2.2 is rewritten as

lnDet
(
∆q

M,abs(c
2g) + λ

)
− lnDet

(
∆q

M,D(c
2g) + λ

)
= P q

c2g(λ) + lnDetQq
abs,c2g(λ) (2.21)

=

[(m−1)/2]∑

j=0

aj(c
2g)λj + lnDetQq

abs,c2g(λ),

where P q
g (λ) =

∑[m−1

2
]

j=0 aj(g)λ
j and P q

c2g(λ) =
∑[m−1

2
]

j=0 aj(c
2g)λj . The Dirichlet-to-Neumann operator

Qq
abs,c2g(λ) is described as follows. For ϕ ∈ Ωq(Y ), we choose φ ∈ Ωq(M) such that

(
∆q

M (c2g) + λ
)
φ = c−2

(
∆q

M (g) + c2λ
)
φ = 0, i∗φ = ϕ, i∗

(
ι 1
c

∂
∂u
φ
)
= 0.

Then, Qq
abs,c2g(λ)f is defined by

Qq
abs,c2g(λ)ϕ = −i∗

(
ι 1
c

∂
∂u
dφ
)

= −1

c
i∗
(
ι ∂
∂u
dφ
)

=
1

c
Qq

abs,g(c
2λ)ϕ,

which shows that

Qq
abs,c2g(λ) =

1

c
Qq

abs,g(c
2λ). (2.22)

From (2.20) and (2.22), it follows that
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lnDet
(
∆q

M,abs /D(c
2g) + λ

)
= −2 ln c · ζ(∆q

M,abs /D
(g)+c2λ)(0) + lnDet

(
∆q

M,abs /D(g) + c2λ
)
,

lnDetQq
abs,c2g(λ) = − ln c · ζQq

abs,g(c
2λ)(0) + lnDetQq

abs,g(c
2λ). (2.23)

We use the above equalities to rewrite (2.21) as

−2 ln c ·
{
ζ(∆q

M,abs(g)+c2λ)(0)− ζ(∆q
M,D(g)+c2λ)(0)

}

+
{
lnDet(∆q

M,abs(g) + c2λ)− lnDet(∆q
M,D(g) + c2λ)

}

= −2 ln c ·
{
ζ(∆q

M,abs(g)+c2λ)(0)− ζ(∆q
M,D(g)+c2λ)(0)

}
+ P q

g (c
2λ) + lnDetQq

abs,g(c
2λ)

= P q
c2g(λ) − ln c · ζQq

abs,g(c
2λ)(0) + lnDetQq

abs,g(c
2λ), (2.24)

which leads to the following result.

Lemma 2.6.

− ln c ·
{
2
(
ζ(∆q

M,abs(g)+c2λ)(0)− ζ(∆q
M,D(g)+c2λ)(0)

)
− ζQq

abs,g(c
2λ)(0)

}
= P q

c2g(λ) − P q
g (c

2λ)

=

[(m−1)/2]∑

j=0

(
aj(c

2g)− aj(g)c
2j
)
λj .

From (2.9) we have the following.

σ

((
µ−Qq

abs,c2g(λ)
)−1

)
∼

∞∑

j=0

r̃−1−j(y, ξ, λ, µ; c
2g), (2.25)

σ

((
µ−Qq

abs,c2g(λ)
)−1

)
= σ

((
µ− 1

c
Qq

abs,g(c
2λ)

)−1
)

= σ

(
c
(
cµ−Qq

abs,g(c
2λ)
)−1

)

∼ c

∞∑

j=0

r̃−1−j(y, ξ, c
2λ, cµ; g) = c

∞∑

j=0

r̃−1−j

(
y, c

1

c
ξ, c2λ, cµ; g

)
= c

∞∑

j=0

c−1−j r̃−1−j

(
y,

1

c
ξ, λ, µ; g

)

=

∞∑

j=0

c−j r̃−1−j

(
y,

1

c
ξ, λ, µ; g

)
,

which shows that

r̃−1−j(y, ξ, λ, µ; c
2g) = c−j r̃−1−j

(
y,

1

c
ξ, λ, µ; g

)
. (2.26)

By (2.10) the density πj(y; c
2g) for πj(c

2g) is given by

πj(y; c
2g) = − ∂

∂s

∣∣∣∣
s=0

(
1

(2π)m−1

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr r̃−1−j

(
y, ξ,

λ

|λ| , µ; c
2g

)
dµ dξ(c2g)

)
,

πj(c
2g) =

∫

Y

πj(y; c
2g) d vol(Y ; c2g). (2.27)
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Using (2.27) with the following relation

dξ(c2g) = c−(m−1)dξ(g), d vol(Y ; c2g) = cm−1d vol(Y ; g), (2.28)

we have the following result.

Lemma 2.7.

πk(y; c
2g) = c−kπk(y; g), πk(c

2g) = cm−1−kπk(g).

Lemma 2.3 shows that the coefficient ak(c
2g) of the polynomial P q

c2g(λ) is given by

ak(c
2g) = −πm−1−2k(c

2g)− (am−2k(c
2g)− bm−2k(c

2g))
d

ds

(
Γ(s− k)

Γ(s)

) ∣∣∣∣
s=0

(2.29)

= c2kak(g),

where we used the fact that ak(c
2g) = cm−k

ak(g) and bk(c
2g) = cm−k

bk(g) (Theorem 3.1.9 in [11] or

(4.2.5) in [15]). Hence, P q
c2g(λ) − P q

g (c
2λ) = 0 in Lemma 2.6. Replacing λ with 1

c2λ, we obtain the

following result.

Theorem 2.8. For λ > 0, we obtain the following equality:

ζQq
abs,g(λ)

(0) = 2
{
ζ(∆q

M,abs(g)+λ)(0)− ζ(∆q
M,D(g)+λ)(0)

}
.

If dimker∆q
M,abs(g) = dimkerQq

abs,g(0) = ℓq, we obtain the following equality by taking λ→ 0:

ζQq
abs,g

(0)(0) + ℓq = 2
{(
ζ∆q

M,abs
(g)(0) + ℓq

)
− ζ∆q

M,D(g)(0)
}
.

The following heat trace asymptotic expansion is well known [12, 19, 25].

Tr e−tQq
abs

(0) ∼
∞∑

j=0

vjt
−(m−1)−j +

∞∑

j=1

(wj ln t+ zj)t
j , (2.30)

where the vj ’s and wj ’s are locally computed and the zj ’s are not. The second statement of Theorem 2.8

can be rewritten as follows.

Corollary 2.9.

vm−1 = 2 (am − bm) .

Let κ1(y), · · · , κm−1(y) be the principal curvatures of Y in M at y ∈ Y . We define the r-mean

curvature Hr by

Hr(y) =
1(

m−1
r

)σr(κ1, · · · , κm−1) =
r!(m− 1− r)!

(m− 1)!
σr(κ1, · · · , κm−1), (2.31)

where σr : Rm−1 → R is the r-th elementary symmetric polynomial defined by σr(u1, · · · .um−1) =∑
1≤i1<···<ir≤m−1 ui1 · · ·uir [1]. For example, for m ≥ 3, H1(y) and H2(y) are
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H1(y) =
1

m− 1

m−1∑

α=1

κα(y), H2(y) =
2

(m− 1)(m− 2)

∑

1≤α<β≤m−1

κα(y)κβ(y). (2.32)

When m = 3, the following equality was proved in Lemma 3.2 of [17].

