arXiv:2404.14893v1 [math.NA] 23 Apr 2024

Average energy dissipation rates of explicit exponential Runge-Kutta
methods for gradient flow problems

Hong-lin Liao * Xuping Wang'

Abstract

We propose a unified theoretical framework to examine the energy dissipation properties at
all stages of explicit exponential Runge-Kutta (EERK) methods for gradient flow problems. The
main part of the novel framework is to construct the differential form of EERK method by using
the difference coefficients of method and the so-called discrete orthogonal convolution kernels. As
the main result, we prove that an EERK method can preserve the original energy dissipation
law unconditionally if the associated differentiation matrix is positive semi-definite. A simple
indicator, namely average dissipation rate, is also introduced for these multi-stage methods to
evaluate the overall energy dissipation rate of an EERK method such that one can choose proper
parameters in some parameterized EERK methods or compare different kinds of EERK methods.
Some existing EERK methods in the literature are evaluated from the perspective of preserving
the original energy dissipation law and the energy dissipation rate. Some numerical examples are
also included to support our theory.

KEYwoORDSs: gradient flow problem, explicit exponential Runge-Kutta method, discrete orthogo-
nal convolution kernels, stage energy dissipation laws, average dissipation rate
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1 Introduction

We propose a unified theoretical framework to examine the energy dissipation properties at all stages
of explicit exponential Runge-Kutta (EERK) methods for solving the following semi-discrete semi-
linear parabolic problem

uy (t) + Lyun(t) = gn(un(t)),  un(to) = up, (1.1)

where Ly, is a symmetric, positive definite matrix resulting from certain spatial discretization of stiff
term, typically the Laplacian operator —A with periodic boundary conditions, and gy represents a
nonlinear but non-stiff term. Without losing the generality, the finite difference method is assumed
to approximate spatial operators and we define the discrete L? inner product (u,v) := vTy and the
L? norm |jv|| := /{v,v). Assume that there exists a non-negative Lyapunov function G}, such that
gn(v) = —(;%Gh(v). Then the problem (1.1) can be formulated into a gradient system

dup,  OF

. 1
o - —m with  Efvp] := §<vh,Lh’0h> + (Gh(vp), 1). (1.2)
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The dynamics approaching the steady-state solution uj, that is Lyuj = gn(uj), of this dissipative
system (1.1) satisfies the following original energy dissipation law

:—<%,%> <o0. (1.3)

In simulating the semilinear parabolic problems (1.1) and related gradient flow problems (1.2),
explicit exponential (including exponential integrating factor and exponential time differencing) in-
tegrators turned out to be very competitive, see [1-6,14-19,33]. For a detailed overview of such
integrators and their implementation, we refer to [6,8,14,16]. The main idea behind these methods
is to treat the linear part of problem exactly and the nonlinearity in an explicit way and dates back
to the 1960s, see [2,3,12,20,29,31,32]. For stiff problems, Hochbruck and Ostermann [13] constructed
explicit exponential Runge-Kutta (also called exponential time differencing Runge-Kutta, ETDRK)
methods with stiff orders up to four and established the convergence in an abstract Banach space
framework of sectorial operators and locally Lipschitz continuous nonlinearities. Luan and Oster-
mann [26] showed that there does not exist an EERK method of order five with less than or equal to
six stages and constructed a fifth-order method with eight stages for semilinear parabolic problems.
For the stability properties of EERK methods, Maset and Zennaro [28] derived sufficient conditions
of unconditional contractivity and unconditional asymptotic stability and investigated some popular
EERK methods with respect to the two stability properties.

In the past decade, the explicit ETDRK methods [2,3,14] became popular in simulating gradient
flow problems, see [5,6,15-17,21,25,33,34], in the context of partial differential equations. One of main
concerns is whether these ETD type methods can preserve the decaying of original energy E[uy,(t)].
Although the first-order ETD1 method has been proven in [5,6,15] to preserve the energy decaying,
the energy dissipation property of high-order EERK methods seems theoretically challenging due to
their multi-stage nature. Very recently, the second-order ETD2RK method in [3] has been shown
to preserve the original energy decaying of the scalar gradient system [9] and the matrix gradient
system [25]. These works are theoretically interesting, while their analysis may be limited since the
proofs for the energy decaying heavily rely on technical skills and would be difficult to extend for
other ETD methods or general situations, such as the parameterized EERK methods constructed by
Hochbruck and Ostermann [13,14].

In this article, we will focus on whether and to what extent the multi-stage EERK methods pre-
serve the original energy dissipation law (1.3). In the next section, a unified theoretical framework
for the stage energy dissipation property of EERK methods is established by constructing the differ-
ential forms of EERK methods and a new concept, namely average dissipation rate, is introduced for
these multi-stage methods to evaluate the overall energy dissipation rate of an EERK method such
that one can choose proper parameters in some parameterized EERK methods or compare different
kinds of EERK methods. Our main results are stated in Theorem 2.1 and Lemma 2.2.

As applications of our theory, three parameterized second-order EERK methods, including the
widespread ETD2RK scheme [3] and the three-stage method by Strehmel and Weiner [31], are dis-
cussed in Section 3. Some popular methods are evaluated and suggested for practical numerical
simulations, see Table 1, in which the abscissa choices for the contractivity and the energy stability
of three second-order EERK methods are summarized. Section 4 addresses four third-order EERK
methods, including the ETD3RK [3], ETD2CF3 [2] and two parameterized methods developed by
Hochbruck and Ostermann [13]. Table 2 collects some abscissa choices for the energy stability of
four third-order EERK methods. Numerical experiments are presented in Section 5 to support our
theory. Short comments on four fourth-order EERK methods from [3,13,19,31] and some concluding
remarks on the new theory are presented in the last section.



2 Stage energy laws of EERK methods

2.1 General class of EERK methods

Let uﬁ be the numerical approximation of u(t;) at the grid point t; for 0 < k < N. To integrate
the semilinear parabolic problem (1.1) from the discrete time t,—1 (n > 1) to the next grid point
t, = tp—1+T7, the construction of one-step EERK methods (typically, 7 also represents a variable-step
size) starts from the following variation-of-constants formula

.
up(tn_14+7) = e Eruy (ty_1) +/ e (T=)lng, [up(tn—1 + 0)] do.
0
Let U™ be the approximation of uy(t,_1 + ¢;7) at the abscissas ¢; := 0, ¢; € (0,1] for 2 < i < s,

and cs41 := 1. By replacing 7 by ¢;7 to define the internal stages t,_1 + ¢;7, one can construct the
following general class of EERK methods:

Un,l — uZ—].’ (21&)
U™ = Xip (=7 Lp) U™ + Tzaz‘Jrl,j(—TLh)gh(Un’j)v I<i<s—1, (2.1b)
j=1
U™ = x(=rLp)U™ + 7Y bj(=rLy)gn(U™), (2.1¢)
j=1
up = Ut (2.1d)

The method coefficients x;, X, a;; and b; are constructed from linear combinations of the entire
functions ¢;(z) and scaled versions thereof. These functions are given by

1 j—1
po(2) =€ and ;(z) = / o(1-5)2 (js ol ds for z€ Cand j>1, (2.2)
0 - .
which satisfy the recursion formula
—1/k!
vr11(z) = r(z) = 1/K! for k > 0. (2.3)

z

Here the involved matrix functions ¢;(—7Ly,) are defined on the spectrum of —7Lj,, that is, the values
{gj(Ag) : 1 < k < dim(—7Ly)} exist, where \; are the eigenvalues of —7Lj and thus ¢;(\x) are
the eigenvalues of ¢;(—7Lj). More properties on the matrix functions can be found in [11, Theorem
1.13], and, typically in this article, f(—7Ly,) is a positive definite operator if the given entire function
f is positive.

Always we assume that x;(0) = 1 and x(0) = 1 for consistency. This scheme (2.1) reduces to an
explicit Runge-Kutta method with coefficients a;; := a;;(0) and b; := b;(0) if we put L, = 0. The
latter method will be called the underlying explicit Runge-Kutta method henceforth. We suppose
throughout the paper that the underlying Runge-Kutta method satisfies

S i—1
ij(O):l and Z%‘(O):cz- fori=1,2,---,s,
Jj=1 j=1

which makes it invariant under the transformation of (2.1) to the non-autonomous system. A
desirable property of numerical methods is that they preserve equilibria uj of (1.2). Requiring



Uni = up = uy for all i and n > 0 immediately yields the necessary and sufficient conditions. It
turns out that the method coefficients have to satisfy

i—1
x(z) —1 (z) -1
§ bi(z) = 22272 and § : X 72 fori=1,2,---,s. 2.4
. an a;j(z or i s (2.4)

z

Without further mention, we consider the methods with x(z) = e* and x;(z) = %% for 1 < i < s.
With the help of (2.4), the functions x; and x can be eliminated in (2.1). The numerical scheme
(2.1) then takes the form

gttt =gl 4or Z ait1,;(—7Lp) [gn(U™) — L,U™]  for1<i<s—1, (2.5a)
j=1
st =yl 4 TZ bj(—7Ly) [gn(U™) — L,U™] . (2.5b)

To simplify our notations, define
asi1,5(2) == bj(z), 1<j<s. (2.6)

Then the EERK method (2.5) applying to (1.1) reads

UMt = U™ 4+ 13 ai i (—7Ls) [gn(U™) = LyU™] for 1 <i <. (2.7)
j=1

Always, we assume that a1 (2) # 0 for any 1 < k < s. The associated Butcher tableau reads,
where we use the abbreviations a;; := a;;(—7Ly),

C1 0

(&) asl 0

c3 | asl asz 0

Cs as 1 Gs,2 te as s—1 0
Gs+1,1 Qs412 - As4l,s—1 As+1.s

2.2 Our theoretical framework

Motivated by Du et al. [5,6], we introduce the stabilized operators with a parameter x > 0,
Ly:=Lp+ kI and gg(u):= gn(u)+ ku, (2.8)
such that the problem (1.1) becomes the stabilized version
wp(t) = —Lyun(t) + gu(un), un(to) = uj. (2.9)
Thus, applying (2.7) to (2.9), we have the following EERK method

%
UM = UM 13 454 (-7 L) [7ge(U™) = 7L U™ for 1 <i <. (2.10)
j=1



To make our idea more concise, we assume further that the nonlinear function g is Lipschitz
continuous with a constant £, > 0, cf. [30] or the recent discussions in [9, subsection 2.2]. In theoretical
manner, the stabilization parameter s in (2.8) is chosen properly large x > 2/,, see Remark 1 for
an alternative choice, to enhance the dissipation of linear part so that the nonlinear growth of gy
can be formally controlled in the numerical analysis. In this sense, if an EERK method is proven to
maintain the original energy dissipation law (1.3) unconditionally, we mean that this EERK method
can be stabilized by setting a properly large parameter £ (which may not be necessary in actual
calculations). To derive the energy dissipation law of the general EERK method (2.10), we need the
following result. The proof is standard and we include it for completeness.

