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Abstract—Optical intelligent reflecting surface (OIRS) has
attracted increasing attention due to its capability of overcoming
signal blockages in visible light communication (VLC), an emerg-
ing technology for the next-generation advanced transceivers.
However, current works on OIRS predominantly assume known
channel state information (CSI), which are essential to practical
OIRS configuration. To bridge such a gap, this paper proposes a
new and customized channel estimation protocol for OIRSs under
the alignment-based channel model. Specifically, we first unveil
OIRS spatial and temporal coherence characteristics and derive
the coherence distance and the coherence time in closed-form.
Next, to achieve fast beam alignment over different coherence
time, we propose to dynamically tune the rotational angles of
the OIRS reflecting elements following a geometric optics-based
non-uniform codebook. Given the above beam alignment, we
propose an efficient joint space-time sampling-based algorithm
to estimate the OIRS channel. In particular, we divide the
OIRS into multiple subarrays based on the coherence distance
and sequentially estimate their associated CSI, followed by a
spacetime interpolation to retrieve full CSI for other non-aligned
transceiver antennas. Numerical results validate our theoretical
analyses and demonstrate the efficacy of our proposed OIRS
channel estimation scheme as compared to other benchmark
schemes.

Index Terms—YVisible light communication (VLC), optical in-
telligent reflecting surface (OIRS), channel estimation, channel
coherence, codebook design.

I. INTRODUCTION

ITH successful industrialization of millimeter-wave
W (mmWave) communication in 5G, researchers continue
to explore communication technologies in Terahertz (THz)
and even higher frequency bands to address the scarcity of
available spectrum [1]. Especially, visible light communication
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(VLC) that boasts nearly 400 THz frequency-band is regarded
as a pivotal technology for 6G [2]. VLC offers several ad-
vantages over current radio frequency (RF) communications,
including its license-free spectrum, high energy efficiency,
environmental friendliness, and ubiquitous next-generation
advanced transceivers (NGAT) such as light-emitting diode
(LED) and photodetector (PD) [3], [4]. However, due to the
nanoscale wavelength of lightwave, VLC faces significant
challenges in signal coverage. The prior studies have shown
that the penetration loss of lightwaves is almost infinite and
communications behind the obstacles can hardly maintain due
to diffuse reflections with negligible reflected energy [5].

Fortunately, the advent of digital controllable meta-material,
namely intelligent reflecting surface (IRS), offers a viable
solution to deal with the blockage issue [6]. Specifically, an
IRS consists of a multitude of reflecting elements that can
alter the phase shift and/or strength of the incident wave by
adjusting its load resistance or impedance [7], [8]. Thanks
to such a capability, IRS can help eliminate the signal dead
zones by bypassing the blockages in the environment [9], [10].
Nonetheless, IRS configuration heavily relies on the acquisi-
tion of channel state information (CSI), which is practically
challenging due to the passivity of IRS, the high dimentional
cascaded IRS channel, and the complicated IRS reflected
channel model [11]. Consequently, developing an efficient
IRS channel estimation method, especially in visible light
frequency band, is an open problem to be solved.

A. Prior Works

Generally, the IRS channel estimation approaches in the RF
communication can be classified into two categories [11]. (i)
Cascaded channel estimation: This approach considers fully
passive IRSs without the ability to transmit/receive pilots,
aiming to estimate the cascaded channel from the transmitter to
the receiver via the IRS at the user side (for downlink) or at the
base station side (for uplink). The cascaded channel estimation
relies on the design of the pilot sequence and/or the training
reflection pattern [12]-[14]. Due to the cascaded nature of
the channel, its dimension can become considerably high if
the number of IRS reflecting elements and/or transmit/receive
antennas is large. As such, some existing works have also
explored how to leverage the sparsity of the high-frequency
channels to reduce the estimation overhead [15]-[17]. (ii) Sep-
arate channel estimation: In this approach, the IRS is equipped



with several dedicated sensing components, which endow it
with some basic signal processing capacbility, thus referred to
as “semi-passive IRS” [11]. Therefore, the channel estimation
can be completed at the IRS side by employing some classical
channel estimation techniques, such as the least-square or
minimum mean square error (MMSE) estimators [18].

However, the above channel estimation approaches designed
for RF IRSs cannot be directly applied to optical IRSs (OIRSs)
due to the following reasons. First, the Lambertian wave model
is adopted in VLC, as opposed to the planar wave model and
the spherical wave model adopted in far- and near-field RF
scenarios, respectively [19], [20]. Besides, unlike the subwave-
length elements used for RF IRS [21], the OIRS reflecting
elements are much larger than the lightwave wavelength;
thus, the specular reflector approximation should be applied
rather than the diffuse approximation as in RF IRSs [22].
Last but not least, the OIRS-reflected channel model differs
significantly from the RF IRS-reflected channel model [23]. As
such, dedicated OIRS channel estimation approaches should
be developed, which, however, remains an open problem.

To date, two primary channel models have been proposed
for OIRS-assisted VLC systems, namely, the physical optics
model and the alignment-based channel model. Specifically,
the former model directly characterizes the precise reflection
channel gain in terms of the parameters of each reflecting
element, i.e., the rotation angle of intelligent mirror array
(IMA) or the phase discontinuity of the intelligent metasurface
reflector (IMR) [23]. Focusing on this model, several studies
have delved into the performance optimization problem for
OIRS-aided wireless communications pertaining to single-
user system [24], physical layer security [25], nonorthogo-
nal multiple access (NOMA) [26], among others [27]-[29].
Nonetheless, this model is hindered by its reliance on the
complicated and nonlinear Lambertian-like expression [24],
which makes channel estimation difficult in practice. Alterna-
tively, the alignment-based channel model is a more tractable
approach [30], [31]. Owing to the focused energy pattern of
the OIRS-reflected signal [27], it is feasible to align each
OIRS reflecting element with a specific pair of transceiver
antennas by tuning its rotation angles (i.e., yaw and roll
angles), referred to as the “angle-selective” property. As such,
the OIRS-reflected channel can be characterized in terms of the
associations/alignment between the OIRS reflecting elements
and the transceiver antennas. Note that the channel parameters
for this model are independent to the Lambertian formula
and thus can be applied to the general pilot-based channel
estimation. However, to the best of our knowledge, there is
no existing work studying the OIRS channel estimation under
any of the above channel models.