2∑

α=1

RM
α3α3(y) = −RicM33 = −1

2
τM (y) +

1

2
τY (y)−H2(y), (2.33)

where RM
α3α3(y) and RicM33 are defined in (3.6) below. For m = 2, 3, am−bm can be computed concretely

by using Theorem 3.4.1 and Theorem 3.6.1 in [11] or Section 4.2 and 4.5 in [15], which together with

(2.33) and (3.35) below yields the following result.

Corollary 2.10. Let (M,Y ; g) be an m-dimensional compact oriented Riemannian manifold with bound-

ary Y . We define Qq
abs(0) on Ωq(Y ) as above and denote by τM and τY the scalar curvatures of M and

Y , respectively. If m = 2, then

ζQq
abs

(0)(0) + ℓq =

{
0 if q = 0

− 1
π

∫
Y
κ(y) dy if q = 1.

If m = 3, then

ζQq
abs

(0)(0) + ℓq =





1
4π

∫
Y

{
1
8τM + 1

24τY + 1
4H

2
1

}
dy if q = 0

1
4π

∫
Y

{
− 1

4τM − 5
12τY + 1

2H
2
1

}
dy if q = 1

1
4π

∫
Y

{
− 3

8τM + 13
24τY + 1

4H
2
1

}
dy if q = 2.

Remark : When q = 0, the above result is obtained in Theorem 1.5 of [25] or Theorem 5.1 of [19].

Example 2.11 : For a closed Riemannian manifold N , we consider a Riemannian productM = [0, a]×N .

Let ∆q
M,abs and ∆q

M,D be the Laplacian − ∂2

∂u2 +

(
∆q

N

∆q−1
N

)
on M acting on smooth q-forms with the

absolute and Dirichlet boundary conditions on Y := {0, a} × N , respectively. Let N = {1, 2, 3, · · · } be

the set of all positive integers and N0 = N ∪ {0}. The spectra of ∆q
M,abs and ∆q

M,D are given by

Spec
(
∆q

M,abs

)
=

{
λn +

(
kπ

a

)2

, µs +

(
lπ

a

)2 ∣∣∣∣ λn ∈ Spec(∆q
N ), µs ∈ Spec(∆q−1

N ), k ∈ N0, l ∈ N

}
,

Spec
(
∆q

M,D

)
=

{
λn +

(
kπ

a

)2

, µs +

(
lπ

a

)2 ∣∣∣∣ λn ∈ Spec(∆q
N ), µs ∈ Spec(∆q−1

N ), k ∈ N, l ∈ N

}
,

which shows that ζ∆q
M,abs

(s)− ζ∆q
M,D

(s) = ζ∆q
N
(s) and hence

lnDet∗ ∆q
M,abs − lnDet∆q

M,D = lnDet∗ ∆q
N , ζ∆q

M,abs
(0) − ζ∆q

M,D
(0) = ζ∆q

N
(0).

Simple computation shows that the spectrum of Qq
abs(0) : Ω

q(N ×{0})⊕Ωq(N ×{a}) → Ωq(N ×{0})⊕
Ωq(N × {a}) is given by
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Spec (Qq
abs(0))

= {0} ∪
{
2

a

}
∪
{√

λn

(
1 +

2

ea
√
λn − 1

)
,
√
λn

(
1− 2

ea
√
λn + 1

)
| 0 < λn ∈ Spec(∆q

N )

}
,

where the multiplicities of 0 and 2
a are ℓq := dimkerHq(N) := dimkerHq(M). Hence,

lnDet∗Qq
abs(0) = ℓq ln

2

a
+ lnDet∗ ∆q

N +
∑

0<λn∈Spec(∆q
N )

{
ln

(
1 +

2

ea
√
λn − 1

)
+ ln

(
1− 2

ea
√
λn + 1

)}

= ℓq ln
2

a
+ lnDet∗ ∆q

N ,

ζQq
abs

(0)(0) = ℓq + ζ∆q
N
(0) + ζ∆q

N
(0) = ℓq + 2ζ∆q

N
(0).

Let {ψ1, · · · , ψℓq} be an orthonormal basis of ker∆q
N . Then { 1√

a
ψ1, · · · , 1√

a
ψℓq} is an orthonormal basis

of ker∆q
M,abs. Hence,

〈 1√
a
ψi,

1√
a
ψj〉Y =

1

a
〈ψi, ψj〉{0}×N +

1

a
〈ψi, ψj〉{a}×N =

2

a
δij .

Since ln detS = ℓq ln
2
a and a0 = 0, this result agrees with Theorem 2.4 and Theorem 2.8.

3. The homogeneous symbol of Qq
abs(λ)

In this section we are going to compute the homogeneous symbol of Qq
abs(λ) in the boundary normal

coordinate system defined below. For y0 ∈ Y and a small open neighborhood V of y0 in Y , we choose

a normal coordinate system on V with y = (y1, · · · , ym−1) and y0 = (0, · · · , 0). For y ∈ Y , we denote

by γy(u) the unit speed geodesic such that γ′y(0) is an inward normal vector to Y . Then, (y, u) =

(y1, · · · , ym−1, u) gives a local coordinate system. We will write u = ym for notational convenience. For

1 ≤ α, β, γ ≤ m− 1, the metric satisfies

gαβ(y0) = δαβ , gαβ;γ(y0) = 0, gαm(y) = 0, gmm(y) = 1, (3.1)

where gαβ;k := ∂
∂yk

gαβ, 1 ≤ k ≤ m. Moreover, we may choose the coordinate system such that

gαβ;m(y0) = − gαβ;m(y0) =

{
2κα for α = β

0 for α 6= β,
(3.2)

where the κα’s (1 ≤ α ≤ m− 1) are the principal curvatures of Y in M . For simplicity, we are going to

write ∂
∂yk

by ∂yk
for 1 ≤ k ≤ m. We denote by ∇M the Levi-Civita connection on M associated to g and

denote by ω the connection form for ∇M with respect to {∂y1
, · · · , ∂ym} and put ωk = ω(∂yk

). For some

endomorphism Eq acting on ∧qT ∗M , ∆q
M + λ is expressed as follows [17, 25]:

∆q
M + λ = −Tr

((
∇M

)2)− Eq (3.3)

= −∂2ym
Id + (A(y, ym)− 2ωm) ∂ym + D

(
y, ym,

∂

∂y
, λ
)
− (∂ymωm + ωmωm −A(x, ym)ωm) ,
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where Id is an
(
m
q

)
×
(
m
q

)
identity matrix and

A(y, ym) =



−1

2

m−1∑

α,β=1

gαβ(y, ym) gαβ;m(y, ym)



 Id, (3.4)

D

(
y, ym,

∂

∂y
, λ

)
=






−

m−1∑

α,β=1

gαβ(y, ym)∂yα∂yβ
+ λ


 (3.5)

−
m−1∑

α,β=1

(
1

2
gαβ(y, ym)(∂yα ln |g|(y, ym)) + gαβ;α(y, ym))