Lemma 2.1. If gy, is Lipschitz-continuous with a constant {4 > 0 and k > 2{,, then

(u—,gx(v) — %Ln(u+v)> < E[v] — Elul,

where the energy E is defined in (1.2).

Proof. Since gy, is Lipschitz continuous, [30, Lemma 2.8.20] gives

<u - U,gh(v)> < <Gh(v) — Gp(u), 1> —I—ngu — UHz. (2.11)
It follows that
<u —v,gx(v) — g(u—l—v)> = <u —v,gn(v) — g(u — v)>

= (=, g(0)) — 2l — ][> < (Gle) — Gulu), 1) — 5 (5 — 2g) Ju— o]

Also, it is easy to know that

K 1 1 1 1
(u—v, s (u+v) = zLe(u+v)) = (v —u, Lp(u+v)) = =(v, Lyv) — = (u, Lpu).

2 2 2 2 2

Adding up the above two results yields the claimed inequality and completes the proof. O
Our theoretical framework contains three main steps:
(1) Compute difference coefficients: we introduce a class of difference coefficients, fori =1,2,--- s,
4i11,3(2) = air1i(2) and @i 5(2) o= aig,j(2) —aij(z) for1<j<i-1. (212
It is not difficult to derive from (2.10) that
S, UL = ZQH_Lj(—TL,{) [7g.(U™) — TLKU”’I] for 1 <i<s, (2.13)
j=1

where the (stage) time difference §, U™t ;= U™l — Un? for 1 < i < s. The associated
Butcher difference (Butcher-Diff) tableau reads

(&1 0
c2 | Qo 0
€3 | a3 Q32 0
Butcher-Diff tableau:
Cs Qs,l QS,Q T Qs,s—l 0
As111 G512 77 Qsy1s-1 Qstis
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(2) Determine DOC kernels and differential form: we introduce the so-called discrete orthogonal

convolution (DOC) kernels 0}, ;(2) with respect to the coefficient a,;, cf. [22-24],
— 1 J+1,] (Z) .
Opi(2) = ———— and 0, ,(2) Z .o for1<j<k—1. (2.14)
’ Qi1 1 (2) =j+1 7J+1,J z
It is easy to check the following discrete orthogonal identity,
m
S 0pi(2)apirj(2) =y forl<j<m<s, (2.15)

(=

where d,,,; is the Kronecker delta symbol with d,,; = 0if j # m. Multiplying the above equation
(2.13) by the DOC kernels (matrices) 0y, ;(—7Ly), and summing i from 1 to k, one can apply
the discrete orthogonal identity (2.15) to find that

k
Z Qk’i(_TL U” = Z 9k 5 TL Z @it ] TL [Tgn(Un’j) - TLnUn’l]

- Z ZQk,i(_TLH)Qi+1,j(_TLH) [TgK(Un’j) — TLHU"’l]
j=1i=j
:TgH(Un’k) - TL,.iUn’l

k
(=1

Thus we have an equivalent form (differential form) of the EERK method (2.10)

k
D dpe(—TL)5 UM = rg (U™F) — %LN(U"”““ +U™) for1<k<s, (2.16)
/=1

where the functions dy, are defined by

dre(2) = Opg(2) + =

5 (2—6ke) for1<l<k<s and dy(z):=0 forl>k. (2.17)

The associated lower triangular matrix D := (di¢)sxs is called the differentiation matrix. Al-
ways, we denote the symmetric part S(D;z) := 3[D(z) + D(2)7T].

(3) Establish stage energy dissipation law: this process is standard and we have the following result,
which simulates the original energy dissipation law (1.3) at all stages.

Theorem 2.1. If S(D;z) is positive (semi-)definite, the EERK method (2.10) preserves the
original energy dissipation law (1.3) at all stages without any time-step constraints,

. 1 J k
E[U™H - E[U™ < — - > <6TU"”“+1, deg(—TLn)5TUn’e+1> for1<j<s, (2.18)
k=1 /=1

and in particular, by taking j == s,

S

k
Blup) - Blup ™ < == 37 (6,0 3 dye(—r L) UM forn > 1.
k=1 /=1



Proof. Making the inner product of the equivalent form (2.16) with %5TU mk+1l and summing k
from k£ =1 to j, one can find that

J k j
% Z <(57—Un’k+1, Z dke(_TLH)(STUn,€+1> — Z <57-Un’k+1, gH(Un,k) o %LH(Un,k+1 + Un,k)>
k=1 /=1 k=1

for 1 < j <s. Lemma 2.1 yields the following energy dissipation law at each stage

J k
E[Un,jJrl] Un 1 + % Z < Un,k+1’ Z dkz(—TLn)5TUn’e+l> <0
k=1

for 1 < j < s. It completes the proof. O

For 1 < j <s,let Dj := DJ[1 : j,1: j] be the j-th sequential sub-matrix of the matrix D.
We denote further that 6,U, j+1 = (6,U™2 5,03, ... 6, U™+ The above stage energy
dissipation law (2.18) can be formulated as

E[U™*Y — E[U™)] < —f<5 Uy 41, Dj(—TLy)ox Um+1> for 1< j<s. (2.19)

After the completion of this article, we are informed that, by computing the original energy
difference Efu}] — E [uzfl] with a key inequality, Fu, Shen and Yang independently derived
the same sufficient condition of Theorem 2.1, cf. [10, Theorem 2.1], to ensure that the EERK
method (2.10) maintains the decreasing of original energy, that is, E[u}}] < E[u}"']. In the
following subsection, we will introduce a simple indicator for evaluating to What extent the
multi-stage EERK method (2.10) preserves the original energy dissipation law (1.3).

2.3 Averaged dissipation rate

Theorem 2.1 shows that the EERK method (2.10) is unconditionally energy stable if the differen-
tiation matrix D(z) is semi-positive definite, that is, all eigenvalues \;(z) (i = 1,2,---,s) of the
symmetric part S(D;z) are nonnegative. A necessary condition is that the average eigenvalue is
nonnegative,

ZA = ftr (D(2)) = 0.
If )\min < )\Z(Z) < >\max (7J = 172a e 78) for any z < 0’ one has
)\min<177 17> < <U7D( TL ) > < )\max<’U 1}>

Then, according to (2.19), the overall energy dissipation rate of the energy Efuj] could be roughly
estimated by the average eigenvalue \(z) of S(D; z). If A(z) > 0, one could use the following average
dissipation rate

1
R(z) == ~tr(D(z)) for z <0, (2.20)
s
to examine the energy dissipation behaviors among different methods, see detailed arguments for

second-order EERK methods in the next section. By using the definitions (2.17) and (2.14) to
compute the diagonal elements dix(z) for 1 < k < s, it is not difficult to obtain the following result.



Lemma 2.2. If the EERK method (2.10) preserves the original energy dissipation law (1.3) uncon-
ditionally, then the average dissipation rate is nonnegative, that is,

- 72 >O for z <0.

i1, z

Typically, if R(z) > 1, the discrete energy E[u}] decays faster than the continuous counterpart
Elup(ty)] and the dynamics approaching the steady-state solution appears a time “ahead” effect. If
0 < R(z) < 1, the discrete energy E[uj| may decay slower and the dynamics appears a time “delay”
effect. In general, a time-stepping method is a “good” candidate to preserve the original energy
dissipation law (1.3) unconditionally if the average dissipation rate R(z) is nonnegative for z < 0
and is as close to 1 as possible within properly large range of z. Lemma 2.2 provides us a simple
criterion to evaluate the overall energy dissipation rate of an EERK method and then choose proper
parameters in some parameterized EERK methods or compare different EERK methods.

Remark 1. The differential form (2.16) and the associated differentiation matriz D(z) of the EERK
method (2.10) would be “optimal” to evaluate the energy dissipation property although they are not
unique. A direct choice is to retain only the pure implicit form of stiff term, that is,

k
> dpe(—TLg) 5 UM = 7g (UM — 7L UMM for 1 <k <, (2.21)
/=1

where the elements of differentiation matrizx D= (Jkg)sm are defined by
dpo(2) = 04(2) +2 for1<l<k<s and dy(z):=0 forl>k. (2.22)

If 8(15; z) is positive (semi-)definite, one can follow the proof of Theorem 2.1 to get

A 1J k.
n,j+17 n,1 - n,k+1 _ n,f+1
E[Um* - EU™ < - =) <5TU S dke(~7L)8,U >
k=1 (=1
1 4 n,k+1 1 n,k+1 .
—721 <5TU  57LubsU > for1<ij<s, (2.23)

in which the following result similar to Lemma 2.1 has been used,

1
(u—v,gx(v) — Lyuy < Elv] — Eu] — §<u — v, Le(u—w)) fork>1{,.
It is easy to see that the positive (semi-)definiteness of 8(5; z) is much severer than the condition of
Theorem 2.1 because the energy dissipation estimate (2.23) ignores the dissipation effect of the last
term compared with (2.18). Correspondingly, the overall dissipation rate will be also underestimated
via the average dissipation rate R(z), that is,

R(z) := 1tlr( =z+4 - Z R(z) forz<O.

a
i—1 i+1, z

In this situation, one may make misjudgment on the energy dissipation property of EERK methods.
For example, consider the one-parameter EERK?2 method (3.2) described below with

~ 1 C9
R(co,z) :=2z+ + .
22 =21 () 2ea2)




Z—r—00
to incorrect conclusion that the EERK2 method with co = 1 is the only possible case to preserve the
energy dissipation law (1.3); In contrast, Corollary 3.1 says that the EERK2 method preserves the
energy dissipation law (1.3) unconditionally for co € [%, 1]. In summary, the condition of Theorem
2.1 is nearly “optimal” although we can not claim that the positive semi-definiteness of differentiation
matriz D(z) is also necessary to the energy stability of the EERK method (the only loss of dissipation
rate comes from the inequality (2.11) for controlling the nonlinear growth).

