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THIN-FILM LIMIT OF THE GINZBURG-LANDAU HEAT FLOW IN A
CURVED THIN DOMAIN

TATSU-HIKO MIURA

ABSTRACT. We consider the Ginzburg—Landau heat flow without magnetic effect in a
curved thin domain under the Naumann boundary condition. When the curved thin
domain shrinks to a given closed hypersurface as the thickness of the thin domain tends
to zero, we show that the weighted average of a weak solution to the thin-domain problem
converges weakly on the limit surface under the assumption that the initial data is of
class L>° and satisfies some conditions. Moreover, under the same assumption, we derive
a limit equation by characterizing the limit function as a weak solution, and prove a
difference estimate on the limit surface of an averaged weak solution to the thin-domain
problem and a weak solution to the limit problem explicitly in terms of the thickness of
the thin domain. We also derive a difference estimate in the curved thin domain of weak
solutions to the thin-domain problem and to the limit problem, but without requiring
that the initial data of the thin-domain problem is of class L°°.

1. INTRODUCTION

1.1. Motivation. In this paper, we consider the Ginzburg-Landau heat flow without
magnetic effect in a curved thin domain around a given closed hypersurface under the
Neumann boundary condition. The purposes of this paper are to derive a thin-film limit
equation rigorously by convergence of a solution and characterization of the limit, and
to estimate the difference of a solution to the thin-domain problem and a solution to the
limit problem explicitly in terms of the thickness of the thin domain.

Partial differential equations (PDEs) in thin domains arise in many problems of natural
sciences like elasticity, lubrication, and geophysical fluid dynamics (see e.g. [7, 8, 33, 34]).
When a thin domain shrinks to a lower dimensional limit set as the thickness of the thin
domain tends to zero, it is natural to try to derive a limit equation on the limit set from a
PDE in the thin domain and to compare a thin-domain problem and a limit problem. Such
a thin-film limit problem is important in view of reduction of dimension and of modelling
various phenomena in thin domains as PDEs on limit sets. It is also important to analyze
the effects of the thin direction(s) and the geometry of limit sets on PDEs in thin domains,
which often appear as coefficients and differential operators of limit equations obtained by
the thin-film limit.

Our main motivation for considering the Ginzburg—Landau heat flow without magnetic
effect is the study of nematic liquid crystals in thin domains. The motion of nematic liquid
crystals is described by the Ericksen—Leslie equations proposed in their works [15, 22],
which is a system of equations of fluids and the director of molecules. Since the original
system is highly involved, some simplified systems have been proposed for a mathematical
study. One of simplified systems we are interested in is the one introduced by Lin [23] and
studied by Lin and Liu [24]. It is a coupled system of the incompressible Navier—Stokes
equations and the Ginzburg-Landau heat flow. Recently, Nitschke, Reuther, and Voigt
[32] carried out a formal thin-film limit of the simplified Ericksen-Leslie equations in a
curved thin domain around a moving surface in order to model and analyze the motion of
surface nematic liquid crystals. We also refer to [18, 31] for other models of surface liquid
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crystals obtained by the thin-film limit. However, the formal thin-film limit carried out in
[32] has not been mathematically justified. For the fluid part, we rigorously justified the
thin-film limit of the Navier—Stokes equations in a curved thin domain around a stationary
surface in [27] by convergence of a solution and characterization of the limit. Hence, it is
natural for us to study the director part separately. Our aims are to justify the thin-film
limit of the Ginzburg-Landau heat flow in a curved thin domain as well as to develop
analytical methods for a future study of the full system of the (simplified) Ericksen—Leslie
equations in thin domains.

It should be also mentioned that the Ginzburg—Landau equations under magnetic forces
in thin domains have been studied extensively. The thin-film limit of the Ginzburg—Landau
equations with magnetic effect is an important problem for modelling and analysis of
superconductivity of thin films. We refer to [1, 5, 6, 10, 11, 13, 17, 19, 30, 35, 37] and the
references cited therein. It is a possible future work to extend the results of this paper to
the case of the Ginzburg-Landau equations with magnetic effect.

1.2. Problem settings and main results. We fix the settings of our problem and state
main results of this paper. For details of notations, we refer to Section 2.

Let I be a C? closed hypersurface in R™ with n € N, and let v be the unit outward
normal vector field of I'. Also, let go and g; be C' functions on I such that g = g1 —go > ¢
on I' with some constant ¢ > 0. For a small € > 0, we define a curved thin domain

(1.1) Qe ={y+rv(y) |y el egly) <r <egi(y)} CR"
and consider the Neumann problem of the Ginzburg—Landau heat flow
ot — Auf + A2 —1)u =0 in Q. x (0,00),
(1.2) Oy.u®=0 on 00 x (0,00),
ul=o =ug in Q..

Here, the unknown function u® and the given initial data ug are RN -valued functions with
N € N. Also, A > 0 is a constant independent of . The symbol J,_ stands for the outer
normal derivative on the boundary 0€).. It seems that the most physically related case is
n=2,3and N = 1,2,3, where (1.2) reduces to the Allen-Cahn equation when N = 1,
but our analysis does not require such a restriction.

For each initial data ug € L?(9Q.)N it can be shown by the Galerkin and energy methods
that there exists a global-in-time unique weak solution u° to (1.2) (see Theorem 4.5). Our
aims is to analyze the behavior of u® as ¢ — 0.

To state the main results, let us fix some notations (see Sections 2 and 5 for details).
Let Vr and divr be the tangential gradient and the surface divergence on I'; respectively.
Also, for a function ¢ on €., we define the weighted average of ¢ in the thin direction by

1 €g1(y)
M; = / +rv(y))J(y,r)dr, el
o(y) 90 Lo oy +rv(y)J(y,r) y

where J(y,7) = [["Z1{1 — rka(y)}. Here, k1, ...,K,_1 are the principal curvatures of T,
and the function J(y,r) is the Jacobian appearing in the change of variables of an integral
over (). (see (2.16)). The weighted average is useful when we take the average in the thin
direction of a weak form of (1.2). It was effectively used in the study of the thin-film limit
of the heat equation in a moving thin domain [26].

Our first result is the weak convergence of the weighted average M. u® of a weak solution
u® to (1.2) as e — 0 under the assumption that the initial data ug is of class L> and satisfies
some conditions. Moreover, we derive a limit equation on I' by characterizing the weak
limit of M u® as a weak solution to the limit equation.

Theorem 1.1. Suppose that u§ € L=(Q)N and
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(a) there exist constants c; > 1, a € (0,1/3], and e € (0,1) such that
[ug ]| ooy < g™ forall e € (0,2),
(b) there exists a function vo € L*(T)N such that
lim M.ou§ =vo  weakly in  L*(T)V.
e—0
Then, there exists a unique global weak solution

u € O([0,00); L*(Q)™) N Libe ([0, T); H (Q)™) N Lie ([0, 00); L (2:)Y)

loc loc

to (1.2) for each € € (0,e0). Moreover, there exists a function

v € C([0,00): 2(8)N) N L3 (10, T); H(S)) 1 L, ([0,00); L4 ()N

loc loc

such that
lim Mou =v  weakly in  L?(0,T; H'(S)™) n L*(0, T; LY(T)™)

e—0

for each T'> 0 and v is a unique global weak solution to the limit problem

1
O — = divp(gVrv) + A([v]> = 1)v =0 I x (0, 00),
(1.3) v g ivp(gVrv) (|v] v on x (0, 00)

Vji=o =v9 on T.

Theorem 1.1 also gives the global existence of a weak solution to (1.3) for a certain class
of initial data. For a general initial data vg € L?(T")", the global existence and uniqueness
of a weak solution to (1.3) can be shown by the Galerkin and energy methods as in the
case of the thin-domain problem (1.2) (see also Section 4.2).

Next, we get a difference estimate on I' of the weighted average M u® of a weak solution
u® to (1.2) and a weak solution v to (1.3) explicitly in terms of e. This difference estimate
gives the strong convergence of M u® towards v as ¢ — 0.

Theorem 1.2. Suppose that u§ € L>®(Q.)N and the condition (a) of Theorem 1.1 is
satisfied. Let uf be a global weak solution to (1.2). Also, let vy € L*(I)N and v be a global
weak solution to (1.3). Then,

(1.4)  IMev® = vleqomzzmy) + IVeMeu® — Vol p2o,7,02(r))
< Cec(l—i—A)T{HMeug _ U0HL2(F) + €3a(1 + )\)}

for all'T > 0, where ¢ > 0 is a constant independent of €, A, and T'. In particular,

lim M.uf = v strongly in  C([0,T]; L)) N L?(0, T; HY(T)Y)

e—0
provided that Mcu§ — vg strongly in L>(T)Y as e — 0.

Note that we assume that the constant A is independent of . If &« = 1/3 in the condition
(a) of Theorem 1.1, then 3* = ¢ in (1.4) and thus v approximates M.u® of order e. This
is the case when [[ug|| o (q.) is uniformly bounded in ¢ (e.g. |ug| < 1 a.e. in Q).

We also estimate the difference of u® and v in €2.. It seems that the difference estimate
(1.4) on T" directly gives a difference estimate in Q.. However, as we explain in Section
1.3, the use of (1.4) requires a higher order regularity of u®. To avoid such a requirement,
we take another and somewhat new approach here. Surprisingly, this approach enables
us to remove the assumption u§ € L>(Q.)". For a function n on T, we write 7 for the
constant extension of 7 in the normal direction of I' (see Section 2.2 for details).
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Theorem 1.3. Let u§ € L*(Q)Y and vo € L*(T)Y, let u® and v be global weak solutions
to (1.2) and (1.3), respectively. Then,

(1.5) 8_1/2<||UE = Vleo,msz200)) + I[Vu® = V73||L2(0,T;L2(QE))>
< eI (725 — B | 20, + ellvo 2 )
for all'T > 0, where ¢ > 0 is a constant independent of €, A, and T .

Note that the L?(.)-norm is divided by £'/2 in (1.5), since it involves the square root
of the thickness of 2. which is of order e. Since [|vo|z2(r) is independent of €, we can say
by (1.5) that v approximates u of order &.

1.3. Idea of proof. We prove Theorems 1.1 and 1.2 in Section 6. A basic idea is similar
to the cases of the heat equation [26] and the Navier—Stokes equations [27]. We start
form a weak form of the thin-domain problem (1.2) and take the constant extension of
a function on I' as a test function. Then, we take the average in the thin direction of
integrals over €. by using a change of variables formula that involves the Jacobian J(y,r)
used in the definition of the weighted average (see (2.16) for the formula), and derive a
weak form on I satisfied by the weighted average M u® of a weak solution u° to (1.2). The
weak form of M. u® is similar to a weak form of the limit problem (1.3), but it contains a
residual term coming from errors in the averages of the Dirichlet form corresponding to the
Laplacian in (1.2) and of the cubic term |uf|?u®. We estimate the residual term properly
to show that it is sufficiently small as € — 0. After that, we derive an energy estimate for
M_uf by using the weak form of M. u®, which gives the weak convergence of M u® (up
to a subsequence) as ¢ — 0. We also estimate the time derivative of M u® and apply the
Aubin—Lions lemma (see Lemma 3.5) to get the strong convergence of M u®. This strong
convergence result is essential for the weak convergence of the cubic term | M uf|> M. uf,
which is shown by a weak version of the dominated convergence theorem (see Lemma 3.8).
Using the convergence results of M.u®, we send € — 0 in the weak form of M.u® and find
that the limit function v of M u® is indeed a weak solution to the limit problem (1.3).
We also estimate the difference of M. u® and v by taking the difference of the weak forms
of M.uf and v and by using an energy method. Note that, in calculations of the energy
method, the difference of the cubic terms can be neglected since

(1.6) (lafa— [b*b) - (a = b) > (lal® — [b]*)(|a] — [b]) > 0

for all a,b € RV (see (4.3) for details). This is also used in the proof of the uniqueness of
weak solutions to (1.2) and (1.3) (see Lemmas 4.4 and 4.10).

In the above arguments, the main difficulty arises in the estimate for the residual term
appearing in the weak form of M u®. As mentioned above, the residual term comes from
errors in the averages of the Dirichlet form, i.e. the L?-inner product of the gradients, and
of the cubic term. For the Dirichlet form, we can compute the tangential gradient of M_u®
explicitly in terms of the gradient of u® (see Lemma 5.6), so we can easily estimate the
error in the average of the Dirichlet form (see Lemma 5.8). In fact, the error estimate for
the average of the Dirichlet form in a curved thin domain was already shown in the study
of the heat equation [26], but the proof given there is based on somewhat complicated
calculations under local coordinates of I' and €).. Here, we give a more direct proof
without using local coordinates.

A more careful analysis is required in the error estimate for the average of the cubic
term. In the study of the thin-film limit of the Navier—Stokes eqautions [27], we estimated
the error of the average of a nonlinear term (the convection term) by using the Sobolev
embedding with explicit dependence of constants on . This may be a possible approach
for our case, but we consider a weak solution u to (1.2) which does not have an enough
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regularity. Hence, instead, we use the (weak) maximum principle
[0 oo (@2 ¢ (0,00)) < max{L, [Jugllpee (o)}

under the assumption u§ € L>(Q.)" (see Lemma 4.6). With this in mind, we estimate
the error of the average of the cubic term as

[(Ju P, Q) 20y — elgIMeu PMe®, Q) oy < ee™[uf[[Foe ) 10 i ) 1€ 22y,

where ( is a test function on I" and  is the constant extension of ¢ in the normal direction
of I'; and show that the right-hand side is sufficiently small as € — 0 by using an energy
estimate for u°, the maximum principle, and the assumption (a) of Theorem 1.1. The
proof of the above error estimate is based on the change of variables formula (2.16) and
an estimate for the difference of |uf|? and |[M.u|?. For details, we refer to Section 5.2.
We note that the use of the maximum principle enables us to avoid any restriction on the
dimension of the curved thin domain, which is usually necessary if one uses the Sobolev
embedding. Also, we mention that the maximum principle was used in [28] for the proof
of a difference estimate in the sup-norm of classical solutions to the heat equation in a
moving thin domain and to a limit equation.

