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Abstract

We characterize the geometry and topology of the set of all weight vectors for which a linear neural network
computes the same linear transformation W. This set of weight vectors is called the fiber of W (under the
matrix multiplication map), and it is embedded in the Euclidean weight space of all possible weight vectors.
The fiber is an algebraic variety that is not necessarily a manifold. We describe a natural way to stratify the
fiber—that is, to partition the algebraic variety into a finite set of manifolds of varying dimensions called
strata. We call this set of strata the rank stratification. We derive the dimensions of these strata and the
relationships by which they adjoin each other. Although the strata are disjoint, their closures are not. Our
strata satisfy the frontier condition: if a stratum intersects the closure of another stratum, then the former
stratum is a subset of the closure of the latter stratum. Each stratum is a manifold of class C* embedded in
weight space, so it has a well-defined tangent space and normal space at every point (weight vector). We
show how to determine the subspaces tangent to and normal to a specified stratum at a specified point on the
stratum, and we construct elegant bases for those subspaces.

We define transformations in weight space called moves, which map one weight vector to another on the
same fiber, thereby modifying the neural network’s weights without changing the linear transformation that
the network computes. Some moves stay on the same stratum. Some moves move from one stratum to
another stratum of the fiber; these moves give us useful intuition about how strata adjoin each other. Moves
also have a practical use: we can visit different weight vectors for which the neural network computes
the same transformation. Some of these weight vectors are better behaved than others in gradient descent
algorithms.

To help achieve these goals, we first derive what we call a Fundamental Theorem of Linear Neural Networks,
analogous to what Strang calls the Fundamental Theorem of Linear Algebra. We show how to decompose
each layer of a linear neural network into a set of subspaces that show how information flows through the
neural network—in particular, tracing which information is annihilated at which layers of the network, and
identifying subspaces that carry no information but might become available to carry information as training
modifies the network weights. We summarize properties of these information flows in “basis flow diagrams”
that reveal a rich and occasionally surprising structure. Each stratum of the fiber represents a different pattern
by which information flows (or fails to flow) through the neural network. The topology of a stratum depends
solely on its basis flow diagram. So does its geometry, up to a linear transformation in weight space.

Keywords: linear neural network, algebraic variety, stratification, linear algebra
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1 Introduction

In its simplest form, a linear neural network is a sequence of matrices whose product is a matrix. The
first matrix linearly transforms an input vector; each subsequent matrix linearly transforms the vector pro-
duced by the previous matrix; and the composition of those transformations is also a linear transformation,
represented by the product of the matrices. We write the composition as

W=uWr,Wr_,....Wa, W) = W Wi_y---WoWy,

where u is called the matrix multiplication map. The network takes an input vector x and produces an output
vectory = WrWr_1--- WoWix. We number the matrices in the order they are applied in computation. Each
matrix W; is interpreted as a layer of edges (connections) in the network, edge layer number j, and each
component of W; is interpreted as the weight of an edge. For brevity, we omit added terms, which do not
appreciably affect our results.

This definition is incomplete: a neural network also entails software that computes the sequence of vectors,
an optimization algorithm that frains the network by choosing good weights, and more. To a computer
scientist, a linear neural network is a neural network in which there are no activation functions. (If you
prefer, the activation function at the output of each unit is just the identity function.)

In this paper, we study u~'(W), the set of all factorizations of a matrix W into a product of matrices of
specified sizes. This set is infinite and it is a real algebraic variety—the set of all real-valued solutions of
a system of polynomial equations. The set u~!(W) is called the fiber of W under the map y, and we will
simply call it the fiber, adopting a convention of Trager, Kohn, and Bruna [21]], whose paper inspired this
one. Said differently, we study the set of all choices of linear neural network weights such that the network
computes the linear transformation W. The fiber has a complicated topology: it is a union of manifolds of
various dimensions. Understanding the fiber has applications in understanding gradient descent algorithms
for training neural networks—but it is also a beautiful mathematical problem in its own right.

Let us give a simple example of a fiber. Suppose every matrix is square and W is invertible. Then every
factor matrix W; must also be invertible. The set of all real, invertible d X d matrices is called the general
linear group GL(d,R), which is a d?-dimensional manifold embedded in R¥*?. GL(d, R) has two connected
components: one composed of matrices with positive determinants and one for negative determinants. To
factor W, we can choose each matrix W; to be an arbitrary member of GL(d, R) except for one matrix that is
uniquely determined by the other choices. The fiber is

p W) = AW, Wi, Wa, Wo, W ' Wit - W W) - Wi, Wiy, ..., Wa € GL(d, R))

This fiber is a smooth, (d*(L— 1))-dimensional manifold with topology GL(d,R)xGL(d,R) x...xGL(d,R)
(with L — 1 factors) and hence 27! connected components (reflecting the signs of the determinants of the
factor matrices). Figure graphs the fiber ,u‘1 ([11) when we factor the matrix [1] into three 1 X 1 matrices.
Although this graph lacks the complexities of larger matrices, we see a graceful 2-dimensional manifold
with four components, as advertised, and we gain an inkling of what the general case might look like.

If the network has a matrix that isn’t square or if W does not have full rank, the fiber is usually no longer
a manifold. But it can be partitioned into smooth manifolds of different dimensions, called strata. As an
example, Figure graphs the solutions of [6,][6; 9’1] = [0 O] (an instantiation of W, W; = W). The set of
solutions can be partitioned into three strata: Sqo is the origin, S 1o is the 6,-axis with the origin removed,
and S, is the ;-0 plane with the origin removed. The two subscripts of S .. are the ranks of W, and W1,
respectively. Clearly, the strata in one fiber can have different dimensions. The stratum Sy lies in the
closures of both S 19 and S, and we think of Sy as a branching point connecting S 1o to So;.
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Figure 1: The fiber ,u‘l([l]) for the network W3 Wo W, = [03][6-1[61] = [1] = W.
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Figure 2: At left is the fiber £~'([0 0]) for the network Wo W, = [6,][6; 611 =[0 0] = W, partitioned into
three strata: oo is the origin; S 1o (blue) is the 6,-axis with the origin removed; and So; (pink) is the plane
spanned by the ;- and 6] -axes with the origin removed. At right, the strata are arranged in a stratum dag,
which we organize as a two-dimensional table indexed by the ranks of W; and W,. Each dag vertex specifies
the dimension of the stratum (dim), the number of degrees of freedom of motion on the fiber (dof), and the
number of rank-increasing degrees of freedom (rdof), which stay on the fiber but move off the stratum and
onto a higher-dimensional stratum. Always, dof = dim + rdof. A directed path from one stratum to another
implies that the former is a subset of the closure of the latter.

Each stratum represents a different pattern by which information flows (or fails to flow) through the neural
network. To understand information flow in a linear neural network, we derive a Fundamental Theorem of
Linear Neural Networks, analogous to what Strang [ 18] calls the Fundamental Theorem of Linear Algebra.
If we think of a matrix as a linear map, its domain can be decomposed into its rowspace and its nullspace,
and its range can be decomposed into its columnspace and its left nullspace. In a linear neural network, there
is an analogous decomposition of each layer of units into a set of subspaces, determined by observing which
information is annihilated at which layers of the network. The information carried in a particular subspace
is all lost in the nullspace of the same layer of edges, or it all reaches the network’s output. Symmetrically,
either the subspace carries information from the input or it merely has the potential to carry information
from some earlier layer—a potential that may be realized as training modifies the network weights. We
summarize properties of these information flows in “basis flow diagrams” that reveal a rich and occasionally
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surprising structure. The topology of a stratum depends solely on the basis flow diagram associated with the
stratum. So does its geometry, up to a linear transformation in weight space.

The bulk of this paper is spent explaining the geometry of the strata and how the strata are connected to each
other. We will determine the tangent spaces and normal spaces of each stratum by using the subspaces in the
basis flow diagrams as building blocks. We also study a set of operations we call moves that map one network
factorization of W to another—in effect, moving along the fiber. This study has both theoretical and practical
motivations. The theoretical motivation is that moves provide a great deal of intuition about the geometry
and topology of the fiber of a matrix W. In particular, some moves reveal how the strata are connected to
each other. The practical motivation is that although two different neural networks might compute the same
transformation, one might be much more amenable to training than the other. It is well known that during
training, a neural network’s weight vector can fall near a critical point in the cost function that slows down
network training but is “spurious” in the sense that it is not related to the transformation being learned; it is
merely a side effect of how that transformation happens to be encoded in the network’s layers [21]. Spurious
critical points appear to be one of the reasons that deep neural networks sometimes learn more slowly than
shallow ones. Our original motivation for this paper is that we want to find practical ways to move away
from spurious critical points, thereby speeding up learning, without changing the function that a network
has learned. (This paper doesn’t solve that problem, but it is a step along the way.)

Linear neural networks compute only linear transformations; they are far less powerful than networks with
nonlinear activation functions such as rectified linear units (ReLUs, also known as ramp functions) and
sigmoid functions (also known as logistic functions). Yet linear networks have become a popular object
of study [1,/2,/4}5,8,[10H12,|14,|17,21,{25]. Why? We cannot fully understand the training of ReLLU-based
networks—or probably any neural networks—if we do not understand linear networks. Researchers have
studied linear neural networks to improve our understanding of observed phenomena in ReLLU networks such
as implicit regularization in minimizing the training algorithm’s cost function [2,|5,/7]], implicit acceleration
of training by gradient descent [1]], and the success of residual networks [8]]. Close to our hearts, Trager,
Kohn, and Bruna [21]] show that the map u and the fiber x~!(W) play a crucial role in characterizing cost
functions of linear neural networks and understanding critical points in their cost functions.

2 Notation

Let L be the number of matrices—that is, the number of layers of edges (connections) in the network.
Alternating with the edge layers are L+ 1 layers of units, numbered from O to L, in which layer j has d; real-
valued units that represent a vector in R%. Unit layer 0 is the input layer, unit layer L is the output layer, and
between them are L — 1 hidden layers. The layers of edges are numbered from 1 to L, and the edge weights
in edge layer j are represented by a real-valued d; X d;_; matrix W;.

We collect all the neural network’s weights in a weight vector 6 = (W, Wr_1,..., W) € R%_ where
d() = deL—l + dL—ldL—z +...+ d]do

is the number of real-valued weights in the network (i.e., the number of connections). Recall the matrix
multiplication map u(Wr, Wy_1,...,Wo, Wy) = Wy W;_--- Wo,Wj; we can abbreviate it to u(6). Given a
fixed weight vector 6, the linear neural network takes an input vector x € R% and returns an output vector
y = WWi_q---WoWix, with y € R%. Hence, the network implicitly computes a linear transformation
specified by the dy X dg matrix W = u(6), yielding y = Wx.

The map p is not bijective (unless L = 1), so we define its preimage to be a set. Given W € R%*% | let

W) = {0 w®) = W)
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be the set of all factorizations of W for some fixed d;,d;_1,...,dy. We call ,u‘l(W) the fiber of W under u,
and we treat it as a geometric object in R%. Note that u~!(W) is empty if and only if tk W > minf;ll d;.

Given 0 = (W, Wi_1,...,W;) € R%_its subsequence matrices are all the matrices of the form
Wi<i = pp~i(0),  where  j(0) = WiWiy--- Wiy, L2k>i>0.

The notation Wy.; (and w-;) indicates that this matrix transforms a vector at unit layer i to produce a vector
at unit layer k. Note that W = Wy.o and W; = W;_;_;. We use the convention that W.x = 14,xq,, the dj X di
identity matrix. Throughout this paper, assume that every Wy.; is a function of 6 unless otherwise stated.
We call each W; a factor matrix.

The rank list r for a weight vector 6 € R% is a sequence that lists the rank of every subsequence matrix Wj.;
such that L > k > i > 0. The list includes the unit layer sizes rk Wyx = di. For example, for a network with
L = 3 layers of edges, the rank list is

r={ds,dr,d,dy, tk W3,k Wy, tk W1, tk W3W,, tk Wo W1, 1tk W).

We will use rank lists to partition a fiber into strata, which we will show are smooth manifolds. Sometimes
we do not want to specify a particular 6, but rather we wish to specify some target ranks. In that case, we let
rr~i denote the target value of rk Wi.; and we write r = (rr-;)r>k>i>0. For example, if we set r4.p = 2, we
select weight vectors for which rk Wy W3 = 2.

Let S ZV denote the set of points in W’s fiber having rank list r. That is,
SZV ={fe ,u_l(W) : the rank list of 6 is r}.

We call S a stratum in the rank stratification of W’s fiber. When W is clear from context, we just write S r

Given two rank lists r and s, we write r < s to mean that ry.; < sg-; forall L >k >i> 0. We write r < s to
mean that r < s and r # s (at least one of the inequalities holds strictly). For example, (5,4, 1) < (5,4, 3).
Given a set S € R%, let § denote the closure of S (with respect to the weight space R%). We will see that
for a nonempty stratum S,, S, € S if and only if r < s.

Given a point (weight vector) 6 on a smooth manifold S € R%, T,S denotes the tangent space of S at 6—
the subspace of R% tangent to S at @ that has the same dimension as S—and NS denotes its orthogonal
complement, the normal space of S at &—the subspace of R% orthogonal to S at 6 that has dimension
dy — dim S. In our setting, both TS and NyS pass through the origin (they are true subspaces of R%), not
necessarily through 6. Note that two vectors ¢ = (X, X7-1,...,X1)and ¢ = (Y, Y;—-1,..., Y1) in the weight
space R% are orthogonal if ¢ - = 0; hence ¢ - = 0 for every ¢ € TyS and € NyS. This Euclidean inner
product can be written ¢ - ¢ = ZJL.:I(X j» Yj)r, where (X, Y)F = le ZZ: | XitYix denotes the Frobenius inner
product of two p X g matrices X and Y.

We have a frequent need to multiply a matrix by a subspace. Given a p X ¢ matrix M and a subspace Z € R,
we define

MZ ={Mv:velZ}

which is a subspace of R”. For example, MR? is the columnspace of M.

Tables [T]and [2] collect most of the notation used in this paper for easy reference.
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Agji = null Wy j Ncol Wi flow subspace of R4 for unit layer j (note: A1 j; = {0} = Ay j—1)
agji € Agji L (Axjio1 + Ar—1,ji) prebasis subspace of RY for unit layer j

Aji = {aw iy #10} 1 k' € [j, k], i € [0,i]} prebasis for A j; (set of prebasis subspaces spanning Ay ;)
Aj = ALjj prebasis for R% for unit layer j

By ji = row Wi.; N null WJ.TNI._l flow subspace of R% for unit layer j of the transpose network

byji € Bji L (B jiv1 + Bis1,ji) prebasis subspace of R4 for unit layer j of the transpose network
Byiji =t{bijr # {0} : k' € [k, L], i’ € i, jl} prebasis for By j; (set of prebasis subspaces spanning By j;)
B;=Bjjo prebasis for R% for unit layer j of the transpose network

d; number of units in unit layer j of the neural network

do=didp_1 +di_1dp—+...+didy number of weights in network (dimension of the weight space)
Déo, nger, Dg’mb, Dy, leo, D%’mb, pfree pstratum - pyfiber dimension of span ®160’ etc.; Table@
Clkyxih = biyi ® apxn subsequence subspace of R&>dx

Eyx = emyxin # {0} : L € [y, L], k € [x,L],i € [0,y], h € [0, x]} subsequence prebasis for R4
I f almost-identity matrix (corresponding to the factor matrix W;)

Jiji a d; X wy; matrix whose columns are a basis for ay j;

Jj = [kjilkeljL),iclo.)] invertible d; X d; matrix whose columns are a basis for R% for unit layer j
Ky ji a d; X wy; matrix whose columns are a basis for by j;

K = [KyjilkerjL1.icl0,1 invertible d; X d; matrix whose columns are a basis for RY for unit layer j

L number of layers of edges in the neural network
Nj=nullW;.; ® Rt + RY ® null WjT—1~o set of displacements of W; that do not change W
NgS§ subspace of R% normal to manifold S at # (passes through origin, not necessarily through 6)
Olkjin = a1ji ® by j—1, prebasis subspace of RE*dj-1
O; =lowjin # {0} : L€ [j,Ll,ke[j—1,L],i€[0,j,h€[0,j— 1]}  prebasis for R4*d/1
O?O = {owjin €0 : 1= Land h =0} subspaces in O; that are linearly independent of N;
O?ber =0;\ O]L.0 subspaces in O; that are subsets of N;
P={WrL,Wr1,..., Wi, Wi 1(I + eH),(I + eH)‘] Wi, Wir,...,Wp):e€[0,€]} two-matrix path
1= 0k Wieid L5k2i0 OF {Fk~i) L2k>i>0 rank list; lists the ranks of all subsequence matrices Wy.;
Th~i target value for rk Wi.;; one of the entries in rank list r
S,=5 ZV ={fe ,u‘l(W) : the rank list of @ is r} stratum (of the fiber of W) with rank list r
S ={S, : ris the rank list of some weight vector in u‘l(W)} rank stratification of ,u‘l(W)
ToS subspace of R% tangent to manifold S at # (passes through origin, not necessarily through 6)
W=ul) =W, Wr_---W product of factor matrices; linear map computed by neural network
W;e Ré*dj1 factor matrix; layer j of edges in neural network; connects unit layers j — 1 and j
AW; displacement applied to factor matrix W;
W;. =W, +AW; factor matrix after a move from 8 = (Wy,..., W) to @ =W/, ..., W{)
Wii = ti~i(0) = WiWyy - - - Wipg subsequence matrix; maps unit layer i to unit layer &
Notes: by convention, Wik = Lyxd,; Wie—1 = Ogix1s Wisi~i = O1xa;s Weo = Wi Wi = W;
xeR%  input vector
y € R output vector; y = Wx = Wy Wr_y--- Wix

DV? = (M eRPX kM < r} determinantal variety

DM?*? = (M € RP*4 : tk M = r} = DV2*9\ DVf _qu determinantal manifold

WDM';N" ={Wg,...,W)) € R% : tk Wy; = r-i} weight-space determinantal manifold

MDM; ={(Wg,...,W)) e R : tk Wy.; = rpoi forall L > k > i > 0} multideterminantal manifold
Notes: MDM, = (\1st>is0 WDMF ™ and W = 1~'(W) n MDM,

GLd,R) the general linear groupion real-valued d x d matrices

Table 1: Notation used in this paper. Continued in Table[2| See also Table @
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aji = dimAgj; = Zf: j Zizo Wy dimension of flow subspace Ay j;

Brji = dim By j; = Z;L:k Zi _; Wrs dimension of flow subspace By j;

{j = {(WL, Wi_i,..., Wj+1, Wj + AWj, Wj_l, cey W]) : AWj € Nj} weight—space version of Nj
nMp,M;_1,...,My) = (JLMLJZEI, JL—1ML—1J;2, cees J1M1J61) a linear transformation of R%
0=Wr,Wi_1,...,W)) e R% weight vector representing a neural network

A = (AW, AW, _4,...,AW;) e R% displacement applied to a weight vector 8

¢ =6+ A0  weight vector after a move from 6 to ¢’

0=, I1_1,....T1) the canonical weight vector (for some specified rank list r)

O0 = {ujin #{0} : L>1>j>i>0and L> k> j-1>h >0} the one-matrix prebasis for R%
Or ={rpjn #{0}: L>1>j>h>0and L> k> j>i>0} restricted set of two-matrix subspaces
Ory = {tpjin #{0}: L>j>0,L>1>j>h>0,andL>k>j>i2>0} two-matrix subspaces
®160, @gber, ®8)mb, ogm, ®If0, @%"mb, @free @stratum - gfiber prebases for subspaces of R%; Table
uO) = uWr, Wr_,...,W)) =W Wr_--- Wy matrix multiplication map, y : R% — RALxdo

W (Wy=1{0eR%:u@® =W} the fiber of W under the matrix multiplication map, W € R%>
du(6)(A) = Z]L-:l Wi, AW;W;_1.9 the differential map of u at 6 is du(6) : R% — RALxdo
du"(O)(AW) = (AWW/_| ..., WLTNjAWWjT_INO, ...,W] |AW)  transpose of the differential map
Hy~x(0) = WyW,_ - Wiy subsequence matrix Wy.,’s map, py-y : R — RAy>dx

duy-(6)(AG) = )]]':x 1 Wy~ jAW; Wiy x the differential map of -, at 6 is du,.(6) : R — R%>dx
Tijin = 1(0,0,...,0,W; . 1H,-HW;,0,...,0) : H € a;;; ® by} two-matrix subspace of R

éujin =1(0,0,...,0,AW;,0,...,0) : AW; € o jin = ajji ® by j-1,n} one-matrix subspace of R%
xr(M) maps matrix M to a vector listing the determinant of every (r + 1) X (r + 1) minor of M

Wikyxin = {(X0, X1, ..., X1) : M € by; ® apy} where X = WyTNjMWjT_]Nx subspace of R%
Yikin = Yianin = {(Xr, Xp-1,. ... X1) : M € by; ® agpy} Where X = WITNJMWJT_bh subspace of R%

piree = (o # {0} 1 k,i € [0,L] and k + 1 > i} freedom normal prebasis; spans row du(6)
psratum _ pfree (0 240V L> 1> k+1>i>h >0} stratum normal prebasis; spans NyS
wy; = dim agji = dim bkji =1k Wi =tk Wiiig —tK Wig i + Ik Wi 1421 interval [Z, k] multiplicity

r<s Fiwi < spiforall L>k>i>0
<s r<sandr # s (at least one of the inequalities holds strictly)

closure of set S C R% with respect to weight space R%
z+ orthogonal complement of subspace Z (subspace of all vectors orthogonal to all vectors in Z)
proj,Y =ZNZ*+7Y) orthogonal projection of subspace Y onto subspace Z
MZ ={Mv:velZ product of a matrix M and a subspace Z
Z=X0oY direct sum decomposition: Z = X + Y (vector sum of subspaces) and X N Y = {0}
Z= EB:'; X; direct sum decomposition: Z = 3", X; and for every i € [1,m], X; N 2+ Xj = {0}
ZlY={(XCZ:Z=XaY) subspaces of Z of dimension dim Z — dim Y linearly independent of Y
U®V ={MeRP:colM C Uandrow M C V} tensor product of subspaces U C R” and V C R?

Ul |

col M; col du(0) columnspace of matrix M or of linear map du(6)

dim S dimension of subspace or manifold S

null M; null du(6) nullspace of matrix M or of linear map du(6)

null MT; nulldu " (6) left nullspace of matrix M or of linear map du(6)

rk M = dimcol M = dimrow M; rk du(8) = dim col du(8) = dim row du(6) rank of M or of du(6)
row M; row du(6) rowspace of matrix M or of linear map du(6)

span® =} o0 vector sum of the subspaces in a prebasis ®

Table 2: More notation used in this paper. (Continued from Table ) See also Table @
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3 A Foretaste of our Results

The fiber u~'(W) is a real algebraic variety (again, the set of all real solutions to a system of polynomial
equations—in our setting, multilinear equations). While some fibers of the matrix multiplication map are
manifolds, as Figure [I)illustrates, in general they are not manifolds, as Figure [2]illustrates. In 1957, Hassler
Whitney [2224]] proved that every algebraic variety can be partitioned into a set of smooth manifolds (not
necessarily closed manifolds) of varying dimensions. These manifolds are called strata, and the set of
manifolds is called a stratification. By “partitioned,” we mean that the strata are pairwise disjoint and the
fiber is the union of the strata. By “smooth,” we mean that there exists a stratiﬁcatioﬂ whose strata are
differentiable manifolds of class C*. Figure [2|depicts a stratification of a fiber with three strata.

In this paper, we show that the fiber x~!(W) of a matrix W under the matrix multiplication map y has
a natural stratification by rank list. The rank stratification is

S ={S, : ris the rank list of some weight vector in ,u_l(W)}.

It is clear that the members of S are disjoint and that u~' (W) = | Jgcg S —that is, S is a partition of u~' (W).
One of our main results (Theorem is that each S, is a C*-differentiable manifold (without boundary,
but not necessarily closed nor connected nor bounded)ﬂ As each §, is a manifold, S is a stratification and
each S, in § is a stratum. S contains finitely many strata—one stratum for each rank list that occurs among
the fiber’s points. We will study the properties of the rank stratification and use it to understand the geometry
and topology of the fiber.

Recall that S denotes the closure of S. A stratification satisfies the frontier condition if for every pair of
distinct strata S, T in the stratification, either S N7 = Q@ or § C T. (Both statements are true if S = 0;
otherwise, they are mutually exclusive.) That is, the inclusion of points of S in T is all or nothing, which
makes it easier to understand how strata are connected to each other. For example, if S C T and S # T, then
dim S < dim T and from any point on S there is an infinitesimal perturbation that takes us onto 7. We will
show that rank stratifications satisfy the frontier condition (Theorem [27).

The relationship S C T is transitive: if S € T and T € U, then S C U. Hence it induces a partial ordering of
the strata in the rank stratification. This partial ordering is easily inferred from the rank lists. Consider two
strata S, # 0 and Sy # () from the same fiber, with rank lists r and s. Recall that r < s means that r;.; < s¢~;
forall L > k > i > 0. We will show that S, C S, if and only if r < s (Theorem . It is easy to show
that §, C S implies r < s, but proving the reverse implication required us to solve a tricky combinatorial

puzzle.

Return to Figure which graphs the variety of solutions to Wo W = [6,][6; 0'1] =[0 0] = W and depicts
a stratification of that variety. There are two ways to achieve Wo,W; = [0 0]: we can set W, = [0] or we
can set W; = [0 0]. The former solutions lie on the pink plane in Figure [2] and the latter solutions lie on
the blue line. Recall that the subscripts of S ... are rk W> and rk W;. If we set both W, and W to zero, our

'In general, the term “stratification” does not require that the strata be smooth; only that they be manifolds. We can speak of a
stratification of a topological space without considering any embedding of the space at all.

2The strata are, in the language of topology, manifolds without boundary, as for every stratum S and every point £ € S, there is
an open neighborhood N C § that contains ¢ and is homeomorphic to a ball of the same dimension as the stratum. Unfortunately,
the term “boundary” has conflicting meanings in topology: the term “manifold without boundary” is defined in a fashion that
takes S to be the entire topological space, with no larger context. However, when we consider S as a point set in the topological
space R%, the boundary of S is defined to be the set of points that lie in both the closure of S and the closure of R% \ S. In our
setting, the dimension of a stratum S is always less than dy, so the closure of R% \ § is R%. Therefore, the boundary of a stratum S
is its closure §. For example, in Figure [2 S¢; is a plane with the origin removed, the closure of S, is the whole plane, and the
boundary of S, also is the whole plane. So our manifolds without (intrinsic) boundary have (extrinsic) boundaries. Note that S,
is an example of a stratum that is neither closed nor bounded, and § j is a stratum that is not closed, bounded, nor connected.
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e Son dim:2 -~ dof:2 KW = 1
So1o S0 rdof: 0
i e kWo =1 i 1 dof: 3
So10 rdof: 2
S dim: 1 dof: 3| dim: 2 -dof: 2
<-SIOO """ 1S 100 /rdof: 2 1S o1 ~ rdof: 0
dim: 0 dof: 3 dim: 1 dof: 3
“““““““ S S 000 rdof: 3 S 001 rdof: 2
63 \\\\\ 101 - —— - ——
rk W1 =0 rk W1 =1

Figure 3: At left is the variety of solutions to W3 W, W, = [63][6;][0:] = [0] = W, partitioned into seven
strata: Sggp is the origin; Soo1, So10, and S1gp are the three coordinate axes with the origin removed; and
So11, S 101, and S 119 are the three coordinate planes with the coordinate axes removed. At right is the stratum
dag, organized as a three-dimensional table indexed by the ranks of W3, W, and Wj.

weight vector 8 = (W5, Wy) is the origin, a O-dimensional stratum labeled S . If we set only W, to zero,
our weight vector lies on the stratum S o1, the pink plane with the origin removed. If we set only W) to zero,
our weight vector lies on the stratum S 1, the blue line with the origin removed. Consistent with our claims
above, Sog C 501 and S¢p C glo, whereas S 1o N 5'()1 =0and So; N Sl() =0.

We have omitted the other ranks in the rank list from the subscripts of S in Figure[2]because only rk W, and
rk Wy vary. The omitted ranks, the d;’s and tk W, are fixed for a specific fiber. In general, a rank list has
(L? + 3L)/2 + 1 numbers, but if we leave out the d ;’s and 1k W, we have (L?> + L)/2 — 1 numbers. Hence it
is natural to organize the strata in a table or array with (L? + L)/2 — 1 indices or dimensions.

At right in Figure |2| we arrange the strata in a directed acyclic graph (dag) we call the stratum dag, which
represents the stratification as a partially ordered set of strata. If the dag contains a directed path from S,
toS,, thenS, C S,;,dimS, <dimS,, andr < s. (See Sectionfor an explanation of the edges of the dag.)
For each stratum, the dag lists the dimension of the stratum (dim), the number of degrees of freedom along
which smooth motion on the fiber is possible (dof), and how many of those degrees of freedom increase
a rank in the rank list (rdof, for “rank-increasing degrees of freedom”), and thus represent moves off the
stratum onto a higher-dimensional stratum. These numbers always satisfy dof = dim + rdof.

Figure (3| depicts another example of a nonmanifold fiber, whose rank stratification has seven strata. The
fiber 11~ 1([0]) is the variety of solutions to [63][62][61] = [0] (an instantiation of W3 W, W, = W). We arrange
the stratum dag in a three-dimensional table, indexed by rk W3, tk W», and rk W;. Ordinarily, three-matrix
fibers (L = 3) require five indices to index the strata, as rk W3 W, and rk W, W, can vary as well; but in
this example every matrix is 1 X 1, so those two ranks are uniquely determined by the first three. Note that
although we draw no directed edge from S (g directly to S¢;;, the presence of a directed path from S oo
to So11 in the dag implies that S g9 C So11. In this example, every stratum’s closure includes S op.

Figuredepicts the stratum dag representing the rank stratification of the fiber u~! (W) for any 5x4 matrix W
with rank 1 and a network with L = 2, dy = 5, d; = 6, and dy = 4. The fiber has dimension as high as 35
at some points, and it is embedded in a 54-dimensional weight space. Unfortunately, at this size we cannot
visualize the geometry of the fiber. But this example begins to give some insight into the structure of more
complicated fibers. A notable aspect of this example is that it has many strata branching out from each other,
like in Figure[3] but they are curved, like in Figure [T}
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kW, = 5 dim: 31  dof: 34 | dim: 34  dof: 34
Ss1 rdof: 3 | S5 rdof: 0
kW, = 4 dim: 29  dof: 37 | dim: 33  dof: 36 | dim: 35  dof: 35
S rdof: 8 | S4 rdof: 3 | Su3 rdof: 0
kW, = 3 dim: 25  dof: 40 | dim: 30  dof: 38 | dim: 33  dof: 36 | dim: 34  dof: 34
S31 rdof: 15 | S5 rdof: 8 | Si33 rdof: 3 | Sy rdof: 0
kW, = 2 dim: 19  dof: 43 | dim: 25 dof: 40 | dim: 29  dof: 37 | dim: 31  dof: 34
S rdof: 24 | Sy rdof: 15 | S3 rdof: 8 | Sy rdof: 3
kW, = 1 dim: 11 dof: 46 | dim: 18  dof: 42 | dim: 23  dof: 38 | dim: 26  dof: 34
S11 rdof: 35 | S1» rdof: 24 | S 3 rdof: 15 | S 4 rdof: 8
rlezl I‘kW1:2 I‘kW1:3 I‘kW1:4

Figure 4: Stratum dag representing the stratification of ,u‘l(W) for W = WoW,, Wy € R0, W, e R4,
and rk W = 1. The dag edges are omitted, but each stratum S; has an edge pointing to the stratum Sy,
immediately above it, and another edge pointing to the stratum S ;.1 immediately to its right. For every pair
of strata S4; and Sy withk <k’ andi < i, Sy C Spi.

One of our main results is that the dimension of a stratum in the rank stratification (“‘dim” in the stratum
dags) is

DY = dy —tk W - (dp, + do — tk W) — Z (tk Wip1~i = 1K Wi1<io1) (K Wiewiog — tk Wi g4im1),
Lok+12i>0

Dstratum :

hence solely a function of its rank list. The derivation is not simple: in Section we prove that is

a lower bound on the dimension of a stratum, and in Section [9.3|we prove that it is an upper bound.

We also prove that in the rank stratification, the topology of a stratum is determined solely by its rank list, and
its geometry is determined solely by its rank list and a linear transformation in weight space. Specifically, if
we consider two strata that come from two different fibers but have the same rank list, then there is a linear
homeomorphism mapping one stratum to the other (Corollary[I4). Moreover, there is a sense in which every
point on a stratum looks the same: if we specify two points on the same stratum, there is a bijective linear
transformation mapping the stratum to itself and mapping one specified point to the other (Corollary [13)).

We devote a lot of writing to deriving the tangent and normal spaces at each point on a stratum. (Deriving
these spaces is part of our derivation of the dimension of a stratum.) These spaces help us understand the
geometry of the fiber. Table 3| tabulates the most important of these results, including explicit formulae for
the space tangent to a stratum at a particular point, TS (derived in Section [8.6)), and the space normal to
a stratum, NpS (derived in Section [0.3). While it is nice to be able to write explicit formulae in terms of
nullspaces, rowspaces, and columnspaces, for practical purposes it is more useful to compute a basis for
each of these spaces, and we devote even more writing to that task (Sections [7] through [9).

We are particularly interested in points on the fiber where multiple strata meet. Given a point (weight vector)
6 € u~'(W), we describe a fiber basis composed of linearly independent vectors having the property that for
every stratum S whose closure contains 6, some subset of the fiber basis spans the tangent space T5S . (This
assumes that S has a tangent space at 6—if not, a more subtle characterization is needed.) Each vector in
the fiber basis is tangent to some smooth path leaving 6 on the fiber. For example, in Figure [3] at a point
6 € Soo1, the three unit coordinate vectors can serve as the fiber basis: the tangent plane TS 1 is spanned
by the 6;- and #,-axes, and the tangent plane TS 1¢| is spanned by the ;- and #;-axes. At a point 6 € S 191,
the fiber basis has just two vectors—the - and 83-axes will do.
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dim S

ToS

dim 7S
NgS

x>
j
dim NyS

rk du(6)

null du(6)

dim null du(6)
row du(6)

Xj

dim row du(9)
Notes:

dg—l'kW'(dL+d()—I'kW)—
Z (rk Wiy 1~i =tk Wig1<i-1) (K Wiewimg = 1k Wig 1),

L>k+12i>0

{(AWL +WiH 1, AW 1+ Wi Hp > —H 1 Wi,...,

AWJ' + WjHj—l — Hjo, ceey AW2 + WoH| — Hsz,AW] - H1W1) :
H; e R4,

j-1
AW € > col Wiy @null W]y, + (null Wy N col W) @ R%-1 +
h=1

L-1
Z null W1+1~j ® row Wl~j_1 + Rdj ® (row WLNj_l N null W}r_lwo)} .
I=j

dim .
(X0, x10, .. x10) : MM e R} 4

Dm0 M e null W, @null Wy where
L>y>x>0
{ W MWL L jelx+1,yl,

0, jé&lx+1,yl

dg — dim .

L L-1

Z tk Witk W10 - Z tk Wi.j-tkW;.o (Trageretal. [21], Lemma 3)
j=1 j=1

{(AWL +WLHp 1, AW+ W Hp » —H \Wi,...,

AW]' + WjHj—l — Hjo, oy, AWy + WoH | — HyWo, AW — H{W)) :
Hj e R, AW; € null Wy @ RY + R @ null W], o).

dg — rk du(6).