)
∂yβ



 Id

−2
m−1∑

α,β=1

gαβ(y, ym)ωα∂yβ
−

m−1∑

α,β=1

gαβ(y, ym)

(
∂yαωβ + ωαωβ −

m−1∑

γ=1

Γγ
αβωγ

)
− Eq,

We use the Weitzenböck formula (for example, Lemma 4.1.2 in [10]) to describe Eq explicitly. It is known

([11]) that E0 = 0. Let {e1, · · · , em} and {e1, · · · , em} be local orthonormal bases of TM |U and T ∗M |U
for some open set U in M , respectively. We denote by RM

ijkl and RicMij the Riemann curvature tensor

and Ricci tensor on M defined by

RM
ijkl =

〈
∇M

ei ∇
M
ej ek −∇M

ej ∇
M
ei ek −∇M

[ei,ej ]
ek, el

〉
, RicMij =

m∑

k=1

RM
ikkj . (3.6)

Then,

E1 =

(
− RicMij

)

1≤i,j≤m

. (3.7)

For later use, we compute E2 for m = 3 with respect to a local orthonormal basis {e1∧e2, e3∧e1, e3∧e2},
which is given by

E2 =




−RicM33 −RM
2113 RM

1223

−RM
2113 −RicM22 RM

1332

RM
1223 RM

1332 −RicM11


 . (3.8)

Since Y is compact, we can choose a uniform constant ǫ0 > 0 such that γx(u) is well defined for

0 ≤ u ≤ ǫ0. Then,

Uǫ0 := {(y, ym) | y ∈ Y, 0 ≤ ym < ǫ0} (3.9)

is a collar neighborhood of Y . We note that for a fixed ym in [0, ǫ0),

Yym := {(y, ym) | y ∈ Y } (3.10)

is a submanifold of M diffeomorphic to Y , and it is the ym-level of Y . For 0 < ym < ǫ, we denote
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Mym := M − ∪0≤u<ymYu, (3.11)

and denote by iym : Yym → Mym the natural inclusion. We also denote by ∆q
Mym

the Hodge-De Rham

Laplacian ∆q
M restricted to Mym . For each 0 ≤ ym < ǫ0, we define Qq

abs,ym
(λ) : Ωq(Yym) → Ωq(Yym) and

Qq−1
rel,ym

(λ) : Ωq−1(Yym) → Ωq−1(Yym) in the same way as Qq
abs(λ) and Qq−1

rel (λ). Indeed, for αym(y) ∈
Ωq(Yym) and βym(y) ∈ Ωq−1(Yym), we choose φym ∈ Ωq(Mym), ψym ∈ Ωq(Mym) satisfying

(∆q
Mym

+ λ)φym = 0, i∗ym
φym = αym , i∗ι∂ym

φym = 0, (3.12)

(∆q
Mym

+ λ)ψym = 0, i∗ym
ψym = 0, i∗ι∂ym

ψym = βym .

We define

Qq
abs,ym

(λ)(ϕym ) := −i∗ym
ι∂ym

dφym , Qq
rel,ym

(λ)(ϕym ) := i∗ym
(δψym) . (3.13)

Using local coordinates on Uǫ0 , with multi-indices i = (i1, ..., iq), j = (j1, ..., jq−1), k = (k1, ..., kq), and

l = (l1, ..., lq−1), we write φym(y, ym) and ψym(y, ym) as

φym(y, ym) =
∑

i

φ1,i(y, ym) dyi1 ∧ · · · ∧ dyiq +
∑

j

φ2,j(y, ym) dym ∧ dyj1 ∧ · · · ∧ dyjq−1
, (3.14)

ψym(y, ym) =
∑

k

ψ1,k(y, ym) dyk1
∧ · · · ∧ dykq +

∑

l

ψ2,l(y, ym) dym ∧ dyl1 ∧ · · · ∧ dylq−1
,

where

αym(y) =
∑

i

φ1,i(y, ym)
∣∣
Yym

dyi1 ∧ · · · ∧ dyiq ,

βym(y) =
∑

l

ψ2,l(y, ym)
∣∣
Yym

dyl1 ∧ · · · ∧ dylq−1
,

φ2,j
∣∣
Yym

= ψ1,k

∣∣
Yym

= 0.

In this local coordinate system, Qq
abs,ym

(λ)(ϕym) and Qq
ym,rel(λ)(ϕym ) can be rewritten as follows (cf.

Definition 1.1).

Qq
abs,ym

(λ)(αym(y)) = −
∑

i

(
∂ymφ1,i(y, ym)

)∣∣
Yym

dyi1 ∧ · · · ∧ dyiq , (3.15)

Qq−1
rel,ym

(λ)(βym(y)) = −
∑

l

(
∂ymψ2,l(y, ym)

)∣∣
Yym

dyl1 ∧ · · · ∧ dylq−1
.

When ym = 0, Qq
abs,0(λ) and Q

q−1
rel,0(λ) are equal to Qq

abs(λ) and Q
q−1
rel (λ), respectively.

We next define auxiliary operators T q
abs,ym

(λ) : Ωq(Yym) → Ωq−1(Yym) and T q−1
rel,ym

(λ) : Ωq−1(Yym) →
Ωq(Yym) by
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T q
abs,ym

(λ)(αym(y)) = −
∑

j

(
∂ymφ2,j(y, ym)

)∣∣
Yym

dyj1 ∧ · · · ∧ dyjq−1
, (3.16)

T q−1
rel,ym

(λ)(βym(y)) = −
∑

k

(
∂ymψ1,k(y, ym)

)∣∣
Yym

dyk1
∧ · · · ∧ dykq .

We finally define Rq
ym

(λ) : Ωq(Yym)⊕ Ωq−1(Yym) → Ωq(Yym)⊕ Ωq−1(Yym) by

Rq
ym

(λ) =

(
Qq

abs,ym
(λ) T q−1

rel,ym
(λ)

T q
abs,ym

(λ) Qq−1
rel,ym

(λ)

)
. (3.17)

Using local coordinates on Uǫ0 , we write

Rq
ym

(λ)(αym , βym) (3.18)

=
(
Qq

abs,ym
(λ)αym + T q−1

rel,ym
(λ)βym , T q

abs,ym
(λ)αym +Qq−1

rel,ym
(λ)βym

)

=

(
−
∑

i

(
∂ymφ1,i(y, ym)

)∣∣
Yym

dyi1 ∧ · · · ∧ dyiq −
∑

k

(
∂ymψ1,k(y, ym)

)∣∣
Yym

dyk1
∧ · · · ∧ dykq ,

−
∑

j

(
∂ymφ2,j(y, ym)

)∣∣
Yym

dyj1 ∧ · · · ∧ dyjq−1
−
∑

l

(
∂ymψ2,l(y, ym)

)∣∣
Yym

dyl1 ∧ · · · ∧ dylq−1

)
,

where φym + ψym ∈ Ωq(Mym) satisfies

(∆q
M + λ) (φym + ψym) = 0, i∗ym

(φym + ψym) = αym , i∗ym

(
ι∂ym

(φym + ψym)
)
= βym . (3.19)

Then, Rq
ym

(λ) is an elliptic pseudodifferential operator of order 1.