Let us also explain the idea of the proof of Theorem 1.3 (see Section 7 for the actual
proof). To derive the difference estimate (1.5) in €., one may naturally consider the use
of the difference estimate (1.4) on I', since the difference of a weak solution u® to (1.2)
and its weighted average M_.u® is expected to be small as € — 0. This idea seems to work
well, but the difference estimate requires a higher regularity of u® like

l® = Mot o ) < el oy,

where M u® is the constant extension of M. u® (see Lemma 5.2 for the above estimate).
In particular, if we would like to derive (1.5) from (1.4) by using the difference estimate
of u¥ and M. u?, then the H?-regularity of u¢ is required, which is not the case for a weak
solution. In fact, this idea was successful in the study of the Navier—Stokes equations [27],
since a strong solution to the thin-domain problem was used in that study. To circumvent
the above issue, we instead consider a weak solution v to the limit problem (1.3) as a weak
solution to the thin-domain problem (1.2) with some error. More precisely, we take a test
function ¥ defined on 2. and substitute its weighted average M.y for a test function of
(1.3). Then, we “unfold” the weighted average M, i.e. compute like

€ / g(y)v(y) - M(y) dH™(y)
I

eg1(y)
= /F < / v(y) - (y+rv(y)J(y,r) dr) B (y)

g0(y)

_ / 3(z) - v(x) da
Qe

by the change of variables formula (2.16). Here, H" ! is the Hausdorff measure of dimen-
sion n — 1 and v is the constant extension of v in the normal direction of I'. As a result,
we get a weak form in ). satisfied by ¢ that is similar to a weak form of (1.2) but has
a residual term. Now, the residual term consists only of an error in the unfolding of the
Dirichlet form, since all other terms are linear and of zeroth order in . In particular, we
can recover the cubic term of (1.2) from that of (1.3) in a weak form without any error.
This enables us to remove the assumption u§ € L>(:)" in Theorem 1.3. Moreover, the
residual term is estimated in terms of ||¢| g1,y and |[v||g1(ry by Lemma 5.8, and the
latter norm is further estimated by an energy estimate for v (when integrated in time).
Hence, we can get the difference estimate (1.5) in Q. by taking the difference of the weak
forms of u® and v and by applying an energy method with the aid of (1.6).
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The notion of “unfolding” has been used in the study of homogenization (see e.g. [9]),
but the idea of unfolding the (weighted) average in a weak form seems to be somewhat
new in the study of the thin-film limit of PDEs. Also, we point out that the idea explained
here is applicable to the problem

out — Aut 4+ f(u®) =0 in Q. x (0,00)

under the Neumann boundary condition, where f: RV — R¥ is any nonlinearity satisfying
the monotonicity {f(a) — f(b)} - (a — b) > 0 for all a,b € RV as in (1.6).

Lastly, we note that we do not rescale the thickness of ). in all of the proofs in this
paper. This makes the proofs a quite readable, since the rescaling argument in the case of
a curved thin domain results in highly involved expressions of rescaled equations due to
the nonconstant curvatures of the limit hypersurface I'.

1.4. Organization of the paper. The rest of this paper is organized as follows. We
fix notations on a closed hypersurface and a curved thin domain in Section 2. Section 3
provides some results of function spaces used in analysis of (1.2) and (1.3). In Section 4, we
define weak solutions to (1.2) and (1.3) and give basic results on weak solutions. Section
5 is devoted to analysis of the weighted average operator. In Section 6, we study the thin-
film limit problem of (1.2) and establish Theorems 1.1 and 1.2. Also, we prove Theorem
1.3 in Section 7. Section 8 gives the outline of the Galerkin method for construction of a
weak solution to (1.2). The proofs of Lemmas 3.2, 3.6, 3.7 are given in Section 9.

2. PRELIMINARIES

We fix notations on a closed hypersurface and a curved thin domain. Throughout this
paper, the symbol ¢ denotes a general positive constant independent of the parameter e.

2.1. Basic notations. We fix a coordinate system of R™ with n € N and write z; for the
i-th component of a point z € R™ under the fixed coordinate system. A vector a € R"
and a matrix A € R are written as

a Ay -0 Ay

a= = (a’lv"’van)Ta A= (Aij)ivj = : :

Qnp Anl to AnN
We denote by AT for the transpose of A and by I,, the n x n identity matrix. Let a-b be
the inner product of a,b € R™ and |a| = y/a - a be the Euclidean norm of a. We set the

inner product A : B = tr[AT B] of A, B € R™*¥ and the Frobenius norm |A| = VA : A.
For a scalar-valued function ¢ on R", let

VQP = (8190) oo 781190)Ta v2§0 = (818]90)17]

be the gradient and the Hessian matrix of f, respectively, where 0; = 0/0z;. Also, when

u=(ug,..., uN)T is an RN-valued function on R”, we write
81u1 e 81uN
Vu:(Vul VuN): :
Opur -+ Opun

Note that V(u o ®) = (V®)Vu for &: R" — R" under our notation.
We write X’ and (-, ) x for the dual space of a Banach space X and the duality product
between X’ and X. For spaces X(S) and Y(S) of scalar-valued functions on a set S, let

(XNY)S)=X(S)NY(S), XN ={u=(ur,...,un) |us,...,un € X(9)}.
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When we use the norm and the inner product on X (S)", we suppress the superscript N
and write || - || x(s) and (-, -)x(s), respectively. Similarly, we denote by (-,-) x(s) the duality
product between [X(S)V]) and X' (S)V.

2.2. Closed hypersurface. Let I' be a C? closed (i.e., compact and without boundary),
connected, and oriented hypersurface in R™. We assume that I' is the boundary of a
bounded domain €2 in R™ and write v for the unit outward normal vector field of I which
points from €2 into R™ \ Q. Let d be the signed distance function from I" increasing in the
direction of v. Also, let k1,...,Kk,—1 be the principal curvatures of I". Then, v is of class
C? and K1, ..., kp—1 are of class C' on I' by the regularity of I', and they are bounded on
I since T is compact. Hence, there exists a tubular neighborhood N5 = {z € R" | —§ <
d(z) < 6} of I' with radius § > 0 such that each x € N has a unique 7(z) € I satisfying

(2.1) z=m(x)+d@)v(r(z)), Vd(z)=rv(r(z)).

Moreover, d and 7 are of class C? and C! on Nj, respectively (see [16, Section 14.6]).
Taking § > 0 sufficiently small, we may also assume that

(2.2) P <1—rraly)<c forall yel, re[-6,0,a=1,...,n—1

with some constant ¢ > 0.

Let P = I, — v ® v be the orthogonal projection onto the tangent plane of I', where
v®@v = (vv5);,; is the tensor product of v with itself. We define the tangential gradient of
n € CY(') by Vrn = PVijon I, where 7 is an extension of 1 to Ns. Also, we write D;n for
the i-th component of V7 and call it the i-th tangential derivative of 5 for ¢ = 1,... n.
Here, the value of V7 is independent of the choice of the extension 7. Moreover,

(2.3) PVrn=Vrn, v-Vrp=0 on TI.
Let 7 = n o m be the constant extension of n in the normal direction of I'. Then,
(2.4) Viy) = Vrn(y), 9i(y) = Din(y), yeT,

since Vr(y) = P(y) for y € I by (2.1) and d(y) = 0. In what follows, we always write 7
for the constant extension of a function 7 on I' in the normal direction of T'.

When v = (v1,...,vn)7 is an RV-valued function on I', we write
Dyvy .-+ Dyun
VFU = (Vr'l)l VFUN) = :
D,vi -+ D,un

Some authors define Vrov as the transpose of the above matrix. Under our notation, we
have Vrv = PV0 on I for any extension ¥ of v to N5. When N = n, we define the surface

divergence of v = (vy,...,v,)T by divrv = tr[Vrv]. Moreover, for
A= (A1 - AN):T RN where Aj,...,Ay:T =R
we define the RY-valued function divpA = (divrAy,...,divpAx)? on T.

Let W = —Vrr and H = tr[W] on I'. We call W and H the Weingarten map (or the
shape operator) and the mean curvature of I', respectively. Since I is of class C?, the
functions W and H are of class C' and thus bounded on I'. Moreover, it follows from
(2.1) and (2.4) that W = —V© = —V2d on I. Hence, W is symmetric. We also have

Wv=—-Vr(v?/2)=0, PW=WP=W on T

by |v| = 1. The first relation shows that W has the eigenvalue zero. It is also known (see
e.g. [21]) that the other eigenvalues of W are k1, ..., k,—1. Hence, taking an orthonormal
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basis of R™ which consists of eigenvectors of W, and using the boundedness of k1, ..., kp—1
on I and (2.2), we easily observe that I, — rW (y) is invertible and
(2.5) L — W)Y ' <o, L= {In—rW(y)} | < dr|

for all y € I and r € [—4, 0] with some constant ¢ > 0.
Lemma 2.1. Let m be the mapping given in (2.1). Then,
(2.6) Vr(z) = {I, — d(z)W (z)}~ P ), x€ N;.
Let n € CY(T") and = non be the constant extension of n. Then,
(2.7) Vi(z) = {I, — d(z)W(z)} " Vpn (r), x € N.
Moreover, there exists a constant ¢ > 0 mdependent of n such that
28) Vi@ < V@], [Vie) - Vrn@)| < dd@)||[Vin@)]. e X
Proof. By (2.1), we have w(x) = x — d(z)v(n(x)). We differentiate both sides and use
Vd(x) = v(r(x)) = v(x), Vi(r(z)) = Vrv(r(z))=-W(r(z))=-W(x),
which follow from w(x) € I', (2.1), and (2.4). Then, we get
Vr(z) =1, — v(z) @ v(x) + d(z)Vr(z)W (z) = P(x) + d(x)Vr(z)W (z).

By this equality and PW = WP on T, we have (2.6). Also, we differentiate 7j(z) = 7(7(x)),
use (2.6), and apply (2.3) and (2.4) with y = m(z) € T to get (2.7). We also have (2.8) by
(2.5) and (2.7) with y = n(z) and r = d(z). O

Lemma 2.2. For a function ¢ on Ns, we define

(2.9) gpﬁ(y,r) = go(y + rl/(y)), yel, re(—6,0).

Then, the tangential gradient Vo (y, ) with respect to the variable y is of the form
(2.10) Vre(y,r) = {P(y) — rW (y)}(Ve) (y. 7).

Proof. We extend T' 3 y +— of(y,7) to N by ¢#(2,7) = ¢(x+rv(z)). Then, we differentiate
both sides with respect to z and set z =y € I to get

V@ (y,r) = {In + VoY) }(V) (y + r7(y) = {In — W (y) H(Ve) (y, 7)
by (2.4). By this equality and PW = W on I, we obtain (2.10). O

We write fF ndH" ! for the integral of a function 1 on I', where H"~! is the HausdorfF
measure of dimension n — 1. Also, we denote by || - ||z»(ry and (-, -)z2(ry the LP-norm and
the L2-inner product on T, respectively. For n,¢ € CY(I'), it is known (see [16, Lemma
16.1] and [14, Theorem 2.10]) that the integration by parts formula

(2.11) /gDde“ = —/n(DZ-CJr(Hz/i)dH"l, i=1,...,n
r r

holds. Based on this formula, we say that € L?(T") has the i-th weak tangential derivative
if there exists a function D;n € L?(T") such that (2.11) holds for all ¢ € C*(T"). Moreover,
we define the Sobolev space H'(T') and its inner product by

H'Y(T) = {ne L*(T) | Vrn = (Dyn,...,D,m)" € L*(I)"},
(1, Qrry = (10, Q 2y + (Ven, Ved) p2(n).-

Note that C1(T') is dense in H(T") by localization and mollification arguments.
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2.3. Curved thin domain. Let go,g1 € C(I') and g = g1 — go. We assume that there
exists a constant ¢ > 0 such that

(2.12) ct<gly)<e, yeTl.
For a small € > 0, we define the curved thin domain 2. by (1.1). Its boundary is
00, =TOUTL, T ={y+eglyvly) |yeT}, i=0,1,

so we see that 0. is of class C' by the regularity of T, gg, and g;.

Since go and g; are bounded on I, we can take a constant & € (0,1) such that e|g;| < ¢
on I for all € € (0,€) and i = 0,1, where 0 is the radius of the tubular neighborhood N
of T' given in Section 2.2. Then, Q. C Ns and we can use the results of Section 2.2 in Q.
for all £ € (0,£). In what follows, we always assume that ¢ € (0,£). Also, sometimes we
use the relation 0 < € < 1 without mention.