(Xp,Xp-1,...,X1) : M e R9%)  where

WLTNjMWjT_H).

rk du(0).

NgS = (TyS)*; row du(6) = (null du(6))*;

TeS C null du(0); NoS 2 row du(6).

Table 3: Some of this paper’s main results about subspaces of the weight space R% and their dimensions.
S is the stratum of the fiber p‘l(W) containing the point 8 = (Wy, Wr_1,..., Wy), TS is the tangent space
of S at 6 (TS passes through the origin, not through 6), NyS is the normal space of S at 8 (the orthogonal
complement of 74S), and du(6) is the (linear) differential map of the matrix multiplication map u at 6,

defined in Section @
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The example in Figure [3]is a bit misleading. In general, the vectors in the fiber basis cannot always be
orthogonal to each other, because strata do not always meet each other at right angles. Moreover, every
point on x~'(W) may need a different fiber basis, because usually fibers are curved. Even the size of the
fiber basis is different at different points on the fiber: the “degrees of freedom” (dof) in our stratum dags is
the number of vectors in the fiber basis at a specific point 6. But at any one point 8 € u~'(W), a single fiber
basis suffices to describe all the tangencies, so we gain an understanding of how the strata meet at 6.

3.1 Some Details about Stratum Dags

One goal of this paper is to provide an algorithm that generates stratum dags for any L > 2, given the d;’s
and rk W as input. That algorithm appears in Section[I0] Here we discuss some finer points of stratum dags
and their structure.

Figures and []illustrate that some fibers have rank stratifications with multiple maximal elements—that
is, there is no single stratum whose closure includes the whole fiber (equivalently, no dag vertex that is
reachable from all the other vertices). By contrast, every fiber’s rank stratification has one unique minimal
element (equivalently, a dag vertex from which all the other vertices are reachable): the stratum for which
every rank (except the d;’s) is equal to rk W. For instance, in Figure {4, §1; C § i for every stratum S ;.

For two-matrix fibers (L = 2), the general table shape is a pentagon like the one illustrated in Figure 4] We
have drawn the stratum dag so that the horizontal axis specifies rk W, and the vertical axis specifies tk W,
for each stratum. The left and right boundaries of the table are determined by rk W; € [tk W, min{d, dp}],
and the top and bottom boundaries are determined by rk W, € [tk W, min{d,, d;}]. Sometimes the upper right
corner of the table is cut off by a fifth constraint: by Sylvester’s inequality, tk W, + tk W) < d; + tk W. In
Figure 4} that means rk W, + rk W, < 7. This inequality generates the fifth edge of the pentagon.

When L is large, the shape of the table is more complicated because then we have not one inequality, but
many occurrences of the Frobenius rank inequality dictating how the ranks in the rank list constrain each
other. For example, rk W3 W, cannot vary entirely independently of rk W3 and rk W,. (See Section for
details.) Figures 2] [3] and | might give the false impression that stratum dag edges are always axis-aligned,
representing a change of a single rank. But in networks with more layers, the stratum dags typically have
edges that represent the increase of multiple ranks simultaneously. (See Section[I0.2] and also Figure[9])

Which strata are connected by edges of a stratum dag? Unfortunately, we haven’t yet covered the back-
ground to answer that question clearly, but: the dag has a directed edge (S,,S) if there exists a rank-1
abstract connecting or swapping move, described in Section that transforms the rank list r to the rank
list s. Connecting and swapping moves are of great interest to us, because they codify the relationship
between the rank lists of strata S, and S, satisfying ¢ < u: there is a sequence of abstract connecting and
swapping moves that transform ¢ to u (represented by a directed path in the stratum dag).

The stratum dag is not necessarily the simplest dag that represents the partial ordering of the strata (some-
times called a Hasse diagrawﬂ), because sometimes a stratum dag contains a directed edge (S, S ;) despite
also containing the edges (S,,S,) and (S, S ;). Section and Figure @ give an example of that. Roughly
speaking, an edge (S, S ;) indicates that from a weight vector 6 € S, the stratum Sy permits one or more
degrees of freedom of motion not “covered” by any of the strata S, such that r <t < s (i.e., the predecessors
of S in the stratum dag whose closures contain ¢). Contrast Figuire with Figure [3| in which the stratum
dag has no edge (S gg0, S 011) because, although there are two degrees of freedom by which the weight vector
in Sggo can be perturbed onto S, they are spanned by the degree of freedom of motion on So; and the
degree of freedom of motion on § g1¢.

3To use some more precise terms: the stratum dag is not necessarily its own transitive reduction; the edges of the stratum dag
do not necessarily express the covering relation of the partial order.
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4 Subspace Flow through a Linear Neural Network

One of the fundamental concepts of linear algebra is that of the nullspace of a matrix W: the set of
vectors x such that Wx = 0. Given a linear neural network, we can refine the concept by asking, at
what layer does a particular input vector x first disappear? Formally, what is the smallest i such that
WiWi_1--- WoWix = 07 This question is answered by inspecting the nullspaces of the “part way there”
matrices W;g = W;W;_1 - - - W, W, which form a hierarchy of subspaces

null W2 null Wy _1.o 2null Wy _5.0 2 ... 2 null W3W,W; D null W, W; D null Wj.

We can extend the concept further by observing that linear neural networks can have unused subspaces in
hidden layers—subspaces through which information could flow if it were present, but the earlier layers
are not putting any information into those subspaces. If a left nullspace null W, is not the trivial subspace
{0} (for example, if unit layer i has more units than the previous layer i — 1), then the space R% encoded
by unit layer i has one or more “wasted” dimensions that carry no information about the input x. We
ask: if information were somehow injected into these left nullspaces, would it affect the network’s output, or
would it be absorbed in the nullspaces of subsequent matrices downstream? The answer illuminates gradient
descent algorithms for learning, whose success may depend on injecting information into these channels.

These questions are motivated by both practice and theory. The main practical motivation comes from
neural network training. Although the wasted dimensions emerging from left nullspaces have no influence
on the linear transformation W that the network computes, they have tremendous influence on whether a
gradient descent algorithm can find weight updates that improve the network’s performance. To illustrate

this fact, consider the neural network with weight vector 8 = ([ (1) g },[ (1) g },[ (1) g D This network

computes a linear transformation W of rank 1 and standard gradient descent algorithms cannot find a search
direction that increases W’s rank above 1. (In the language of Trager et al. [21], the cost function has a

. o . . . . 10 10 10
spurious critical point.) Whereas in the network with weight vector 8 = ([ 0 1 }[ 0 1 },[ 0 0 D,
which computes the same transformation, the subspace null W in hidden layer 1 is already connected to
the network’s output layer, so gradient descent can easily find a way to update W, that increases the rank
of W.

The main theoretical motivation arises because the rank stratification of the fiber u~' (W) of a matrix W has
one stratum (and one rank list) for each specific state of subspace flow through the network. Moreover, we
will use the subspaces we discover to derive the tangent and normal spaces of the strata. Thus these different
“states of subspace flow” help us to understand the topology and geometry of the fiber. These states are finite
and combinatorial in nature, even though the transformations that the subspaces undergo are continuous and
numerical in nature.

4.1 Interval Multisets and the Basis Flow Diagram

We will see that the state of information flow can be represented as a multiset of intervals, depicted in
Figure E} An interval is a set of consecutive integers [i,k] = {i,i + 1,...,k — 1,k} that identifies some
consecutive unit layers in the network (with 0 < i < k < L). Each interval has a multiplicity wy;, representing
wy; copies of the interval. If an interval is absent from the multiset, we say its multiplicity is zero (wy; = 0).

Think of an interval [, k] with multiplicity wy; as representing an wy;-dimensional subspace that appears
at unit layer 7, being linearly independent of the columnspace of W; (though not necessarily orthogonal to
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Figure 5: The tea clipper ship Basis Flow. The top half is a basis flow diagram that illustrates the flow
of the prebasis subspaces ay; through the network. Double boxes represent subspaces of dimension 2 and
triple boxes represent subspaces of dimension 3. The bottom half shows the relationships between the
intervals, the layer sizes, and the matrix ranks. The number of units d; in unit layer j equals the sum of the
multiplicities wy; of the intervals that touch layer j (i.e., the dimensions of the prebasis subspaces a4, ;). Each
matrix rank rk W.; is the sum of the multiplicities of the intervals that touch both layers k and i.
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col W;); then the subspace is linearly transformed by propagating through weight layers W1, Wia, ..., Wi
to reach unit layer k£ with wy; dimensions still intact, only to disappear into the nullspace of Wi, (unless
layer k is the output layer).

The simplest example is a one-matrix network (L = 1), for which the subspaces we speak of are the four
fundamental subspaces row Wy, col Wi, null Wi, and null WlT . The interval [0, 1] represents the rowspace
of Wi (at the input layer) and the fact that applying W; to row W; yields the columnspace of W; (at the
output layer). Both row W; and col W; have dimension w9 = rk W;. The interval [0, 0] represents the
nullspace of Wi, which disappears into Wi, sending no information to the output layer. The dimension of
null Wy is wgo. The interval [1, 1] represents the left nullspace of Wy, the unused dimensions of the output
layer. The dimension of null WlT 1S wij.

There is a second interpretation in terms of the transpose network W' = W W, --- W/ W/ : the interval
[7, k] represents a (different!) wy;-dimensional subspace that appears at unit layer k, being linearly indepen-
dent of the rowspace of Wy 1; then it is transformed by propagating through weight layers W/, W, ..., W/l
to reach unit layer i with wy; dimensions still intact, only to disappear into the left nullspace of W; (if i # 0).

We will need both interpretations to derive tangent and normal spaces on the fiber u~' (W).

A multiset of intervals is fully specified by the parameters wy; > O for all k and i satisfying L > k > i > 0.
A multiset of intervals is valid for a specified network if it satisfies the constraint that for each unit layer
J € [0, L], the sum of the multiplicities of the intervals that contain j is d;. That is,

L

dj = wis  Yje[0, L] 4.1)

t=j s=0
Refer to Figure [5} you can see that verifying whether a multiset of intervals is valid is a simple matter
of counting multiplicities in each unit layer. Therefore, only finitely many valid multisets are possible for
a network with fixed layer sizes d;. The constraint reflects that we will build a basis for each layer of
units: we will see that the multiplicity wy; symbolizes wy; basis vectors for each unit layer j € [i, k], and the
full set of d; basis vectors at layer j is a basis for R4

Recall the subsequence matrices Wi.; = WiW_1--- Wiy1. We will see in Section that a multiset of
intervals gives us an easy way to determine the rank of any subsequence matrix: the rank of W;..; is the total
multiplicity of the intervals that contain both i and k. That is,

rk Wi = i 2 Wys. 4.2)

t=k s=0
Refer again to Figure[5} you can easily read the rank of each subsequence matrix off the intervals.

In particular,
tk W = wpyp. 4.3)

That is, the interval [0, L] always has multiplicity rk W. This interval represents the fact that the subspace
row W at the input layer is mapped by W to col W at the output layer, and both subspaces have dimension
rk W. For a specific matrix W, the rank rk W and the multiplicity w;o are fixed, as is d; = rk W;.; for
J €10, L]. The other ranks and multiplicities may vary across different factorizations of W.

Each valid multiset is associated with a particular rank list, a particular basis flow diagram like Figure [5
and a particular stratum of the fiber ﬂ_l(W) for any W € R%Xdo with rank wyg. A rank list r is valid if there
is some weight vector § € R% that has rank list . In Section we show that there is a bijection from
valid rank lists to valid multisets of intervals: if we are given a rank list, we can easily determine the interval
multiplicities, and if we are given a list of interval multiplicities, we can easily determine the ranks. (In
Appendix |Al we elaborate on why every valid multiset of intervals maps to a valid rank list.)
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4.2 Flow Subspaces and Subspace Hierarchies

In this section, we identify subspaces in each unit layer’s space R% that represent information flowing
through the linear neural network (or through the transpose network W' = W[W, --- W/ ,W]), with
special attention to information that does not reach the output layer. We are aided in this effort by the fact
that, at a unit layer j in the network, the fundamental subspaces associated with the subsequence matrices
are nested in hierarchies as follows.

RY = row Wi.ij2row Wi Drow Wi oW1 2 ... D2row Wy D row Wy, = {0},
{0} = null Wi.; C null Wi € null WioWig ... C null Wi C null Wisi~j = Rdj,
R% = col Wj-; 2 col W; 2 col W;Wj_1 2... 2 col Wjg 2 col Wj_; = {0}, and

{0} = null WjTNj C null WjT C null (WJ-WJ-_l)T C...Cnull W;O C null W;_l =RY,

N

By the Fundamental Theorem of Linear Algebra, the subspaces in the first row are orthogonal complements
of the corresponding subspaces in the second row, and the subspaces in the third row are orthogonal com-
plements of the corresponding subspaces in the fourth row. Here, we are using the following conventions
for subsequence matrices.

Wivj = lajxd (the d; X d; identity matrix).

Hence, row W;.; = RY = col W;.; and null W;.; = {0} = null WJ-TNJ-.

Wi._1 = Odjxl and Wiy = ledj (zero matrices).

Hence, row Wyy1-; = {0} =col Wj._; and null Wp,;~; = R% = null WJLl.
(Note that the last two lines are consistent with imagining that the network Wy Wy_; --- Wy is sandwiched
between two extra matrices Wy, = 0 and Wy = 0.)

From these four hierarchies, we define two hierarchies of flow subspaces that give us insight about how
information flows, and sometimes fails to flow, through the network. The flow subspaces of R% at unit layer
j€10,L] are

Akji = null Wk+1~j N col WjN,', kelj—1,L],ie[-1, /], and “4.4)
Byji = tow Wiy nnull Wi, ke[j,L+1],i€[0,j+1]. (4.5)
For example, A3y = null WyWsNcol W, W, and Bspg = row W3Nnull W2T~_1 = row W3. We will use commas

to separate the subscripts when necessary for clarity; e.g., Ay_1 v+1,-1. Intuitively, Ag;; € RY is the subspace
that carries information in unit layer j that has come at least as far as from layer i, but will not survive farther
than layer k. In the transpose network W™ = WW, --- W W], Byj; € R% is the subspace that carries
information in unit layer j that has come at least as far as from layer k, but will not survive farther than
layer i.

We need a notation for the dimensions of the flow subspaces. Let
Qpji = dimAkj,' and ﬁkji = dim Bkji-
It is easy to see that

Akji 2 Apjr and ayji > apjp  if k>k"andi> i, assuming j € [0, L],k k" € [j - 1,L],i,i € [-1, j].
Byji C By jiy and Byji < Brjr if k>k"andi> i, assuming j € [0,L],k,k" € [j, L+ 11,i,i" € [0, j + 1].
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R k=41 A4p-1={0} C Ao - Ag C Ay =R®
ul ul ul ul
null Wy W3 k=31 Asp-1=1{0} ¢ Az c Az c Az
ul ul ul ul
null W3 k=21 Axp-1={0} ¢ Ao c Axy c A
ul ul ul ul
{0} k=1]Aip-1=1{0} Az = {0} A1 = {0} Az = {0}
null Wiy 1.2 i=-1 i=0 i=1 i=2
Api / col Wo.; {0} C colWLW;, <  colW, C R%
{0} k=5 | Bsy = {0} Bsy; = {0} Bs, = {0} Bsy3 = {0}
N N Nl Nl
row WyWs3 k=4 Bao 2 Bi 2 By 2 Bas = {0}
N N Nl Nl
row W3 k=3 B3z 2 B3 2 B3 2 Bz ={0}
N N Nl N
R% k=2 | Bypo=R? 2 By 2 By 2 Bz =1{0}
row Wi i=0 i=1 i=2 i=
Buwi / null W R > null(W,Wp™ 2 mullW] 2 {0}

Table 4: The hierarchical nesting of the flow subspaces at unit layer j = 2 of a network with L = 4 matrices.
Top: Ap; = null Wi, 1.2 N col Wy; for each k, i. Bottom: Byy; = row Wy.o» N null W,.;_; for each £, i.

Table [] depicts this relationship and the partial ordering it imposes on the flow subspaces.

Let us consider the relationships between flow subspaces at different unit layers of the network. Recall from
Section 2] that given a matrix W and a subspace A, we define WA = {Wv : v € A}, which is also a subspace.
The simplest flow relationships are that Ag;; = WAy j-1; and By j1; = W].TBk ji» which exposes why we
call them flow subspaces: you may imagine the A subspaces flowing through the network, being linearly
transformed layer by layer; and you may imagine the B subspaces flowing through the transpose network
WT = WIW, --- W/ W], also being transformed at each layer. Figure |§] depicts flow subspaces at each
unit layer of a linear neural network. The following lemma expresses these relationships in a slightly more
general way.

Lemma 1. Ayj;; = W, Ay for all k, j, i, and x that satisfy L > kandk+ 1> j>x>i>0.

Furthermore, Byj; = WyTNjBky,-for allk, j, i,and y that satisfy L>k >y > j>i—1landi > 0.

Proof. By definition, Ag;; = null Wy, -; NR% = null Wi, ~;. Hence Wi, 1-;Axi = {0}. For every z € [i,k+1],
Wir1~:WoeiAkii = {0} and thus W,.;Ay; € null Wy 1-.. Obviously, W,_;A; € col W,.;. Hence W,_;A;; C
null Wiy 1, Ncol W,.; = Ay

We now show that the reverse inclusion also holds: W, ;Ax; 2 Agy. Consider a vector v € Ag,. As
v € col W,;, there is a vector w € R% such that v = W._;w. As v € null Wy, .., we have 0 = Wy, ..v =
Wis1~eWeeiw = Wipr1oiw, so w € null Wy, 1; = Ag; and thus v € W, ;Ay;. Hence W, ;A 2 Aggi; hence
W, iAii = Az for every z € [i, k + 1].
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output layer hidden layer 3, d5 = 3 hidden layer 2, d, = 6 hidden layer 1, d; = 3 input layer, dy = 3
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Figure 6: Top: an example of flow subspaces A ;. Observe that Aggo is annihilated in the nullspace of Wy,
whereas A3 is not entirely annihilated until it reaches the nullspace of W4. Observe that A4;o and Az, meet
at an oblique angle; flow subspaces do not always meet orthogonally. Note that the subspace A3y, is five-
dimensional, so we cannot draw it complete. Instead, we draw a three-dimensional subspace of A3,, labeled
Aspy | Asp such that A3y is the vector sum of the plane A3p; and the space labeled A3y | A3p;. Similarly,
Ajp; is a three-dimensional subspace, but we draw a two-dimensional subspace of Ay labeled Az | Anoyg
such that Ajj; is the vector sum of the line A, and the plane labeled Az2> | Appi. Bottom: an example of
corresponding prebasis subspaces ay j;, forming flow prebases. The prebasis subspaces for layer j span R4,

It follows that

WiviAkii = WjwxWyiiAi and
Aii = WAk
as claimed. Applying the same proof to the transpose network shows that By j; = WyTNjBkyi. O

4.3 Bases and “Prebases” for the Flow Subspaces

In this section, we show how to decompose each unit layer’s space R% into a “prebasis” of subspaces. We
assume the reader is familiar with the standard idea from linear algebra of a basis for RY, comprising d
linearly independent basis vectors. A prebasis is like a basis, but it is made up of subspaces rather than
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vectors; see below for a definition. Our prebasis for R% includes (as a subset) a prebasis for every flow
subspace Ayj; (where the index j matches RY but k and i vary freely). We also define a second prebasis
for R% that includes a prebasis for every flow subspace By i (with matching j); this prebasis represents
subspaces that flow through layer j of the transpose network W' = W W) --- W/ W],

Given two subspaces X, Y € RY, their vector sum is X + ¥ = {x + y:xe€Xandye Y} If Xand Y are
linearly independent—that is, if X N Y = {0}—then X + Y is called a direct sum, sometimes written X & YE]
Likewise, given a set of subspaces X = {X1, X», ..., X}, the direct sum notation X; & X, & . .. ® X,, implies
that the subspaces in X are linearly independent—meaning that for every i € [1,m], X; N 3. ;.; X; = {0}.

fRY=X,0Xo®...®X,,, then X = {X1, X>, ..., X,,) is known as a direct sum decomposition of R, That’s
too many syllables, so we will call X a prebasis for R? throughout this paper. We call each X; a prebasis
subspace. The linear independence of the prebasis subspaces implies that for every vector v € R, there is
one and only one way to express v as a sum of vectors v = " v; such that v; € X;. It also implies that
d =dimX;| +dim X; + ... + dim X,,,. A prebasis subspace X; is a multidimensional analog of a basis vector.
If desired, it is conceptually easy to convert a prebasis into a traditional vector basis: just choose a basis for
each X;, then pool the d vectors together to form a basis for R%—hence the name “prebasis.” We will do that
in Section [4.6] but we delay that step because details like the choice of basis for each prebasis subspace and
the length of each basis vector are irrelevant here and would make our presentation more complicated.

We define a custom operator to help us choose a prebasis. Given two vector subspaces Y C Z, we define the
set of subspaces

ZlY={(XCZ:Z=XaY).

Z | Y contains the subspaces of Z that have dimension dim Z — dim Y and are linearly independent of Y. In
other words, Z | Y is the set of all subspaces X yielding a direct sum Z = X ® Y (i.e., X N Y = {0}). There
are two special cases where Z | Y contains only one element: if ¥ = {0} then Z | Y = {Z}, and if Y = Z then
Z | Y = {{0}}. Otherwise, Z | Y contains infinitely many subspaces.

Recall the flow subspaces Ay j; and By j; from Section both of them subspaces of R%, and recall that
Apji-1 € Agji and Ag_yj; C Agji, assuming L > k > j > i > 0. It follows that Ay ;| + Ax—1,j; € Axji-
Symmetrically, By ji+1 + Bit1,ji € Byji- For all indices k, j, and i satisfying L > k > j > i > 0, we choose
prebasis subspaces

agji € Axji | (Agji1 +Ak-1,j)  and

brji € Byji | (Bijis1 + Brs1,ji)-

It is common that some of these prebasis subspaces are simply {0}; these can be omitted from any prebasis.
When applying these definitions, recall that Ay j_1 = Aj_1j; = Bijj+1 = Br+1,j; = {0} (so for example,
ajjo = Ajjo and brj; = Br;;). The bottom half of Figure [f] shows examples of prebasis subspaces chosen
from these sets.

One element in Z | Y is the subspace containing every vector in Z that is orthogonal to every vector in Y
(written Z N Y™), and it is tempting to always choose that subspace when we choose ayj; and by i, yielding
what we call standard prebases. However, in Section we exploit the flexibility that Z | Y gives us to
choose flow prebases instead, so the prebasis subspaces (a’s and b’s) “flow” through the network as the flow
subspaces (A’s and B’s) do, as Figures [5and [6] depict.

“The notation X @ Y is weird, because as an operator it produces exactly the same result as X + Y, but the operator notation itself
implies a constraint on the subspaces X and Y: that X N Y = {0}. f X N Y # {0}, X @ Y is undefined.
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Lemma @ below states that dimay;; = dim by j;, a crucial result that surprised us when we stumbled upon
it. This establishes a pleasing symmetry between flow through a linear neural network and flow through its
transpose network, even though the flow subspaces and their prebases are different. In Figure [5| we could
depict the flow of prebasis subspaces through the transpose neural network simply by replacing each ay ;
by by j; and reversing the directions of the arrows in the top half of the figure. The bottom half of the figure
would not change. Lemma (3| also shows that the dimensions of the prebasis subspaces are easily computed
from the dimensions of the flow subspaces. (The dimensions of the prebasis subspaces do not depend on
which ones we choose.)

Two subspaces Y and Z are orthogonal if for every vector y € Y and every z € Z, y"z = 0. The orthogonal
complement of a subspace Z € R?, denoted Z*, is the set of vectors in R? that are orthogonal to every
vector in Z. Orthogonal complements have complementary dimensions: dimZ + dimZ* = d. Linear
algebra furnishes two classic examples: (row W)* = null W and (col W)* = null W'. The following lemma
prepares us for Lemma[3]

Lemma 2. Consider subspaces J C K CRY and Y C Z C RY. Then

dim(K N Z) —dim(K N Y +J N Z)

= dim(J* N Y1) — dim(K* N Y+ + JE N zZY)

= dim(K N Z) - dim(K N Y) — &im(J N Z) + dim(J N Y)

= dim(J* N Y1) — dim(K* N Y1) - dim(J* 0 Z4) + dim(K* 0 Z4).

Proof. 1Itis a property of vector subspaces that dim(E + F)+dim(ENF) = dim E+dim F. Letting E = KNY
and FF = JNZ,we have ENF = JNY, which explains why the first expression equals the third one. Letting
E=K'nY*and F = J- NZ*+, we have ENF = K+ N Z*, which explains why the second expression
equals the fourth one.

To verify that the third expression equals the fourth one, we also use De Morgan’s laws (E + F)* = E* N F+
and (ENF)t = E+ + F+.

dim(J* N YY) —dim(K* N Y*) —dim(J* N ZY) + dim(K*+ N Z4)
=dimJ* + dimY* - dim(J* + Y*) — dim K* — dim Y* + dim(K* + Y1)

—dimJ* — dimZ* + dim(J* + Z*) + dim(K* N Z*4)
= —dim(J N Y)* —dim K* + dim(K N Y)* — dimZ* + dim(J N Z)* + dim(K + Z)*
=—d+dim(JNY)-d+dimK+d-dim(KNY)-d+dimZ+d—-dim(J NZ)+d—-dimK + Z)
=dim(K N Z) — dim(K N Y) — dim(J N Z) + dim(J N Y).

O

Lemma3. For L> k> j>i>0,dimagj; = dimbyj; = akji — @k ji-1 — Qk-1,ji + Qk1,ji-1 = Pkji = Pk, ji+1 =
,31{4.1’]',,' +ﬁk+l,j,i+l (recalling that Qg ji = dimAkﬁ and,[i’kﬁ = dim Bkﬁ).

Proof. As ayji € Ayji | (Akji-1 + Ax-1,ji), it follows from the definition of the operator | that dimayj; =
dimAgj; — dim(Ayg ji—1 + Ak-1,j;). Similarly, dim by ;; = dim By j; — dim(By ji+1 + Bit1,j). The result follows
from Lemma[Z]by substituting K = null Wiy1~;, J = null Wy.;, Z = colW;.;, and Y = col W;.;_;. (Then
Akj,' =KnNnZ, Ak,j,i—l =KNnY, Ak—l,j,i =JnNnZ, Ak—l,j,i—l =JNnY, Bkj,' =Jtny+, Bk,j’,q_l =JtnZz,
Bk+1,j,i =K*NnY*+ and Bk+l,j,i+1 =Ktn ZJ‘.) O
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We define prebases that span the subspaces Ay j; and By ;. Let

Arji = Aawjr #1{0} : K € [j,k],i €[0,i]}  and
Brji = Abwjr #{0} 1 k' € [k, L],i" € [i, j1}.

Lemma 4. Giventhat L > k > j>i> 0, Ay is a prebasis for Ayj; and By j; is a prebasis for Byj;. That is,

Akji = @ @ ak/ﬁ/ and Bkji = @ @ bk/j,'f.
k'€l j.k] i’€[0,i] k’elk,L] €[, j]

Proof. We prove the first claim by induction on increasing values of k and i. For the base cases, recall our
convention that Ay ;1 = {0} and A;_ ;; = {0}. The empty set is a prebasis for the subspace {0}, so we
establish a convention that Ay ;1 = @ and A;_y j; = 0.

For the inductive case—showing that Ay j; is a prebasis for Ay ;—we assume the inductive hypothesis that
A, ji-1 18 a prebasis for Ay j;_1, Ax_1,j; is a prebasis for Ay_y j;, and Ar_y ;-1 is a prebasis for Ax_y 1.
Most of the work in this proof is to show that Ay j;—1 U Ar_1 j; is a prebasis for Ay j;—1 + A1 j;. Clearly,
A, ji-1 +Ai-1,ji equals the vector sum of the subspaces in Ay ;-1 U Ak_1, j;- But we must also show that the
subspaces in Ay j;—1 U Ay_1,j; are linearly independent of each other.

Suppose for the sake of contradiction that they are linearly dependent. Then there exists a nonempty set V
of nonzero vectors in R% with sum zero such that each vector in V comes from a different subspace in
Ar,ji-1 U Ar_1,j;. Partition V into two disjoint subsets V' and V" such that each vector in V' comes from
a different subspace in Ay j;—1 and each vector in V"’ comes from a different subspace in A1 j; \ Ay ji-1-
Let w be the sum of the vectors in V’. The sum of the vectors in V”” is —w. As V is nonempty, at least
one of V' or V" is nonempty. As the vectors in V' come from a prebasis (A j;—1) and the vectors in V"
come from a prebasis (Ax_1,;;), w # 0 and both V' and V"’ are nonempty. The vectors in V’ are all in
the subspace Ay ji—1, so w € Ay ;;—1; and the vectors in V" are all in Ay_y ;;, sow € Ax_y j;. Therefore,
w € Agji-1 NAk-1,ji = null Wy ;N col Wiy = Ag_y ;1. This implies that w is a linear combination of
vectors that come from subspaces in A_ ;;—1, which is a subset of A;_; j;. But this contradicts the fact
that Ay j; is a prebasis, as we can write the nonzero vector w both as a linear combination of vectors from
subspaces in Ajy_1_j,;—1 and as a linear combination of vectors from subspaces in Ay_1 j; \ Ay, ji-1, which are
two disjoint subsets of Ay ;;. It follows from this contradiction that all the subspaces in Ay ;-1 U Ar—1 ;i
are linearly independent of each other. Therefore, Ay ;-1 U Ay_1,j; is a prebasis for Ay ;i1 + A1 ji.

Recall that Akj,' 2 Ak,j,i—l + Ak—l,j,i and agji € Akj,' l (Ak,j,i—l + Ak—l,j,i)' As ﬂk,j,i—l U ﬂk—l,j,i is a prebasis for
Ak,j,i—l + Ak—l,j,is ﬂkﬁ = ﬂk,j,i—l U ﬂk—l,j,i U {akﬁ} is a prebasis for Akﬁ.

A symmetric argument shows that By ; is a prebasis for By ;. O

Let A; = ALjj; then A; is a prebasis for R% (because Azj; = R%) that is a superset of all the other
A-prebases for unit layer j. Moreover, Ay j; is a prebasis for col W;.; (because Az j; = col W;.;) and Ay;; is
a prebasis for null Wy, .; (because Agj; = null Wii1.;). So we have found a single prebasis A; whose
elements simultaneously span many of the subspaces we are interested in!

Similarly, let 8; = 8;j0. Then B; is a prebasis for R%, By jo is a prebasis for row Wy ;, and B;; is a prebasis

fornmull W/ . .
J~i

We warn that the prebasis A; cannot, in general, be chosen so its subspaces are mutually orthogonal. (Nor
can 8B;.) An orthogonal prebasis is ruled out whenever there is some null Wy, .; and some col W;.; that
meet each other at an oblique angle; see A419 and A3y in Figure @ Even if A; is the standard prebasis (i.e.,



Subspace Flow through a Linear Neural Network 21

every subspace we choose from a set of the form Z | Y is fully orthogonal to Y), we cannot force all the
prebasis subspaces in A; to be mutually orthogonal.

Our prebasis construction permits much flexibility in choosing the prebasis subspaces. But it is satisfying to
explicitly write out the most natural candidates, akin to the rowspace, the nullspace, the columnspace, and
the left nullspace of a matrix. Given two subspaces S, T € R, let projs T denote the orthogonal projection
of T onto §. Recall our convention that Wy ,1.; =0and W;._; = 0.

Lemma 5. For L > k> j>1i> 0, the standard prebasis subspaces are

T
agji = prOJcol Wi . TOW Wk~/ N pro.]null Wit~  null W

j~i—1
= colW;.;N (row Wi.; + null WT D Nnull Wiy N (row Wiy~ + null WTI ) and (4.6)

biji = Projuow Wi col W.; N proj,un W, null Witi~j
= row Wi N (null Wy + col ij,) N null WTl , N (ull Wyg i< + col Wisioy). 4.7)

Proof. In the standard prebasis, from each set of the form Z | Y we choose the element Z N Y*. Observe
that for two subspaces Zand Y, ZN(ZNY)* =ZN(Z+ +Y*) = proj,Y*. Hence

akji = Akji N (Apjio1 + Ak=1)T
= Ak VA1 DA
= null Wigi~j N col Wi N (null Wiy qo; N col Wiei1)™ N (null Wi ; N col W)™
= PIOjuu W, ; (Ol Wi DTN Projeor ;. (null Wy hE

_ T
- prOJnullW/(+1 jnuHW ~i—1 mpro.]colW row WkN]

The third line implies (@.6). Symmetrically,

brji = Brji N (Biji+1 + Bis1,i)"

= By mBk]l+1 mBk+1]l

= row Wy.; N null WTl | N (row Wi.; N null W;l) N (row Wy41~j N null WTl Dt

= pro]row Wi~ (null W;;l)l n pro]null W;.';’,_I (I”OW Wk+1~j)

= PIOjiow w;.,; €01 Wi N Projyy WL null Wiy ;.
The third line implies (4.7). O

See Appendix B for additional discussion of the standard prebases.

4.4 Constructing Prebases that Flows through the Network

We have flexibility in choosing a prebasis subspace ayji € Axji | (Axji—1 + Ak-1,j;). Optionally, we can
choose flow prebasis subspaces, which satisfy ayj; = Way j—1; when k > j > i. Flow prebasis subspaces still
have some flexibility: for instance, for j € [i + 1, k] we can choose ay;; and by; arbitrarily (for example, we
could choose (4.6] . ) for ay;; and (4.7 - ) for by;), then obtain all the other subspaces by setting ayj; = Way j-1.,
and by j_1; = W byji. These subspaces flow through the linear neural network from specific starting layers
to specific stopplng layers, as expressed by a basis flow diagram such as Figure [5|(top) or Figure[6] (bottom),
thereby outlining how information propagates (or would propagate, if it was there). Lemma[7] below, shows
that this construction always yields valid prebases. It also shows that—even if we choose prebases that don’t
flow (like the standard prebases)—for a fixed 7 and k, the dimension of ayj; is the same for every j € [i, k].
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Lemma 6. Given that L > k > j > x > i > 0, W_ aiy has the same dimension as aiy. Given that
L>kzy>j=2i=0, WyTN jbkyi has the same dimension as byy;.

Proof. By construction, agy; is linearly independent of Ai_j.; = null Wy, N col Wy.;. (That is, axy N
Ak—1xi = {0}.) But axyi © Aryi © col W,.;. Hence, every nonzero vector in ag,; is in col W,..; but not in
null Wy, N col W,..;; thus no nonzero vector in ay,; is in null W;..; thus no nonzero vector in ay,; is in
null W;_,. Therefore, W;.,ay,; has the same dimension as ay;.

A symmetric argument shows that WyTN ibkyi has the same dimension as byy,;. O

Lemma 7 (Basis Flow). Giventhat L > k > j > x > i >0, Wj_,ary € Axji | (Agji-1 + Ar-1,;i)- (Hence,
we can choose to set ayji = Wjxayyi.) Moreover, every subspace in Agji | (A, ji-1 + Ak-1,j;) has the same
dimension as Qj;.