B. Our Contributions

To bridge the aforementioned gap, this paper proposes new
OIRS channel estimation approaches for VLC system under
the alignment-based channel model. The detailed contributions
are summarized as follows:

e We propose a new channel estimation protocol for the
OIRS-assisted VLC system, including the dynamic beam

alignment and sequential subarray channel estimations
based on the OIRS coherence properties. In particular,
we exploit the intrinsic coherence in VLC channels due
to the intensity modulation and direct detection (IM/DD)
scheme and unveil the specific coherence characteristics
of the OIRS-reflected channel in both spatial and tem-
poral domains, based on which its coherence distance in
terms of geometry and coherence time in presence of user
mobility are derived in closed-form.

o To achieve fast beam alignment over different channel
coherence time, we leverage the angle-selective property
of each OIRS reflecting element by dynamically tuning
its rotation angles to align with the specific transceiver
antennas following a geometric optics-based OIRS code-
book, where the angle codewords, i.e., the yaw and roll
angle of each OIRS reflecting elements, are sampled
in a non-uniform manner. It is analytically shown that
the proposed sampling method can significantly reduce
the feasible codebook space with negligible performance
loss and enable faster beam alignment than its uniform
counterpart.

o Next, to efficiently estimate the OIRS-reflected channel
for the aligned transceiver antennas given in each channel
coherence time, we propose a joint space-time sam-
plingbased (JSTS) algorithm, where all OIRS reflecting
elements are divided into multiple subarrays based on the
coherence distance to estimate their associated channels
sequentially to avoid the high overhead for element-wise
channel estimation. Finally, a multi-dimensional interpo-
lation is conducted to retrieve the full CSI including that
for other non-aligned transceiver antennas. Numerical
results validate the coherence characteristics of OIRS-
reflected channels and show the superiority of our pro-
posed channel estimation protocol to other benchmarks.

The remainder of the paper is organized as follows. Sec-
tion II presents the OIRS-reflected channel model and our
proposed OIRS channel estimation protocol. Section III an-
alyzes the OIRS coherence properties in spatial and temporal
domains. Section IV presents the geometric optics-based OIRS
codebook for fast beam alignment. Section V presents our
proposed JSTS algorithm for low-complexity OIRS channel
estimation. Numerical results are presented in Section VI,
followed by conclusions drawn in Section VII.

Notations: Scalars are represented by italicized letters, such
as A, while vectors and matrices are represented by lowercase
and uppercase boldface letters, respectively, such as a and A.
The uppercase boldface letters A = (A;, A,, A.) denote co-
ordinates in a three-dimensional Cartesian coordinate system,
with A; /A, /A representing the X-/Y'-/Z-axis component of
A. AB denotes a vector from A to B and AB denotes its
normalized version with unit modulus, i.e., ||[AB||2 = 1. The
matrix transpose, vectorization, inversion, Hadamard product,
Kronecker product, ceiling function, and indicator function are
denoted by (-)T, vec(+), ()71, ®, ®, [-], and I(-), respectively.
The entry of a matrix A located in the ith row and the jth
column is denoted as [A]; ;. We use calligraphic letters, such
as A, to denote sets.
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Fig. 1. The channel model of the OIRS-reflected VLC path.

II. SYSTEM MODEL

Following physical optics, this section first presents the
channel gain of a single OIRS reflecting element (patch)
and shows its angle-selective property. Then, the multi-patch
OIRS-reflected channel presented, followed by the OIRS chan-
nel estimation protocol proposed.

A. Single-patch Channel

Generally, OIRS hardware architecture can be implemented
by an array of mirrors in IMA or the optical meta-material in
IMR. In this paper, we adopt the IMA due to its simplicity. The
physical parameters of an IMA can be represented by the roll
angle w € [—7/2,7/2) and yaw angle v € [—m/2,7/2) of
each OIRS reflecting element. As shown in Fig. 1(a), consider
a signal path that emits from an LED, then is reflected by
a single OIRS reflecting element, and finally reaches a PD.
Let £, R, and U denote the point sets within the LED,
the OIRS reflecting element, and the PD, respectively, with
|£], |R|, and |U| representing the corresponding areas. Let
L € £ and U € U represent the center points of the LED and
the PD, respectively. Moreover, R € R denotes an arbitrary
point within the reflecting element and P denotes an arbitrary
point in the detection plane. The normal vector of the OIRS
reflecting element, which is denoted by N (w,7v), can be
expressed as [23]

J/\T\(w,w) = (coswsin~y, coswcosvy, —sinw).
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Fig. 2. Normalized magnitude curves versus AoD for RF IRS and OIRS.

__Let the normal vectors of the LED and the PD be denoted by
N and NN, respectively. Let Ig p denote their corresponding
point in the transmission plane so that Ig p-R-P forms a path
following the reflection law. According to [23, Eq. (52)],
the power density at P can be derived by accumulating the
contributions of differential elements within R as

1 m—1 _
B(P;w,) EO// O(m + 1) cos ez/v\QTPR
rer  2m|L[|[PR|3
x I(Igp € L) x (—N(w,~)"PR) dR, dR,,

2)
where Ey, 6 = arccos(]/\f\lT Ijl\l), 0, and m denote the emitted
power, the angle of irradiance, the reflectivity of the OIRS,
and the Lambertian index, respectively.

Based on (2), numerical simulation is conducted to illustrate
the differences between the OIRS- and RF IRS-reflected
channel. Specifically, we consider a circle LED with a radius
of 5 cm centered at L = (2m, 2m, 3m), a square IRS reflecting
element with a length of 2 cm centered at R = (2m, Om,
1.5m), and a square PD with a length of 2 cm centered at U =
(2m, 2m, Om). All normal vectors N (w,~), N1, and Ny are
perpendicular to their respective planes. The power density of
the OIRS-reflected lightwave signal is calculated based on (2),
while that of the RF IRS-reflected signal is calculated based
on [32, Eq. (4)], assuming the electrical sizes (ES)' of 0.8
and 10. The magnitudes of all schemes are normalized such
that the integral along the angle of departure (AoD) equals
unity. As shown in Fig. 2, when the signal wavelength is
comparable to the size of the IRS element (i.e., sub-wavelength
regime [32] with ES<1), the energy of the reflected signal
is virtually insensitive to the AoD. This isotropic distribution
leads to a diffuse reflector approximation, which is widely
adopted for RF IRS. However, the magnitude curve becomes
sensitive to AoD as the frequency increases (ES= 10) and
transforms into a narrow mainlobe without sidelobes in optical
range (ES> 10%). The result reveals that the OIRS reflecting
element can be approximated as a specular reflector, where
the direction of the mainlobe follows the law of reflection.
As such, when an OIRS reflecting element is configured to
be aligned with a LED/PD pair, it barely interferes with other
transceiver antennas, which is referred to as the angle-selective
property of OIRS.

IThe ES is defined as the ratio of the metallic aperture to the signal
wavelength.