We can identify Yym with Y := Y0 by the geodesic γy(u) and regard Rq
ym

(λ) to be a one parameter

family of operators defined on Ωq(Y ) ⊕ Ωq−1(Y ). We are going to take the derivative of Rq
ym

(λ) with

respect to ym to obtain a Riccati type equation for Rq
ym

(λ), from which we can compute the homogeneous

symbol of Rq
ym

(λ). This idea goes back to I. M. Gelfand. The symbol of Qq
abs(λ) is obtained from the

symbol of Rq
ym

(λ).

We start from φym(y, ym) + ψym(y, ym) ∈ Ωq(Mym). We note that

∂ym

(
φym(y, ym) + ψym(y, ym)

)∣∣
Yym

= −Rq
ym

(λ) (φym(y, ym) + ψym(y, ym))
∣∣
Yym

. (3.20)

We take the derivative with respect to ym again to obtain

∂2ym

(
φym(y, ym) + ψxm(y, ym)

)∣∣
Yym

(3.21)

= −
(
∂ymRq

ym
(λ)

)
(φym(y, ym) + ψym(y, ym))

∣∣
Yym

+ Rq
ym

(λ)2 (φym(y, ym) + ψym(y, ym))
∣∣
Yym

,

which together with (3.3) leads to the following equality.
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{
−∂ymRq

ym
(λ) +Rq

ym
(λ)2

} (
φym(y, ym) + ψym(y, ym)

)∣∣
Yym

(3.22)

=
{
(A(y, ym)− 2ωm) ∂ym + D

(
y, ym, ∂y, λ

)
− (∂ymωm + ωmωm −A(y, ym)ωm)

} (
φym(y, ym) +

ψym(y, ym)
)∣∣

Yym
.

Using (3.20) again, we obtain the following result.

Lemma 3.1.

Rq
ym

(λ)2

= D
(
y, ym, ∂y, λ

)
− (A(y, ym)− 2ωm)Rq

ym
(λ) + ∂ymRq

ym
(λ) − (∂ymωm + ωmωm −A(y, ym)ωm) .

We now compute the homogeneous symbol in this coordinate system using the above lemma. We

denote the homogeneous symbol of Rq
ym

(λ) and D
(
y, ym, ∂y, λ

)
by

σ
(
Rq

ym
(λ)
)
(y, ym, ξ, λ) ∼ α1(y, ym, ξ, λ) + α0(y, ym, ξ, λ) + α−1(y, ym, ξ, λ) + · · · , (3.23)

σ
(
D
(
y, ym, ∂y, λ

))
= p2(y, ym, ξ, λ) + p1(y, ym, ξ) + p0(y, ym, ξ),

where for an
(
m
q

)
×
(
m
q

)
identity matrix Id, (3.5) shows that

p2(y, ym, ξ, λ) =




m−1∑

α,β=1

gαβ(y, ym)ξαξβ + λ


 Id =

(
|ξ|2 + λ

)
Id, (3.24)

p1(y, ym, ξ) = −i
m−1∑

α,β=1

(
1

2
gαβ(y, ym)∂yα ln |g|(y, ym) + gαβ;α(y, ym)

)
ξβ Id−2i

m−1∑

α,β=1

gαβωαξβ ,

p0(y, ym, ξ) = −
m−1∑

α,β=1

gαβ

(
∂yαωβ + ωαωβ −

m−1∑

γ=1

Γγ
αβωγ

)
− Eq.

The symbol of ∂ymRq
ym

(λ) is given by

σ
(
∂ymRq

ym
(λ)
)
(y, ym, ξ, λ) ∼ ∂ymα1(y, ym, ξ, λ) + ∂ymα0(y, ym, ξ, λ) + ∂ymα−1(y, ym, ξ, λ) + · · · .(3.25)

It is well known [10, 28] that for Dy = 1
i ∂y,

σ
(
Rym(λ)2

)
∼

∞∑

k=0

∑

|ω|+i+j=k

i,j≥0

1

ω!
∂ωξ α1−i(y, ym, ξ, λ) ·Dω

y α1−j(y, ym, ξ, λ) (3.26)

= α2
1 + (∂ξα1 ·Dyα1 + 2α1 · α0)

+


2α1α−1 + α2

0 − i(∂ξα0)(∂yα1)− i(∂ξα1)(∂yα0)−
∑

|ω|=2

1

ω!
(∂ωξ α1)(∂

ω
y α1)


 + · · · .

Using Lemma 3.1 with (3.24) - (3.26), we can compute the homogeneous symbol of Rq
ym

(λ). For example,

the first three terms are given as follows.



ZETA-DETERMINANT OF THE DIRICHLET-TO-NEUMANN OPERATOR ON FORMS 17

α1(y, ym, ξ, λ) =
√
|ξ|2 + λ Id, (3.27)

α0(y, ym, ξ, λ) =
1

2
√
|ξ|2 + λ

{−∂ξα1 ·Dyα1 + p1 − (A(y, ym)− 2ωm)α1 + ∂ymα1} ,

α−1(y, ym, ξ, λ) =
1

2
√
|ξ|2 + λ

{ ∑

|ω|=2

1

ω!
(∂ωξ α1)(∂

ω
y α1) + i(∂ξα0)(∂yα1) + i(∂ξα1)(∂yα0)− α2

0

+ p0 − (A(y, ym)− 2ωm)α0 + ∂ymα0 − (∂ymωm + ωmωm −A(y, ym)ωm)

}
.

Let Fym : Ωq(Yym) → Ωq(Yym) ⊕ Ωq−1(Yym) and Gym : Ωq(Yym) ⊕ Ωq−1(Yym) → Ωq(Yym) be the

natural inclusion and projection, respectively, i.e. Fym(φ) = (φ, 0) and Gym(φ, ψ) = φ. Then, by (3.17)

it follows that

Qq
abs,ym

(λ) = Gym · Rq
ym

(λ) · Fym , (3.28)

which shows that the symbol of Qq
abs,ym

(λ) is given by

σ
(
Qq

abs,ym
(λ)
)

= (I, O)
{
σ
(
Rq

ym
(λ)
) }

(I, O)T , (3.29)

where I is the
(
m−1
q

)
×
(
m−1
q

)
identity matrix and O is the

(
m−1
q

)
×
(
m−1
q−1

)
zero matrix.

We consider the boundary normal coordinate system (y, ym) = (y1, · · · , ym−1, ym) on a collar neigh-

borhood of Y introduced at the beginning of this section. For y0 ∈ Y , we denote ei := ∂xi(y0) and

ei := dxi(y0) for 1 ≤ i ≤ m. Eq.(3.1) and (3.2) show that {e1, · · · , em} and {e1, · · · , em} at y0 ∈ Y

satisfy the following relations.

∇M
eαe

β = ωα(e
β) = καδαβe

m, ∇M
eαe

m = −καeα, ∇M
eme

α = καe
α, ∇M

eme
m = 0, (3.30)

The following result is straightforward (cf. Lemma 1.5.4 of [11]).

Lemma 3.2. For 1 ≤ α ≤ m− 1 and 1 ≤ i1 < · · · < iq ≤ m− 1, the following equalities hold.