Giventhat L>k >y > j>i >0, WyTijkyi € Byji | (Byji+1 + Biy1,ji)- (Hence, we can choose to set
brji = Wyt jbky,-. ) Moreover, every subspace in Byj;i | (By ji+1 + Biy1,ji) has the same dimension as byy;.
Proof. By definition, the notation ayji € Akj,‘ ) (Ak,j,i—l + Ak—l,j,i) is equivalent to saying that Akji = agji +
Apji-1 + Ak-1,j; and agj; N (Ag ji-1 + Ak-1,j,;)) = {0}. We wish to show that a;;; = Wj.,ax has both these
properties.

To show that Akji = Wj~xakxi + Ak,j,i—l + Ak—l,j,ia observe that by Lemma m Akji = Wj~xAkxi’ Ak,j,ifl =
WixAixi-1, and Ag_1ji = Wi Ap-1x;- By assumption, ary € Agyi | (Akxi-1 + Ak-1xi)> SO Agxi
Qkxi + Ak xi-1 + Ak—1,x,;. Pre-multiplying both sides of this identity by W;., confirms that Ay ;; = W ayi
Ap,ji-1 + A1 ji (the first property).

+

To show that W;_ aiy N (Ag ji-1 + Ak-1,1) = {0}, let v be a vector in W aix N (Ag ji-1 + Ak-1,j;)- Then
V€ W;xaxiNWjx(Ap xi-1 +Ak-1,x,i). So there exists a vector u € ay,; such that v = W;_,u, and there exist a
vector s € Ay ;-1 and a vector t € Ay_1 y;suchthatv = W;_ (s+1). Thus W;_.(u—s—1) = 0,50 Wi i W, (u—
s —t) = 0 and thus u — s — t € null W_,. Recall that Ag_1 ; = null Wy, N col W,..;. So ¢ € null W.,, hence
u — s € null W_,. Moreover, u and s are both in col Wy.;, so u — s € null Wy, N col Wy.; = Aj—1; and
hence u € Ay xi-1 + Ag-1,x. Therefore, u € apyi N (Agxi-1 + Ap—1,xi)- But arxi € Axi | (Akxi-1 + Ag-1,x)>
so u = 0 and thus v = 0. We have thus shown that every vector in W ayx N (Ag, ji-1 + Ak-1,j,i) 15 0.

Therefore, W akyi € Agji | (A ji-1 +Ak-1,j), as claimed. To show that every subspace in Ayj; | (Ag ji-1 +
Aj-1,ji) has the same dimension as ayy;, we merely add that W ax,; has the same dimension as a,; by
Lemma@, and the subspaces in Agj; | (A ji—1 + Ak-1,;:) all have the same dimension as each other.

A symmetric argument shows that W;jbkyi € Byji | (Biji+1 + Biy1,j;) and that every subspace in Byj; |
(B, ji+1 + Biy1,ji) has the same dimension as by, . O

Observe that even if two prebases a; ;; and ay j at layer j are orthogonal to each other, the prebases W, jay i
and W, ap j» generally are not orthogonal. Choosing prebases that “flow” entails sacrificing the desire to
choose each layer’s prebasis to be as close to orthogonal as possible (i.e., the standard prebasis). But as
we have already said, a fully orthogonal prebasis is not generally possible anyway (for example, where a
nullspace meets a columnspace obliquely, as A3j; meets A4 in Figure|[6).

4.5 Relationships between Matrix Ranks and Prebasis Subspace Dimensions

This section examines the relationship between the ranks of the subsequence matrices W), and the dimen-
sions of the prebasis subspaces ayj; and byj;. A key insight is that if we know all the subsequence matrix
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ranks, the dimensions of the prebasis subspaces are uniquely determined, and vice versa (as illustrated at the
bottom of Figure[5)). To say it another way, given fixed layer sizes dy, d}, . .., dy, there is a bijection between
valid rank lists and valid multisets of intervals (with “valid” defined as in Section [4.T].

Lemma [7]establishes that the dimension of ay; is the same for every j € [i, k]. By Lemma[3] the dimension
of by j; is the same too. So we omit the index j as we now name this dimension.

Let
wy; = dimayj; = dimbyj;,  forall k, j,isatisfying L>k> j>i>0.

We have already seen this notation, wy;, at the start of Section [Z_f], where it denotes the multiplicity of an
interval [i, k]. Section [4.4] substantiates that connection. The multiplicity wy; signifies a prebasis subspace
ay;; of dimension wy; that originates at layer i, flows through the network being linearly transformed into a
sequence of subspaces ax +1 j, dki+2.is - - -» all of dimension wy;, reaches layer k in the form ayy;, and proceeds
no farther (either because ay; is in the nullspace of Wy,| or because layer £ is the output layer), as illustrated
in Figures [5]and [6]

The multiplicity wy; also signifies a prebasis subspace by of dimension wy; that originates at layer k& and
flows through the transpose network to terminate at layer i in the form by;;. This symmetry surprises us,
as sometimes the bases ayj; and by j; are necessarily unrelated to each other, except that they have the same
dimension. However, the symmetry seems less surprising and even inevitable when you consider that the
fibers ' (W) and x~'(WT) must be identical.

Figure [7| gives a preview of four of the five identities proven in this section—summations that express d;,
rk Wi, @i, and By j; in terms of interval multiplicities w;s—and a visual interpretation of those summations.
The bottom of Figure [3] gives a visual interpretation of the fifth identity, which expresses wy; in terms of
matrix ranks, and a second visual interpretation of the summation for rk Wy.;. It might be helpful to know
that the multiplicities w;, in Figure[7]are the same as in Figure[5] but they are rotated 135°.

Lemma states that Ay j; is a prebasis for Ay j;, where Ay j; contains every prebasis subspace ay j» with k" < k
and i’ < i. The following lemma states that, as we would expect, the dimension of A;; is the sum of the
dimensions of the prebases in Ay ;. But the proof does not directly appeal to LemmaE]; Lemma suffices.

Lemma 8. For L > k > j > i > 0, the dimensions ay; of the flow subspaces Ay, the dimensions By j; of
the flow subspaces By ji, and the dimensions wys of the prebasis subspaces a;ss and bysg are related by the
identities

k i L j
i =dimAgi = " Y wi and P =dimBiji = » > wy. (4.8)

t=j s=0 t=k s=i

Proof. We prove the first claim by induction on increasing values of k and i. For the base cases, recall our
convention that Ay ;1 = {0} and A, ;; = {0}; hence ay j—1 = @j-1 ;i = @j-1,j-1 = 0.

For the inductive case—the identity for @y j;—we assume the inductive hypothesis that the identity holds for
Qe ji-1> Xk—1,j,i» and Qf—1,j,i-1- By Lemma@ Qfji = Wgi + Qf, ji-1 + Qp—1,ji — Xk—-1,j,i-1- By substituting @
into the right-hand side, we obtain on the left-hand side, confirming the claim for ayj.

A symmetric argument (by induction on decreasing values of k and i), with the identity By j; = wi; +Br, ji+1 +
Br+1.ji — Br+1,ji+1 from Lemma 3] establishes the identity for By;ji. ]

The following corollary states that, as we would expect, the number of units d; in unit layer j equals the sum
of the dimensions of the subspaces in a prebasis for R%. It implies that every valid rank list induces a valid
multiset of intervals (as we defined a multiset of intervals to be valid if it satisfies the following identity).
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Figure 7: At left, we reprise the basis flow diagram from Figure |5| At right, we tabulate the values of the
interval multiplicities w;; with boxes that illustrate how the four summations compute d;, @322, 8321, and
rk W31 = tk W3 W,. At the bottom of the figure, we reprise the four summations for reference.

Corollary 9. The number of units in unit layer j is, as formula says,

L j
dj = Z Z Wrs.
t=j 5s=0
Proof. As R% = Apjj = Bjjo,dj = arjj = Bjjo. The summation follows by identity . O

Recall that a rank list r = (tk Wy.;)r>k>i>0 1S a list of the ranks of all the subsequence matrices, including
those of the form tk W;.; = d;. The following lemma shows how to map a rank list to a multiset of
intervals (expressed as a list of interval multiplicities wy;) and vice versa. The bottom of Figure [5] depicts

the identities (.9) and (@.10).

Lemma 10. For L > k > i > O, the ranks of the subsequence matrices are related to the dimensions of the
flow subspaces and the dimensions of the prebasis subspaces by the identities

L i
kWi = awi=puo=, ) o and (4.9)
t=k s=0
wri = kWi =tk Wisiog =tk Wiggoi + 1K Wig 1421, (4.10)

recalling the conventions that tk W;.; = djand tk Wy 1., = 0 =1tk Wy__.
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Proof. We use the Rank-Nullity Theorem to connect the rank of W;.; to the dimensions of the flow sub-
spaces, and the formulae to connect those to the interval multiplicities. Recall that Ay; = R% and
Ag_1,i = null Wi.; N col Wie; = null Wy.;. As Wi.; is a di X d; matrix,

rk WkNi dl' — dim null WkNi

= dil’IlAL,'l' - dimAk_l,i,i

= ari— Q-1
L i

= D2 o
t=k s=0

= ari = Prio

as claimed. (Symmetrically, we could obtain the summation (4.9) by instead starting from rk Wy.; = dj —
dimnull W, and recalling that By = RY% and By ;41 = null W, .. This is how we originally realized that
dim ayj; = dim by ;, which led us to Lemma|2})

We can verify the identity rk Wy.; — tk Wy j—1 — tk Wiy + tk Wi 1.i-1 = wy; by substituting the summa-
tion (4.9) into it. O

Ferdinand Georg Frobenius [|6] proved in 1911 that tk Wy.; — tk Wi iy — tk Wiy + tk Wyiiop > 0, a
statement called the Frobenius rank inequality. This confirms that every w,, is nonnegative (a fact we already
knew, as every prebasis subspace has a nonnegative dimension). Our derivations deepen the Frobenius rank
inequality by connecting the slack {@.10) in the inequality to the dimension of the subspaces (#.6) and (4.7).
(We considered calling each wys a Frobenius slack instead of an interval multiplicity.) To put it in a simpler
notation, for any four matrices R, S, T, and U,

kST —1tkSTU —tkRST +tkRSTU

dim (proj,o; 7 oW S N proju rs DU (TU)T)

dim (projqy s €017 N proj, ¢y NUILRS).

Thome [20] offers some generalizations of the Frobenius rank inequality to linear neural networks. He
proves them by induction, but they also follow easily from (4.9).

4.6 The Canonical Weight Vector

Figure [§| depicts a sequence of matrices we call almost-identity matrices, which we define to be any matrix
obtained by taking an identity matrix, inserting additional rows of zeros, and appending additional columns
of zeros on the right. Products of almost-identity matrices are also almost-identity matrices. For any given
valid rank list r, we will define one unique canonical weight vector

6=, I-1,.... 1)

whose rank list is 7 and whose matrices 1 ; are almost-identity matrices, as illustrated in Figure It is
“canonical” in the sense that it depends solely on r. Let [ = u(@) = Ipl;—1---1;. Our canonical weight
vectors will have the property that the sole nonzero components of  are on its diagonal, in the uppermost
(and leftmost) positions on the diagonal.

This section is devoted to showing that for any weight vector 6 with rank list r, there is a straightforward
relationship between 6, the canonical weight vector 6 for the rank list 7, and any set of flow prebases A s
j € [0, L] associated with 6. Specifically, the flow prebases induce a linear transformation that maps 6 to 6.
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Figure 8: The canonical weight vector 0 = (Is, Iz, b, ) and its subsequence matrices when every interval
multiplicity is wy; = 1 except wag = 2. Every rank-1 matrix W € R>® can be factored as W = Ju b b L 1 J;!
where the matrices /; have the values depicted (determined solely by the choice of interval multiplicities)
but J4 and Jy depend on W.
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The immediate benefit of this relationship is that it reveals a way to convert flow prebases A; to flow
prebases B; for the transpose network, or vice versa (see Section4.7). More importantly, in Section[5.2] we
will use the canonical weight vector to show that any two strata (from different fibers) with the same rank
list are related by an invertible linear transformation. Hence, the topology of a stratum depends solely on
its rank list. The canonical weight vector also gives us intuition about the geometry of each stratum (see
Section[7.7). Lastly, for any valid multiset of intervals, the canonical weight vector gives an explicit example
of a weight vector having those intervals (and the corresponding rank list).

Consider a weight vector 8 = (W, Wy_y,...,W)) € R%, Suppose we choose flow prebases Aoy, Ay, ..., AL
(which depend in part on 6) as described in Section .4} Lemma [7] guarantees we can. We chose the name
“prebasis” because we can convert the prebasis A; into a basis for R%, and now we will use that basis, in
the form of a square, invertible matrix J; whose columns are the basis vectors. Recall that A; is a prebasis
for R% (by Lemma as A; = Arjjand Arj; = R%), so R% = @é:j {:O aji, the vector sum of the
subspaces in A;. Forming J; is a matter of picking basis vectors for the subspaces a; ;—but we want those
basis vectors to flow, just like the subspaces do. As we have chosen flow prebases, the prebasis subspaces
satisfy ayj; = Wj.;ax;. For each subspace ay;; € A; with nonzero dimension wy;, choose an arbitrary set of
wy; vectors in R4 that form a basis for a;;, then let Jy; be a d; X wy; matrix whose columns are those basis
vectors. To obtain flow bases, for each subspace ayj; € A; with j > i and nonzero dimension wy;, we set

Jiji = Wividkii,

so Jiji is a d;j X wy; matrix whose columns are a basis for a;j;. We construct a d; X d; matrix J; whose
columns are a basis for R% by grouping together all the matrices J; ji with matching j. For example, if L = 4
then

Jo=[Jao Jaz1 Jaz J30 J321 Iz Joo Jo21 Jool

Note that some of the blocks in this matrix may be empty; for instance, if ws3; = 0, then J3,; contributes
nothing to J,. In general, we order the matrices Jij; primarily in order of decreasing k and secondarily in
order of increasing i, because it gives us the almost-identity matrix structure depicted in Figure @ As Aj is
a prebasis for R%, the a; ji’s are linearly independent (for a fixed j and varying k, i), so the columns of J; are
linearly independent. Hence the columns of J; are a basis for R% and J ; 1s invertible.

We now define the canonical weight vector tobe 8 = (I, I;_1, ..., I;), where
7 -1
lj=J;"W;Jj1.
With these, we can factor W = u(6) into L + 2 matrices of the form
W=Ju -1y 4.11)

because JLiLiL_l oo ilfal = JLJZIWLJL_lJle WiaJp—---1W; J0J61 =W W;_1---W; = W. This fac-
torization includes two matrices that are not canonical, J;, and J; ! (which depend on the value of W and on
some arbitrary choices of prebasis subspaces and basis vectors).

We now show that the matrices 7 ; are almost-identity matrices and they are canonical: they depend solely on
our choice of interval multiplicities (equivalently, on the rank list of 8), and they are independent of W except
for the fact that w;g = rk W is fixed. To understand the almost-identity matrices, we number their rows and
columns in a non-standard way, illustrated in Figure For each interval [i,/] suchthat L>1> j>1i >0,
the matrix /; has w;; rows representing that interval; these rows have index /i in Figure We order the rows
of /; primarily in order of decreasing / and secondarily in order of increasing i (as illustrated, to match the
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ordering in J;). Similarly, for each interval [h,k] suchthat L > k > j—1>h > 0, I ; has wy;, columns
representing that interval; these columns have index &/ in the figure. We order these columns primarily in
order of decreasing k and secondarily in order of increasing & (as illustrated, to match the ordering in J;_y).
The following lemma describes the structure of 7 j» as illustrated in Figure

Lemma 11. For every interval [i, k] that contains both j— 1 and j and has multiplicity wy; > 0, T j has an
Wi X Wy; block that is an identity matrix, located at the rows and columns associated with the interval [i, k).
All the other components of I ; (where the column and the row do not represent the same interval) are zero.

Proof. We prove the lemma by showing that if we construct 1 ;j as described by the lemma, then J jf i =
W;Jj-1. This confirms that I; = J;'W;J;_; has the structure we claim it has.

Let x € R%-! be a unit coordinate vector: a vector whose components are all 0’s except that one component
isa 1. Then J;_;x is a column of J; | (and one of our selected basis vectors for R4-1). Moreover, it is
a column of some matrix Ji j_1; that is a block in J;_1; suppose J;_x is the zth column of J; ;_1;. With
respect to the columns of the almost-identity matrix 7 ; as described above, the 1 component in x is aligned
with the zth column among the columns that represent the interval [i, k].

Consider the product 7 ;x in two cases. If k > j then I ;x is a unit coordinate vector: with respect to the
rows of f ; as described above, the 1 component in [ jx is aligned with the zth row among the rows of I ; that
represent the interval [i, k]. Hence J jf ;x is the zth column of Jij;. Recall that Ji;; = W;Ji j_1;; it follows
that J ji. jx = W;J;_1x. The only other case is that k = j — 1; then I ;x = 0 because the interval [i, k] is not
represented among the rows of /;. In that case, W;J;_1x = 0 because J;_1x € aj_ j-1,; and Wa,_y j-1,; = {0};
SO again, injx =W;Jj_1x.

The fact that J ji jx = W;J_x for every unit coordinate vector x € R%-1 implies that J jf i=WiJj. O

4.7 The Transpose Network and Complementary Flow Bases

Section [4.6]describes a relationship between a weight vector 6, the canonical weight vector & with the same
rank list, and a set of flow prebases A; associated with §. Can we use flow prebases B; associated with
the transpose network instead? We can, and doing so reveals a connection between the two sets of flow
prebases.

Echoing the construction in Section@ we build a basis for each subspace by j; by choosing wy; basis vectors
for by j; and writing them as the columns of a d; X wy; matrix Ky j; chosen to satisfy the flow condition for the
transpose network,

Kiji = W K-

Then we append them together to build a basis K; for each R% . For example, if L = 4 then
Ky =[Kso Kai Kan Kzno Kz Kz Koo Koo Kozl

By a straightforward reflection of the arguments given in Section .6] we can show that by writing
Ij = K] WK,

we obtain the same canonical almost-identity matrices [ ;j as we did in Section Hence we can factor
W = u(6) into L + 2 matrices of the form

W=K; "I, 1LK].
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There are (usually) many possible choices of flow prebases by j;, and there are many possible choices of flow
bases K. But they all produce the same canonical matrices /;. Conversely, any set of invertible matrices K
that produce the canonical matrices I ; defines a set of flow bases. Recall from Section that one way to
produce such an fj is to write fj = JjTleJj_l. It follows that if you have flow bases Jy, Ji,. .., Jr for the
forward network, then you can find flow bases for the transpose network by choosing

Kj=J;". (4.12)

Symmetrically, if you have flow bases Ko, K1, ..., Ky, for the transpose network, then J; = K]TT are flow
bases for the forward network.

With that choice, J].TK ; =1, hence

I, k=Kandi=17
T - ’ ’
TijiKe ji { 0, otherwise.

Therefore, (for this choice of flow prebases) if k # k" or i # i’, every vector in the subspace ay; is orthogonal
to every vector in by j». Hence if you have flow prebases Ay, Ay, ..., Ay for the forward network, then you
can find flow prebases By, By, ..., B, for the transpose network by choosing each byj; to be the unique
subspace of dimension wy; that satisfies these orthogonality properties; that is,

bkji:( > ak’ji’]- (4.13)

k' #k or i’ #i

(Note that this expression does not depend on the specific bases J; chosen to express the prebases A;.) This
transformation from A; to B; serves as its own inverse, converting flow prebases for the transpose network
to flow prebases for the forward network.

We say that the flow prebases By, By, ..., By generated by (@.13)—or, equivalently, by @.12)—are comple-
mentary to the flow prebases Ay, Ay, . .., Ar. We say that the flow bases Ko, K1, . .., K generated by
are complementary to the flow bases Jy, Ji, ..., Jr. Note that complementary flow bases imply complemen-
tary flow prebases, but not vice versa.

4.8 A Fundamental Theorem of Linear Neural Networks?

Matrices have crucial properties that Gilbert Strang [|18|] summarizes as a Fundamental Theorem of Linear
Algebra, describing the relationships between the four fundamental subspaces of a matrix: the rowspace,
the columnspace, the nullspace, and the left nullspace. For any p X g matrix W, the rowspace of W is
the orthogonal complement of the nullspace of W and the sum of their dimensions is ¢ (the latter fact is
known as the Rank-Nullity Theorem). The same observations apply to W7, so the columnspace of W is the
orthogonal complement of the left nullspace of W and the sum of their dimensions is p. The dimensions
of row W and col W are the same, and we call that dimension rk W. (Strang’s “Fundamental Theorem” also
addresses properties of the singular value decomposition, not treated here.)

Here, we outline a candidate for an analogous Fundamental Theorem of Linear Neural Networks. Theo-

rem[I2]below takes parts of Lemmas[3] 4] [6] and[7} and the formulae (4.1)), 4.2)), 4.8), (#.9), and (4.10), and

reframes them around the decomposition of each layer of units into “fundamental” flow subspaces akin to
row W, col W, null W, and null WT (though our decomposition into flow subspaces is not generally unique).
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Theorem 12. Consider a weight vector 6 = (Wr, Wi_1,..., W)) representing a linear neural network. For
L>k>i>0, let

Wi = TK Wiewj =tk Wi — 1K Wi 1+ + Tk Wit

Then there exist for L > k > j > i > 0 subspaces ayj; and by j; of dimension wy; such that for all j € [0, L],
Aj = {agji #{0} : k € [j,L],i € [0, jl} is a direct sum decomposition of R, Bj={bji # (0} : ke[jL],ie€
[0, j1} is also a direct sum decomposition of R%, and the subspaces satisfy the flow conditions

agii, k> 7
Wiakj-1i = { kit ) and

{0y, k=j-1,
bij-1is J>1,
T =L
Wj bkjl { {0}’ j: i

Moreover,

Akji = null Wk+1~j N col WjN,' = Qyjss kelj—-1,L),ie[-1,]], and

s=0

~
1l b
~.

By ji = tow Wy~; N null W;i_l

L
B v keljiL+11ie0,j+11.
=k s=i

The dimensions of Ayj; and By j; are, respectively, ayj; = Zf: j Z;ZO wys and P ji = Z,L: " Zﬁ _; Wrs. Moreover,

dj = tL: j Zé _o Wrs and tk Wy..; = Zth X 22:0 wys. Note that this decomposition is not necessarily unique, but
the subspace dimensions wy;, ayji, and By j; are the same for all such decompositions.

Moreover, given prebases A that satisfy the conditions above, we can obtain prebases B that satisfy them
by choosing

1
bkji:( Z ak/ji’)-
(K %)

We say these B-prebases are complementary fo the A-prebases. By a symmetric formula, given prebases
B that satisfy the conditions above, we can obtain (complementary) prebases A that satisfy them.

5 Strata in the Rank Stratification

In this section, we prove some of the results about rank stratifications promised in Section 3]

e Each stratum § ,—the set of points on a fiber ,u‘l(W) with rank list 7—is a smooth manifold (Theo-

rem[16)).

¢ Given two strata from two different fibers that have the same rank list, there is a linear homeomorphism
mapping one stratum to the other (Corollary[14)). Hence the topology of a stratum is solely determined
by its rank list.

e Given two points on the same stratum, there is a linear homeomorphism mapping the stratum to itself
and mapping one point to the other (Corollary [15).
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5.1 Strata, Semi-Algebraic Sets, and Determinantal Varieties

Let S be a rank stratification of a fiber ,u‘l(W). Here we will see that although a stratum in S is not
necessarily an algebraic variety, it belongs to the closely related class of semi-algebraic sets. This will help
us to see in Section why each stratum in S is a manifold. A semi-algebraic set is a set that can be
obtained from finitely many sets of the form {§ € R% : f(6) > 0}, where each f; is a polynomial, by a
combination of union, intersection, and complementation operations. This class of sets include all algebraic
varieties, which can be expressed as intersections of sets of the form {6 € R% : fi(6) = 0}, each of which is
the intersection of two sets of the form {§ € R% : fi(6) = 0}.

To see that a stratum is an algebraic set, we must first see how to constrain the rank of a matrix with algebra.
The constraint that a matrix M has rank at most » can be written as a constraint that the determinant of every
(r + 1) X (r + 1) minor of M is zero. (The number of polynomial equations specified this way can grow
exponentially with r, but typically most of them are redundant.) Thus the set of all p X ¢ matrices with
rank r or less is an algebraic variety, called the determinantal variety [9, Lecture 9], which we denote

DVP? = (M e RP*9 : tk M < r}.

The determinantal variety has singular points and thus is not a manifold (unless r is zero; DVqu contains
only the zero matrix). It is well known that the singular locus of DVZ*? is DVZ!—the matrices with rank
strictly less than r. If we omit those matrices, we obtain a manifold that we call the determinantal manifold,

DM/ = DV \ DV?"1 = {M e RP*9 : tk M = r}.

It is not hard to see that DVZ*? is the closure of DMZ*?F| So although DM?*“ is a manifold, it is not a
closed point set with respect to the weight space (unless » = 0). It is well known that DVZ*? has dimension
r(p + ¢ — r), hence so does DM?*.

DM?*? is not an algebraic variety (unless r = 0). A pxg matrix M is in DM?*? if and only if the determinant
of every (r + 1) X (r + 1) minor of M is zero but the determinant of at least one r X r minor is nonzero. We
cannot express the latter constraint in a system of polynomial equations. But DM?*? is a set difference of
two algebraic varieties, so it is a semi-algebraic set.

We define a stratum in S by fixing the rank of each subsequence matrix. If a weight vector 8 = (Wy,..., W)
has rank list r, then W lies on the determinantal manifold DM,, ,, Wo W) lies on DM,, ,, W4 W3 W, lies on
DM, ,, and so on. These constraints are semi-algebraic, so a stratum is a semi-algebraic set.

For our purposes, we need to express these constraints in terms of the weight vector 6, not in terms of Wo W,
and W4 W3W,. This motivates what we call a weight-space determinantal manifold, denoted

WDM™ = {(WL,..., W1) : tk Wi = 1w

One difference between WDMﬁNi and DMkad" is that WDM;” is a set of points in weight space, and

DMdedi is a set of points in matrix space. The subsequence matrices are polynomial in 6, so WDM*™ is a

semi-algebraic set that can be expressed as a set difference of two algebraic varieties, just like DM? xq,

Consider partitioning the entire weight space R% by rank list (forgetting briefly about the fiber and the
strata). Consider the set of all points in weight space having a specified rank list . We call this set a
multideterminantal manifold, denoted

MDM, = {(Wp,...,W;) € R% : tk Wy.; = ry; forall L > k > i > 0}.

5The set {DMSX", DM‘I’X", ..., DM?*4} is a stratification of DV?*? into manifolds of dimension 0, 1,...,r.
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The multideterminantal manifold is the intersection of the weight-space determinantal manifolds:

MDM, = (] WDM}™.
L>k>i>0
It follows that MDM, is a semi-algebraic set. (MDM, is also a manifold, but we will not prove it, as we don’t
need to. But in Section [5.2] we prove that each stratum is a manifold, and that proof can easily be adapted
to MDM,,.) The entire weight space R% can be partitioned into a finite set of these multideterminantal
manifolds, one for each valid rank list.

Each stratum in the rank stratification S is the intersection of the fiber with a multideterminantal manifold,
SY = u (W) n MDM,.

Hence, S is a semi-algebraic set. We prove in the next section that it is a manifold.

5.2 The Rank List Solely Determines a Stratum’s Topology

Here we show that in the rank stratification, each stratum is a smooth manifold, and moreover, that the
topology of a stratum is determined solely by its rank list. In particular, if two strata in two different fibers
have the same rank list, a linear transformation maps one stratum to the other. This linear transformation (re-
stricted to the first stratum) is a homeomorphism, showing that the topology of a stratum is fully determined
by its rank list. Moreover, this transformation can be chosen to map any selected point on one stratum to
any selected point on the other. Therefore, the local topology of a stratum looks the same from every point
on the stratum, and even the geometry of a stratum looks the same from every point if we ignore scaling.
A semi-algebraic set with this property is necessarily a smooth manifold.

Consider a matrix W and a point on its fiber, 6 = (W, Wy_1,..., W) € p‘l(W), with rank list r. In the
rank stratification S of ,u‘l(W), S XV is the stratum that contains 6. Define the basis matrices J;, J;_1,...,Jo
described in Section[4.6] noting that these matrices depend in part on our choice of 6. Recall from Section[4.6|
the almost-identity matrices 7 ;= JjTl W;J ;-1 and the canonical weight vector

0=, I1-1,.... 1)

Recall that the value of 6 depends solely on r; it does not otherwise depend on @ nor the product matrix W.

Consider the linear transformations

N RY - RY (M, Myy,....My) o (LM T My I My Ty and (5.0
i RY - RY (M, My, My) e (T M, I M, I ML),

Observe that 77'(9) = @ and 1(d) = 6. As the J;’s are invertible, 57 and ~! are linear bijections from weight
space to weight space. Crucially, it is easy to see that ¢, 7(¢), and 5~ !(¢) all have the same rank list for any
¢ € R%, as a matrix’s rank is invariant under multiplication by an invertible matrix.

Let] = ,u(@) =01, depicted in Figure 8. Now consider the fiber ,u_l(i ) of I and some stratum S é
in the rank stratification of that fiber. The following lemma shows that the linear transformation 17 maps the
fiber u~! (1) to the fiber u~! (W), and likewise maps the stratum S to the stratum S V. So both fibers have the
same topology, and both strata have the same topology. Given a set Z C R%, let (Z) denote the set obtained
by applying 1 to every weight vector in Z.

Lemma 13. n(u~'(I)) = u="(W) and n (Sg) = Szvfor every stratum Sg in the rank stratification of u~ ' (I).
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Proof. For any point ¢ = (X;,X;-1,...,X1) € R%,

uo(@) = JXpJh I Xead, o X gt = I X - X g = o) Jyt o and
1 () T X I X Jrea - I X0 o = T X Xy -+ X Jo = T (@) Jo.

From , we have W = J 1J;', and thus 7 = J;'WJy. To see that n maps any point on ™ '(]) to a
point on u~' (W), observe that for any point ¢ € u~'(I), u(7(¢)) = JL,u(qﬁ)Jal = JLINJ(;1 = W. Conversely,
to see that 7~! maps any point on u~'(W) to a point on u~'(I), observe that for any point ¢ € u~' (W),
wr (@) = I 'w(@)Jo = J;' WUy = I. Hence, n(u~'(I)) = u~' (W) as claimed.

Recall that S} contains the points on g~! (W) with rank list s and § g contains the points on ! (I) with rank
list 5. As ¢, 1(¢), and 17! (¢) have the same rank list for any ¢ € R%,  maps any point on § ]; to a point

on SY, ! maps any point on S ¥ to a point on S{, and 77 (S ’Y) = SV as claimed. m]

See Appendix [E] for another lemma related to Lemma [I3] applied to a subspace we will introduce in Sec-
tion

It is a short extra step to see that if we replace I with any other matrix W’ of the same rank, there exists a
linear transformation that likewise maps ,u‘l(W) to u‘l(W’) and S LV to S ;V. Therefore all strata with the
same rank list have essentially the same geometry, up to a linear transformation in weight space.

Corollary 14. Consider two matrices W and W’ (not necessarily distinct) such that tk W = tk W', and two
points 0 € w'(W) and & € pu~'(W’) that both have the same rank list. Then there is a linear bijection
from R% to R% that maps 6 to &, u=" (W) to u="(W’), and SY 1o S}V for every stratum SV in the rank
stratification of = (W).

Proof. The function n is a linear bijection from R4 to R% that maps 6 to 6 and, by Lemma maps u~ ()
to ™' (W) and S1to S . Likewise, there is a function 77’ that is a linear bijection from R% to R% that maps

Otod, u~'(I) to u~ (W), and Sf to SZV Hence, 17/ o 77! is a linear bijection from R% to R% that maps
0@,y (W) tou (W), and S to S, O

If we choose W = W’, Corollary |14 describes several automorphisms: a bijection that maps u~'(W) to
itself and, for every stratum S g/ in the rank stratification of u~!(W), a bijection that maps S ;V to itself. The
following corollary follows by letting s be the rank list r of 6.

Corollary 15. For any two points 6,0 in the same stratum S ,, there is a linear homeomorphism from S , to
itself that maps 6 to 6'.

Corollary [15]implies that the stratum looks topologically the same at every point—that is, given an open
neighborhood of one point on the stratum, every point on the stratum has an open neighborhood homeo-
morphic to that one. A consequence is that there are only two possibilities: every point on S, has an open
neighborhood homeomorphic to an open ball of some fixed dimension—hence S, is a manifold—or no point
on S, has an open neighborhood homeomorphic to an open ball. The latter possibility is ruled out because
every nonempty semi-algebraic set has at least one point with an open neighborhood homeomorphic to a
ball.

We give some background on stratifications to justify this claim. Every semi-algebraic set can be stratified—
that is, partitioned into strata that are manifolds without boundary—in a manner that satisfies three criteria.
First, every stratum is analytic and thus smooth—specifically, every stratum is a manifold of class C*.
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Second, the stratification is locally finite, meaning that every point of the semi-algebraic set has an open
neighborhood that intersects only finitely many strata. Third, the stratification satisfies the frontier condi-
tion we defined in Section |3} for every pair of distinct strata S, T in the stratification, either S N T = 0 or
S C T. See Benedetti and Risler [3] for a proof. (Such stratifications were introduced for algebraic vari-
eties by Whitney [22-24], though it was Mather [[16] who showed that Whitney’s stratifications satisfy the
frontier condition, and L.ojasiewicz [[13[] who generalized the result to semi-algebraic and semi-analytic sets.
Thom [19] introduced the terms stratum and stratification. See Lu [15, Chapter 5] for an excellent exposi-
tion.) Here we use this result to stratify each stratum in the rank stratification—that is, S, has a stratification
satisfying the three criteria.

Let Z be a semi-algebraic set. Let Sz be a locally finite stratification of Z satisfying the frontier condition
and having C*-smooth strata. Let d be the maximum dimension among the strata in Sz. The dimension
of Z is d. (This is by definition, though there are competing, equivalent definitions.) Let S € Sz be a stratum
of dimension d, and let 6 be any point on S. As S is a d-manifold, there is an open neighborhood N c S
of 6 homeomorphic to an open d-ball. The frontier condition implies that no point in NV lies in the closure of
any stratum besides S (as S has the maximum dimension). The fact that Sy is locally finite implies that no
point in N lies in the closure of Z \ §. Therefore, N is an open set in Z (which is a stronger statement than it
being an open set in S). Hence 6 has an open neighborhood N € Z homeomorphic to a d-ball.

Applying this knowledge with Z = §,, some point on §, has an open neighborhood homeomorphic to a ball.
Hence Corollary E] implies that every point on S, has an open neighborhood homeomorphic to a ball of the
same dimension. We conclude that each stratum S, in a rank stratification is a manifold.

Moreover, as # € N ¢ § C S, and S is a manifold of class C*, the manifold §, is C*-smooth at 6.
Corollary [14]states that for every point " € S, there is a linear homeomorphism from S, to itself that maps
fto#',s0 S, is C*-smooth everywhere. Thus we have proven our main theorem.

Theorem 16. Each stratum S , of a fiber wY(W) is a manifold of class C*.

Unfortunately, this reasoning tells us nothing about the dimension of that manifold. Determining that di-
mension will require a good deal more work, which we undertake in Sections[§]and [0}

6 Moves on and off the Fiber

Imagine you are standing at a point 6 on a fiber u~' (W). A move (6, ') is a step you take from 6 to another
point &', which may or may not be on the fiber. Let A@ = 6" — 6 be the displacement of the move. We write

g = (W,W, ,....,W)eR% and
Af (AW, AW, _1,...,AW;) € R%.