It is easy to know that ll}I_l’l R(c2,2) = —o0 if cp € (0,1), while lim R(1,z) = %. This directly leads

2.4 Simple case: ETD1

To end this section, we consider a simple case with s = 1. The only reasonable choice is the
exponential forward Euler [13] or ETD1 [3,5] method with stiff order one. Applied to (2.9), it is

6" = 1(=7L) [Tge(u™) = 7Lyu™] (2:24)
or, recalling the recursive formula (2.3),

un’2 = (PO(_TLH)Un’l + 7'901(_7—[/&)9/{(“”71)' (2‘25)

The associated Butcher and Butcher-Diff tableaux are the same, that is,

ETD1 Butcher or Butcher-Diff: L‘% .
1

1) /4 . 1, N 7 I z(1+e77)
pM — (diy) with dy,(2) = §—|— (e 20— >1 for z<0.
Here and hereafter, the superscript (p) is always used to indicate the order of the method, that
is to say, D® and R®) denote the associated differential matrix and the average dissipation rate,
respectively, of a formal p-th order EERK method. Obviously, Theorem 2.1 yields

The definition (2.17) gives

Corollary 2.1. The exponential forward Euler (2.24) preserves the energy dissipation law (1.3),
1
Elup] — Eluf™] < ——<6Tu",D(l)(—TL,.i)(csTu"» forn > 1.
T

By the definition (2.20), one has R(M(z) := dgll)(z) such that RMW(z) > 1 for any z < 0 and
lim,_, o R (2) = +00. It means that the dissipation rate of the discrete energy F [uj] approaches
the original rate as the step size 7 — 0; while the exponential forward Euler (2.24) always generates
a time “ahead” (compared with the continuous counterpart Elup(t,)]) for any time-step sizes.

By the form (2.25), it is easy to find that the ETD1 method is unconditionally contractive, also
see [28]. The contractivity of EERK methods is essential to preserve the maximum bound principle
of semilinear parabolic problems, cf. [5,6,21,25,34] and references therein; while detailed discussions
are out of our current scope in this article.

3 Discrete energy laws of second-order methods

Second-order methods require two internal stages, s = 2, at least. Hochbruck and Ostermann [13]
derived the following stiff order conditions (the stiff order describes the behavior of the local error



independently of the norm of the matrix L,) with a parameter ¢z (0 < ¢y <1)

ag1(—7Lg) + ase(—7Ly) = @1(—7Ly), (3.1a)
ago(—71Lg)ca = pa(—7Lyk), (3.1b)
a1 (—7Ly) = cap1(—caTLy). (3.1c)

They lead to the following one-parameter family of second-order EERK (EERK2) method with the
following Butcher tableau

0
ca| 212 , (3.2)
‘ $1 - é@z é%

where the notations ¢; ; are defined by
@i = pij(—=TLg) = pi(—¢;TLg), >0, 1<j<s+1 (3.3)

Note that, these abbreviations will be also used in the Butcher tableaus below. This EERK2 method
(3.2) fulfills all conditions in (3.1) and thus is stiff order two. If the abscissa ¢z = 1, it reduces to the
so-called ETD2RK [3,5,9] with the following form

U™ = go(=TL)U™ +701(=TL) g (U™1), (3.4a)
U™ =U™ 4+ 70a2(—7Lg) [9:(U™?) — g(U™)] . (3.4b)

This case is also the only scenario to ensure the unconditional contractivity of EERK2 method (3.2),
cf. [28], due to the fact p1(z) > pa(z) for z < 0.

By weakening the condition (3.1b) to aga(0)co = ¢2(0) = 1, one has a one-parameter weak variant
(called EERK2-w in short)

0
C2 C21,2 . (35)
‘ (1- ﬁ)‘ﬂl ﬁwl

Although the EERK2-w method (3.5) does not have stiff order two, it achieves stiff convergence order
two [13, Section 5.1] under certain requirements (boundedness) on the discrete operator 7L,. In the
following, we consider their stage energy dissipation properties in simulating (2.9).

3.1 EERK2 method

To establish the stage energy laws, we present the Butcher-Diff tableau

0
EERK2 Butcher-Diff: Co C2(01,2 . (3.6)
o1 — Lo —capra Lo

By the procedure (2.14), one can compute the associated DOC kernels

capr(c2z) — ¢1(2) + wa(2)
and 0 (2) = o2 ()71 (c22)

1
011(2) = 702@(@2)’ O59(2) = m

10



The definition (2.17) gives the following differentiation matrix
1
cap1(caz) + % 0
02301(022)—%(2)-5-%%2(2) oz
22(2)p1(c22) (T2

D@ (cy, 2) =

Now we consider the matrix S(D®); ¢y, 2), the symmetric part of D®)(cy,2). The first leading
principal minor reads

coz
Det [S(D?); c2,72)] :dﬁ)(CQ,z) = AP+ 1) >

2(602z _ 1) for ¢y € (0, 1] and z < 0.

1
2
The second leading principal minor (determinant) of S(D®); ¢y, 2) is given by

ef2? _ 1 —222
Det [S(D(2);02,z)] = El(z’—ez)—|—1)292l(c2’z) for z <0,
where the auxiliary function go; is defined by

go1(c2, 2) :=2c02e 227 — 2:26292% _ 90522573 (1 — (¢ — 1)2) — e2*(22% + 1)

+2e*(1—(ca—1)z2) + (2 + 1)((2ca — 1)z — 1) for z < 0. (3.7)
Now we develop a technique of comparison function to handle the function gs;.
Proposition 3.1. The function go1 in (3.7) is positive for ca € [%, 1] and z < 0.

Proof. The condition cy € [%, 1] comes from the simple fact lim,_, o, go1(c2, 2)/2? = 2co —1 > 0. To

handle g21, we consider a comparison function (by setting co := % in all exponents of go1)

951(c2, 2) =2cozes — c32%e” — 26226372(1 —(ca —1)z) — *(32% 4+ 1)
+2e*(1—=(c2—1)z2) + (2 4+ 1)((2ca — 1)z — 1) for z < 0.

It is easy to check that go1(c2,2) > g3 (c2, 2) for co € [%, 1] and z < 0. Actually,

go1(c2,2) — g5, (ca, 2) = coe®(e¥/? — €%?) [622’2(6272/2 +e%2¥7% —2) — 22(e" — 1 — 2)]

> coe®(e¥/? — e%%) [6222(67'2/2 —1)—2z(e —2—-1)] >0

due to the facts e7*/2 =1 >0and e — 2z — 1> 0 for z < 0.
Note that, g3; is a concave, quadratic polynomial with respect to cg, that is,

g5 (ca, 2) = —e*(e¥/? = 1)2222 + 22(1 — 6372)(,2 +1—e*)ey— (2 +1—¢*)% forz <0.
Moreover, one can check that (technical details are omitted here), cf. Figure 1(a),
951(1,2) >0 and g3,(3,2) >0 forz<O0.
They imply that g3,(c2,z) > 0 and then g2;(c2,2) > 0 for g € [%, 1] and z < 0. O

Proposition 3.1 shows that Det [S(D(2); ca, z)] >0 for ¢y € [%, 1] and z < 0. Thus, the sequential
principal minors of § (D(z); ¢2, z) are positive and then the differentiation matrix D® (¢, 2) is positive
definite. Theorem 2.1 gives the following result.

11



Figure 1: Curves of comparison functions g3; and g3,.

Corollary 3.1. The EERK2 method (3.2) with c; € [5,1] preserves the energy dissipation law (1.3)
unconditionally at all stages in the sense that

M~

k
| 1
BU™* = BU™ < = 2 37 (6,03 d (ea, —7 L0, UM )
(=1

i

1

<5’rﬁn7j+17 D](2) (027 _TLm)dTﬁn,j+1> for 1 <5 <2.

S =

According to Lemma 2.2, the EERK2 method (3.2) has the average dissipation rate

@) _Z 1 €2
R ez, 2) - 2 + 2¢901(c22) + 2p9(2)

for ¢ € (0,1] and z < 0. (3.8)
It is different for different choices of co. One has

1
lim R (e, 2) = =— + ¢ and  lim R®(cy, 2) = 400 for ¢ € (0,1].

z—0 2co z——00

For properly large time-step sizes, the ETD2RK method (3.4) with the case coa = 1 has the largest
dissipation rate, see Figure 2 (a), while the average dissipation rate of the case co = % is much more
closer to 1. The former is preferred to preserve the unconditional contractivity, while the latter would
be preferred to preserve the energy dissipation law (1.3) unconditionally. As seen, R (co, z) > 1 for
¢2 € [5,1] and z < 0, so that the EERK2 method (3.2) always generates a time “ahead” in simulating

the gradient system (2.9).

3.2 Weak variants of EERK2 method
For the EERK2-w methods with tableau (3.5), the associated Butcher-Diff tableau

0
EERK2-w Butcher-Diff:  ¢2 21,2
| (1— g5)p1 —c2ap12 5501

By the procedure (2.14), one can compute the associated DOC kernels

p2w) _ _2c2 @uw) _ 22 (L—2c)

1
= = and 6 = .
o -2 p1(z)  capi(cez)

6(27w)
—H cap1(caz)’ ©1(2)

12



(a) EERK2 (b) EERK2-w

Figure 2: Averaged dissipation rates R (co, z) and R(>%)(¢y, 2) for different abscissas cs.