ωα

(
ei1 ∧ · · · ∧ eiq

)
= κα em ∧

(
ιeαe

i1 ∧ · · · ∧ eiq
)
,

ωα

(
em ∧ ej1 ∧ · · · ∧ ejq−1

)
= −κα eα ∧ ej1 ∧ · · · ∧ ejq−1 ,

ωm

(
ei1 ∧ · · · ∧ eiq

)
= (κi1 + · · ·+ κiq ) e

i1 ∧ · · · ∧ eiq ,
ωm

(
em ∧ ej1 ∧ · · · ∧ ejq−1

)
= (κj1 + · · ·+ κjq−1

) em ∧ ej1 ∧ · · · ∧ ejq−1 .

When dimM = 3, Lemma 3.2 is reduced to the following result.

Corollary 3.3. Let dimM = 3. For p = 1 and an ordered basis {e1, e2, e3} of T ∗M
∣∣
U
, we can write ω1,

ω2 and ωm (m = 3) by
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ω1 =




0 0 −κ1
0 0 0

κ1 0 0


 , ω1 ω1 = −κ21




1 0 0

0 0 0

0 0 1


 , (3.31)

ω2 =




0 0 0

0 0 −κ2
0 κ2 0


 , ω2 ω2 = −κ22




0 0 0

0 1 0

0 0 1


 ,

ωm =




κ1 0 0

0 κ2 0

0 0 0


 , ωm ωm =




κ21 0 0

0 κ22 0

0 0 0


 .

For p = 2 and an ordered basis {e1 ∧ e2, e3 ∧ e1, e3 ∧ e2} of ∧2T ∗M
∣∣
U
, we can write ω1, ω2 and ωm

(m = 3) by

ω1 =




0 0 −κ1
0 0 0

κ1 0 0


 , ω1 ω1 = −κ21




1 0 0

0 0 0

0 0 1


 , (3.32)

ω2 =




0 κ2 0

−κ2 0 0

0 0 0


 , ω2 ω2 = −κ22




1 0 0

0 1 0

0 0 0


 ,

ωm =




κ1 + κ2 0 0

0 κ1 0

0 0 κ2


 , ωm ωm =




(κ1 + κ2)
2 0 0

0 κ21 0

0 0 κ22


 .

We denote

(I, O) Eq (I, O)T = Ẽq, (I, O) ωm(y, ym) (I, O)T = ω̃m(y, ym), (3.33)

(I, O) ωα(y, ym) (I, O)T = ω̃α(y, ym), (I, O) ωα(y, ym)ωβ(y, ym) (I, O)T = ω̃αωβ(y, ym).

When m = 3, Ẽ1 and Ẽ2 are given by (3.7) and (3.8) as follows.

Ẽ1 =

(
−RicM11 −RicM12
−RicM12 −RicM22

)
, Ẽ2 =

(
− RicM33

)
. (3.34)

Moreover, we use (2.33) to obtain the following equalities.

Tr Ẽ1 = −τM +RicM33 = −1

2

(
τM + τY

)
+H2, (3.35)

Tr Ẽ2 = −RicM33 = −1

2

(
τM − τY

)
−H2.

We also denote



ZETA-DETERMINANT OF THE DIRICHLET-TO-NEUMANN OPERATOR ON FORMS 19

p̃2(y, ym, ξ, λ) =




m−1∑

α,β=1

gαβ(y, ym)ξαξβ + λ


 Ĩd =

(
|ξ|2 + λ

)
Ĩd, (3.36)

p̃1(y, ym, ξ) = −i
m−1∑

α,β=1

(
1

2
gαβ(y, ym)∂yα ln |g|(y, ym) + gαβ;α(y, ym)

)
ξβ Ĩd− 2i

m−1∑

α,β=1

gαβω̃αξβ ,

p̃0(y, ym, ξ) = −
m−1∑

α,β=1

gαβ

(
∂yα ω̃β + ω̃αωβ −

m−1∑

γ=1

Γγ
αβω̃γ

)
− Ẽq,

Ã(y, ym) =



−1

2

m−1∑

α,β=1

gαβ(y, ym) gαβ;m(y, ym)



 Ĩd,

where Ĩd is the
(
m−1
q

)
×
(
m−1
q

)
identity matrix.

Remark : At (y0, 0) ∈ Y , Lemma 3.2 (or Corollary 3.3) shows that ω̃α(y0, 0) = 0, and hence p̃1(y0, 0) = 0

by (3.1). Since ω̃αωα 6= 0 as shown in (3.31) and (3.32), it follows that

(
p̃1(y0, 0)

)2

= 0, (I, O) p21(y0, 0, ξ) (I, O)T = −4

m−1∑

α,β=1

ω̃αωβ(y0, 0) ξαξβ . (3.37)

Using Lemma 3.1 with (3.29), we can compute the homogeneous symbol of Qq
abs,ym

(λ), whose first three

terms are given as follows (cf. (1.7)-(1.9) in [20], (2.2)-(2.3) in [25] for q = 0).

Theorem 3.4. In the boundary normal coordinate system given at the beginning of this section, we

denote the homogeneous symbol of Qq
abs,ym

(λ) by

σ
(
Qq

abs,ym
(λ)
)
(y, ym, ξ, λ) ∼ α̃1(y, ym, ξ, λ) + α̃0(y, ym, ξ, λ) + α̃−1(y, ym, ξ, λ) + · · · .

Then,

α̃1(y, ym, ξ, λ) = (I, O) α1 (I, O)T =
√
|ξ|2 + λ Ĩd,

α̃0(y, ym, ξ, λ) = (I, O) α0 (I, O)T

=
1

2
√
|ξ|2 + λ

{
−∂ξα̃1 ·Dyα̃1 + p̃1 −

(
Ã(y, ym)− 2ω̃m

)
α̃1 + ∂ym α̃1

}
,

α̃−1(y, ym, ξ, λ) = (I, O) α−1 (I, O)T

=
1

2
√
|ξ|2 + λ

{ ∑

|ω|=2

1

ω!
(∂ωξ α̃1)(∂

ω
y α̃1) + i(∂ξα̃0)(∂yα̃1) + i(∂ξα̃1)(∂yα̃0)− (I, O) α2

0 (I, O)T

+ p̃0 −
(
Ã(y, ym)− 2ω̃m

)
α̃0 + ∂ym α̃0 −

(
∂ym ω̃m + ω̃mω̃m − Ã(y, ym)ω̃m

)}
,

where at (x, 0) ∈ Y ,

(I, O) α2
0(y, 0) (I, O)T =

(
α̃0(y, 0)

)2

− 1

|ξ|2 + λ

m−1∑

α=1

ω̃αωβ(y, 0) ξαξβ .
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We next denote the homogeneous symbol of the resolvent (µ−Qq
abs(λ))

−1
by

σ
(
(µ−Qq

abs(λ))
−1
)
(y, ξ, λ, µ) ∼ r̃−1(y, ξ, λ, µ) + r̃−2(y, ξ, λ, µ) + r̃−3(y, ξ, λ, µ) + · · · . (3.38)

Then,

r̃−1(y, ξ, λ, µ) =
(
µ−

√
|ξ|2 + λ

)−1

Ĩd, (3.39)

r̃−1−j(y, ξ, λ, µ) =
(
µ−

√
|ξ|2 + λ

)−1
j−1∑

k=0

∑

|ω|+l+k=j

1

ω!
∂ωξ α̃1−lD

ω
y r̃−1−k,

which shows that the first three terms are given as follows.

r̃−1 =
(
µ−

√
|ξ|2 + λ

)−1

Ĩd, (3.40)

r̃−2 =
(
µ−

√
|ξ|2 + λ

)−1

{∂ξα̃1 ·Dyr̃−1 + α̃0 · r̃−1} ,

r̃−3 =
(
µ−

√
|ξ|2 + λ

)−1 { ∑

|ω|=2

1

ω!
∂ωξ α̃1 ·Dω

y r̃−1 + ∂ξα̃1 ·Dy r̃−2 + ∂ξα̃0 ·Dyr̃−1 + α̃0 · r̃−2 + α̃−1 · r̃−1

}
.

