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Abstract

We consider the Renormalization Group (RG) fixed-point theory associated with a fermionic
¥4 model in d = 1,2,3 with fractional kinetic term, whose scaling dimension is fixed so that
the quartic interaction is weakly relevant in the RG sense. The model is defined in terms
of a Grassmann functional integral with interaction V*, solving a fixed-point RG equation in
the presence of external fields, and a fixed ultraviolet cutoff. We define and construct the
field and density scale-invariant response functions, and prove that the critical exponent of the
former is the naive one, while that of the latter is anomalous and analytic. We construct the
corresponding (almost-)scaling operators, whose two point correlations are scale-invariant up to
a remainder term, which decays like a stretched exponential at distances larger than the inverse
of the ultraviolet cutoff. Our proof is based on constructive RG methods and, specifically, on
a convergent tree expansion for the generating function of correlations, which generalizes the
approach developed by three of the authors in a previous publication [1].
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1 Introduction

Since the seminal works of Kadanoff, Wilson, Fisher and others in the 1970s, renormalization group
(RG) fixed points and renormalization group flows connecting them are among central objects of
study of theoretical physics, with many experimental applications. Only a small part of conjectures
and intuitions accumulated about RG fixed points in theoretical physics have been put on rigorous
mathematical footing. Pioneering results in this area were obtained by Gawedzki and Kupiainen,
who in [2] showed non-perturbative stability of the Gaussian fixed point of a scalar field in four
dimensions (d = 4), while in [3] they could follow, non-perturbatively, renormalization group flow
of the Gross-Neveu two-dimensional model from the Gaussian fixed point of the Dirac field at short
distances to some intermediate distance scale where the four-fermion coupling is still small. Later on
[4] they constructed a non-perturbative interacting fixed point in a fractional Gross-Neveu model,
which has the fermion propagator f/k? replaced by §/|k|>~¢. This € serves as a small parameter
which is somewhat similar to the Wilson-Fisher deviation from the integer number of dimensions.
Fractional Gross-Neveu model instead lives in the integer number of dimension, but has long-ranged
interactions. Analogous fractional model can be considered also for a scalar bosonic field, where
they should describe critical points of the long range Ising model [5, 6, 7]. Fixed points in fractional
bosonic models were also rigorously constructed [8, 9, 10].

The present paper is the second one in the series started by our recent work [1]. In [1], three of
us considered a fermionic model closely related to the fractional Gross-Neveu model of Gawedzki
and Kupiainen. In our fractional symplectic fermion model, the fields are spinless fermions v, in
d dimensions (d = 1,2,3) with propagator Qg;/|k|%/?T¢ where Q is a symplectic N x N matrix,
and N is assumed even. The model is symmetric with respect to the symplectic group Sp(N)




and the bare potential includes the invariant mass and the quartic coupling terms. In this model,
Ref. [1] demonstrated the existence of an interacting fixed point for any e sufficiently small, which
could be positive or negative, or in fact complex. One of the main results of Ref. [1] is that the
fixed point potential depends analytically on € in a small disk |¢| < €. This interesting analyticity
property should be a general feature of fixed points of fermionic models, but it was overlooked in
prior literature. For bosonic models no such property holds, as they are well defined only for a
positive quartic coupling. For fermionic models there is no such contradiction, since the quartic
interaction may have any sign for fermions.

As discussed in [1, Section 8], the fractional symplectic fermion model of [1] is an excellent
theoretical laboratory to study various aspects of the RG. In longer term perspective, one would
also like to test the predictions of Conformal Field Theory (CFT) for the fixed point theory of the
RG map, and possibly prove them starting from a microscopic model. We refer here, in particular,
to conformal invariance of the correlation functions of suitable local operators O; and the validity
of the Operator Product Expansion (OPE), which are among the basic CFT axioms, see e.g. [11].

The focus of [1] was on the construction of the fixed point potential, which is not directly
observable. In this second paper of the series we continue the study of the same model, making
contact with physically interesting quantities such as critical exponents and correlation functions.
Our goals will be twofold. On the one hand, we will show that the exponents in our model are
analytic in a small disk |e] < €. This should be contrasted with the critical exponents of the
fractional ¢ theory [8, 9, 10], whose expansion in € is expected to be asymptotic and conjectured
to be Borel summable; note, however, that their regularity properties have not been investigated
yet: current results are limited to the lowest order computation of a few non-trivial, anomalous,
exponents [10].1

On the other hand, we will make progress on clarifying the rigorous meaning of the so called
scaling operators, formally defined as densities of eigenstates of the renormalization group transfor-
mation linearized around the fixed point. These operators are sometimes also called eigenoperators,
see e.g. [21], Eq. (3.10). Scaling operators are used in the theoretical physics literature since the
1970s, but to our knowledge it is the first time they appear in a rigorous mathematical study of a
non-integrable interacting field theory. In the special context of Liouville field theory, a full proba-
bilistic construction of scale-invariant correlation functions has been achieved in a remarkable series
of papers [22, 23, 24]. However, integrability of Liouville theory plays a key role in the construction
of its correlation functions, and it is important to introduce more robust methods for a microscopic
computation of scaling operators. Scaling operators are so called because they are believed to have
a well-defined scaling dimension and exactly scale-invariant correlation functions. This is important
for connecting the RG framework to another framework for understanding the critical state, the one
based on the CFT axioms (or bootstrap axioms) in d dimensions. An outline of CFT /bootstrap ax-
ioms can be found e.g. in [11] (in physics language) or in [25, 26] (in a more mathematical language).