For y € I and r € [0, d], we define

(2.13) J(y,r) =det[I, —rW(y H{l — rka(y

Since (2.2) holds and k1, ..., k,—1 are bounded on I', we see that

(2.14) ¢t <Jy,r)<e, [0 Jy,r)|<c yeTl,rel=44]
Moreover, since go and g; are bounded on I' and k1, ..., x,_1 € CH(T), we have
(2.15) [J(y;r) =1 <ce, |VoJ(y,r)|<ce, yel, releg(y) eyl

where VrJ is the tangential gradient of J with respect to the variable y € I'. The function
J appears as the Jacobian of the change of variables formula

(2.16) / dx_//:gl ) (y, ) dr dH" ! (y)

for a function ¢ on ., where ©f is given by (2.9) (see [16, Section 14.6]). When p € [1,00)
and ¢ € LP().), we see by (2.14) and (2.16) that

eg1(y

(2.17) el s g _// P dr dH" 7 () < cllellf o, -
Eg

For n € LP(I'), it follows from (2.12), (2.14), and (2.17) that

(2.18) L Pl oy < Nllzogany < e Plinllpeery,

where 77 = n o 7 is the constant extension of 1. Also, when n € H*(T), we use (2.8) and
|d| < ce in ., and then apply (2.18) with n replaced by Vrn to get

(2.19) IVl 2.y < CEl/QHVFnHL?(F)a Vi — VFUHLz(QE) < 053/2||VF77||L2(F)-

3. RESULTS OF FUNCTION SPACES

We give some results of function spaces used in analysis of (1.2) and (1.3).
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3.1. Abstract theory. Let Xy and X; be Banach spaces such that both Xy and X; are
continuously embedded into a Hausdorff topological vector space V. Then, the intersection
Xo N X7 and the sum Xo + X1 = {up + u1 | up € Xo, u1 € X1} equipped with norms

[[ull xonx, = max{[Jul|x,, |lu]x, },

[ullxo+x, = nf{[luollxy + [[urllx, | w=uo+ ui, uo € Xo, u1 € X1}

are Banach spaces (see e.g. [2, Chapter 3, Theorem 1.3]). For i =0, 1, let X/ be the dual
space of X;. If Xy N X; is dense in both Xy and X, then X} and X are continuously
embedded into [XyN X;]’, which is a Banach space and thus a Hausdorff topological vector

space. Hence, we can consider X{, + X| as a Banach space equipped with norm || - || x; 4 x;
defined as above.

(3.1)

Lemma 3.1. Suppose that Xo N X7 is dense in Xg and Xq. Then,
[(XoNnX1)' = Xo+ X1 ={f=fo+ fi| fo€ Xg, fr € X7}
More precisely, f € [Xo N X1]" if and only if there exist fo € Xo and fi € X3 such that
(fru)xonx, = (fo,u)x, + (fr,u)x,  forall we XoNX;.
Moreover, || fllixonxyy = Ifllx;4x; for all f € [XoNXy]'.
Proof. We refer to [3, Theorem 2.7.1] for the proof. O
3.2. Function spaces. For S =, or S =T, let
Xo=H'(S)Y, X1 =L*Y9)N, v=1L*S".

Clearly, X is continuously embedded into V. Since S is bounded, X7 is also continuously
embedded into V by Hélder’s inequglity. Also, Xy N X; is dense in both X and X7, since
it contains the dense subspace C1(S)Y of Xy and X;. Hence, by Lemma 3.1,

(3.2) [(H' N LYY = [HY(SN) + L3N (S =Q. or S =T).
Moreover, since S is bounded, we can consider
(H' N LYY = L(S)N < [(H' n LYY = [H' (S)V) + L3 (5)Y

by setting (u, v)(ginr)ys) = (4, v)r2(s) for u € L2(S)N and v € (H' n LY)(S)V.
Similarly, if we set

Zp(S) = L*(0,T; H'(S)™) N L*(0, T; L*(S)™),
[ull 2, (s) = max{{|ull 20.7.m1(5)), [[ull 207,24 (s)) }
for S =€, or S =T, and for each fixed T" > 0, then
(3.4) [Z0(S)]" = L2(0, T; [H'(S)N]) + LY(0,T; LY (S)N).
In particular,
[Zr(S)) € L0, T; [H'(S)N) + L3 (S)N) = N0, T [(H' n L) (S)N]),
and f(t) makes sense in [(H' N L*)(S)N) for f € [Zr(9)] and a.a. t € (0,T).
Let u,v € LY (0, T; [(H' N L*)(S)N]). We write v = dyu if

T T
/ (u(t), 0cp(t)) (mrnray(s) dt = — / (v(t), V() (m1nLey(s) dt
0 0

for all ¢» € C1(0,T; (H* N L*)(S)"). Moreover, we define
Er(S) ={u € Zr(S) | O € [Zr(S)]'},

lull 275y = llull z(s) + 10vull iz (s)y-

(3.3)

(3.5)
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Note that du € [Zp(S)]" if and only if there exists a constant ¢ > 0 such that

T
/0 (u(t), 0 (£)) (rrimray(s) dt| < clldllzpsy for all o € CL0,T; (H' N LY)(S)M),

since C1(0,T; (H' N L*)(S)") is dense in Z7(S) by the next lemma. In what follows, we
use this fact without mention.

Lemma 3.2. Let S =, or S =1. Then,

(i) C(0,T; (H' N L*)(S)N) is dense in Z7(S), and
(ii) C°°([0,T]; (H' 0 LY (S)N) is dense in Ep(S).

The statement (i) can be shown by standard cut-off and mollification arguments, so we
omit the proof. Also, the proof of (ii) is similar to the one of a density result for

{ue LP0,T;X) | 0w € LY0,T;))}, X =Y, pqe(l,00)

with Banach spaces X and )Y (see e.g. [4, Lemma I1.5.10]), but we need to carefully deal
with dyu for u € Ep(S) in our case because of the structure (3.4) of [Zp(S)]’. We give the
proof of (ii) in Section 9 for the completeness.

Lemma 3.3. Let S =, or S =T. Then, the continuous embedding
Er(8) = C([0,T]; L*(5)™)

holds. Moreover, for all uy,us € E7(S), we have

d
(3.6) @(Ul(t)aw(t))p(s) = (Opu1 (1), u2(t)) (mrnray(s) + (Oeua(t), ur(t)) (minray(s)
in D'(0,T), the space of distributions on (0,T).

Proof. The proof is the same as in the Hilbertian case shown in [4, Theorems I1.5.12 and
I1.5.13], if we apply Lemma 3.2, (ii) and the next lemma. We omit details. O

Lemma 3.4. Let S =Q. or S=T. For f € [Zp(S)] and u € Zp(S), let
@I = (PO u®) gnrzs. € 0.T).
Then, ® is a bilinear continuous mapping from [Z1(S)) x Zr(S) into L*(0,T).
Note that this lemma is not obvious because of the structure (3.4) of [Z7(S)]'.
Proof. Clearly, ® is bilinear. Let us show
(3.7) 1(f, u)ll o) < Iflizresyylullzpcsy forall  f e [Zp(S)], u € Zz(S).

Let f € [Z7(S)]. Since [Z7(S)] is of the form (3.4) and the norm || - || x,+x, is given by
(3.1) for Banach spaces Xy and X, we can take Fj and Gy, such that

f=F.+Gr, F,eL*0,T;[HY(SN)), GieLY3(0,T;LY3(S)N),
kli_{lolo(||FkHL2(o,T;[H1(S)y) + ”GkHL4/3(O,T;L4/3(S))> = fllizrs)y-
Then, since f(t) = Fj(t) + Gr(t) in [(H' N L*)(S)N] for a.a. t € (0,T), we have
@, WI(0)] = [(Fr(t), u(t)) i (s) + (Gr(B),u(b)) 1o
S NF@ON sy llu@)lms) + 1Ge)] Lz s lu®)]] Lags)

for u € Zp(S) and a.a. t € (0,T). Hence,

[(f, u)llzror) < (lleHLZ(o,T;[Hl(S)y) + HGkHLat/s(o,T;m/s(s)))||U||ZT(S)
by Hélder’s inequality and (3.3), and we get (3.7) by sending k — oo. O
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Lemma 3.5. Let S = Q. or S =T1'. Then, the embedding

E7(S) = L*(0,T; L*(S)™)
18 compact.
Proof. We see that Ep(S) is continuously embedded into

Er(S) = {u e L*(0,T; HY(S)N) | dyu € L*(0,T;[(H' n LY (S)N])}
by the definition of E7(S) and (3.4). Moreover, since the embeddings
HY ()N — LA(S) — [(H' n LY)(S)Y]

are continuous and the first embedding is compact, the embedding

Er(S) = L*0,T; L*(S)V)
is compact by the Aubin-Lions lemma (see [4, Theorem I11.5.16]). Hence, the embedding

Er(S) = Br(S) < L*(0,T; L*(S)™)
is also compact. ]
Now, let S = .. For z € R, we define z; = max{z,0}.

Lemma 3.6. Let Cy > 0 be a constant. We define a mapping F: RV — RN by

(3.8) Fla) = (“‘|_a|c0)+ o, aeRV.

Then, for all u € HY(Q)N, we have F(u) € HY(Q)N and

0 (lu] = Co)+ Ouj Al Coujuy Ouy, _
. F; = VT . Q
39) 5o (B0) = g+ xR e in

fori=1,...,nandj=1,...,N. Here, F; is the j-th component of F' and X(cycc)(2) is
the characteristic function of the interval (Cy, o0).

Lemma 3.7. Let Cy > 0 be a constant and F be given by (3.8). Then, F(u) € Zp ()
for all uw € Zp(Q2.). Moreover, if u € Ep(§2;), then

(3'10) %%(Hﬂu(t)‘ - CO)-FH%Q(QE)) = <atu(t)7F(u(t))>(H1mL4)(Qs) in D/(()?T)'

Lemmas 3.6 and 3.7 can be shown by approximation of |a| and z; by C! functions. We
give the proofs in Section 9 for the completeness.

Lastly, we recall the weak dominated convergence theorem, which is used to show the
weak convergence of the cubic term in (1.2) and (1.3) in approximation of solutions.

Lemma 3.8. Let S =Q. or S =T. Also, let p € (1,00) and T € (0,00). Suppose that

Y, € LP(0,T; LP(S)M), sup 19kl Le 0,110 (5)) < 00,
S

and Y, — ¥ a.e. on S x (0,T) as k — oo. Then,
Jim gy =) weakly in LP(0,T; LP(S)M).
— 00

Proof. We refer to [36, Lemma 8.3] for the proof. O
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4. DEFINITION AND PROPERTIES OF WEAK SOLUTIONS

This section provides the definition and some properties of weak solutions to the thin-
domain problem (1.2) and the limit problem (1.3). For S = Q. or S =T, let Z7(S) and
E7(S) be given by (3.3) and (3.5), respectively. We abuse the notation

dx (S =Q),

; = dp, dp =
(¢1,02) 12(s) /Swlm w, du {d?—["l (5=T)
for ¢1 € LP(S) and ¢y € LI(S) with p,q € [1, 00] satisfying 1/p+ 1/q = 1.

4.1. Thin-domain problem. First we consider (1.2). Based on integration by parts and
the Neumann boundary condition, we define a weak solution to (1.2) as follows.

Definition 4.1. For T > 0 and a given u§ € L*(Q.)", we say that a function u* is a weak
solution to (1.2) on [0,7) if u® € Ep(£2:) and it satisfies

T T
(4.1) /O<8t’u€(t)7w(t)>(HlﬂL4)(Q€)dt+/0 (Vug(t)yvdj(t))L%Qg)dt

T
2 [ (0O = D0 (0,000 gt = 0

for all 1 € Zp () and u®(0) = u§ in L?(Q)V.

Definition 4.2. For a given uf € L?(92.)N, we say that a function u is a global weak
solution to (1.2) if it is a weak solution to (1.2) on [0,7") for all T' > 0.

Note that the weak formulation (4.1) makes sense, since

T
/0 ([u(®)Pu (#), (1)) g,

by Holder’s inequality. The initial condition also makes sense by Lemma 3.3.
Let us give basic results on a weak solution to (1.2).

< ”u€”%4(o,T;L4(QS))|WHL4(0,T;L4(QE))

Lemma 4.3. Let u® be a weak solution to (1.2) on [0,T) with initial data u§ € L?(Q)V.
Then, for all t € [0,T], we have

t t
(42) [ (®)I2q,) +2/0 VU ()17 2q.) d8+2>\/0 1 ()1 a0y d5 < €] 72, -

Note that the factor e2* in the right-hand side of (4.2) is independent of ¢.

Proof. Let ¢ = «® in (4.1) with T replaced by each ¢t € [0, T]. Then, by (3.6),
1 2 ! 2 ! 4
10O+ [ IVl s+ [ 1075

1 t
= 31l + 3 [ @) o s
t
and thus Hua(t)H%Q(QE) < HUEH%Q(QE) + 2 [, ||u€(3)|]%2(95) ds by A > 0. Hence,
Hue(t)‘|%2(ﬂg) S 62)‘t||u8”%2(96) fOI‘ all t 6 [O,T]
by Gronwall’s inequality, and we get (4.2) by the above relations. O

Lemma 4.4. For each T > 0 and u§ € L*(Q.)N, there exists at most one weak solution
to (1.2) on [0,T).
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Proof. Let uf and u§ be weak solutions to (1.2) on [0,7") with same initial data uj, and
let U® = uj —u§. Then, for each ¢ € [0,7] and ¢ € Z;(2.), we take the difference of (4.1)
satisfied by u] and u5 to get

t t
/0 <35UE(5)7 ¢(5)>(H10L4)(QE) ds + /0 (VUE(S)v Vi/J(S))Lz(QE) ds
t t
2 [ (5 Pui(5) = [5(5) Pus ). 05) g s = A [ (079 960) g
Let ¢ = U® = u] — 5 in this equality. Then, since A > 0 and

(lafa = [6*b) - (a = b) = [a|* — (|af* + [b]*)(a - b) + [b]*
(4.3) > Jal* = (lal® + [b]*)|al b] + [b]*
= (laf® = [bI*)(la] — [b]) > 0

for all a,b € RN, we see by (3.6) and U¢(0) = u5(0) — u5(0) = 0 that

1 € ! €
10 s <2 [ 1075 e s
Thus, ||U5(t)||%2(QE) =0 for all ¢t € [0,T] by Gronwall’s inequality, i.e. uj = us5. O

Theorem 4.5. For each u € L*(Q.)Y, there exists a unique global weak solution to (1.2).