4. The constant term a0 in 2 and 3 dimensional manifolds

In this section we are going to compute a0 in Theorem 2.4 in terms of curvature tensors on Y when

dimY = 1 and 2. By Lemma 2.3 with (2.10), a0(y) is expressed by

a0(y) =
∂

∂s

∣∣∣∣
s=0

(
1

(2π)m−1

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr r̃−m

(
y, ξ,

λ

|λ| , µ
)
dµdξ

)
. (4.1)

Let ∇Y be the Levi-Civita connection on Y associated to the induced metric from g. We denote by Rαβγδ

and Ricαβ the Riemann curvature tensor and Ricci tensor on Y associated to ∇Y defined by

Rαβγδ =
〈
∇Y

∂xα
∇Y

∂xβ
∂xγ −∇Y

∂xβ
∇Y

∂xα
∂xγ −∇Y

[∂xα ,∂xβ
]∂xγ , ∂xδ

〉
Y
, Ricαβ =

m−1∑

γ=1

Rαγγβ. (4.2)

The following lemma is shown in [25] and [30].
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Lemma 4.1. We consider the boundary normal coordinate system on an open neighborhood Uǫ0 of y0 ∈ Y

with metric tensor g = (gij) and y0 = (0, · · · , 0). Then, we have the following equalities:

(1) gαβ;αβ(y0) = − 1

3
Rαββα(y0), gαα;ββ(y0) =

2

3
Rαββα(y0),

(2) ∂yα∂yα ln
∣∣g
∣∣(y0) = −2

3
Ricαα(y0), τY (y0) =

m−1∑

α,β=1

Rαββα(y0) = −
m−1∑

α,γ=1

Rαβαβ(y0),

(3) gαβ;m(y0) = 2καδαβ = −gαβ;m(y0),

∫

Rm−1

|ξ|k
m−1∑

α,β,γ,ǫ=1

gαβ;γǫξαξβξγξǫdξ = 0 for k < −3−m,

(4)

m−1∑

α=1

gαα;mm(y0) = 8

m−1∑

α=1

κ2α(y0)−
m−1∑

α=1

gαα;mm(y0),

(5)
m−1∑

α=1

gαα;mm(y0) = −
{
τM (y0)− τY (y0)− 2(m− 1)2H2

1 (y0) + 3(m− 1)(m− 2)H2(y0)
}
,

where τM (y0) and τY (y0) are scalar curvatures of M and Y at y0 ∈ Y , respectively, and H1 and H2 are

defined in (2.32).

The following lemma is straightforward.

Lemma 4.2. Let C+ = C− {r ∈ R | r ≤ 0}. For z ∈ C+ let γ be a counterclockwise contour in C+ with

z inside γ. Then for Re s > 2 the following integrals are all well defined and one computes:

1

2πi

∫

γ

µ−s

µ− z
dµ = z−s,

1

2πi

∫

γ

µ−s

(µ− z)2
dµ = −sz−s−1,

1

2πi

∫

γ

µ−s

(µ− z)3
dµ =

1

2
s(s+ 1)z−s−2,

1

4π2

∫

R2

(|ξ|2 + 1)−
s
2 dξ =

1

2π

1

s− 2
,

1

4π2

∫

R2

(|ξ|2 + 1)−
s
2
−1dξ =

1

2π

1

s
,

1

4π2

∫

R2

ξ21(|ξ|2 + 1)−
s
2
−2dξ =

1

2π

1

s(s+ 2)
,

1

4π2

∫

R2

ξ21ξ
2
2(|ξ|2 + 1)−

s
2
−3dξ =

1

2π

1

s(s+ 2)(s+ 4)
,

1

4π2

∫

R2

ξ41(|ξ|2 + 1)−
s
2
−3dξ =

3

2π

1

s(s+ 2)(s+ 4)
.

Now we proceed the computation as in [17]. For two integrable functions f(ξ) and g(ξ) on Rm−1, we

define an equivalence relation ” ≈ ” as follows:

f ≈ g if and only if

∫

Rm−1

f(ξ) dξ =

∫

Rm−1

g(ξ) dξ. (4.3)

We first suppose that Y is a 1-dimensional manifold, i.e. m = 2. Using (3.1), we have, at (y, 0) ∈ Y ,
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r̃−2 =
(
µ−

√
|ξ|2 + λ

)−1
{
∂ξα̃1 ·Dy r̃−1 + α̃0 · r̃−1

}
≈
(
µ−

√
|ξ|2 + λ

)−2

· α̃0 (4.4)

=
1

(µ−
√
|ξ|2 + λ)2

{−∂ξα̃1 ·Dyα̃1 + p̃1

2
√
|ξ|2 + λ

+ (ω̃m − 1

2
Ã(y, 0)) +

∂ym α̃1

2
√
|ξ|2 + λ

}

≈ 1

(µ−
√
|ξ|2 + λ)2

{
(ω̃m − 1

2
Ã(y, 0) +

∂ym α̃1

2
√
|ξ|2 + λ

}

≈ 1

(µ−
√
|ξ|2 + λ)2

{
ω̃m − κ

2
· λ

|ξ|2 + λ
Ĩd

}
,

where κ(y) is the principal curvature on y ∈ Y . Hence,

1

2π

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr r̃−2

(
y, ξ,

λ

|λ| , µ
)
dµdξ (4.5)

=
1

2π

∫ ∞

−∞
(−s)Tr ω̃m

1
√
ξ2 + 1

s+1 dξ + s · κ
2
· 1

2π

∫ ∞

−∞

1
√
ξ2 + 1

s+3 dξ

= −s · Tr ω̃m · 1
π

∫ ∞

0

1
√
ξ2 + 1

s+1 dξ + s ·
( κ
2π

+O(s)
)
.

Setting ξ2 = t and using the identity
∫∞
0

ta−1

(1+t)a+b dt =
Γ(a)Γ(b)
Γ(a+b) [2, 21], we obtain

1

π

∫ ∞

0

1
√
ξ2 + 1

s+1 dξ =
1

2π

∫ ∞

0

t−
1
2

(t+ 1)
s+1

2

dt =
1

s · π
Γ
(
1
2

)
Γ
(
s
2 + 1

)

Γ
(
s+1
2

) ,

which leads to

1

2π

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr r̃−2

(
y, ξ,

λ

|λ| , µ
)
dµdξ (4.6)

= − 1

π
· Tr ω̃m · Γ

(
1
2

)
Γ
(
s
2 + 1

)

Γ
(
s+1
2

) + s ·
( κ
2π

+O(s)
)
.