The definition (2.17) gives the following one-parameter differentiation matrix

1

— + 4 0
w cap1(caz) 2
.D(27 )(0272) = < 2co e (21—202) 2co Z) :
v1(2) - c2p1(c22) Tz v1(2) T3

It is not difficult to check that

Det [S(Dgz’w);@,z)] =—— > E

2(6622 _ 1) o for C2 € (0, 1] and z < 0.

To handle the second leading principal minor, we need the following result.

,1] and z < 0, it holds that

Bt

Proposition 3.2. For the abscissa ca € |

N

go2(ca, 2) = — 4c3(e2% — e*)? + dep(1 — €°)(1 — e2*12) — (1 — €)% > 0. (3.9)

Proof. We consider the following comparison function

3 24
oolca,2) = — 46%(6ﬁ - ez)2 +4ea(1—e*)(1 - eTf) —(1—¢*)?* forz<0.

For ¢; € [£,1] and z < 0, it is obvious that

3z 8z 1
g22(c2, 2) — gho(ca, 2) =dep (€11 — 7)€ [62 (710 +el2™ D2 —2) 4 (1 ez)} > 0.

Note that, g3, is a concave, quadratic polynomial with respect to ca due to 8622 950 < 0. Reminding

that lim g3,(c,2) = 4cp — 1> 0 for ¢o € [, 1], it is not difficult to check that, cf. Figure 1(b),
Z—r—00

935(1,2) >0 and g3(3,2) >0 for z <O0.
They imply that g3,(c2,z) > 0 and then gos(ca, 2) > g35(c2,2) > 0 for ¢z € [, 1] and z < 0. O

Reminding the auxiliary function (3.9) and Proposition 3.2, we know that the second leading
principal minor of S(D@): ¢y, 2) is positive, that is,

22g22(c2, 2)
4(€Z _ 1)2(6622 _ 1)2

>0 for ey €[2,1] and z < 0.

Det [S (D(Q’w); ca, z)] =

Thus the sequential principal minors of S (D(Q’“’); co, z) are positive and then the differentiation matrix
D) (¢9, 2) is positive definite. Theorem 2.1 gives the following result.

13



Corollary 3.2. The EERK2-w method (3.5) with cy € [% 1] preserves the original energy dissipation
law (1.3) at all stages in the sense that

. 1<
E[U™t — EU™] < —= < ;UL N —7Ly 6TU""“> 1<j<2.
| )= 7';:: Z 62’ 7Ly) for J

It is worth mentioning that the choice ¢ € [%, 1] makes the EERK2-w method (3.5) uncondition-
ally contractive [28]. Similar to the ETD2RK scheme (3.4), the EERK2-w method (3.5) arrives at
the following weak variant of ETD2RK scheme for ¢ € [%, 1],

U™ = @o(—coT L) U™ + a1 (—cam L) g (U™), (3.10a)
1
U™3 = @o(—TLg)U™ + (1 — 272)“/?1( TLy)ga(U™) + Z@l( TLy)ga(U™?). (3.10b)

As an advantage over the ETD2RK scheme (3.4), the weak variant (3.10) provides more choice of
the abscissa co to preserve both the contractivity and energy dissipation law unconditionally.
For the one-parameter EERK2-w method (3.5), the average dissipation rate

1 co
R(2w) =2z f 0,1] and z < 0. 311
(ca, 2) 5 + Seapn(ca7) + e or cg € (0,1] and z < ( )

It is easy to find that

lim R2®) ¢y, 2) = L +¢ and  lim RZ®(cy,2) = +oo for ¢y € (0,1].

z—0 2co Z—+—00
For properly large time-step sizes, the case co = 1 has the largest dissipation rate, see Figure 2 (b),
while the case ¢y = % has the smallest rate near z = 0 and the case ¢y = 13—1 has the smallest rate
for z < —3. More interestingly, the case co = % seems superior to the ETD2RK method (3.4) since
the dissipation rate of the former is much closer to 1. For all cases ¢y € [13—1, 1], the average rate
R(2%)(¢y, 2) > 1 and the EERK2-w method (3.5) always generates a time “ahead” for the gradient

flow system (2.9).

3.3 Remarks for the three-stage EERK method

We present some remarks for the one-parameter family of 3-stage EERK (called EERK2-S in short)
method proposed by Strehmel and Weiner [31] with second-order B-consistency,

0
C2 21,2

' 3.12
1| @13 — 923 23 (812)

| p1— U

These methods satisfy all conditions up to stiff order two, see (4.1a)-(4.1d), described in Section 4.
By following the arguments in [28], we know that the EERK2-S method (3.12) with the abscissa
co = 1 is also unconditionally contractive since ¢1(z) > ¢a(z) for z < 0.

To establish the stage energy laws, we present the Butcher-Diff tableau

0

C2 €212
EERK2-S Butcher-Diff: 1 | o) — %902 — 1 %902
2 ’ 2

1—co

1
o P2 TP2 P2

14



Note that the first three lines of this Butcher-Diff tableau are the same to the Butcher-Diff tableau
(3.6) of the EERK2 method (3.2). The stage energies E[U™] (j = 2,3) of the EERK2-S method
(3.12) have the same dissipation rates to those of the two-stage EERK2 method. Thus, to preserve the
energy dissipation law (1.3) at all stages, the condition ¢y € [%, 1] is also necessary for the EERK2-S
method (3.12).

However, the second-order EERK2-S method (3.12) would be not competitive for solving the
gradient system (2.9). Actually, one has the average dissipation rate
z 1 Co 1

R(2:5) (c2,2) = =

+ + + for z <0.
2 3eapi(cez)  3pa(z)  3pa(z)

It is easy to obtain that

ii_r}l%)R@’S)(cz,z) = § + %(CQ + 2;) and ZEEHOO R (¢y,2) = 400 for ¢ € (0,1].
In Figure 3, we compare the average dissipation rates of the EERK2, EERK2-w and EERK2-S
methods. Taking into the contractivity account, we find that the EERK2-w method (3.5) with
cy = % generates the minimum time “ahead” effect since the average dissipation rate 73(2’“’)(%,2)
has the smallest value for any time-step sizes, cf. Figure 3 (a), while the EERK2-S method with
co = 1 produces the maximum time “ahead” effect. If the contractivity is not considered, Figure 3
(b) suggests that the EERK2 method (3.2) with ¢ = § produces the minimum time “ahead” effect

among the three methods since the average dissipation rate R(Q)(%, z) has the smallest value.

(a) With contractivity (b) General case

Figure 3: Dissipation rate comparisons of EERK2, EERK2-w and EERK2-S methods.

Therefore, from the perspective of preserving the original energy dissipation rate, the EERK2-S
methods (3.12) with ¢p € [%, 1] would be not competitive among second-order EERK methods for the
gradient system (2.9). As noted in [13, subsection 5.2, maybe more importantly, the three-stage the
EERK2-S method (3.12) is not preferred for semilinear parabolic problems because they are more
computationally expensive than the two-stage methods in previous subsections.

As the end of this section, Table 1 lists the abscissa choices for the contractivity and the energy
stability of three second-order EERK methods. Observations indicate that the abscissa condition
maintaining the energy stability is often different from that preserving the contractivity, with the
former being weaker than the latter. For the gradient flow system (1.2), certain time-stepping method
without the contractivity does not necessarily violate the energy dissipation law (1.3). Actually, next
subsection shows that there are many third-order EERK methods preserving the energy dissipation
law (1.3); however, as pointed out by [28, Section 4], scholars have not found that any EERK methods
of stiff convergence order greater than two can maintain the contractivity.
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Table 1: Choice of the abscissa ¢g in second-order EERK methods.

Method Contractivity Energy law preserving Best dissipation rate
EERK?2 (3.2) co=1 ¢ € [5,1] =1
EERK2-w (3.5) ¢ €[5, 1] e € [2,1] co=2ori
EERK2-S (3.12) e =1 at least ¢y € [3,1] =1

4 Discrete energy laws of third-order methods

Third-order methods require three internal stages, s = 3, at least. The order conditions for three-
stage methods (2.7) are given by [13]

a41(—7Ly) + a42(—7Ly) + as3(—7Ly) = p1(—7Ls), (4.1a)
ago(—7Lyg)ca + ag3(—7Lg)cs = wo(—7Lyg), (4.1b)

a91(—7Lg) = cop1(—cotLy), (4.1¢)

a31(=7Ly) + as2(—7Lg) = c3p1(—c3TLy), (4.1d)

as(—7Lg)cs + CL43(—TL,$)C§ = 2¢3(—7Ly), (4.1e)
CL42<—TL,$)JC§QDQ(—CQTLH) + as3(—7Ly)JYo3 =0, (4.1f)

where J denotes arbitrary bounded operator and

o3 1= C%g@g(—CgTLH) — coasa(—T7Ly).

As pointed out in [13, subsection 5.2], condition (4.1f) can be fulfilled by setting (I) asos = 0 and

o3 = 0; or (I1) ase = vass and c3pa + Ytho 3 = 0.
The choice (I) leads to the following one-parameter family of method (called EERK3-1 in short)

0
C2 €261,2
2 |2 4 4 (4.2)
3 3801,3 ™ 9cy Y23 9co ©2.3
P1— 502 0 52
The other choice (IT) leads to the two-parameter family of method (called EERK3-2)
0
C2 €21,2
2 , (4.3)
c3| C3p13—azxy Y222+ 2y23
P1 — Q42 — a43 702103 ¥2 w;ﬁs ¥2
where the parameter v := gcg’gcigcg for cy # 2 5 and c2 # c3 (to ensure azz # 0). Also, it is to set

c3 # 2 5 since it degrades into the EERK3-1 method (4.2) if c3 = %
In the literature, there are some related three-stage methods that involve the function ¢3. Cox
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and Matthews [3] constructed the ETD3RK method with Butcher tableau

1
2912 . (4.4)
—P13 2013

| dp3 —3pa + 1 —8p3 + 4y dps — 0o

= = O

This method satisfies the conditions (4.1a)-(4.1d), while the conditions (4.1e)-(4.1f) are satisfied only
in a very weak form (setting L, = 0). As a variant of the commutator-free Lie group CF3 method
due to Celledoni, Marthinsen, and Owren [2], the so-called ETD2CF3 method is given by

%@1,2
%@1,3 - %@2,3 %802,3
| 01— 02+ 903 6p2 —18p3 —3p2 + 93

(4.5)

W Wik O

The ETD2CF3 method satisfies the conditions (4.1a)-(4.1c), while conditions (4.1d) and (4.1f) are
satisfied in the weak form (setting L, = 0).