We use analogous notation for the product W/ = u(#’), its displacement AW = W’ — W, the modified

subsequence matrices W;-~,- = W;.W;._ |-+ W!,,, and their displacements AW;.; = W;-N,- - Wi

Moves on the fiber offer us a way to replace a linear neural network with another that computes the same
function, but might be superior in other respects (such as not being near a spurious critical point of the
cost function used to train the network). Moves on the fiber are also a tool for gaining intuition about the
geometry and topology of the fiber. In Section [/} we use moves to understand how the strata in the rank
stratification are connected to each other. In Section (8] we study the subspace tangent to a stratum (in weight
space) and build a revealing basis for that tangent space; the moves described here will guide that study.
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Two classes of move suffice to characterize strata and their interconnections: one-matrix moves and two-
matrix moves. Any move from any point on the fiber to any other can be broken down into a sequence of
one-matrix and two-matrix moves.

6.1

e A one-matrix move has at most one nonzero displacement matrix AW;. That is, W, = W, for all

z # j. One-matrix moves are linear in two senses. First, the displacement AW is linear in the
displacement AW;. Second, as a consequence, if a one-matrix move stays on the fiber (W' = W,
AW = 0), then for all k € R, u(8 + kAf) = W. That is, the line through 6 and & is a subset of the fiber.

A one-matrix move stays on the fiber if W, .;,AW;W;_.o = 0; otherwise, it moves off the fiber. Some
one-matrix moves change the ranks of one or more subsequence matrices; we call them combinatorial
moves. A combinatorial move implies that ¢ has a different rank list (and a different multiset of
intervals) than 8. Some combinatorial moves stay on the fiber, and some move off of it, but all
combinatorial moves move off of the stratum—that is, & does not lie on the stratum of the rank
stratification that 6 lies on (even if 6 lies on the same fiber). It is noteworthy that if two strata in the
rank stratification satisfy S, N S # 0, then from any point on S, there is an infinitesimal combi-
natorial one-matrix move to Sy; we will see that combinatorial one-matrix moves suffice to help us
characterize all the connections among strata. We discuss one-matrix moves further in Section
and we study combinatorial moves in detail in Sections

A two-matrix move has exactly two nonzero displacement matrices AW ;.| and AW; (which are always
consecutive). That is, W, = W, for all z ¢ {j, j + 1}. We specify a two-matrix move by selecting an
invertible d; X d; matrix M and setting W;‘+1 = W 1M and W;. = M‘IW]-.

Clearly, all two-matrix moves stay on the fiber: W’ = w(8’) = u(6) = W. Moreover, all two-matrix
moves stay on the same stratum, as a two-matrix move does not change the rank of any subsequence
matrix. (There are no combinatorial two-matrix moves.) One way to think of this move: an invertible
linear transformation changes how hidden layer j represents information, without otherwise changing
anything that the network computes.

Unlike in a one-matrix move, often there is no straight path on the fiber from 6 to ¢’. But if M has a
positive determinant, usually there is a natural choice of a smooth, curved path that lies on the fiber
and on the stratum that contains 8. (By “smooth,” we mean that every point on the path has a single
well-defined tangent line.) Of particular interest to us is the direction tangent to that two-matrix path
at 0, because that direction is also tangent to the stratum at 6.

The fiber x~'(W) is not necessarily connected. In that case, it possible to move from one connected
component of the fiber to another by means of a two-matrix move where M has a negative determinant
(though there is no path on the fiber connecting 6 to 6”). Section [6.2|discusses two-matrix moves.

One-Matrix Moves

In a one-matrix move, we choose one finite displacement AW; and set AW, = 0 for all z # j. (We permit
AW; to be zero as well, so our moves include a “move” that doesn’t move.) Thus, we move from a point
6eu'(W)to

0 = (W, WL—1,---,Wj+1,W}, Wig,...,Wy)

where W;. = W; + AW;. Then

W = ,u(H') = WLNJ'(WJ' + AWJ')WJ'_1~0 = /J(Q) + WLNJ‘AWJ'W]'_1~() =W+ WLNjAWjo_1~o.
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Therefore, & lies on the fiber ﬂ_l(W) if and only if AW; satisfies Wy ;AW ;W;_;.o = 0. The set of displace-
ments that satisfy this identity is the subspace (of R%*4i-1)

N; = mullW, ;@R +RY@null W,

Ap-1,j,j® Bj-1,j-1,0 + ALjj ® Bj-1,j-1,1-

Here, the symbol “®” denotes a tensor product. For subspaces U C R” and V C R*,

UV ={MecR” :colM C U androw M C V}.
That is, U ® V is the set containing every y X x matrix M such that M maps all points in R* into U and
M™ maps all points in R into V.

Observe that the dimension of N; is

dim N; dim (null Wy ; ® R4 + dim (R% ® null W) — dim(null W ; @ null W[, )

(dj —I'kWLNj) . dj_l +dj . (dj_l - I’ij_lwo) - (dj - rkWLNj) . (dj—l — rij_1~0)
= djdj_l—l‘kWLNJ"I'ij_1~(). (61)

Consider the affine subspace of the weight space R% reachable from 6 by a one-matrix move with AW i €Nj,
Gi=AWL, Wr_1,..., Wi, Wi+ AW, Wjy,..., W1) : AW; € Nj}.

Then we have {; C w~'(W). That is, ¢ ; 1s an affine subspace that is a subset of the fiber (but not necessarily
a subset of the stratum that contains ). This gives us some insight into the geometry of the fiber, but it tells
us nothing about the curved parts of the fiber. The curved parts are revealed by the two-matrix moves.

6.2 Two-Matrix Moves and Two-Matrix Paths

Recall that a two-matrix move is a move that, for some j € [1, L — 1], selects an invertible d; X d; matrix M
and sets WJ’. 1 = WjuM and W} = M‘le (but no other factor matrix changes). A two-matrix move
always places 6’ on the same fiber and the same stratum as 6. To see that, let W = u(6) and let S be the
stratum containing 8 in the rank stratification of the fiber ,u‘l(W). Observe that W/:~i = Wy.; when both
k # jand i # j. In particular, W = W. The only subsequence matrices that change are those of the form
ngwj = Wi~;M where k € [j+1,L] and W}Ni = M‘IW]-N,- where i € [0, j — 1]. But matrix rank is invariant
to multiplication by an invertible matrix, so rk W,_, = rk Wy.; for all k and i satisfying L > k > i > 0. Hence
@’ has the same rank list as 6 and thus lies on S.

Unlike a one-matrix move, a two-matrix move doesn’t reveal a line on the fiber, but it can reveal a smooth,
curved path on the fiber and on S, which tells us a direction tangent to S. Consider a two-matrix move
where M = I + eH for an arbitrary, nonzero d; X d; matrix H and a real € > 0. For a sufficiently small e,
M is invertible, so we can draw a smooth path on the fiber, with endpoint 6, by varying € from zero to some
small value. Thus we define the two-matrix path

P={(Wr,Wr1,..., Wia, Wir1(I + eH), (I + eH) 'W;, Wi_1,..., W) : € € [0, €]} (6.2)
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The curved grid lines in Figure |1{ are examples of such paths. Every point on P is the target of some two-
matrix move from 6, so P C S. To find the line tangent to P at 6, observe that for a small €, ( + eH) ™! =
I—€eH+e?H?> - EH? + ..., s0

d._, d
Wi = d—E(Wj+1(1+eH))=Wj+1H and

d ’ _ -1 _ d 2772 3173 _
Vil - d—e((1+eH) Wj)fzo—d—e((l—eH+eH ~-E€H +...)Wj)6:0——HWj.

Let ToP be P’s tangent line at 6 and let T4S be S’s tangent space at 6, both defined so that Ty P and TS pass
through the origin, not necessarily through 6. Then

TyP = {(0,0,...,0,yW. H,—yHW;,0,...,0) : y € R}. (6.3)
[ R —
AWJ‘.H AWj

A key observation is that ToP C TS, because P C S and both P and S are smooth at 6.

In Section [8] we characterize TS as a subspace spanned by some one-matrix and two-matrix tangent direc-
tions.

7 The One-Matrix Prebasis and the Hierarchy of Strata

In this section, we study how the strata are connected to each other. Strata form a partially ordered hierarchy
in the following sense. Consider two nonempty strata S, and S ; in a rank stratification of some fiber, with
valid rank lists » and s. Recall that r < s means that r;.; < s¢-; forall L > k > i > 0, and r < s means

that r < s and r # s (at least one of the inequalities holds strictly). In Section we will show that the
following statements are equivalent (imply each other).

A S,cS,.
B. S, NS, #0.
C.r<s.

I~

The fact that A implies B is obvious (as we assume S, # 0). More interesting is the fact that B implies A.
That is, our stratifications satisfy the frontier condition defined in Section |3t if a stratum §, intersects the
closure of another stratum S ; from the same fiber, then S, is a subset of S ;.

The most important observation is that S, C S if and only if r < s. This makes it easy to determine which
strata’s closures include (or intersect) which strata. In Section we will augment A, B, and C with a
fourth equivalent claim, which permits us to arrange the strata in a directed acyclic graph (dag) like those
illustrated in Figures [2] [3] and @ Each vertex of the dag represents a stratum, and each directed edge of the
dag represents a simple, tiny move called a combinatorial move; see Section Every inclusion of one
stratum in the closure of another is represented by one or more directed paths in the dag.

To achieve these goals, given a point § € u~!(W), we will construct a one-matrix prebasis at 6, a prebasis
that spans the weight space R%. Note that whereas in Section@we constructed prebases for vectors, now we
will construct prebases for matrices (tensor products of the vector prebases from Section ) and a prebasis
for weight vectors (sequences of matrices). These prebases are different at each weight vector 6 € R%.

Each member of the one-matrix prebasis is a one-matrix subspace whose vectors are one-matrix move
directions, defined in Section[6.I] Some of these subspaces represent moves that stay on the fiber, and some
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represent moves that move off the fiber. Some of the subspaces represent moves that move to different strata.
All the strata that meet at 8 can be accessed from 6 by one or more infinitesimal one-matrix moves whose
displacements are in these one-matrix subspaces. Each move corresponds to an edge in the dag.

Another purpose of the one-matrix prebasis is to help identify the space tangent to a stratum S at a point
6 € S, denoted TpS. Specifically, we construct a prebasis for TpS. We are not satisfied with that alone;
for every stratum S’ whose closure contains 6, we would like to identify the tangent space TS’ (which is a
superset of TS) if it exists. Moreover, we want a single prebasis that can express all of these tangent spaces
at 0. (The prebasis that does this is called the fiber prebasis, described in Section[8]) This information allows
us to identify all the directions from 6 of paths that leave S and enter various higher-dimensional strata.

To visualize this, recall Figure |3|and consider a point 6 on the stratum S oo;. The space tangent to Sgg; at 6
is a line; the one-matrix prebasis at 6 contains this line. S lies in the closures of two two-dimensional
strata, So;; and S19;. The space tangent to S¢;; at 6 is a plane, which we can represent as the vector sum
of the same line we used for Sop; and one additional line (not uniquely defined). The space tangent to S 19,
at 0 is also a plane, which we can represent with the same line we used for Soo; plus a different additional
line. The set of these three lines is a one-matrix prebasis at 6. The lines reflect three degrees of freedom by
which paths on the fiber can leave 8 (though no single path can exploit more than two degrees of freedom).

Some one-matrix moves change the ranks of one or more subsequence matrices; we call them combinatorial
moves. If a combinatorial move stays on the fiber, it moves to a different stratum of the fiber. These moves
are our main source of insight into how strata are connected to each other; we study them in Sections 7.7
The one-matrix prebasis distinguishes moves that increase the rank of one or more subsequence matrices
from moves that do not, and it also distinguishes moves according to which subsequence matrices have their
ranks increased. (It does not distinguish moves that decrease the rank of one or more subsequence matrices
from moves that do not.) Note that there are no combinatorial two-matrix moves; two-matrix moves do not
change the rank of any subsequence matrix.

The one-matrix prebasis suffices to characterize all the interconnections among strata, as we will see in
Section But the one-matrix prebasis does not give us all the subspaces we need to characterize the
tangent space TpS. To account for directions along which S is curved, we will define some two-matrix
subspaces in Section[8] A prebasis spanning TS will enable us to determine the dimension of S .

7.1 Small Moves

Recall that a move is combinatorial if it changes the rank of one or more of the subsequence matrices
(thereby moving to a different stratum). Here we characterize what we call small moves, which are motivated
by the fact that an infinitesimal perturbation of a matrix can increase its rank, but cannot decrease its rank—
given a matrix, there is a positive lower bound on the magnitude of a displacement that can decrease its
rank. By studying moves that are so small that no subsequence matrix can decrease in rank, we simplify
understanding the interconnections among strata. For example, in Figure [3] the 0-dimensional stratum S oo
lies in the closure of the 1-dimensional stratum S o1, and both of them lie in the closure of the 2-dimensional
stratum S o11. Starting from any point 6 € S 19, an infinitesimally small move can reach some point 8’ € S
(because 0 lies in the closure of S(11), which entails an increase in the rank of W; from O to 1. But from 0,
an infinitesimally small move does not suffice to reach S ggg, as € is not in the closure of S ogp.

If a stratum S, intersects the closure of a stratum S g, then an infinitesimal move can get from §, to S 5. But
an infinitesimally small perturbation cannot decrease a matrix’s rank. Decreasing the rank of a subsequence
matrix always entails moving some finite distance. This implies that r < s. We prove it formally.

Lemma 17. If a stratum S , intersects the closure of a stratum S s from the same fiber, then r < s.
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Proof. By assumption, there exists a point § € S, N § ;. Therefore, every open neighborhood N C R4% of @
intersects S ;. But there exists an open neighborhood N C R% of @ such that for every weight vector 8y € N,
the rank list ¢ of @y satisfies rx.; < fx~; forall L > k > i > 0. As N intersects S, there exists a point
6 € NN S. The rank list of & is s, 50 r4; < sp~; forall L> k> i> 0. O

In terms of the equivalent statements we made at the start of Section |/, Lemma [17/| states that B implies C.
In Section we will prove that C implies A, thereby establishing that S, C S if and only if r < s.

Infinitesimals have a complicated status in the history of mathematical rigor. To strip away everything that
is not essential, we define a small move to be any move such that every stratum-closure that contains the
destination point 8 also contains the starting point 6. That is, you can never enter a stratum’s closure by a
small move if you’re not already there. This definition has a counterintuitive consequence: the inverse of a
small move is not necessarily small. Specifically, if a small move increases the rank of some subsequence
matrix, its inverse is not small. Moving from S0 to S¢11 is small, but moving back is not. It follows from
the definition of “small” that if a small move moves from a stratum S, to a stratum S 5, then S, N S s 70,50

r < s by Lemma(T7}

The small combinatorial moves are the small moves that increase some subsequence matrix rank (as they
cannot decrease any matrix rank). A small combinatorial move from S, to S implies that r < s and thus S
is disjoint from S ;. But we will see that S, C § 5, so a small combinatorial move always moves to a stratum
of higher dimension. The small combinatorial moves establish a natural partial ordering of the strata that
reflects the inclusions among stratum-closures.

7.2 The One-Matrix Subspaces and the One-Matrix Prebasis

Recall from Section that we decompose each unit layer’s space R% into a prebasis—a “basis” made up
of subspaces—and in Section 4.6] we decompose it further into a basis of vectors (a more familiar concept).
Here we construct prebases for the factor matrix spaces R%*4-! and the weight space R%. Given a starting
point @ € R%, one of our goals is that our prebases should separate one-matrix moves that stay on the fiber
from those that do not. Moreover, they should separate one-matrix moves that stay on the closure of the
stratum from those that do not, and they should do so for every stratum whose closure contains 6. We saw a
hint about how to achieve that in Section@ where we expressed the set of displacements AW; that stay on
the fiberas N; = Ay ;; ® R4 +R% @ B j-1,j-1,1, in terms of the flow subspaces defined in Section

First, we construct a prebasis O; for R4>dj-1, For indices satisfying L > 1> j>i>0and L>k>j— 12>
h > 0, define the prebasis subspace

Olkjih = Qi ® bk,j—l,h ={M C R4 col M € ajji and row M C bk,j—],h},

where a;j; and by j1 ; are prebasis subspaces, as defined in Section Recall that these subspaces depend
on the starting point 8. Lemma [/| guarantees that we can choose flow subspaces (i.e., subspaces such that
arji = Wj-xakyx and by j; = WyTijky,-); for some of our results here, it is necessary that we do so.

Recall from Sections [4.6|and[4.7]the matrix J;;; whose w;; columns are a basis for a;;; and the matrix Ky j—1
whose wyy, columns are a basis for by ;1 ,. We can easily construct a basis for oy j;,, namely, the set

{uv" : uis a column of Jiji and v is a column of Ky j_1}.
This basis is composed of w;; wy;, rank-1 matrices. Hence another definition of the subspace oy i, is

T . WIXW,
Olkjih = {]ljiCKk,j—l,h - C e R%i kh}’
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where the matrix C holds the coefficients of the basis matrices. It is clear that

dim Olkjih = dim ajji dim bk,j—l,h = Wy Wkh.

For each j € [1, L], define the prebasis
O = {owjin # {0} : L€ [, L, k€ [j-1,L],i € [0, j1,h € [0, j - 11}.
This prebasis pairs every subspace in the prebasis A; with every subspace in the prebasis 8;_;.

Lemma 18. O; is a prebasis for RY*di-1 - In particular, the subspaces in O j are linearly independent.

Proof. The vector sum of the one-matrix subspaces in O; is

Z Oljin = Z Z aiji ® by j-1n = Zazﬁ]@J[ Z bk,j—l,h]

ok jin€0; a1ji€A; by j-1,1€Bj-1 aji€A; by j-1.1€8Bj-1

= RYU @RI = R4,

(The second line follows from Lemma @) Hence, O; spans R4>4j-1 which has dimension d idj—1. The sum
of the dimensions of these subspaces is

Z Wy Wiy = Z Z wliwkh=[ Z wli]'[ Z wkh]=djdj—1-
oijin€0; aiji€A; by j-1,1€8j-1 aji€A; bij-1.4€8Bj-1

As R%*4i-1 is the vector sum of the subspaces and its dimension equals the sum of the dimensions of the
subspaces, the subspaces are linearly independent. Hence O is a prebasis. O

Now we construct a prebasis @q for R% that we call the one-matrix prebasis, the main topic of this section.
The subspaces in @g are called the one-matrix subspaces and have the form

Gucjin = {0,...,0,M,0,...,0) : M € oy;in}

with M in position j from the right (the same position as W; in 6). The one-matrix prebasis is
O0 ={ujin #{0}: L>1>j>i>0and L>k>j—-1>h>0}.

It is easy to see that @ is a prebasis for R% as a corollary of Lemma

Corollary 19. Qg is a prebasis for R%. In particular, the subspaces in ©q are linearly independent.

Proof. For any fixed j € [1, L], ®¢ contains a subspace ¢y jin = {(0,...,0,M,0,...0) : M € oy i} for every
choice of the four indices / € [j, L], k€ [j—1,L],i € [0, j], and & € [0, j — 1], where M occurs at position j
in the weight vector. The set O; contains one subspace oy i, for every I € [j, L], k € [j - 1,L], i € [0, j],
and 2 € [0,j — 1]. By Lemma O is a prebasis for R%>4j-1 Hence, for a fixed j and varying I, k, i,
and £, Z¢lkjih€®O dujin = {(0,...,0,M,0,...0) : M € R>*di-1} If we sum over j € [1, L] as well, we have
2 ine®@o Plkjin = R% . The sum of the dimensions of the subspaces in @ is Zfz 1djdj—\ = dg, matching the
dimension of R%, so the subspaces in @ are linearly independent. Therefore, @q is a prebasis for R%. 0
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We can distinguish the one-matrix subspaces into two types: those that when translated to pass through 6
are subsets of the fiber, and those that when translated to pass through 6 intersect the fiber at only one point
(namely, 6). Hence, moves with displacements in the former subspaces stay on the fiber, and moves with
nonzero displacements in the latter subspaces move off the fiber. This motivates us to partition O; into two
sets, O?ber and O?O, and to partition ®¢ into two sets, @gber and ®80.

O = fowjm€0;:1=Landh=0}={owio # {0} : ke [j—1,L],i € [0, jl},
O = {¢ujm€®o:l=Landh=0}={gjio#{0}:L>j>1,L>k>j—1,and;>i>0}

O™ = 0;\ 0% ={owjin € 0j: L>1lorh>0}, and
®f(i)ber = 0Op\ @IC‘)O = {¢lkjih €0®p:L>lorh>0}.

For example, in the two-matrix case (L = 2),

0 = {02100, 020110, 021100 021110> 0221005 022110} \ {{0}},

0 = {021200, 021210 021220, 022200, 0222105 022220} \ {{0}},

O = {20100, $201105 $211005 $211105 $22100> $22110 $21200 $212105 $212205 $22200, $22210, 22220} \ {{0}},
O™ = 0101005 0101105 011100, 0111105 0121005 012110} \ {0},
O™ = {021201, 021211, 021221, 022201, 022211, 022221} \ {{O}},
O = {$10100, $10110> P11100> P111105 B12100 $12110> $21201> 21211, B212215 $222015 $22211, P22021} \ {{0}).

We end this section by proving three things.
o O is a prebasis for N, where N is defined in Section (Lemmabelow.)

. ®gber contains the one-matrix subspaces that “stay on the fiber.” Specifically, every displacement
A6 € ¢y jin With ¢y € O satisfies (6 + Af) = W. (Corollary 21|below.)

. (Déo contains the one-matrix subspaces that “move off the fiber.” Specifically, every displacement
AG € Gy jin \ {0} with ¢y jin € @éo satisfies (6 + AG) # W. (Also Corollary )

Henceforth, for any set of subspaces ©, we define the span of © to be span ® = ;¢ ¢, the vector sum of
the subspaces in ©.

Lemma 20. O?ber is a prebasis for N;.

Proof. Recall that N; = A1 ;; ® R + R @ Bj_1,j-11- By Lemma@

d.
RY = Apjj aiji,

M=
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Therefore,
-1 j L j-l
dj- .
Ap-1,j @RV = Z Z aiji ® by j-1,n :span{olkjiher.L>l},
I=j i=0 k=j-1 h=0
L j L j-1
d; .
R% ®Bj_1,j_1’1 = Z Z Z aji ®bk,j—l,h = span {Olkjih € Oj th >0}, and
I=j i=0 k=j-1 h=1

Nj = AL—I,j,j ®Rdf’l +R% ® Bj—l,j—l,l
span {oyjin € O : L > [ or h > 0}
spanOElber.

By Lemma the subspaces in O are linearly independent; hence so are the subspaces in ()Elber. Therefore,
O?ber is a prebasis for N;. m]

Corollary 21. For every subspace ¢y jin € ®gber and every displacement A8 € ¢y jin, (6 + AG) = W. For
every subspace ¢y jin € G)éO and every displacement A6 € ¢y jin \ {0}, u(0 + AG) # W.

Proof. Every subspace ¢y jin € Op is a one-matrix subspace, so a displacement Af € ¢y, has at most
one nonzero matrix, AW; € oy ;i Recall that u(6 + AG) = W + Wr ;AW W,_1.0. If ¢yjin € @gber, then
ojin € O and thus oyjiy © N; by Lemma[20} so AW; € N; and u(6 + A6) =

By constrast, if ¢yjin € ©F and A6 € ¢yjin \ {0}, then opjin € O = O;\ OF*" and AW; € oy \ {0). By
Lemma the subspaces in O; are linearly independent, so oy i, N span O?ber = {0}. Then by Lemma
Olkjin N Nj = {0} and thus AWJ' ¢ Nj and u(6 + A9) = W. O

7.3 The Effects of One-Matrix Moves with Displacements in the One-Matrix Prebasis

There is a crucial distinction between one-matrix moves that change the rank of some subsequence matrix—
the combinatorial moves—and one-matrix moves that do not. Following a combinatorial move, 6" has a
different rank list than 6 (by definition), 8" has a different multiset of intervals than 6, and crucially, ¢’ is in
a different stratum than 6, of a different dimension.

For each subspace oy jin in the prebasis O;, we ask: which subsequence matrices change when we replace W;
with W;. = W; + AW;, where AW; € oy i,? Which subsequence matrices change rank? Which subsequence
matrices undergo a change in rowspace or columnspace? This section answers these questions. Table 3]
summarizes the answers for small moves. The answers will clarify why we chose subspaces of the form
Otkjin = aji ® by j—1,n.

To set up every lemma in this section, let AW; = eM for a scalar € € R and a matrix M € oy, \ {0}. Assume
> j>iandk > j—1 > h(otherwise oy ;; is not defined). Let W;. =W;+AW;, let@ = (W, Wi_1,..., W),
and let 6’ be 6 with W; replaced by W’. For each subsequence matrix Wy.y, let Wi _, denote its new value
for 0, and let AWy, = W_, — Wy_,. The following lemma identifies which subsequence matrices do or do
not change.

Lemma 22. Given L 2y 2 x >0, W, = Wy ifand only ife =0 or j ¢ [x+ 1,y ory > lor x <h.
Moreover, if none of those four conditions holds, then tk AW, = tk AW;.
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w .
y swapping move
I ¥
l " 1 Vv;'~x = WY~X VV,\,WX = WV~X W)lwx = VV,V”“X W)l*~x = M/,V~»"
) W # Wy Wy # Wy
W =W kWi =tk Wy, +tkAW;|  tk W] =1k W, Wo—w
yrx T col Wi_, & col Wy, col W_, = col Wy, y~x Y
k+1 row Wi_ & row Wy, row Wi_ & row Wy,
k Wi # Wy Wi # Wy
kW, =1k W, kW) _ =1k W, Wi, =Wy
w o =W.._. y~x y~x y~x )
y~x I~ col Wy_, & col Wy, col Wy_, = col Wy, —W;
row W,_ . =row W,_, row W) _. =row W,
p P -
j—1 W =W, Wi =Wy Wi =Wy
o - X
@ |0 h-1|n i—1|i j-11j L
W ) W . .
y connecting move y not a combinatorial move
L g W, . =W, L /W’ =W,
[+1 e 7 k e 7
— = =
! Wi, # Wy " Nowy, #we "
tk Wi, =tk Wy, + 1k AW; S tk Wi, =tk Wy <4
' = =
col Wy_, & col Wy., - Wj col W), = col Wy - Wj
j Trow W§~x ¢ row Wy, 4 ] row Wy’.NX =row Wy, 4
k=j-1 o j—1 o
J Wi, =Wy J Wi, =Wy
0 by 0 X
(b) 0 h-1|h j—=1lli=j L (©) h=i=0 j—-1|j L

Table 5: The influence of a one-matrix move in which a factor matrix W; undergoes a sufficiently small,
nonzero displacement AW; € oy . The effects on the subsequence matrix W,., are listed for every y
and x with y > x. These tables are triangular, though it’s not obvious at first: the hatched region represents
an unused zone where y < x. A yellow rectangle indicates which subsequence matrices increase in rank,
constituting a combinatorial (connecting or swapping) move. The black font indicates where Wy _, # Wy.,.
The red font indicates where Wy’Nx = W, because the matrix W; is not a factor in W,.,. The blue font
indicates where W}’,Nx = W, for deeper reasons. (a) Table for the case where L > [ > k > j— 1 and
j > 1> h > 0. An example of a swapping move. (b) The third row disappears if k = j — 1, and the third
column disappears if i = j. When both identities hold, the move is a connecting move. (c) The second row
disappears if k > [, and the second column disappears if i < h. If either inequality holds, the move is not
a combinatorial move. The first column disappears if 4~ = 0. (The first row disappears if / = L, though we
don’t depict that case here. If 2 = 0 and / = L, then W’ # W and we move off the fiber.)
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Proof. 1If j ¢ [x+ 1,y], then W; is not one of the matrices constituting WJ,_,, so Wj_, = Wy, as claimed.

Otherwise, AW, = Wy, ;AW;W; 1., = eW,.;MW;_.,. Observe that colM C a;j; C Ajj; € null Wy,
and rowM C by j 14 C By j-1,, € null WjT—1~h—1' Therefore, if y > [ then W,.;M = 0; symmetrically, if
x < hthen MW;_ 1., =0. Thusif e =0ory > [orx < h, then AW,_, = 0 and Wy’Nx = Wy.y.

Now consider the case where none of the four conditions holds—that is, the case where € # 0 and j €
[x+1,y]landy < [and x > h. By Lemma|6, W,.. ;a,;; has the same dimension as a,;, and WJ.T_ 1~xPk.j-1.n has the
same dimension as by j_1 ;. In other words, the application of W, ; is a bijection from a;; to W, ja;j;, and the
application of WJ.T_M is a bijection from by j_1 j to W].T_ 1~xPk.j-1.n- Hence rk (W) ;M) = dim col (Wy.. ;M) =
dimcol M = rk M and tk (MW;_.,) = dimrow (MW;_,.,) = dimrow M = rk M. By the Frobenius rank
inequality, Tk AW, = tk(Wy ;,MW;_1.) > tk(W,.;M) + tk(MW;_1.) —tkM = rk M. The rank of
Wy iMW;_;., cannot exceed rk M, so tk AW, = tk M = rk AW; as claimed. By assumption, M # 0, so

AW, # 0 and W)’wx # Wy as claimed. O

The next lemma identifies which subsequence matrices do or do not have new vectors appear in their row-
spaces or columnspaces.

Lemma 23. Given L >y > x > 0, col AWy, C col Wy (equivalently, col W}, C col Wy_,) if and only
ife=0orjé¢[x+1,ylory>lorx < horx > i Moreover, if none of those five conditions holds, then

col AWy, Ncol Wy, = {0}.

Symmetrically, row AWy C row Wy, (equivalently, row Wy_, C row W) if and only if € = O or j ¢

[x+1,ylory > 1lorx < hory < k. Moreover, if none of those five conditions holds, then row AW,_, N
row W, = {0}.

Proof. Ife=0or j¢[x+ 1,ylory>lorx <h, then AWy, = 0 by Lemma[22]and the results follow.

Henceforth, assume that e # O and j € [x + 1,y]and y < [ and x > h. By Lemma tk AWy, =tk AW; =
rk M. By assumption, M # 0; therefore AW, # 0, col AW, # {0}, and row AW, # {0}.

Recall that AW, = eW, ;MW 1., and colM C a;j;. Thus col AW,., C col (W,.;M) = Wy_jcolM C
Wy<jarji € Wy jAgji € Wy jcol Wi = col Wy.;. If x > i then col Wy.; C col Wy, so col AW, C col Wy,
as claimed.

Symmetrically, as row M C by j_1 4, oW AW, C row (MW,_1.y) = WJ.T_lwxrowM c WjT_lwxbk,j—l,h Cc
WjT_MBk,j_l,h C WJ.T_INXrow Wijo1 = tow Wiy If y < k then row Wy, C row Wy, so row AW, C

row W,._, as claimed.

It remains to consider the cases where x < i or y > k—consider the former first. Recall that col W;., =
Apjx = ZZL:,- vazo azjw. If x < i, this summation does not include the term ;. By Lemma @, A; is a
prebasis for R4 whose subspaces include a;;; and all the terms a_j,, in the summation. The subspaces in
a prebasis are linearly independent; hence a;;; N col W;., = {0}. Premultiplying both sides by W,.; gives
Wy jaji 0 col Wy, = {0}. Two paragraphs ago, we saw that colAW,.., € W,_;q;;;. We conclude that if
x <1, col AWy N col Wy, = {0} and col AW, & col Wy, as claimed.

Symmetrically, row Wy.;_1 = B, j 10 = f:y Z{V_:IO b j-1w. If 'y > k, this summation does not include
the term by ;1. By Lemma ] B, is a prebasis for R%-1 whose subspaces include by, j—1,» and all the
terms b, j 1, in the summation. Hence by ;1 N row Wy.; 1 = {0}. Premultiplying both sides by W].T_
T

1~x
gives WJ—INka’ j-1,n Nrow Wy, = {0}. Two paragraphs ago, we saw that row AW, C WJ.T_ 1oy Pk j—1.0- We

conclude that if y > k, row AW, N row W._, = {0} and row AW,_, € row W,._, as claimed. O
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The next lemma addresses the crucial question of which moves can change the rank of a subsequence
matrix—that is, which moves are combinatorial. It begins with a general statement, then gives a stronger
statement for moves that are sufficiently small.

Lemma 24. Given L >y > x 20, forall e € R, tk W) _, <tk Wy, + tk AW;. Moreover, ify > lory < k or

<
x2iorx<h, thentk Wi_, <tk Wy.y.

Moreover, there exists an € > 0 such that for all € € (&, €),

, tk Wy, +1kAW; e€#0andl>y>kandi> x> h;
kW, __ = .
y=x tk Wy« otherwise.

Proof. The displacement AWy, = Wy ;AW;W;_;., has rank at most tk AW, so tkWJ_, < rkW., +

tk AWy, < tk Wy + kAW, If y > [ ory < k, then row W{_, C row W,., by Lemma 23| so tk W], <

y~x =

tk Wy If x > iorx < h, then col W)_, C col Wy, by Lemma 23] and again tk W_, < rtk Wy.,. If
any of those conditions hold (y > [ or y < k or x > i or x < h) and moreover ¢ is sufficiently small, then

tk Wi_, = 1k Wy, as decreasing the rank requires some finite displacement. If € = 0, then W{_, = W,.,.

Ife#0and/>y>kandi > x > h, then we have j € [x+ 1,y] because j >i>x+1land j <k+1<y.
Then by Lemma @ col AW,.., N col Wy, = {0} and row AW,_, N row W, = {0}. Therefore, if € is
sufficiently small, then tk W], = rk Wy + tkAW,.,. By Lemma kAW, = tkAW;, sotk W[ _, =
tk Wy + Tk AW;. O

The second half of Lemma [24]applies to small moves. Table[5]illustrates the parts of Lemmas and[24]
that apply to small moves with nonzero displacements.

7.4 Connecting Moves and Swapping Moves

Consider small moves from the one-matrix prebasis ®p—that is, moves that replace 6 with 8’ = 6+A6, where
A6 € ¢y jin 1s sufficiently small and ¢y i, € Oo. (Equivalently, moves that replace W; with W;. =W;+AW;,
where AW; € oy i, is sufficiently small and oy jin € O)). Lemma shows that if Ag # 0, the subsequence
matrices whose ranks increase are W, forall y € [k + 1,/] and x € [h,i - 1] (as TableE]illustrates). Their
ranks all increase by the same amount: the rank of AW;. Hence, a small move with displacement A € ¢y i
is combinatorial if and only if [ > k, i > h, and A8 # 0.

Interestingly, although a single move may change the ranks of many subsequence matrices, at most four
interval multiplicities change. Recall the identity (4.10), wyx = tk Wy —tk Wy 1 =tk Wy ootk Wy gy
If all four ranks increase by rk AW}, or exactly two ranks with opposite signs do, then wy, does not change.

It is straightforward to check that wy, and w;; decrease by rk AW, wy, and wy; increase by rk AW, and no
other interval multiplicity changes. Hence, the interval multiplicities encode the changes produced by these
combinatorial moves more elegantly than the rank list does.