Taking the derivative with respect to s gives

a0(y) = − 1

π
Tr(ω̃m) ln 2 +

κ(y)

2π
. (4.7)

Lemma 3.2 shows that if q = 0 then ω̃m = 0 and if q = 1 then ω̃m = κ(y). This leads to the following

result.

Theorem 4.3. When dim Y = 1, the constant a0 in Theorem 2.4 is given as follow.

a0 =

{
1
2π

∫
Y
κ(y) dy for q = 0

1
2π (1− 2 ln 2)

∫
Y κ(y) dy for q = 1.

Remark : It follows from (2.10) that
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q1 =

{
0 for q = 0

− 1
2π

∫
Y
κ(y) dy for q = 1,

(4.8)

which agrees with a2 − b2 in Corollary 2.9 and Corollary 2.10.

We next consider the case that Y is a 2-dimensional compact Riemannian manifold, i.e. m = 3. We

refer to [17] for details. Before computing a0(y), we first consider a1(y), which is by Lemma 2.3

a1(y) = (a1(y)− b1(y))− π0(y). (4.9)

Simple computation shows that for r0 =
(
2
q

)
,

π0(y) = − ∂

∂s

∣∣∣∣
s=0

(
1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr r̃−1

(
y, ξ,

λ

|λ| , µ
)
dµdξ

)
(4.10)

= −r0
∂

∂s

∣∣∣∣
s=0

(
1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s

µ−
√
|ξ|2 + 1

dµdξ

)

=
r0

8π
.

It is well known (for example, Theorem 3.4.1 and Theorem 3.6.1 in [11] or Section 4.2 and 4.5 in [15])

that

a1(y)− b1(y) =
r0

8π
, (4.11)

which yields the following result.

Lemma 4.4. When dimY = 2, the constant a1 in Lemma 2.2 is zero.

We next compute a0(x). We recall that

a0(y) =
∂

∂s

∣∣∣∣
s=0

(
1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr r̃−3

(
y, ξ,

λ

|λ| , µ
)
dµdξ

)
(4.12)

=
∂

∂s

∣∣∣∣
s=0

(
1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr {(I) + (II) + (III) + (IV) + (V)} dµdξ
)
,

where

(I) =

∑
|ω|=2

1
ω!∂

ω
ξ α̃1 ·Dω

y r̃−1

µ−
√
|ξ|2 + λ

, (II) =
∂ξα̃1 ·Dyr̃−2

µ−
√
|ξ|2 + λ

, (III) =
∂ξα̃0 ·Dyr̃−1

µ−
√

|ξ|2 + λ
,

(IV) =
α̃0 · r̃−2

µ−
√
|ξ|2 + λ

, (V) =
α̃−1 · r̃−1

µ−
√
|ξ|2 + λ

.

Moreover, we denote
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(V) =
α̃−1 · r̃−1

µ−
√
|ξ|2 + λ

=
α̃−1

(µ−
√
|ξ|2 + λ)2

= (V1) + (V2) + (V3) + (V4) + (V5) + (V6) + (V7) + (V8),

where

(V1) =

∑
|ω|=2

1
ω!∂

ω
ξ α̃1 · ∂ωy α̃1

2(µ−
√
|ξ|2 + λ)2

√
|ξ|2 + λ

, (V2) =
i(∂ξα̃0) · (∂yα̃1)

2(µ−
√
|ξ|2 + λ)2

√
|ξ|2 + λ

,

(V3) =
i(∂ξα̃1) · (∂yα̃0)

2(µ−
√
|ξ|2 + λ)2

√
|ξ|2 + λ

, (V4) =
−(I, O) α2

0 (I, O)T

2(µ−
√
|ξ|2 + λ)2

√
|ξ|2 + λ

,

(V5) =
p̃0

2(µ−
√
|ξ|2 + λ)2

√
|ξ|2 + λ

, (V6) =
(2ω̃m − Ã(y, 0))α̃0

2(µ−
√
|ξ|2 + λ)2

√
|ξ|2 + λ

,

(V7) =
∂ym α̃0

2(µ−
√
|ξ|2 + λ)2

√
|ξ|2 + λ

, (V8) =
−(∂ymω̃m + ω̃mω̃m − Ã(y, 0)ω̃m)

2(µ−
√
|ξ|2 + λ)2

√
|ξ|2 + λ

.

Direct and tedious computations show the followings (cf. [17]). Here, as before, we denote r0 =
(
2
q

)
so

that r0 = 1 for q = 0, 2 and r0 = 2 for q = 1.

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(I)dµdξ = −r0 ·
τY
24π

· s+ 1

s+ 2
,

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(II)dµdξ = r0 ·
τY
12π

· s+ 1

s+ 2
− 1

4π
Tr (∂yα ω̃α) ·

s+ 1

s+ 2
,

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(III)dµdξ = 0,

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(IV)dµdξ = r0 ·
H2

1

4π
· (s+ 1)2(s+ 3)

(s+ 2)(s+ 4)
− r0 ·

H2

4π
· s+ 1

(s+ 2)(s+ 4)

−H1

2π
Tr(ω̃m)

(s+ 1)2

s+ 2
+

1

4π
Tr(ω̃mω̃m) · (s+ 1),

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(V1)dµdξ = −r0 ·
τY
24π

· 1

s+ 2
,

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(V2)dµdξ = 0,

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(V3)dµdξ = r0 ·
τY
12π

· 1

s+ 2
− 1

4π
Tr (∂yα ω̃α) ·

1

s+ 2
,

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(V4)dµdξ = r0 ·
H2

1

4π
· (s+ 1)(s+ 3)

(s+ 2)(s+ 4)
− r0 ·

H2

4π
· 1

(s+ 2)(s+ 4)

− 1

4π
Tr(ω̃αωα) ·

1

s+ 2
− H1

2π
Tr(ω̃m) · s+ 1

s+ 2
+

1

4π
Tr(ω̃mω̃m),

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(V5)dµdξ =
1

4π
Tr (∂yαω̃α) +

1

4π
Tr
(
ω̃αωα

)
+

1

4π
Tr
(
Ẽq

)
,
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1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(V6)dµdξ = −r0 ·
H2

1

2π
· s+ 1

s+ 2
+
H1

2π
Tr(ω̃m) · 2s+ 3

s+ 2
− 1

2π
Tr(ω̃mω̃m),

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(V7)dµdξ = r0 ·
1

16π
(τM − τY ) ·

s+ 1

s+ 2
+ r0 ·

H2
1

2π
· s+ 1

s+ 4

− r0 ·
H2

8π
· s2 + s− 4

(s+ 2)(s+ 4)
− 1

4π
Tr(∂ym ω̃m),

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s(V8)dµdξ = −H1

2π
Tr(ω̃m) +

1

4π
Tr(∂ym ω̃m) +

1

4π
Tr(ω̃mω̃m).