Proof. The uniqueness is due to Lemma 4.4. The existence can be shown by the Galerkin
method as in the scalar-valued case described in [36, Section 8.3]. In our case, however, the
dimension of €2, is arbitrary and the regularity of 92, is only C''. Due to this, we cannot
use the eigenfunctions of the Neumann Laplacian in L?(€.)" to approximate test functions
of class H'NL*, since it requires the Sobolev embedding and the elliptic regularity theorem
(see [36, Section 8.2]). Hence, we need to take basis functions of (H' N L*)(Q2:)" directly
and modify some arguments. We give the outline of the Galerkin method in Section 8 for
the completeness. ]

We also have the (weak) maximum principle for a weak solution to (1.2).

Lemma 4.6. Let uf be a global weak solution to (1.2) with u§ € L=(Q)N. Then,

(4.4) 145 || oo (0o x (0,00)) < max{L, [lug|l oo (.}

Proof. We follow the argument of [12, Lemma 3.7] and [29, Lemma 6], but in the framework
of weak solutions.

Let Co = max{1, [[ug|[z(q.)} and F" be given by (3.8). Since u® € E7(§) for all T' > 0,
it follows from Lemma 3.7 that F'(u®) € Z7(£2:) and we can take ¢ = F'(uf) in (4.1) with
T replaced by each ¢ > 0. Then, we observe by (3.10) that

S0 = o)l + [ (Vo). VIF@)]) , s

L2(%e)

o [ (w0 = 0w PE)) o ds = 006] = ol

L2(9)
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In this equality, (Jug| —Co)+ = 0 a.e. in Qe since [[ugl| L (q.) < Co. Also,

ZZZZZ - (B)) =+

=1 j=1
2
ZZ (Ju] = Co)+ a“? ’
Pt |ug| ox;
n N
Coujui auj oug,
Jo = Z Z X(Co,00) ([U%]) Wi Oz, Omi
i=1 j,k=1
a.e. in Q. x (0,00) by (3.9). Clearly, J; > 0. Moreover,
n N
Co 10 10
_ € - eN2) | = £\2
Jo = ;jk:1x<co,m><ru D 390 (6) 3 ((0)?)

Co

2
B mxm,m)(\uﬂ) V(]uEP)‘ > 0.

Hence, Vu® : V[F(uf)] > 0 a.e. in Q. x (0,00). We further observe that
(|uf)? — D - F(uf) = |u®|(Juf|* — 1)(Juf| — Co)y >0 ae. in Q. x (0,00),
since [uf|> > 1 when |uf| > Cy > 1. From the above results, we deduce that
(" ()] = Co)+ll72(.) <0, i [[(Ju*(t)] = Co)+lfeq.,) =0 forall t>0.
Hence, (|u®| — Cp)+ =0, i.e. |u®| < Cp a.e. in Q. x (0,00), which gives (4.4). O

4.2. Limit problem. Next we consider (1.3). To give the definition of a weak solution,
we take a test function ¢ = ((1,...,Cy)7 and multiply (1.3) by g¢. Then, since

divp(gVrv) = (divr(ngvl), .. ,divr(ngvN))T, divr(gVrv;) ZD (9D;vj)

T

for v = (v1,...,vn)" under our notations given in Section 2.2, we have

N
/ diVF(ng’U) . Cd%n_l = Z/{diVF(ngUj)}Cj dHn_l
r j=1 r

N
== Z/nga‘ (VG + GHv)dH"™
j=1"T

— / gVrv : V¢ dH™ !
r
by (2.11) and Vv - v =0 on I'. Thus, we define a weak solution to (1.3) as follows.

Definition 4.7. For T > 0 and a given vg € L*(T')"V, we say that a function v is a weak
solution to (1.3) on [0,T) if v € Ep(T') and it satisfies

T

T
(45) /0 <8tv(t)v gC(t)>(H1ﬂL4)(F) dt + /0 (gvrv(t), VFC(t))LQ(F) dt

T
2 [ oo = )000).C0) gyt = 0

for all ¢ € Zp(T) and v(0) = vg in L*(T)V.
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Definition 4.8. For a given vy € L?(I')"V, we say that a function v is a global weak
solution to (1.3) if it is a weak solution to (1.3) on [0,7T) for all T' > 0.

For a weak solution to (1.3), we have similar results to the ones in Section 4.1 by the
same proofs. Here, we just give results used later and omit the proofs, but note that g is
independent of time and satisfies (2.12). Also, a suitable basis for the Galerkin method is
an orthonromal basis of L2(I')" with respect to the weighted inner product (g-, )2 ()

Lemma 4.9. Let v be a weak solution to (1.3) on [0,T) with initial data vy € L2(T)V.
Then, for all t € [0,T], we have

t t
@0 WOy + [ IVru(s) iy ds+ 3 [ (o)) ds < ce™ iz
where ¢ > 0 is a constant depending only on the constants appearing in (2.12).

Lemma 4.10. For each T > 0 and vy € L?(T)Y, there exists at most one weak solution
to (1.3) on [0,T).

Theorem 4.11. For each vy € L*(T')", there exists a unique global solution to (1.3).

5. WEIGHTED AVERAGE OPERATOR

In this section, we define and study a weighted average operator. Recall that ¢ denotes
a general positive constant independent of . Also, we write 7 = 1 o 7 for the constant
extension of a function n on I' in the normal direction of T'.

5.1. Definition and basic properties. Let J(y,r) be the function given by (2.13). For
a function ¢ on ., we define the weighted average of ¢ in the thin direction by

1 €91(y)
(1) Mepw) = —= [ oy o) Sy, yer.
£9(y) Jego(w)
The main advantage of taking the weighted average is that the formula
(52) | ety de == [ atnmecmnt a )

holds by (2.16) for ¢: Q. — R and n: I' = R, which does not include any residual term.
Let us give some basic properties of M. For a function ¢ on 2., we write 9, = -V
for the derivative of ¢ in the normal direction of I'. Also, we often use the notation (2.9)
in what follows. Hence, we write the definition of M.y as
1 91(y)

= ﬂ T T T.
Mep(y) = =500 /Ego(y) " (y,r)J(y,r)d

Note that, under the notation (2.9), we have

0t (y.r) = ()i ly. 1),
for a function ¢ on €2 and a function n on I.
Lemma 5.1. Let p € [1,00) and ¢ € LP(Q.). Then, M.p € LP(I") and
(5:3) IMepllr(ry < cePllel Lo,y

Proof. By (2.12), (2.14), and Hoélder’s inequality, we have

€g91(y) 1/p
(Mep(y)] < ce P (/ |o* (y, )| d?“) , yel.
€90 (y)

(y,7) = n(y)

We integrate the p-th power of both sides over I' and use (2.17) to get (5.3). O
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Lemma 5.2. Let p € HY(Q.). Then,

(5.4) lo = Mool oy < e (Il + 10elz2qan) ).
Proof. Let y € T" and r € (ego(y),€91(y)). Then,
1 cg1(y) K+ K
i N # _ Bl 2
©*(y,r) — Meo(y) = ¢*(y,7) — / O (y,m)J (y, 1) dry = ————
@) : @) £9(Y) Jego(w) ( ) g(y)
where
eg1(y) eg1(y)
K, = / {p*(y,r) — P (y,m1)}dr, Ko = / o (y,r){L = J(y,r1)} dry.
€go(y) €go(y)

For 7,71 € (eg0(y), €91(y)), we have

i i eg1(y) ’
G, r) — )| = < / 10riH (4, 2)| dra.
15

go(y)

/ 8,0t (y, 72) dry

T1

Here, the right-hand side is independent of r and r;. Hence,

K| < eg(y) /

£g0(y)

€91 (y)

10rt (g, 1) dr = eg(y) / (0,0)¢ (g, 1)) i,
ego(y)

€g91(y)

where we used 9,¢! = (8,¢)* under the notation (2.9) and replaced the variable ro by 7
in the second equality. Also, it follows from (2.15) that

eg1(y)
K| SCE/ Gy, )| dr1.
ego(y)

By these estimates, (2.12), and Holder’s inequality, we see that

eg1(y)

|6F (y, 1) — Mep(y)] < c/

ego(y)

€g1(y) 12
< ce'/? (/ [Isoﬁl2 + I(éhw)ﬁﬂ (y,71) dﬁ) :
£

g0(y)

1681+ (@)1 (g, 7) s
(5.5)

Here, we used the notation

1691+ 1@u0)1| (5 71) = Lo, 10) | + (Do) ()|

and a similar one for |¢f|? 4 |(9,¢)¢|?. We integrate the square of (5.5) with respect to y
and r. Then, since the right-hand side is independent of r, we have

eg1(y
L 1t ~ Mt arare =)
€90(y)
eg1(y)
<c? [ IR 0o P ) drs ),
go(y)
where we also used (2.12). By this inequality and (2.17), we get (5.4). O

5.2. Weighted average of the square. Let M_.(|¢|?) be the weighted average of |¢|?.
We see that M. (|p|?) is close to [Mcp|?> when € is small.

Lemma 5.3. Let p € (H' N L>®)(S). Then,

(5:6)  [[Melel®) = M| ary < =2l (Il 2o + 102l )
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Proof. Let y € I'. Since

eg1(y)
Me(ol)](y) = — / " Gy )y, )y dr,

5g(y) go(y)
Mol = — /Egl(y) 4 ) M) T (g, ) d
€ y 90 y,’f’ 8Q0y yﬂ“ 7’,
v €9(Y) Jego(w)

we observe by (2.12), (2.14), and Hoélder’s inequality that
|[Me(le)](y) — [Mep(y)|

eg1(y)
< L Lo )~ Mgl ) i

1 691(1!) §
< ce Yo e / ) — Meg(y)| dr
ego(y)

71/2 Egl(y)ﬁ 2 1/2
<ee \goumm)/ G r) — Mep()Pdr ]

90(y)
We integrate the square of both sides and use (2.17) to get
HMé("P‘Q) - ’M6@‘2HL2(F) < 6571/2||90HL°°(QE) ¥ = Ma(pHLZ(Q
Applying (5.4) to the right-hand side, we obtain (5.6). O

Using Lemmas 5.2 and 5.3, we can compare |p|> and [Mcp|? in L?(€2.).
Lemma 5.4. Let ¢ € (H' N L*>)(Q.). Then,

657 ||l - Ml

ey < el (el +10.el200,).

Proof. Noting that 9, (|¢|?) = 2¢d,¢, we see by (5.4) that
| o = MeP |,y ) < e (e 2y + 10012200
< ellplliean (1920 + 1000l2c@) )
Also, it follows from (2.18) and (5.6) that
| MR — (7|, o < = 2IMe0) = 1Ml

L?(Q)

< cellgllien (Iellz2@.) + 10el2(a,))-
Applying these estimates to
—_— 2 —_— N —
ol = [Megl” = {Iel? = Mc(eP) } + { Mc(eP) - [Meop] |
we obtain (5.7). O

We also observe that the cubic term of (1.2) is approximated by that of (1.3) and the
weighted average in the following weak sense.

Lemma 5.5. Let u € (H' N L>®)(Q)N and ¢ € L2(T)N. Then,

(5.8)

/ |u?u - { dx — e/g\MauPMau SCdH™!
. r

< e ul ) (Il 22y + N0l 2 ) 1 220y
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Proof. We split the difference as
/Q lu|?u - € d — E/Fg]Mau\QMgu CAH™ ! = Ky + Ko,
K, = / lul?u - ¢ da —/ ‘W‘Qu - dz,
Qe Qe
Ky = /Q | Meu|*u - C dx — E/Fg./\/lgu|2/\/lsu SCdHL
Since M u and ¢ are fu;ctions on I', we have Ky =0 by (5.2). Also,

|2
K| < Jlull oo | ful? = [Meaf?|

LQ(QE)||E||L2(QE)

< e |[ullf oo,y (Il 20y + 10vull 20y ) 1<) £2ry
(

by (2.18) and (5.7). Hence, (5.8) follows. O

5.3. Tangential gradient of the weighted average. Let us give an explicit formula
for the tangential gradient of the weighted average.