We specify two types of small combinatorial moves. Every subspace ¢y jin in ®¢ has indices satisfying
k+12> j>i A connecting move is a small one-matrix combinatorial move with displacement A8 € ¢y jin
in the special case where k + 1 = j = i. In a connecting move, wy; does not exist (as k < i) and only three
interval multiplicities change. Figure [J]illustrates two examples of connecting moves and offers an intuitive
way to interpret them: a connecting move deletes rk AW; copies of the interval [h, k] and rk AW copies of
the interval [i, [], and replaces them with rk AW; copies of the interval [A, []. We think of this as connecting
the intervals [A, k] and [i, /] together with an added edge [j — 1, j] = [k, i] to create an interval [A, []; hence
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Figure 9: Two examples of connecting moves. The top example is the simplest example possible: W has
been perturbed to increase its rank by one. In the bottom example, W5 has been perturbed. In both examples,
the perturbation of W; causes two intervals [A, j— 1] and [, /] to be replaced by a single interval A, []. Three
interval multiplicities change, at three of the four corners of the red rectangle: w;; and w;_1, decrease by
one, and wyy, increases by one. The ranks of the subsequence matrices Wy, increase by one for all y € [j,/]
and x € [h, j — 1] (the ranks inside the red rectangle, including rk W;). Outside the red rectangle, all interval
multiplicities and matrix ranks are unchanged.
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the name “connecting move.” (There is much intuition that can be gleaned from a careful study of the figure
that is hard to explain in words.) The rank of a connecting move is tk AW ;.

A swapping move is a small one-matrix combinatorial move with displacement Af € ¢y j;;, in the case where
k > i. A swapping move changes four interval multiplicities. Figure[I(|illustrates two examples of swapping
moves. A swapping move splices tk AW copies of the interval [A, k] with rk AW copies of the interval [i, /],
thereby replacing them with rk AW; copies of the interval [A, [] (which is longer than both of the replaced
intervals) and rk AW; copies of the interval [i, k] (which is shorter than both). In effect, the interval endpoints
are swapped. The rank of a swapping move is tk AW;.

The ideas of connecting and swapping moves, along with Figures [9] and [I0} expose much intuition about
how the strata are connected to each other. A small move whose displacement comes from a subspace in ®¢g
gives us some simple ways that an infinitesimal perturbation of a point in weight space can move you from
one stratum to another stratum (always of higher dimension). However, there also exist small moves (not
chosen from a single subspace in ®¢) that are equivalent to a sequence of connecting and swapping moves.
In Section [7.8] we will see that every small combinatorial move is equivalent to a sequence of connecting
and swapping moves.

We define the following sets of one-matrix subspaces that correspond to connecting moves, swapping moves,
and the union of both (small combinatorial moves). We also define a one-matrix subspace that corresponds
to moves that stay on the same stratum, omitting all combinatorial moves.

@E)onn = {¢1kjih€®oZle+1=j=i>h}={¢1,j_1,j,j’h¢{0}2LZle>h20},
O = {Pujin€®o:I>k>i>h}={ppm #{0}: L>I>k>i>h>0andk+1>j>i},
@((:)omb — @8)nn U @?)Wﬁp
= {(ﬁ[kj,‘hE@oZl>kandi>h}={¢lkﬁh¢{0}1L212k+1Zj2i>h20},
efrwm = @I\ @F™ = @ \ OF \ OF™ = {¢yjin € Oo : (L>lorh>0)and (I < kori<h

For example, in the two-matrix case (L = 2),

oy {#10110, P20110, D21220, P21221} \ {{0}},

Oy = {21110, 21210} \ {0},

@((;;)mb
®gratum

{#10110, P20110, P21110, D21210, $21220, P21221} \ {{0}},

{#10100, 911100, P111105 P121005 P12110, $21201, P21211, $22201, P22211, $22221} \ {{0}}.

7.5 Abstract Moves

Each type of connecting or swapping move has an effect on the rank list (and interval multiplicities) that
depends solely on the indices h, i, k, and [ and the rank of AW;. This motivates the idea of an abstract
move that maps one rank list to another rank list, divorced entirely from any geometry. A rank-c abstract
connecting move takes a valid rank list r and an index tuple (l, k, i, h) satisfying L> 1> k+1=i>h >0,
and yields the modified rank list s produced by increasing wy;, by ¢ and decreasing w;; and wyy, by c. A rank-c
abstract swapping move takes a valid rank list 7 and an index tuple (1, k, i, h) satisfying L> [ >k >i> h > 0,
and yields the modified rank list s produced by increasing wy; and wy; by ¢ and decreasing wy; and wyy, by c.
We must have wj; > ¢ and wyy, > c prior to either type of move, so that the move produces a valid rank list.

In Section we will see that for valid rank lists satisfying r < s, there exists a sequence of rank-1 abstract
connecting and swapping moves that proceed from r to s. For that reason, in Section @ we introduced the
convention that each edge of the stratum dag represents a rank-1 abstract connecting or swapping move.
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Figure 10: Two examples of swapping moves. In the top example—the simplest example possible—either
Wi or W, may be perturbed to cause the move. In the bottom example, any of of W,, W3, or W4 may have
been perturbed. Two intervals [, k] and [i,[] are replaced by an interval [, [], longer than both original
intervals, and an interval [i, k], shorter than both. Four interval multiplicities change, at the four corners
of the red rectangle: wy; and wy; decrease by one, and wy, and wy; increase by one. The ranks of the
subsequence matrices W, increase by one for all y € [k + 1,/] and x € [h,i — 1] (the ranks inside the red
rectangle). Outside the red rectangle, all interval multiplicities and matrix ranks are unchanged.
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In Section we noted that sometimes a stratum dag contains a directed edge (S,,S ;) despite also con-
taining the edges (S,,S,) and (S, S ;)—that is, the dag is not a Hasse diagram. An example illustrated in
Figure [T1] explains why. Consider a stratum dag that includes the four strata whose basis flow diagrams
are depicted. (Suppose that there are four layers of edges with W4 = O but the figure shows only the first
three; thus all four strata are on the same fiber.) From the stratum S ,, depicted at upper left, there are rank-1
swapping moves that move directly onto the stratum S ; at lower right. But it is also possible to move from
S, to S through a sequence of two rank-1 swapping moves, passing through S, or §, along the way. Thus
the edgé (S, S ) is redundant for the purpose of diagramming a partial order of strata. Nevertheless, we
include (S ,, S ;) in the dag because the one-matrix subspaces ¢31210 and ¢31110 (as they are defined at a point
0eS,) repres%nt degrees of freedom of direct motion from §, into S that are linearly independent of the
one-matrix subspaces that represent moves into S; or S, (¢32310, $32210, #32110, $21210, and ¢21110). These
degrees of freedom of motion into S ; are not represented by the dag’s indirect paths from §, to S g, but they
are important for understanding how the strata meet each other geometrically.

7.6 One-Matrix Moves on a Stratum

Given a starting point # on a stratum S, the significance of @F™"™ is that for any subspace ¢y ji, € OF*"™,
a move with a displacement Af € ¢y i, stays on S. (The move stays on the fiber and does not increase any
matrix rank.) If it is a small move, it stays on S proper. (It does not increase nor decrease any matrix rank.)
We can rephrase the first property to say that § includes the affine subspace obtained by translating ¢y jix s0
it passes through 6, which we can write {§ + A6 : A@ € ¢y jin}. This also gives us some information about
TyS, the space tangent to S at 6, because it implies that ¢y i, C TS .

Lemma 25. Every ¢pin € OF™"™ satisfies {6 + A0 : A € ¢pin} S and ¢y jin C ToS. Moreover,
span @F™™ C TpS.

Proof. Consider a subspace ¢y jin € O3“"™ and a displacement A6 € ¢y . Recall that @™ = ®gber \
OF™. As ¢y jin € O, by Corollary 21} u(6+A6) = W. Hence the translated subspace {6+A0 : A6 € ¢y in)
is a subset of the fiber u~' (W).

Consider a parametrized point = 6 + € A6 with € € R, describing a line though 6 and 6 + A6, and the
subsequence matrices W}’,Nx derived from 6. As ¢y in ¢ ®g°mb, either ] < kori < h. By Lemma
rk Wy _, < rk Wy, for every subsequence matrix. Let r be the rank list of 6 and let 7 be the rank list of ¢';
thus ' < r. We will show that on the line though 8 and 6 + A6, there are only finitely many points where
the inequality is strict—that is, where ' < r—and thus almost all the points on the line are in the stratum S,

and thus the line is a subset of S.

For a specific choice of y and x satisfying L > y > x > 0, the rank of the subsequence matrix Wy, is ry., s0
there is some ry., X ry.x minor of Wy, that has a nonzero determinant. Consider the same minor of W§~x;
the determinant of that minor is a polynomial function of € that is nonzero at € = 0. Hence it has finitely
many zeros (with respect to €), hence there are only finitely many points on the line though 6 and 6 + A0
where rk W)’,N « <tk W,_,. At all other points on the line, rk Wy’N « =tk Wy_,. As the number of subsequence
matrices is finite, there are only finitely many points on the line where 7’ < r, as claimed; the line is a subset

of S. This reasoning holds for every displacement A6 € ¢y jin, s0 {6 + A : A € Py jin} © S.

By Theorem [I6] S is a smooth manifold, hence a tangent space TS exists. The line though 6 and 6 + A9
described above is tangent to S at 6, so the parallel line though the origin and A#@ is a subset of 7S. This
reasoning holds for every displacement A6 € ¢y jin, SO dujin < TS .

It follows that span ®f§ramm C TyS because TS is a subspace and ¢y jin € TS for every ¢y jin € ®grat“m. O
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Figure 11: Basis flow diagrams for four strata in a stratum dag. Green arrows are edges of the dag; in this
example they all representing swapping moves. This dag includes the directed edge (S, S ), representing
swapping moves whose displacements come from the subspaces ¢31210 or @31110, even though there are
directed paths from S, to S ; passing through S, or §,. Hence the dag is not a Hasse diagram.
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Knowing that span @3™"™ C TS, we are motivated to write an explicit expression for span @F™"™. We
will use it to derive an expression for 7S in Section

Lemma 26.

span @™ = {(AWL,AWL_l,...,AWl):

—-1

Wie > Apin®Bj_1j-10+AL-1,j0®Bj-1,j-10+
1

=~ >
> ~.
i

—1
A1jj® By j-10 +ALjj ® B, j—l,l} (7.1)

J

~
1]

= {(AWL, AWL_l, ey AWl) :
j-1

AWj € > col Wiy @null WI,_,, + (mull Wy 0 col W) @ RU-1 +
h=1

-1
D null Wi @ row Wi iy +RY @ (row Wy—j1 Anull W], o)t (1.2)
I=j

Proof. By the definition of @%tratum’

span @X™™ = span {¢;in € Oo : (L>lorh>0)and (I < kori < h)}
o) J
{(AWL,AWL—l, LAWY

AW; € span {ogjin € O : (L> Lorh > 0)and (I < kori < h)}}. (7.3)

The condition “(L > l or h > 0) and [ < k” is equivalent to the condition “(L > [ and / < k) or (h > O
and k = L)”: the forward direction follows because / < k and not L > [ imply that k = L, and the reverse
direction follows because k = L implies that / < k. Similarly, the condition “(L > [or h > Q) and i < h” is
equivalent to the condition “(h > 0 and i < h) or (L > [ and i = 0)”: the forward direction follows because

i < hand not 4 > 0 imply i = 0, and the reverse direction follows because i = 0 implies i < 4. Thus we can
rewrite part of (7.3) as

span {oyjin € O : (L>1lorh>0)and (Il < kori < h)}
= span{oy;in € Oj: (L >1lorh>0)and ! <k} + span{oy;y € O;j: (L>1lorh>0)andi < h}
= span{oyjin € Oj: L>land [ <k} + span{oyjin € Oj: h>0and k = L} +
span {oy i, € O; : h > 0and i < h} + span{oyji, € O; : L>landi = 0}. (7.4)
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To link the spans in (7.4) with the tensor products in (7.I), we use Lemmad]to write

j-1 -1 L h L j-1 1L h L j-I
PRILL AV IDNILDIDIIEVEDIDIDIP NP
h=1 h=1 I=j i=0 k=j—1=h h=1 1=j i=0 k=j—1'=h
= span{oyjin € Oj:h>0andi < hj, (7.5)
-1 L j-1 -1 L j-1
ArL-1,j0®Bj-1j-10 = Za1]0® Z Zbk,j—lh = Z Olk jOh
I=j k=j—1 h=0 I=j k=j—1 h=0
= span{oyip € O;: L>land i =0}, (7.6)
L-1 -1 | -1 1 j L j-l
A ®Bjto = ZZZ%@ZZW 212 0. D, Orkin
I=j I=j I'=j i=0 k=l h=0 I=j V=j i=0 k=l h=0
= { owjin €0j: L>1land ! < k} and (7.7)
Apjj®Br 11 = Zzam@ZbL, lh—ZZZOIL]zh
I=j i=0 I=j i=0 h=
= span{oy;i, € Oj :h>0andk = L}. (7.8)

The claim (7.1)) follows from (7.3)—(7.8)). The claim (7.2)) follows from (7.1)) and the flow subspace defini-
tions (4.4), (@.5). o

For example, in the two-matrix case (L = 2),

span @™ = {(AWz, AWY) :
AW; € col Wy @ null W] + R% ® (row W, N null W),
AW; € (null W, N col W1) @ R + null W, @ row W1}

The formula (7.2) is the most explicit and concise expression we know how to write for span @F™"™, but it
does not readily reveal the dimension of span G)grat“m nor a basis that spans it, because the formula uses a
vector sum of subspaces that are very far from being linearly independent. The easiest way to find a basis is
to explicitly compute @F™"™. We derive the dimension of span @™ in Section

7.7 Some Intuition for the One-Matrix Subspaces

We can gain some intuition about the one-matrix prebasis by inspecting the one-matrix subspaces for the
canonical weight vector 6 = (I, I;1,..., 1)) defined in Section At the canonical weight vector, the
one-matrix subspace ¢y i, is defined by permitting a single block of Al ; to vary arbitrarily, namely, the
block whose rows are associated with the interval [i, /] and whose columns are associated with the interval
[4, k], while setting all the other components of the displacement A6 to zero.

To clarify this idea, see Figure [I2] which reprises part of Figure [§] with some background colors added.
The one-matrix subspace ¢22100 is the set of displacements A8 that can be obtained by arbitrarily varying
the 2 x 2 block of AI; whose rows and columns are associated with the interval [0, 2] (labeled “20” in the
figure), while setting Aly, AL, AD, and all the other components of Al to zero. At 6, every one-matrix
subspace is axis-aligned, meaning that it is spanned by a subset of the coordinate axes of R%.
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Figure 12: The canonical weight vector 6 = (Is, 3, 1, I}) when every wy; = 1 except wy = 2. Yellow
and green backgrounds indicate moves that stay on the fiber (moves with displacements from subspaces in
@)gber such as ¢22100 and ¢32330), whereas pink and blue backgrounds indicate moves off the fiber (I = 4
and 2 = 0, moves from subspaces in (9160 such as ¢44420 and ¢43200). Green and blue backgrounds indicate
combinatorial moves that increase the rank of some subsequence matrix (! > k and i > h, moves from
subspaces in G)g’mb such as ¢32330 and @43220), Wwhereas yellow and pink backgrounds indicate moves that do
not increase any rank. Hence, yellow indicates moves that stay on the closure of the stratum (moves from
subspaces in G)gr"““m such as ¢2100). Green indicates combinatorial moves to a different stratum that stay on
the fiber. Pink indicates moves off the fiber in which no subsequence matrix’s rank increases. Blue indicates
combinatorial moves off the fiber.

In the figure, we have given each component of each factor matrix a background color to distinguish the
effects of a one-matrix move. In any single factor matrix I;, components with a yellow background can be
changed without changing the product I4/31,7; nor increasing the rank of any subsequence matrix. That is,
a change to a yellow component (or a yellow block with common indices) is a move whose displacement is
in a subspace in ®gr"““m, such as ¢y2100. This move stays on the fiber by Corollary [21{and, by Lemma
it also stays on the stratum’s closure. (If the move is small, it stays on the stratum proper. If the move is
not small, it might not stay on the stratum, because some subsequence matrix’s rank might decrease; but no
subsequence matrix’s rank can increase.)

A green background marks components whose change increases the rank of some subsequence matrix but
does not change I, 13, I;—hence staying on the fiber but moving to a different stratum. That is, a change to a
green component is a move whose displacement is in a subspace in @gber 0(98)“‘", such as ¢3330. Pink marks
components whose change changes I4/3/,1; but increases no rank—hence moving off the fiber. A change
to a pink component is a move whose displacement is in a subspace in @éo but not G)g’mb, such as ¢44420.



54 Jonathan Richard Shewchuk and Sagnik Bhattacharya

Blue marks components whose change changes L1, and increases its rank—combinatorial moves off
the fiber. A change to a blue component is a move whose displacement is in a subspace in @éo N G)gomb, such
as $43220.

This intuition can be extended from the canonical weight vector @ for a rank list r to any other weight vector 8
that also has rank list . Let W = u(6) and recall from Section@the linear functionn : (Xz, X;-1,...,X1) —
(JLXLJle, JL_lXL_lJle, LD X Jo‘l) that maps the fiber of I to the fiber of W. An invertible linear
transformation of weight space preserves tangencies, so the function 17 maps the one-matrix subspaces at ¢

(which are axis-aligned) to the one-matrix subspaces at 6 (which are not).

7.8 The Hierarchy of Strata

At the beginning of Section [/ we made the following claim about the stratum interconnections. Now that
we have defined connecting and swapping moves, we are adding one extra statement to the list: statement D
below is equivalent to saying that there is a directed path from §, to §; in the stratum dag.

Theorem 27. Let r and s be two valid rank lists for the same linear neural network (i.e., rj.j = sj.; = d;
forall j € [0,L]). Let u~" (W) be the fiber of a matrix W € R4 ywhose rank satisfies tk W = rp.9 = Sp0.
Let S, and S g be the strata with rank lists r and s in the rank stratification of w~Y(W), and observe that both
strata are nonempty by Lemma Then the following statements are equivalent (imply each other).

A S,CS,

B. $;NS;#0.

0

r<s.

D. There exists a sequence of rank-one abstract connecting and swapping moves that proceed from r to s,
with all the intermediate rank lists being valid.

Proof. Given the assumption that S, # 0, it is clear that A implies B. Lemma states that B implies C. The
forthcoming Corollary [32]states that C implies D. The forthcoming Lemma 28] states that D implies A. O

Observe that while claims A and B are statements about geometry, claims C and D are purely combinatorial.
Our proof that C implies D (Lemma[32) is also purely combinatorial (and it does not use the assumption that
S and §; are nonempty). The fact that C implies D is by far the hardest of the four implications to prove;
for many months we did not know if it was true. The fact that B implies A means that our stratifications
satisfy the frontier condition (defined in Section[5.2).

We now prove that D implies A. The proof is more opaque than we would like, but the essence of the proof
is that every abstract connecting or swapping move can be instantiated as an actual move on the geometry
of the fiber—a move that can be arbitrarily small, but not merely an abstract or infinitesimal move.

Lemma 28. Consider a sequence of valid rank lists r°,r', ..., r* such that each successive rank list can be
reached from the previous rank list by an abstract connecting or swapping move (of any rank). Let W be a
matrix, and suppose that ri~o =1k W foralli€[0,z]. Let S,0 and S = be strata in the rank stratification of
the fiber 1=\ (W). Then S ;0 C Slz.



The One-Matrix Prebasis and the Hierarchy of Strata 55

Proof. If § o= (0, the result follows immediately. Otherwise, let 6° be any point in S /- For each m € [1, 7],
we will identify a point " € S, that can be reached from 6"~! by a (not abstract, not infinitesimal)
connecting or swapping move. By induction, we obtain a point 6 € § - that is as close to 6° as we like.

Assume for the sake of induction that there is a point #”~! € S ,.-1. By assumption there is a rank-c abstract
move from 7"~! to r'"; it is specified by an index tuple (I, k, i, i) and the rank c. The fact that 7" is a valid
rank list implies that the previous rank list 5’”_1 has interval multiplicities wy; > ¢ and wyy, > ¢ (as the move
decreases both multiplicities by ¢). Choose any j € [i,k + 1] and consider the one-matrix subspace ¢y ix
defined at the point #”~!. Its dimension is dim ¢y jih = Wi Wiy > 2, and some matrices in oy jin have rank c.
Let AG € ¢y jin be a displacement such that AW; € oy i, has rank c. If AW; is sufficiently small, then by
Lemma[24] ¢! + A@ has rank list 7. We set 8" = §"~! + Ag.

We can choose each successive displacement sufficiently small that each move in the sequence of moves is
a “small move,” meaning that no move takes us to a point that is in the closure of any stratum whose closure
does not contain 6°. As the final point 6 lies on S =, it follows that P eS e

This construction can be applied to every point 6 € S ,0,50S,0 C S 7~ O

We devote the rest of this section to proving that C implies D: if r < s, there exists a sequence of rank-
one abstract connecting and swapping moves that takes us from r to s. This means that we can always
arrange the strata in a dag like those illustrated in Figures [2] [3] and ] such that each directed edge of the
dag represents a rank-one connecting or swapping move. Every inclusion of one stratum in the closure of
another is represented by a path in this dag (that is, A is equivalent to D).

Given rank lists r and s with r < s, finding a sequence of abstract moves that takes us from r to s is an
interesting recreational puzzle, which took us three months to solve. Our solution begins with the algorithm
FinpLastMovE in Figure [T3] which finds a rank list ¢ such that r < ¢ < s and a single rank-one abstract
connecting or swapping move takes us from ¢ to s. Building on this step, a simple recursive algorithm,
FinpALLMoves in Figure [I3] finds a sequence of abstract connecting and swapping moves that take us from
r to s (computing the sequence in reverse order). The proof of correctness of FINDALLMovEs, and thus the

proof that C implies D, follows by induction.
Our algorithms and proofs use differences between the rank lists r and s. Suppose that the interval multi-
plicities associated with r are wy; and the interval multiplicities associated with s are w;.. Let

Argei = Skei — Ni~i and  Awy; = a)‘,;. —wy; forallL>k>i>0.

As we assume that r < s, no Ary.; is negative. (No such constraint applies to Awy;.)

For the sake of proving that C implies D, we assume that r;.o = s..o; but our algorithm and the following
proofs do not require that r;.g = sp-o. Perhaps this extra generality will find a use someday. If Arp.g > 0,
at least one of the moves produced by FINDALLMovEs will move off the fiber, which is why that case is not
relevant to the relationships between the strata of a single fiber u~!(W).

The following four lemmas derive properties of the algorithms and prove that they always find a valid
sequence of rank lists.

Lemma 29. For indices satisfying L > k > i > 0,

|
M
M-
>
£
=
S
QU

A}’k~[

Arpei = Arpeio) = Arpgi~i + Arpy iy

A(x)ki
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FinDLASTMOVE(T, 5)
{ Given valid rank lists r and s such that r < s, returns a valid rank list # such that r < f < s and }
{ a single rank-one abstract connecting or swapping move takes us from ¢ to s. }

1 for all y and x satisfying L >y > x>0
{ From r and s, compute all the interval multiplicities with (4.10). }
2 Wyx € Tyox = Fyx—1 = Fyglox + Fyslox—1 { use the convention that r74j., = ry1 =0}
3 w;x € Sy~x = Sy~x—1 ~ Sy+l~x T Sy+l~x-1
4 Awyy — Wy, — Wyy
5 Ary oy < Syox — Ty { every Ary., is nonnegative, as r < s }
{ Initialize ¢ to be the same as s. }
6 fyax € Sy~x
7 [A, [] < the longest interval such that Ar;., > 1 (i.e., maximize [ — h)
8 i’ « the smallest index in [A + 1, /] such that i’ =/ or Aw;—; 7 > 0 or Ar;.y =0
9 ifi’ =lor Aa)l_l,,v >0
10 i—ike—1-1
11 else
12 k « the greatest index in [i’ — 1,/ — 2] such that k =i’ — 1 or Awy; > O for some i € [h+ 1,i’]
13 i « the smallestindexin [2 + 1,i’] suchthatk =i —1 or Awy; > 0

{If k = i — 1, we perform a reverse connecting move, equivalent to decrementing w;, by one }
{ and incrementing wj; and wy, by one. Otherwise, we perform a reverse swapping move, }
{ equivalent to decrementing w;, and w;. by one and incrementing wj; and w;, by one. }
{ Update the rank list # to reflect the reverse move. }
14 fory —k+1tol
15 for x — htoi—1
16 fyax < Sy~x — 1
17 return ¢

FINDALLMOVES(r, §)
{ Given rank lists r and s such that r < s, finds and writes a sequence of rank lists proceeding from }
{ r to 5 by a sequence of rank-one abstract connecting and swapping moves. }

18 ifr#s

19 t < FINDLASTMOVE(r, 5)
20 FINDALLMoOVES(r, £)

21 Write s

Figure 13: Algorithm to find a sequence of rank-1 abstract connecting and swapping moves that proceed
from a rank list r to a rank list s, assuming that r < s. FINDALLMoVEs operates recursively, repeatedly

invoking FinbLasTMovE to identify the last move in the sequence.
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For indices satisfying L>1>k>i>h >0,

-1 i
ArkNi - Arth - A}’IN[ + Ai’lwh = Z Aa)yx.
y=k x=h+1

Proof. The first identity is obtained from Ary.; = sg~; — r~; by substituting {#.2) for both r; and s-;, then
substituting wj, — wyy = Awyy. The second and third identities follow directly from the first by substitution.

Alternatively, the second identity follows from Awy; = w,il. — wy; by substituting 1i for both wy; and a),il..
O

Lemma 30. Let r and s be two valid rank lists for the same linear neural network (i.e., rj.j = sj.; = d; for
all j €10, L]) such that r < s. Let h, i, k, and [ be the indices chosen by Lines 7—13 of FINDLAsTMoVE. Then

o Ary.y>1forallye[k+1,l]and x € [h,i-1],

S
° w, > 1, and

e one of these two hold: k=i—1orw;, > 1.

Proof. Line 7 of FINbLasTMovE chooses [, [] to be the longest interval such that Arp., > 1. (Asr < s,
there is at least one choice of 4 and [/ for which Ar;., > 0 and [ > h.) By Lemma @l, Awy, = Arpey —
Arpep—1 — Argpion + Argpop—1. The last three terms on the right-hand side represent longer intervals, so

Awy, = Arpep 2 1. As Awyy, = wfh — wyp, and wyy, is always nonnegative, w‘;h > 1, verifying the second claim.

Line 8 chooses i’ to be the smallest index in [# + 1,/] such that i’ = I, Aw;—;» > 0, or Ar..y = 0. Hence
Awi—1y < 0and Arp., > 1 forall x € [h+ 1,7 — 1]. (Otherwise, a smaller 7 would have been chosen.

Note that the statement is vacuously true if i/ = & + 1.) As we have already shown that Ar;..;, > 1, we have
Arp.. > 1forall x € [h,i —1].

If i’ =l or Awj-17 > 0, then Line 10 sets i = i’ and k = [ — 1, and all the lemma’s claims hold. The lemma’s
first claim, that Ary., > 1 forall y € [k + 1,/] and x € [h,i — 1], holds because as we have seen, Ar;., > 1
for all x € [h,i" — 1]. The lemma’s third claim holds because if i’ = [ then k = i — 1; whereas if Aw;_; # > 0,

then Awy; > 1 and thus w;, > 1.
The case remains where neither i = [/ nor Aw;—;» > 0. In that case, Aw;—; 7 < 0, thus Aw;—;, < 0 for all
x € [h+ 1,7'], and Line 8 has chosen i’ such that Ar;.; = 0. Line 12 chooses & to be the greatest index in
[’ =1,1—2] such that k = i" — 1 or Awy; > 0 for some i € [h+1,i']. Hence Aw,, <O forally € [k+1,1-1]
and x € [h + 1,7’]. (Otherwise, a greater k would have been chosen.)

We now show that Ary., > 1 forally € [k+1,[] and x € [h, i’ —1]. We have already shown that Ar;., > 1 for
all x € [h,i" - 1]. It remains to show it for each Ar,., fory € [k + 1,/ - 1] and x € [A,i" — 1]. By Lemma 29|

<

-1 i
Aty = Aryox = Arr + Ariy = 7 " Awgy <0,

q=y p=x+1
By assumption, r < s and thus Ary. > 0. Recall that Ar;.; = 0 and Ar;., > 1, so
Af'y~x = Al”yNi/ —Arpp +Arpxy 20-0+1=1.

Therefore, Ary., > 1 forall y € [k + 1,[] and x € [h,i" — 1] as claimed. As the algorithm chooses i from
[A + 1,i'], this confirms the lemma’s first claim, that Ary., > 1 forall y € [k + 1,/] and x € [h,i - 1].

The lemma’s third claim follows because Lines 12 and 13 explicitly choose k and i such that k = i — 1 or
Awy; > 05 in the latter case, wy, > 1. O
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Lemma 31. Let r and s be two valid rank lists for the same linear neural network (i.e., rj.j = sj.; = d; for
all j €10, L]) such that r < s. Then the rank list t written by FINDALLMOVES is a valid rank list that satisfies
r <t < s, and a single rank-1 abstract connecting or swapping move changes t to s.

Proof. Inspection of FinbLastMove shows that the indices chosen by Lines 7-13 always satisfy [ > k,
k+1 >1i, and i > h. Line 6 of FINDLASTMOVE initializes ¢ to be the same rank list as s, then Lines 14-16
reduce the value of #,., by one for every y € [k + 1,/] and x € [h,i — 1]. At least one rank is reduced, which
confirms that ¢ < 5. By Lemma@], Ary.x = Syoy —Iy~x > 1 forevery y € [k + 1,/] and x € [h,i - 1], so
ty~x 2 Ty~ for all y and x satisfying L > y > x > 0, which confirms that r < 7.

If k+ 1 =i, then a transition from ¢ to s is a rank-1 abstract connecting move that replaces one copy of [, k]
and one copy of [i, /] with one copy of [A, ], whereas if k > i, a transition from ¢ to s is a rank-1 abstract
swapping move that replaces one copy of [, k] and one copy of [i, [] with one copy of [4,[] and one copy of
[i, k]. If the algorithm were explicitly computing the interval multiplicities a);x associated with ¢, we would
have ), = wi+1, w}, = W), +1, wj, = w}, —1,and if k > i, W}, = w},— 1. All the other interval multiplicities
associated with ¢ are the same as those associated with s.

To show that ¢ is a valid rank list, we show that the multiset of intervals associated with ¢ is valid, then apply
Lemma Recall that a multiset of intervals represented by interval multiplicities wfv wL>2y>2x2>0,
is valid if d; = 5: j i _o W), for every j € [0,L]. Ttis straightforward to see that if the multiplicities
wy, satisfy these identities, then the multiplicities a);x specified above (following a reverse abstract move)
satisfy them too. We also require that every «!,, is nonnegative—otherwise, the interval multiplicities do

yx
not represent a multiset. By Lemma (30} wj, > 1 and either k = i — 1 or w;, > 1, from which it follows that

Ih = ki
wj, > 0 and either k = i — 1 or w}; > 0. For every other pair of indices y and x, w}, > w}, > 0. Hence every
w;x is nonnegative, and ¢ is a valid rank list by Lemma O

Corollary 32. Let r and s be two valid rank lists for the same linear neural network (i.e., rj.; = sj.; = d;
forall j €[0,L]) such that r < s. Then there exists a sequence of rank lists that starts with r and ends with s
such that each rank list after r can be obtained from the previous rank list in the sequence by a single rank-1
abstract connecting or swapping move. The algorithm FINDALLMovEs in Figure |l 3|finds such a sequence.

Proof. The first claim follows from Lemma 31| by a simple induction. The second claim follows because
FinpALLMovEs implements this constructive inductive proof as a recursive algorithm. O

Corollary 32| completes the proof of Theorem [27]

8 The Tangent Space, the Nullspace of du(6), and Prebases that Span Them

Consider a fiber u~'(W), a stratum S in its rank stratification, and a weight vector 8 € S C u~'(W) c R%.
We wish to identify T,S, the space tangent to S at 6. Moreover, we wish to identify TS’ (if it exists) for
every stratum S’ whose closure contains 6. (These strata satisfy S’ > S, as our stratification satisfies the
frontier condition by Lemma[27])

We identified the one-matrix subspaces that lie in 7S in Lemma [25](Section [7.4), but they do not generally
suffice to span TyS. In this section, we find a complete prebasis for T3S by adding some two-matrix sub-
spaces related to two-matrix moves. These subspaces represent some directions along which S is curved.
The prebasis will help us to determine the dimension of S (which equals the dimension of 7S ).
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We will also study another subspace, the nullspace of the differential map of u(8), which we define and
explain in Section This differential map is written du(d) and its nullspace is written null du(8). The
significance of the differential map is that every smooth path on the fiber leaving 6 is necessarily tangent to
null du(8). However, not every direction in null du(6) is necessarily tangent to a smooth path on the fiber;
only some directions are. But if we take all the vectors tangent to smooth paths on the fiber at 6, their
vector sum is null du(#). This implies that TpS C null du(6) and, for every stratum S’ with 6 € S’ such that
TS’ exists, TpS’ C null du(f). The dimension of null du(6) is the number of degrees of freedom at 8: the
maximum number of linearly independent directions along which paths on the fiber can leave 6 (though a
path cannot necessarily use all these degrees of freedom simultaneously).

At a weight vector 6, we will construct three prebases (besides the one-matrix prebasis): one that spans TS,
and two that span null du(f). (Unlike the one-matrix prebasis, they usually do not span the entire weight
space R%.)

o The freedom prebasis spans null du(6). The freedom prebasis contains all the one-matrix subspaces
that lie in null du(6) (i.e., subspaces whose moves stay on the fiber) and excludes all the one-matrix
subspaces that do not (i.e., their moves leave the fiber). It also contains some two-matrix subspaces
that represent directions tangent to curved paths on S, as discussed in Section [6.2]

o The stratum prebasis spans TS . The stratum prebasis contains all the one-matrix subspaces that lie
in TS (i.e., subspaces whose moves stay on §) and excludes all the one-matrix subspaces that do not
(i.e., their moves leave S). Thus it omits all the one-matrix subspaces that the freedom prebasis omits,
and it also omits all the combinatorial subspaces, associated with connecting and swapping moves. It
contains all the two-matrix subspaces in the freedom prebasis and adds some more.

o The fiber prebasis is a superset of the stratum prebasis that spans null du(6). The fiber prebasis has
fewer one-matrix subspaces and more two-matrix subspaces than the freedom prebasis, so it is a bit
less elegant. But because it includes the stratum prebasis, the fiber prebasis is better “aligned” with
the fiber: for every stratum S’ whose closure contains 6, if T4S’ exists then some subset of the fiber
prebasis spans TS’. Thus the fiber prebasis is a single prebasis whose subspaces can be used to span
the tangent spaces of the strata that meet at 6.

Although TS C null du(6) and the freedom prebasis spans du(6), the freedom prebasis does not, in general,
have a subset whose span is TS . Thus the stratum prebasis must add some additional two-matrix subspaces
that lie in 7S, as well as drop the one-matrix subspaces that do not lie in 7S . The fiber prebasis retains all
the subspaces in the stratum prebasis and brings back some (but not all) of the one-matrix subspaces from
the freedom prebasis, so that the fiber prebasis also spans null du(6), but it represents every stratum meeting
at 6.