LOther previous results on critical exponents of interacting field theories in the mathematical physics litera-
ture include the following. In the context of models with marginally irrelevant interactions, like ¢3 theories, the
large-distance asymptotic behavior of correlation functions is characterized by logarithmic corrections with specific,
fractional, exponents, computed in [12, 13, 14]; similar logarithmic corrections with fractional exponents are expected
to characterize the short-distance asymptotic behavior of fermionic models with marginally relevant interactions, like
the Gross-Neveu model in d = 2: its exponents can be computed via a generalization of [3, 15, 16], even though
they have not been explicitly worked out. In the context of 2D models with ‘marginally marginal’ interactions, i.e.,
marginal interactions with asymptotically vanishing beta function [17, 18], the exponents displayed by the large-
distance behavior of correlation functions are analytic in the interaction strength in a small disk in the complex
plane; universality for these exponents have been proved, as well, in the sense that extended scaling relations are
verified [19, 20].



The very first assumption of CFT is that there is a basis of local operators of the theory given by
operators of well-defined scaling dimension, i.e. whose correlation functions are exact power laws.
For the CFT and RG frameworks to be consistent, basis operators of CFT should be the same
as the scaling operators of RG. In this paper, we focus on the fixed point (FP) theory defined in
terms of a FP potential in the presence of external source fields and a reference Gaussian part with
fized ultraviolet cutoff. While it is standard to consider the generating function in the presence of
linearly-coupled external fields, a novelty of our approach is to find a FP potential which remains
exactly invariant after an RG step (and not just at the linear level), after an appropriate rescaling
of the external source fields. As usual, correlation functions of our FP theory are obtained by first
differentiating with respect to the external source fields and then by setting them to zero. In this
setting, we have not been able to find exact scaling operators operators, and we actually believe
that they do not exist, due to the presence of a short-distance cutoff. However, we save the day by
identifying almost-scaling operators, whose correlation functions are scale-invariant up to remainder
terms decreasing as a stretched exponential at large distances — that is our second main result. This
is to be contrasted with the behavior of correlation functions of generic (non-scaling) local operators
which are expected to decay like power laws at large distances, up to remainder terms decaying also
like power laws, albeit with a larger power than the leading term. It appears plausible that generic
local operators should be expressible as (infinite) linear combinations of almost-scaling operators,
each of which contributes to the correlation function with a power law behavior with a different
critical exponents. Such an expansion in operators with larger and larger scaling dimension is stan-
dard in physics considerations of critical phenomena, see e.g. [21, Eq. (3.11)] or [27, Eq. (3.7)]. We
expect that our techniques will allow us to rigorously justify such expansion, but this remains to
be done.

We stress that in our paper we choose to work with a fixed ultraviolet cutoff. This is essential
to observe power law sub-leading corrections and, therefore, to be able to distinguish non-scaling
from almost-scaling operators. Of course, for a critical theory, as the one we are looking at here,
there is always an easy way to send the ultraviolet cutoff to infinity, by rescaling distances while
simultaneously rescaling the fields appropriately, and taking the limit of the correlation functions we
compute. When doing this, any sub-leading correction, being it power law or stretched exponential,
would point-wise tend to zero. So we don’t do this in our work.

Outline. The paper is structured as follows: In Section 2 we define the model and state our
main results, summarized in Theorems 2.3 and 2.4. In Section 3 we describe in detail the RG map
and derive the corresponding FP equation in the presence of the external source fields. In Section
4 we solve the FP equation for the potential with external source fields via a tree expansion, and
prove its absolute convergence in a weighted L' norm. In Section 5 we prove the convergence of
the tree expansion in a mixed L'/L* norm, required for the control of the correlation functions at
fixed positions, and we conclude the proof of Theorem 2.3. In Section 6 we adapt the discussion
of the previous section to the estimate of the remainder terms in the correlation functions of the
almost-scaling operators and conclude the proof of Theorem 2.4. The lowest order computation of
the anomalous critical exponent and of the two point function are collected in two appendices.

Many aspects of the proof are generalizations of the methods introduced and discussed in detail
in [1]: therefore, we will often refer the reader to specific sections of our previous paper and
emphasize the analogies and novelties of the present work compared to [1].



2 The model and the main results

2.1 Generating function of the scale-invariant response functions

Let us recall that in [1] we constructed the non-trivial FP potential H = H* for a d-dimensional
Grassmann theory with partition function [ du<o(¢)e () where ), is an N-component (with
N > 4 even and different from 8) Grassmann field in V C R? with d = 1,2,3 and V a cube whose
side is eventually sent to oo, and du<o (denoted dup in [1]) is a reference Gaussian integration
characterized by the following two-point function, or propagator?:

dok k ’
G5 o =) = [ dusol)bula)ints) = R [ ity

= QabPSQ(.’L' — y)

(2.1)

Here Q is the standard N x N symplectic matrix in block-diagonal form (see [1, Eq.(1.3)]), and the
cutoff function y is radial, monotone decreasing in the radial direction, and such that

B (S Ve)
x(k)—{Q =), 22)

As in [1], we assume that x belongs to the Gevrey class G*, s > 1 [1, App. A]. The FP potential
constructed in [1] reads:

HY () = v / a2 (z) + N / dhz ) (2) + Hin (1), (2.3)

where v*, \* are non-zero real-analytic functions of €, of order ¢, for e sufficiently small, ¥?(z) :=
Zivbzl Qapta(z)p(z), ¥H(z) := (*(x))?, and H{zy is an infinite sum of irrelevant terms, whose
kernels are non-vanishing real-analytic functions of € (see [1] for more precise claims).