B. Multi-patch Channel

Based on the single-patch channel, we next develop the
general multi-patch model for OIRSs comprising a massive
number of reflecting elements. Let d; = ||LR||z and dy =
|[UR||2 represent the distances between L and R and between
R and U, respectively. The RF IRS-reflected channel gain
HRF follows a “multiplicative” model, which is inversely
proportional to the square of the product of d; and dy as [9]

HE — H,9H,, (3)

where ¥ = diag(¢y, - ,1¢n) denotes the IRS coefficient
matrix with |4, < 1, H; € RY*Nt denotes the channel
matrix between the transmitter and IRS, and Hy € RN-*N
denotes the channel matrix between the RF IRS and the
receiver. To overcome the high path loss, the IRS reflection
coefficients (amplitude attenuations and phase shifts) of all
reflecting elements can be jointly tuned to form an energy
concentrated beam and compensate for the multiplicative path
loss, referred to as passive beamforming [6]-[10].

However, the energy distribution of the lightwave reflected
by an OIRS reflecting element is anisotropic due to a large ES.
Given such angle-selective property, an OIRS with /V elements
can form NN independent reflected beams, based on their
alignments with the transceiver antennas. Define the OIRS
coefficient matrices as G £ [g1,- - ,gn,] € {0,1}nxn,
and F = [f1,---, fn,] € {0,1}nxn,. In particular, g,,, =
[gl,nu e ’gN,nt]T and f’Vlr = [fl,nm e 7fN,nT]T’ with bi-
nary parameters g, ,, and f,, denoting whether the nth
OIRS reflecting element is aligned with the n;th LED and
the n,th PD, respectively. Note that each OIRS reflecting
element can be aligned with at most one transmitter/receiver
antenna, thereby it must hold that Zﬁi‘:l Inn, < 1 and
Zi:[::l frn,. < 1. Therefore, the OIRS-reflected channel can
be expressed as

(fiog)" hii (fiogn)" hi N,

H =

)

(fv. ©91)" by, (fv, @ gn,)" by, N,

“4)

where h,, ., € Rf *1 denotes the channel gain vector
between the n;th LED and the n,.th PD. We assemble N N; N,
entries of LED-OIRS-PD cascaded channel vectors as H, =
[hi1,- - ,hnN, 1, h12,- - , by, ~,], Which is the CSI matrix
that should be estimated.

C. OIRS Channel Estimation Protocol

In this paper, we consider the downlink of an OIRS-assisted
MIMO VLC system, which adopts IM/DD scheme under the
point source assumption. The transmitter is equipped with
N; LEDs and the receiver is equipped with N,. PDs, and an
OIRS with N = N,, x N}, reflecting elements is employed to
enhance the performance of VLC. We divide the OIRS channel
coherence time (to be derived later in Section III) into multiple
blocks, over which the subarrays of the OIRS are sequentially
turned on. Each time block is further divided into P time slots
for pilot transmission to estimate the CSI associated with the

Pilot transmission Subarray-level

interpolation
g ; LED
Codeboqk toasd oms r?ﬂec.:tlon Data transmission
beam alignment optimization O
Subarray-associated
channel estimation
= D . PD
P time slots ata reception e
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J
24
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Fig. 3. Diagram of the proposed OIRS channel estimation protocol.
“ON” subarray. In the pth slot of any time block, the received
signal is given by

Yp = Hx)p + 25, (®)]

where x,, € th“, Yp € R+’rX1, and z, € R™*! represent
the transmitted pilot signal, the received signal, and the addi-
tive white Gaussian noise (AWGN) in this slot, respectively.
By assembling the received signals over all P slots in a time
block, the overall received signal can be expressed as

Y=HX+Z, (6)

where Y £ [y,---,yp], X & [x1,---,xp|, and Z =
[z1,---,2zp] are stacked matrices. As such, the main aim
of the OIRS channel estimation is to estimate H, given the
received signal Y and the alignment matrices F' and G over
multiple time blocks.

Despite the extensive existing works for RF IRS channel
estimation [11], the associated channel estimation methods
cannot be applied for OIRS due to the different channel model
as given in (4). In addition, the OIRS channel estimation
problem also suffers from the large number of CSI parameters
as well as the efficiency of beam alignment. In particular, the
number of channel parameters to be estimated for OIRS, as
per (4), is NN;N,, which far exceeds that in RF IRS [11],
ie., NN; + NN,. The increasing parameter number entails
more stringent requirement for the complexity of channel
estimation. Moreover, given the OIRS alignment matrices F'
and G, the rotation angles should be dynamically tuned due
to the PDs’ movements, which requires accurate and efficient
beam sweeping based on the customized codebook.

To address these issues, this paper proposes a new OIRS
channel estimation protocol as shown in Fig. 3, with the main
steps including:

¢ Codebook-based beam alignment: Following a geo-
metric optics-based OIRS codebook in the domain of
rotational angle, the OIRS reflecting elements are config-
ured to align with specific pairs of transceiver antennas
within each channel coherence time. The details will be
presented in Section IV.

o OIRS-reflected channel estimation: Based on the re-
ceived pilot signals given the above beam alignment,
the OIRS-reflected channels associated with the aligned
transceiver antennas are estimated, followed by an inter-



polation to retrieve those associated with other transceiver
antennas. The OIRS is divided into multiple subarrays
for sequential channel estimation to reduce the channel
estimation overhead in the above process. The details will
be presented in Section V.

o OIRS reflection optimization and data transmission:
Based on the estimate of the OIRS-reflected channel,
the OIRS reflection is optimized at the LED and the
optimized reflection design is sent to the OIRS, followed
by the data transmission.

III. THEORETICAL ANALYSIS ON OIRS COHERENCE
CHARACTERISTICS

Duo to the unique IM/DD scheme adopted in VLC, which
modulates information only on the amplitude of lightwave, the
OIRS-reflected channel gain flactuates slowly over different
reflecting elements and user locations. Such a coherence
property is more significant as compared to its counterpart in
RF communications and can be exploited for efficient channel
estimation. In this section, we unveil the spatial coherence and
time coherence of the OIRS, as detailed next.

A. Spatial and Temporal Coherence

Typically, the Lambertian channel model is widely adopted
in IM/DD-based VLC [33], based on which the irradiant
intensity reflected by either an optical meta-material-based
OIRS or a mirror array-based OIRS is separately derived
in [23]. For convenience, we present the coherence properties
under the single element setting, which corresponds to an
arbitrary pair of LED-OIRS-PD. Let &, denote the semi-
angle of field-of-view (FOV), and h(R,U) denote the OIRS
reflected channel gain, where R and U denote the points at the
OIRS reflecting element and the detection plane, respectively.
Then, h(R,U) for both of the above two OIRS types are
approximately proportional to [23]

h(R,U)
(ﬁfﬁz) NTUR =
2 ifOSWURSCOS@O, (7)
(|ILR[|2 + [[UR][2)
0, otherwise,

under the point source assumption. Note that ~A(R, U) flactu-
ates with respect to (w.r.t.) two variables: (i) Spatial variation
caused by the space shift among different OIRS reflecting ele-
ments, which is denoted by AR; (ii) Temporal variation caused
by the PD’s movement, which is denoted by AU = vAt with
v and At representing the velocity and the the time interval,
respectively.