Adding up the above terms, we obtain

1

(2π)2

∫

T∗
y Y

1

2πi

∫

γ

µ−s Tr r̃−3

(
y, ξ,

λ

|λ| , µ
)
dµdξ (4.13)

= r0 ·
{
τM
16π

· s+ 1

s+ 2
− τY

48π
· s− 1

s+ 2
+
H2

1

4π
· s

3 + 6s2 + 7s+ 2

(s+ 2)(s+ 4)
− H2

8π
· s(s+ 3)

(s+ 2)(s+ 4)

}
+

1

4π
Tr(Ẽq)

+
1

4π
Tr(ω̃αωα) ·

s+ 1

s+ 2
− H1

2π
Tr(ω̃m) · s

2 + 2s+ 1

s+ 2
+

1

4π
Tr(ω̃mω̃m) · (s+ 1),

which shows that

a0(y) = r0 ·
(
τM
64π

− τY
64π

+
11

64π
H2

1 − 3

64π
H2

)
(4.14)

+
1

16π

2∑

α=1

Tr(ω̃αωα)−
3H1

8π
Tr(ω̃m) +

1

4π
Tr(ω̃mω̃m).

If p = 0, then r0 = 1 and ω̃α = ω̃m = 0. Eq.(3.31) and (3.32) show that if p = 1, then r0 = 2 and

ω̃m =

(
κ1 0

0 κ2

)
, ω̃mω̃m =

(
κ21 0

0 κ22

)
, ω̃1ω1 = −κ21

(
1 0

0 0

)
, ω̃2ω2 = −κ22

(
0 0

0 1

)
.

If p = 2, then r0 = 1 and

ω̃m = κ1 + κ2 = 2H1, ω̃mω̃m = (κ1 + κ2)
2 = 4H2

1 , ω̃1ω1 = −κ21, ω̃2ω2 = −κ22.

These facts lead to the following result.

Theorem 4.5. When dimY = 2, the constant a0 and a1 in Theorem 2.4 and Lemma 2.2 are given as

follows.

a1 = 0,

a0 =





1
64π

∫
Y

(
τM − τY + 11H2

1 − 3H2

)
dy for q = 0

1
32π

∫
Y

(
τM − τY + 11H2

1 − 15H2

)
dy for q = 1

1
64π

∫
Y

(
τM − τY + 11H2

1 + 5H2

)
dy for q = 2.
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Remark : When dimY = 2, we get from (2.10), (3.35), (4.13) and Lemma 2.3

q2 =

∫

Y

q2(y) dy =
1

2

∫

Y

{
r0 ·
(
τM
32π

+
τY
96π

+
H2

1

16π

)
+

1

4π
Tr(Ẽq) (4.15)

+
1

8π

2∑

α=1

Tr(ω̃αωα) − H1

4π
Tr(ω̃m) +

1

4π
Tr(ω̃mω̃m)

}
dy

=





1
8π

∫
Y

(
1
8 τM + 1

24τY + 1
4H

2
1

)
dy for q = 0

1
8π

∫
Y

(
− 1

4τM − 5
12 τY + 1

2H
2
1

)
dy for q = 1

1
8π

∫
Y

(
− 3

8τM + 13
24 τY + 1

4H
2
1

)
dy for q = 2

= b3 − c3 =
1

2

(
ζQq

abs
(0)(0) + ℓq

)
,

which agrees with Corollary 2.10.

As an application of Corollary 2.5 and Theorem 4.3, we recover Theorem 1.1 in [13]. For this purpose let

M be a 2-dimensional compact Riemann manifold with boundary Y . We consider a Laplacian ∆0
M acting

on smooth functions and the conformal variation of Corollary 2.5 as follows. For a smooth function F :

M → R, we denote gij(ǫ) = e2ǫF gij . We also denote by lnDet∆0
M,abs(ǫ), lnDet∆0

M,D(ǫ), κ(ǫ), dy(ǫ), and

lnDetQ0
abs(0)(ǫ) the corresponding objects with respect to the metric gij(ǫ), where ∆0

M (ǫ) = e−2ǫF∆0
M

and Q0
abs(0)(ǫ) = e−ǫFQ0

abs(0). Then, Corollary 2.5 and Theorem 4.3 for gij(ǫ) can be rewritten by

ln
Det∗Q0

abs(0)(ǫ)

ℓ(Y )(ǫ)
= − 1

2π

∫

Y

κ(ǫ)dx(ǫ) − ln V (M)(ǫ) + lnDet∗ ∆0
M,abs(ǫ)− lnDet∆0

M,D(ǫ)

= − 1

2π

∫

Y

κ(ǫ)eǫF dy − ln

∫

M

e2ǫF dx + lnDet∗ ∆0
M,abs(ǫ)− lnDet∆0

M,D(ǫ), (4.16)

where dx = d vol(M). For t→ 0+, we put

Tr
(
Fe−t∆0

M,abs

)
∼

∞∑

j=0

aj(F )t
− 2−j

2 , Tr
(
Fe−t∆0

M,D

)
∼

∞∑

j=0

bj(F )t
− 2−j

2 . (4.17)

It is well known that [4, 5]

d

dǫ

∣∣
ǫ=0

lnDet∗ ∆0
M,abs(ǫ) = −2

(
a2(F )−

1

vol(M)

∫

M

F (x) dx

)
, (4.18)

d

dǫ

∣∣
ǫ=0

lnDet∗ ∆0
M,D(ǫ) = −2b2(F ),

d

dǫ

∣∣
ǫ=0

κ(ǫ) = −Fκ− F;2,

where F;2 is the derivative of F with respect to the inward unit normal vector field. Moreover, it is also

well known that [11, 15]

a2(F )− b2(F ) =
1

4π

∫

Y

F;2 dy. (4.19)

Consideration of all these facts shows that
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d

dǫ

∣∣
ǫ=0

ln
Det∗Q(0)(ǫ)

ℓ(Y )(ǫ)
= 0, (4.20)

which shows that
Det∗ Q0

abs(0)
ℓ(Y ) is a conformal invariant, which is proved earlier in [13] (see also [8]).

Remark : A similar computation shows that lnDet∗Q1
abs(0) depends on the conformal change of a metric,

where Q1
abs(0) is the Dirichlet-to-Neumann operator acting on 1-forms on Y with dim Y = 1.
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[7] G. Carron, Déterminant relatif et fonction Xi, Amer. J. Math. 124 (2002), 307-352.

[8] J. Edward and S. Wu, Determinant of the Neumann operator on smooth Jordan curves, Proceed. Amer. Math. Soc.

111 (1991), 357-363.

[9] R. Forman, Functional determinants and geometry, Invent. Math. 88 (1987), 447-493.

[10] P. B. Gilkey, Invariance Theory, the Heat Equation, and the Atiyah-Singer Index Theorem, 2nd Edition, CRC Press,

Inc., 1994.

[11] P. B. Gilkey, Asymptotic Formulae in Spectral Geometry, Chapman and Hall/CRC, 2003.

[12] G. Grubb and R. Seeley, Weakly parametric pseudodifferential operators and Atiyah-Patodi-Singer boundary prob-

lems, Invent. Math. 121 (1995), 481-529.
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