
MIT-CTP/5710

Bring the Heat: Tidal Heating Constraints for Black Holes

and Exotic Compact Objects from the LIGO-Virgo-KAGRA Data

Horng Sheng Chia1a, Zihan Zhou2b, and Mikhail M. Ivanov3c

1 School of Natural Sciences, Institute for Advanced Study, Princeton, NJ 08540, USA
2 Department of Physics, Princeton University, Princeton, NJ 08540, USA

3 Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

Abstract

We present the first constraints on tidal heating for the binary systems detected in the LIGO-

Virgo-KAGRA (LVK) gravitational wave data. Tidal heating, also known as tidal dissipation,

characterizes the viscous nature of an astrophysical body and provides a channel for exchanging

energy and angular momentum with the tidal environment. Using the worldline effective field

theory formalism, we introduce a physically motivated and easily interpretable parametrization

of tidal heating valid for an arbitrary compact astrophysical object. We then derive the imprints

of the spin-independent and linear-in-spin tidal heating effects of generic binary components on

the waveform phases and amplitudes of quasi-circular orbits. Notably, the mass-weighted spin-

independent tidal heating coefficient derived in this work, H0, is the dissipative analog of the tidal

Love number. We constrain the tidal heating coefficients using the public LVK O1-O3 data. Our

parameter estimation study includes two separate analyses: the first treats the catalog of binary

events as binary black holes (BBH), while the second makes no assumption about the nature of the

binary constituents and can therefore be interpreted as constraints for exotic compact objects.

In the former case, we combine the posterior distributions of the individual BBH events and

obtain a joint constraint of −13 < H0 < 20 at the 90% credible interval for the BBH population.

This translates into a bound on the fraction of the emitted gravitational wave energy lost due

to tidal heating (or gained due to radiation enhancement effects) at |∆EH/∆E∞| ≲ 3 · 10−3.

Our work provides the first robust framework for deriving and measuring tidal heating effects in

merging binary systems, demonstrating its potential as a powerful probe of the nature of binary

constituents and tests of new physics.
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1 Introduction

Gravitational wave (GW) science is a precision science. In the current growing era of GW

astronomy, in which the LIGO-Virgo-KAGRA (LVK) detector network routinely detects orbiting

binary black holes [1–14], the need for highly accurate and precise waveforms is increasingly

apparent in order to achieve a wide range of GW science. To this end, one active area of research

involves computing ever higher post-Newtonian (PN) terms for the waveform observables of

merging binary systems [15–20]. In this approach, a binary system is often first modeled as

orbiting point particles, with their intrinsic parameters described by the component masses and

spins. Moving beyond the point-particle approximation, various so-called finite-size effects which

characterize the underlying multipolar structure of the binary constituents are incorporated in

the waveform models. These finite-size effects include the spin-induced moments [21–30], the tidal

deformability [31–38] and the tidal heating [39–48] of the astrophysical bodies — all of which

would impact GW observables in non-trivial ways. In this paper, we conduct a comprehensive

study on the imprints of tidal heating of general astrophysical bodies on GW observables. Our

study a priori makes no assumption about the nature of the compact objects, and is therefore

applicable to both binary black holes (BBH) and other general exotic types of compact binaries.

Tidal heating [39–48], also commonly referred to as tidal dissipation, captures the viscosity

of an astrophysical body and serves as an important channel for exchanging energy and angular

momentum between the body and its external tidal environment. Perhaps the most familiar

example of this effect lies literally at our cosmic backyard: the Earth-Moon system. In this case,

the misalignment between the tidal bulge of the oceans on Earth and the radial separation between

the Earth-Moon center of masses generates frictional forces that transfer energy and angular



momentum between the two bodies and the orbit [47–49]. This process ultimately leads to tidal

locking, whereby the rotational frequency of the Moon synchronizes with its orbital frequency

around Earth, and is the reason why we only see one side of the Moon [47–49]. In addition

to this well-known example, tidal dissipation is also responsible for a plethora of interesting

astrophysical phenomena. For black holes orbiting around large companion stars, tidal heating

has been invoked as a potential mechanism for spinning up the black holes [50–54], ultimately

forming merging BBHs with at least one highly-spinning component which may be observable

by the LVK detectors [55–59]. Tidal dissipation is also directly responsible for a remarkable

phenomenon known as black hole superradiance [60–67], in which energy and angular momentum

may be extracted from a rotating black hole if its spin is sufficiently high compared to the angular

phase velocity of its surrounding perturbation field. Black hole superradiance has therefore been

proposed as a powerful probe of ultralight dark matter [68–74], as it could spontaneously form

bosonic condensates around the black holes and produce a wealth of interesting astrophysical

signatures [75–84]. Owing to the unique nature of the event horizon, any potential departures

of the black hole tidal heating effects in extreme-mass-ratio systems have also been proposed as

signs of modifications of General Relativity or the existence of heavy exotic compact objects in

the Universe [85–88].

While the physical imprints of other finite-size effects, such as the spin-induced moments [21,

23, 24, 26–30] and the tidal deformability [31–38], of a general body on GWs have been studied

extensively in the literature, the same cannot be said for tidal heating. This relative lack of

progress stems primarily from the absence of a rigorous, first-principle derivation of this effect

for a general astrophysical body on GW observables. To date, studies on tidal heating for

a general body are either restricted to the Newtonian limit [89] or adopt a phenomenological

approach [86, 87, 90–92], whereby the GW phases and amplitudes are artificially deformed at the

PN orders at which tidal dissipation are known to appear. In the latter case, ad-hoc parameters

have been introduced to model tidal dissipation at 2.5PN and 3.5PN orders for rotating bodies

and at 4PN for non-rotating bodies. Such parameterizations, while enabling some examination

of this effect on GW observables, cannot be directly mapped to physical quantities such as

the energy flux absorbed by the body. Moreover, to the best of our knowledge, most studies

involving tidal heating in the context of data analysis have only been performed at the level of

Fisher analyses of waveform mismatch [86, 87, 90–92] but have not been applied to real data for

parameter estimations studies (though see [93] for recent result on tidal heating constraints the

binary neutron star GW170817).

In this paper, we expand upon previous investigations on tidal heating on both the theoretical

frontier and from a data analytical perspective. On the theoretical front, we present a rigorous

modeling of tidal dissipation of a single body by adopting the worldline effective field theory

(EFT) formalism [22, 32, 94–100] (see [101–104] for recent reviews). In the EFT framework, tidal

dissipation can be described by a set of free coefficients in the non-local part of the retarded

tidal response function of a compact body. These coefficients appear in front of operators whose

structure is fully dictated by symmetries. EFT offers a systematic approach towards modeling

both the spin-dependent and spin-independent tidal dissipation effects. Furthermore, this for-

malism a priori makes no assumption about the nature of the binary components and is therefore

applicable to all types of astrophysical bodies.
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With the EFT, physically-motivated parameterizations of tidal heating for a general binary

system can be derived in a straight forward manner. For binary systems with non-spinning

components, we find that the leading-order tidal dissipation coefficient is described by the mass-

weighted parameter H0 – see (2.6) for its definition – and first appears at 4PN order in waveform

observables. H0 can be thought of as a generalization of the Newtonian viscous lag time scale.

It is worth emphasizing that H0 is the dissipative counterpart of the more well-known effective

tidal Love parameter describing the conservative tidal deformation, which is often denoted by

Λ̃ in the literature [33, 105].1 For binary systems with spinning components, the leading-order

tidal heating parameters first appear at 2.5PN order, and they are defined in (2.7). Physically,

they measure the body’s angular velocity. In the EFT, their origin can be traced back to the

transformation from the co-rotating frame to the local inertial frame. Thus, EFT automatically

incorporates possible radiation enhancement effects such as superradiance. While it is well known

that the spin-independent and spin-dependent tidal heating terms first appear at 4PN and 2.5PN

orders respectively, our derivation provides a first-principles derivation of the functional form of

the physically-motivated effective dissipation numbers in binary systems. Since the effective

dissipation numbers described in this paper can be directly mapped to the microscopic proper-

ties of orbiting bodies, their measurements or constraints thereof provide meaningful physical

interpretations on the nature of the binary sources.

In addition to the theoretical investigation of tidal heating, we also present the parameter

estimation (PE) constraints on the dissipation numbers using the public LVK data. Crucially,

we present our constrains for both binary black holes and for exotic compact objects — in the

former case, we exploit various properties which are unique to black holes, such as the black

hole electric-magnetic duality [94, 95, 107, 109, 120–122], to obtain stronger PE constraints;

while in the latter we make no such assumptions and therefore constrain all of the different

dissipation numbers simultaneously in the PE process. Interestingly, although the spin-dependent

effective numbers (2.7), and the higher order terms thereof, formally appear at lower PN orders

compared to the 4PN spin-independent coefficient (2.6), we found that the spin-independent

coefficient H0 is best constrained as the spins of most detected BBHs are not very precisely

measured and are largely consistent with zero [56, 58, 59]. While the current constraints on H0

for black holes is approximately two orders of magnitude larger than the theoretical prediction

from General Relativity, future GW observations will rapidly improve the constraints as the

detectors’ sensitivity improves and the number of binary detection increases. All in all, this work

presents the first rigorous derivation of tidal heating effects on GW observables using the EFT

approach and provides the first physically-motivated constraints of tidal heating of GW sources.

Outline: In Section 2 we present a summary and the main results of this work. In Section 3 we

study the theoretical aspects of tidal dissipation for a general rotating body and its impact on

GW observables of binary systems. In Section 4 we apply our theoretical results to the public

LIGO-Virgo-KAGRA data and constrain the various dissipation numbers of the detected binary

systems. Here we separate our analyses into two parts: the first assumes that the binaries are

binary black holes, while the second relaxes this assumption and therefore applies to all kinds

1The tidal Love numbers have recently been a subject of intense theoretical research, especially in the context

of black holes, see e.g. [35, 36, 97, 99, 106–119].
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of exotic compact objects. We present our conclusions and outlook in Section 5. Details of the

derivations for the waveform observables are shown in Appendix A.

Notations and Conventions: We use the superscript src to distinguish source-frame and

detector-frame quantities. For instance, the source-frame chirp mass is denoted by Msrc whereas

the detector-frame chirp mass is M. Latin letters {i, j, k} denote spatial indices. We use mℓ to

denote the azimuthal angular momentum number in order to avoid confusion with the component

mass m. We adopt the following conventions for several convenient mass and spin quantities:

M := m1 +m2 η := m1m2/M
2 δ := (m1 −m2) /M

χi := Si/m
2
i χs := (χ1 + χ2) /2 χa := (χ1 − χ2) /2

(1.1)

where Si is the component spin angular momentum and χi is the dimensionless spin.

2 Summary of Main Results

Tidal effects probe the internal structure of a compact astrophysical body beyond the point

particle approximation. In the post-Newtonian (PN) regime, the leading order tidal effect on the

gravitational waveforms stems from tidal heating (4PN for non-rotating bodies and 2.5PN for

spinning ones). The LVK GW data is usually analyzed under the “standard physics” assumption

that detection triggers whose binary component masses are above ≈ 3M⊙ correspond to black

hole-black hole mergers in general relativity. Based on the PN counting, deviations from this

scenario, if any, are expected to first show up at the level of tidal heating parameters. In this

work, we demonstrate how to use these leading order effects to test the nature of compact

relativistic objects with GW data. Our work is a natural extension of the efforts to probe the

nature of astrophysical compact objects with conservative tidal deformations, parameterized by

static Love numbers. The effects of Love numbers, however, first appear at 5PN, and hence we

expect the tidal heating effects to provide a stronger test of new physics from a PN counting

perspective. Note that the Love numbers of exotic compact objects have been constrained with

LVK data earlier in [12].