Lemma 5.6. Let o € C(Q.) N CY(). Then,

(5.9) ViMoo = M(BVp) + M (0 + of1)¥:) + Mc(p¥y) on T,

Here, B: N5y — R™" W_: Ny — R", f;: Ns = R, U;: N5 — R" are given by
B (y,r) = P(y) — W (y),

Vi(y,r) = g(ly){(r —e90(y))Vra1(y) + (eg91(y) — )Vrgo(y)},

forx =y+rv(y) € N5 withy € T and r € (—0,8) under the notation (2.9).
Proof. By the definition of M.y, we have Vr M. p = 2;4:1 K;, where

eg1(y)
Ky = —Zgr(g;)%) / g( )y oF (y,r)J (y, ) dr,
€90y
K= sgty) {l¢*7)(y:£91(9)) - eVrg1(y) = [ I)(y. £90()) - €Vrgo()},
! eg1(y) 4
Ks = e9(y) /ego(y) Vel Sy
1

cg1(y)
Ky = / &y, r) Ve (y, ) dr.
€

€9(Y) Jego(w)

Here and in what follows, we write [p!J](y,7) = ¢! (y,7)J(y,). We see that

1

K= [ {Pl) = WOV r) - Jyr) dr = M(BY),

(5.10) €9(Y) Jego()
' 1 c91(y) Vrd(y,r)
Ky = / Oy, 1) ——TL . J(y,7) dr = M (oW
! Eg(y) €go(y) ( J(y7 T) ( ) ( J)
by (2.10). Since \Ilg(y,sgi(y)) =eVrygi(y) for i = 0,1,
1 eg1(y) 1 eg1(y) O
Ky = FIUE(y, 7 :/ — ([ T (y,r)) dr.
2= i) T = N (EE0%0)
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Moreover, since 9! = (9,)* under the notation (2.9) and

\Y
0,.J(y.1) = Filyr)I(y.r), 0w (y,r) = L)
9(y)
it follows that
L[t § Lty
Ko =— [ @) + S ) dr
£9(y) Jego(w)
Vrg(y) /Egl(y) i
+ o (y,r)J(y,r)dr
eg(y)? ego(y) ) J,r)
= Ma((azﬂp + @fJ)\I’E) - K.
This equality and (5.10) show that Vr M. p = Z?zl K; is of the form (5.9). O

By the above result, we see that VM. is close to M. (PV@).
Lemma 5.7. Let ¢ € HY(Q.). Then, M.p € HY(T) and
(5.11) Ve Mepll 2y < 05_1/2”(P||H1(Q€)7
(5.12) [VeMep = Me(PVQ) | 1oy < e 2llellm -
Proof. For y € T and r € (ego(y),£91(y)), we have

Biy,r) — P(y)] < ez, [Wh(y )| + W5 (y,0)| < e, [f3yr)] <o
by (2.12), (2.14), (2.15), W € C(I')"™*", and g9, g1 € C*(T). Also,
P> =tr[PTP]=tr[Pl]=n—1 on T, |d,¢|=|7-Vy|<|Vy| in Q..
By these inequalities and (5.9), we get |VrMep| < eMc (|| + |Vy|) and
|VeMep — M (PVp)| < ceMc(|o + [Vg|) on T.

These inequalities and (5.3) show that (5.11) and (5.12) are valid. O

Moreover, we can show that the Dirichlet form on 2. is approximated by the weighted
one on I" which involves the tangential gradient of the weighted average.

Lemma 5.8. Let o € H'(Q.) and n € H'(T). Then,

(5.13)

/ Ve Vide e /F GVrMeg - Ve dH™Y < el o IVE0 20y

Proof. This result was shown in [26, Lemma 5.6] by calculations under a local coordinate
of I' and an associated one of §2.. Here, we give another simple proof.
We split the difference as

/ V(p~V77dx—5/erMggo-VpndH"_lzKl—i—KQ,
c r
Kl—/ V@-Vﬁdw—/ Ve -Vrndz,

Qe Qe

Ky = Vo -Vrndx — 5/ gVrMep - VrndH L.
Q. r

It follows from Holder’s inequality and (2.19) that

K| < IVellrz.) 3/2

Vi =V o .y < e llellm@IVenllz ).
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Next, we see by v - Vrn =0 on I' and (5.2) that
/ Vo -Vrndx = / (PVy)-Vrndz = 8/ gM.(PV) - VrndH" .
Qe Qe r
Hence, it follows from (2.12), Holder’s inequality, and (5.12) that

| K| < cg|| ViMoo — M (PVy) HLz(p)HanHLQ(F) < e® ||| g IV onll L2 (ry-

By the above results, we obtain (5.13). O

5.4. Time derivative of the weighted average. We can consider the time derivative
of the weighted average in the following weak sense. Recall that the function spaces Zp(S)
and Ep(S) are given by (3.3) and (3.5), respectively, for S = Q. or S =T.

Lemma 5.9. For a fired T >0, let u € Ep(Q:). Then, M.u € Ep(T") and

T B T
(5.14) (A<@Mﬂ£@»wmﬁmmdﬁzéé<@ﬁ%MﬂJQﬂMﬁmﬂmdt

for all ¢ € Zp(T).

Proof. We have M.u € Zp(T') by Lemmas 5.1 and 5.7.
Next, let ¢ € CL(0,T; (H' n L*)(T)"). Then,

¢ €GO, T (H' N LYQ)Y),  IICllzr 0.y < e ¢l zpry
by (2.18), (2.19), and /2 < £'/4 due to ¢ € (0,1). Moreover,

T B T
/ (Ou(t), C(1)) (1AL (. dt = —/ (u(®), 06C(t)) 12q
0 0
T
(5.15) = —6/0 (gMaU(t)yatC(t))p(r)

T
= —6/0 (Meu(t), [5t(9C)](t))L2(r) dt,

since (5.2) holds and ¢ is independent of time. Replacing ¢ with g~'¢ and using

1/4

157"l 2y < Mg Claaey < Ml 22y

by g € CH(T) and (2.12), we find that

T T -
/0 (Mau(t)v atC(t))L2(F) dt’ = 5_1 /0 <8tu(t)’ g_IC(t)>(HlﬂL4)(QE) dt

< ce 3|0l iz (o) €] 2y

for all ¢ € C}(0,T; (H' n L*)(I")Y). Thus, O;M.u € [Z7(')) and M.u € Er(T).
The equality (5.14) follows from (5.15) when ¢ € C(0,T; (H' N L*)(I")"V). This space
is dense in Zp(I'), so the same equality holds for ¢ € Zp(I') by a density argument.  [J

6. THIN-FILM LIMIT PROBLEM

The purpose of this section is to establish Theorems 1.1 and 1.2. Let M. be the
weighted average operator given in Section 5. We write ¢ for a general positive constant
independent of ¢ and also of the constant A appearing in (1.2). Also, for a function 1 on
I', we denote by 77 = 1 o its constant extension in the normal direction of I'.
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6.1. Average of the weak form of the thin domain problem. First we give explicit
estimates in terms of ¢ for a weak solution u° to (1.2) and then derive a weak form satisfied
by the weighted average M. uc.

Lemma 6.1. Let ¢; > 1, o € (0,1/3], and g9 € (0,1) be constants and let € € (0,ep).

Suppose that uf € L>=(Q:)N and
(6.1) gl 0.y < exe™!/3,

and let u® be the global weak solution to (1.2) given in Theorem 4.5. Then,

t t
©2) TRy + [ V0 G Baq ds+ X [ 10 (6) g, ds < ccl/o20e¥
0 0

for allt > 0, where ¢ > 0 depends on c¢1 but is independent of € and A. Moreover,

(6.3) [0 || oo (0 x (0,00)) < €18 /3T

Proof. Let || be the volume of 2.. We have (6.2) by (4.2) and

(6.4) gl 720,y < lugllfe(qn) - 192:] < de™?/572% - co = Geel/3420,

Also, (6.3) follows from (4.4), (6.1), and ¢;e~ /3t > 1. O

Lemma 6.2. Under the assumptions of Lemma 6.1, we define
vo=Mauf on T'x[0,00), wv5=Muj on T.
Then, v¢ € Ep(T) for all T > 0 and v°(0) = v§ in L*(T')N. Moreover,

T T
63) [ @ 0,060 amosoey e+ [ (650 0, 906(0) oy

¥ A/O (917 ()2 = 10" (6).C(1)) 1oy dt = Re(GT)
for all T >0 and ¢ € Zp(T'). Here, R-((;T) is linear in ¢ and satisfies
(6.6) |R(G;T)| < C€3aa>\(T)HCHL2(O,T;H1(F))7
where ax(T) = (1 + \)(1+ T)2eX. Also, ¢ > 0 is independent of €, \, and T.
Note that, if v¢ € Ep(T'), then v¢ € C([0, T]; L*(T)") by Lemma 3.3.

Proof. The regularity and initial condition of v follow from those of u® and Lemma 5.9.
Let ¢ € Zp(T"). We take ¢» = ( in (4.1) and divide both sides by ¢ to get

T ) T
€ /0 (Oeus (1), C(8)) (rrnray (o) At + €7 / (Vus(t),VC(t)) ;o (@)

0
T
+ 61/\/0 ((Jus () > = Dus(2), C(t))LQ(QE) dt = 0.
In this equality, we use (5.14) with v = M u® and

AW (). E0) gy = Mg (0 C0) oy
by (5.2). Then, we get (6.5), if we define the residual term as

T -
R(G;T) = _/o {E_l(vue(t)vv<(t))L2(Qg) - (gvrve(t%VrC(t))Lz(r)} dt
r 2 - 2
- A/O {5_1(\U8(t)’ u=(8), C(t)) 2.y — (91" (B)] Ug(t)&(t))p(p)} dt.
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This is linear in ¢. Moreover, by (5.8), (5.13), and Holder’s inequality,

|R(GT)| < e (uf]| oo, () IV €l 20712 (0
+ 651/2)‘Hu6”%00(95><(0,T)) ||U€||L2(0,T;H1(QE)) ”C”L?(o,T;L?(F))-
To the right-hand side, we further apply (6.3) and
[u || 20,701 0y < /0T (1 + T2
by (6.2). Then, we get (6.6), since e1/2+1/6+a = g2/3+a < 3o hy o € (0,1/3]. O

6.2. Estimates for the averaged weak solution. Using (6.5), we derive estimates for
the averaged weak solution v = M u® which give the uniform boundedness of v°.

Lemma 6.3. Under the assumptions of Lemma 6.1, we have

T T
60) mas (07Ol ey + [ 1900 Ol oy e+ 3 [ 1070 ey

< 060(1+/\)T{”U8H%2(F) +660(1 + )\)2}
for all'T > 0. Here, ¢ > 0 is a constant independent of €, A\, and T'.

Proof. Let ¢ = v® in (6.5) with T replaced by ¢ € [0,T]. Then, noting that g is independent
of time and positive by (2.12), we observe by (3.6) that

1 t t
o2 ey + [ 1927 r (9l agry ds + A r\gl/4v€<s>||‘z4 iy ds
_1 1/2 I3 A 1/2 5 2 d
= 5llg il 2eqry + Hg ($)|I72(r) ds + Re(v%31).
We apply (2.12) and (6.6) to this equality to get
68 1 Ola + [ 19006y ds +3 [ 9Ly

< <||08”%2(r) + )‘/0 [0 ()11 72y dS) + e3> ax (1) [0°]| L2 0,00 (1))
with some constants co, c3 > 0 independent of e, A\, and T. Moreover,

|
ese™ x|Vl 2om () < e ax(®)? + G107 s ()

= ceb a,\(t)2 + 2/0 <HU8(3)H%2(F) + HVFUE(S)H%Q(F)> ds

by Young’s inequality, and ay(t) < ax(T) for ¢t € [0,T] by the definition of ay(t). We apply
these estimates to (6.8) and make the integral of Vpov® appearing in the right-hand side
absorbed into the left-hand side. Then, we find that

6.9) [0°(8)2a 0, / 9002 () 22y ds + A / o ()l

t
< ¢ (14 + o@D + (14 /0 166 )
for all t € [0,7] and thus, by A > 0,

t
o> )12y < ¢ (%H%z(r) +e%%an(T) + (1 + A)/0 lo* ()12 d8>
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for all ¢ € [0,T]. Hence, Gronwall’s inequality implies that
Il @122y < eV (0l + ar(T)?), e [0,T].

Applying this to (6.9) and noting that

ax(T) = (1 + N2(1+T)ePT < 1+ 02 el 2T < (14 )\)260(1+>\)T’
we obtain (6.7). O
Lemma 6.4. Under the assumptions of Lemma 6.1, we have
(6.10) 10z < enr (Iollzay + oG35t + 1)
for all T'> 0, where ¢y > 0 is a constant depending on A and T but independent of .

Proof. Throughout the proof, we write ¢y 7 for a general positive constant depending on
A and T but independent of e. Then, we see by (6.7) and £%* < 1 that

oy f e Ol et + / Oy de < enr (15122 +1):
For ¢ € Z7(T'), we substitute g~!¢ for the test function of (6.5). Then, by

Vrlg™'¢) = (Di(9¢),; = (—972(Di9)G + 97 ' Di¢5),
and by g € C}(T), (2.12), and Hélder’s inequality, we find that

T
| @@ cpunena dt‘ < QU G T) + |R(GT)],

where

Q" G T) = Vrv'll 2o, rsz2en ISl 2 0. (o)) + Mo a1 Laorzamy)
+ Ml 20,20 1<l 2200, 7:02(1)) -
Since (6.11) holds and the norms of ¢ are bounded by |[(||z,.(r), we have

3/2
Q" ;) < exer(Iofllzaqey + 105135ty + 1)1l ze o)

Moreover, |R.(¢;T)| < (r) by (6.6) and £* < 1. Hence,

T
/0 (0007 (1), <) ariryry dt\ < exr (ogllaqry + 105 175ry + 1)1l 20 qr)

for all ¢ € Zp(I"), which implies (6.10). O

6.3. Weak convergence and characterization of the limit. Based on the results in
the previous subsections, we prove Theorem 1.1.

Proof of Theorem 1.1. Suppose that u§ € L°°(Q.)" and the conditions (a) and (b) in
Theorem 1.1 are satisfied. Then, for each ¢ € (0,¢q), there exists a unique global weak
solution u® to (1.2) by Theorem 4.5. Moreover, we have (6.2) and (6.3) by Lemma 6.1,
and thus we can use the results given in Sections 6.1-6.2. Let

v©=Mu® on T x[0,00), v5=M.ui on T.