In contrast to the RF channel, the channel gain in VLC
barely shows small-scale fading effects due to the IM/DD
scheme, i.e., the variation of A(R, U) is limited when AR and
At are small, which is termed as the OIRS coherence property.
Moreover, note that AR is perpendicular to the normal vector
of the OIRS surface.

Proposition 1: Given a constant {, € (0,1), the OIRS-
reflected channel is ¢.-coherent when (1—¢.)h(R,U) < h(R+
AR, U + vAt) < (14 &.)R(R,U)

According to Proposition 1, the channel gain of the OIRS-
reflected path can be represented by a single value with an
error limitation &.. However, it is intractable to directly obtain
the coherent region since AR and At are coupled in the
channel gain. Hence, we adopt an alternate approach and
analyze these two variables separately. Specifically, let &g
denote the relative growth rate of h(R,U) w.r.t. AR when
At = 0, and &; denote the counterpart w.r.t. At when AR = 0.
Mathematically, £, can be expressed as

h(R + AR, U) — h(R, U)
h(R, U)

Lemma 1: The growth rate of £s(AR) is given by

®)

—~ m 2 ~

m = 1
& :{dl COSHJ\GJFdgcosqu\&i(dilJr JLR-

1 _\T
—+ UR} AR+ ART{
(dg d; + dg)
1 5 7T m
———— N, N. 2(—
dZcos?¢p 02 + (d% + (dy + dg)? * d3(dy +d2)>
T 1 1 T
x LRLR 4+ 2(— + + URUR
(d§ (di +do)?  d3(di + d2))
9 7 7 m 2
+ — 5 (LRUR +URLR ) — (% + 57—
(dy —|—d2)2( ) (d% d%(dl +ds)
1 2 AR
L B AN )
+d§+d§(d1+d2))3 2 ®
where Iy denotes an N x N identity matrix, ¢ /d\en(l@gs the
angle of incidence at the receiver with cos(¢) = NJ UR.
The proof of Lemma 1 is provided in Appendix A.
Similarly, the relative growth rate of h(R,U) w.r.t. At is
expressed as

—m

d3 cos? 0
1 2

N, N{ -

h(R,U + AU) — (R, U)

At) = 1
& (Al) (R, U) (10)
Lemma 2: The growth rate of & (At) is given by
1 = 1 2 T
= Ny — | — UR At
& {d2cos¢ 2 (d2+d1+d2> } v
1 1 2 —~ ~T
+o'92( 5+ + URUR -
’ { (d% (di+d2)* * dj(di+ dz))

1 = =
——— N2 N.
dZcos?¢p” 22

2 v(At)?
- (d%+d§(d1+d2)>lg} 2
(11

The proof of Lemma 2 is provided in Appendix B.

B. OIRS Coherence Distance and Time

Based on the aforementioned results, we show that the
OIRS coherence condition in Proposition 1 is equivalent to
the following proposition.

Proposition 2: Given a constant &, €
the  OIRS-reflected channel is  ¢.-coherent
max(|&, (AR)], |&(A)]) < &

It follows from Proposition 2 that the coherent region of
the OIRS-reflected channel gain can be obtained separately.
Specifically, in the temporal domian, the feasible space can
be expressed as |&;(At)] < max(|&(AR)|, & (AY)]) < &6

(0,1),
when



thereby, the OIRS coherence time tc is defined as the largest
time interval as

tc é Atmax - Atmin
s [6/(AD)] < &..
However, in the spatial domain, the feasible space of AR is
given by [§;(AR)| < max(|{;(AR)[, [&:(At)]) < &, which
results in a two-dimentional region. Thus, the OIRS coherence

distance dc refers to the minimal value of the maximum length
within the feasible region, which can be expressed as

12)
13)

— AlglglRZ max [|ARy |2 + [[ARz |2 (14)
s.t. |§G(AR1)‘ S 5(;7 (15)
€s(AR2)[ < &, (16)

ARy = —CARl, dec > 0. a7

Theorem 1: Given &, €
t. is given by

(0,1), the OIRS coherence time

4€. /| At
|Ata| |1+ B
’{@NZ(é+@-@)UR} v
A
te = it |¢, (t)‘ <t
2
26 .
§ 7T otherwise,
L
‘{dgcos¢N2_< +d1+d2)UR} v
(18)

where Ats is obtained by (19).
The proof of Theorem 1 is provided in Appendix C.

Let w denote the coefficient vector of AR, and W represent
the coefficient matrix in (9) such that &, = w?”AR +
ARTW AR. Then, we have the following theorem.

Theorem 2: Given £, €
tance d. is given by

(0,1), the OIRS coherence dis-

where Ars is given by
—w

AR WAR

The proof of Theorem 2 is provided in Appendix D.

It follows from Theorem 2 that the coherence distance d,.
can be obtained by calculating (21) with AR = [1,0,0] and
AR = [0,0,/1\], which constitute an orthogonal basis of the
space shift AR on OIRS. By leveraging the OIRS coherence
distance d. in (21) and OIRS coherence time t. in (18), the
OIRS channel estimation can be significantly improved, as
shown next.

AT‘Q (22)

IV. OIRS CODEBOOK DESIGN

In this section, we propose a dedicated rotation-angle code-
book design based on the mirror array OIRS to achieve
fast beam alignment within each channel coherence time,
whereas that for the meta-surface-based OIRS can be similarly
achieved.