We derive the constraints on tidal heating of black holes and black hole-like exotic compact

objects using the LIGO-Virgo O1-O3 gravitational wave merger catalogs [1–14]. To this end, we

carry out two types of analyses. In our baseline analysis we place bounds on tidal heating of black

holes, assuming the electric-magnetic duality that is satisfied by black holes in four dimensional

general relativity [94, 95, 107, 109, 120–122]. This analysis effectively tests whether dissipation

properties of black holes in the LVK data is consistent with general relativity. In the second

analysis, for each LVK event normally interpreted as a black hole - black hole merger, we derive

bounds on a generic set of tidal heating parameters of the binary components. This effectively

constrains exotic compact objects whose tidal properties are different from those of black holes.

We use the worldline effective field theory (EFT) [22, 32, 94–100] to describe effects of tidal

heating and dissipation on the gravitational waveforms. EFT allows one to parametrize these

effects in a model-independent fashion, using symmetry arguments only. We show that at the

first non-trivial order in spin and frequency, these effects are captured by two free parameters,

which can be thought of as generalizations of the tidal Love numbers. These parameters are

defined as follows.
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Figure 1: Left panel: GW strains of the IMRPhenomD and IMRPhenomD+Dissipation wave-

forms for a GW191216 213338 event in the Hanford and Virgo data. We choose the individual

dissipation parameters H1ω = H2ω = 10 to clearly illustrate dephasing of the waveform due to

tidal heating. Upper right panel: Constraints on the ratio of the energy loss ∆EH/∆E∞ due to

tidal dissipation relative to radiative loss at infinity. The black dashed line represents the GR

prediction ∆EH/∆E∞ ≃ (10−5, 10−4). Lower right panel: Constraints on the spin-independent

dissipation coefficient H0. The black dashed line shows the GR prediction for equal mass binary

black holes with H0 = 2/45.

In Newtonian physics, a spherically symmetric isolated compact body subjected to a weak

external qudrupolar tidal moment Eab generates the induced quadrupole moment Qab, whose

expansion in time derivatives takes the form [44, 47]:

Qab = − 2

3G
k2R

5

[
Eab − T d

dt
Eab + · · ·

]
, (2.1)

where R is the body’s radius, and G is Newton’s gravitational constant. The coefficient k2 above

is a Newtonian Love number, while T is the viscous time lag between the tidal field and the

body’s response. In the presence of viscosity, the mass transfer rate due to the absorption of

gravitational radiation is given by [32, 44, 94, 96, 123, 124],

dm

dt
=

2

3G
R5k2T ĖabĖab . (2.2)

Assuming that the body is slowly spinning, one can see that viscosity also leads to the loss of the
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Physical Quantity 90% credible interval

Dissipation coefficients

H0 −13 < H0 < 20

H1 −18 < H1 < 11

H1 −18 < H1 < 16

Relative energy loss ∆EH/∆E∞ −0.0026 < ∆EH/∆E∞ < 0.0025

Table 1: Summary of the constraints on the tidal heating coefficients for the black hole pop-

ulation in the LIGO-Virgo O1-O3 catalog. We also provide constraints on the ratio of the

energy loss to the black hole horizon due to tidal heating to the gravitational wave energy prop-

agated towards infinity. The GR prediction is H0 = 2/45 for equal mass binary black holes and

∆EH/∆E∞ ≃ (10−5, 10−4).

angular momentum J , i.e. the tidal field induces a torque [47, 123]

dJ

dt
= − 4

3G
R5k2T ϵabcĖadEdbŝc , (2.3)

where ŝc = (0, 0, 1) is a unit vector in the spin direction. EFT allows us to generalize these

concepts beyond the Newtonian limit, for a generic compact body, arbitrary spin, and in the

presence of relativistic non-linearity. In the observationally relevant case of small spin, the general

expression for the dissipative (i.e. odd under time reversal) part of the electric-type induced

quadrupole moment in the local asymptotic rest frame is given by

Qij
∣∣∣
dis.

= m(Gm)4
[
(Gm)Hω

D

Dτ
Eij −HSχŜ

⟨i
kE

k|j⟩
]
, (2.4)

where τ is proper time of the black hole’s worldline, χ = J/(Gm2) is the dimensionless spin,

Ŝij is the unit spin tensor. The free coefficient Hω generalizes the viscous lag parameter, while

HS is a new coefficient that measures the absorption of mass and angular momentum due to

spin. Physically, it originates from a coordinate transformation from the local rotating frame to

the local asymptotic inertial rest frame. Essentially, this terms captures superradiance and tidal

locking. The amplitude of HS is set by body’s angular velocity measured at infinity.

HS and Hω are the main two parameters that we constrain with the LIGO-Virgo-KAGRA

data. To do so, we consistently derive the waveform modifications following from the induced

quadrupole moment (2.4). HS and Hω affect the waveforms at 2.5PN and 4PN, respectively.

We also study “magnetic” (parity-odd) tidal effects, which appear at a higher post-Newtonian

(PN) order. In addition, we constrain a more intuitive physical quantity, the absorption of mass

following from the generalized Eq. (2.2),

ṁ = m(Gm)5HωĖ
ijĖij −m(Gm)4HSχ

(
ĖijEi

kŜjk

)
+magnetic . (2.5)

In the upper right panel of Fig. 1, we present the population level constraint on the ratio

between the energy lost due to tidal dissipation, ∆EH, and the radiative energy at infinity,

∆E∞. We establish that, at the population level, the constraint falls within the range of

−0.0026 < ∆EH/∆E∞ < 0.0025, with a 90% credible level, as determined through a hierar-

chical Bayesian approach. Note that this constraint includes the possibility of the radiation
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enhancement, similar to superradiance, which corresponds to negative values of Hω. Our result

is consistent with the general relativity prediction that BBHs should lose about a 10−5 − 10−4

fraction of the total radiated energy to tidal dissipation. Our main constraints are summarized

in Table 2.

The primary factor contributing to tidal dissipation is represented by the 4PN spin-

independent dissipation parameters Hω. At leading order, it affects the waveforms through the

mass weighted combination H0,

H0 ≡
1

M4

(
m4

1H1ω +m4
2H2ω

)
, (2.6)

where m1,2 are the component masses, M = m1 +m2, and H1,2ω are individual dissipation num-

bers of binary components. We show the typical waveform modifications due to this parameter

in the left panel of Fig. 1. In the lower right panel of Fig. 1, we display the combined posterior,

with the constraint −13 < H0 < 20 at 90% CL.

For binaries with spinning components, the leading-order tidal heating effects first appear at

2.5PN and are quantified by the symmetric and anti-symmetric combinations

H1 ≡
1

M3

(
m3

1H1S +m3
2H2S

)
, H1 ≡

1

M3

(
m3

1H1S −m3
2H2S

)
, (2.7)

where H1,2S are the linear-in-spin tidal dissipation numbers of the binary components. The

physical imprints associated with H1 and H1 on GW observables are linearly proportional to

the symmetric and anti-symmetric combinations of the component spins. Since most of the LVK

mergers have small spin, H1 and H1 are somewhat less constrained than H0, even though the

effects of these parameters is nominally stronger in the PN counting. Our constraints on these

parameters from the LVK data are displayed in Table 2.

We discuss other subdominant effective dissipation numbers, such as the cubic-in-spin dissi-

pation numbers and the magnetic counterparts of (2.6) and (2.7), in Section 3. Constraints on

the magnetic-type dissipation coefficients are presented in Section 4.

From the technical side, it is worth stressing that we use exclusively the inspiral phase in our

analysis in order to be conservative and agnostic about the nature of black-hole like compact

objects. To achieve this, we truncate both the data, denoted as d, and the waveform, h, at the

so-called tapering frequency, defined as f tape22 = 0.35fpeak22 , with fpeak22 being the peak frequency.

This methodology allows us not to presuppose that the signals originate from black holes, thereby

making our findings potentially applicable to a broader range of exotic binary systems. In Fig. 2,

we present our constraints on the dominant dissipation number, H0, and the ratio of energy loss,

∆EH/∆E∞, for a few selected events. Our results indicate that for individual events |H0| ≲ 400

and |∆EH/∆E∞| ≲ 0.08 within a 90% credible interval.

3 Tidal Heating Effects on Gravitational Waves: Theory

In this section, we review the description of tidal dissipateve dynamics of a single rotating body

from the perspective of the worldline EFT formalism [32, 94–101]. Then in §3.4, we discuss tidal

dissipation in the context of binary systems and present results for the imprints of this effect on

the GW phase and amplitude.

Most of the material presented in §3.1 and §3.2 is well known in the literature; we refer the

reader to the original work and excellent reviews [22, 94–96, 103, 104] for further details. Our
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Figure 2: (top) Inspiral-only constraints on the dissipation number H0 for selected events.

(bottom) Inspiral-only constraints on the ratio of the energy loss ∆EH/∆E∞.

goal here is to highlight the main conceptual features of EFT that are relevant in the context

of LVK data analysis. In particular, we would like to point out that EFT makes manifest the

connection between terms that appear in the LVK waveforms and the on-shell amplitudes for

gravitational scattering computed in [22, 94–96, 125, 126].

3.1 Worldline EFT for Tidal Heating of a Non-Rotating Body

In worldline EFT, compact bodies are described, at leading order, as point particles. In the

simplest example of a body without spin, the leading order EFT action for a single body is given

by

S(0) = −m
∫
ds , (3.1)

where m is body’s mass and s is the worldline parameter which we will often choose to be equal

to body’s proper time τ . In addition to action (3.1) one should consider the perturbative general

relativity action for “bulk gravity,”

SGR = −
∫
d4x

√
g

R

16πG
. (3.2)
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Conservative dynamical effects beyond the point particle approximation, such as tidal deforma-

tions, are described by higher order operators coupled to the worldline,

S(2) = mR4

∫
ds(cEE

µνEµν + cBB
µνBµν) + ... , (3.3)

where we used the electric and magnetic parts of the Weyl tensor Cµναβ ,

Eµν = Cµρνσu
ρuσ , Bµν =

1

2
εµραβC

αβ
νσu

ρuσ , (3.4)

uµ is the four-velocity of the point particle. Parameters cE,B are dimensionless EFT Wilson

coefficients (counterterms), which provide a gauge invariant definition for the static Love numbers.