Then, {v§}- is bounded in L?*(T')Y by the condition (b). Hence, for each fixed T' > 0, we
see by (6.7) with €5¢ < 1 and by (6.10) that {v°}. is bounded in the space E(T") given by
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(3.5) (note that A > 0 is independent of €). By this fact, there exists a sequence {e1}72,
in (0,g9) with e — 0 and some vp € Ep(I") such that v®¢ — vp weakly in Ep(T), i.e.

lim v** =vp  weakly in Zp(T),
k—o0

lim Op°F = Qvr  weakly in  [Z7(T)].

k—o0

Moreover, since the embedding Ep(I") < L%(0,T; L>(T')") is compact by Lemma, 3.5, we
may assume, by taking a subsequence again, that

lim v* = vp strongly in L?(0,T; L*(T)"),

k—o0

(6.12)

and in particular, v** — vp a.e. on I' x (0,7) and thus
lim [v°%|*0% = |vp[*vp  ae. on T x (0,T).
k—o0

We also observe by the boundedness of {v°}. in Ep(T") that the norm

2 3
[ 1o [Fv** ]| Las o,y a3 0y) = 1054000 ()
is bounded uniformly with respect to €. Hence, we can apply Lemma 3.8 to get

(6.13) Jim |05+ |20% = |up|?op  weakly in  L*3(0,T; LY3(D)N).
—00

Let us show that vy satisfies (4.5). For each ¢ € Z7(I'), we have

T T
(614) /0 <8tvsk (t)v gC(t)>(H1ﬁL4)(F) dt + / (gvr‘vfk (t)v VFC(t))L2(F) dt

. 0
2 [ a0 OF = D07 (00,60) oy 8 = Ry (GGT)

by (6.5). Let e — 0 in this equality. Then,

T T
dm | (0 (0, 9C) arowyr) At = /0 (Gror (1), 9C () (r1nry(r) dt,
T T
khm (gvrvsk(t)’vrg(t))p(r) dt :/ (ervT(t),VFC(t))L'Z(F) dt,
—00 0 0
T T
khfolo)‘/o (gvsk(t)7<(t))L2(F) dt = )\/0 (gvT(t),Q(t))Lz(F) dt

by (6.12). Moreover, we see by (6.13) that
T

T
lim A/O (glo=* () Po* (), (1)) oy dE = A/O (glor @)Por(t), ¢(1)) 2 dt.

k—o0

In the above, we also used the fact that g satisfies (2.12). We also have
(6.15) R, (G T)| < ci®ax(T)|ICll 2o rmrryy = 0 s ex =0

by (6.6). Hence, letting e — 0 in (6.14), we find that vy satisfies (4.5).
Next, we verify the initial condition. For (y € C1(T), let

((t) = (1—t/T)¢ € C'([0,T); (H' n LY)T)N) € Ep(T).

We take this ¢ in (6.14) and carry out integration by parts with respect to time by using
(3.6). Then, by ¢(0) = {p and ¢(T") = 0, we have

—(v*%(0), 9C0) 2(ry + L(v**) = Re, (G; T),
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where I(w) for w € Ep(I') is given by
T T
I(w) = — /0 (gw(t)v atC(t))Lz(F) dt + /() (.gvl"w(t)7 VFC(t))Lz(F) dt

T
2 [ a0 = 10),60) it

We send e — 0, use v¥+(0) = v5* — vo weakly in L2(I')" by the condition (b) of Theorem
1.1, and apply (6.12), (6.13), and (6.15). Then, we find that

—(vo, 9C0) r2(ry + I(vr) = 0.
On the other hand, since v satisfies (4.5), we take the above ¢ and use (3.6) to get

—(vr(0), 9¢0) z2(r) + L(vr) = 0.

Comparing the above two equalities, we obtain
(v0,9%0) r2(ry = (v7(0), 9G0) 2y for all ¢y € C'(T).

This gives v7(0) = v in L2(T")", since C1(T') is dense in L?(T") and g satisfies (2.12). By
the above results, we conclude that vr is a unique weak solution to (1.3) on [0,7") with
initial data vg. Here, the uniqueness follows from Lemma 4.10.

By the above arguments, we can also prove the following statement: for any sequence
{ee}2, in (0,e0) with e, — 0, the sequence {v°¢}32, has a subsequence that converges
to the same vy weakly in Ep(I'). This shows that the full sequence v® converges to vy
weakly in E7(I") as ¢ — 0. In particular, we have

(6.16) lim v° = lim M. u® = vy weakly in  Zp(T)

e—0 e—0

as stated in Theorem 1.1 (recall the definition (3.3) of Z¢(I")).
Lastly, if T < T, then vy = vy by the uniqueness of a weak solution to (1.3) on [0,7).

Thus, setting v = vy on [0,T") for each T' > 0, we can define a function
v € C([0,00); L2(S)™) N LE,o([0, T); H' (S)™) N Lie ([0, 00); LH(S)Y),

loc

and we find that (6.16) holds with vr replaced by v for all ' > 0 and that v is a unique
global weak solution to (1.3) with initial data vy. O

6.4. Difference estimate on the surface. Using the weak forms (4.5) and (6.5), we
derive the difference estimate of M u® and v stated in Theorem 1.2.

Proof of Theorem 1.2. Under the assumptions of Theorem 1.1, let «* and v be unique
global weak solutions to (1.2) and (1.3), respectively. We set

¥ =M, VE=1v"—-v on T x][0,00),
vg = Meug, Vo =v5—v9 on T.
Then, for each fixed T > 0, it follows form Definition 4.7 and Lemma 6.2 that
Ve e Br(l) c C([0,T; L2T)Y), VE0)=V§ in L*D)N.
Moreover, for each t € [0,7] and ¢ € Z;(T"), we subtract (4.5) from (6.5) to get

/0 <88V8(5)aQC(3)>(H10L4)(F) ds + /0 (QVFVE(S), VFC(S))LQ(F) ds
+ )\/0 (g{|v=(s)[*v°(s) — \v(s)\Qv(s)},C(s))LQ(F) ds

:)\/0 (9V(5). C()) 1o ds + Re(G: 1),
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where R.((;t) satisfies (6.6). Let ( = V¢ = v® —v. Then, by (3.6), (4.3), and A > 0,
1 € ! €
SV gy + [ g ATeVE (o) ey ds

1 £ t 154 1)
< g2 VE 2y + A / 192V (8) |22 0y ds + [Ro(VE3 )]

for all ¢t € [0,T]. Based on this, we proceed as in the proof of Lemma 6.3 to get
T
2 2 1+0)T 2 6 2
e [VOEary + [ 190V Ol aqeydt < ce TNV ey + (1 + 37

which gives (1.4) (with a different constant ¢ > 0). O

7. DIFFERENCE ESTIMATE IN THE THIN DOMAIN

In this section, we prove the difference estimate (1.5) in €2.. Let M, be the weighted
average operator, and let 7 = n o w be the constant extension of a function n on I' in the
normal direction of I'. We write ¢ for a general positive constant independent of £ and A.

As mentioned in Section 1, the difference estimate (1.4) on I' does not give (1.5), since
the estimate for the difference of u® and M. u® requires a higher order regularity of u® as
in (5.4). In particular, since we consider a weak solution u® to (1.2) which does not have
the H2-regularity, the estimate for the gradient in (1.5) cannot be obtained from (1.4). To
overcome this difficulty, we derive a weak form in ). satisfied by the constant extension v
of a weak solution v to (1.3) and apply an energy method in 2. to u® — v.

Lemma 7.1. For a fired T >0, let v € Ep(I"). Then, v € Er(Q) and

T T
@) [ e =< [ @O oM 0w .
Proof. Tt follows from (2.18) and (2.19) that v € Zp(€.).
Let ¢ € CH0,T; (H' N L*)(Q.)N). By (5.3), (5.11), and e~ /4 < £71/2 we have
Metp € CHO,T; (H n LYTN), 1Ml zpy < ce™ 24l 2 (@)

Moreover, O;M ) = M (04)) since the definition (5.1) of M, is independent of time.
Thus, noting that g is also independent of time, we see by (5.2) that

T

T
e [ @) Mt O) oy = =2 [ (0(0).00Meb0) gy
T
(7.2 == [ (000 9IMODI0) oy

_ /OT (6. Db(0)) o
Using this equality and
IgM ]| 2oy < Ml zpry < e 2] zr )
by g € C}(T), we find that, for all 1» € C}(0,T; (H' N L*)(Q)N),

T
/o (@), (0) () dt' < ' 2 0llizr oy 19 21 (2
Hence, 0,0 € [Z7(Q:)]" and © € Ep(£).

When ¢ € C1(0,T; (H' N L*)(Q2)"), we have (7.1) by (7.2). Since this space is dense
in Z7(€), it follows that (7.1) also holds for ¢ € Zp(€). O
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Lemma 7.2. For T > 0 and vg € L*(T)Y, let v be a weak solution to (1.3) on [0,T).
Then, © € E7(Q:) and 9(0) = vg in L*(Q)N. Moreover,

T

T
(7.3) /O<3tva¢(7f)>(HlmL4)(Qs)dt+/ (Vo(t), Vi (1)) 12q. dt

2 / — )3(0). 00) o b = - (5 T)
for all € Zp(Q). Here, Sc(1; T) is linear in ¢ and satisfies

T
(7.4) |15e(¢; T)| < 083/2/0 IVrv @)l L2y l1¢ ()| 11 (0. dt,
where ¢ > 0 is a constant independent of €, A\, and T'.
Note that v € Er(€).) implies v € C([0, T); L?(€2)") by Lemma 3.3.

Proof. We have the regularity and initial condition of v by those of v and Lemma 7.1.
Let ¢ € Zp(€Qe). We set ( = M. in (4.5) and multiply both sides by ¢ to get

T T
5/ (Oro(t), gMep()) (r1apayr) At + 5/ (9Vro(t), VFM5¢(t))Lz(F) dt
0 0

T
x| (@l = D0(0). Mei(©) gy dt =0,

To the first and third terms, we use (5.2) and “unfold” the weighted average. Then, we
find that (7.3) holds with residual term

T T
S ) = [ (T, V010) oyt~ [ (gT00(0, TeMeD) o
which is linear in . Moreover, (7.4) follows from (5.13). O

Remark 7.3. In fact, we can also unfold the integral involving Vi M1 by using (5.9), but
we avoid to do that here since the estimate (7.4) is enough for our purpose.

Remark 7.4. Contrary to the averaging method (see Lemma 5.5), we can recover the cubic
term of (7.3) from that of (4.5) without any error by the unfolding method. This enables
us to remove the assumption ug € L”(Qa)N in Theorem 1.3.

Now, we are ready to prove the difference estimate (1.5) in Q..

Proof of Theorem 1.3. For u§ € L*(Q.)Y and vg € L*(T')Y, let u¢ and v be global weak
solutions to (1.2) and (1.3), respectively. We define

w®=u®—0 in Q. x[0,00), wg=uj—79 in Q..
For each fixed T' > 0, it follows from Definition 4.1 and Lemma 7.2 that
w® € Bp(Q.) c C([0,T); L*(Q)Y), w(0) =w§ in Q..
Moreover, for each ¢ € [0,T] and ¢ € Z;(£2.), we subtract (7.3) from (4.1) to get

| @ (9 0 ansyan ds+ [ (Tu(5).V0(5) 1 5
0 0
+ )\/0 (‘ua<s>‘2u€(s) — ‘@(3)‘25(3),¢(5))L2(Q€) ds
= /\/0 (wg(s),qb(s))Lg(QE) ds — Sc(;t).
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We set ¢ = w® = u® — v and use (3.6), (4.3), and A > 0. Then,

1 t
15) 5l @y + [ 19056 e, d

t
< g2, + A /0 " ()22, ds + 1S3 )]

N | —

Moreover, by (7.4), Young’s inequality, and (4.6),

t
|Se (45 8)] < 653/2/0 IVro(s)ll 2y llw® ()| a1 (. ds
< e ! v 2 d 1 ! € 2 d
<ce” | |[Vro(s)llzery ds + lw" ()51, ds
0 2 0

C. 1 ‘
< ce®e|ug |22y + 2/0 (Il (5)22() + IV (5)F2(c,) ) ds:

We apply this to (7.5), make the integral of Vw® appearing in the right-hand side absorbed
into the left-hand side, and use e < e for ¢ € [0, T]. Then, we get

t
e (), + /O [V2(5) 225, ds

t
<o (Hwélliz(gg) + S oy + (143 [ 107 (6) B, ds)

for all t € [0,T]. Applying Gronwall’s inequality to this, we find that

T
2 2
e [0 Ol + [ 190 Ol

< ceHNT (lleH%sz) + 5360”““0”%2@))'

AT < pe(1+N)T

Taking the square root of both sides, and using 1 < e , we get

lo ooz + 190 o z:za@ay < e T (1wl e,y +=22lvoll o))

Hence, we obtain (1.5) by dividing the above inequality by /2. O

8. OUTLINE OF THE GALERKIN METHOD

In this section, we give the outline of the proof of the existence of a global weak solution
to (1.2) by the Galerkin method. For the sake of simplicity, we use the following notations
and assumptions throughout this section:

o We suppress the parameter ¢, since the explicit dependence on ¢ is not required.
For example, we write 2, u, and g instead of 2., u®, and ug.

e We only consider the scalar-valued case (N = 1), since the vector-valued case can
be shown in the same way.

e We abbreviate function spaces X' (2) to X.

For the global existence of a weak solution, it is enough to show the local existence on any
finite time interval. Indeed, if up and ug» are weak solutions to (1.2) on [0,7") and [0,7”)
with 7' < 7", then up = ugr on [0,7") by the uniqueness of a weak solution (Lemma 4.4).
Hence, we can get a global weak solution u by setting u = up on [0,7) for all T' > 0.