Specifically, for a pair of OIRS reflecting element and LED,
the OIRS-reflected channel gain at location P can be expressed

as
hP(w77) = // E(P;w,v)szdPy,
Peld

w.r.t. the roll angle w and the yaw angle v of the element.
Let W £ {w1,~' ,w‘w|} and ) £ {'yl,-~~ ,’ym} denote
the roll angle codebook and the yaw angle codebook, re-
spectively. Hence, the cartesian product of WV and ), namely
{(w,7)|w € W,v € YV}, gives rise to the OIRS codebook.
Generally, the codebook design aims to maximize the expected
channel gain [34], [35], namely maxy y Ey[hy(w,v)], by
jointly optimizing the codebooks W and ). Therefore, the
optimization problem of the OIRS codebook design can be
expressed as

(23)

arg max Eylhy(w,”)] (24)
w,y
st.wew, (25)
ARSI (26)
111/\1}?“))}( hP(w7’Y) > 07 VPa (27)

dc = min dc(AR), (20)  where the constraint in (27) guarantees that the whole feasible
AR . .
- space of P is covered by the angle codewords. However, this
where d.(AR) can be obtained as problem is difficult to solve due to the complicated expression
— in (23).
A8 /|Ars| if e, Ar;AR <¢, A straightforward solution is to generate YW and ) by
‘wTAR’ 2 uniformly sampling the interval [—7/2,7/2). Let Aw" and
dc = A~* denote the sampling spacing in the roll-angle and yaw-
otherwise, angle domains, respectively. As such, the roll angle codebook
can be obtained as
@D wi = HiAW", §=1,2,-- W], (28)
1 1 2 ek

2{d os N2_((T+d d)UR}”

Aty = 2 COS ¢ 2 1+d2 (19)

”T{ (% Tz o )) Is + dzcos2 N2 Nj —

; ! 2 e
(Té + (d1+d2)2 + d%(d1+d2)) URUR }T
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Fig. 4. Comparison between different OIRS codebook designs and distribu-
tions of codewords in the detection plane.

and the yaw angle codebook is given by
’)’;L :ijAvua J=12-- a|y|

Such a uniform OIRS codebook is intuitive and simple to
implement; however, it incurs practically exorbitant overhead
for OIRS channel estimation. As depicted in Fig. 4(a), when
w is fixed and + is varied, the angle codewords cover adjacent
regions within a single ring. When w is increased, the angle
codewords cover the regions within several concentric rings
with an increasing radius. It can be observed that the angle
codewords in the inner ring are highly overlapped, indicating
that the uniform sampling strategy may lead to a severely
imbalanced distribution of the angle codewords.

To tackle this issue, we propose a geometric optics (GO)-
based OIRS codebook as depicted in Algorithm 1, to realize a
uniform distribution of its constituent angle codewords in the
detection plane by non-uniformly sampling the roll angle w
and yaw angle ~.

Roll angle sampling: First, considering the above condition,
a constant incremental radius is requires when the roll angle
changes. Let ~ be initialized as

gﬁz)
Y

eTLR

(29)

Y. = arctan ( 30)

such that N (w,7) and J/V\l are coplanar. Let w;* denote the
ith roll-angle codeword. Based on the principles of geometric
optics, the (i 4 1)th roll-angle codeword can be determined as

tan(a 4 2wj', ;) + tan(a 4 2w’ ;) = 2tan(a + 2w;'), (31)

where a £ arccos(egl_/j{). The first codeword w} can be
initialized to direct the incident signal vertically downwards,
which is given by

— T
(LR + eg) N(0,7.)
LR + es])

w] = — arccos

(32)

Furthermore, w¥ is given by wf = w] +Aw™ with Aw™ being
a fixed constant. As such, the proposed roll angle codebook
can be obtained recursively by repeating the process in (31).

Input: Aw™, Ay"
Output: W, U )Y,

1: Calculate v, based on (30) and set v < .;
2: Calculate w; based on (32) and set w + wq;
3: Calculate wy < w; + Aw™;

4: Set W «+ {wl, LL)Q};

5: Set Vi < {7.} and Y; < 0, Vi > 1;

6: Set 1 < 2;

7: repeat

8: repeat

9: Reduce sampling interval to Av™/i;
10: Calculate -y; ; based on (33);

1 Set V; < Vi U{vi}

12: Update the index: j < j + 1;
13: until |7i,j| > 7T/2

14: Calculate w}, ; based on (31);
15: Set W+ WU {w}, 1}

16: Set wl | < wi' and W} < W ;
17: Update the index: i <— ¢ + 1;

18: until Out-of-bounds.

Yaw angle sampling: On the other hand, the uniform code-
word condition requires a constant arc length. To this end, the
yaw angle codebook with w]' should be generated based on
the uniform sampling, since the arc length is proportional to
~. However, considering the radius for w = w}' equals that for
w = w} times 7, the sample spacing of ~ should be Ay™/i
in the ith circle. It follows that the yaw angle when w = w}
should be

n

Ay
i

'Y:f]:'yci] ’ j:1727 (33)

As shown in Fig. 4(b), the codewords of the proposed
non-uniform OIRS codebook are uniformly distributed in
the detection plane, so that the number of codewords can
be significantly reduced. Therefore, the fast beam alignment
can be realized for improving the efficiency of the channel
estimation of the OIRS-assisted VLC system.

V. PROPOSED JSTS ALGORITHM FOR
OIRS CHANNEL ESTIMATION

In this section, we propose a sequential channel estimation
method to estimate the OIRS-reflected VLC channel within
each coherence time for the aligned transceiver pairs first. The
full CSI for those non-aligned transceiver pairs is then acquired
by performing a spatial interpolation.

A. Sequential Channel Estimation

Specifically, we replace the OIRS alignment matrices G
and F equivalently by a single matrix V' € {0, 1}V *NeNr
wherein each column is given by [31]

vn7»+(nt71)Nr = .fnr ant (34)

Due to the constraints that Zanzl Inn, < 1 and
Zg::l fan. <1, we have Z;V!lv* Un,q < 1. Let blkdiag(A)



denote the block diagonal matrix with its ¢th main diagonal
element be the ith column vector of A. The OIRS-reflected

channel in (4) can be recast as
vec (H) = blkdiag (V)" vec (H.) . (35)

According to the equation vec(ABC) = (CT ®

A)vec(B) [36], the received signal in (6) can be vectorized
as
vec (Y) = (X" ® Iy, ) vec (H) + vec (Z)

= (X" ® In,) blkdiag (V)" vec (H.) + vec (Z) .
(36)

Therefore, given the pilot matrix X, the received signal matrix
Y, and the OIRS reflection pattern V, the cascaded channel
matrix H,. can be estimated using conventional estimation
methods such as the MMSE estimator based on (36).

Nonetheless, at most Ny N, entries of H, can be estimated
each time due to the rank-deficit property of the matrix (X7 ®
Iy )blkdiag(V)7T, ie.,

rank ((X” @ Iy, )blkdiag(V')")

(g) min (rank(XT @ Iy, ), rank(blkdiag(V')))

(b)

S NtNra
where (a) is due to rank(AB) < minrank(A), rank(B) [36]
and (b) is due to the fact that rank(X 7 ® I'y,) = rank(X) x
rank(Iy,) < N;N,. It follows that the complete CSI
paramters of the OIRS-reflected channel requires a minimum
of NN;N,/rank((XT ® Iy, )blkdiag(V)T) > N estima-
tions, which result in high overhead for practical OIRS channel
estimation.