4.1 Simplified procedure and two simple cases

As seen, the method coefficients (and the corresponding differentiation matrix as well) of high-order
EERK methods are always more complex than those of lower order methods. Therefore certain
symbolic computation system, such as the Wolfram Mathematica, will be employed to assist our
theoretical derivations for stage energy dissipation laws. To do that, we summarize our theoretical
framework in the subsections 2.1 and 2.2 as follows:

Stepl. Compute the differentiation matrix D(z) defined via (2.17), or

D(z) = (Es_lA(z))_1 + 2B — %I = A(2) 'Es 4 2Es — %[,
where A(z) := (ajj)sxs is the coefficient matrix with a;; := a;y1,(2) for 1 < 4,5 < s and
Eg = (1i>)sxs is the lower triangular matrix full of element 1.

Step2. Compute the j-th leading principal minors Det [S(Dj; z)] for 1 < j < s and check the positive
definiteness of the symmetric matrix S(D;z) for z < 0.

Step3. Establish the stage energy dissipation laws if S(D;z) is positive definite and compute the
average dissipation rate R(z) using the coefficients a;11; (1 <i <'s) of the EERK method.

In the following, we will apply the procedure (Stepl)-(Step3) to examine the above third-order
EERK methods and pick out those preserving the energy dissipation law (1.3) unconditionally.

Before searching for some third-order EERK methods that preserve the energy dissipation law
(1.3) unconditionally, we first examine the well-known ETD3RK (4.4) and ETD2CF3 (4.5) methods
by computing the associated differential matrices D) (z) and D) (z). Figure 4 shows that the
determinant of S(D®); 2) is always negative for z < 0 and the differential matrix D) (z) is not
positive definite for any z < 0. The determinant of S(D/); 2) is always negative and the differential
matrix D) (2) is not positive definite for z < —6. That is to say, when applied to the gradient
system (1.2), both methods may destroy the energy dissipation law (1.3) (especially for large time-
step sizes) no matter how large the stabilization parameter x we set in (2.8).
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(a) ETD3RK [3] (b) ETD2CF3 [2]

Figure 4: Leading principal minors (LPM) of associated differential matrices.

4.2 One-parameter EERK3 methods

For the co-parameterized EERK3-1 method (4.2), one has the following differentiation matrix

02@1(022) +3 2 ) 0 0
3,1 o 9c 1 3p1(% 9c
DB (cy, 2) = 4@2(%%2) t o 3 et w (z 5+ 3 0 : (4.6)

2c21(c22) —2¢1 (2)+3p2(2) + 2

2 z
3eap1(€22)2(2) Tz T3

3@2(2) 3p2(2)

It is not difficult to check that

2% 41 1
Det [S(Dgs,l);@,z)] = m > g for ¢y € (0,1] and z < 0.

By using the auxiliary function g3; in (A.5) and Proposition A.1, one has

3,1). _ (e@z _ 1)722,2 4
Det[S(D3";c2,2)] = = g31(c2,¢2,2) >0 for ez € [5,1] and z < 0.
4(22 — 3¢5 + 3)2

Also, the third leading principal minor of S (D(?”l); 2, z) is given by

z4(ec2z —1)2g32(c2, c2, 2)
72(z — e7 + 1)2(22 — 3¢5 + 3)2

Det|S D(371);C2,Z = >0 forcy € [2,1] and z < 0,
9

where gso is defined by (A.5) and Proposition A.2 has been used. Then the sequential principal
minors of S(D®1); ¢y, 2) are positive, and then the differentiation matrix D@1 (o, 2) is positive
definite. Theorem 2.1 gives the following result.

Corollary 4.1. The one-parameter EERK3-1 method (4.2) with ¢y € [2

g, 1] preserves the energy
dissipation law (1.3) at all stages in the sense that

. 1 J 3,1 .
Elymitl Unl < _ < Skt d( ) 7L, 57Un’é+1> 1<i<3.
U B € S 50 S e e frisis

For the one-parameter EERK3-1 method (4.2), the average dissipation rate

1 3¢s 2
Beapi(coz)  Apa(%])  9p2(2)

'R(?’ 1)(62, ) = z +
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It is easy to find that

lim RGY (¢, 2) = 32 +

1 4
_— i (3,1) - 4
lim 5 T 30 +— and lim R“/(c2,2) = +oo for ¢z € [g,1].

§ Z——00

As seen in Figure 5 (a), the case ¢ = 1 has the largest dissipation rate, while the case ¢z = % has the
smallest rate. For all cases cp € [%, 1], the average dissipation rate R(31)(cy, 2) > 1 and the EERK3-1
method (4.2) always generates a time “ahead” for the gradient system (2.9).

(a) R(Sﬂl)(c%z) (b) R(372)(027037z)

Figure 5: Averaged dissipation rates of EERK3-1 and EERK3-2 methods.

4.3 Two-parameter EERK3 methods

For the two-parameter EERK3-2 method (4.3), it is reasonable to properly confine ourselves possible
choices of the abscissas ¢ and c3. According to Lemma 2.2, we consider the following average
dissipation rate
1 ye2 + c3
+ > )
321(e22)  3yeyp0(eaz) + 2% oo (csz) 3¢2(2)

RE (eg,¢3,2) = 2 + (4.7)

where 7 := % for co # %, co # cg and c3 # % (the choice c3 := % gives v = 0 and the method
reduces to the EERK3-1 method (4.2)). It is not difficult to check that the following abscissa

(necessary) condition

663(02 — 63) 262(302 — 2) 2
_— —2 >0 f — and 4.8
(302 — 2) 303(02 — 03) - or e2 7 3 and ¢ 7 ¢2 ( )
is sufficient to ensure that lim R (co,¢e3,2) > 0.
Z—r—00

In general, the quartic inequality (4.8) gives rise to some theoretical trouble in proving the
positive definiteness of the associated differentiation matrix D(3’2)(02, 3, z). Actually, to prove the
positivity of the second leading principal minor Det [S(Dé3’2);62,03,2)], one has to handle sixth
degree polynomials with respect to ¢z or c3 (while, in the previous subsection 3.1, only second degree
polynomials, see Propositions A.1 and A.2, should be handled to determine the positive definiteness
of the differentiation matrix D) (¢, 2) of the EERK3-1 method); and the third leading principal
minor Det [S (D§3’2); Ca,C3, z)] involves eighth degree polynomials with respect to ¢y or cs.

Since we are not able to present a complete discussion on the choices of ¢y and c¢3 for the energy
stability of EERK3-2 method (4.3), this subsection examines some of concrete examples falling into
three cases listed as follows: (a) co = 1 with ¢3 € (0,1], (b) c2 € (%,1) with ¢3 € (0,¢2), and (c)
c2 € (0, %) with c3 € (c2,1]. The settings in all cases are necessary for the condition (4.8).
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’2)

Figure 6: Leading principal minors Det[S (D](-3 i1, ¢3,20)] for j = 2,3.

4.3.1 The case c¢; =1 with c3 € (0,1]

At first glance, the condition (4.8) always holds if co = 1. We are to choose c3 = % according to
some numerical tests, cf. Figure 6 (a)-(b), where the second and third leading principal minors of
S(D(3 2), 1,¢3, z) are depicted for zp = —1 and zy = —10, respectively.

It is not difficult to check that

(2., 1 41 2P +1)
Det[S(Dl ,1,572)] —m >0 fOI‘ZSO.
Reminding the auxiliary function g41 and g4o defined by (B.7)-(B.8), we know that the second and
third leading principal minors of S(D DB2). 1, ;, z) are positive, that is,

(ez/2 _ 1)72(ez/2 + 1)72 2
132t Aol er gz Julx) >0 forz <0,

(eZ _ 1)_2(2 —eF 1)—2 4

Det [S(D£3’2); 1, %, z)} =

Det[S(D®3?;1,1,2)] =

where Proposition B.1 has been used. Then the sequential principal minors of S(D DG2). 1, %,z) are

positive and then the differentiation matrix DG?) (1, 1, 2) is positive definite. Theorem 2.1 gives the

9
following result.

Corollary 4.2. The two-parameter EERKS3-2 method (4.3) with c2 = 1 and c3 = % preserves the
energy dissipation law (1.3) at all stages in the sense that

. 1J k
E[Un7]+1] UTL 1 S - E < UTL,kJ+1’ § d](fzz)(l’ %’ _TLE)(STUn7£+1> fO'f‘ 1 S] S 3
T
k=1 (=1

4.3.2 The case ¢, € (2,1) with c3 € (0,c2)

We consider ¢; = 2 and choose c3 =  according to some numerical tests, cf. Figure 7 (a)-(b), where
the second and third leading principal minors of S (Dég’z); %,63,2’) are depicted for zp = —20 and

zg = —30, respectively.
It is not difficult to check that

2’(63Z/4 + 1)

(3,2) _
Det[S(DY*;3,2,2)] = 2AF 1)

>0 forz<O0.
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Figure 7: Leading principal minors Det[S(D§3’2); %, c3,20)] for j =2,3.