In this paper, we consider the FP theory in the presence of external source fields and the
corresponding generating function for correlations, formally defined as

[ duso(p)e?” @

W*(¢,J) =1lo - 2.4
(¢,J) g fdugo(z/’)eH (%) (2.4)
Here V* is a solution of the FP equation V* = RV*, with R the RG map, of the form

where (¢, 1) and (J,4?) are shorthand notations for S~ | [ d¥z¢,()¢a(z) and [ dzJ (z)y?(z),
respectively, R*(¢, J, 1) is a sum of irrelevant terms depending explicitly both on (¢, J) and on

2In finite volume V the symbol J (gifd should be understood a shorthand notation for the corresponding Riemann
sum of discrete allowed momenta. As discussed in [1, Appendix H], the RG map leading to the definition of H* can
be defined in finite volume and proved to converge strongly (as an operator acting on the Banach space of interactions
defined in [1, Section 4]) to a well-defined infinite volume counterpart. An analogous discussion can be repeated in
the generalized setting considered in this paper, where external fields and correlation functions are considered. In the
following we will always write all the relevant equations directly in the infinite volume setting and leave the details
of the proof of convergence of the finite volume theory to its thermodynamic limit to the reader.




P, ie., R*(¢,J,0) = R*(0,0,v) = 0, and S*(¢, J) is an external potential, depending only upon
the external fields (¢, J), such that $*(0,0) = 0. The precise definition of the RG map and of the
irrelevant part of V* will be given shortly, see Definition 2.2 below. Note also that, a priori, the
right side of (2.4) may be plagued by infrared divergences. Therefore, (2.4) should be interpreted
as:

W*(¢,J) = hgriloo W[?z,o] (¢, )

[ iy ()" @) (26)
f dﬂ[h,o] (w)eH*““ ’

where dpp, o) is the Grassmann Gaussian integration with propagator?

Wi0)(,J) :=log

d —h
[h,0] . d’k x(k) = x(v7"k) ipe(am
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= Qap Py g (x — ),

and v > 1 is an arbitrarily chosen rescaling parameter, which is fixed once and for all.
By differentiating W* with respect to (w.r.t.) the external source fields, we define the field-field
and density-density response functions:
. §2W*(¢,0) . §2W*(0,J)
a(®) = et P (a) = sy
0¢a(x)0p(0) lp=0 0J(x)0J(0) li=0

which are the central objects of interest of this paper. These response functions are expected* to
have the same large distance asymptotic behavior, up to a finite multiplicative renormalization, as
the two-point functions

(2.7)

(Ca(@)p(0))rr-,  (*(2);9%(0)) &+, (2.8)

. . d H*(¢) .., . . .
respectively, where (-« ) g« 1= limp J T 5}2"0]%2; =~ (in the second expression, the semicolon
h,0

indicates truncated, or connected, expectation, i.e., (A; B) g~ := (A B)g» — (A) g~ (B) g~ ); in par-
ticular, they are expected to define the same critical exponents. However, contrary to the two-point
functions in (2.8), the response functions G*(z) and F*(x) are scale-invariant, see Theorem 2.3
below. This may look surprising, at first sight, due to the presence of a fixed ultraviolet cutoff in
our theory; but it turns out that the very definition of fixed point potential V* fixes the irrelevant
terms R* and the external potential $* in a special way, so that the resulting response functions
are, in fact, scale invariant. Even in the non-interacting theory corresponding to the Gaussian fixed
point, the mechanism fixing these additional terms is not completely trivial: it is in fact instructive,
as a preliminary exercise, to compute V* and G*, F* in the non-interacting case, see Section 2.2.1.

dlk x(7"2 k) —x(yTMK) ik-z
27\.)d \k\d/2+5
[h,h2]

QabPln ko) (7). We also denote G((l%h) = limp, o G([l};f’h] () = Qqp P<p(x) and G((l%h) =limp, 400 Gy 2 (2)

Qap P>p (). If ha = h1 + 1 = h, we denote the single-scale propagator by gé};)(x) = Gg;;l’h] (z).

4In this paper, we won’t discuss how to compute the two-point functions and how to prove that they have the
same asymptotic behavior as the response functions: this follows from a stability analysis of the RG flow in the
vicinity of the fixed point potential, which is deferred to a third paper in this series. In such a third paper, we will
also prove the independence of the fixed point potential from the scale parameter v entering the definition of the RG
map, see next section, and, most importantly, the universality of the critical exponents with respect to the choice of
the ultraviolet cutoff function x in (2.2).