Note that the formal expansion parameter in worldline EFT for compact bodies is ωR ≪ 1, i.e.

it is applicable only to describe dynamics on scales much larger than the size of the compact

body, which is appropriate for the binary dynamics where ω can be assosiated with the orbital

frequency. In what follows, in the context of non-rotating bodies, it will be convenient to work

with tetrads eaµ defining an orthonormal frame, which satisfy

ηabe
a
µe
b
ν = gµν(x), gµν(x)e

µ
ae
ν
b = ηab . (3.5)

In the body’s rest frame, these tetrads reduce to

eµa = δµa , (3.6)

where a = 0, 1, 2, 3 denote local Lorentz indices. In order to describe dissipative effects, one has

to introduce composite multipole moments Qab that are coupled to the external gravitational

field [94, 96],

S = −
∫
dsQEabE

ab −
∫
dsQBabB

ab . (3.7)

The explicit form of the multipole moments Q
E/B
ab is unknown. Classical physical observables

depend only on their retarded Green’s functions. (See Refs. [127–129] for the treatment of

quantum effects.) These can be matched from gauge-invariant observables such as the cross-

section for the compact body to absorb gravitons. For instance, a leading order EFT calculation

gives [94]

σabs(ω) = Gπω3ε∗abεcd⟨QabEQcdE ⟩(ω) + magnetic , (3.8)

where ⟨QabEQcdE ⟩ is the Wightman correlator. The underlying spherical symmetry of the unper-

turbed compact body dictates that

⟨QEabQEcd⟩(ω) ≡
∫
dseiωs⟨QEab(s)QEcd(0)⟩ =

1

2

(
η⊥acη

⊥
bd + η⊥abη

⊥
bc −

2

3
η⊥abη

⊥
cd

)
FE(ω) ≡ P(0)

ab,cdFE(ω) ,

(3.9)

for some scalar function FE(ω) (and the same for B), where η⊥ab = ηab − uaub. is the metric in

the compact body’s frame. Comparing above with the cross-section calculated in GR allows one

to determine the functional form of FE/B(ω). For instance, matching to the graviton absorption

cross-section in black hole perturbation theory one obtains [94]

FE(ω) = FB(ω) = ΘH(ω)
2r6sω

45G
, (3.10)

9



where ΘH(ω) denotes the Heaviside step function. After matching, this expression can be used

to make further prediction for other observables. In the context of gravitational wave astronomy,

one is interested in the expectation values ⟨QE/Bab ⟩ over the ensemble of small-scale fluctuations

produced by the internal degrees of freedom of a compact body. In this case, for the adiabatic

phase of the inspiral, one can assume that the external gravitational fields are weak, and apply

linear response theory, yielding

⟨QEab⟩ =
∫
ds′Gret

ab,cd(s− s′)Ecd(x(s′)) , (3.11)

and the same for QBab. Note that Ecd(x(s′)) above is the external tidal field evaluated on the

compact body’s worldline. The Green’s function above cannot be calcualted in general. Its local

part is indistingushable from the contributions from the local counterterms in S(2). The non-local

contribution, however, is calculable, and can be expressed through the correlators that we have

matched before from the absorption cross-section, yielding e.g. for the electric part [96]

⟨QEab⟩ =
4r2s(Gm)4

45G
P(0)
ab,cd

d

ds
Ecd(x(τ)) =

4r2s(Gm)4

45G

d

ds
Eab(x(τ)) . (3.12)

In the first approximation, i.e. neglecting interactions of the internal multipoles with “bulk”

gravitons, EFT gives the same result as the classical linear response theory post-Newtonian

adiabatic expansion over time derivatives,

⟨QEab⟩ = m(Gm)4
[
c0Eab + (Gm)h0

d

dτ
Eab + · · ·

]
, (3.13)

where we inserted m and G in order to make the coefficients c0 and h0 dimensionless. In the

traditional post-Newtonian context, c0 is interpreted as a static Love number. In EFT, at first

order, physical observables depend on the combination of c0 and the local counterterms in S(2).

We stress that strictly speaking, Eq. (3.13) is true only at the zeroth order in the interaction

with bulk gravitons. In general, tail effects make the relationship between Qab and Eab non-local.

In the context of linear response theory, this can be heuristically interpreted as a running of

dissipation coefficients. In the strict mathematical sense, within EFT, this corresponds to the

renormalization of the two-point function of Qab due to its dressing with graviton loops [125, 130].

For a general body, the leading order tidal heating effect is captured by a single parameter

h0. In the particular example of a black hole, matching of the absorption cross-sections yield

h0 =
4r2s

45G2m2
=

16

45
. (3.14)

To calculate non-conservative effects on the binary dynamics one has to introduce a composite

momentum operator pa and conveniently rewrite the point particle action as

S(0) = −
∫
dxµeaµpa +

∫
ds (pap

a −m2) . (3.15)

In the body’s rest frame this action takes to usual form of the point particle action. Varying S(0)

and S(2) w.r.t. xµ one obtains, in Fermi normal coordinates [96],

Dpµ

Ds
= eaρe

b
σ[⟨QEab⟩∇µEρσ + ⟨QBab⟩∇µBρσ] , (3.16)
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where pµ = paeµa . Multiplying this by pµ we arrive at the final equation for the mass dynamics

dm2

ds
= 2eaρe

b
σ[⟨QEab⟩pµ∇µEρσ + ⟨QBab⟩pµ∇µBρσ] . (3.17)

If the response is purely conservative, ⟨Qab⟩ ∝ Eab, the above equation integrates to a trivial

solution. The dissipative part of the response at the leading order gives

dm2

ds
= 2(Gm)5m2h0[Ė

2
ρσ + Ḃ2

ρσ] . (3.18)

This equation can be used now to calculate fluxes relevant for gravitational waveforms. For black

holes, the result is [94]
dm

ds
=

16(mG)5m

45
[Ė2

ρσ + Ḃ2
ρσ] . (3.19)

which precisely matches the classical general relativity result for the absorption of mass by a black

hole in the adiabatic regime [124]. Eq. (3.18) will be used as input in gravitational waveform

calculations below.

3.2 Tidal Heating of a Rotating Compact Body

The extension of the worldline EFT approach to spinning bodies is as follows. First, one writes

down an effective action for a point particle with spin,

S(0) = −
∫
dxµeaµpa +

∫
ds(pap

a −m2) +
1

2

∫
dλSabΩab +

∫
dslaS

abpb , (3.20)

with ds = dλe(λ), and λ denotes a worldline’s affine parameter. The action (3.20) defines the

spin tensor Sab as a canonical conjugate of the angular velocity. la in the rightmost above term is

the Lagrange multiplier that eliminates spurious degrees of freedom in Sab. As before, pa and Sab
are treated as composite operators that depend on unspecified internal dynamics of the compact

body. It will be convenient to define tetrades that describe a co-rotating frame, e0a = δ0a and

eia =

cos(Ωx0) − sin(Ωx0) 0

sin(Ωx0) cos(Ωx0) 0

0 0 1

 , (3.21)

where Ω is body’s angular velocity. The angular velocity tensor reads

Ωab ≡ −gµνeµa
D

Ds
eνb = −Ωba (3.22)

Action (3.20) generates the usual Papapetrou-Mathison equations on pµ and Sµν for a point

particle. In order to describe finite-size effects, we must supplement action (3.20) with the finite-

size action (3.7). The generalized Papapetrou-Mathison equations for mass and spin dynamics

then read [96]

dm2

ds
= 2eaρe

b
σ[⟨QEab⟩pµ∇µEρσ + ⟨QBab⟩pµ∇µBρσ] ,

dS2

ds
= ⟨QEab⟩EbcSac + ⟨QBab⟩BbcSac ,

(3.23)
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where S2 = 1
2S

µνSµν . Note that the derivatives w.r.t. s include both the intrinsic time-

dependence of the body as well as the co-rotation, i.e.

D

Ds
Eab = eaµe

b
ν

D

Ds
Eµν +ΩacE

cb +ΩbcE
ca . (3.24)

In order to extract the two-point functions of QE,Bab one can first use symmetry arguments to

decompose ⟨QE,Bab QE,Bcd ⟩ over SO(3) STF tensors with different azimuthal numbers mℓ,

⟨QE/Bab Q
E/B
cd ⟩ =

4∑
i=0

A
E/B
i (s− s′)P(i)

ab,cd , (3.25)

where the projection tensors P(i)
ab,cd can be found in [96]. Then one can calculate the probability

for a compact body to absorb a graviton in the EFT, yielding

p(1 → 0) =
4Gω5

5

4∑
i=0

mi
ℓ

(
AEi (ω −mΩ) +ABi (ω −mΩ)

)
, (3.26)

and match it to general relativity results [62, 63]. For instance, for black holes one can obtain

A
E/B
0 (ω) =

16(r2+ + a2)

45G
(Gm)4(1− χ2)2ΘH(ω)ω ≡ h0ΘH(ω)ω ,

A
E/B
2 (ω) =

2(r2+ + a2)

9G
(Gm)4χ2(1− χ2)ΘH(ω)ω ≡ h2ΘH(ω)ω ,

A
E/B
4 (ω) =

8(r2+ + a2)

45G
(Gm)4χ4ΘH(ω)ω ≡ h4ΘH(ω)ω ,

(3.27)

and A
E/B
1 = A

E/B
3 = 0, where we used χ = a/(Gm) and r+ =M +

√
M2 + a2 is the outer hori-

zon of a rotating black hole. We see that A
E/B
i /ω is constant for physical positive frequencies.

Importantly, with our choice of tetrades, the supperradiance effect is captured automatically.

The supperadiance appears naturally in the EFT approach as a result of a coordiante transfor-

mation from a body’s rest frame where the correlators of Q
E/B
ab are defined, to local static frame

of the asymptotic observer where the measurements are done. Matching EFT and black hole

perturbation theory absorption cross-sections we obtain

Ω = ΩH =
a

r2+ + a2
. (3.28)

Using the Wightman two point functions of composite multipoles, one can compute the non-local

part of retarded Green’s function and obtain

⟨QEab(s)⟩
∣∣∣
non−local

=

4∑
i=0

hiP(i)
ab,cd

d

ds
Ecd , (3.29)

with h1 = h3 = 0, and an analogous expression for the magnetic response. We note, again,

that at the leading order, the EFT expansion for the two-point function reproduces the classical

expression for the linear response of the quadrupole moments,
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⟨QEab⟩ = −m(Gm)4
[
(λE)abcdE

cd − (Gm)(λEω )abcd
D

Ds
Ecd + · · ·

]
,

⟨QBab⟩ = −m(Gm)4
[
(λB)abcdB

cd − (Gm)(λBω )abcd
D

Ds
Bcd + · · ·

]
,

(3.30)

where (λE/B)abcd and (λ
E/B
ω )abcd are linear static and time-dependent response tensors in the

body’s rest frame, and dots stand for higher order time derivatives. The transformation from the

local co-rotating frame to the local inertial frame is given by Eq. (3.24).

In what follows we will work within a linear response approach, which is sufficient at the

leading order in the PN scheme. We will use the symmetries of the problem, parity and axial

symmetry, to expand the above response tensors (λE/B)abcd and (λ
E/B
ω )abcd over an appropriate

basis of symmetric trace-free (STF) tensors. We will use spin to describe the breaking of rotational

symmetry. Specifically, we will use the unit spin tensor Ŝab (with normalization ŜabŜ
ab = 2) and

the Pauli-Lubanski unit spin vector, ŝa ≡ (1/2)ϵabcŜbc. The isomorphism between STF tensors

and spherical harmonics can be used to connect tensors in our basis with the decomposition of

the two-point functions of Q in harmonic space that we used before. Then, one can write the

following expression for the frequency-independent part of the response:

(λE/B)abcd =ΛE/B δ
⟨a
⟨c δ

b⟩
d⟩ + Λ

E/B
S2 χ2 ŝ⟨as⟨cδ

b⟩
d⟩ + Λ

E/B
S4 χ4 ŝ⟨aŝ⟨cŝ

b⟩ŝd⟩ , (3.31)

where angular brackets denote the operation of symmetrization and a subsequent subtraction of

traces. The three response tensors above are degenerate with the contribution of local worldline

counterterms. This is because the response operators associated with tensors ΛE/B,Λ
E/B
S2 , and

Λ
E/B
S4 are time-reversal even. Note that the response tensor above could include extra terms,

λE/Babcd ⊃ H̃
E/B
S χŜ

⟨a
⟨c δ

b⟩
d⟩ + H̃

E/B
S3 χ3 ŝ⟨aŝ⟨cŜ

b⟩
d⟩ , (3.32)

which nominally describe static dissipation due to spin in the co-rotating frame. At the level

of the Wightman function, these correspond to A
E/B
1 and A

E/B
3 . They are not forbidden by

symmetries, but they do not have a classical interpretation in the Newtonian limit. In addition,

these parameters vanish identically for black holes. Therefore, in what follows we will not consider

these operators.

A similar symmetry-based decomposition can be applied to the time-dependent response ten-

sors in

(3.30):

(λE/Bω )abcd = HE/B
ω δ

⟨a
⟨c δ

b⟩
d⟩ + Λ

E/B
S,ω χŜ⟨a

⟨cδ
b⟩
d⟩ +H

E/B
S2,ω

χ2 ŝ⟨aŝ⟨cδ
b⟩
d⟩

+ Λ
E/B
S3,ω

χ3 ŝ⟨aŝ⟨cŜ
b⟩
d⟩ +H

E/B
S4,ω

χ4 ŝ⟨aŝ⟨cŝ
b⟩ŝd⟩ .