Reminding the auxiliary function gs; and gs2 defined by (B.9)-(B.10), we know that the second and

third leading principal minors of § (D(372); %, %, z) are positive, that is,

100(e’s — 1)~222
(272 — 16eT — 25es + 41)2
300(es —1)~2 (zfe +1)"2:4
(272 — 16eT — 25e's + 41)2

g51(2) >0 for z <0,

)

Det[S (DS

[S31[SN]

)] =

[N [S]

gs52(z) >0 for z <0,

Det[S(D3%;3.2 )] =

E[eY]

where Proposition B.2 has been used. Then the sequential principal minors of S (D(3 2). 3 I 5,2) are
positive and then the differentiation matrix D 2)( %, %, z) is positive definite. Theorem 2.1 gives the
following result.

Corollary 4.3. The two-parameter EERKS3-2 method (4.3) with co = % and c3 = % preserves the
energy dissipation law (1.3) at all stages in the sense that

. 1 :
Byt ml < 2 < n,k+1 d®P((3 3 _ 118, ”’”1> 1<j<3.
B 2 L A S i) 12423

4.3.3 The case ¢; € (0,%) with c3 € (¢, 1]
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Figure 8: Leading principal minors Det[S(D](.3’2) 3. ¢3,20)] for j =2,3.
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We consider ¢y = % and choose the abscissa c3 = 1—70 according to some numerical tests, cf. Figure

8 (a)-(b), where the second and third leading principal minors of S(Dy D& 2), ;,03, z) are depicted for

zo = —1 and zg = —20, respectively.
It is not difficult to check that

(32).1 7 _ 2P+
Det[S(D ’i’ﬁ’z)] —m>o fOI'ZSO.
Reminding the auxiliary function gg1 and geo defined by (B.11)-(B.12), we know that the second and
third leading principal minors of S(D®?2); 1, 15+ 2) are positive, that is,
2/2 _ 1)-2,2
Det [S(DéS’Q); 1 5.2)] = (e ) 722 g61(z) >0 for z <0,
(212 — Te#/2 — 25e10 + 32)2
100 z/2_172 oz 1724
Det[S(D(&Q);%,%,z)] = (e ) o)z g62(z) >0 for z <0,

(212 — Tex/2 — 25 + 32)2
; 2, 170, z) are
positive and then the differentiation matrix D 2)(2, 15+ #) is positive definite. Theorem 2.1 gives the
following result.

where Proposition B.3 has been used. Then the sequential principal minors of S(D DB:2),

Corollary 4.4. The two-parameter EERKS3-2 method (4.3) with co = % and c3 = % preserves the
energy dissipation law (1.3) at all stages in the sense that

. 1 k

E[U”’]—H] E[U™Y] 1 ]<—= Z < Un,lﬁ-l7 ng??)(%’ %7 _TLH>5TUn,£+1> for1<j<3.
T

k=1 /=1

By the formula (4.7), we compute the average dissipation rates R(*2)(cy, c3, 2) for the above three
examples in Corollaries 4.2, 4.3 and 4.4. For the above three cases of EERK3-2 method (4.3), see
Figure 5 (b), the case co = 1 with ¢3 = % has the largest dissipation rate, while the case co = % with
c3 = % has the smallest dissipation rate. Also, Figure 3 (b) suggests that the EERK3-1 method
(3.2) with ¢g = % produces the minimum time “ahead” effect among the third-order EERK methods
in this section since the average dissipation rate R(1) (%, z) has the smallest value. As the end of this
section, Table 2 summarizes the abscissa choices for the energy stability of some third-order EERK
methods.

Table 2: The parameter choices in third-order EERK methods.

Method Unconditional energy law preserving Best dissipation rate

EERK3-1 (4.2) ¢z € [5.1] =73

C = 17 3 = %

1 7

EERK3-2 (4.3) P %, 3 — % Co=73,03=1g

C2 = %7 3 = %
ETD3RK (4.4) NPD* —
ETD2CF3 (4.5) NPD —

* NPD means that there exists a zg < 0 such that the associated differential matrix D(zg) is not positive semi-definite.
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5 Numerical experiments

For the sake of generality, we use the Cahn-Hilliard model, d;u + ¢2A%u = A(u® — u), to perform

some numerical tests because this paper mainly focuses on the original energy dissipation properties
of various EERK methods (2.7). Let Lj; be the discrete matrix of the Laplacian operator —A. In
such situation, the results of Theorem 2.1 are valid by setting L, := €2L}2l + wkLp and replacing the
L? inner product (u,v) by the H~! inner product (u,v)_1 := (u, L, 'v) on the zero-mean function
space {v|{v,1) = 0}. That is, we have the following discrete energy law

J k
E[U™] < - ! Z < 5 UMk Z die( — ATl — HTLh)(STUn’g+l>

T
k=1 (=1

E[U™+] — for1 <j<s.

In the first example, we examine the convergence by considering the EERK2-w methods (3.5) and
the EERK3-1 methods (4.2) for different abscissas c¢a. In the second example, the energy dissipation
rates are demonstrated for different choices of the method parameters including the abscissa ca, the
stabilized parameter x and the time-step size 7.

5.1 Convergence tests

Example 1. Consider the Cahn-Hilliard model on 2 = (0, 2m) with € = 0.2 subject to the initial data
ug = 0.5sin(z) and Dirichlet boundary condition. Always, we use the center difference approximation
with the spacing h = /320 for spatial discretization.

Table 3: EERK2-w errors with different abscissas ca for Example 1.

7 =0.01 c2=1 =1 = =i
e(r) Order e(r) Order e(r) Order e(r) Order
T 6.106e-03 - 5.149e-03 - 4.122e-03 - 3.119e-03 -
T/2 1.750e-03 1.80 1.462e-03 1.82 1.161e-03 1.83 8.756e-04 1.83
T/4 4.744e-04 1.88 3.932e-04 1.89 3.098e-04 1.91 2.323e-04 1.91
T/8 1.220e-04 1.96 1.001e-04 1.97 7.798e-05 1.99 5.756e-05 2.01

We always choose the final time 7' = 8 and the stabilized parameter K= 2 in our tests. We run

the EERK2-w methods (3.5) with four different abscissas ¢ = 1, 3 o 5 and 7 for a small time step
7 = 0.001. The four schemes work well and the corresponding solution and energy curves (omitted
here) are hard to distinguish from each other. The numerical solution of the EERK2-w method with
co = % and 7 = 0.01/32 is taken as the reference solution uj, in the convergence tests. The solution
errors recorded in Table 3 are obtained on halving time steps 7 = 0.01/2% for k = 0,1,---,3 and
the convergence order is computed by Order = log, (e(7)/e(7/2)) where e(7) is the L* norm error
defined by e(7) := maxj<,<n [|uj, — uj|| . The numerical results in Table 3 confirm the second-order
time accuracy of the EERK2-w methods (3.5).

It is interesting to note that, for each time step, the EERK2-w solutions with different ¢y have
slight differences in precision, and the method with ¢ = % generates a bit more accurate solution
than other cases. This interesting phenomenon is also observed from the solutions (omitted here) of
EERK2 methods (3.2): the method with ¢y = % generates a bit more accurate solution than other
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Table 4: EERK3-1 errors with different abscissas ¢o for Example 1.

7 =0.01 =1 =3 @=3 2=3
e(r) Order e(r) Order e(r) Order e(r) Order
T 6.369e-4 - 4.670e-4 - 3.708e-4 - 3.368e-4 -
T/2 1.107e-4 2.52 7.922e-5 2.56 6.202e-5 2.58 5.604e-5 2.59
T/4 1.737e-5 2.67 1.218e-5 2.70 9.425e-6 2.72 8.479e-6 2.72
T/8 2.511e-6 2.79 1.729e-6 2.82 1.321e-6 2.83 1.183e-6 2.84

choices ¢ > 3 including the widespread ETDRK method [3] with c; = 1, at least for Example 1.

Coincidentally, the minimum abscissa choice preserving the energy dissipation law (1.3) are co = % for
the EERK2 methods (3.2) and ¢; = 2 for the EERK2-w methods (3.5), respectively, see Corollaries
3.1 and 3.2.

The numerical results of EERK3-1 methods (4.2), listed in Table 4, are obtained in similar to
those in Table 3. As seen, the EERK3-1 methods always generate third-order solutions, at least for
the smooth initial data. Also, we observe that the methods with co > % generate a bit less accurate
solution than the choice ¢y = %, which is the minimum abscissa preserving the energy dissipation
law (1.3) for the EERK3-1 methods, see Corollary 4.1.

5.2 Energy dissipation property

Example 2. Consider the Cahn-Hilliard model on 2 = (0, 27) with e = 0.2 and zero-valued Dirichlet
boundary condition subject to the following initial data, see [7, quidel9),

U = § tanh(2 sin x) _ 6—23.5(:5—%)2 + e—27($—4.2)2 + 6—38(:5—5.4)2.

We use the center difference approximation with the spacing h = /320 for spatial discretization.

Taking the parameter k = 2 and the time-step 7 = 0.1, we run the EERK2-w methods (3.5)
with four different abscissas c; = 1, %, %, %, and the EERK3-1 methods (4.2) with four different
abscissas co = 1, %, %, % to the final time T = 160. The corresponding numerical solution and discrete
energy are depicted in Figures 9-10, respectively. Taking a small step size 7 = 0.001, we compute
the reference solutions and energies (marked by “Ref” here and hereafter) by using the EERK2-w
method with ¢y = % and the EERK3-1 method with ¢y = %, respectively. As predicted by Corollaries
3.2 and 4.1, the original energies F[u}] generated by the two methods always decay over the time.

As seen in Figure 9(b), there are some obvious differences in energy dissipation rates for different
abscissas co. It is not mysterious, according to the discrete energy law in Corollary 3.2, because the
EERK2-w methods with different abscissas ¢o have different differentiation matrices D(2%) (c2, z). For
this example, the discrete energy produced by the case co = 1 decays fastest, while that generated by
the case co = % decays slowest. Qualitatively, they may be explained by the average dissipation rate
R(2%)(cy, 2) in Figure 2(b), in which we see that R(>*)(1, z) has the largest value and R(>%) (%, 2)
has the smallest one for properly large |z| > 4. Similarly, the differences in energy dissipation rates
for the EERK3-1 methods with different abscissas ¢y, see Figure 10(b), can be attributed to the
differences of differentiation matrices D1 (cy, 2) defined in (4.6). Also, they may be qualitatively
explained by the average dissipation rate R (¢, 2) in Figure 5(a), in which we see that R (1, 2)
has the largest value and R(S’l)(%, z) has the smallest one for any z < 0.
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Figure 9: Energy dissipation of the EERK2-w methods (3.5) with x = 2 and 7 = 0.1.
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Figure 10: Energy dissipation of the EERK3-1 methods (4.2) with k =2 and 7 = 0.1.
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Figure 11: Energy dissipation of the EERK3-1 method (4.2) with ¢y = % and 7 = 0.1.