3More generally, for any pair of integers hy < ha, we let GL}Zl’hQ](x) = Qgup f 0



2.2 The RG map

In order to clarify the notion of FP potential V* in (2.6), we need, first of all, to specify the action of
the RG map R. Before doing this formally, let us remind the reader the logic behind the definition
of the R, which maps a potential V' to a new potential V’ as follows (this discussion parallels the
one in Section 2.1 of [1]): decomposing

G0 (z) = GED(2) + ¢ (2), (2.9)

see footnote 3 for the definitions of G(==1 and ¢(9), we write (‘addition principle for Gaussian
integrals’):

w | o) CIOPw) = g [ i) [ dno()et @R <), @10)

where N<g = [ du<o(1)e¥(©%%) is a normalization constant, and du<_; (resp. o) is the Grass-
mann Gaussian integration with propagator G(==1 (resp. ¢(?)). If F(¢}) is a ‘large scale observable’,
i.e., if it does not depend on the Fourier modes (k) with k in the support of §(°)(k), then

NL / dp<o(p)e” @IV F(p) = Ni dpi< 1 () F (1b5) / dpo (i )eY (@ Ibr )
<0

<0

No

(2.11)
-2 /dﬂgilwﬁeveff(ab,J,wv)F(%),
<0

where Ny := [ duo(e)e¥ ©0%) and Vog(p, J, ¥, = log(Ny * [ dpo(1)eV (97%2+%)) Thanks to the
scaling property G~ (z) = 4y 2MIG(E0 (1 /5), with [¢)] = 4 — £ (see [1, eqs.(2.14),(2.15)]), the
random field ¢, has the same distribution as Wl (- /v) = Dy, with D the dilatation operator, 1

a random field with distribution du<g, so that

@11) = - [ duco@)er @I LI F(DY)
<0

where N := [ du<o(1p)e"=r(00-P¥) = N /Ny. Now, if V has the same structure as (2.5), i.e.,

V(6,J.%) = H* () + (6,9) + (J,9°) + R(¢, J,9) + S(6, ), (2.12)

with R and § two potentials in an O(e) neighborhood of the non-interacting fixed point discussed
in Section 2.2.1 below (with R a sum of irrelevant terms, in the sense discussed in Section 2.3 below,
and S an external potential, depending only upon the external fields ¢, J), then it turns out, see
Section 3, that

Verr(¢, J, DY) = H* () + Z1(¢, DY) + Zs(J, (DY)?) + R(¢, J, DY) + S(, J), (2.13)

with Z; = 1 4+ O(¢), Zo = 1 + O(e) two constants produced by the integration of the fluctua-
tion field ¢/, and R, S two new potentials that are, again, O(e)-close to the non-interacting fixed
point, with R a sum of irrelevant terms. In view of (2.13), it is natural to rescale the exter-
nal fields in a way similar to ¥, in such a way to recast the terms involving the external fields
in a form as close as possible to the one in which they originally appeared in V: therefore, we



let ¢ = D¢ and J = DJ’, with D the dilatation operator, acting on the external fields as:
Do(z) = v lg(x/v) and DJ(z) = v~ LJ(2/7), with the scaling dimensions [¢], [J] to be fixed
appropriately, in a way explained shortly. In terms of these definitions: (¢, Dv) = (D¢', Dy) =

Zivzl y[el=[¥] fddxdl(:v/v)wa(:v/v) = Wd_[‘i’]_[w]((b’,w), and similarly for (J, (D1)?). Therefore,

Verr(¢, J, D) = V(D¢ , D.J', DY)
= H*(¢) + Ziy N ) + Zoy V1227 2) + R(D¢', DJ', D) + S(D¢', DJ')
=V/'(¢/, T, ).
(2.14)

By definition, V' is the image of V under the RG map, i.e., V' = RV; more precisely, V' is
equivalent, in the sense of [1, Section 5.2.1], to RV the missing ingredient, in the previous informal
discussion, is the action of the trimming map 7', which is an operator, equivalent to the identity,
which isolates the relevant terms from the irrelevant ones, see Section 3.2 below.

Note that the RG map depends, among other things, upon the choice of the scaling dimensions
[¢] and [J]. In order to fix these dimensions, we use the requirement that, at the fixed point,
Ziy B = 7,44 1-2W) = 1) with Z, = ZF and Z, = Z5 the constants as in (2.13)-(2.14)
associated with the fixed point potential V*. In this way, the fixed point equation (FPE) defines
an unambiguous criterium for assigning a scaling dimension to the external fields, which has a
simple relation with the critical exponents of the corresponding response functions (cf. (2.16) with
(2.41)); once that [¢] and [J] are fixed, the FPE becomes an equation for R*,S*, of the form:
R*(D¢', DJ', DY) = R*(¢, J', 1), S*(D¢',DJ") = S*(¢,J'). The uniqueness of the solution for
the FPE for [¢], [J], R*,S*, proved below, see Theorem 2.3, and the fact that the critical exponent
of the two-point correlations (2.8) are the same as those of the response functions G*, F* associated
with V*, proved in the next paper of this series, confirms the physical significance of the scaling
dimensions [¢] and [J], and of the fixed point potential V*.

Given these premises, let us define the RG map R a bit more formally as follows:
R:= D~ "=YT1g,D" = DTS,
(independence from h € Z is a consequence of the definitions of Sy, T, D below), where:

e S is the integration on scale h <0, i.e.,

J duh(w’)ev(‘i’v’ﬂ/’”ﬂf’)