Before we can formally define the three prebases (in Section [8.4), we must introduce the differential map du
(in Section and the two-matrix subspaces (in Sections [8.2]and [8.3).

8.1 The Differential Map du and its Nullspace

Imagine you are standing at a point @ on a fiber 1~ !(W). As u is a polynomial function of 6, i is smooth, but
the fiber might not be locally manifold at 6. Nevertheless, if you walk on a path on the fiber starting from 6,
your initial direction of motion A6 is necessarily one along which the directional derivative ) ,(6) is zero.
(Note that this directional derivative is a matrix; to say it is zero is to say all of its components are zero.) But
the converse does not hold—not every direction with derivative zero necessarily is associated with some path
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on the fiber! For example, if you are standing at the origin (6 € So) in Figure[2] the directional derivative
of u is zero for every direction in weight space, but only some directions stay on the fiber.

To better understand these derivatives, Trager, Kohn, and Bruna [21]] use differential geometry. Given a
neural network architecture p : R% — R%*% and a specified weight vector 8 € R%, the differential map
du(6) : R% — R%* is 3 linear map from weight space to the space of dj, X dy matrices. We emphasize the
linearity; think of the differential map as the linear term in a Taylor expansion of u about 6. Usually we will
write its argument as A6, and apply the map as AW = du(6)(A#). The notations AW and A6 reflect a natural
interpretation in terms of perturbations: if you are at a point 6 in weight space, yielding a matrix W = u(6),
then you perturb 6 by an infinitesimal displacement A8, the matrix W is perturbed by an infinitesimal AW.

The bare form du denotes a map from a weight vector 8 to a linear map. This might be confusing if you
haven’t seen it before—a map that produces a map—and it accounts for the odd notation du(6)(A6).

Let A = (AW, AW;_1,...,AW;) € R% be a weight displacement. By the product rule of calculus, the
value of the differential map for u at a fixed weight vector 8 = (Wr, Wr_y,..., W) € R% is

L
du(@)(AQ) = Z WLNjAWjo_1~0 = AWLWL_1~0 + Wi AW 4 Wiowp+...+ Wi 1 AW;. (8.1)
=1

With A6 fixed, this is the directional derivative ,u’M(H) = du(6)(A6). (But we usually like to think of 6 as
fixed and A6 as varying. Observe that is linear in A8 but certainly not linear in 6.) As u is continuous
and smooth, if you walk from 6 along a smooth path on the fiber x~! (W), your initial direction of motion A
has directional derivative zero; so your initial direction is in the nullspace of du(6), defined to be

null du(8) = {AG € R% : du(6)(A8) = 0.

Consider the set of directions by which a smooth path can leave 6 on the fiber. We will show (Corollary
in Section that the span of this set of directions is null du(6). Hence, we say that the number of degrees
of freedom on the fiber at @ is the dimension of null du(6). However, not every direction in null du(6) is
associated with some path leaving € on the fiber. In Figure |3} for example, for any point 8 on the stratum
So10, null du(6) is the entire three-dimensional weight space, and paths can leave 6 on the line S¢;g, the
plane So;1, or the plane S 1;9. However, paths cannot leave 6 in all directions; they are restricted to the two
planes. To help identify the directions by which a smooth path can leave 6, we will specify a fiber prebasis
that spans null du(6) in Section 8.4

Lemma 33. Let 6 € R% be a weight vector in a stratum S in the rank stratification of a fiber u~"(W). Then
every smooth path containing 0 on the fiber is tangent to null du(6) at 6. Moreover, TgS C null du(6).

Proof. Let P ¢ u~'(W) be a smooth path on the fiber. Every point £ € P satisfies u({) = W. As u
is a continuous, smooth function of R%, any vector A tangent to P at / is a direction in which u has a
directional derivative of zero—that is, {(g ) = du($)(A) = 0. Hence A € null du((), verifying that every
smooth path containing 6 on the fiber is tangent to null du(6) at 6.

As S is a smooth manifold, for every nonzero vector A8 € TS, there is a smooth path leaving 8 on S that is
tangent to A6 at 6. Therefore, T4S C null du(6). O

Recall from Section that ®gber contains all the one-matrix subspaces whose displacements stay on the
fiber, and ®éo contains all the one-matrix subspaces whose displacements do not stay on the fiber. The
displacements in ®gber also stay on null du(6), as a direct corollary to the first claim of Lemma We
now prove it a second way, which also permits us to show that the nonzero displacements in ®60 are not in
null du(8): by plugging the displacements into the formula (8.1)).
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Lemma 34. Every subspace ¢y jin € G)gber satisfies ¢y jin € null du(@). Moreover, span ®gber C null du(6).
By constrast, every subspace ¢y jin € @éo satisfies ¢y jin N null du(6) = {0}. (That is, ¢y jin and null du(6) are
linearly independent.)

Proof. Consider a displacement A8 € ¢y jin = a;ji ® by j—1,,. We can write A6 = (...,0,AW;,0,...).

If ucjin € ®gber, then either L > [ or A > 0 by the definition of @gber. In the former case, W ,AW; = 0
because row AW; C a;;; € Ajji € nullWyyy.; € null Wy ;. In the latter case, AW;W;_1.o = 0 because

col AW; C by j_1 4 € By j—1,, € null W,-T_1~;1_1 C null W]-T_1~0- In both cases, by the formula || du(6)(A8) =

WLNJ'AWJ'WJ'_1N() = 0. Hence ¢lkji/1 C null du(6).
It follows that span @gber C nulldu(6) because null du(6) is a subspace and every subspace in @gber is a
subset of null du(6).

By contrast, if ¢y i € ®80, then L = [/ and 7 = 0 by the definition of O 50 AG € ar ji ® by j-10. By
Lemma @, Wi jarj; has the same dimension as ay j;; therefore, Wy .; induces a linear bijection from ay j;
to arr;. Also by Lemma WJ.T_ 1~0Pk.j-1,0 has the same dimension as by -1 0, thus W].T_1~0 induces a linear
bijection from b/w‘_],() to broo. Hence WLNJ'AW]‘Wj_b() is a linear bijection from AWJ' € ari® bk,j—l,O to
arr; ® broo that maps AW; = 0 to zero. It follows that if A8 # 0, then du(6)(A0) = Wi, AW;W;_1.o # 0.
Hence ¢y i N null du(6) = {0} as claimed. O

Compare Lemma [34{ to Corollary Our partition of ®¢ into @gber and @éo separates the one-matrix
subspaces into those in null du(#) and those linearly independent of null du(6) (Lemma [34); it also separates
the one-matrix subspaces into those whose displacements stay on the fiber and those whose displacements
move off the fiber (Corollary 21)). This is worth remarking on, because as we have said several times, not all
displacements in null du(8) are tangent to paths leaving 6 on the fiber. But all displacements in all one-matrix
subspaces in null du(0) (i.e., the subspaces in G)gber) are tangent to (straight) paths leaving 6 on the fiber.

Consider again Figure [3] where at the weight vector 6 = 0 (labeled S o), null du(6) is the entire weight
space R3, but smooth paths on the fiber can leave # only along some special directions. Among those
special directions are the nonzero displacements in the one-matrix subspaces ¢1o110, $21221, and @32332;
these displacements move from S ggp onto the strata Sgo1, So10, and S 109, respectively. Also among those
special directions are displacements in ¢10110 + (}521221, in $21221 + $32332, O in ¢32332 + ¢101 10, which move
from S goo onto the strata Sop1, S 110, and S o1, respectively.

Knowing that span @gber C null du(0), we are motivated to write a more explicit expression for span @gber.
Lemma [20| states that O?ber is a prebasis for N;, so

span Of*" = N; = null W; @ RY + RY @ null W] .
Therefore,

span O = (AW, AW _1,...,AW)) : AW, € Nj}. (8.2)
As span @gber C null du(6), we will use ti to derive an explicit expression for null du(6) in Section
Recall identity @) from Section@, dimN;j =djdj-y —tk W - tk Wj_1-o. It follows that

L L
dim span O = " (dd; 1 —tk Wy - Tk Wj_1.0) = dy— >tk Wy - tk Wiy, (8.3)
=1 =1

In the two-matrix case (L = 2), span ®gber = {(AWa, AW)) : AW, € R% @ null W, AW, € null W, ® R%}
and dim span OF**" = dy — d» - Tk Wy — d - tk W».
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8.2 Two-Matrix Subspaces

Usually ®gb°r does not suffice to span null du(6), and "™ does not suffice to span TS . To give a complete
prebasis for null du(6) and a complete prebasis for TS, we add some two-matrix subspaces. Recall the two-
matrix paths we defined in Section[6.2] which start at 6 and lie on the stratum S that contains 6. Two-matrix
paths are often curved but always smooth. The two-matrix subspaces we construct in this section represent
some of the directions by which two-matrix paths leave 6, hence these subspaces are tangent to S and lie
in TpS . By Lemma [33] they also lie in null du(6).

A direction tangent to a two-matrix path has at most two nonzero displacement matrices AW, and AW;. In
a one-matrix move that stays on the fiber, every term in the summation is zero. If we take a displace-
ment A6 tangent to a two-matrix path P at &—that is, A6 € TyP—there are two terms in the summation (8.1))
that might be nonzero, but their sum is zero.

Recall from in Section [6.2]that the vectors tangent to P at 8 = (W, Wiy, ..., W) have the form
AG = (0,0,...,0,AW;y1, AW;,0,...,0) = (0,0,...,0, Wi, H,—~HW;,0,....0).

As P C S, Afis tangent to TS (assuming A8 # 0).

A fruitful way to define subspaces tangent to S is to consider the matrices H € a;j; ® by j, where a;j; and by jj,
are prebasis subspaces, as defined in Section Recall that this means that col H C a;;; and row H C by .
For all [, k, j, i, and h that satisfy L > j >0, L >[> j>i>0,and L > k> j > h > 0, we define a

two-matrix subspace

Tlkjih = {(0,...,0, Wj+1H, —HWJ',O, ...,0)0:He ajji ®bkjh}- (8.4)
~—_—— ——
AWi1 AW

It is important that we choose flow prebasis subspaces (rather than choosing, say, the standard prebases), as
Lemma [7]says we always can, so that the following properties hold.

Lemma 35. If we use flow prebases (associated with a point 6), each displacement A§ € Ty ji, satisfies

arjs1,i ® bijn = ok je1in, 1>

AW, = Wi He { (o) =] and
AW; = -HW;e€ { ?é§’®bksf—l,h = Olkjih> jz Z

for some H € ayj; ® by jn. Moreover,
o ifl = j=h, then Ty = {0}.
o Ifl> j=h, then Tyjin = i j+1,ih-
Ifl = j > h, then Ty jin = ik jin-
If 1 > j > h, then no two displacements in T ji, have the same value of AW .1, nor the same value
of AW;. Hence, each displacement in Ty ji, is a sum of a unique member of ¢y j+1,n and a unique
member of ¢y jin. Moreover, in every nonzero A8 € Ty ji, both AW, and AW are nonzero.

The dimension of Ty jip is (dim a;j;)-(dim by jp) = wy; Wiy, in all cases except | = j = h, for which dim 7y ji = 0.

Proof. If | = jthen W;,1H = 0 because col H C a;j; C Ajj; € null W;,;. Whereas if [ > j, then W;, 1 H €
ajjr1,i ® bijn because H € a;j; ® by, and we are using flow prebases, implying that Wiyia;; = agji1,-
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Symmetrically, if j = h then —HW; = 0 because row H C byj; € Byj; € null WjT. Whereas if j > h, then
—HW; € a;j; ® by, j-1 » because for flow prebases, W].Tbkjh = by, j-1,h-

It follows immediately that 7y, = {0} if [ = j = h (as claimed), Tyjin € @1 jr1,i0 if I > j = h, and
Tijin € Gujin if 1 = j > h.

If I > j, then Wj,ay;; has the same dimension as a;j; by Lemma@; therefore, W}, induces a linear bijection
from matrices in a;j; ® by, to matrices in a; j1,; ® by ji, and the map used in @ is a linear bijection from
matrices in ayj; ® by jj, to displacements in 7y ji. It follows that 7y i = @y, js1,i0 if I > j = h, as claimed; and
if [ > j > h, it follows that no two displacements in 7y ;;, have the same value of AW}, as claimed.

Symmetrically, if j > A, then Wijk jn has the same dimension as by j, by Lemma |6} therefore, WjT induces
a linear bijection from matrices in a;;; ® by, to matrices in a;j; ® by j_1 5, and again the map used in @ is
a linear bijection from matrices in a;j; ® by j, to displacements in 7y i, Thus Ty jin = Gujin if I = j > h, as
claimed; and if / > j > h, no two displacements in 7 ;;, have the same value of AW;, as claimed.

If [ > jor j > h, the lienar bijection in @) implies that 7 i, has the same dimension as a;; ® by j,, which
is (dimayj;) - (dim by ).

If I > j > h, it follows that AW;,; = 0 only for H = 0, and likewise that AW; = 0 only for H = 0. This
verifies that in every nonzero A6 € 7y i, both AW}, and AW, are nonzero. O

Lemma[35|shows that some of the two-matrix subspaces are one-matrix subspaces or the trivial subspace {0}.
Here, we are mainly interested in the other ones—the two-matrix subspaces with [ > j > h, the ones
that typically have two nonzero matrices! Sometimes a subspace 7y, with [ > j > h can be the trivial
subspace {0}, but only if a;;; = {0} or by, = {0}. We define two sets: the set Or,. of all two-matrix subspaces
except {0} (typically including some one-matrix subspaces), and the set @t of two-matrix subspaces for
which [ > j > h except {0} (excluding all the one-matrix subspaces).

Or
Or+

{Twjin 240} : L>1>j>h>0and L> k> j>i> O}
{Tujin #140): L>j>0,L>1>j>h>0, andL>k> j>i>0}20Or.

For any subspace 7y i, € Or, Lemma shows that each displacement in 7y j;; 1s a sum of two one-matrix
displacements in ¢y j+1,i,n and @y jip. More simply, T jin € @ik jin + Pik,j+1,i,n- We think this is elegant. This
fact motivates why we choose (8.4) to define the two-matrix subspaces: it will make it easy to prove the
linear independence of the subspaces in the freedom, stratum, and fiber prebases.

For the next three lemmas, consider a weight vector 8 = (W, Wy_1,..., W;) on a stratum S and the set Ot
of two-matrix subspaces associated with 6. These lemmas show that every 7y, € Or, is a subset of both
TyS and null du(6). Hence 7y i, 18 tangent to S at 6.

Lemma 36. For every two-matrix subspace Ty i, € Oty and every nonzero displacement A8 € Ty jiy, there
exists a smooth two-matrix path P C S that leaves 0 in the direction A8 (that is, A8 € TyP).

Proof. By the definition @ of Tlkjihs A6 = (0,0,...,0, Wj+1H, —HWj, 0,...,0) for some H € aji ® bkjh-
Consider the two-matrix path

P = {(WL,. . .,Wj+2,Wj+1(I+ EH), (I+ GH)_IW]‘, Wj;l,. . .,W]) S [0, @]}

where € > 0 is sufficiently small that I/ + €H is invertible for all € € [0, €]. The path P is connected and
smooth, and 6 is one of its endpoints. It satisfies P C S, as all points 8’ € P satisfy u(6’) = u(6) and have the
same subsequence matrix ranks as 6. Recall from Section [6.2] the formula (6.3)) for the line tangent to P at
0, TyP ={(0,0,...,0,yW; 1 H,—yHW;,0,...,0) : vy € R}. Clearly A6 € TyP, so P is tangent to Af at6. O
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Lemma 37. Every vy jin € Oty satisfies Ty jin € ToS. Moreover, span Ot C span Ot C TyS.

Proof. Consider a subspace 7y i, € Ot and a nonzero displacement A6 € 7y ;. By Lemma there is a
smooth two-matrix path P C § with endpoint 6 such that A6 € TyP. As S is a smooth manifold, TyP C TpS .
Hence A € TpS for every AB € Ty jin, SO Tikjin € ToS .

It follows that span @1, C TS because TS is a subspace and 7y i, € TyS for every Ty jin € Ory. O

An immediate corollary of Lemmas andis that span Ot C null du(6). As we did with Lemma we
now prove it a second way: by plugging the displacements into the formula (8.1)) and showing that the result
is always zero.

Lemma 38. Every 7y i, € Oty satisfies Ty, C null du(6). Moreover, span ©1 C span Ot C null du(6).

Proof. Consider a subspace 7yji, € Ory and a displacement A6 € 7y . By (@) there exists some
H € a;ji ® byjy such that AG = (0,0,...,0,W;, H,-HW,,0,...,0). By the formula , du(6)(AG) =
WL~j+1AWj+1Wj~Q+WL~jAWjo_1~0 = WL~j+1Wj+1HWj~0—WL~jHWjo_1~0 = 0. Hence A6 € null d,u(@)
for all A € Ty jin, hence Ty, C null du(6).

It follows that span ®, C nulldu(6) because null du(6) is a subspace and 7y, C nulldu(6) for every
Tikjin € OT4. |

Knowing that span O, C TS C null du(6) motivates us to write an explicit formula for span ;..

L-1 LoL o
span O, = Z (0,...,0,Wj+1Hj,—Hjo,0,...,0)ZHjEZ Zzalﬁ@bkjh
. N——_— N——— — L £ —
= AWj+1 AW/- l—,] k—j i=0 h=0
= {(WLHL—I, WL—IHL—2 - HL_1WL_1, ceey WjHj_l - Hjo, ees
WrH, — HoW,,—H{Wy) : Hj € ]Rdedf}_ ®5)

This subspace is the span of all vectors tangent to two-matrix paths at 6.

Observe that the prebasis subspaces a;;; and by j; disappear from , and span O, does not depend on
our specific choices of the prebasis subspaces. By contrast, span @ does depend on those choices, and we
cannot write a formula for span @ that is independent of them.

8.3 The Two-Matrix Subspaces We Care about Most

Consider a two-matrix subspace 7 i, € Or. Recall again that Lemma@] shows that 7y jin € b jin+dik,j+1,in-
If ¢ijin © TpS and ¢y jr1in S TS, then Ty, adds nothing useful to the one-matrix subspaces. But if
Gujin € ToS and ¢y jr1,in € TeS (which implies that moves with displacements in @y jin or ¢ j+1,in leave
the stratum §), then 7y, is interesting and useful, because 7y i, € TpS (by Lemma . If, moreover,
Gucjin € null du() and ¢y j+1,in € null du(6) (which implies that the corresponding moves leave the fiber),
Tikjin 18 €ven more interesting because 7y, € nulldu(6) (by Lemma . Think of the latter case as the
circumstance where the expression @) is zero because every two-matrix displacement A6 € 7y j;;, satisfies
Wi js iAW Wio + Wi, AW;W; 1o = 0, but those two terms are nonzero.

As every two-matrix subspace satisfies 7y i, € TpS C null du(6), we will use 7y, in the freedom, stratum,
and fiber prebases if ¢y jin and ¢y 4 j+1,ix do not lie in null du(6); and we will use Ty i, in the stratum and fiber
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prebases if ¢y jin and @ jv1,in do not lie in TS . Recall from Corollary [21|in Section that one-matrix
moves with nonzero displacements in @y ji, Or @1k j+1,i,, leave the fiber if and only if / = L and i = 0. Recall
from Section that one-matrix moves with displacements in @y i, or @ik j+1,, leave the stratum if they
leave the fiber or if / > k and i > h. (The latter condition implies a change in the rank of some subsequence
matrix, i.e., a combinatorial move.) Hence we define the sets

LO
®T

comb
®T

{tijin €Ot :l=Land h =0} = {tpxjio #{0} : L> j>0and L> k> j>i >0} and
{lej,'h€®”r2l>kandi>h}={T[kjihi{()}2LZl>ijZi>h20}.

For example, in the two-matrix case (L = 2),

LO
O = o
comb
®T

{121100, T21110, T22100, T22110} \ {{0}}  and

{21110} \ {{0}}.

The freedom, stratum, and fiber prebases will include ®%0 (as a subset). The stratum and fiber prebases will
also include ®°T°mb. We use the notation @%"mb because ®%°mb replaces ®g°mb in the stratum prebasis, but it
is a bit of a misnomer, as the subspaces in G)%Omb do not represent combinatorial moves.

L0 L0 b b
As Tijin C PikjintPuk,j+1.i.n for each Ty € O, we have span ©F” C span O’ and span O™ C span @8’“‘ .
However, by Lemma

span (O U @5"™) C TS C null du(),

whereas no subspace in @éo is a subset of null du(6) and no subspace in 680 nor ®‘6°mb is a subset of TyS.

To understand a little more deeply the relationship between G)%Omb and @gmb, consider a subspace Ty i, €
®%°mb. A nonzero displacement A8 € Ty, is a sum of a displacement in ¢y ;) and a displacement
in ¢y j+1,i,1» both of which are subspaces in @8’“‘[’. By the definition of @%"mb, Tjin has [ > k > i > h, so
the displacement in ¢y j;; corresponds to a swapping move (never a connecting move) that moves from the
stratum S that contains 6 to another stratum S’, and the displacement in ¢ j+1,; corresponds to a different
swapping move from S to the same stratum S’—so it is the same kind of swapping move, but it changes
AW, instead of AW;. (Specifically, S’ is the stratum for which wj; and wyy, are one less and wy, and wy;
are one greater than they are for §'). The displacement in ¢y i, and the displacement in ¢y j;1,;, are bal-
anced so that Ad is tangent to S. We can think of ®%°mb as a set of degrees of freedom along S that cannot
be expressed as one-matrix subspaces because changing only one matrix would trigger a swapping move.
Similarly, we can think of G)%O as a set of degrees of freedom along S that cannot be expressed as one-matrix
subspaces because changing only one matrix would change the value of W.

8.4 The Freedom, Stratum, and Fiber Prebases
The freedom prebasis at @ is a set of linearly independent subspaces of R% that spans null du(6), namely,

@free — @?)ber U ®%O — (®O \ ®160) U ®%0

(G)o\{qf);kﬁhe@o:l=Landh=0})U{lejﬂ1 €Ot :[=Landh =0}

The freedom prebasis contains every one-matrix subspace ¢y i, # {0} such that ¢y i, € null du(6), plus some
additional two-matrix subspaces as needed so that @free spans null du(6) (as we will show). The freedom
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prebasis excludes the subspaces ¢ jio because they do not lie in null du(6), but it contains the two-matrix
subspaces Tz4;io, which lie in null du(6) by Lernma

Recall from Section 8.3|that span ©L° C span ®X. But no subspace in ©% is a subset of null du(6), whereas
span @%O C nulldu(6). The definition of ®™° above takes the set ®g of one-matrix subspaces, removes
the subspaces in ®(L)O, and replaces them with the two-matrix subspaces in G)%O. Specifically, for each pair
k,i € [0, L] satisfying k + 1 > i, the definition removes the subspaces ¢4 jio for j € [i,k + 1], and replaces
them with the subspaces 74 i for j € [i, k]. Thus it removes k — i + 2 one-matrix subspaces of dimension

wri wro and replaces them with & — i + 1 two-matrix subspaces, also of dimension wy; wig.

Let W = u(6) and let S be the stratum of ~' (W) that contains 6. The stratum prebasis at 0 is a set of linearly
independent subspaces of R% that spans the tangent space TS , namely,

Estratum  _ (®O \ @(L)O \ G)%omb) U @%O U ®9F0mb

= (@0 \ {gujin € @0 : (I=Land h=0)or (I > kandi> h)})U
{tikjin € O1 : (I=Land h =0) or (I > kand i > h)}.

The stratum prebasis contains every one-matrix subspace ¢y i # {0} such that ¢y i, C TyS, plus some
additional two-matrix subspaces as needed so that @™ spans TS . The stratum prebasis, like the freedom
prebasis, excludes the one-matrix subspaces ¢ jio (because their moves move off the fiber), but it also
excludes all the combinatorial one-matrix subspaces (because their moves move off the stratum S). The
stratum prebasis, like the freedom prebasis, includes the two-matrix subspaces in @%0, but it also includes
the two-matrix subspaces in ®%°mb.

We think of @S a5 being obtained from ®™° as follows: for each choice of indices I, k, i, h satisfying
L>1>k+12>i>h>0, the definition removes the subspaces ¢y i, for j € [i,k + 1], and replaces them
with the subspaces i, for j € [i,k]. Thus it removes k — i + 2 combinatorial one-matrix subspaces of
dimension wy; wy;, and replaces them with k — i + 1 two-matrix subspaces, also of dimension wy; wg-

The fiber prebasis at 6 is a superset of the stratum prebasis that spans null du(6), namely,
ofiter = @stratum (4 1i1in €00 : (L>1lorh>0)and [ > kand i > h)

(©0 \ {dujin €O0 : (1= Land h=0)or (I > k> j>i>h)})U
{leﬁhe@T:(l=Landh=O)or(l>k2j2i>h)}.

Recall our goal for the fiber prebasis: for every stratum S’ whose closure contains 6, if TyS’ exists, we want
some subset of @1 to be a prebasis for TyS’. As TyS’ 2 TpS, that prebasis is a superset of @™, The
fiber prebasis gives us a compact way to express the tangent spaces of all the strata meeting at a point 6.

We think of ©fiPer ag being obtained from @free a5 follows: for each choice of indices Lk, i, h satisfying
L>1>k+12>i>h2>0,and for each j € [i, k], the definition removes ¢y ;i and replaces it with 7y .
(Recall that ¢y ji, and 7y jin have the same dimension, consistent with our claim that span @fiber — span @free )
When we obtained ®"2™ from @ we also removed the combinatorial subspaces ¢y i, for j = k + 1, but
Ofee retains them. Note that this is an arbitrary choice—for each index set [, k, i, h, we could have chosen
any single j € [i, k + 1] for retention—but choosing j = k + 1 makes the indexes nice.

In the two-matrix case (L = 2),

f fib
O™ =0 = {10100, 910110, P11100> P111105 P12100 P121105

21201, P21211, P21221, $22201, 22211, $22221, T21100, T211105 722100, 722110} \ {0},
@Stratum

{#10100, @11100> P11110, P12100, P121105
021201, $21211, 922201, 22211, $22221, T21100> T21110- T22100> 22110} \ {{0}}.
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8.5 How to Prove that the Freedom, Stratum, and Fiber Prebases are Prebases

This section outlines our strategy for proving that @™ js a prebasis for TS, and that ©@¢ and @f" are
prebases for null du(). Unfortunately, the proofs will not be truly complete until the end of Section [9] as
they involve some counting of dimensions that we defer to Sections and [9.4] But the incomplete proofs
we give here motivate the counting.

There are three steps to each proof. The first step is to observe, as we already have in Lemmas [25] [34]
and that every subspace in @"™ js a subset of TS, and every subspace in @ or @ is a subset
of null du(f). Hence span @™ C T,S span @™ C null du(6), and span ®*°" C null du(6). The second
step is to show that the subspaces in ®™¢ are linearly independent, and so are the subspaces in @Sraum
or @ This step is Lemma immediately below. The third and final step is to add up the dimensions
of the subspaces in ®™¢ (or ®f°r) and see that their total dimension is the dimension of null du; hence
span O = null du() and span ©1°" = null du(6). The third step is more complicated for @' as we
haven’t yet derived the dimension of TS . The subspace orthogonal to S at 6, denoted NyS, is the orthogonal
complement of 7S in R%, so dim NgS +dim TS = dp. In Section@]we will identify some subspaces in NyS,
then we will find that the sum of the dimensions of those subspaces plus the sum of the dimensions of the
subspaces in @™ jg d,. Therefore, span @™ = TS

Lemma 39. The subspaces in @™ are linearly independent. Likewise for @%TW™ gpnq @fiver,

Proof. Let ® be one of @, @straum o @fiber - Syppose for the sake of contradiction that ® is not lin-
early independent. Then we can choose one weight vector from each subspace in ®—call them canceling
vectors—such that the sum of all the canceling vectors is zero, and at least two canceling vectors are nonzero.
By Lemma [T9] the one-matrix subspaces in @¢ are linearly independent. Therefore, at least one canceling
vector from a two-matrix subspace is nonzero. Let 7y, € © be a two-matrix subspace whose canceling
vector { € Ty i, is nonzero such that the index j is minimal—there is no nonzero canceling vector from a
two-matrix subspace with a smaller j. The fact that 7y, € © implies that ¢y i, ¢ © (by the definitions of
@free’ @Stratum’ or @ﬁber)‘

Given a weight vector § = (X, X;1,...,X)), let M;j(§) = X;. Given a subspace o of weight vectors, let
Mj(o) = {M;(¢) : & € o}. Itis clear from the definition of the one-matrix subspaces that M j(¢yujrs) = Ovujis
and Mj(¢vuj’ts) =0 for j/ # j. By Lemma Mj(Tvujts) = Ovyyjts, Mj(Tv,u,j—l,t,s) = Oyyjts, and Mj(Tvuj’ts) =0
for j/ ¢ {j — 1, j}. Every subspace in @ falls into one of these five cases.

The only subspaces o € O satisfying M (o) = oy i are Ty jin and 7 j—1;, (recall that ¢y i ¢ ©), and
the latter might not be in ©. If 74 ;1 € O, its cancelling vector is zero (otherwise we would have made
a different choice of 7y jin). As { # 0, by Lemma M;({) € onjin \ {0}. Every other canceling vector &
satisfies M ;(§) = 0 or M j(§) € oy for some subspace 0y, j:s # ok jin- The one-matrix subspaces are linearly
independent by Lemma @, so the sum 3} M;(£) is nonzero, where ¢ varies over all the canceling vectors.
But by assumption the canceling vectors sum to zero, so },- M;(§) = 0, a contradiction. It follows that the
subspaces in ® are linearly independent. O

Theorem 40. O™ is g prebasis for nulldu(6). So is O, In particular, nulldu(d) = span @ =
span @°°" Moreover, the dimension of null du(6) is

L L-1
D™ = dg— >tk Wy -tk Wiso+ >tk Wy -tk Wieg. (8.6)
=1 =1
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Proof. By Lemmas [34] and [38] each subspace in @ or © is a subspace of null du(6), so span @ C
null du(6) and span ®1°°" C null du(6). Our goal is to show that all three subspaces have the same dimension,
hence null du(#) = span @ = span @fiber,

By Lemma the subspaces in @™ are linearly independent. Therefore, the dimension of span @™ is the
sum of the dimensions of all the subspaces in ®™¢. We define D™ to be that sum. In Section we will
show that that sum is the expression (8.6).

Trager, Kohn, and Bruna [21]] show that the same expression is the dimension of null du(6). (More precisely,
Trager et al. show that the image of du(6) has dimension dy—D'™. It follows from the Rank-Nullity Theorem
that dimnulldu(d) = D™. See Appendix |C| for details and a proof.) This confirms that null du(f) =
span @™, As @ is linearly independent, @™ is a prebasis for null du(6).

An identical argument shows that ®°° too is a prebasis for null du(6). O

Corollary 41. The set of directions by which a smooth path can leave 0 on the fiber u~' (W) spans null du(6).
Informally, D' is the number of degrees of freedom along which a smooth path can leave 0 on the fiber.

Proof. Every point £ on the fiber satisfies p({) = W. If there is a smooth path on the fiber leaving 6 tangent
to some direction A6, then the directional derivative du(6)(A) is zero; hence A6 € null du(6).

By Corollary for every nonzero displacement A in every one-matrix subspace ¢y i, € ofree a ray
originating at 6 in the direction Af is a smooth path on the fiber. By Lemma [36] for every displacement A9
in every two-matrix subspace Ty jin € Ofee there is a smooth two-matrix path on the fiber that leaves 6 in the
direction A6. By Theorem @], null du(6) = span ®¢; hence these directions suffice to span null du(d). O

Theorem 42. @™ js q prebasis for TyS. In particular, TyS = span @™ Moreover, the dimension
of TyS and the dimension of S is

pirm — g kW - (dp, + dy — tk W) — Z Br+1,ii Xk i-1- 8.7)

L>k+1>i>0

Proof. By Lemma the subspaces in @™ are linearly independent. Therefore, the dimension of
span @™ jg the sum of the dimensions of all the subspaces in @™ We define DS"™™ to be that
sum. In Section[8.7] we will show that this sum is the expression (8.7).

By Lemmas and each subspace in @™ jg a subspace of TyS, so span @M C TS Hence the
dimension of TS is at least D™ Let NpS denote the orthogonal complement of TS in the space R%;
NpS is the (highest-dimensional) subspace normal to S at §. We will show in Lemma [5T|that the dimension
of NyS is at least

kW (dp +dy—1k W)+ Z Brs1,ii Ykki—1-

L>k+12i>0

The sum of these lower bounds on the dimensions of TS and NgS is dy, so both bounds must be tight.
Hence, dim TS = DS"¥¥™ and TyS = span @™ Therefore, @™ jg a prebasis for TS . m]
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8.6 Expressions for the Tangent Space of S and the Nullspace of du(6)
We can now write explicit expressions for 7yS and null du(6). By Lemma span®r, C TyS, and by
Lemma [38] span Ot € null du(6), so from (7.2), (8.2), and (8.5) we have

nulldu(d) = span ofree = span O™ UOr,) = span (G)gber UOr,)

= {(AWL + Wi H AW+ W Hp 2o —H \Wp_yq,...,
AWj + WjHj—l - Hjo, ce ,AWz + WoH, — HyW,, AW, — Hy Wl) :

Hj e R AW, € null Wy.; @ R + R @ null W o}, (8.8)
T@S — Span @Stratum — Span (@Stratum U ®T+) — Span (@SOtratum U ®T+)

= {(AWL +WrH AWy + Wi 1Hp > — Hi1Wi—1,...,
AWJ' + WjH/'—l - H/Wj’ Ce ,AWZ + W2H1 - H2W2,AW1 - H1W1) :
H/ c Ra’jxdj’

j-1
AWj € > col Wiy @null W], + (null Wy N col W) @ R +
h=1
L-1
D null Wiy @ row Wiy +RY @ (row Wi Omull W, o) b (8.9)
I=j

(Recall the conventions that null Wy .; = {0} and null WOTN0 = {0}.)

For example, in the two-matrix case (L = 2),

null du(6)

(AW, + WoH, AW| — HW}) :

H e R AW, € R% @ null W], AW, € null W, ® R%},

ToS = {(AWy+ WoH, AWy — HW)) :

H e RY AW, € col Wy @ null W] + R% @ (row W, N null W)'),
AWi € (mull Wo Ncol W) ® R% + null W, ® row W1} .

We note in passing that in |i we canreplace “H; € R4%dj” with “H ; € row Wy j®col Wj..” Itis possible
to narrow the range of H; in (8.9) as well, though not as narrow; for instance, to “H; € row W, ® col W;,”
or even narrower[’]

8.7 Counting Dimensions

Let Do, DL, Diber, pgomb, petrawum  pl0 “peomb - pfree  pystratum and DAiber (and so forth) denote the dimension
of the subspace (of R%) spanned by the prebasis @p, ®60, ®gber, ®g°mb, @3”‘”‘“, ®%0, ®%°mb, @free @stratum_
and ©f% | respectively, at a specified weight vector 6. Table |§I gives the definitions of these prebases and
several others, and the dimensions of the subspaces they span. In this section we derive those dimensions.
(See Appendix [D|for some additional prebases.)