Obviously, in addition to the different dissipation rates brought by the different choices of ¢, the
time step size 7 and stabilized parameter k also have some significant impacts on the discrete energy
dissipation property. To explore the influence of stabilized parameter k, we take a fixed time-step
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Figure 12: Energy dissipation of the EERK3-1 method (4.2) with ¢y = % and k = 2.

7 = 0.1 and run the EERK3-1 method with ¢ = % to the final time T = 160 for four different
parameters kK = 0.1,1,2 and 4, cf. Figure 11, where the reference solution is computed with x = 4
and 7 = 0.001. The discrete energy for k = 0.1 appears non-physical oscillations since the nonlinear
stability could not be controlled by the small stabilized parameter. In practice, a properly large
is always necessary to maintain the stability especially when some large time step 7 is employed.
With the increase of x, the energy curve appears some “ahead” effect, that is, the discrete energy
dissipates faster as the stabilization parameter x becomes larger.

Now we fix the stabilized parameter x = 2 and run the EERK3-1 method with ¢y = % for four
different time steps 7 = 0.5,0.1,0.05 and 0.01, cf. Figure 12, in which the reference solution is
obtained with 7 = 0.001. We see that, with the increase of time-step size, the energy curve shows
some “ahead” effect, that is, the discrete energy dissipate faster as the step size 7 becomes larger.
Note that, the numerical behaviors in Figure 12(b) and 11(b) would be predictable by the average
dissipation rate R(?’vl)(%, z), see Figure 5(a), since it is increasing with respect to |z|. Actually, we
also run the EERK2-w method with ¢y = % for Example 2 and find similar behaviors (omitted here)
of the discrete energy curves for different time steps 7 and different stabilized parameters k.

6 Fourth-order EERK methods and concluding remarks

We consider firstly three four-stage fourth-order EERK methods from [3,19,31]. As noted in [13],
these methods do not have the stiff order four although they show a higher order of convergence
(generically up to order four) under favorable circumstances. The first one is the following exponential
variant of the classical Runge-Kutta method developed by Cox and Matthews [3]

0

% %@1,2

3 0 3913 : (6.1)
1 %@1,3(%,3 -1) 0 01,3

01— 3p2 +4p3 2902 —4dps 202 — 43 dps — P2
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The second one is the Krogstad’s method [19] given by

0

% %901,2

% %@1,3 —¥2;3 ©2,3

1| ¢14—2p24 0 2¢24

p1 — 32 +4p3 200 — 43 202 —4p3  —po + 43

The last is the following method from Strehmel and Weiner [31, Example 4.5.5],

%@1,2
%@1,3 - %@2,3 %902,3
©14— 224  —2¢024 424
1 — 3p2 + 4es3 0 dpg —8p3  —p2+4p3

= NN O

(6.2)

We compute the associated differential matrices D*¢)(z), D) (z) and D*5)(z) of the above three
methods (6.1)-(6.3). Numerical results in Figure 13 (a)-(c) show that the third and fourth leading
principal minors are not always positive for z < 0. That is, the differential matrices D(4’C)(z),
D@WE) () and D™ (2) are not positive (semi-)definite. It scems that these EERK methods would
not be stabilized to preserve the energy dissipation law (1.3) no matter how large the stabilization

parameter x we set in (2.8).

(¢) Strehmel and Weine (1992) (d) Hochbruck and Ostermann (2005)

Figure 13: Some leading principal minors (LPM) of associated differential matrices generated by

existing fourth-order EERK methods in [3,13,19,31].
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Hochbruck and Ostermann [13] constructed the following five-stage EERK method which has
been proved to have the stiff order four,

0

3 31,2

1 1

b) 5¥1,3 — ¥23 ©2,3 (6 4)
1 014 — 2024 P24 P24 ’

1

2

1 1
5015 —2a52 —as54 a52 G52 P25 — 452

p1 — 32 + 43 0 0 —p2+4ps 4pa —8ps

with as2 = %@275 — P34+ %@274 — %@375. Although this five-stage method is fourth-order accurate
for semilinear parabolic problems, it may be not a good candidate for solving the gradient system
(2.9). Actually, it would not be stabilized to preserve the energy dissipation law (1.3) unconditionally
because the associated differentiation matrix D*H)(z) is not positive definite, see Figure 13(d), in
which the curves of fourth and fifth leading principal minors of & (D(4’H ); z) are depicted.

Up to now, we are not able to find a fourth-order EERK method that preserves the energy
dissipation law (1.3) unconditionally. Nonetheless, this issue would be theoretically interesting and
practically important in simulating the gradient system (1.2).

To end this article, we summarize our results in the following. With a unified theoretical frame-
work and a new indicator, namely average dissipation rate, for the energy dissipation properties of
EERK methods, we examine some of popular methods and find:

(i)

Among second-order EERK methods, the average dissipation rate of the EERK2 method (3.2)
with cg = % is the closest to the continuous one so that it preserves the energy dissipation law
(1.3) best although the ETD2RK method (3.4), corresponding to the EERK2 method (3.2)
with co = 1, seems the most popular for gradient flows, see [3,5,6,9,15,25,34]. If taking into
the contractivity account, the EERK2-w method (3.5) with ¢ =  generates less time “ahead”
effect than the well-known ETD2RK method.

Among third-order EERK methods, the popular ETD3RK and ETD2CF3 methods may destroy
the energy dissipation law (1.3), especially for large time-step sizes. For the EERK3-1 (4.2) and
EERK3-2 (4.3) methods, one can choose proper parameters (abscissas) to ensure the preserving
of original dissipation law, while the EERK3-1 method (4.2) with co = % produces the minimum
time “ahead” effect among the considered third-order EERK methods.

At the same time, our theory is far away from complete. There are many interesting issues that we
have not yet addressed. Some of them are listed as follows:

(a)

(b)

As mentioned, we are not able to find (or prove the non-existence of) a fourth-order EERK
method that preserves the energy dissipation law (1.3) unconditionally.

It is noticed that the average dissipation rates R(z) of the mentioned EERK methods preserving
the energy dissipation law (1.3) are greater than 1 and unbounded, that is, R(z) — +oc as
z — —o0. The method with a bounded average dissipation rate would be significantly preferred
in the long-time adaptive simulation approaching the steady state. Is there such an EERK
method or how do we construct it?

At least, is there a second-order EERK method that has a better dissipation rate than the
EERK2 method (3.2) with ¢; = 3? Is there a third-order EERK method that has a better
dissipation rate than the EERK3-1 method (4.2) with ¢y = %?
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A Auxiliary functions for EERK3-1 methods (4.2)

To examine the second and third leading principal minors of S(D®Y); ¢y, 2) with the differentiation
matrix (4.6), we introduce two auxiliary functions gs3; and gs2 as follows,

g31(ca,0,2) == —9c322e?7% + 1802ze<0+%)z + 66226(0+%>Z((302 —2)z—3) — 9e % (322 +1)
—6eF ((3ca — 2)z — 3) + (22 + 3)(2(3¢2 — 1)z — 3), (A.5)
g32(ca,0,2) = —27c32(—2% + 22 + 3¢¥* — 2%(2 + 3) + 3)(6272 —e%)2 —4(e?* —1)2(22 — 3¢ + 3)°

+ 6c2 [—12226(0+%)z +4(2z + 3)226(U+%)Z +2(222 4924 9)ze7 2 4 18ze(0+3)7 _ 6(z + 3)ze(g+%)z]

+ 6c2 [76(22 +3)2e(22 4 9% (22 — 22 — 3) — 667 (2% + 92 +9) — 3¢5 (822 + 62+ 9) — 6e 5 (2 + 3)z]

1 6c2 [+2e5?f (223 4+ 922 + 182 + 27) + 2% (823 + 1222 + 182 + 27) + 3(—223 + 22 + 122 + 9) + 18¢ 8- z] . (A6)

For any constants po > 0 and p; > 0, one has lim,_,_, 2P1eP?* — 0. The dominant parts of g3;
and g3o are simple although the expressions of them seem rather complex. Thus the computer-aided
proof is always applied for simplicity of presentation. We will prove the following results by applying
the technique of comparison function developed in Propositions 3.1 and 3.2.

Proposition A.1. For the function gs1 in (A.5), gs1(c2,c2,2) >0 if co € [%, 1] and z < 0.

Proof. For the function g3; in (A.5), we consider a comparison function g3, (cz, z) = g31(cz, %, z) such
that the difference

g31(ca, c2,2)— g31(c2,2) = 382(6% - ecQZ)e%z (30222 + 3ep2el2m9)7 26%((302 —2)2% —32) — 626%2)
> — 36%2(6% - 6622)6% ( —3z(1+ e — 26%) + 26516%(36% —-3- 22))
> — 3652’(6% — 6022)6%7“31(2) >0 forcp €[g,1] and z <0,

where the auxiliary function rs;(z) := —3z(1 + e — 26%) + 26%(36% — 3 — 2z) is decreasing and
positive for z < 0, cf. Figure 14 (a). Note that, g5, (c2, 2) is a concave, quadratic polynomial with
respect to ¢y because

2 x 8z, 2z 2.2
0% ga1(c2,z) = —9e9 (e9 —1)°2° < 0.

C2

Through lengthy and simple calculations, it is not difficult to check that, cf. Figure 14 (b),
951(1,2) >0 and g5(5,2) >0 forz<0.