SpV (¢, J, 1) = log Ty, (1) eV 0087

(2.15)

where duj, is the Grassmann Gaussian integration with propagator g((l}g)(x), see definition in

footnote 3;

e T is the trimming map, defined in detail in Section 3.2 below, which is equivalent to the
identity: when acting on a potential V' it produces an equivalent potential V' ~ V' in the
sense of [1, Sect.5.2.1], of the form V' = TV = LV + ZV; here LV is a sum of finitely many
local relevant and marginal terms (belonging to a finite dimensional subspace of the Banach
space of potentials), and ZV is an equivalent rewriting of TV — LV as an infinite linear
combination of non-local, irrelevant, monomials in ¢, J, ¥, 0v;



e D is the dilatation, acting on V (¢, J,¥) as DV (¢, J,v) := V (D¢, DJ, D), with Dip(x) =
v~ Wlp(x/y) (recall: [p] = d/4 — €/2, see [1, eqs.(2.14),(2.15)]), while Dp(z) = v~ Plp(x/),
DJ(z) =y WJ(x/v), where [¢] = d — [1)] + O(e) and [J] = d — 2[¢)] + O(e) are two analytic
functions of e, for e sufficiently small, to be determined in such a way that V*, of the form
described in Definition 2.2 below, is a solution of the FP equation V* = RV*. A simple
argument, spelled out in Section 2.8 below® shows that 2(d — [¢]) and 2(d — [J]) are the
critical exponents of the response functions G* and F*, respectively: therefore, denoting by
2A; and 2A, these critical exponents, we rewrite the action of the dilatation operator on the
external fields in terms of Ay :=d — [¢], Az :=d — [J]:

Dg(x) =~ " 1g(z/y),  DJ(x) =~ "2 J(x/7); (2.16)

we will see that Ay = [¢] and Ay = 2[¢)] 4 n2(¢), with n(e) = 2e8=2 + O(€?).

2.2.1 The fixed point potential in the non-interacting case

Before introducing the notion of relevant and irrelevant operators, and giving a more formal defini-
tion of fixed point potential V*, it is instructive to discuss the ‘Gaussian’ case corresponding, in the
absence of external fields, to the trivial fixed point H*(v)) = 0. Even in this case, the fixed point
potential in the presence of the external fields, to be denoted by V{', is not trivial, and its structure
is crucial to guarantee that the response functions G* and F* are scale-invariant, notwithstanding
the presence of an ultraviolet cutoff. For H*(¢)) = 0, we let Ay = [¢/] and Az = 2[¢)] in (2.16), so
that the action of the dilatation operator reduces to:

Dy(x) =7~ 1*5y(a/y), Do) =7 19"5¢(x/y), DJ(z)=~"2J(z/v). (2.17)

The non-interacting fixed point potential V we consider is the one obtained as the image of the
‘naive’ potential Vo(¢, J, 1) := (¢,%) + (J,%?) under the iterated action of the RG map DSy, in
the limit as the number of iterations goes to infinity:

The action of Sy on a potential V returns (see [1, Section 5.1]):

SOV (6 1. 9) = 3 S V(O T+ V(6 T+ D,

s>1

s times

where (A7;--; As>éo) denotes connected expectation of order s with respect to (w.r.t.) the Gaussian
integration dyuo with propagator ¢(®) (the lower label ‘0’ indicates that the expectation is computed
w.r.t. a Gaussian, non-interacting, measure, while the upper label ‘(0) refers to the scale of the
propagator g(o)). Using the fact that the naive potential Vy(&, J, 1) is invariant under the action of
D, one finds that (2.18) can be re-expressed as

5See in particular (2.52). Note that the discussion in Section 2.8 is written in terms of A1 = d—[¢] and Ap = d—[J]
rather than in terms of [¢], [J], but this is just a matter of notation.




where

1
SoaV(g, L) = 3 S V(6 L+ )i s VI S+ )5, (2.20)
s21 > s times
and (Aj;--- ;A5>((321) denotes connected expectation of order s w.r.t. the Gaussian integration

dp>1 with propagator G(Z1) | see footnote 3. As well known (see also [1, Appendix D.2]), connected
expectations w.r.t. a Gaussian Grassmann measure can be expressed in terms of connected Feynman
diagrams associated with the corresponding propagator. Using this fact, (2.20) implies that the
fixed point potential in (2.18) is Vi (¢, J,0) = (¢, v) + (J,1?) + R (¢, J, ) + S (b, J), where, if
the two terms (¢, ) and (J,4?) in Vp are graphically represented as in Figure 1, then Ry and S

o (0 J v
e N\e
(

Figure 1: The graphical representations of the two vertices (¢, ) and (J, 1/;2), respectively.

are graphically represented as in Figure 2, with the solid lines representing the propagator G(=1)
In formulae, recalling the definition of P> in footnote 3:

RO(¢5J1/}
b B3HE 2 ZmE 5
S5(¢,J) =
>1 ézl
Donz0 " — & - + 21

Figure 2: The graphical representations of Rj and S, respectively.
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N
Ry(6, T, ) = ) (—2)mZ/ddyo < dMYmda (Y0) Po1(yo — y1)J (Y1) Por (v — y2) -+ J (Ym)a (Ym)

Qab/ddyl s dMYmtha (Y1) (Y1) Po1 (1 — y2) -+ J (Y) 06 (Yim)