(37

In light of this, unlike the IRS training patterns used in
RF [12]-[14], we design a dedicated OIRS reflection pattern
to exploit the joint space-time coherence of the OIRS-reflected
VLC channel. As depicted in Fig. 5, considering the OIRS
spatial coherence, the OIRS reflecting elements are divided
into @ = Q, X @y subarrays each with an aperture of d.. As
such, there are ([d./b])? elements in each subarray, where the
corresponding channel parameters between a specific pair of
LED and PD can be represented by one parameter. For the
OIRS reflecting element situated at the n,.th row and the n;th
column of the gth subbarray, with ¢ = (¢, — 1)Qn + qn €

{1, ,Q} qv €1,--+ ,Qu, qn € 1,--- ,Qp, its row index
and column index are given by
. dc
i= (g =1 |3 | +nn (38)
: de
g=(an=1) | 3| + e (39)

As such, the index of this OIRS reflecting element is obtained
as n = (i—1)Np+j and its alignment with the LED/PD pairs
can be configured as

fon, = 9nm, =1 (40)

We denote the resulting alignment matrix by G* and F*,
and its equivalent OIRS coefficient matrix is denoted by V*

Mo, Mo, L Qn
Mo Mo, [EECeac .
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Fig. 5. Sequential OIRS channel estimation.

according to (34).

Next, the OIRS’s ) subarrays are activated sequentially
over () time blocks. Without loss of generality, when the gth
subarray is activated, we consider that the rows of V'* that
have the same indices as the OIRS reflecting elements in this
subarray remain unchanged, while other rows are set to zeros.
We denote the resulting matrix V* as V" and the effective
channel at time block ¢ can be expressed as

vec (H,) = blkdiag (V)" vec (H..), (41)

based on (35). The corresponding received signal is given by

YD =H,Xx" +z". (42)

q

For (42), the MMSE estimator can be utilized for the channel
estimation of the gth subarray, which is given by

HY =y x®OT(XxOXOT +62Iy,)~. 43)
Note that rank(V*(k)) = N¢N, under the designed OIRS
reflection pattern. Hence, there are N;N, entries of H,
estimated in ﬁét), where [ﬁét)]nﬁnt represents the cascaded
channel gain from the n;th LED to the n,th PD aligned by
the specific reflecting element in the gth subarray. Furthermore,
let b denote the spacing between two adjacent OIRS reflecting
elements, as shown in Fig. 1(b). Then the number of CSI
parameters to be estimated is reduced by a factor of d?/b%.

B. Subarray-wise Interpolation

The full CSI matrix Hc (including the CSI for non-aligned
transceiver antennas) can be retrieved by exploiting interpo-
lation across different subarrays and time blocks. For brevity,
we focus on the CSI reconstruction between the n;th LED and
the n,th PD, while it can be similarly applied to other pairs
of LED and PD. Let €,,_,, denote the index set of the OIRS
reflecting elements aligned with the n,th LED and the n,th
PD, i.e.,

= {nlfun, N1,

which are marked by a unique color in Fig. 5 for illustration.
By collecting [Hét)]nmnt across all subarrays, the estimated

’ﬂmnt =9n,n, = 13” € {17 e (44)



Algorithm 2 Proposed JSTS Algorithm
Input: Ny, N., N, W, U)Y;, t., d.
Output: G*, F*, H,
1: Set OIRS reflection pattern G* and F™* based on (38)-
(40);
2: while At > t. do
3 for n=1to N do
4: Set n; +— argmax G, :;
5
6
7

> Fast beam alignment

Set n, < argmax F,, .;
Fast beam alignment: w* € W, v* € );;
Configure the nth OIRS reflecting element by w*

and ~*;
8: end for
9: Determine @, and )5, based on d;
10: for o =1to Q,Qy do > Sequential estimation
11: Activate the gth subarray with setting V' = V3
12: Estimate H,St) based on (43);
13: end for

14: Obtain CSI parameters H ,(LtE)Qn o based on (45);
15: for n, =1 to N, do :

> Space-time interpolation

16: for n, =1 to N; do )

17: Perform the interpolation to obtain ﬁfi)nt
based on (46); )

18: Estimate ﬁ,wn as iznmm — vec(]?[fli?nt);

19: end for

20: end for

21: Obtain CSI matrix as H, = [ﬁl,l, e ,iLNmNt};

22: end while

CSI parameters at time block ¢ can be obtained as
(7 () T
HnEQnr,nt - %IJ {[Hét)]"m"t} )

which is of the size Q, x Qp, and the entry [H®{n ¢
Q. e Haw,qn denotes the estimated channel gain of the OIRS
reflecting element at its 7th row and jth column, as expressed
in (38) and (39), respectively. Therefore, by leveraging the
spatial and temporal coherences of the OIRS-reflected channel,
the channel gain for the [(i — 1) N}, + j]th reflecting element
can be obtained by a three-dimensional interpolation as

(! . . ~—(t
) 1is =D 0> w(t 54, qu: 4, Qh)[Hfle)an}q,,,qh,,
t

qv  gh

(45)

(46)

at the pth time slot, where the weight function w(-) can be
cubic, spline, etc [37]. The proposed JSTS algorithm for OIRS
channel estimation is summarized in Algorithm 2.

VI. NUMERICAL RESULTS

In this section, we provide numerical results to evaluate
the performance of our proposed non-uniform codebook and
OIRS channel estimation algorithm. We consider a point-to-
point VLC setting in an indoor environment with dimensions
of 4mx4mx3m. The uniform planar array (UPA) transmitter,
which is fixed on the ceiling, is composed of multiple LEDs
that are in the shape of circles with the radius of 0.1m. For

%108
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Fig. 6. Frobenius norm of the channel error matrix versus Aw™.

each single LED, its Lambertian index, the FOV, and the
optical filter gain are set to 1, 70°, and 1, respectively. The
OIRS is composed of a set of rectangular patches in the size
of a = 0.05m and the spacing between adjacent elements is
b = 0.1m. Its center coordinate is set to (2m, Om, 1.5m) and
the reflectivity of each reflecting element is § = 0.9. The
multi-PD receiver is also equipped with a UPA, where each
PD is in the shape of a rectangle with a length of 0.1m, and
the spacing between two PDs is 0.4m. Assuming the direct
LoS path is obstructed, the emitted light can be received
via the reflection from the OIRS mounted on the wall. The
OIRS-reflected channel is generated by the optical simulation
according to (23).