They imply that g3, (c2,2) > 0 and then gs1(c2, c2,2) > 0 for ¢ € [%, 1] and z < 0. O

Proposition A.2. For the function gso in (A.6), gsa(c2,c2,2) >0 if o € [%, 1] and z < 0.

Proof. For the function g3z in (A.6), we consider a comparison function g3, (c2, 2) := gs2(c2, %, z) such
that the difference

2z

g32(ca, ca,2) — gag(c2,2) = — 3032(6% — 6022)62?2 [9(6(627%)2 +e 9 — 2)7“3271(2) + 402_17’3272(,2)]

2z

> — 3C%Z(€% —e?®)e’s [9(e§ te 5 — 2)r32.1(2) + 47“32,2(7:)} ,
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Figure 14: Auxiliary functions r31, ¢3;, r32,1, 732,2 and ¢3,.

where the two auxiliary functions r32 1 and 7322 defined by

r30.1(2) =22 — 22 — 3¢ + 2¢*(2 + 3) — 3,

r300(2) =422 4+ 62 4 €3 (222 + 92 +9) — 6es 2 + 9e2* — 3e*(z+3) — 36%(22 + 3).
Since the functions rsg 1 and 732 2 are decreasing and positive for z < 0, cf. Figure 14 (c), we see that
g32(ca, €2, 2) > giy(ca, 2) for ez € [§,1] and z < 0.

Note that, g35(c2, 2) is a concave, quadratic polynomial with respect to ¢y due to
02 g3y = 2726%(6% —1)%r321(2) <0 for z < 0.
By simple but lengthy calculations, it is not difficult to check that, cf. Figure 14 (d),
g52(1,2) >0 and g5(5,2) >0 for z <O0.

They imply that g3,(c2,2) > 0 and then gsa2(c2, c2,2) > 0 for ¢p € [%, 1] and z < 0. O

B Auxiliary functions for EERK3-2 methods (4.3)

To examine the second and third leading principal minors of S(D®2);1, %,z), we introduce two
auxiliary functions g41 and gs2 as follows,

ga1(z) :=5(322 + 22 — 5) + 8% (22 =52 —1) — 2*(822 + 2 + 3)

1 e2*(—1622 + 322 — 1) — 8¢*/2(2 — 5) + 8¢ 7 2. (B.7)
ga2(2) =800 + 12412 + 33422 — 7123 + 8e*/2(22 — 97z — 80) — 8¢ 3 (12122 + 253z + 80)

— 263%(14922 + 192 + 80) + 8¢ 3 (52° + 16022 + 2162 + 160) + 2¢ (4023 — 33122 — 9812 — 880)

+ €27 (43123 + 30622 + 928z + 1120) + 10723 2 — 169¢** 2. (B.8)
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For simplicity of presentation, we always use the computer-aided proof to prove the positivity of the
involved auxiliary functions.

16 14000

12000

10000

8000

6000

4000

2k 2000

-30 -25 -20 -15 -10 -5 0 -30 25 -20 -15 -10 -5 0

-30 -25 -20 -15 -10 -5 0 -30 -25 -20 -15 -10 -5 0

(c) raz2(2) (d) ga2(2)

Figure 15: Curves of the functions g41(2) and g42(2).

Proposition B.1. The functions gs1 and ga2 in (B.7)-(B.8) are positive for z < 0.

Proof. Note that, the quadratic polynomial part gs;(z) := 5(32% +22z —5) of g41(2) is decreasing with
respect to z € (—1/3,0) and lim, , o ga1(2) = +o00. The remaining part r41(2) := g41(2) — ga1(2)
approaches zero when |z| is properly large such as z < zy := —30, see Figure 15(a). Actually,
r41(20) &~ —8.6 x 107°. That is to say, g41 is dominant for z € (—o0, z9). As seen in Figure 15(b), g1
is decreasing and positive inside the finite interval (zp,0). They lead to g41(z) > 0 for z < 0.
Similarly, the cubic polynomial part gas(z) := 800+ 12412 +33422— 7123 of g42(2) is decreasing for
z € (—3/2,0) and lim,_,_ o Ga2(z) = +00. The remaining part r42(2) := ga2(2) — gaa(z) approaches

zero when |z| is properly large such as z < zp := —30, see Figure 15(c). Actually, r42(20) =~
—9.1 x 1073, That is to say, gso is dominant for z € (—00,2). As seen in Figure 15(d), g2 is
decreasing and positive inside (zp,0). They imply that g42(z) > 0 for z < 0. O

To examine the second and third leading principal minors of S (D(3’2); %, %,z), we define two
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auxiliary functions gs; and gs2 as follows,

1 . .
g1 () = oo [ (56722 — 13532 — 3362) — 625¢ 5 (922 + 16) — 50e 20 (9922 + 4922 + 256)
3z 2 21z 39z 3z 3z
—eF (56252 + 4096) + 9600¢ 5 2 + 15000€ 5 = + 128¢ °F (332 + 164) + 200¢ ¥ (332 + 164)] , (B.9)
952(2) = o5 [3(-966812% + 60097927 + 18435412 + 1050625) + 1875¢ ¥ (53327 — 11482 — 385)z — 2332800¢ 10 22

13z

+ 150e 20 (731922 + 465522 + 46361)z + 3¢ 5 (45312522 + 625002 — 58849)z — 1000 5~ (275422 + 1107z + 5125)
— 4007 (601822 + 35569z + 42025) — 128¢ T (731922 + 465522 + 25625) — 200e 5 (73192 + 465522 + 25625)

— 8e 17 (52082122 + 54243z + 410000) + 200’ (210623 + 3728722 + 52087z + 51250) — 3645000¢ 30 22

1 200e T (66422% + 2411122 + 319632 + 32800) + 8¢2* (13778123 — 32877922 — 650912 + 1050625) — 7203¢ 3 2

162 672 5z 112 472
—46875¢"5" 2 + T650750e 20 z — 7350e 5 (22 — 25)z + 18750e 5~ (142 + 41)z — 300e 20 (64822 + 48683)z] . (B.10)
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Figure 16: Curves of the functions gs1(z) and gs2(2).

Proposition B.2. The functions gs1 and gs2 in (B.9)-(B.10) are positive for z < 0.

Proof. The quadratic polynomial part g1 (2) 1= g55(5672% —13532—3362) of g51(z) is decreasing with
respect to z € (—00,0) and lim,_,_ g51(2) = +o0o. The remaining part r51(z) := g51(2) — g51(2)
approaches zero when |z| is properly large such as z < 2z := —20, see Figure 16(a). Actually,
r51(20) &~ —9.8 x 107°. That is to say, g5 is dominant for z € (—o0, z9). As seen in Figure 16(b), g5
is decreasing and positive inside (zg,0). It is easy to conclude that gs1(z) > 0 for z < 0.

Similarly, the cubic polynomial part gsz(2) := 145 (—966812% + 6009792% + 1843541z + 1050625)
of gs2(z) is decreasing for z € (—=3/2,0) and lim,_,  g52(2) = +00. The remaining part rz2(z) :=
g52(2) — gs2(z) approaches zero when |z| is properly large such as z < zp := —20, see Figure 16(c).
Actually, 752(20) & —3.2 x 107%. That is to say, gso is dominant for z € (—o0, 29). As seen in Figure
16(d), gs2 is decreasing and positive inside (zp,0). They imply that gs2(z) > 0 for z < 0. O
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To examine the second and third leading principal minors of & (D(372); %, 7/10, z), we define two
auxiliary functions gg1 and ggo as follows,

1 . .
g61(2) = — [—6256% (22 +4) — 50e'5 (1722 + 642 + 28) + 16(2122 — 1362 — 256)

16
—e*(6252% + 196) + T00e 10 2 + 2500e 10 = + 28¢*/2 (172 + 64) + 100e 10 (172 + 64)] , (B.11)
g62(2) = 500005 [2560000 + 48065612 + 200796622 — 251512% — 1102500€ 16 22 + 2500e 5 (802% — 1762 + 185)

+50e 5 (859722 4 382092 + 32348) z — 250e 10 (191122 — 2688z + 8000) — 28¢*/2 (859722 + 382992 + 20000)
— 100e 10 (859722 + 38299z + 20000) — 14eF (7688122 + 635522 + 40000)

+350e % (10292 + 44432 4 56062 + 3200) + 50e 10 (60272° + 3315922 + 63158z + 80000)

+ %% (1481762% — 89341622 + 318039z + 2560000) + e (26562523 — 103255027 — 5015039z — 5120000)

17z 12z

16z 3z 12z 11z
+2165500e 5 z — 62500e 5 z — 109561e°?z — 12500e 5 (11z + 32)z — 50e 5 (17509z + 75658)2] . (B.12)
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Figure 17: Curves of the functions ge1(2) and gg2(2).

Proposition B.3. The functions ge1 and gz in (B.11)-(B.12) are positive for z < 0.

Proof. The quadratic polynomial part ge1(z) = 2122 — 1362 — 256 of gg1(2) is decreasing with
respect to z € (—00,0) and lim,_,_ o Ge1(2) = +00. The remaining part r61(2) := gs1(2) — ge1(2)
approaches zero when |z| is properly large such as z < zyp := —30, see Figure 17(a). Actually,
r61(20) &~ —2.4 x 1074, That is to say, ge is dominant for z € (—o0, z9). As seen in Figure 17(b), ge1
is decreasing and positive inside (zg,0). It is easy to conclude that gg1(z) > 0 for z < 0.

Similarly, the cubic polynomial part gg2(z) := m(2560000+4806561,2'+200796622 —2515123)
of ge2(z) is decreasing for z € (—=3/2,0) and lim,_, _ gs2(2) = +00. The remaining part rg2(z) :=
g62(2) — ge2(z) approaches zero when |z| is properly large such as z < zp := —30, see Figure 17(c).
Actually, re2(20) &~ —2.9 x 107°. That is to say, gg2 is dominant for z € (—o0, 29). As seen in Figure
17(d), ge2 is decreasing and positive inside (zp,0). They imply that gs2(z) > 0 for z < 0. O
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