Let us give the outline of construction of a weak solution on [0,T") with any fixed T' > 0
by the Galerkin method.
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8.1. Basis functions. We first take basis functions of H' N L* directly.

Lemma 8.1. There exists a countable subset {¢;} of H* N L* such that
(i) the subspace spanned by {¢¢}, i.e. the space

L{pe}) ={aupr+--+arpr | LEN, aq,...,ar € R},

is dense in H' N L*, and
(i) {¢¢} forms an orthonormal basis of L*.

Proof. The space H' N L* can be identified with {(u, 1u,...,0,u)’ | w € H'NL*}, which
is a subspace of the separable space L* x (L?)". Hence, H' N L* is also separable and
we can take a countable set {¢;} of linearly independent functions in H' N L* such that
L({1}) is dense in H' N L*. Then, we easily find that £({ty}) is also dense in L?, since
H'NL*is dense in L2 and ||ul|;2 < ||ullginzs for v € H'N LA Hence, applying the Gram-—
Schmidt orthonormalization in L? to {1y}, we can get a countable subset {¢,} of H' N L*
satisfying (i) and (ii) (note that £L({¢¢}) = L({¢¢}) by the construction of {¢s}). O

For each L € N, let Pru = ZeL:1(U, $¢) 200 be the orthogonal projection from L? onto
the subspace spanned by {¢¢}% ;. Note that Pru — u in L? as L — oo, but we cannot
say that the same convergence holds in H' N L* even if u € H' N L*, since the functions
¢¢ are not the eigenfunctions of the Neumann Laplacian.

8.2. Approximate solutions and weak convergence. For each L € N, we look for a
function of the form wuy(t) = Zngl ay(t)py which satisfies ur (0) = Prug and

(8:1) (Jur(t), o)z + (Vur(t), Voo 2 + A((lur () = Dur(t), ée) . =0, ¢ € (0,T)
for all £ =1,..., L. Note that the term (Jur(t)|>ur(t), ¢¢) 2 makes sense, since

[(Jur () Pur(t), de)r2| < lluz@)l7allel s

by Hélder’s inequality and by ¢, € L* and thus uy(t) € L*.

Since {¢,} is orthonormal in L2, this problem can be formulated as a system of ODEs
for ay(t),...,ar(t), which can be uniquely solved on some time interval by the Cauchy—
Lipschitz theorem. Moreover, multiplying (8.1) by ay(t), summing over £ =1,..., L, and
integrating with respect to time, we can get the energy estimate

t t
82)  [ur®)a+2 / |V (s)][2 ds + 22 / lur(s)][Ls ds < M Prug|2s
0 0

as long as uy (t) exists, as in the proof of Lemma 4.3. This gives the uniform boundedness
of ay(t),...,ar(t) on [0,T], so we can extend ur(t) to the whole time interval [0, 7.

Let Zr = Z7(€2) be the function space given by (3.3) (recall that we suppress € of €.).
We observe by (8.2) and ||Pruol/z2 < ||uol|z2 that

(8.3) lurllzy = max{|luLl r20,1;m0), luLllpaorry} < C-
Here and in what follows, C' denotes a general positive constant depending on A, T, and

|luol| 72 but independent of L. Therefore, up to a subsequence, we have
(8.4) Jim up =u weakly in  Zy = L*0,T; HY) N L*0,T; L*)
—00

with some u € Zp. However, we cannot get a uniform estimate for d;uy, in [Z7]. Indeed,
to estimate dyur, we need to take ¢ € H' N L*, test Pri by using (8.1), and estimate the
resulting equality in terms of ||¢|| g1 and ||1| 4 uniformly in L, but we do not have

INPLy g < cll$llgr,  [Pryllps < cll¢llps

with some constant ¢ > 0 independent of L. Thus, Lemma 3.5 is not available here, which
was essential for the weak convergence of the cubic term in the proof of Theorem 1.1 (see
Section 6.3), and we need another approach to get the weak convergence of |uy|?ur,.
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8.3. Strong convergence. To circumvent the above difficulty, we show the strong con-
vergence of {ur} by following the idea used in [25] and [20, Chapter V, Theorem 6.7].

Lemma 8.2. For each fized k € N, the sequence {(ur(t), pr)r2}7 . s uniformly bounded
and equicontinuous on [0,T].

Proof. By Holder’s inequality, ||¢x||r2 = 1, and (8.2), we have

t < t <M|p < AT .
tlén[% |(ur(t), dr) 2| < tgf% lur()|l2 < e [Pruollzz < e [Juoll L2

Thus, {(ur(t), dx) 2172, is uniformly bounded. Also, when L > kand 0 < s <t < T,
t
(wn(t), 901 — (un(5), sz = [ @run(r),éu)e dr

t t
—— [ (Funlr). Vonmdr [ ((un)F - Dus(®).61) s
by (8.1). Hence, by Holder’s inequality in space and time, and by (8.3), we get

|(uL(t)7¢k)L2 - (uL(S)>¢k)L2’
< C{(t = )2V erllLe + At — 5) gkl + At~ 8)1/2H¢kHL2}7
which shows that {(ur(t), ¢x)r2 7>, is equicontinuous on [0, 7. O

Based on Lemma 8.2, we apply the Ascoli-Arzeld theorem and a diagonal argument to
take a subsequence of {ur }, which is again denoted by {ur}, such that {(ur(t), ¢x)r2}72,
converges uniformly on [0,7] for each k € N. Then, we can show the strong convergence
of {ur,} by using the following Friedrichs inequality.

Lemma 8.3. For each v > 0, there exists an N, € N such that
N’Y

(8.5) lwl|Fs < (1+7) Y 1w, ér) 2 + ]z
k=1

for all w € H' (note that N., does not depend on w).

Proof. The lemma can be shown by a contradiction argument and the compact embedding
H'! — L2, We refer to the proof of [20, Chapter II, Lemma 2.4] for details. O

For any v > 0, let N, € N be given in Lemma 8.3. We set w = ur(t) — up(t) in (8.5)
and integrate the resulting inequality with respect to time. Then, we get

T
/0 lur(t) — urr (1|12 dt

<( +’Y)§:/T [(ur(t) — UM(t),¢k)L2!2dt+7/T lur, () — unr (8)[[: dt.
B = /o 0 "

Let L, M — oo in this inequality. Then, the first term on the right-hand side converges
to zero, since {(ur(t), dx)r2}72, converges uniformly on [0,T] for each k € N and N, is
independent of L and M. Also, the last integral is bounded by (8.3). Hence,

T
limsup/ Jur(t) —upr ()22 dt < Cy  for any ~ >0,
L,M—o0J0

which shows that {u} is Cauchy in L?(0,T; L?) and thus converges strongly in the same
space. By this result, (8.4), and the uniqueness of a weak limit, we have u; — u strongly
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in L2(0,T; L?) as L — oo and thus, up to a subsequence, uy, — u a.e. in  x (0,T) (recall
that we suppress €). Hence, |ug|?uz, — |u|?u a.e. in Q x (0,T). Moreover,

2 3
[ ul UL||L4/3(O,T;L4/3) = HULHL4(0,T;L4) <C
by (8.2). Therefore, we can apply Lemma 3.8 to get

(8.6) Ll;ngo lur|?ur = |ul*u  weakly in  LY3(0,T; L/3).

8.4. Characterization of the limit. Let us show that u is a weak solution to (1.2) on
[0, T). For each fixed £ € N, let L > ¢. We multiply (8.1) by § € C1([0,7)) and integrate
the resulting equality with respect to time. Then, by integration by parts,

T

T
—/ (uL(t),G’(t)qﬁg)det—i-/ (Vur(t),0t)Ve) 2 dt
0 0

T
I\ / (ur (&) — Dun(£),0(t)be) o dt = (Pruo, B(0)0) 2.

We send L — oo and use (8.4), (8.6), and Prup — ug in L? to get
T T
- [ g @onmde+ [ (ut).60)V60, d
0 0

T
5\ / ()2 = 1yult), 6(t)e) 2 dt = (o, 0(0)be) 2

for all / € N. Hence, we have

T T
(8.7) /O(u(t),ﬁtw(t))Lth—i-/O (Vu(t), Vi(t)) ., dt

T
2 [ (R = D). 06(0) 2 e = (10, 00)
for all ¥ in the space (recall that L({¢¢}) = {Zé::l appe | L €N, ay € R})

U= {31 0t)wy | K €N, 0 € CH[0,T)), wy, € L({e})}-

Let v € CL([0,T); H' N L*). Then, since L£({¢¢}) is dense in H' N L%, we can prove, as in
the proof of [25, Lemma 2.2], that there exist functions ¢ x € U such that

A 1Y = drlleqm mnmy = lim 104 = 0l z20,r;m1010) = 0-

Hence, (8.7) holds for the above v, since it is valid for each )i € U. In particular,

T
[ wo.a0),. dt\ < C(u, M T) 4] 25,

Clu, A T) = [Vull gz rinz) + A(Iuldaoz,co + lull 2072
for all ¢ € C1(0,T; H' N L*) by 1(0) = 0 and Hélder’s inequality, which shows that
o € [Zr], we Er c C([0,T); L?).
Here, Ep = Ep(Q) is given by (3.5) and we used Lemma 3.3 (recall that we suppress ¢).
Moreover, when ¢ € C}(0,T; H' N L*), we apply (3.6) to (8.7) to get
T T
88 [ @u o) mamdt+ [ (Tu). Vo) i

T
A [ (uOP = 1u(0.6(0) . dt =0,
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Since C1(0,T; H' N L*) is dense in Zr, it follows that (8.8) also holds for all ¢ € Zp.
It remains to verify the initial condition. Let 8 € C1([0,T)) satisfy 6(0) = 1. For any
Py € C°, we take () = 0(t)yo € Zr in (8.8) and use (3.6) and 1 (0) = 1o to get

T

T
- / (u(t), Db (1)) . dt + / (Vult), V(1)) o dt
0 0
T
LA /0 ((Ju())? = L)u(), §(t)) 2 dt = (u(0), o) 2.

By this equality and (8.7), we have (u(0),%0)r2 = (ug, o) 2 for all ¢» € C2°. Since C° is
dense in L2, we find that u(0) = ug in L? and u is a weak solution to (1.2) on [0, 7).

9. PROOFS OF AUXILIARY LEMMAS

This section gives the proofs of Lemmas 3.2, 3.6, 3.7.

Proof of Lemmas 3.2. As mentioned in Section 3.2, we omit the proof of (i), since it can
be shown by standard cut-off and mollification arguments.

Let us show (ii). In what follows, we suppress the domain S and the superscript N of
function spaces on S for the sake of simplicity. For example, we write Ep and H' N L*
instead of E7(S) and (H' N L*)(S)N. We take a function § € C*([0,7]) such that

1 (0<t<T/3),

0<6<1 on 0,71, 9(t):{0 (2T/3 <t <T).

Let u € Ep. We set u; = Ou and ug = (1 — 0)u. Clearly, uy,us € Zp. Moreover,
T

T T
/ (us (£), Drp(t)) ,» dt = / (u(t), BL[091(1)) ,» dt — / (@8(t)u(t), (1)) ., dt
0 0 0
T T
= —/ (Opu(t), [09](t)) grrnpa dt—/ (8:0(t)u(t),(t)) . dt
0 0

for each ¢ € C1(0,T; H' N L*), and thus, by § € C*([0,T)),

T
[ 0r0.0000) s ] < c(0adiz + lloan) 91z

which shows dyuq € [Zp]'. Similarly, dyus € [Z7]', and we easily find that Oyu = dyui +0pus.
Hence, it is sufficient to approximate u; and ug separately in Ep. In what follows, we only
give the approximation of uj, since us can be approximated in the same way. Moreover,
we rewrite u; as u for the sake of simplicity.

Now, let u € Ep satisfy u(t) = 0 when 27'/3 < t < T. We extend u to (0,27") by setting
u(t) =0 for t > T. Clearly, u € Zyp. Moreover, we see that dyu € [Zar|'. Indeed, we take
a function © € C*°([0,277) such that

1 (0<t<3T/4)

0<©<1 on [0,27T], 9(75):{0 (5T/6 <t < 2T).

Let ¢ € CL0,2T; H' N L*). Since Oy € C(0,T; H' N L*), and since u(t) = 0 for
t € [27T/3,T) and 9,0(t) = 0 for t € [0,27/3], it follows that

2T 2T/3 2T/3
/ (u(t), Buib(1)) . dt = / (u(t), Db (1)) . dt = / (u(t), BL[OY)(1)) . dt
0 0 0

T T
- / (u(t), BL[OUN(1)) o dt = — / (Oru(t), [OU](6)) iz dt
0 0
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and thus, by dyu € [Zp]" and © € C*([0,2T1]), we have

2T
/0 (u(t), 00 (1)) 2 dt| < [[Opullizy 1O¥ 2, < cllOpull iz 19]] zor-

Therefore, dyu € [Zar|', and we observe by (3.4) that du is of the form
du=v1 +vy, w1 € L30,2T;[HY), vy € LY3(0,2T; L*3).

Note that we do not know whether v (¢t) = 0 and va(t) = 0 for ¢ > T'. Although we may
get Jyu(t) = 0 for t > T, it may be possible that vi(t) # 0 and va(t) = —v;(t). However,
this does not matter for the approximation of d,u on the shorter time interval (0, 7).