N
S, )= (=2" " > Qab/ddyo < d%Ymt16a(Y0) Po1(yo = 91) -+ T (Ym) Po1(Ym = Y1) (Y1)

m>0 a,b=1

+y (—2)’”’1% /ddyl c - dyn (Y1) Po1(y1 — y2) -+ I (Ym) Po1 (Ym — 1)

m>1
(2.21)
Therefore, the non-interacting fixed point generating function is:
Wi (60) = 85(6,J) +1og [ dpca()el® )T 1RG0, (2.22)
from which a straightforward computation shows that
32W5(¢,0)
> = = Qap| P P ,
G6:ab() 560 (2)003(0) ‘¢:O b[P<o(@) + P>1(z)]
21 0.0) (2.23)
F ::L‘ — —2N|[P? 2Po(x) P p?
(@) = 5705770 Ly = ~2V [PR0(@) + 2Po(w) P (z) + P2, ()],
which are scale invariant, as anticipated above.
2.3 Scaling dimension, relevant and irrelevant operators
Let us consider a monomial in ¢, J, 1 of the form®
M(o,J, ) =
— [ [ [ dwaydz bu, (1) 0, ()T w0) - IO (20) -+ 3, (o) o, 9.2
(2.24)

with & = (21,...,2,), ete.,, p; € {0,1}, u; € {0,1,...,d}", n+1 even, Hy 1 p translationally
invariant and of finite L' norm, i.e.,

| Hy i ,p]| := max /// dx dy dz ‘ [Hnﬁmylﬁp(w,y,z)} b’ < 400 (2.25)
a b a,u,

6For later reference, and in order to make contact with the notation used in [1, Section 4.1], given the n-ples
a,x, the m-ple y and the Il-ples p, u,z, we shall also denote [Hn’m’l’p(ac,y7 z)}a,u,b by H(a,x,y,B,z), with
B = ((p1,p1,b1),...,(p1,p1,b1)). Moreover, we let ®(a,x) = ¢a, (1) da, (®n), J(y) := J(y1) - J(ym) and
U(B,z) := iy, (21) - -85% Wy, (z1). Without loss of generality, we can assume, and will do so from now on,
that H(a,z,y, B, z) is: anti-symmetric under simultaneous permutations of the elements of a,z, symmetric under
permutations of the elements of y; anti-symmetric under simultaneous permutations of the elements of B, z.

"If p; = 1, then pu; € {1,...,d}. If p; = 0, the index u; needs not to be specified, but, conventionally, in that case
we set p; = 0. If p = 0 we shall often drop the label pu.
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(here the * on the integral indicates that we are not integrating over one of the elements of (z,y, z),
say x1). The action of D on M (¢, J, ) is defined as DM (¢, J,¢) := M (D¢, DJ, D). After a
change of variables, this can be rewritten as:

DM (¢, J, ) =
— [ [ [ dwdydz bu, (@) 0, )T w0) w020 (21) - 3pi0, () [DHm (9. 9]
(2.26)
where
DHn_’myl_’p(CB, Yy, Z) = ’YSSC(n’m’l’p)Hn,m,l,p(ﬁymv 7Y, 7z)a (227)
with
baclnym,1,p) i= d(n +m+1) = n(d = Ar) = m(d — Ag) — 1[Y] - pll, (2.28)

defines the action of the dilatation operator D on the kernels. Note also that the L' norm of
H,, m,1,p rescales as follows under the action of D:

I DHp i pll = 7P ™ P | Hyy (2.29)
where

Dye(n,m,l,p) := dsc(n,m,l,p) —d(n+m+1-1)

=d—n(d—A) —m(d—Ay) —1[¥] — |Ipl (2.30)

is the scaling dimension of Hy . 1p. Depending on whether Dg.(n,m,l, p) is positive, vanishing or
negative, we say that the corresponding monomial is relevant, marginal or irrelevant. Note that,
anticipating the fact that A; = [¢)] and Ay = 2[1)] +O(e), the only relevant or marginal terms® with
1 > 0 are those with (n,m,l,p) = (0,0,2,0), (0,0,4,0), (1,0,1,0), (0,1,2,0), and (0,0, 2, p) with
lplli = 1, for which we have D4.(0,0,2,0) = d/2 + €, Ds(0,0,4,0) = 2¢, Dy(1,0,1,0) = Ay — [¢],
Dyc(0,1,2,0) = Ay — 2[4, and Dyc(0,0,2, (1,0)) = Dy (0,0,2, (0,1)) = d/2 + ¢ — 1.

2.4 Trimmed sequences
A potential H(¢, J, 1) is an infinite sum of monomials, of the form
Hg, )= Y. > /// dx dy dz ®(a, z)J (y)¥(B, 2)[Hymip(@ Y, 2)apws  (2.31)

(n,m,l,p)EL a,u,b

where

L:={(n,m,l,p):p=(p1,...,m) with p; € {0,1}, n,m,l,|p| >0, n+leven, n+m+1>1},
(2.32)

8To be precise, the relevance or irrelevance of the term with (n,m,l,p) = (0, 1,2,0) depends upon the sign of
n2 = A — 2[)]. In any case, even if irrelevant, this term is barely so, with a scaling dimension of order O(e). For
this reason, it is convenient to treat it differently from the irrelevant terms with scaling dimensions well separated
from 0, uniformly in e. Moreover, the terms with (0,0, 2, p) with ||p||]1 = 1 are relevant only if d = 2,3: ind =1
they are irrelevant, with scaling dimension equal to —1/2 + ¢; however, the treatment of these terms in d = 1 does
not present any significant simplification, as compared to the cases d = 2,3. For this reason, and for uniformity of
notation, we shall treat them exactly in the same way for d = 1 and for d = 2, 3, notwithstanding this difference:
in particular, the notion of of trimmed sequence and of ‘trimming’ given below, which defines the way in which we
‘localize’ and ‘interpolate’ the relevant terms, is the same in d = 1,2, 3.
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and, given (n,m,l,p) € L, the sums over a, g and b run over the sets {1,...,N}", {0,1}! and
{1,..., N} respectively; moreover, we used the notations of footnote 6, with B = ((p1, i1, 1), - .,
(p1, p1,br)). The (formal) infinite sum in (2.31) should be thought of as a way of representing the
collection of kernels H,, p, 1 p. Therefore, in the following, we shall equivalently write a potential H
either as in (2.31) or as