SAs null du(6) = span (@ U ©L0), in it suffices to use H; € Y i Z','f:o arji ® byjo, because this choice generates span @
in @ If we use the standard prebases for a;j; and byjy (flow prebases are not needed in this context), we find that H; €
row W;_; ® col W, suffices. (Other prebases will give other valid options.) As T,S = span (@F™"™ U (9%0 u ®°T°"‘b), in l@i it
suffices to use H; € SE y Z}'i:o apji ® brjo + Ysisksj 2 jzish=0 diji ® biji, because this choice generates span (@%0 U @%™) in 1@)
Again we could use the standard prebases to write out an explicit range, albeit a messy one. A simple superset of that range is
row Wi, ® col W;.
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@0 = {ujin #{0} : L>1>j>i>0andL>k>j—1>h>0}
L

Do =dy= ) did; (8.10)
j=1
®LO {¢Lk]zO€®O} {¢Lk110¢{0} L>j>0,L>k>j—1,and j>i> 0}

L
DY =" [Z a)L,)[ > wko] = Zrk Wij -tk Wi 1 (8.11)

j:l i=0 k=j-1 Jj=1
nger o\ Bk L0 _ {¢lk]zh€®o L>lorh>0}
nger = Do — D(L)O =dy- Z rk WL~j .1k Wj—1~0 (8.12)
j=1
O™ = {dyjin € Op : I >kandi > h} = {gyjn #{0} : L>1>k+1>j>i>h>0}
DE™ = Z (k—i+2) 0k Wir1~i =tk Wi vim1) 0k Wieeig — 1k Wi 14i-1) (8.13)
L2k+12i>0 Br+1ii @k k-1
®L0 -comb — @LO \ @C()mb {¢Lk]10 c ®O L= k ori= 0}
Déo’ﬁcomb =rkW- Z (rk Wiej+tk Wi —rk W) (8.14)
=
G)gratum _ @ﬁber \ ®comb o \ @LO \ ®comb {¢lk]zh €0 : (L> lorh > 0) and (l <kori< h)}
Dgratum = Do - Dc(:)omb _ D(L)O ,~comb (8.15)

®T+:{leﬁh;t{O}:L>j>0,L2leZhZO,andLZijZiZO}
®T={T1kjl'h¢{0}2LZl>j>hZOandL2k2j2i20}
@%0:{Tiji()G@T}_{TLkﬂO#{O}'L>j>oandLZk2j2i20}

DL = LZ_}‘ [Z]: “’L'J[Z wkoJ = E rk Wy -tk Wi (8.16)

j=1 \i=0 J=1
@XM = {7y € Or 1> kandi>h} = {tpjn #{0}: L>1>k>j>i>h>0)
Db = Z (k—i+1) (kWirivi =tk Wiginio1) 0k Wil — tk Wi 12i-1) (8.17)
L>k>i>0 B Q
k+1,i,i kok,i=1
®LO —comb _ @LO \ ®comb {TLkﬂO €Or:L=kori=0)}
L-1
DY =k W 3 (ck Wi + tk Wig — Tk W) (8.18)
=1

@free — @%ber U @%0 — (®O \ @(L)O) U @%0

L L-1
Dfree = Dﬁber =dy— Z wr; Wi = dg — Z rk WLN.,' -rk Wj_1~() + Z rk WLN.,' -1k Wj~0 (8.19)
k,i€lO,LLk+12i =1 =1

@Estratum _ @%ratum U @%0 U G)S[omb — (®O \ ®160 \ @E;me) U G%O U ®%0mb

pSratm _ gk W (dy + do — tk W) — Z (tk Wi 1~i — 1k Wigi~ic1) (0k Wiig — 1k Wegi~ic1)  (8.20)
L>k+1>i>0 Br+1,ii

@fiter — @stratum (g 11, €O@p : (L>1orh>0)and > kandi > h}

X k,i—1

Table 6: Sets of subspaces of R% and their total dimensions. See also Table
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The most important of these numbers is DS™"™ the dimension of span @™ = T,S and therefore the
dimension of the stratum S that contains 6; and D™, the dimension of span ®™ = null du(6), which we
interpret as the number of degrees of freedom of motion along the paths leaving 8 on the fiber. We have
already used these dimensions retroactively to prove Theorems [40| (showing that span ®™¢ = null du(6))
and 42| (showing that span @"W™ = T,S) in Section The other counts have interpretations too: for
instance, nger counts the degrees of freedom of one-matrix moves (straight paths) that stay on the fiber.

Admittedly, this section makes for mind-numbing reading and can be safely skipped. It serves as a reference
for anyone who wants to know the dimensions of specific subspaces, to check our proofs carefully, or to
extend the results and ideas in this paper.

Recall that a one-matrix subspace ¢y i, € ®o or a two-matrix subspace 7 i € Ot has dimension wj; wiy,.
If the subspaces in a set @ are linearly independent, then the dimension of the space they span is equal to
the sum of the dimensions of the subspaces in the set. That is, the dimension is

D = Z Wi Wip + Z Wi Wh.

Pk jin€® Tikjin€0

We can apply this formula to the one-matrix prebasis ®@g or any subset of @p, because its members, the
one-matrix subspaces, are linearly independent by Lemma As @q spans the entire weight space R%
(Lemma 19| again), Do = dimspan®p = dy. By Lemma [39, each of @fcc @srawm @fiber jg Jinearly
independent, so we can also apply the formula to any subset of one of them.

In Sectionwe defined ®’60 C O, representing the one-matrix moves that move off the fiber (change u(6)),
as a prelude to defining @gber = Op \ O, representing the one-matrix moves that stay on the fiber (don’t
change u(6)). G)éo contains all the one-matrix subspaces ¢y i, such that / = L and & = 0, and ®gber contains
all the other one-matrix subspaces. In Table |§|, two formulae for D(L)O = dim span ®(L)0 appear in lb The
first formula follows immediately from the second definition for ®160 above it. The second formula follows
from the identity (4.9).

In Section we defined @Ifo C O, which contains all the two-matrix subspaces 7y j;; such that [ = L and
h =0. As @TO C O™, the subspaces in @%O are linearly independent (by Lemma , so the dimension
D%O = dim span O is equal to the sum of the dimensions of the subspaces in @%0. In Table@ two formulae
for D%O appear in (8.16)); the first follows immediately from the second definition for @%O above it, and the
second follows from the identity (4.9).

The space spanned by G)gber = 0p \ G)go has dimension nger = Do — Déo; see the formula l) Recall
that we already derived this another way as (8.3).

A particularly important prebasis is @ = nger v ®If0. By Lemma the subspaces in ®™ are linearly
independent, so D™ = nger + D%O, giving us the right-hand side of the formula li Recall that
Theorem 40| uses this fact to prove that span @™ = null du(#). We now prove the middle part of (8.19).

Lemma 43. The dimension of null du(6) can also be written

fi
D ree — dg - Z wy; WkO-
k,ic[0,L]k+1>i
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Proof. By Theoremd0]and the identity (4.9), we have

L L-1
Dfree = dy-— Zﬂ( WLNj -1k Wj_1~() + Zﬂ( WLNj -1k Wj~0
=1 =1
L-1
= dg —rk WLNL -1tk WL_1~() - Z rk WLNJ' . (rk Wj_1~0 —rk WjN())
=1
L-1 L L
= do—tkWp.p - (wro +wr-10) - Z tk Wp.; - [ Z Wi — Z wko]
j=1 k=j-1 k=j
L
= dg —rk WLNL cWro — Z rk WLN‘,' *Wi-1,0
Jj=1
L L J
= do—wpp Z wri — Z Wj-1,0 Z Wi
i=0 =1 i=0

L-1 k+1

L
= dy—wpp Z wri — Z Wiko Z wri
=0 =0

= dy-— Z WL Wko-
k,i€[0,L],k+1>i

O

We interpret the summation in Lemma as a count of the number of pairs of intervals of the form
([i, L], 10, k]) that could undergo a connecting or swapping move. Any such move would change the value
of u(9), so it corresponds to a dimension of weight space that is not in the nullspace of the differential map.

Now consider ®", Like ©¢, its subspaces are linearly independent (Lemma|39). Recall from Section
that ®%" can be constructed from @™ by removing some subspaces of the form ¢;; jin» €ach having dimen-
sion wy; wip, and replacing each such ¢y jin with Ty i, also having dimension wy; wy;,. Hence the sum of the
dimensions of the subspaces does not change; D't = pfree,

Recall from Sectlonthe set of subspaces that specify connecting and swapping moves, ®C°mb {uwjin #
{0} :L>1>k+12>j>i>h>0}. Toderive the dimension of the space spanned by ®C°mb we use the
identities @I} and @I) and the fact that in the first summation below, the term wy; wy;, appears k — i + 2
times—once for each j € [i,k + 1].

D™ = Z wyj Wiy = Z (k —i+2) wj; wi
LZle+12jZi>hZO L>I>k+1>i>h>0
L i1
= (k—i+2) Z wy; Zwkh = Z (k =i+ 2)Brs1.ii V-1
Lok+12i50 1=K+ 1 =0 Lok+12i50
= (k =i+ 2) (0K Wig1~i =tk Wipi~io1) (0K Wiiog — tk Wi 14i-1).
L>k+1>i>0

Now consider @%"mb. As ®%°mb C @dtratum “the subspaces in @%Omb are linearly independent (by Lemma.
We determine DC"“rlb = dim span G)C"mb almost as we just determined DComb but the indices have the con-
straint k > j (rather than £k + 1 > j). Hence the term wj; wy, appears kK — i + 1 times—once for each
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j € li, k]—and

Dsmb = Z Wi Wiy, = Z (k—i+1)w;wi, = Z (k =i+ 1)Brstii Wi

L>I>k> j>i>h>0 L>[>k>i>h>0 L>k>i>0

When we derive DS we will use the difference between Dg’mb and D%"mb, which is

comb comb
Do =Dy = Z B+ 1ii Xkji-1-
L>k+1>i>0

To derive DS""™ we must address the fact that @éo and @E;’mb are not disjoint, nor are @%0 and G)%Omb.

Hence we define @éo’ﬁ“’mb = @éo \ ®S)mb = {prrjio € Op : L = kori = 0}, a set of one-matrix subspaces
representing moves off the fiber that are not connecting or swapping moves; that is, moves that change u(6)
but do not increase the rank of any subsequence matrix. With the identity (4.9), we find that the subspace
span ®éo’ﬂcomb has dimension

L0,—comb  __ _
DO = Z WL Wio = Z wrwry + Z wro Wio — Z wWro Wro

PLijine®@L"eOm PLLji0€O0 Bk joo€O0 $LLjo0€O0
L J L

wro Z Zwu + Z Wk — WLO
=1 \i=0 =j-

1
L
rk W - Z (rk Wi j+1k W 1.0 -1k W) R
j=1

k

giving us the formula 1} Analogously, let ®,Ifo’ﬁcomb = 6%0 \ @%"mb = {tjio € Op : L = kori = 0}.
The space spanned by @%O’ﬁcomb has dimension

DLOeomb = Z WL Wk = Z wri wro + Z WO Wiy — Z WL WLo
TLkji0 e@éoﬁ“’m" TLLji0€EOT Trkjoo€OT T1Lj00E€OT
L-1( j L
= W Z ZwLi"‘Zka_U)LO
j=1 \i=0 k=j
L-1
= tkW- Z(rkWLNj +1k Wi g —rkW),
j=1

giving us the formula (8.18). To derive D¥™"™ we will use the difference between Déo’ﬂcomb and Déo’ﬁcomb,

DLO,ﬂcomb _ DLO,—\cornb

o T tk W - (kWi + 1k Wy.o — tk W)

tk W-(d +dy -tk W).

At last we can derive Dstatum,

Lemma 44. The dimension D™ of the subspace spanned by the stratum prebasis @3™"™ s specified by

the formula (8.20).
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Proof. Recall that the subspaces in @™ are linearly independent, as are the subspaces in ®p; that
OX™ C @p and O C @p; that @5 "™ = OL) \ @™ and OL*™™ = OL) \ @™; and that @ is
disjoint from G)%"mb U ®%O. Therefore,

Dstratum @Stratum

= dimspan
= dim span ((®O \ ®COOmb \ ®160) U ®%omb U ®’lf0)
= dim span ((®O \ ®g)mb \ @éO,—'comb) U ®£:Fomb U ®%0,—|comb)

_ comb L0,~comb comb L0,~comb
= Do-DZI™ - D + D™ + pE

(6]
= Do- (DéO,—ucomb _ D%O,—ucomb) . (Dcoomb _ Dgfomb)
= dy—tkW-(dp+dp—1kW)— Z Bie+1,i,i Qe fei-1-
L>k+12i>0

O

In Section we will confirm that DS"™"™ jg also the dimension of the stratum that contains 6, by showing
that the subspace normal to that stratum at 6 has dimension (at least) dg — DS""™,

9 The Normal Space, the Rowspace of du(6), and Prebases that Span Them

This section is devoted to determining two subspaces of the weight space R%: the subspace perpendicular
to a stratum S at a weight vector 8 € S, called the normal space of S at 6 and written NyS , and the rowspace
of the differential map at 6, written row du(6). These two subspaces are the orthogonal complements of TS
and null du(0), respectively. The rowspace is of particular interest because gradient descent directions are
usually chosen from row du(6).

One could say that by deriving TS and null du(6) in Section[3] we have already derived NyS and row du(6),
but in fact we have not finished deriving TS . In Sections [8.4|and we specified two sets of subspaces,
0 and @™ and we showed that null du(6) = span ®™¢ and TS 2 span @™ In Section we
will complete the proof that TpS = span @™ and thereby complete the proof that S and TS both have
dimension DS™WM = dim span @™ gpecified by the formula in Table [6]

A second motivation for deriving row du(6) and NS directly is to specify two prebases, P and pstrawm,
that span row du(8) and NgS. The number of basis vectors needed to express row du(d) and NyS is sub-
stantially smaller than the number of basis vectors needed to express null du(6) and T4S. Hence, some
computations are more easily done with P and ¥S"U™ than with @ and @sratum,

Our conclusions are that row du(6) = span ¥ and NyS = span W$"2U™ where the freedom normal prebasis
yfree and the stratum normal prebasis W™W™ are defined to be

pfree (Wriio # {0} : k,i € [0,L]and k+1>i} and 9.1)
pstrawm - pfree oy 2 {0} L> 1> k+1>i>h >0, 9.2)

and each ., satisfying L >1>i>0,L >k > h>0,and [ > & is a subspace of R% of the form

Yiin = {Xr,Xi-1,...,X1): M € by; ® ay) where (9.3)
x. = [ WLMWEL . jelik+1],
’ 0, jelik+1],
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and the prebasis subspaces by; and agpy, are defined in Section @ For example, in the two-matrix case
(L=2),

lI;free

lPstratum

{¥2000, Y2010, ¥2100, ¥2110, Y2120, Y2200, Y2210, Y2220}  and

{¥1010, ¥2000, Y2010, Y2100, Y2110, Y2120, Y2121, Y2200, Y2210, Y2220}

Note that for k + 1 > i, the dimension of the subspace Y;, is dim by; - dim agp, = Wy wi, and we can easily
construct a basis for ¢, given wy; basis vectors for by; and wyy, basis vectors for agpy.

Recall from Theorem |42| that we establish that TpS = span @%"#™™ by the following logic. We know from
Lemmas 25 and [37| that TpS 2 span ©@*"*"“™. In Section we will see that NpS 2 span W™ (For
both TyS and NyS, it is easier to find all the subspaces they include than it is to verify that we have found
enough subspaces!) We will count the dimensions of the subspaces in the prebasis P*""™ and see that
dim span @33 4 dim span WS = dy. It follows that TpS = span @™ and NpS = span PS"™ From
the former it follows that the dimension of § is DSU™,

Sections [0.TH9.4] can be safely skipped by readers who don’t want to know how these results were obtained.

9.1 The Rowspace of the Differential Map

Here we write an explicit expression for row du(6), the rowspace of the differential map. The differential
map du(6) is a linear map from a weight displacement A9 € R% to a d; X dy matrix AW. We could represent
du(6) as (dpdp) X dy matrix, and apply to du(6) the same basic ideas from linear algebra that apply to any
matrix, such as the nullspace, the columnspace (also known as the image), the rowspace, the left nullspace,
and the rank. See Appendix [C|for a more detailed explanation.

Just like a matrix, the linear map du(6) has a transpose, which we write as du' (). Recall from that
du(6)(AG) = JL~:1 Wi ,AW;W;_1.9, where A§ = (AW ,AW;_y,...,AW}). Clearly this transformation is
linear in A@. It isn’t written as a matrix-vector multiplication MA@, but it could be. We can write the result
of applying the transpose of du(6) (analogous to M) to a matrix AW as

duT(OAW) = AWW]_, ... WL AWWL, (... W] AW). 9.4)

Now we can write row du(6) = duT (6)(R4*%), which is also called the image of du™ (6) because it is the set
found by applying du (6) to every point in the domain R4*%_ In more detail,

row du(6) (X, X1-1,...,X1): M e RN} where 9.5)
X; = WL MW .

For example, in the three-matrix case (L = 3),
row du(6) = (MW Wy, Wy MW, W, Wy M) : M € R%*®),

This is the most explicit expression we will write for row du(6), and it is interesting to compare it with (8.§),
our explicit expression for null du(6). As an enlightening exercise for the reader, we suggest verifying that
any vector in is orthogonal to any vector in (8.8). One unfortunate thing and have in common
is that they reveal very little about the dimension of either subspace, nor about how to construct a basis for
either subspace.
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9.2 A Prebasis for the Rowspace of the Differential Map

Here we confirm that the rowspace of the differential map is row du(f) = span ¥, where ¥P° is the
freedom normal prebasis, specified by (9.1).

To begin, we decompose R%*% into a prebasis (a direct sum decomposition of R4:%%), then apply du™ (6)
to each subspace in the prebasis. We will define the subspaces in this prebasis with some extra generality
that we will need in Section The prebasis will contain some of the subsequence subspaces

Clkyxin = byi ® agen, L =21>y>i>0,L>k>x>h>0, andy > x. (9.6)

Our results below require that all the subspaces of the form by; and ay,;, are flow prebasis subspaces, as
described in Section 4.4 and Theorem [12] The dimension of ejyi; is dim byy; - dim ag, = wii Wi

We group these subspaces into subsequence prebases. Given y > x, we define a subsequence prebasis that
spans R,

Eyx = lempuin # {0} : 1€ [y, L],k € [x, L],i € [0,y], h € [0, x]}. 9.7)

This prebasis pairs every subspace byy; € B, with every subspace ayy, € Ay. As By is a prebasis for R% and
A, is a prebasis for R% by Lemma it is clear that &,, is a prebasis for R%*dx Hence we can uniquely
represent a subsequence matrix W,., as a vector sum of members of the subspaces in &,.

In this section, we will use only &9, which contains subspaces of the form ezxr0ip. But in Section (9.4 we
will use all the subsequence prebases.

Returning to the rowspace, we have
row du(9) = du" (O)(R*%®) = span {du" (6)(eLkroi0) : eLkron € Ero}- 9.8)

This motivates our defining, for all &, € [0, L], the subspaces

Yo = du' (0)(erkroin)
= {(Xp,Xr-1,...,X1) : M € erxr0i0}  where
X; = WL MWL .

Then row du(6) = span {¥io : k,i € [0, L]}. Next, we show that this subspace is span plree,

Lemma 45. Forallk,i € [0, L], the subspace ko has the form (9.3). Moreover, ifk+1 < i then Yo = {0).
Moreover, assuming that the a- and b-spaces are flow subspaces, X; € by j; ® ay j-10 for j € [i,k + 1].

Proof. By definition, erxz0i0 = brri®akoo, 0 X; € (WLTN ijL,»)®(Wj_1~0ak00). Recall that for flow subspaces,
WLTNJ.bLL,- = byrj; if j > i; otherwise, WLTijLL,- = {0}. Symmetrically, W;_i-oar00 = akj-10if k > j—1;
otherwise, Wj_lwoak()o = {0} Therefore, for any M e bLLi ® aoo, Xj =0 ifj ¢ [i,k + 1]—hence kaiO has

the form (9.3)—whereas X; € brji ® ax j-10 if j € [i,k + 1].
If K + 1 < i then the range [/, k + 1] is empty, so Yo = {0}. O

Corollary 46. row du(6) = span Pfree,
Proof. The identity implies that row du(6) = span {¥/zi0 : k,i € [0,L]}. By Lemma[3] if k + 1 < i

then Y740 = {0}. Hence the only difference between plree a5 defined by 1) and {110 : k,i € [0, L]} is that
wiree omits the trivial subspace {0}, which does not change the span. Therefore, row du() = span ¥, 0
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In Section we will see that the subspaces in P are linearly independent (Lemma . Hence ¥ is a
prebasis for row du(6). We will also see (in a more general context) that if k + 1 > i, then Y40 has the same
dimension as ejz0;0, namely,

dim 0 = dimeggr0i0 = Wi Wo, forall k,i € [0, L] such thatk + 1 > 1.

9.3 The Subspace Orthogonal to a Stratum

Here we write an explicit expression for NyS, the (highest-dimensional) subspace normal to the stratum S
at 6. To begin, recall from Section [5.1] that the stratum associated with a rank list 7 in the fiber of W is

sY=w'Wyn () wDMy™.

L>y>x>0

We use the abbreviation S = . Consider a weight vector # € S (thus @ has rank list ). As S is a smooth
manifold by Theorem [I6] it has a well-defined normal space NyS and tangent space TyS at . As each
weight-space determinantal manifold WDM. ™™ is a smooth manifold too, we can write TyS C TyWDM) ™"
for all y and x satisfying L >y > x > 0. The fiber ~' (W) is not a manifold and it might not have a tangent
space at 6, but we can partly circumvent that by recalling that 7pS C null du() by Lemma[33] Hence

TS Cnulldu@n (1) T4WDM)™ (9.9)

L>y>x>0

Given subspaces satisfying o C () 0, their orthogonal complements are related by o+ 2}’ ; o-j. Hence

NoS 2 row du(d) + Z NgWDM; ™, (9.10)
L>y>x>0

where the sums are vector sums of subspaces of R%. We will show that the right-hand side of
is span Ws"aW™ - and thereby show that it is a subspace of dimension dy — DS"™™™ (see the forthcoming
Lemma [51)), so NpS has dimension at least dy — D*"™3"™, We know that TS has dimension at least DSratum
(Lemma [#4), so we can replace the inclusion relations in and with equality (Theorem [52),
thereby establishing that NpS = span \pstratm,

Recall that WDMZNX is the set of weight vectors for which rk W, = ry.,. To determine NgWDMiNx,
the subspace normal to WDM;NX at a weight vector 0, we introduce two polynomial functions. The first
function, py-, simply takes 6 and returns the corresponding subsequence matrix W,.,.

Hy~x(0) = WyWy_q - Wiy,

The second function, y,, maps a matrix M to a vector that is zero if and only if M has rank r or less. This
vector lists the determinants of all the (r + 1) X (» + 1) minors of M. (Note that this vector might be very
long—the number of minors can be exponential in the dimensions of M.) A p X g matrix M lies in the
determinantal variety DVZ*? (has rank r or less) if and only if the determinant of every (r+ 1) X (r+ 1) minor
of M is zero—that is, DVqu = {M € RPX9 : y,(M) = 0}. M lies in the determinantal manifold DM’ 4 (has
rank exactly r) if and only if y,(M) = 0 and y,—1(M) # 0.

Each weight-space determinantal manifold is like a determinantal manifold, but the domain is weight space
and r is the rank of a subsequence matrix. Given a rank list  and indices y and x, let r = ry.,. Then

WDM,™ = {£ € R 2 ), (1y~(£)) = 0 and x,-1(1y~2(0)) # 0},
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By the chain rule, the differential map of y, o uy-, at 8 is dy,(Wy.,) o du,-(0), where Wy, = u,(0). This
differential map enables us to write the subspaces tangent and normal to WDMZNX at 0,

ToWDM)™
NgWDM}™

null (d/\/r(Wy~x) o dﬂy~x(9)) and
row (er(Wy~x) 0 d,uy~x(9)) = d/.l;,FNX(Q)(I‘OW d/\/r(Wy~x))a where r = I'y~x.

To determine NgWDMiNx, we need to know row dy(W,.,). It is well known [9] that the subspaces tangent
and normal to the determinantal variety DVZ*? at a rank-r matrix M are

TyDVZ*
Ny DV

coOlM®R?+R”®@rowM and
null " @ null M.

The latter implies that

row dy(Wy.y) = NWVNxDVf}'Xd‘” =null W,_, ®null Wy, and

yx

NgWDM)™ = du]_(6)(null W), ® null Wy._,).

Next, we need an expression for du;_,(6). Analogous to (8.1 and (9.4), by the product rule we have

Y
duy o (O)AO) = > Wy AW;W, 1.,  and therefore

Jj=x+1

d,uyTNx(H)(M) = (Xp,Xr-1,...,X1) where

T T :
X, = WyNjMWj_1~x, Jelx+1,y],
J

9.11
0, jé¢lx+1,y] ( )

Note that X is defined differently in (9.TT)) than it was in Section[9.T} it depends on the indices y and x. Now
we can write the subspace normal to a weight-space determinantal manifold as

NeWDM; ™ = (X, X 1,..., X)) : M € null W @ null W,_.}. 9.12)

Recalling (9.10) and (9.5)), we can write the space normal to the stratum S as

NoS = {(X{%.X20.....X[%) : M0 e ROl 4
Do XL LX) M e null W, @ null W] where (9.13)
L>y>x>0
= [ W MW e e lxt Lyl
J 0, j¢l[x+1,yl

For example, in the two-matrix case (L = 2),

NpS = {(MW] + M", Wy M + M) : M € R®*%_M" e null W) @ null Wo, M’ € null W] ® null Wy }.

Note that we have not yet proven equality, only inclusion, as (9.13)) rephrases (9.10); but as we will prove
equality later we write as an identity now. This is the most explicit expression we will write for NgS ;
compare it with (8.9), our explicit expression for TS . The expressions (8.9) and (9.13)), like (8.8)) and (9.5),
reveal little about the dimension of either subspace, nor about how to construct a basis for either subspace.
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9.4 A Prebasis for the Subspace Orthogonal to a Stratum

Here we confirm that the subspace normal to the stratum S at 6 is NgS = span PS"UM  where PSTaWM jg the
stratum normal prebasis, specified by (9.2). We also show that the dimension of NyS is dy — DS™™ Ag
a consequence, we verify that our formula (8.20) for D™ ig the dimension of S.

To begin, we use the flow subspaces By 1 = null W ),Nx and Ay, = null W), from Section their
decomposition into prebasis subspaces b;y; and ay,y, from Lemma and the subsequence subspaces ejiyxin =
biyi ® aky, defined by (@ in Section @ We can write the subspace normal to the determinantal variety
at Wy, as a vector sum of subsequence subspaces,

L 1
null W;X®null Wyix = Byyxr1 ® Ay j xx = [Z Z bl}l] [yZ: N ] ZZ Z Zezkyxih.

I=y i=x+1 k=x h=0 I=y k=x i=x+1 h=0

The summands ey, are all members of the subsequence prebasis &, defined by in Section[9.2] This
expression implies that each subspace ey in € &y s a subset of null WyTNx ®null W, ,if y > kand i > x. By
substituting this identity into (9.12), we can write

NQWDM}NX Z Z Z Z (XL,XL_l,. . .,X]) ‘M e e[kyxih}.

I=y k=x i=x+1 h=0

This motivates our defining the subspaces
lﬁlkyxih = {(XL,XL,l,...,Xl) M e elkyx,'h}, L>1 2y >i> O,L >k>x>h> 0, andy > X,

: y~x _ L -l gy
so we can write NgWDM; ™ = Y- 30 3o Ym0 Yikyxih-

The following lemma elucidates the relationship between a matrix M € ey, and each corresponding
matrix X in (9.TT). One of its claims uses the flow bases described in Sections [4.6|and 4.7 Recall that each
K}y is a dy X wy; matrix whose columns form a basis for byy;, each Jiy, is a dy X wyy, matrix whose columns
form a basis for gy, and the flow conditions state that K;;; = WyTNjKly,- and Ji j-10 = Wis1~xJixn-

Lemma 47. For X; defined by where M € ejiyyin, Xj = 0 for each j ¢ [max{i, x + 1}, min{k + 1, y}],
and the following claims hold for each X with j € [max{i, x + 1}, min{k + 1, y}].

(a) Xj has the same rank as M. In particular, X; = 0 if and only if M = 0.
(b) Xj € eipjj-t1in=biji®arj-1-

(c) The identity (9.11), mapping M to X, is a bijection from ejxyxin 10 eixjj-1.in- Its inverse is the iden-

tity M = KiK. X; 0, J., where P* denotes the Moore—Penrose pseudoinverse of a matrix P and
Ji Tk, j—1,h" kxh

P*T denotes the transpose of P*.

(d) Forevery z € [max{i, x + 1}, min{k + 1, y}], X, = K,;K}" i J]jjT 1thTz 1y Hence X uniquely determines
every other X, in the range.

(e) Forevery matrix X € ey j j-1,ih Wikyxin contains exactly one weight vector having that value of X .

Proof. Following li consider the value of X; = WT M wT for some j € [x + 1,y], given a matrix

j=1~x
M € ejyxin = biyi ® akn. As the B)’s and A,’s are ﬂow prebases, W; jblyi = by if j > i; otherwise,

WyTN jbiyi = {0} (as by By < null wT .

mie ). Symmetrically, W;_1xakxn = arj-1 it k > j — 1; otherwise,
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Wi_i~x@ion = {0} (@s agxn S Akxn, € null Wi q<y). Hence if j ¢ [max{i, x + 1}, min{k + 1, y}], then X; = O as
claimed. Otherwise, X; € b;j; ® a, j-1,,, confirming claim (b).

Any member of by, ® aiy, can be written in the form M = KlinJkah where C is an wj; X wy, matrix
of coeflicients. (Each coefficient scales the outer product of one basis vector in K;y; and one basis vector
in Ji,.) As Kjy; has rank wj; and Ji,y, has rank wyy,, M has the same rank as C.

For any j € [max{i, x + 1}, min{k + 1,y}], X; = W;jMW]T_1~x = WyTNjKlinJkathT_INX = KljiCJkT,j_Lh- As
K;ji has rank wy; and Jy j_1 , has rank wyy,, X has the same rank as C and we can recover C from X; by writing
C = KfjinJ,;JT_l,h. Therefore rk X; = tk C = rk M, confirming claim (a), and M = sziK;rjinJ,:jT_l,hJ,;h,
confirming claim (c). Then for any z € [max{i, x + 1}, min{k + 1, y}],

_ T T
X; = W MW_,_,
_ T t 7t T T T
= Wy~z KyiK; jiXJ J k,j—1,h JenWem1x
+ +T T
KK, jinJ k, j—l,h‘] kz—1,h

confirming claim (d).

Claim (c) implies that for every matrix X; € e ; j-1,i1, Some weight vector in ¢y, has that value of X;.
Claim (d) implies that no other weight vector in ., has that value of X;, confirming claim (e). O

Lemma 48. Consider a subspace iyxin with valid indices (satisfying L>1>y>i>0,L>k>x>h>0,
andy > x). If k + 1 < i then Yjpyxin = {0}; whereas if k + 1 > i then Yy xin has the same dimension as ejiyxin.
That is,

dim Yypyrip = dim epyein = Wi Wgn, L>1>y>i>0,L>k>x>h>0,y>x, andk+1 > i.

Moreover, Yigyxin = Yiky vin ify >k, y' >k, i > x, and i > x" (assuming Yy vin has valid indices too).

Proof. If k+1 < ithen Yyxin = {0} by Lemma because the range [max{i, x + 1}, min{k + 1, y}] is empty.
Whereas if kK + 1 > i, then there exists at least one index j € [max{i, x + 1}, min{k + 1, y}], because y > i,
k > x, and y > x by assumption. As claim (c) of Lemma applies to X, Yjiyxin has the same dimension as
€lkyxin, NAMely, wy; Wi

Ify>k,y >k, i>x, andi> x" then Yyyxin = Yiry vin because of the following three observations:

e min{k + 1,y} = k+ 1 = min{k + 1,y’} and max{i, x + 1} = i = max{i, x" + 1}, so both subspaces have
nonzero X; only in the positions j € [i,k + 1] by Lemma 7}

e by claim (d) of that lemma, each X; in these positions determines the others through a formula inde-
pendent of x and y; and

e by claims (e) and (b), both yxin and Yy i have a weight vector for every X; € ey j j—1,i» and no
weight vector with Xj ¢ €Lk, j,j—1,ih-

We can write some subspaces with fewer indices by defining
Yikin = Yianin, L>1>i>0,L>k>h>0, and > h.

Corollary 49. If Yiyxin has valid indices satisfying y > k and i > x, then Yigyxin = Yikinin = Yikin-
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Proof. Valid indices imply that / > yand x > h,so/ > kand i > h. By Lemma@ Wikyxih = Yikihin- O

Recall that NgWDMzwx = ZIL:), Zi;}r Zf:x 4 2n=0 Yikyxin- The indices in the summations always satisfy
y > kand i > x, so by Corollary @], we can shorten the indices to ;. We can discard the subspaces with
k+1 < i, as they are all {0} by Lemma 8] Thus

NoWDM;™
Yok

span'ty.,  where
(Wwin #{0) : e[y, Llke[x,y—1],ie[x+1,yl,he[0,x], and k + 1 > i}.

We return to determining a prebasis for NgS . It follows from (9.10) and Corollary[46|that NpS 2 span \pstratum
where

\pstratum - _ \Pfree U U \Py~x
L>y>x>0

(Wikio # {0} 1 ki€ [0,L)and k+ 1 > iy U {ypin #{0} : L>1>k+1>i>h>0}

This reiterates our definition of PSUaWM from the beginning of Section [9] In this definition, some
subspaces appear twice. For example, 171,10 is in both the former and the latter set. The only subspaces
unique to the first set are those of the form ;o or Yro0. We can rewrite ¥S"¥W™ g0 that each subspace
appears in exactly one set, which will help us count the dimension of span Pstratm,

ptram = 0 # {0} 2 i € [0, L1 U {Yrkoo # {0} : k€ [0,L— 1]} U
Wiin #{0} : L>1>k+1>i>h>0}. (9.14)

\Pstratum \Pstratum

The next two lemmas prove the linear independence of and derive the dimension of span

Lemma 50. The subspaces in "™ are linearly independent.