First, we consider a simplified single-input single-output
(SISO) VLC system to evaluate the performance of the pro-
posed GO-based non-uniform OIRS codebook. Specifically,
we set N =1 and N, = N, = 1, where a single-LED trans-
mitter is located at (2m, 2m, 3m). According to Algorithm 1,
the proposed non-uniform OIRS codebook can be generated
by two given parameters Aw™ and Av™. For any given OIRS
coefficient matrix V', the IMA physical parameters of the
element (namely w and y) can be obtained by beam sweeping
within the codebook WV and U );. Particularly, it is reasonably
assumed that a coarse location of the target PD is known by
a certain VLC positioning technique [38], and we use a circle
with radius of r to represent the positioning precision. As
such, the beam alignment of the OIRS reflecting elements
can be improved by sweeping a subset of all codewords,
which is determined by 7. As a comparison, the conventional
uniform OIRS codebook with fixed parameters Aw" and A"
is chosen as a baseline scheme. Given an arbitrary PD location,
the beam alignment is realized for both two OIRS codebooks
and the channel gain errors between the selected beam and
the real channel gain can be obtained. For fairness, the PD’s
location uniformly traverses all grid points on the detection
plane with a spacing of 0.01m, such that the Frobenius norm
of the error matrix can be calculated as the metric.

In Fig. 6, the performance of the proposed OIRS codebook
is shown. Intuitively, w” determines the “radius” of each
codeword while w™ determines the interval length on the arc.
It can be observed that the Frobenius norm decreases with the
decline of Aw™ due to the growing density of the codewords.
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When Aw™ is sufficiently small, the proposed angle codeword
has a high resolution such that keeping decreasing Aw™ can
barely improve the performance. Similarly, as shown in Fig. 7,
the Frobenius norm of the channel error matrix increases
proportionally with A~™, as denser angle codewords result
in smaller error. However, the above results also reveal that
the parameter Aw™ plays a more significant role than the
parameter Av™. Particularly, the increase in Aw™ is nearly
tenfold compared to that in A+™ under the same shift degree,
which implies that the initialization of Aw™ should be smaller
than Av™.

In Fig. 8, the Frobenius norms of the uniform OIRS
codebooks and the proposed GO-based non-uniform OIRS
codebooks are shown. It can be observed that the performance
metric of the uniform codebook, which is determined by
parameters Aw" = A" = 0.6°, is nearly the same as the
proposed codebook with the parameters Aw" = 1.5° and
A~" = 15°. Moreover, the uniform codebooks for Aw" =
Ay* = 0.9° and Aw* = A~y* = 1.3° show comparable
performance to the proposed codebook for Aw" = 2° and
A" =15°, and for Aw" = 3° and Ay" = 15°, respectively.
As such, given that the real channel gain is 1.55 x 107° in
average, the proposed OIRS codebook can achieve a similar
beam alignment performance compared to the baseline, with
less than 3% relative error. However, as depicted in Fig. 9,
the number of the candidate beams to be swept is significantly
reduced in the proposed codebook. For example, considering

Number
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Fig. 9. Comparison of the beam searching times between the proposed
nonuniform codebook and the uniform codebook.
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Fig. 10. The spatial coherence among OIRS reflecting elements.

r = 0.5bm, the searching number of the uniform codebook
is 1,135 when Aw™ = A~" = 0.6°, which is considerably
higher than that of the proposed non-uniform codebook, i.e.,
210. The above results verify that the proposed OIRS code-
book outperforms the baseline scheme and can improve the
CSI acquisition of OIRS-assisted VLC.

Next, to validate the spatial coherence of the OIRS, we
simulate the normalized channel gain versus the distance shift
when the location of the PD is set to (2m, 2m, Om). The
normal vector of the element is perpendicular to the wall such
that the path of the LED-OIRS-PD adheres to the reflection
law. As depicted in Fig. 10, the channel gain approximation
obtained by the second-order Taylor’s series in (50) is more
accurate compared to the linear approximation. Thus, when
the coefficient &. is set to 0.04, it can be observed that the
coherence distance of OIRS is nearly 0.4m, which can be em-
ployed to reduce the pilot overhead for the channel estimation.
Moreover, the channel gain simulated by the physical optics
is also illustrated. Although the “additive” Lambertian gain is
not exactly accurate, the result shows that the OIRS coherence
characteristic is still guaranteed.

Afterwards, we evaluate the performance of the proposed
JSTS algorithm. The OIRS with N = 242 = 576 elements
is affixed to the XoZ plane, and all reflecting elements are
divided into several subarrays according to the coherence
distance d.. The spacing between any two subarrays can be
obtained as [d./b], which is equal to the square root of
the number of OIRS elements in each subarray. Therefore,
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setting the spacing to 2 means that the 576 OIRS elements are
divided into 12 x 12 subarrays, where only the first element
of each subarray is activated. Similarly, setting the spacing
to 3 and 4 results in 8 x 8 subarrays and 6 X 6 subarrays,
respectively. For each activated subarray, P = 100 pilot
symbols are generated to estimate the associated CSI following
Algorithm 2. In contrast, the baseline scheme that estimates
H_ without spatial or temporal sampling is expected to achieve
lower estimation error but higher CSI estimation overhead.
As shown in Fig. 11, we plot the normalized mean square
error (NMSE) of the OIRS channel estimation versus the
standard deviation of the AWGN o. It can be observed that the
NMSE gap between the proposed algorithm and the baseline
scheme is contingent on the sampling spacing. Specifically,
the performance degradation is negligible when the spacing
is less than the coherence distance, and the opposite holds
true otherwise. Furthermore, given that the sampling method
is derived from the Lambertian model in (7), we also provide a
comparison between the simulated channel gain and the ideal
channel gain. The ideal scenario refers to the OIRS-reflected
channel generated by the “additive” Lambertian model (7), and
the numerical result indicates that its NMSE is better than that
in the practical scenario. This is consistent with the fact that
the “additive” channel gain is an upper limit of the actual
channel gain [23].