H ={Hp}er. (2.33)

We shall say that a sequence {Hy}¢er, with translationally invariant kernels Hy of finite L' norm,
is a trimmed sequence if the relevant or marginal kernels with ¢ = (0,0, 2, 0), (0,0,4,0), (1,0,1,0),
(0,1,2,0), and (0,0, 2,p) with ||p|l1 = 1 have the following local structure:

[ (
Ho020(2)] =0, ¥ : Ipl = 1.
[H0107410(z)} b= c20(21 — 22)0(21 — 23)0(21 — 24)Qby bobsbas (2.34)
[ (
[ (

X1, Zl)] a1,br = 036(‘T1 - 21)601;b17

where ¢y, o, c3, ¢4 are constants, and ¢epee= 2ap2ce — QLacQbe + Laepe is the totally anti-symmetric
tensor, as in [1, Eq.(4.4)].

As discussed in Section 3, the RG transformation R is a map from the space of trimmed sequences
of kernels to itself.

Remark 2.1. The non-interacting fixed point potential Vi (¢, J,¥) = (¢, ¥) + (J, ¥?) + R (¢, J, ) +
S (4, J), constructed in Section 2.2.1, can be written as Vj = {Vofe}geL, where the only non-zero
kernels in the sequence are the following:

m—1
[Vof(1,m,1,o) (21,9, 21)] avbi |y = (—2)"0ay,b,0(Ym — 21) H P>1(yi — Yit1), m >0
i=0
m—1
[‘/Ot(O,m,ZO) (v, z)} biba|._g (_2)m_19b1,b25(21 —y1) 0(Ym — 22) H Ps1(yi — yit1), m>1
=1
[‘/(Jt(Q,m,O,@) (.’1}, y)} a1,a2 | —q = (_2)m719a102 H le(yi - yi+1)7 m >0
i=0
* m—lN &
Vor0,m,0,0)(Y) — (=2) - HPZI(yi — Yit1), m>1
=1
(2.35)

where: P> was defined in footnote 3 above; in the first two lines we dropped the p labels; in the
first line, yo should be interpreted as x1, and, for m = 0, the right side should be interpreted as
that of the third line of (2.34) with ¢3 = 1; for m = 1, the right side of the second line should be
interpreted as that of the fourth line of (2.34) with ¢4 = 1; in the third line, yo and ¢,,+1 should
be interpreted as x; and w2, respectively; in the fourth line, y,,41 should be interpreted as y;.

In particular, Vj is associated with a trimmed sequence, such that ¢; =co =0 and cg = ¢4 = 1.
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2.5 The fixed point potential

We are now in good position to define more precisely the fixed point potential V*(¢, J, 1) that we
construct in this paper.

Definition 2.2. V* = {V;*},c is the solution of the fixed point equation V* = RV* in the space
of trimmed sequences, such that: (1) Vi, ,,, = Hf,, with H, the kernels of the FP potential
constructed in [1]; (2) for £ = (1,0,1,0), (0,1,2,0), V;* is as in (2.34) with ¢z = c4 = 1, i.e., the
local terms (¢,) and (J,%?) in V* have pre-factor equal to 1; (3) the scaling exponents Aj, Ag
entering the definition of D and, therefore, of R, are analytic in e for e sufficiently small, and such
that Ay — [¢] = O(e), Ag — 2[¢)] = O(e); (4) the kernels V;* with ¢ € L\ {(1,0,1,0),(0,1,2,0)}
are analytic in € for e sufficiently small and, at € = 0, satisfy V,* = Vg, with Vg, as in
(2:34) for £€ {(1,m,1,0)}n>1 U {(0,m,2,0)}n>2 U {(2,m,0,0)}n>0 U {(0,m,0,0)}m>1, and equal

to zero otherwise.

Note that the existence and uniqueness of the FP potential V* specified in Definition 2.2 is part
of the results proved in this paper. As anticipated above, we will write

V@, ) = H* () + (¢, 0) + (J,4%) + R*(¢, J,0) + S (¢, J), (2.36)
where, letting®
Lext,0 := {(n,m,0,0) € L}, Lext,f ={(n,m,l,p) €L : n+m >0, [ >0}, (2.37)

and L/cxc,f = Lext, s \ {(1,0,1,0),(0,1,2,0)}, we let: R* = {Vz*}éeL;XW and 8* = {V b eLeo-

2.6 Almost-scaling operators

The response functions are not correlation functions of any local operators built out the field .
We can however identify two quasi-local operators O and O®), whose two point functions will
end up being the same as G* and F*, up to corrections that decay faster than any power at large
distances. Because of these correction terms, we will call these operators almost-scaling operators.
We do not expect that scaling operators with exactly scale invariant two point functions exist in
our theory, due to the presence of the fixed ultraviolet cutoff (k).