(3.33)

The operators with even powers of spin, associated with H
E/B
ω , H

E/B
S2,ω

, H
E/B
S4,ω

, have one time

derivative and hence they are odd under time reversal, i.e. they capture dissipative effects.

These operators cannot be generated by a local worldline action. In contrast, the other terms

above correspond to conservative time-reversal even operators, which be reproduced by local

counterterms.
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Let us consider now the term proportional to H
E/B
ω and focus, for concreteness on the electric

response,

⟨QEab⟩
∣∣∣
non−local

= m(Gm)5HE
ω

D

Ds
Eab . (3.34)

Using the analog of the Euler rotation equation (3.24), and switching back asymptotically flat

inertial frame we obtain,

⟨QijE⟩
∣∣∣
non−local

= m(Gm)5HE
S0,ω̃

[
2Ω⟨i

kE
k|j⟩ +

D

Dτ
Eij
]
. (3.35)

In harmonic space, we obtain the following expression for the angular coefficients [97]

⟨QEℓmℓ
⟩
∣∣∣
non−local

= −im(Gm)5HE
ω (ω −mℓΩ)Eℓmℓ

, (3.36)

where Ω is the angular velocity of rotation. We see that the square brackets in Eq. (3.35) describe

the kinematic effect of superradiance encoded in the frame transformation. The EFT expansion

in the co-rotating frame incorporates this phenomenon automatically.

Most of the O1-O3 LIGO-Virgo events have small spin [3, 4, 58], which suggests carrying out

parameter estimation only for spin-independent and linear in spin effects. If we consider only

the time-derivative operators in the co-rotating frame, we end up with three free parameters,

HE
ω , H

B
ω and Ω in the local asymptotic frame, see Eq. (3.35),

⟨QijE/B⟩
∣∣∣
non−local

= m(Gm)4
[
(Gm)HE/B

ω

D

Dτ
Eij −H

E/B
S χŜ⟨i

kE
k|j⟩
]
, (3.37)

with H
E/B
S = −2GmΩχ−1H

E/B
ω . The generalized mass and spin dynamics equations following

from the symmetry-based ansatz (3.33) are given by

ṁ = m(Gm)4

[
(Gm)HE

ω Ė
ijĖij + (Gm)HB

ω Ḃ
ijḂij −HE

S χ
(
ĖijEi

kŜjk

)
−HB

S χ
(
ḂijBi

kŜjk

)]
,

J̇ = −m(Gm)4

[
− 2HE

S χ
(
EijEij

)
+ 3HE

S χ
(
Ei

kEjkŝ
iŝj
)
+ (Gm)HE

ω (Ė
ijEi

kŜjk)

− 2HB
S χ
(
BijBij

)
+ 3HB

S χ
(
Bi

kBjkŝ
iŝj
)
+ (Gm)HB

ω (Ḃ
ijBi

kŜjk)

]
.

(3.38)

where the J is the angular momentum. These equations provide input for our waveform calcula-

tions.

We note that one should consider the leading dissipation numbers HE
ω and HB

ω separately.

However, for black holes these two parameters turns out to be the same due to the electric-

magnetic duality of linear black hole perturbations, which holds for both static and spinning

black holes in four dimensions [94, 95, 107, 109, 120–122]. In what follows we will consider both

the general situation, and the case when our compact black-hole like objects obey the electric-

magnetic duality.

Finally, let us note that §3.4, we will show that, for aligned-spin quasi-circular orbits, the

spin-linear HE
S and spin-independent HE

ω dissipation parameters first appear in gravitational

waveforms at 2.5PN and 4PN respectively.
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3.3 Estimates for Tidal Dissipation Coefficients

At the microscopic level, tidal dissipation of fluid bodies is generated by viscosity [47, 49, 89],

suggesting:

HE/B
ω ∼ ΛE/B × τd

Gm
, ΛE/B ∼

(
R

Gm

)5

, (3.39)

where τd is the tidal lag time. In the Eulerian fluid dynamics the tidal lag time can be expressed

through the kinematic viscosity ν and the star radius R,

τd ∼
νR

Gm
. (3.40)

The kinematic viscosity for a general fluid can be estimated as ν ∼ lmfp⟨v⟩, where lmfp is the mean

free path and ⟨v⟩ ∼ (kBT/M)1/2 is the average velocity of fluid particles (kB is the Boltzmann

constant, T is fluid temperature, and M is the particle mass). For black holes, the dissipation

coefficient is given by

τd ∼
cr2s
Gm

. (3.41)

If we naively interpret this result as coming from fluid dynamics, we would conclude that the fluid

has a mean free path equal to that of the size of the compact object and the mean velocity is equal

to c. Obviously, this represents a very extreme scenario that is unlikely to realize in any actual

microscopic model. This, however, sets a good benchmark for typical dissipation coefficients of

celestial bodies. Denoting νBH ≡ crs, we get

HE/B
ω ∼

(
R

Gm

)6

×
(

ν

νBH

)
, (3.42)

For usual starts, the mean free path of the ionized gas is lmfp ∼ k2BT
2

πe4n
∼ 10−3cm, which gives

ν ∼ 103 cm2sec−1, resulting in the following estimate:

Usual stars: ν/νBH ∼ 10−13 , (3.43)

where we used T = 104K, n ∼ 1016cm−3, m = 1m⊙. For neutron stars, the highest realistic

value of the bulk viscosity is ζ ∼ 1030 g/cm/s [131–134]. For typical densities of 1015 g/cm3 this

implies

Neutron stars: ν/νBH ∼ 0.1 , (3.44)

where we assumed m = 1.5 m⊙. Owing to the extra enhancement by (R/rs)
6 ∼ 56 ≃ 104, we see

that the dissipation coefficient of neutron stars may be non-negligible.

The dissipation parameters of Kerr black holes can be read off from black hole perturbation

theory calculations [94, 100, 108, 109, 135]:

HE/B
ω =

8

45

(
1 +

√
1− χ2

)
, H

E/B
S = − 8

45
(1 + 3χ2) . (3.45)

In the observationally relevant small spin limit we have:

HE/B
ω (χ→ 0) =

16

45
, H

E/B
S (χ→ 0) = − 8

45
. (3.46)
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The relationship between H
E/B
S and H

E/B
ω follows from superradiance. This relationship is more

complext for a general body, where H
E/B
S depend on the body’s angular velocity (measured at

infinity), implying

H
E/B
S = −2

GmΩ

χ
Hω . (3.47)

Since the angular velocity in general is not determined by spin [136], we could not deduce H
E/B
S

entirely from Hω. For Kerr black holes, however, one can use relations Ωab = ΩŜab, Ω =

a/(r2+ + a2), implying

H
E/B
S |Kerr = −1

2
HE/B
ω |Kerr , (3.48)

which we have already seen in Eq. (3.46). Simulations of rotating quark stars in [137, 138] suggest

that

Ω ≈ const× J

Gm2

(
Gm

R3

)1/2

, ⇒ HS

Hω
∼
(rs
R

)3/2
≲ 1 , (3.49)

i.e. the dissipation coefficients associated with angular velocity should be somewhat suppressed

w.r.t. the spin-independent dissipation numbers Hω.

3.4 Tidal Heating Imprints on Waveforms

In Fourier space, the gravitational waveform for a quasi-circular aligned-spin binary system in

the (2, 2) radiation mode takes the general form

h̃(f) = A(f)e−iψ(f) , h̃+(f) = h̃(f)
1 + cos2 ι

2
, h̃×(f) = −ih̃(f) cos ι (3.50)

where A is the amplitude, ψ is the phase, h+,× are the plus and cross GW polarizations, and ι

is the inclination angle between the line of sight and the orbital angular momentum.2 We will

derive now contributions from tidal dissipation in ψ and A relevant for the inspiral part of the

waveform. We will present results for a general waveform that are applicable for any general

compact objects, and a reduced waveform that is useful for black hole binary tests. The latter

are simplified by using the electric-magnetic duality and optionally the superradiance relation if

we assume the black holes have small spins.

Let us start with the impact of tidal heating on a general compact body. We consider the

inspiral part of the gravitational waveform, where the imprints on observables can be derived

analytically. Our derivation here will contain only the main results. Details of the intermediate

calculations can be found in Appendix A. We start with the energy balance equation

−F∞ − Ṁ = Ė , (3.51)

where E is the binding energy, F∞ is the energy flux radiated to infinity, M = m1 +m2 is the

total mass, Ṁ = ṁ1 + ṁ2 is the total tidal heating flux absorbed by both binary components,

and the overdot stands for a time derivative. For an aligned spin quasi-circular orbit, the energy

flux absorbed by the component mass m1 is (see Appendix A)

2In principle, the functional form of ι in h+,× shown in (3.50) only applies when A contains only the leading

order amplitude – additional angular dependences in ι would appear when higher order PN corrections to A

are taken into account, see e.g. [139–141]. However, in practice we found incorportating PN corrections in the

amplitude leads to very little or even no changes to parameter estimation results, and we ignore these detailed

angular dependences for simplicity.
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ṁ1(v) =

(
9HE

1Sm
3
1η

2χ1

M3

)
v15 +

(
−

9HE
1Sm

3
1(−2M −m1 + 3Mη)η2χ1

M4

+
9HB

1Sm
3
1η

2χ1

M3

)
v17 +

(
18H1ωm

4
1η

2

M4

)
v18 ,

(3.52)

where v = (πMf)1/3 is the PN velocity and η ≡ m1m2/M
2 is the symmetric mass ratio. The

expression for ṁ2 is obtained by interchanging the 1 ↔ 2 indices in Eq. (3.52). Compared to

the leading order Einstein quadrupolar flux, FLO
∞ = 32η2v10/5, Eq. (3.52) shows that the leading

tidal heating effect contributes at 2.5PN order.

In the stationary phase approximation [142], the phase can be derived by iteratively solving

for the orbital phase ϕ(v) and time t(v), both of which depend on v̇ [143, 144]. The v̇ term can

be obtained by applying the chain rule on Ė

Ė =
∂E
∂v
v̇ +

∂E
∂m1

ṁ1 +
∂E
∂m2

ṁ2 , (3.53)

where we extended the chain rule to the component masses as well.3 The terms which depend

on ṁ1,2 in (3.53) are sometimes referred to as “secular change in mass” and provide additional

tidal heating contributions to the phase beyond the component flux (3.52). In particular, since

∂E/∂m ∝ v2, these terms start contributing to the phase at 3.5PN order [145]. The resulting

TaylorF2 phase reads

ψ(v) = 2πft0 − ϕ0 −
π

4
+

3

128ηv5

[
ψpp(v) + ψTDN(v)

]
, (3.54)

where t0 and ϕ0 are the time and phase of coalescence, ψpp(v) = 1 + · · · is the point particle

contribution which we retain up to 4PN order for the non-spinning terms and up to 3.5PN order

for the aligned-spin terms [18, 146]; we list these coefficients in (A.21). The phase contributions

from the tidal dissipation numbers are (see Appendix A)

ψTDN(v) = v5(1 + 3 ln v)ψTDN
2.5PN︸ ︷︷ ︸

linear spin

+ v7ψTDN
3.5PN︸ ︷︷ ︸

linear+ ···

+ v8(1− 3 ln v)ψTDN
4PN︸ ︷︷ ︸

spin independent+ ···

, (3.55)

where the spin dependent terms are retained up to 3.5PN order while the spin-independent

phase starts appearing at 4PN order. Note that here we focus only on the contributions up

to linear order in spin; we drop the spin-quadratic, spin cubic and spin quartic terms. In this

approximation we have:

ψTDN
2.5PN =

(
25

4
HE

1 χs +
25

4
HE

1 χa

)
,

ψTDN
3.5PN =

(
225

8
HB

1 +
102975

448
HE

1 +
675

32
HE

1 δ +
1425

16
HE

1 η

)
χs

+

(
225

8
HB

1 +
102975

448
HE

1 +
675

32
HE

1 δ +
1425

16
HE

1 η

)
χa

ψTDN
4PN =

25

2
HE

0 + other spin-dependent terms ,

(3.56)

3The chain rule could in principle be extended to other instrinsic variables, for instance the component spins

which leads to additional terms such as Ė ⊃ (∂E/∂χi) χ̇i, i = 1, 2. However, these terms appear beyond 3.5PN

order in the phase and are therefore neglected in this work.
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Effective PN Orders for PN Orders for Aligned-Spin
Dissipation Numbers General Orbits Quasi-Circular Orbits

HE
1 ,H

E
1 2.5PN, 3.5PN, · · · 2.5PN, 3.5PN, · · ·

HB
1 ,H

B
1 3.5PN, · · · 3.5PN, · · ·

HE
0 4PN, · · · 4PN, · · ·

HB
0 5PN, · · · 5PN, · · ·

Table 2: Summary of the PN orders at which the effective dissipation numbers (3.57) appear in

waveform observables, for both general orbits and for aligned-spin quasi-circular orbits. In this

work, we retain the spin-dependent terms up to 3.5PN order and the spin-independent term up

to 4PN order.

where δ = (m1 −m2) /M and η = m1m2/M
2. In (3.56) we introduced several effective mass-

weighted tidal dissipation numbers

HE/B
1 ≡ 1

M3

(
m3

1H
E/B
1S +m3

2H
E/B
2S

)
, HE/B

1 ≡ 1

M3

(
m3

1H
E/B
1S −m3

2H
E/B
2S

)
,

HE/B
0 ≡ 1

M4

(
m4

1H
E/B
1ω +m4

2H
E/B
2ω

)
,

(3.57)

which are better measured than the individual component dissipation numbers in data. Note that

the spin-dependent terms consist of both symmetric and antisymmetric counterparts, which are

labeled without and with an overline respectively. The subscripts 1 and 0 denote the linear-in-spin

dependence, cubic-in-spin dependence and spin-independence of those coefficients respectively.

For the spin-independent cases, the component dissipation numbers would combine to form a

single effective dissipation number (this is analogous to the leading spin-independent effective

Love number, which is often denoted as Λ̃ in the literature [33]). Substituting the black hole

values (3.45) into (3.56), we are able to reproduce known results for the BBH waveform phase,

which is known up to 3.5PN order [145].

We summarize the PN orders at which the effective dissipation numbers affect waveforms for

general orbits and for aligned-spin quasi-circular orbits in Table 2. This table illustrates several

interesting patterns in the PN counting that are worth highlighting. Firstly, due to the relative

velocity suppression between the magnetic and electric tidal fields Bℓmℓ
∼ vEℓmℓ

, Eq. (3.30)

dictates that all magnetic tidal dissipation effects first appear at 1PN order higher than their

electric counterparts. Furthermore, due to the fact that Mω ∼ v3, the spin-independent terms

HE/B
0 are 1.5PN suppressed compared to the linear-spin counterparts HE/B

1 ,HE/B
1 .

It is important to keep in mind that HE/B
1 are negative definite due to superradiance. Physi-

cally, this negative sign can be interpreted as the energy extraction process increasing the binding

energy of the binary, which widens the orbit and leads to a smaller orbital velocity. On the other

hand, HE/B
0 are positive definite because they represent energy absorption. Finally, the asym-

metric effective dissipation numbers HE/B
1 can be either positive or negative, depending on the

relative sizes of the mass weighting and the dissipation numbers of the binary components.

For completeness, we also computed the imprints of tidal dissipation on the GW amplitude.

Similar to the phase (3.54), the total amplitude can be separated into the point-particle terms
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and the tidal heating terms

A(f) =

√
5

24

M5/6

Dπ2/3
f−7/6

[
App(f) +ATDN(f)

]
, (3.58)

where M is the chirp mass and D is the luminosity distance. The point particle terms are shown

in (A.31) while tidal dissipation contributes in the following manner

ATDN(f) = v5ATDN
2.5PN + v7ATDN

3.5PN + v8ATDN
4PN , (3.59)

with the PN coefficients

ATDN
2.5PN = −45

64
HE

1 χs −
45

64
HE

1 χa ,

ATDN
3.5PN = −

(
45

64
HB

1 +
73755

14336
HE

1 +
45

128
HE

1 δ +
465

512
HE

1 η

)
χa

+

(
−45

64
HB

1 − 73755

14336
HE

1 − 45

128
HE

1 δ −
465

512
HE

1 η

)
χs ,

ATDN
4PN = −45

32
HE

0 .

(3.60)

In practice, we find that incorporating these corrections to the waveform amplitude yield marginal

to no changes to the parameter estimation results for the O1-O3 events (see also Footnote 2).

3.5 Simplified Waveforms for Binary Black Holes

So far, we have worked without assumptions on the nature of the compact object. However,

several simplifications to the waveform can be made if we restrict ourselves to binary black holes

(BBH) and intend to constrain the dissipation parameters of black holes (3.45). To this end, we

can exploit the electric-magnetic duality to reduce number of parameters in Eq. (3.56). Setting

the electric and magnetic dissipation coefficients to the same values, HB = HE , HB
= HE

, we

reduce the set of seven tidal dissipation numbers in (3.56) to five parameters:

E/B Duality for black holes: HB = HE , HB
= HE

{HE
1 ,H

E
1 ,HB

1 ,H
B
1 ,HE

0 } → {H1,H1,H0} .
(3.61)

In this case we drop the E/B superscipts for brevity. For future convenience, we will duplicate

the tidal dissipation phases below but with the 3.5PN linear-spin term now simplified:

ψTDN
2.5PN =

(
25

4
H1χs +

25

4
H1χa

)
,

ψTDN
3.5PN =

(
115575

448
H1 +

675

32
H1δ +

1425

16
H1η

)
χs

+

(
115575

448
H1 +

675

32
H1δ +

1425

16
H1η

)
χa ,

ψTDN
4PN =

25

2
H0 + other spin-dependent terms .

(3.62)

One could further use the superradiance condition for black holes (3.48), which relates the linear-

in-spin and spin-independent dissipation numbers, such that

H1 ≈ − 1

2M3

(
m3

1H1ω +m3
2H2ω

)
, H1 ≈ − 1

2M3

(
m3

1H1ω −m3
2H2ω

)
. (3.63)
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Notice that due to different mass scaling in H1 and H0 they are not equal to each other in this

approximation,

Small-Spin Black Hole Superradiance: {H1,H1,H0} → {H1,H1} . (3.64)

This assumption simplifies parameter estimation even further, reducing the set of independent

tidal dissipation parameters to only two.

4 Constraints on Tidal Heating from LVK O1-O3 Data

In this section, we present the parameter estimation (PE) results for the tidal dissipation pa-

rameters. We will separate our discussion into two subsections: one that incorporates the tidal

dissipation phase contributions (3.56) to IMRPhenomD [147], an inspiral-merger-ringdown wave-

form model for binary black holes (§4.1), and another that focuses only on the inpiral regime of

the IMRPhenomD model (§4.2).

4.1 Inspiral-Merger-Ringdown + Dissipation for Binary Black Holes

In this section, we incorporate the tidal dissipation phase contributions (3.56) into IMRPhe-

nomD [147] — a waveform model that describes the inspiral-merger-ringdown of quasi-circular

aligned-spins BBHs. By virtue of utilizing the BBH merger and ringdown waveforms in the PE

process, we are essentially constraining the dissipation numbers of black holes in this analysis.

Since the tidal dissipation phases (3.56) are only valid in the inspiral portion of the binary

waveform, we incorporate them in the IMRPhenomD model at low frequencies terminate their

contributions at high frequencies when the binary approaches merger. This is achieved by in-

troducing the taping frequency, f tape22 , which is related to the peak frequency at which the (2, 2)

radiation mode has maximum amplitude in the merger regime, fpeak22 , via [148]

f tape22 = αfpeak22 , (4.1)

where the constant 0 < α < 1 is the parameter. In this work, we choose α = 0.35, in line

with the analysis conducted by the LVK collaboration in the context of testing theories beyond

General Relativity [149, 150]. As discussed in [148], this choice strikes an good balance between

utilizing an appreciable portion of the SNR in inspiral portion of the BBH signal while reducing

the contributions from the merger, for which our analytic tidal dissipation phases are invalid. We

then model the total GW phase in (3.50) as

ψ(f) =

{
ψIMRPhenomD(f) + ψTDN(f)− ψTDN(f ref22 ) , f ≤ f tape22

ψIMRPhenomD(f) + ψTDN(f tape22 )− ψTDN(f ref22 ) , f > f tape22 ,
(4.2)

where the phases are C0 continuous at f = f tape22 . The reference frequency f ref22 is the frequency

at which the phase of the (22)-mode in IMRPhenomD waveform vanishes, and the value of

ψTDN(f ref22 ) acts merely as an overall constant phase and does not impact the PE. In contrast to

the flexible theory-independent approach adopted in [151], we do not have to apply a smoothing

window near the taping frequency in (4.2) as our waveform model and likelihood evaluations are

directly implemented in the frequency domain.
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Since our analysis in this section only applies to binary black holes, we will impose the black

hole E/B duality (3.61) to reduce the number of free parameters in the PE process. We also

assume that the black holes have small spins, χ ≪ 1, in order to drop the spin-quadratic, spin-

cubic and spin-quartic terms in the EFT decomposition described in §3.1. This simplification has

the additional advantage of directly relating the spin-linear H1,2S and spin-independent H1,2ω

dissipation numbers via the superradiance constraint (3.48). As a result, our parameter space

spans over 13 dimensions: the independent intrinsic parameters are {m1,m2, χ1, χ2, H1ω, H2ω},
which are described in §3.4, and the extrinsic parameters include {D, tc, ϕc, ι, ψ, α, δ}, which are

the luminosity distance D, the coalescence time and phase tc and ϕc, the inclination angle ι,

the polarization angle ψ, and the right ascension and declination, α and δ respectively. We run

our PE studies with cogwheel [152], and adopt uniform priors for the detector-frame component

masses m1,m2 and for the spin components χ1, χ2, with the spin priors spanning over the interval

U[−0.99, 0.99]. For the component dissipation parameters H1ω, H2ω, we use a uniform prior over

the range U[−5 × 103, 5 × 103]. All extrinsic parameters are marginalized analytically for fast

PE [152].

4.1.1 Constraints for Individual Events

We conduct PE on the BBH events reported in the O1, O2, O3a and O3b IAS catalog with

detector frame chirp masses M < 40M⊙, as these low-mass binaries have non-negligible portions

of their signal dominated by the inspiral part of the waveform in the LIGO-Virgo observing

band. We focus on the effective dissipation numbers H1,H1 and H0 as the phase terms in

(3.56) suggest that these mass-weighted quantities are better constrained than the component

dissipation numbers.

In Fig. 3, we present the marginalized posterior distributions for H1,H1 and H0 for the

seven events for which these coefficients are best constrained: GW200311 115853, GW150914,

GW170814, GW190708 232457, GW191216 213338, GW170608, GW200202 154313 (listed in de-

scending order in chirp mass). We observe that these events constrain the dissipation numbers

to |H1| ∼ |H1| ∼ |H0| ≲ 300 at the 90% credible interval. The constraints tend to be narrower

for lower mass binary systems, which is expected as the signal waveforms are dominated by the

inspiral portion of the waveform for low mass binaries in the LIGO-Virgo observation bands. For

the best event GW191216 213338, which has a relatively high signal-to-noise ratio of 19.2 and a

relatively small median chirp mass Mchirp = 8.91+0.07
−0.05M⊙ and the error bars indicating the 90%

credible interval, the constraints are |H1| ∼ |H1| ∼ |H0| ≲ 100. In Figs. 4 and 5, we present the

constraints for the remaining BBHs in the IAS event catalog. From these posteriors, it is clear

that current detector sensitivities lead to likelihoods that tend to rule out large dissipation values

|H1| ∼ |H1| ∼ |H0| ≳ 500 while the region for smaller values remains prior dominated.