Let h € (0,7/2). For t € (—h,2T — h), we set

up(t) =u(t+h), vipt) =vi(t+h), von(t) =va(t+h).
Then, we easily observe that
up, € L*(—h,2T — h; H) N L*(—h, 2T — h; L*),
vip € LAH(=h, 2T — h; [HY), vy, € LY3(—h,2T — h; L¥?),
and Jyup, = vy 5, + vo, on (—h,2T — h). For 7 € (0,h/2), let
wh(t) = /OO %p <t — 8) wp(s)ds, teR, wp=up,vip von

—00 T

be the mollification of wy, where p is a standard 1D mollifier and wy, is extended to R by
zero outside of (—h, 2T — h). Then, we have uy, € C®°(R; H! N L*) and

O-1) v = unqllzy =0, llor = vinrllz2ommy) = 05 vz = vanrllpasorasy =0

as h, 7 — 0 by the integrability of u, v;, and ve. Moreover, since [0,T] C (—h,2T — h) by
h € (0,7/2), we can show that Oyup » = v+ + v2n on (0,7) in a standard manner by
testing functions supported in (0,7") and using Fubini’s theorem. Hence,

Ou — Opupr = (V1 — v pr) + (V2 —v2p) on (0,7),
U1 — VU h,r € Lz((), T; [Hl]/), Vg —U2pr € L4/3(0, T; L4/3).

Now, we recall that [Z7] is of the form (3.4) and the norm || - || x,+x, is given by (3.1) for
Banach spaces Xy and X;. Hence, it follows from (9.1) that

H@tu — BtthH[ZT]/ < Hvl — ’Ul,h,THLQ(O,T;[Hl],) + H’Ug — U2,h,THL4/3(0,T;L4/3) —0

as h,7 — 0. By this result and (9.1), we find that uj,  — w in E7 as h,7 — 0. Therefore,
the statement (ii) of Lemma 3.2 follows. O

To prove Lemmas 3.6 and 3.7, we prepare auxiliary functions.

Lemma 9.1. Let Cy,y > 0 be constants. For z € R, we define

0 if 2<Co, Ay (2)
( ) ’Y(z) { (Z—C0)2 +,YQ_,Y ’if 22007 ’Y(Z) P
Then, Ay, A, € C*(R) and
: _ . . (Z — C0)+
03) W@ MG Tm () = (- Cos, lim Ay () = S

for all z € R. Moreover, for all z € R,

XS (2)] < X(Cor0) (%) Jim, N)(2) = X(Co,0) (2)5
(9.4) ) Co

)] < Xichoo ()5, 1 A () = Xicoo) () 5
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Here and in what follows, x1(z) denotes the characteristic function of I C R.
Proof. We have (9.3) by direct calculations, z — Cy < z, and
62

£+ +y
Also, it is easy to observe (with a few discussions when z = Cp) that

S N(z) = M) /\W(QZ)
(Z — 00)2 + ’72 z z
for all 2 € R. Hence, A\, A, € C1(R) and (9.4) follows.

(9.5) 0<VE+42—y= <[], £€R.

)‘fy(z) = X(Co,00) (Z)

Lemma 9.2. Let Cy,vy > 0 be constants such that 2y < Cy. For a € RV, we define
(9.6) oy(a) = V]a* +9* =7, Fy(a) = Av(av(a))a.
where A, is given by (9.2). Then, o, € CLRY), E, € CLRM)N, and

: : (la] = Co)+
0.7 loy(@)] <lal,  |Fy(a)] <lal,  limoy(a) =lal, lim F(a) = g @
for all a € RY. Moreover, for alla €¢ RN and k=1,...,N,
(98) o A P
oay, 7—0 Ja 0 if a=0.
Also, the j-th component F j(a) = Ay(04(a))a; satisfies
oF, ; . oF, ; (]a\ — Co)+ Coaak
9.9 —l(a)| <5, 1 L (a) = 5 T
09 |G| s 1 G = I 0 i)
for alla € RN and j,k=1,...,N, where djk 1s the Kronecker delta.
Proof. We have (9.7) by direct calculations, (9.3), and (9.5). Also,
doy ay ory; . p Ooy
8—%(&) = NS (a) = Ay (o4 (a))djn + AL (Uw(a))a—ak(a)aj.
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By these expressions and (9.3), (9.4), and (9.7), we find that (9.8) and the second relation

of (9.9) are valid. To get the first relation of (9.9), we see that

OF,, ; 2
aTLJ(a) < 1+ X(0p,00) (Uv(a))m |aj]

by (9.3), (9.4), and (9.8). Moreover, since o,(a) < |a| and 2y < Cy,

(9.10) ’

X(Cor00) (71()) < X(Co,00)(a]) < X (27,00 (Ja]).
We also observe that o.,(a) > |a| — v > |a|/2 if |a] > 2. Hence,
1 1 2
X(Cp,0) \ O (a) —— <X ,00 (|a’)7 <X ,00 (’a|)7
(Co )( gl )aﬂ/(a) (2v,00) o (a) (27,00) |l
We apply this to (9.10) and use |a;|/|a] <1 to get the first relation of (9.9).

Now, let us give the proofs of Lemmas 3.6 and 3.7.

Proof of Lemma 3.6. Let Cy > 0 be a constant. We take a small v > 0 such that 2y < Cj,

and define the mappings F' and F, by (3.8) and (9.6), respectively.
Let u € H'(Q)N. Fori=1,...,nand j =1,...,N, we set

(Ju] = Co)+ Ou; Coujug Quy

N
j .
. — E Q..
GZJ(U) ’u‘ Bz, + 2 X(Co,oo)(‘u’) ‘u|3 o, m €
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Note that G; ;(u) € L?(Q.) by |G ;(u)| < ¢|Vu| with some constant ¢ > 0.
Since F, € C*(RM)Y and the inequalities in (9.7) and (9.9) hold, we can show that

9 Y OF,;, O
F(u) € HY(Q:)V, 8TEZ(FW(u)) = ZE)TW;:(U) i in Q.
=1

as in the proof of [16, Lemma 7.5]. Moreover, by (9.7) and (9.9), we have
0 .
%IL%F( u) = F(u), %1;7%6 (F%j(u)) =Gij(u) ae in Q..
It also follows from (9.7), (9.9), and direct calculations that
[Fy(u) = F(u)| < [Fy(u)] + [F(u)] < 2Ju],
0 0
o (Frst) = Gostw| < | o (P +16100] < i

a.e. in ., where ¢ > 0 is a constant independent of . Since |u|,|Vu| € L?(£.), we can
apply the dominated convergence theorem to deduce that

A (Fg)) = Gy

linmy [ (w) = F(u)]2(q,) = limy
¥—0

=0.

L2(Q)
Therefore, letting v — 0 in

Oy 0
Fyiw) 2 de = — —(F )d, C2(Q),
| Patnglr=— [ o2 (mw) i pec@
we find that F(u) € H'(2.)" and (3.9) holds. O
Proof of Lemma 3.7. Let Cy > 0 be a constant and F' be given by (3.8). Also, let Fj be
the j-th component of F for j =1,...,N. If u € Zp(2.), then F(u) € Zp(Q.) since
F(w)] < [ul, ‘ai(pjm))‘ < (Vi ae in Q. x(0,T)

fori=1,...,nand j=1,...,N by (3.9).
Next, let u € Ep(£:). To get (3.10), it is sufficient to prove that

1 (T T
©11) =5 [ OOIuOI = ColslBaay dt = [ 00O P((0)) i
for all § € C2°(0,T). Let us show (9.11) in three steps. We write
QE,T = Qs X <O7T)7 @57T = ﬁs X [O7T]

in the rest of the proof for the sake of simplicity.
Step 1: for u € C*°(Q. r)", we show that

T T
012 /0 O OII([ult)] = Co)+ 22, dt = /0 o) (Dru(t), F(u(t)) | dt

L2()

Let v > 0 satisfy 2y < Cp, and let A, and o, be given by (9.2) and (9.6), respectively.
Since Ay o 0 o u is of class C', we can differentiate it pointvvisely to get

35 ({0 2] (0) 1) = Dy ) () Y, . Z o (u(0) )
_ Py ooy](u®) ¥, 00y (u(t)) u(t) - 24
IU( )+ 72 ot

= B(u(t) - 5 <t>
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in QS,T’ where
ﬁv(@ _ [Ay 0 05](a)[X, 0 04](a)
Vi +72
We multiply the above equality by § € Cg°(0,T") and integrate both sides over Q. 7. Then,

after integration by parts with respect to time, we have
T

T ~
(9.13) —% /0 0/ (D[ Ay 0 03] (u(®)) |2, It = /0 o) (u(t), B (u(v)) , .

L2(9e)

a, ae RN,

Let v — 0 in this equality. Then, by (9.3), (9.4), and (9.7), we have
lim [y 0 0,](0) = (ul = Co)y, lim B () = Flw),

v—0
and |[A, o o](u)| < |u| and |ﬁ7(u)| < |u| in Q. 7, where we also used
X(Co,00)(2)(2 = Co)+ = (2= Co)+, 0= X(cpo0)(2) <1, z€R.

Hence, noting that u € C’OO(@&T)N and 0 € C°(0,T), we can apply the dominated
convergence theorem to (9.13) to find that (9.12) holds.

Step 2: for u € C([0,T]; (H' N L*)(2.)Y), we prove (9.11). Since u is of class H' on
the space-time domain (). 7 with Lipschitz boundary, there exist functions

(9.14) up € C°(Q.7)Y such that  lim |ju — ugll g g, ) = 0

’ k—00 &
Then, since ux — u strongly in L?(Q.7)", we can take a subsequence of {uy}, which is
again denoted by {uy}, and a function f € L*(Q. r) such that

|uk| </ klirgo up =u a.e. in QE,T7

as in the proof of the completeness of L2. Hence,

lim (Jug| — Co)+ = (Ju| — Co)+, lim F(ug) = F(u) ae.in Q7.
k—oo k—o0

Moreover, since 0 < (z — Cp)+ < |z| for z € R, we have
[(lug| = Co)+ = (lul = Co) 4| < (Jur| = Co)+ + (lul = Co)+ < |ug| + [u < f + ul,
[F(ug) = F(u)] <[F(ug)| + [F(u)] < |ug| +[ul < f+]u] ae in Qr,

where f, |u| € L?(Q. 7). Hence, by the dominated convergence theorem,

lim (Jug| — Co)+ = (Ju] — Co)+ strongly in LZ(Q&T),
k—o0
(9.15) ) .
klim F(u) = F(u) strongly in  L*(Qe7)" -
— 00

Also, each uy satisfies (9.12) by Step 1. Hence, we send k — oo in that equality and apply
(9.14) and (9.15) to find that (9.12) also holds for u (note that (9.14) includes the strong
convergence of dyuy). Moreover, since

(Buute), F(u(t)))Lz(QE) = (Dyu(t), F(u(t))) gm0,

by u € C°([0,T]; (H' N L*)(Q.)Y), it follows that (9.11) holds for this u.
Step 3: let u € E7(Q:). By Lemma 3.2, (ii), there exist functions

(9.16) wy € C([0,T]; (H N LY (Q.)Y)  such that klim |lu — wi|| gp (0. = 0.
—00
Recall that [|lullp,(q.) = lullzp@.) + 10sullizy @.)y and

Zp(Q:) = L2(0,T; H'(2:)™N) n L0, T; L*(Q:)™).
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Hence, by a diagonal argument and discussions as in the proof of the completeness of L?,
we can take a subsequence of {wy}, which is again denoted by {wy}, and functions

f1 € LYQer) € L Q). f2 € LX(Qer)
(note that Q.1 = Q. x (0,T) is bounded) such that

0 0
(9.17) \wk| < fl, ]Vwk\ < fg, lim Wy = U, lim Wk = Y
k—o00

= a.e. in Q.1
k—oo 0x; ox; ©

for i =1,...,n. Using these relations, we can show that

lim (Jwg| = Co)4 = (lu| = Co)4 strongly in  L*(Qe1r),

k—o0
(9.18) ) ) A N
lim F(wg) = F(u) strongly in = L*(Q: 1)
k—o0
asin Step 2. Let ¢ =1,...,nand j =1,..., N. We would like to show

. 0 0 .

klggo %(F](wk» = a—xl(Fj(uD strongly in LQ(QE,T),
but this is not possible since the convergence a.e. in ). 7 does not necessarily hold because
of the discontinuity of the characteristic function x (¢, ) appearing in (3.9). Instead, we

can get the weak convergence. Indeed, by the second convergence of (9.18) and integration
by parts, we see that

(0 0
(9.19) Qi (8% (FJ (w"“))’@> 12@Qer) <8xi (FJ (U))W) L2(@Qer)

for all ¢ € C°(Q.,). Note that Q.7 = Q. x (0,7) and that (3.9) is not used here. Since
C>®(Q-r) is dense in L*(Q. 1), and since

0
87% <Fj (wk>> L?(Qe,T)

by (3.9) and (9.17), where the last term is independent of k, we can get

. 0 0 . . 9
klirgoa—sw(Fj(wk» = a—xl(Fj (u)) weakly in  L*(Q: 1)

< Cvaka(Q&T) < CHf2HL2(Qs,T)

by (9.19) for ¢ € C°(Q. ) and a density argument. By this result, the second convergence
of (9.18), and LY(Qe 1) — L*(Q-.r), we find that

(9.20) klim F(wy) = F(u) weakly in  Zp(Q,).
—00

Now, since each wy, satisfies (9.11) by Step 2, we send k — oo in that equality and apply
(9.16), (9.18), and (9.20). Then, we find that (9.11) holds for u € Ep(Q2) (note that (9.16)
includes the strong convergence of dywy). O
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