Proof. Suppose for the sake of contradiction that PS"™"™ jg not linearly independent. Then there is a sub-
space Yy € P and a nonzero weight vector £ € Yy, such that £ is a linear combination of weight vec-
tors taken from the other subspaces in ¥*"™"™. Given a weight vector & = (X, X;-1, ..., X1), let M;(¢) = X;.
Let j be an index such that M ;({) # 0. By claim (b) of Lemma M) € erp,jj-1,ih-

Given a subspace o of weight vectors, let Mj(o) = {M;(§) : £ € o}. By claims (b) and (e) of Lemma
for every subspace ;s € PSTaNm A iWuts) = evujj-1.1s of Mi(Yvus) = {0}. Hence, distinct members
of PS"M are mapped to {0} or to distinct members of the prebasis &; -1, whose members are linearly
independent. Therefore, M;({) € ey j j-1,i,, cannot be written as a linear combination of matrices taken from
subspaces in &; j_1 \{ex j j-1,in), S0 { cannot be written as a linear combination of weight vectors taken from
\pstratum (03, a contradiction. It follows that the subspaces in ¥PS"™"™ are linearly independent. O

Lemma 51. The dimension of span PS"™ jg d,y — pStraum,

Proof. The subspaces in P*"™™ are linearly independent by Lemma[50} so the dimension of span pstraum
is the sum of the dimensions of the subspaces in PS"™W™ ' ag written in (9.14). Recalling the formulae (4.1)),
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#@.3), and (@.8), this sum is

i-1

L L-1 L
Z Wi Wiy = Z wr; wry + Z wro Wi + Z Z Z Wy Wh
i=0 k=0

g €PStratum L>k+12i>0 I=k+1 h=0

L L L i-1
= wro Z wr + Z Wi —wWro | + Z Z wy; Wih
i=0 k=0 L>k+12i>0 \I=k+1 h=0
= 1kW-(dp+do—1kW)+ Z Brs1,ii Ykki—1
L>k+1>i>0
— d@ _ Dstratum

O

At last we complete our proof of the identities of TS and NyS, and our proof that the dimension of a stratum
in the rank stratification is D™,

Theorem 52. Consider a matrix W, its fiber u=' (W), and the stratum S = S ZV in W’s fiber with rank list r.

e The dimension of S is DS"Wm,

e O™ s g prebasis for TyS. (In particular, TyS = span @M )
o \PSUANM jo g prebasis for NyS. (In particular, NgS = span Psrawm )

Proof. By Lemmas [25 and span @M T, In this section we see that span PS"W™ C N,S. In
Section [8.7| we saw that span @™ hag dimension D*"™"™ By Lemma [51, span PS"™"™ has dimension
dg — D™ As NyS is the orthogonal complement of TyS, dim NyS + dimTyS = dy. The sum of the
dimensions of span @M and span PS"UM g dy, so span @SUANM = TS and span PSTUM = NS Hence
the dimension of TpS is DS"™™™ and thus the dimension of S is DS"™™ A @S"2™ jg linearly independent
by Lemma [39] @™ jg a prebasis for TpS. As PS™%™ i linearly independent by Lemma [50] PSratum jg a
prebasis for NgS. O

10 Computing the Stratum Dag

Here we describe an algorithm for generating the stratum dag that represents the rank stratification of a
fiber ,u‘l(W)—for instance, the stratum dag in Figure E}—given the integers dop,d1,...,dr, and tk W as
input.

First we specify what information is stored with each vertex and directed edge of the dag (but we avoid
specifying how the directed graph data structure is implemented). Each dag vertex v represents a nonempty
stratum S, in the rank stratification. The vertex data structure stores four fields: the numbers v.dim, v.dof,
and v.rdof introduced in Section [3] (recall Figures [2 3| and [), and v.ranklist stores a rank list . The
dimension of S, is v.dim = D™™™ from formula ; the number of degrees of freedom of motion on
the fiber from a point on S, (i.e., the dimension of null du(f)) is v.dof = D¢ from formula ; and
the number of rank-increasing degrees of freedom is v.rdof = v.dof — v.dim. Each dag edge e represents a
rank-1 abstract combinatorial move. The edge data structure stores three fields: e.origin and e.dest are the
origin and destination vertices of the directed edge, and e.label is a 4-tuple that lists the indices (/, k, i, h)
associated with the combinatorial move.
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d5 d4 d3 dz dl dO
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rk Ws Wy
Q

Figure 14: Green arrows indicate the order in which our algorithm for enumerating valid rank lists assigns
ranks to the subsequence matrices. The d;’s and rk W are fixed (black text); only the ranks in red can vary
from stratum to stratum. The > and < symbols indicate some of the constraints that the ranks must satisfy.
There are additional constraints: each interval multiplicity wy; = rk Wy;—tk Wi i1 =tk Wi oi+1k Wi 14io1
must be nonnegative (by the Frobenius rank inequality). For example, tk W, < d; — rk Wy + tk W W)

Our first task is to find a way to list all the strata in the rank stratification—that is, to enumerate all the
valid rank lists that contain the specified values of the d;’s and rk W. This is not as easy as you might think.
Section [T0.1]| provides an algorithm that creates one vertex in the stratum dag for each valid rank list, thus
one vertex per stratum. (Appendix [Alshows that for every valid rank list r, the stratum S, is nonempty.)

Our second task is to create the edges of the stratum dag. These edges correspond to rank-1 abstract com-
binatorial moves. Section [10.2] gives an algorithm for identifying those moves and creating the edges and
their labels.

10.1 Enumerating the Valid Rank Lists

Given specified values for the d;’s and tk W, this section describes a procedure to enumerate all the valid
rank lists that include those values. We assume that tk W < d; for all j € [0, L]; otherwise, no valid rank list
includes those values and the fiber = (W) is the empty set.

Our procedure chooses the rank of one subsequence matrix, then recursively finds all the rank lists consistent
with that choice. Then it repeats the process for every other valid choice of the matrix’s rank. The order in
which the ranks are chosen is depicted in Figure Recall that for a specified fiber u=' (W), tk Wy .o = tk W
and each tk W;.; = d; are fixed. The other ranks rk W;..; are chosen in order of increasing i, and for ranks
with equal 7, in order of increasing k.

For each rank rk W;.; with i = 0, the procedure tries all values in the range
rk Wiwo € [rkW,min{rka_lwo,dk}], kell,L-1].
For the other ranks (i # 0), the procedure tries all values in the range

1k Wie<i € [tk Wiwj—1, minf{rtk Wy_q~; + tk Wy — tk Wiy ~iz1, di}, L>k>i>1.
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The constraints that tk Wy.g > tk W, tk Wy.; > tk Wy.;,_1 for i > 1, and tk W;.; < d for all i are best
understood from gazing at the > and < symbols in Figure The constraint that tk Wi.; < tk Wy_1+; +

1tk Wi~i—1 — 1k Wi_1~;—; comes from the requirement that the interval multiplicity wi_;; is nonnegative.

The advantage of assigning ranks in this order is that, after we assign some of the ranks in the ranges
indicated above, there is always at least one assignment of the remaining, unassigned ranks that satisfies
the constraints and yields a valid rank list. We omit a proof, but a proof could proceed by showing that
if we complete an incomplete rank list by always choosing the smallest rank in each range above (i.e.,
tk Wi.o < tk W and tk Wy.; « rk Wy..;_; for i > 1), these choices satisfy the upper bound constraints and
yield a valid rank list.

Figure[T3]lists pseudocode for a procedure, ENUMERATEVERTICES, that enumerates the valid rank lists (and the
strata in the rank stratification) for a fiber ' (W). For each valid rank list r, the algorithm creates a vertex
in the stratum dag which represents both r and the stratum S,. ENUMERATEVERTICES creates no edges; see
Section for the procedure that creates them.

Our algorithm maintains a map from rank lists to (references to) graph vertices. This map is not part of the
directed graph data structure, but it is used to find vertices in the graph data structure knowing only their rank
lists, and it will be needed in Section[10.2]to help compute the edges of the dag. The procedure AbpToMap
(called in Line 25) adds a rank list (the key) and a vertex (the target) to this map. There are several ways the
map could be implemented. The simplest method is to store the vertices in a multidimensional array indexed
by the ranks in the rank list. If we omit the fixed ranks (the d;’s and rk W), this array has (L*+L))2-1
dimensions, and the index associated with r¢.; can range from rk W to min{d;, di;1, . . . , di}. However, if L is
large, most of the entries in this array are never used, as they correspond to invalid rank lists, and the array
might be too large to store. In that case, it makes more sense to use a hash table to implement the map.

10.2 Computing the Edges of the Stratum Dag

In Section @ we introduced the convention that the stratum dag has a directed edge (S,,S) if there
exists a rank-1 abstract combinatorial move that transforms the rank list r to the rank list s. This idea is
partly justified by Theorem which establishes that, assuming S, and S are both nonempty strata in
the rank stratification of u~!(W), the following three statements are equivalent: S ; € 8y r < s; and there
exists a sequence of rank-1 abstract connecting and swapping moves that proceed from r to s, with all the
intermediate rank lists being valid. The last statement is equivalent to there being a directed path from S .
to S in the stratum dag.

Figure[16]lists pseudocode for a procedure, ENUMERATEEDGES, that creates the directed edges of the stratum
dag for a fiber u~!(W), connecting the vertices already created by the procedure ENUMERATEVERTICES. We
consider one stratum S, at a time, and enumerate all the rank-1 abstract combinatorial moves from r; these
correspond to directed edges out of S, in the stratum dag. From r, there is an abstract combinatorial move
with index tuple (L k,i,h)if L>1>k+1>i>h>0,w; >0, and wy, > 0 (see Section . Recall from
Lemma [24] (and Section[7.4]and Table[5)) that a rank-1 combinatorial move with these indices increases each
rank ry., by 1 forall y € [k + 1,/] and x € [h,i — 1]. This tells us how to compute the rank list s reached by
a combinatorial move, whereupon we can create a directed edge (S, S 5) in the dag.

Line 1 of ENuMERATEEDGES presumes that the directed graph data structure that represents the stratum dag
permits us to easily loop through the complete set of graph vertices (which were originally created by
ENUMERATEVERTICES). Line 15 uses the map maintained by Line 25 of ENUMERATEVERTICES to find the data
structure representing a dag vertex, knowing only its rank list s. Lines 16 and 17 add an edge to the graph
data structure, labeled with the index tuple (/, k, i, h).
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ENUMERATEVERTICES(L, d[], R)
{ Enumerates all the valid rank lists that include specified values of dy, dy,...,dr andtk W = R. }

{ Creates one dag vertex for each valid rank list. L is the number of matrices (i.e., layers of edges). }

1 r « rank list in which every rank ry.; is zero

2 rp~0 < R {in r, initialize ry .o tork W }

3 for j—0Oto L

4 riej < d;j

5 ENUMERATEVERTICESRECURSE(L, d[], 7, 1, 0) { start the recursion with ., representing rk W, }

ENUMERATEVERTICESRECURSE(L, d[], 1, k, i)
{ Iterates through all the valid values of r¢.;, then recursively does the same for the remaining ranks. }
6 ifi=0
{ There is at least one valid rank list for each rk Wy..g € [rk W, min{rk W;_i~¢, di}]. }
7 low « rro { note: r .o =1k W}

8 high — min{rk_lwo, dk}
9 else {i>1}
{...foreachrk Wy.; € [tk Wy~;_1, min{rtk Wi_1; + tk W1 =tk Wi_1<i1, di}]. }

10 low « FVie~i—1
11 high « min{ri_1-; + re~i1 = re-1~i-1, di}
12 ifk<Land(k<L-1ori>0)
13 for r¢-; < low to high
14 ENUMERATEVERTICESRECURSE(L, d[], r, k + 1, 1) { increment & }
15 elseifi < L -1
16 for r¢.; < low to high
17 ENUMERATEVERTICESRECURSE(L, d[], r,i + 2,i + 1) { increment i; restart k }
18 else {k=Landi= L - 1; base case of recursion }
19 for r¢.; < low to high

{ All the ranks in r are filled in now; create a new vertex to represent the stratum S ,.. }
20 v «— CREATEDAGVERTEX() { creates new vertex in dag data structure }
21 vranklist <~ { important: copy the rank list r; don’t just store a reference to r }

{ v.dim is the dimension of the stratum S ,. }

L
22 v.dim « Z didjy —rpo-(dp+do—rp0) - Z (Fir1~i = Tkt 1~ie 1) (Thmiz1 = Tht1~i-1)
J=1 L>k+12i>0
{ v.dof is the number of degrees of freedom of motion on the fiber from a pointon S . }
L L L-1
23 v.dof « Zdjdj—l - Z}’LNJ' -rj_1~0+ZI”L~j' Tj~0
j=1 Jj=1 j=1

{ v.rdof is the number of rank-increasing degrees of freedom (moving off S, on fiber). }
24 v.rdof « v.dof —v.dim

{ Maintain a map from rank lists to dag vertices so the record v can be found later. }
25 AppToMapr(r, v)

Figure 15: Algorithm to enumerate all the strata in the rank stratification of a fiber u~! (W)—equivalently,
to enumerate all the valid rank lists that include specified values of dy, dy,...,dr, and tk W. For each such
rank list r, the algorithm creates a vertex in the stratum dag to represent the stratum §,. A dag vertex v stores
four fields: the numbers v.dim, v.dof, and v.rdof introduced in Section E], and v.ranklist stores a rank list r.
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ENUMERATEEDGES(L)
{ Creates the edges of the stratum dag, connecting the vertices created by ENUMERATE VERTICES. }
{ L is the number of matrices (i.e., layers of neural network edges). }
1 for each vertex v in the stratum dag
2 r = v.ranklist
{ Compute the interval multiplicities for r. }

3 fory —Oto L
4 forx —Otoy
{ For the next line, use the convention r 1~y = ry.—1 = 0. }
5 Wyx € T'yox = Fy~x—1 = Fy+l~x T Fyslox-1
{ Identify all possible rank-1 abstract combinatorial moves from r. }

6 for/— 1toL
7 fork—O0tol-1
8 fori— 1tok+1
9 forh —0toi—1
10 ifa)[,' > 0and wy, >0

{ There is a move connecting or swapping intervals [i, [] and [A, k]. }
11 S r { copy the rank list r; don’t just store a reference to r }
12 fory—k+1tol
13 forx —htoi—1
14 Sy~y ¢ Iyox + 1

{ Add directed edge representing (S ,, S 5) to dag data structure. }
15 w < MAPRANKLISTTOVERTEX(s)
16 e «— CreaTEDAGEDGE(v, w) { sets e.origin to v and e.dest to w }
17 elabel « (I, k,i, h)

Figure 16: Algorithm to create the edges of the stratum dag. The procedure MapRankLisTToVERTEX invoked
in Line 15 performs a lookup in the same map maintained by the procedure AbpToMaP in Line 25 of
ENUMERATE VERTICESRECURSE.

10.3 An Alternative Method of Enumerating the Valid Rank Lists

We briefly mention an alternative to the algorithm ENUMERATEVERTICEs. Our alternative builds on the struc-
ture of ENuMERATEEDGES. Recall that every fiber’s rank stratification has one minimal element: the stratum
for which every rank (except the d;’s) is equal to tk W. Every other stratum in the rank stratification can
be reached from the minimal stratum by a sequence of rank-1 combinatorial moves. Hence we can effi-
ciently find all the vertices with a procedure that is essentially depth-first search, except that the graph is not
explicitly stored as a data structure (until the search is complete; we create the data structure as we go).

Therefore, we can modify ENUMERATEEDGES to create all the dag vertices as well. Line 15 is modified to
check whether a dag vertex exists to represent the rank list s; if no such vertex exists, one is created and
added to a queue of vertices whose outbound edges have not yet been created. Line 1 is modified to iterate
through that queue. The algorithm begins by creating one dag vertex to represent the minimal rank list,
then creating a queue that contains that vertex. As the algorithm runs, newly created vertices are added to
the queue, and the loop in Line 1 is modified to repeatedly take a vertex off the queue and determine its
outbound edges.
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A Valid Rank Lists and Valid Multisets of Intervals

Consider a fully-connected linear neural network specified by the unit layer sizes dy,d,...,dr, with a
corresponding weight space R%. Recall that a rank list r is valid if there is some weight vector § € R% that

has rank list r. (Note that this implies that r;.; = d; for all j € [0, L].) Recall that a multiset of intervals,

represented by interval multiplicities wy;, L > k > i > 0, is valid for this network if d; = ,L: j Zgzo wys for

every j € [0, L]. We also require that every wy; is nonnegative, but that’s part of the definition of “multiset,”
not part of the definition of “valid.”

The identities (4.9) and (@.10) map interval multiplicities to rank lists and vice versa. When the rank list and
interval multiplicities are properties of a weight vector 6 € R%, the two identities are correct by Lemma
so they must define a bijection between valid rank lists and multisets of intervals that arise from weight
vectors. However, we did not define a multiset of intervals to be “valid” if it arises from a weight vector; we
opted for a definition that is easier to check.

Here we justify that definition by showing that (4.9) maps every valid multiset of intervals to a valid rank
list, and (#.10) maps every valid rank list to a valid multiset of intervals. Consider the latter first.

Lemma 53. Let r be a valid rank list. Then the identity vields a valid multiset of intervals (with
validity judged according to the unit layer sizes d; specified in r).

Proof. As r is valid, there exists a weight vector 8 = (W, W;_q,...,W)) € R% with rank list r. The
identity is wy; = 1k Wywj — 1k Wiiz1 — 1Kk Wisq~; + 1Kk Wiy 1~i—1 with the conventions that W; ., = 0 and
Wy = 0, hence every interval multiplicity wy; is nonnegative by the Frobenius rank inequality (Sylvester’s
inequality if k£ = 7). This establishes that the interval multiplicities specify a multiset.

The criterion for this multiset to be valid is that d; = IL: y Zi _o Wrs for every j € [0, L], which is what

Corollary [9] states. i

Showing that a valid multiset of intervals maps to a valid rank list is more interesting, because we have to
exhibit a weight vector with the specified rank list. Fortunately, we constructed one in Section 4.6 Recall
that for any valid multiset of intervals, Lemma 11| describes a canonical weight vector 8 = (I, I;_1,...,I})
that has the specified interval multiplicities. (Appendix [B| makes a few comments about the prebasis sub-
spaces associated with 6.) We will omit the details of verifying that, so the following proof is just a proof
sketch. (There are times when a formal proof that a construction is correct would be more cryptic than
simply inspecting the construction until you see why it’s correct, and we think this is one of them. Figure
is the real proof.)

Lemma 54. Given a network with specified unit layer sizes dy,d\, . . ., dy, suppose the interval multiplicities
wii, L >k > i > 0, represent a valid multiset of intervals. Let r be the rank list produced by the identity (@)
from those interval multiplicities. Then r is a valid rank list.

Proof. The canonical weight vector 8 described by Lemma [11| has the specified interval multiplicities. By
Lemma the rank list  produced by identity is the rank list of 6. Hence r is valid. O

Thus both definitions of “valid” imply that there exists a weight vector 6 € R% with the specified rank list or
interval multiplicities. But often we are interested in the question of whether there exists a suitable weight
vector on a particular fiber y~!(W). For a specified rank list r, this is possible only if rk W = r7.o; and for a
specified multiset of intervals, it is possible only if rk W = w;¢ by (4.3). But if that constrain holds, then a
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suitable weight vector 6 € p~!(W) always exists, and we now show how to construct one. Our construction
combines a singular value decomposition of W with the canonical weight vector 6.

It is well known that W has a singular value decomposition W = UDVT such that U € R4*% and V € R4
are both orthogonal matrices (UUT = I = UTU and VVT =1 = VTV) and D € R¥*% is a diagonal (not
necessarily square) matrix, whose diagonal components are the singular values of W. Moreover, we can
choose D so that the nonzero singular values come before the zeros on the diagonal. Of these singular
values, wy are nonzero and the rest are zero (because rk W = wyy).

Recall that the product I = ,u(é) = Il -1 is a diagonal d; X dyp matrix whose first wry diagonal
components are 1’s, and all the other components are 0’s. Hence, the nonzero diagonal components of 1
and D are in the same positions. Let D’ be a diagonal dy X dy matrix whose first wy diagonal components
are the same as D’s (the nonzero singular values), and whose remaining diagonal components are 1’s, making
D’ invertible. Then ID’ = D and

W=UDV' =UID'V' =UI I;_---LLLD'V".
As U and D'V are invertible, the weight vector
0= (UiL, iL—la iL—29 ey i2’ ilD’VT)

has the same rank list as 6 and satisfies u(6) = W.

The following two lemmas use this construction to show that for either a valid rank list or a valid multiset
of intervals, the fiber u~!(W) contains a point with that rank list or multiset of intervals if the rank of W is a
match (i.e., Tk W = rp.g or tk W = wyy).

Lemma 55. Let r be a valid rank list and let W € R4 be q matrix of rank ri-o. Then there is a weight
vector 0 € ,u’l(W) with rank list r.

Proof. As ris valid, by definition there exists a weight vector 6, € R% with rank list r. Sectionﬁdescribes
how to construct a canonical weight vector 6 = 17‘1(95) also having rank list r, where 7 is defined in Sec-
tion As tk W = ry, the procedure described above constructs a weight vector 6 having the same rank
list as @, namely r, such that u(6) = W. O

Lemma 56. Suppose the interval multiplicities wy;, L > k > i > 0, represent a valid multiset of intervals for
a network with specified unit layer sizes dy,d,, . ..,dr. Let r be the rank list produced by the identity
Sfrom those interval multiplicities. (Note that by the definition of “valid,” r satisfies rj.; = d; for j € [0, L].)
Then for any matrix W € R4*% of rank wyy, there is a weight vector @ € u~" (W) with rank list r.

Proof. The canonical weight vector 8 described by Lemma [11|has the specified interval multiplicities. By
Lemma the rank list r produced by identity li is the rank list of . As rk W = wyy, the procedure
described above constructs a weight vector 6 having the same rank list as 8, namely r, such that u(6) = W. O

B The Standard Prebases

Recall from Section @ that the standard prebases Ay, ..., AL, Bo, ..., B are defined by setting ai;; =
Akji N (Ak,j,i—l + A](_LJ'J')L and bkji = Bkji N (Bk,j,i+l + Bk+1,j,l')l, which can also be written as and .
Although it is not generally possible to have all the subspaces in A; be pairwise orthogonal, nor all the
subspaces in B}, the subspaces in the standard prebasis are as close to orthogonal as possible, which is good
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for the numerical stability of algorithms that use them. There are four exceptions: the subspaces in any
one of Ay, AL, Bo, and B are pairwise orthogonal. (Subspaces that meet at oblique angles occur only in
the hidden layers.) The standard prebases have the property that Ay = By and Ay, = By, because for all
k,i €0, L],

1 L
axpo = Aroo N Ak—l,O,O = null Wiy1.0 Nrow Wyo = Bk+1,0,0 N Byoo = brop  and

brii = BriN BJL_,L,i+1 = null W2—~i—1 NcolWy.; = AtL,i—l NALL = agg;.

However, in the hidden layers, A; and B; can be entirely different.

Unfortunately, the standard prebases are typically not flow prebases. But at the canonical weight vector @
(introduced in Section , the standard prebases are flow prebases. The standard prebases at § have other
special properties too. We say that a subspace of RY is axis-aligned if it is spanned by some of the unit
coordinate vectors of R?. Recall that the almost-identity matrices, including the factor matrices 7 ; and the
subsequence matrices fywx, have the property that every row and every column has at most one nonzero
component, always a 1. Hence all subspaces of the forms row I~y~ v null I~y~x, col I~y~x, and null ijN . are axis-
aligned. Hence all subspaces of the forms Ay;; and Byj; are axis-aligned. Hence in the standard prebases,
all subspaces of the forms ay j; and by j; are axis-aligned. As the subspaces in each standard prebasis A; are

linearly independent and axis-aligned, they are pairwise orthogonal. (Likewise for 8;.)

C The Fundamental Subspaces of the Differential Map

The differential map du(6) is a linear operator that maps a weight displacement A6 in a finite vector space R%
to a matrix AW = du(#)(A6) in another finite vector space R%*“%_ One could simply write this linear map as
a matrix—a fact that is obscured because the range of du(6) is a set of matrices. But if we imagine that the
range of du(6) is R4 instead of R“*%  we can represent du(6) as a (drdp) X dy matrix M. Then we can
apply basic ideas from linear algebra.

The four fundamental subspaces of M are its nullspace, its columnspace (also called its image), its rowspace,
and its left nullspace, defined to be

null M
colM = imageM =

veRd":Mv=0},
Mv:ve Rd"},
M w:weR“DY  and

we R« . Ty = 0}.

{

{

row M =image M' = {

nmllM™ = |

Following our convention in this paper for multiplying a matrix by a subspace, we can write the simpler
definitions col M = MR% and row M = M TR,

The differential map du(6) has the same four fundamental subspaces, except that its columnspace (image)
and left nullspace are subspaces of R%*% instead of R%%. As du(6) is a linear map, it also has a transpose,
which we write as du " (6). Considering that M represents the same linear transformation as du(6), let du" (6)
be the linear map from R%*% to R% represented by M. Recall from that, given a weight displacement
A = (AW, AWy, ..., AW)),

L
du(O)(AO) = " WL AW W, 1.
=1
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Clearly this transformation is linear in A, but it isn’t written as a multiplication by a single matrix M.
Nevertheless, we can write its transpose, applied to a matrix AW, as

duT(OAW) = AWW]_| ... WL AWWTL, ... W] AW).

The nullspace, columnspace (image), rowspace, and left nullspace of du(6) are

A6 € R% : du(6)(A9) = 0} = null M,

null du(6) {
{du(6)(A) : AG € R%},
{
{

col du(8) = image du(6)

duT(O)(AW) : AW € R4*Dy = row M,  and
AW € R - dy T (6)(AW) = 0).

row du(f) = imagedu' () =
null de(Q) =

The only difference between col du(6) and col M is whether it is formatted as a set of d; X dy matrices or a
set of vectors of length d;dy; and likewise for the difference between null du™(#) and null M.

We now apply some basic facts from linear algebra to the differential map.

e The fundamental subspaces col du(6) and row du(6) have the same dimension, called the rank of du(6)
and denoted rk du(6). (The rank can also be identified by the fact that, letting » = rk du(6), M has an
r X r minor with a nonzero determinant but every (r + 1) X (r + 1) minor has determinant zero.)

e The rowspace of du'(6) is the columnspace of du(#) and the columnspace of du'(6) is the rowspace
of du(0), so rkdu ™ (8) = rk du(6).

e row du(#) is the orthogonal complement of null du(6) (in the space R%). By the Rank-Nullity Theo-
rem, rk du(6) + dim null du(6) = dy.

e col du(8) is the orthogonal complement of null du ™ () (in the space R4LXdo the orthogonality is in the
Frobenius inner product). By the Rank-Nullity Theorem applied to du " (6), rk du(6)+dim null du " (6) =
drdp.

A major concern of this paper is to determine null du(6) (Section [8.3)) and row du(6) (Section 0.1)). Trager,
Kohn, and Bruna [21]] are more interested in col du(6), from which they derive rk du(6), which we use in
Section [8.5] (Theorem to show that our expression for null du(6) is correct—specifically, that we did not
overlook any dimensions of null du(6). Hence we reprise their derivations of col du(6) and rk du(8) here
(with some changes). Recall our conventions that W;.; is the d; X d; identity matrix, col W, = R4,
tk W.p = dp, row Wy = R%, and rk Wy = dp.

Lemma 57.

L
coldu(0) = Z col Wi.;®@row W;_1o (C.1D
j=1

Proof. Recall again that du(6)(A6) = jL.zl Wi i AW;W;_1.o. Let (AW)), denote the component in row s and
column 7 of AW, let C; be column s of Wy ; (expressed as a column vector), and let R; be row ¢ of W;_1o
(expressed as a row vector). Then Wy ;AW;W;_1.o = 3 2',(AW;)CsR,, which pairs each column of W . ;
with each row of W;_;.¢ to form an outer product matrix, with an independent coefficient for each pairing.
It follows that the term Wy ;AW ;W,_;.o can independently take on any value in col Wy.; ® row W;_;.g, so
the image of du(6) is Zle col Wi.;®@row W;_io. O
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Lemma 58 (Trager, Kohn, and Bruna [21]], Lemma 3).

L L-1
tkdu(0) = Dtk Wi -k W= >tk Witk Wi
j=1 J=1

Proof. The dimension of each summand in @) istk Wy -tk W;_1.o, but the summands overlap. For any
two subspaces X and Y, dim(X+Y) = dim X+dim ¥ —dim(XNY). When the summand col W, . ;@row W;_;o
is added, its intersection with the vector sum of the previous summands is col Wy ;_1 ® row W;_;o, so by
induction the dimension of col du(6) is

L
rk d/.l(@) = rk Wit - rk Wo~0 + Z (I’k WL~J' -1k Wj_1~() —rk WL~j—l -1k Wj_1~())

j=2
L L-1
= Z rk WLNj -rk Wj_1~0 - Z rk WLNj -rk WJ'N().
J=1 j=1
O
Corollary 59. The dimension of null du(6) is D™, as specified by
Proof. By the Rank-Nullity Theorem, dim null du(6) = dy — rk du(8) = Dfree, O

D Counting More Dimensions

Table [/| defines several sets of subspaces that were not important enough to include in Section and the
dimensions of the subspaces (of R%) they span.

Let’s count the degrees of freedom of connecting moves. Recall from Section [7.4] that the set of subspaces
associated with connecting moves is G)%Onn ={¢1j-1,jjn #10} : L > 1 > j > h > 0}. First we count the
degrees of freedom associated with connecting moves that change one particular matrix W:

L j-1
D™ = [Z wzj] Z wj—l,h] =Bjjj@j-1,j-1,j-1 = (dj =tk W;) (dj-1 =tk W;).
I=j h=0
The space spanned by OF™ has dimension D™ = JL.: | D;O““. Thus we obtain the formula |i (see

Table|[7).

Let’s count the degrees of freedom of swapping moves. Recall from Section that the set of subspaces
associated with swapping moves is O3 " = {¢yjin € @0 : [ > k > i > h}. The dimension Dy of the
space spanned by @gwap can be derived exactly as we derived D‘:OOmb in Section except that we omit the
subspaces where k = i — 1, which indicate connecting moves and not swapping moves. Thus we obtain the

formula (D.2)) (see Table[7).

Let’s count the degrees of freedom of the infinitesimal combinatorial moves that don’t change u(6). These
combinatorial moves move from one stratum to a different stratum of the same fiber. These moves are
represented by the prebasis ®gber’°°mb = @I N O™ The easiest way to determine the dimension of the

subspace spanned by @gber’comb is to first understand the prebasis ®(L)0’°°mb = ©5 N O™, which is the set
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@COOIIH = {¢l,j—1,j,j,h * {0} :L>1 2]> h > O}

L

D((:)Orm = Z wljwj—l,h = Z(d]—rk W]) (dj_l —rk W]) (Dl)
L>1>j>h>0 J=1 Bij @j1j1j1

Of " ={pujin € Oo : I>k>i>h}={ppjn #{0}: L>1>k>i>h>0andk+1> j>i}

D™ = Z (k—i+2) 0k Wiri~i =tk Wip1~io1) (0K Wieeioy — tk Wiri2i-1) (D.2)
L>k>i>0 ﬁk+l.l i Ak ki-1

@(L)Oscomb @LO N @Comb {brijio # {0} : L>k+12>j>i>0}

Déo,comb = Z (k -+ 2) Wr; WK (D'3)

L>k+1>i>0
®ﬁber comb _ @ﬁber N ®comb ®comb \ @L {¢lkjih e @g’mb :L>1lorh>0}
ngef scomb _ Dg’mb - Déo comb _ Z (k=14 2)(Brr1,ii U p,i-1 — WL Wko) (D.4)
L>k+1>i>0

Op " = OF NOF™ = (¢r,j1,30 # {0} : L= j > 0)

L L
Déo,conn — Z WLjwj-10 = Z (rk Wij— rk WL~j—1) (rk W10 — rk Wj~0) (D.5)
=1 =1

wrj wWj-1,0

®gber,conn — ®gber o) @gonn _ ®conn \ ®LO {¢lj 1)k e @(:onn L>lorh> 0}

L
ppbereom = Z (dj =tk W)) (dj—1 =tk W)) = (ck Wpj =tk W 1) (tk Wj_1.o — 1k W0) (D.6)
J=1 Bijjj @j-1,j-1,j-1 WLj @j-1.0

®LO comb _ ®LO N ®comb {TLk]zO 2{0}:L>k>j>i>0}

D™ = N (k= i+ Dwiiwio (D.7)

L>k>i>0
®ﬁber comb _ ®c0mb \ @LO {leﬂh c ®comb L>1lorh>0)
nger comb _ DS — DIT‘O comb Z (k= i+ 1) (Br+1,ii Xk ki-1 — WLi Wko) (D.8)
L>k>i>0

Table 7: More sets of subspaces of R% and their total dimensions. See also Table @

of one-matrix subspaces representing combinatorial moves that change w(6) (don’t stay on the fiber). As

®LO comb _ 5 jio #{0} : L>k+ 1> j>i> 0}, it spans a subspace of dimension
Déo,comb _ Z WL Wk = Z (k—i+2)wr wio,

L>k+1>j>i>0 L>k+1>i>0

because the term wy; wyo appears in the first summation once for each j € [i, k + 1]. Analogously, for the set
®%O’°°mb = O N @™ of two-matrix subspaces,
L0,comb __ _ .
D = wr; WLy = Z (k -1+ l)wLi wko-
L>k>j>i>0 L>k>i>0
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fiber,comb -
(O 1

The dimension of the space spanned by S

nger,comb — dim®gber,c0mb

= dim(65™ \ 0F)
— dlm (@Coomb \ @éO,COmb)
_ b L0,comb
— Dc(:)om _ DO com ,

from which we obtain the formula (D.4) in Table Analogously, we define G)?ber’comb = O™\ @Y, which
spans a space of dimension Dﬁrber’comb = DEomb — D%O’Comb, from which we obtain the formula .

A connecting move that changes W; also changes u(6) if and only if / = L and h = 0; that is, A8 €
é1.j-1,j,0 \ 10}. The total degrees of freedom of the connecting moves that change both W; and u(6) is

D?O,conn S WLjWj-1,0 = (rk WLNj -1k WLNJ'_]) (I‘k Wj_1~0 —rk WjN()).

The dimension of the space spanned by @éo’conn = 0 N Og™ is

L L L
D(L)O,conn = Z D]Lp,conn = Z WLjWwj-10 = Z(I‘k WL~J' -1k WLNj_l) (I'k Wj_1~0 -1k ij()).
= =1

J=1

Let ®gber’conn = O N O™ = OF™ \ OF represent the connecting moves that stay on the fiber. The

dimension of the space spanned by ®gber,conn is
fiber,conn  _ conn _ yyL0,conn
Dy = Dg Dj
L

((d; =Tk Wj) (djoy =tk W) = (tk Wpoj =tk Wijy) (tk W10 — Tk Wiinp)).

Jj=1

Perhaps it is worth noting that the triple summation in (8.I1)) can be simplified to a double summation,
because the term wy; wyo occurs once for each j € [max{i, 1}, min{k + 1, L}]. In (B.16), the term wy; wio
occurs once for each j € [max{i, 1}, min{k, L — 1}]. Hence, we can write

L L
DY = Z Z (min{k + 1, L} - max{i — 1,0) w;; wro  and
i=0 k=max{i—1,0}
L-1 L
DY = Z (min{k, L — 1} — max{i — 1,0}) w; wko.
i=0 k=max{i,1}

E An Affine Transformation of the Nullspace of the Differential Map

Consider a point 6 on a fiber ,u‘l(W), and recall from Sectionthe linear functionn : (Mp,My_1,..., M) —
(]LMLJZEI, Ji 1My 1512’ o JJIMy J(;l) which maps 6 to a canonical weight vector 6 (with the same rank
list). (The J matrices depend on 6.) Recall Lernma which shows that n(y‘l(i)) = ;1‘1 (W)). We now show
that 5 also maps the nullspace of du(6) to the nullspace of du(6). This is not very surprising, as invertible

affine transformations preserve tangencies; but it’s nice to have a formal proof.
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Lemma 60. 7 (null du(8)) = null du(6).

Proof. Recall the formula (8.1) for du(6). Substituting in  gives

L L
du@A0) = > T AWiTi 10 = J0H | Y Wi, iAW T W0 | Jo = J1 du@)aae)) Jo.
=1 j=1

For any AQ € R%, A@ € null du(f) means that du(f)(Af) = 0, which is true if and only if du(6)(7(A6)) = 0,
or equivalently, n(A6) € null du(6). Therefore, 77 (null du(8)) = null du(6) as claimed. O
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