4.1.2 Constraints at the Population Level

We may obtain a stronger constraint on the black hole dissipation numbers by combining the

posterior samples for the individual events shown in Fig. 4 and 5, essentially constraining the

dissipation numbers at the level of the black hole population. In what follows, we will also

constrain the ratio of energy lost due to tidal dissipation from the total energy flux. For simplicity,

we will focus on the spin-independent coefficient H0 as the results are similar for the other spin-

dependent terms.
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We conduct the population inference via two approaches: i) by computing the joint posterior

distribution by multiplying the posterior samples of the individual events, and ii) using the

hierarchical Bayesian approach [153, 154]. The joint posterior distribution of the BBH events,

assuming they are independent, is proportional to the product of the individual likelihoods

P(H0|d) ∝ L(d|H0)P(H0) , L(d|H0) =

N∏
j=1

L(dj |H0) , (4.3)

where d = {dj} is the joint data of the individual events and P(H0) is the prior for H0. In

the first approach, we multiply the marginalized posterior samples P(H0|dj) collected for the

individual BBH events in §4.1.1, and then reweight the final distribution by dividing it with

the prior P(H0) of each event (which are all approximately uniform but can vary slightly from

one another because P(H0) depends on mass). The result of this approach is shown in Fig. 6,

where the joint constraint is −6 < H0 < 13 at the 90% credible level. For linear-spin dissipation

numbers H1 and H̄1, we obtain the joint constraints −11 < H1 < 6 and −11 < H̄1 < 9 at the 90%

credible level respectively. Note that by virtue of the central limit theorem, the joint distributions

are Gaussian distributed, even though the posteriors of the individual events in Figs. 4 and 5 are

generally non-Gaussian.

In the hierarchical combining approach, we infer the joint posterior P(H0|d) by assuming that

H0 follows an underlying population distribution that is governed by a set of hyperparameters.

Figure 3: Marginalized posterior distributions for the spin-independent H0, mass-symmetric

spin-linear H1, and mass-antisymmetric spin-linear H1 tidal dissipation coefficients for the seven

BBH events for which these coefficients are best constrained.
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Figure 4: Same as Fig. 3, except here we show the marginalized posteriors for the all the BBHs

with detector frame chirp mass M < 40M⊙ in the IAS O1, O2, O3a and O3b catalog.
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Figure 5: Continuation of Fig. 4.
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Figure 6: Constraints on H0, H1 and H̄1 of the BBH population. We present results for the

joint posterior distribution and the posterior computed using the hierarchical Bayesian approach.

The black dashed lines represent the theoretical GR prediction for black holes.

In this work, we assume that H0 is Gaussian distributed with mean µ and standard deviation σ

at the population level:

P(H0|µ, σ) = N (H0|µ, σ2) , (4.4)

The joint posterior P(H0|d) would be obtained by marginalizing over the posterior distribution

on these hyperparameters

P(H0|d) =
∫

P(H0|µ, σ)P(µ, σ|d)dµdσ . (4.5)

From Bayes rule, P(µ, σ|d) can be computed as follow:

P(µ, σ|d) ∝ L(d|µ, σ)P(µ, σ) , P(d|µ, σ) =
N∏
j=1

L(dj |µ, σ) . (4.6)

where the likelihood for the individual events for a given set of {µ, σ} is obtained by marginalizing

over the dissipation number posterior distribution of the individual events, Hj
0 :

L(dj |µ, σ) =
∫

L(dj |Hj
0)P(Hj

0|µ, σ)dH
j
0 . (4.7)
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Strictly speaking, the likelihood of the individual event in the integrand above should be

L(dj |Hj
0, µ, σ). However, since L(dj |Hj

0, µ, σ) cannot be directly computed, the conditional

dependence on {µ, σ} is dropped – this is the essence of hierarchical Bayesian inference. We

compute L(dj |Hj
0) by dividing the marginalized posteriors in Figs. 4 and 5 by the prior of the

individual events P(Hj
0) in the PE. Because we assume that the observed distribution on Hj

0

arises from an underlying population, we take P(Hj
0|µ, σ) = P(H0|µ, σ) in (4.7). Finally, to

compute (4.6) we choose the hyperprior P(µ, σ) = P(µ)P(σ) to be independent and uniformly

distributed, with µ ∼ U[−40, 40] and σ ∼ U[0, 30]. The results of the hierarchical approach is

also shown in the left panel of Fig. 6, where we find that the joint constraint is very similar to

that from direct multiplications, with −13 < H0 < 20, −18 < H1 < 11 and −18 < H̄1 < 16 at

the 90% credible level.

Finally, we use the same two approaches outlined above to constrain the ratio of the energy loss

due to tidal dissipation, ∆EH, to the energy loss at infinity, ∆E∞ (see (A.23) in Appendix A for

details of the computation). This ratio provides an alternative and more physically interpretable

way of understanding the importance of tidal dissipation in the binary dynamics. The results

are shown in Fig. 1, where the constraint of ∆EH/∆E∞ at the population level is −0.0026 <

∆EH/∆E∞ < 0.0025 at 90% credible level using the hierarchical approach. This finding is

consistent with the GR prediction that BBHs would lose approximately a faction of ∼ 10−5−10−4

of its energy to tidal dissipation compared to the radiation at infinity.

4.2 Inspiral-only + Dissipation for Exotic Binaries

Unlike in §4.1, where we used the full inspiral-merger-ringdown waveforms of IMRPhenomD as a

baseline model, in this section we restrict ourselves only to the inspiral regime of IMRPhenomD.

This inspiral-only waveform, which is similar to the analytic TaylorF2 waveform model [144, 155]

up to non-perturbative resummations of non-linear effects such as through Padé resummation

[156, 157] and parameterized higher PN terms [147, 158], applies to the quasi-circular inspiral of

all types of binary systems, including binary black holes and exotic binary systems. As a result,

we do not assume that that the signals in the GW catalog are sourced by BBHs in this section.

This inspiral-only analysis allows us to present our results as general constraints that apply to

all types of exotic compact binary coalescences.

In order to focus on the inspiral regime, we project out the merger-ringdown portions in both

the data, d, and the IMRPhenomD model, h. More precisely, we achieve this projection by

truncating both d and h in the frequency domain via the new likelihood

logLnew = ⟨d|P|h⟩ − 1

2
⟨h|P|h⟩ , (4.8)

where the projection operator P is a top hat window function in Fourier space

⟨a|P|b⟩ ≡ 4Re

∫ f tape22

fmin

ã∗(f)b̃(f)

Sn(f)
, (4.9)

with fmin = 20Hz being the minimum frequency and f tape22 is the tapering frequency in (4.1),

which determines the frequency range at which the binary inspiral is separated from the merger

and ringdown.
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Figure 7: Similar to Fig. 3, except here we incorporate the tidal dissipation coefficients in a

baseline model which consists only of the inspiral regime of IMRPhenomD (we only show the same

four events with M < 25M⊙). Since the inspiral-only waveform applies not only to binary black

holes but also to all types of binary coalescences, we present these results as general constraints

for exotic compact objects. Since all astrophysical objects other than black holes do not respect

E/B duality, we treat the electric (second row) and magnetic (third row) linear-spin dissipation

numbers separately. In the final row, we include the posteriors for dimensionless angular velocity

of the two compact objects.
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Since we do not assume that the signals arise from black holes, we do not impose the E/B

duality in the following PE analysis. We still assume the objects have small spins, χ ≪ 1, in

order to ignore the spin-quadratic, spin-cubic and spin-quartic dissipation terms. Having said

that, the superradiance relation (3.47) for a general object in the χ ≪ 1 limit would not di-

rectly relate the spin-linear and spin-independent terms due to the presence of Ω as another

free parameter. As a result, our parameter space is now widened to 17 dimensions, where

the extrinsic parameters are the same as before and the independent intrinsic parameters are

{m1,m2, χ1, χ2, H
B
1S , H

B
2S , H1ω, H2ω,Ω1,Ω2}. We use flat prior for the dimensionless angular mo-

mentum miΩi/χi ∼ U[0, 102], i = 1, 2.

In Fig. 7, we show the marginalized posterior distributions of the spin-independent dissipation

number H0, the electric and magnetic, mass-symmetric and antisymmetric linear-spin dissipation

numbers, HE,B
1 ,HE,B

1 . We present the results for the same four lightest events shown in Fig. 3

and omit the heavier events with M > 25M⊙, as the waveforms of these events in the LIGO-

Virgo observing bands are dominated by the merger regime where our inspiral-only waveform

is invalid. The constraints are now manifestly wider than those in Fig. 3; for instance, we find

|H0| ≲ 400 at 90% credible interval here compared to the 90% credible bound of |H0| ≲ 100

in the inspiral-merger-ringdown analysis in §4.1.1. The broader posteriors here arise due to the

reduced SNR in the likelihood evaluation for the inspiral-only waveform. In particular, since

the effective dissipation numbers depend on mass, the lack of merger implies the masses are less

precisely measured, resulting in broader posterior distributions in the dissipation numbers.

It is also important to emphasize that, without imposing the kinematic superradiance con-

straint in this section, H0 is more precisely measured than the linear-spin dissipation numbers

even though H0 formally appears at 4PN in the waveform phase while the linear-spin terms first

appear at a lower 2.5PN order. This is because spins are not very precisely measured by current

detectors, and most of the inferred spins are consistent with zero. This key observation motivates

H0 as the most well motivated target parameter in studies of tidal dissipation in binary systems.

Indeed, H0 directly plays an analogous role to the effective tidal Love parameter Λ, which is the

leading tidal deformability parameter in GW analysis.

In addition, notice that the magnetic dissipation numbers are less well-constrained than the

electric counterparts, as is expected because the former first appears at a higher order of 3.5PN

while the latter first appear at 2.5PN order (see Table 2 for summary). Note that we do not

assume here that these exotic binary systems arise from the same underlying population, i.e.

unlike §4.1.2 we do not conduct a population study in this section.

5 Conclusions and Outlook

In this paper, we present the first rigorous derivation of tidal dissipation of a general rotating

body and their associated impacts on GW observables in merging binary systems. Our approach

utilizes the worldine EFT framework, whereby the spin-dependent and spin-independent tidal

dissipation coefficients are inferred as operators that break time-reversal symmetry in the retarded

tidal response function. A summary of the linear-spin, cubic-spin and spin-independent effective

dissipation numbers that are best measured in binary systems are shown in (3.57). We also

derived the tidal heating imprints on the GW phases and amplitudes for quasi-circular orbits;

these results are presented in (3.56) and (3.60). These results a priori make no assumption
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about the nature of the binary components and can therefore be used to test all types of binary

constituents, including black holes, neutron stars and other types of exotic compact objects. If

one assumes that the binary source is a BBH, one may reduce the dimensionality of the parameter

space by imposing the black hole electric-magnetic duality (3.61). In this case the tidal heating

phase imprints simplify slightly, and we list them in (3.62) for convenience.