Furthermore, we extend the simulation to the MIMO VLC
case. The NMSE performance of the OIRS channel estimation

T
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I complexity
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Fig. 13.  Overhead of the proposed channel estimation algorithm: Number
of parameters and the computational complexity.

is depicted in Fig. 12 with the number of LEDs and the number
of PDs set to Ny = N,. = 2. For the scheme with the spacing
equal to 2, each element of a subarray is aligned with a specific
pair of LED and PD. In this case, the spatial coherence of
the OIRS-reflected channel is fully exploited and the NMSE
gap is negligible. It is shown that the NMSE in the MIMO
case is larger than that in the SISO case due to the channel
interference. However, similar trend of NMSE curves can be
observed from Fig. 12, which implies that the proposed JSTS
algorithm is effective for both SISO and MIMO VLC.
Finally, in Fig. 13, we evaluate the overhead of the OIRS
channel estimation. Due to the sampling method adopted in
the proposed algorithm, the number of CSI parameters to
be estimated decreases following the square law w.r.t. the
spacing. For example, compared to the baseline scheme, our
proposed algorithm with sampling spacing 2 estimates the
OIRS-reflected channel gains for every 4 reflecting elements.
Consequently, the total number of parameters for channel
estimation is a quarter of that of the baseline. Next, the
computational complexity of the MMSE estimator in (43) can
be expressed as O(P(NZN,+ N3+ NZN,)) = O(PNZ(N;+
2N,.)). Therefore, the complexity is inversely proportional to
the square of the number of CSI parameters, which implies
a significant complexity reduction of the proposed channel
estimation algorithm. However, it can be observed that the
NMSE of channel estimation increases when the sampling
spacing becomes larger, which suggests a fundamental tradeoff
between the channel estimation accuracy and overhead.

VII. CONCLUSIONS

This paper proposed a new channel estimation protocol
for the OIRS-assisted VLC system. To reduce the exorbitant
channel estimation overhead due to the high dimensional
CSI matrix, we first derived the OIRS coherence distance
and time for the OIRS-reflected channel. To achieve fast
beam alignment over different channel coherence time, we
proposed a GO-based non-uniform codebook by sampling the
roll angle recursively and the yaw angle uniformly. Next, we
leveraged the coherence distance of the OIRS and proposed a
sequential channel estimation approach jointly with a space-
time interpolation to acquire the full CSI within each channel
coherence time Simulation results demonstrated the proposed



OIRS codebook can achieve the same performance as the
conventional uniform codebook with a considerably reduced
searching space. In addition, our proposed samplingbased
channel estimation can properly balance between the channel
estimation accuracy and overhead, thus facilitating the practi-
cal implementation of the OIRS-assisted VLC systems.

APPENDIX A
PROOF OF LEMMA 1

According to (7), the OIRS-reflected channel gain with
space shift AR is given by

1
(ILR + AR|z + ||UR + AR||2)*
/\T m
(NT(LR+AR))" N7 (UR + AR)
[LR+ AR[;  UR+ AR]; -

(47)

Based on VAU(A)Z(A)T(A) = E(A)T(A)VAT(A) +

V(AT (A)VAE(A)+T(A)E(A)V AT (A), the derivative of

the shifted channel gain in (47) is given by

h(R + AR, U) x

o~

N 1
+ —N.
dq 09 dQCOS(b 2

m 2 —~ 1 2 o~
B (LI S | 3 QY (P UR}, 48
(d1 d1+d2) <d2 dq +d2> (“48)
following which the second-order derivative of h(R+ AR, U)

can be obtained as

Varh(R + AR, U)

Varh(R + AR, U)  h(R, U){

och(R, U){ d? c:; 0]/\7\1]/\]? &2 cis2 ¢J/\721/V\2T
1 T
. (d? @+ d)e BT d2>> LRLR
4o ( ! 1 2 ) OROR”
d3  (dy+d2)?  d3(dy + do)

+ 2 (IRUR” + ORIR)
(d1 + d2)2
m 1 2 2
—(Z =+ + I } (49)
(d% & Ea+d) B +d2>> ’
Therefore, the OIRS-reflected channel gain can be approxi-
mated according to the Taylor series expansion as

h(R+AR,U) = h(R,U) + Varh(R+ AR, U)" AR

1
- 5ARTVZ’ARh(R + AR, U)AR + o (| AR|?) , (50)

and Lemma 1 can be proven by substituting (50) in (8).

APPENDIX B
PROOF OF LEMMA 2

According to (7), the OIRS-reflected channel gain with time
delay At is given by
h(R,U+ AU)
(ﬁfﬁz)

NZ(UR — AU)
X 2
(ILR]2 + [[UR — AUJ|)

[UR - AU, -

61V

Its first-order derivative is given by

1 ~
1 T
N. 52
ds cos ¢ 2} v (52)

and the second-order derivative of h(R,U + vAt) can be
expressed as

VAR, U+ vAt)

1 — 1 2
AR UWI! ————  N,NT - (& 4+-—— 2 I
< (R, U {dgcosng 2 <d§+d§(d1+d2)> ’
+2<1 P S )ﬁRﬁRT}v (53)
d? (d1 + d2)2 d%(dl + d2) '

Finally, based on the Taylor series, the OIRS-reflected channel
gain can be approximated as

h(R,U + vAt) = h(R,U) + Vah(R, U + vAt) At
((A)?),

and Lemma 2 can be proven by substituting (54) in (10).

1
+ §V2Ath(R, U+ vA)(AL)? +o (54)

APPENDIX C
PROOF OF PROPOSITION 1

The roots of the quadratic function in (11) can be obtained
as Aty = 0 and (19) by solving the equation & (At) = 0. Ac-
cording to the properties of quadratic functions, the derivative
equals to 0 when At = Aty /2, and the function value equals

Aty Aty 1 — 1 2 _\T
2h = N—(=—+—= " \OR! w
ft( 2 ) 1 {d2c0s¢ (d2+d1+d2>U } v
(55)

Regardless of the sign of Ats and the convexity of the function
&:(At), the solution to (12) only depends on the relationship
between |&:(At2/2)| and &, due to the absolute operator
in (13). Specifically, when |&(Aty/2)] < &, there will exist
two roots for the equation |{;(At)| = &.. According to Weda’s
Theorem, namely (Atg — At1)2 = (Atg —+ At1)2 — 4At1 AtQ,
the OIRS coherence time can be obtained by

ALc|Ats|
{m]/\f\ (d2 + d1+d2) UR} v
(56)

which is an upper bound of |£;(Ats)|. Otherwise, there will
be four roots when |{;(Aty/2)| > &., which are intractable
to obtain a precise formula. Nonetheless, the OIRS coherence
time can be upper-bounded by

t2 =

c

|Ato|? +

te =2 X H > 2 X L
¢ 2 - V| at=0
2¢.

= ) (57)
{mﬁ (d2 + d1+d2) UR}TU

due to the decreasing derivative of the function & (At).



APPENDIX D
PROOF OF PROPOSITION 2

Let AR £ Arﬁ, where AR and Ar denote a specific
direction and the amplitude of the space shift vector AR,
respectively. It can be observed that £s(ArAR) in (9) has the
same structure as & (At) in (11), and the roots of the equation
&s(Ar) =0 are Ary =0 and (22). According to Theorem 1,
the coherence distance in the direction of AR can be obtained
based on (21). Therefore, the OIRS coherence distance d. is
the miminum of d.(AR) over all possible directions.
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