A summary of our PE constraints are presented in Table 2, with further details of the methods

and results elaborated in Section 4. For BBHs, we evaluated the posterior distributions of the

dissipation numbers in Figs. 3, 4 and 5 for the BBHs in the O1-O3 catalog. We further combined

these posteriors and obtain a joint posterior on H0, obtaining the BBH population constraint

of −13 < H0 < 20 at the 90% credible level shown in Fig. 6. While this result is still two

orders of magnitude larger than the theoretical value of H0 = 2/45 ≈ 4.4× 10−2 for equal mass

BBH, future GW observations with improved detector sensitivity and rapidly increasing number

of detections will significantly improve upon current constraints. On the other hand, if we do

not assume that the binaries are BBHs, the constraints on the electric and magnetic dissipation

numbers are relaxed by an approximately an order of magnitude; see Fig. 7 for the posteriors for

a select few events. These results can be interpreted as constraints imposed on exotic types of

binary systems as the BH electric-magnetic duality are not imposed in the PE computation.

Our work represents the first holistic treatment of tidal heating effects in GW binary sources.

In a way, the derivation of the effective dissipation numbers in our work completes the long-

standing goal of finding physically-motivated parameterizations of all leading order finite-size

effects of compact binary coalescence. Along with the spin-induced multipole moments and the

tidal deformability parameters, we are now well-equipped to build GW models which incorporate

all finite-size effects of astrophysical bodies as free parameters in the waveforms. Such waveform

models would offer a robust and theoretically-consistent framework for probing new types of

compact binary systems: both at the search level, such as a recent work dedicated to searching

for compact objects with large Love numbers [12], and for accurate parameter estimations to test

for new physics [150]. As the LVK detector sensitivity improves over time and we observe more

high signal-to-noise ratio events, it would also be interesting to apply our results in this work

to further measure or constrain the dissipation numbers of BBHs. We intend to pursue these

interesting research directions in future work.
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A Derivation of Waveform Observables

In this appendix, we present the derivation for the TaylorF2 waveform phase and amplitude

which includes arbitrary values of dissipation constants — up to 3.5PN order for spin-dependent

dissipation terms and up to 4PN order for the spin-independent terms. The basic inputs in the

derivation are the binding energy E , the energy flux at infinity F∞, and the tidal heating energy

fluxes for the binary components ṁ1 and ṁ2.

Since our focus is on tidal heating of general rotating bodies, for simplicity we restrict ourselves

to the expressions derived for black holes in E and F∞. For example, for the spin-spin interaction

terms we set the spin-induced moments [26] to the black hole value [159–161]. On the other

hand, for ṁ1 and ṁ2 we present the derivations for general rotating bodies. This will allow us to

present the tidal dissipation imprints on the phase and amplitude for both general binary systems

and for BBHs.

We restrict ourselves to aligned-spin orbits by using the following spin variables

Sℓ =
ℓ · S
GM2

=
1

4

[
(1 + δ)2χ1 + (1− δ)2χ2

]
,

Σℓ =
ℓ ·Σ
GM2

= −1

2
[(1 + δ)χ1 − (1− δ)χ2] ,

(A.1)

where ℓ is the orbital angular momentum normal vector and the spin vectors are

S = S1 + S2 , Σ =M

(
S2

m2
− S1

m1

)
. (A.2)

Furthermore, we restrict ourselves to the (2, 2) radiation mode. This implies that the orbital

velocity, which is the PN perturbation parameter, is v = (πMf)1/3. Finally, we assume the

orbits are quasicircular.

Binding Energy

We express the binding energy as

E(v) = −Mηv2

2

[
ENS(v) + ESO(v)v3 + ESS(v)v4 + ESSS(v)v7

]
, (A.3)
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where the non-spinning point-particule contribution ENS is shown up to 4PN [146]:

ENS(v) = 1−
(
3

4
+

1

12
η

)
v2 −

(
27

8
− 19

8
η +

1

24
η2
)
v4

−
{
675

64
−
(
34445

576
− 205

96
π2
)
η +

155

96
η2 +

35

5184
η3
}
v6

+

{
−3969

128
+

[
−123671

5760
+

9037

1536
π2 +

896

15
γE +

896

15
ln(4v)

]
η

+

[
−498449

3456
+

3157

576
π2
]
η2 +

301

1728
η3 +

77

31104
η4
}
v8.

(A.4)

The logarithmic term above arises from the tail effect to the radiation-reaction potential. The

binding energy from spin-orbital coupling is

ESO(v) =
(
14

3
Sℓ + 2δΣℓ

)
+

[(
11− 61

9
η

)
Sℓ +

(
3− 10

3
η

)
δΣℓ

]
v2

+

[(
135

4
− 367

4
η +

29

12
η2
)
Sℓ +

(
27

4
− 39η +

5

4
η2
)
δΣℓ

]
v4 .

(A.5)

Taking the spin-induced quadrupole and octupole to be the black hole values [159–161], the

quadratic-in-spin contribution to the binding energy is

ESS(v) = −4S2
ℓ − 4δSℓΣℓ + (−1 + 4η) Σ2

ℓ

+

[
S2
ℓ

(
−25

9
+

10η

3

)
+ Sℓ

(
10δ

3
+

10δη

3

)
Σℓ +

(
5

2
− 15η

2
− 10η2

3

)
Σ2
ℓ

]
v2 ,

(A.6)

whereas the cubic-in-spin terms are

ESSS(v) = −8S3
ℓ − 16δS2

ℓΣℓ + (−10 + 40η)SℓΣ
2
ℓ + (−2δ + 8δη) Σ3

ℓ . (A.7)

Energy Flux at Infinity

The energy flux radiated to infinity is organized as

F∞(v) =
32

5
η2v10

[
FNS(v) + FSO(v)v

3 + FSS(v)v
4 + FSSS(v)v

7
]
, (A.8)
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where FNS(v) has recently been derived up to 4PN [19, 20]

FNS(v) = 1 +

(
−1247

336
− 35

12
η

)
v2 + 4πv3 +

(
−44711

9072
+

9271

504
η +

65

18
η2
)
v4

+
(
− 8191

672
− 583

24
η
)
πv5 +

[
6643739519

69854400
+

16

3
π2 − 1712

105
γE − 1712

105
ln (4v)

+
(
− 134543

7776
+

41

48
π2
)
η − 94403

3024
η2 − 775

324
η3

]
v6 +

(
− 16285

504
+

214745

1728
η

+
193385

3024
η2
)
πv7 +

[
− 323105549467

3178375200
+

232597

4410
γE − 1369

126
π2 +

39931

294
ln 2

− 47385

1568
ln 3 +

232597

4410
ln v +

(
− 1452202403629

1466942400
+

41478

245
γE − 267127

4608
π2

+
479062

2205
ln 2 +

47385

392
ln 3 +

41478

245
ln v

)
η +

(
1607125

6804
− 3157

384
π2
)
η2

+
6875

504
η3 +

5

6
η4

]
v8 .

(A.9)

The logarithmic term which appears at 3PN arises from the tail effect of the renormalization group

(RG) running of the quadrupole moment. At 4PN, not only are there the RG contributiosn but

also the tail-of-memory effects [19, 20]. The spin-orbital coupling contribution to the flux at

infinity is

FSO(v) = −4Sℓ −
5δΣℓ
4

+ v2
[(

−9

2
+

272η

9

)
Sℓ +

(
−13δ

16
+

43δη

4

)
Σℓ

]
− 16πv3Sℓ −

31δπΣℓv
3

6

+ v4
[(

476645

6804
+

6172η

189
− 2810η2

27

)
Sℓ +

(
9535δ

336
+

1849δη

126
− 1501δη2

36

)
Σℓ

]
,

(A.10)

Similar to the binding energy, we take the black hole spin-induced multipole moment values [159–

161] for the spin-spin contributions to the flux. For quadratic spins, this is

FSS(v) = 8S2
ℓ + 8δSℓΣℓ +

(
33

16
− 8η

)
Σ2
ℓ

+

((
−3839

252
− 43η

)
S2
ℓ +

(
−1375δ

56
− 43δη

)
SℓΣℓ +

(
−227

28
+

3481η

168
+ 43η2

)
Σ2
ℓ

)
v2

+

(
32πS2

ℓ + 32δπSℓΣℓ +

(
65π

8
− 32ηπ

)
Σ2
ℓ

)
v3 ,

(A.11)

while the spin-cubic interaction is given by

FSSS(v) = −16

3
S3
ℓ +

2

3
δS2

ℓΣℓ +

(
9

2
− 56η

3

)
SℓΣ

2
ℓ +

(
35δ

24
− 6δη

)
Σ3
ℓ . (A.12)

Energy Flux from Tidal Heating

From the effective action (3.7), we derive the tidal heating energy flux of a single body, which is

equivalent to the equation of motion of the effective action. For a general tidal environment, this
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energy flux is

ṁ = −m(Gm)4

[
HE
S χ
(
ĖijEi

kŜjk

)
− (Gm)HE

ω Ė
ijĖij

+HB
S χ
(
ḂijBi

kŜjk

)
− (Gm)HB

ω Ḃ
ijḂij

]
.

(A.13)

and angular momentum flux

J̇ = −m(Gm)4

[
− 2HE

S χ
(
EijEij

)
+ 3HE

S χ
(
Ei

kEjkŝ
iŝj
)
+ (GM)HE

ω (Ė
ijEi

kŜjk)

− 2HB
S χ
(
BijBij

)
+ 3HB

S χ
(
Bi

kBjkŝ
iŝj
)
+ (GM)HB

ω (Ḃ
ijBi

kŜjk)

]
,

(A.14)

where the J is the dimensionful spin J ≡ Gm2χ. For a quasi-circular aligned-spin orbit, the tidal

moments Eij and Bij have been computed up to O(v3) and O(v) beyond leading order [162–164],

which are sufficiently high PN order for our purposes; see (30)-(34) in [164]. Substituting these

tidal moments into (A.13), we obtain the tidal heating flux for m1:

ṁ1(v) =

(
9HE

1Sm
3
1η

2χ1

M3

)
v15 +

(
−

9HE
1Sm

3
1(−2M −m1 + 3Mη)η2χ1

M4

+
9HB

1Sm
3
1η

2χ1

M3

)
v17 +

(
18H1ωm

4
1η

2

M4

)
v18 .

(A.15)

The expression for ṁ2 is obtained by interchanging the 1 ↔ 2 indices. The total tidal heating

flux absorbed by both binary components, Ṁ = ṁ1 + ṁ2, is therefore

Ṁ(v) =
(
9HE

1 η
2χa + 9HE

1 η
2χs

)
v15 +

[(
9HB

1 η
2 +

45HE
1 η

2

2
+

9

2
HE

1 δη
2 − 27HE

1 η
3
)
χs

+

(
9HB

1 η
2 +

45HE
1 η

2

2
+

9

2
HE

1 δη
2 − 27HE

1 η
3

)
χa

]
v17 + 18H0η

2v18 ,

(A.16)

where HE/B
1 ,HE/B

1 and HE/B
0 are the effective dissipation numbers defined in (3.57). When

studying binary black holes, (A.15) and (A.16) can be simplified via the electric-magnetic duality,

HE
1 = HB

1 , H
E
1 = HB

1 and HE
0 = HB

0 described in Section 3, with their theoretical values found

in (3.45).

GW Phase

Using the results shown above, we may derive the analytic expressions for waveform observables.

In particular, the derivation for both the phase and amplitude utilize the energy balance equation:

−F∞ − Ṁ = Ė . (A.17)

To compute the phase, one has to solve for the GW orbital phase ϕ(v) and time t(v) as observed

at asymptotic infinity [144]. Since τ → t at asymptotic infinity, in what follows we reuse overdot

for derivative in t for notational simplicity. For quasi-circular orbits, the orbital phase can be
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solved via Kepler’s third law, which gives ϕ̇ = v3/M for the mϕ = 2 radiation mode. Integrating

over the equations interatively, we have

t(v) = t0 +

∫
dv

1

v̇
, ϕ(v) = ϕ0 +

∫
dv

v3

M

1

v̇
. (A.18)

The expression for v̇ can be obtained by applying chain rule to Ė in (A.17) – see also (3.53) –

and reorganizing it as follows:

v̇ = −
(
∂E
∂v

)−1 [
F∞ +

(
1− ∂E

∂m1

)
ṁ1 +

(
1− ∂E

∂m2
ṁ2

)]
, (A.19)

whose explicit result for quasicircular orbits can be computed by substituting (A.3), (A.8) and

(A.15). As described in the main text, in addition to the fluxes ṁ1 and ṁ2 which are directly

absorbed by the binary components, there are also the so-called “secular change in mass” terms

arising from applying chain rule to the energy balance equation. Since the leading binding energy

scales as E ∝ v2, cf. (A.3), these secular corrections are 1PN suppressed compared ṁ1,2.

Solving (A.18) iteratively after performing a Taylor expansion on (A.19), we arrive at the

TaylorF2 waveform phase for the (2, 2) radiation mode, where ψ(v) = 2πft(v) − 2ϕ(v) is the

phase in the stationary phase approximation and v = (πMf)1/3cf. (3.50). We separate the phase

into the point particle (black hole) and the tidal dissipation number contributions:

ψ(v) = 2πft0 − ϕ0 −
π

4
+

3

128ηv5

[
ψpp(v) + ψTDN(v)

]
, (A.20)

where the tidal dissipation terms are shown in (3.55) and (3.56) , while the point particle phase

contribution is

ψpp(v) = 1 + v2ψpp
1PN + v3ψpp

1.5PN + v4ψpp
2PN + v5(1 + 3 ln v)ψpp

2.5PN + v6ψpp
3PN

+ v6 ln v ψpp,ln
3PN + v7ψpp

3.5PN + v8(1− 3 ln v)ψpp
4PN + v8 (ln v)2 ψpp,ln2

4PN ,
(A.21)

with the PN coefficients [18, 146]

ψpp
1PN =

3715

756
+

55η

9
,

ψpp
1.5PN = −16π +

(
113

3
− 76η

3

)
χs +

113δχa
3

,

ψpp
2PN =

15293365

508032
+

27145η

504
+

3085η2

72
−
(
405

8
− 200η

)
χ2
a −

405δχaχs
4

−
(
405

8
− 5η

2

)
χ2
s ,

ψpp
2.5PN =

38645π

756
− 65πη

9
+

(
−732985

2268
+

24260

81
η +

340

9
η2
)
χs +

(
−732985

2268
δ − 140

9
δη

)
χa ,

ψpp
3PN =

11583231236531

4694215680
− 6848γE

21
− 640π2

3
−
(
15737765635

3048192
− 2255π2

12

)
η +

76055η2

1728

− 127825η3

1296
+

2270πδχa
3

+

(
75515

288
− 263245η

252
− 480η2

)
χ2
a

+

(
2270π

3
− 520πη +

(
75515δ

144
− 8225δη

18

)
χa

)
χs

+

(
75515

288
− 232415η

504
+

1255η2

9

)
χ2
s −

13696 ln 2

21
, (A.22)
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ψpp,ln
3PN = −6848

21
,

ψpp
3.5PN =

77096675π

254016
+

378515πη

1512
− 74045πη2

756
+

(
−25150083775δ

3048192
+

26804935δη

6048
− 1985δη2

48

)
χa

+

(
−815π

2
+ 1600πη

)
χ2
a +

(
14585δ

24
− 2380δη

)
χ3
a

+

(
− 25150083775

3048192
+

10566655595η

762048
− 1042165η2

3024
+

5345η3

36

− 815πδχa +

(
14585

8
− 7270η + 80η2

)
χ2
a

)
χs

+

(
−815π

2
+ 30πη +

(
14585δ

8
− 215δη

2

)
χa

)
χ2
s +

(
14585

24
− 475η

6
+

100η2

3

)
χ3
s ,

ψpp
4PN = −90490π2

567
− 36812γE

189
+

2550713843998885153

830425530654720
− 26325 ln 3

196
− 1011020 ln 2

3969

+ η

(
−680712846248317

126743823360
− 3911888γE

3969
+

109295π2

672
− 9964112 ln 2

3969
+

26325 ln 3

49

)
+

(
7510073635

9144576
− 11275π2

432

)
η2 +

1292395η3

36288
− 5975η4

288
,

ψpp,ln2

4PN =
1955944η

1323
+

18406

63
.

Note that the constant “1” terms in the (1±3 ln v) factors in (3.55) and (A.21) at 2.5PN and 4PN

orders are occasionally ignored in the literature as they can be absorbed into the redefinition of

ϕ0 and t0 respectively. On the other hand, the ±3 ln v terms cannot be absorbed into redefinitions

and arise from integrations of the form
∫
dv/v when computing ϕ(v) and t(v) in (A.18). The

presence of these logarithms is the reason why the 2.5PN and 4PN coefficients are still important

in the PN waveform model.

Energy Loss

With the flux radiated to infinity given in Eq. (A.8) and the flux at the horizon in Eq. (A.16),

we may also derive the analytic expression for the energy loss during the inspiral phase:

∆E∞(v) =

∫
F∞

dv

v̇
, ∆EH(v) =

∫
Ṁ
dv

v̇
. (A.23)

In the above expression, v̇ is given in Eq. (A.19). Solving this iteratively, we get the energy loss

at infinity

∆E∞(v) =
1

2
Mv2η

[
1 + ∆E1PN

∞ v2 +∆E1.5PN
∞ v3 +∆E2PN

∞ v4 +∆E2.5PN
∞ v5

+∆E3PN
∞ v6 +∆E3.5PN

∞ v7 +∆E4PN
∞ v8 +∆E4PN,ln

∞ v8 ln v
]
,

(A.24)
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where

∆E1PN
∞ = −3

4
− η

12
, ∆E1.5PN

∞ =
8

3
δχa +

8

3
χs −

4

3
ηχs ,

∆E2PN
∞ = −27

8
+

19

8
η − η2

24
+ (−1 + 4η)χ2

a − 2δχaχs − χ2
s ,

∆E2.5PN
∞ =

(
8δ − 31

9
δη

)
χa +

(
8− 121

9
η +

2

9
η2
)
χs −

45

112
H̄E

1 χa −
45

112
HE

1 χs ,

∆E3PN
∞ = −675

64
+

(
34445

576
− 205

96
π2
)
η − 155

96
η2 − 35

5184
η3

+

(
−65

18
+

305

18
η − 10

3
η2
)
χ2
a +

(
−65

9
δ +

145

9
δη

)
χaχs +

(
−65

18
+

245

18
η − 40

9
η2
)
χ2
s ,

∆E3.5PN
∞ =

(
27δ − 211

4
δη +

7

6
δη2
)
χa +

(
27− 373

4
η +

86

3
η2 +

η3

6

)
+ (−4η + 16η2)χ2

aχs

− 8δηχaχ
2
s − 4ηχ3

s +

((
−7495

5376
− 5

64
η

)
χa −

15

64
δχs

)
H̄E

1 − 5

16
χaH̄B

1

+

((
−7495

5376
− 5

64
η

)
χs −

15

64
δχa

)
HE

1 − 5

16
χsHB

1 ,

∆E4PN
∞ = −3969

128
+ η

(
−123671

5760
+

896

15
γE +

9037

1536
π2 +

1792

15
log(2)

)
+

(
−498449

3456
+

3157

576
π2
)
η2

+
301

1728
η3 +

77

31104
η4 − 9

16
H0 ,

∆E4PN,ln
∞ =

896

15
.

(A.25)

The energy loss at the horizon is given by

∆EH(v) =
1

2
Mv2η

[
∆E2.5PN

H v5 +∆E3.5PN
H v7 +∆E4PN

H v8
]

(A.26)

where

∆E2.5PN
H =

45

112
HE

1 χs +
45

112
H̄E

1 χa ,

∆E3.5PN
H =

(
5

16
HB

1 +
7915

5376
HE

1 +
5

32
H̄E

1 δ −
5

64
HE

1 η

)
χs

+

(
5

16
H̄B

1 +
7915

5376
H̄E

1 +
5

32
HE

1 δ −
5

64
H̄E

1 η

)
χa ,

∆E4PN
H =

9

16
H0 .

(A.27)

GW Amplitude

In the stationary phase approximation [142], the Fourier domain waveform amplitude defined in

(3.50) takes the form [139, 144, 165]

A(v) =
2ηM

D
v2
(
Ḟ (v)

)−1/2

F=f
, (A.28)

where (Ḟ (v))F=f is the time derivative of the instantaneous GW frequency evaluated at the

stationary point, F = f = v3/(πM). Using chain rule and the energy balance equation (A.17),
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one can re-express the instantaneous frequency derivative and the amplitude as

Ḟ (v) =
∂F

∂v

∂v

∂E
Ė , A(v) =

2ηM3/2v

D

√
π

3

[
−∂E/∂v
F∞ + Ṁ

]1/2
, (A.29)

Subsituting (A.3), (A.8) and (A.16) for the binding energy and fluxes, one obtains

A(f) =

√
5

24

M5/6

Dπ2/3
f−7/6

[
App(f) +ATDN(f)

]
, (A.30)

where the amplitude corrections from tidal dissipation effects are shown in (3.59) and (3.60),

while the point particle contributions are

App(f) = 1 + v2App
1PN + v3App

1.5PN + v4App
2PN + v5App

2.5PN + v6App
3PN

+ v6 ln vApp,ln
3PN + v7App

3.5PN + v8App
4PN + v8 ln vApp,ln

4PN ,
(A.31)

with the PN coefficients

App
1PN =

11

8
η +

743

672

App
1.5PN = −2π +

113

24
δχa +

113

24
χs −

19

6
ηχs

App
2PN =

7266251

8128512
+

18913η

16128
+

1379η2

1152
−
(
81

32
− 10η

)
χ2
a −

81δχaχs
16

−
(
81

32
− η

8

)
χ2
s ,

App
2.5PN = −4757π

1344
+

57πη

16
+

(
502429δ

16128
− 907δη

192

)
χa +

(
502429

16128
− 73921η

2016
+

5η2

48

)
χs ,

App
3PN = −29342493702821

500716339200
+

856γE
105

+
10π2

3
+

1712 ln 2

105
+

(
3526813753

27869184
− 451π2

96

)
η

− 1041557η2

258048
+

67999η3

82944
− 19πδχa

2
+

(
−19π

2
+

20πη

3

)
χs

+

(
−319133

21504
+

48289η

768
− 7η2

4

)
χ2
a +

(
−319133δ

10752
+

12785δη

384

)
χaχs

+

(
−319133

21504
+

40025η

1344
− 555η2

64

)
χ2
s , (A.32)

App,ln
3PN =

856

105
,

App
3.5PN = −5111593π

2709504
− 72221πη

24192
− 1349πη2

24192
+

(
1557122011δ

9289728
− 2206797δη

14336
+

52343δη2

27648

)
χa

+

(
41π

8
− 20πη

)
χ2
a +

(
−2515δ

768
+

149δη

12

)
χ3
a +

[
1557122011

9289728
− 1905526039η

5419008

+
11030651η2

193536
− 445η3

6912
+

41πδχa
4

+

(
−2515

256
+

6011η

192
+

89η2

3

)
χ2
a

]
χs

+

(
41π

8
− πη

2
+

(
−2515δ

256
− 2675δη

192

)
χa

)
χ2
s −

(
2515

768
+

53η

8
+

7η2

16

)
χ3
s ,

App
4PN = −246427872050556151

899847347503104
+

56881γE
4410

+
14495π2

2016
+

(
−2469217875055

9364045824
+

451π2

48

)
η2

37



− 42749765η3

55738368
+

144587η4

294912
+

10417 ln 2

980
+

47385 ln 3

3136

+ η

(
997052025430343

1716741734400
+

219776γE
2205

− 681325π2

64512
+

573323 ln 2

2205
− 47385 ln 3

784

)
,

App,ln
4PN =

(
56881

4410
+

219776

2205
η

)
.
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