In order to identify O™ and O, let us expand V*(¢, J,¢) as

V*(¢, J,) = H* (1) + (¢, 0) + (J,0P)) + Q* (¢, J,9)) + S* (¢, J), (2.38)

where Q* is the part of R* that is at least quadratic in (¢, J), and S* is the same as in (2.36). In

other words, O (z) = 2L (&:14)

50 (0) }qb:(]:o, and similarly for O®) (). From the definition of response

functions, we find

(@) = (OW (@) 0 (0)) i + [E1(2)] 0

F*(z) = <(’)(2) (x);(’)(” (0)) g+ + Ea(2), (2.39)

9The rationale behind the labels ext, 0, and f in (2.37) is the following: ‘ext’ stands for ‘external field’, it refers
to the fact that n +m > 0, i.e., there is at least one ‘external field’ ¢ or J field; ‘ f’ stands for ‘fluctuation field’, it
refers to the fact that [ > 0, i.e., there is at least one ‘fluctuation field’ 1); similarly, the label ‘0’ in the first definition
indicates that [ = 0, i.e., there is no fluctuation field.
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where the correction terms &1, are given by
525*(¢,0) <52 Q9*(¢,0,7) >
& =
[ 1(30)]‘“’ 8¢q (0)dp () ‘¢:0 + 3¢a(0)dp(x) ‘¢:0 e

* * (2.40)
=SSO L (FQOIY)

T 6J(0)8J(x) 5.J(0)0.J (x)

2.7 Main results

Theorem 2.3 (Analyticity of the anomalous critical exponent and discrete scale invariance). There
exists €g > 0 such that, for € € B, (0) := {e € C : |¢| < ey}, there is a unique potential V* as in
Definition 2.2, analytic in € in B, (0). Moreover, the response functions G* and F* defined in (2.7)
are analytic in € in the same domain, and behave under rescaling x — px, with p=~*, k € Z, as

Ganlp) = p 221G (2),  Fr(px) = p 22 F"(x), (2.41)
with Ay = [¢] and Ag = 2[¢)] + na(€), where na(e) is analytic in € for |e| < €y, with

N -2

st O(€%). (2.42)

n2(€) = 2¢

We actually expect that G* and F* are exactly scale invariant, which means that Eq.(2.41)
should be true for any p > 0: this will be proved in the third paper of this series, see also the
recent paper [28] for a proof of full scale invariance with a different choice of the cutoff function. In
this paper, we limit ourselves to show, by an explicit lowest-order computation (see Appendix B),
that the dominant contributions in € to G*(x) and F*(x) are exactly scale-invariant terms, namely
G*(x) = G§(z) + G, (z), where, in the sense of distributions [29],

dk

ab W(Eikm = Qab00|x|_m1 (2.43)

gg;ab (.I) =

and the higher order correction G = satisfies |G} | ()| < Ce|z[~241. Similarly, F*(z) = Fg(z) +
Fi o (x), where

d d
Fiw) = 2N [ i | e = Gl 240
Q@r)d[k|@/2te | (2m)d[p|a/2te—2m

and ’.7-';;0(:10)’ < Clelz| =282,

Theorem 2.4 (Almost-scaling operators). There exist C;,¢; > 0, i = 1,2 such that &1 (z) and
Ey(x) are analytic in € in the same domain B, (0) as in Theorem 2.3, and bounded as follows:

[E1@)] ) < oo™ (min{1, 2]} 22, [Ex(@)] < Coe™!" (minfL, o)) 222, (2.45)
with 0 = 1/s and s the order of the Gevrey class G* which the UV cutoff function x belongs to.

Putting together Egs. (2.39) with Theorems 2.3 and 2.4, we conclude that the two point functions

<(9£1>(9§1>> - and (O®); 0?) . are discrete scale invariant up to stretched-exponentially small
corrections at large distances, i.e. that O and O®) are almost-scaling operators. As mentioned,
we cannot hope for anything better than that.
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Remark 2.5. In the non-interacting case discussed in Section 2.2.1, the stretched exponential de-
cay of the correction terms, denoted by & 1,&,2 (the ‘0’ label recalling the absence of interac-
tion), is immediate. In fact, rewriting the non-interacting fixed point potential V' as in (2.38),
we see that OS”(z) = v(z) and OP(z) = ¢2(z). Therefore, for H* = 0, the two-point
functions (O (z)OV (0)) - and (O (x); OP (0)) - reduce to (Pa(x)1(0))o = QupP<i(z) and
(Y2(z);4%(0))g = —2N PZ,(z), respectively. Therefore, from (2.23) and the non-interacting ana-
logue of (2.39), that is

gg;ab(‘r) = <¢a(x)wb(0)>0 + [80,1(55)] ab’

* 2 2 (246)
Fo(x) = (7 (2);47(0))o + Eo,2(),
we see that & 1,& 2 are, explicitly:
[50)1(([;)} ab Qabpzl(x) (247)

50)2 = —-2N [QPSQ(l')PZl(,T) + P§1($)] R

which can be easily shown to satisfy the decay bounds in (2.45).

2.8 Structure of the proof

The proofs of the Theorem 2.3 and 2.4 are based on the following considerations. First of all, from
(2.6) we have:
W*(p,J) = hlim (T'Shi1---TSoV*) (o, J,0). (2.48)
——00

Now, recalling that the RG map R = D~("=DTS, D" = DTS, for all h < 0, we see that (2.48)

can be written as:

W*(g,J) = lim_ DM(RMV*)(g, J,0) = Jim D"V* (¢, J,0) (2.49)

where in the last equality we used that V* is fixed point for the RG map, i.e. RV* = V*. Denote
by V.5 ..1p the kernels of V*, in the sense of (2.24). Using the definitions (2.7), and recalling the
action (2.27) of D on the kernels, we find, letting = (z,0),

G'(z) =2 hEIPOO thzfo,o,@(m)

) ) (2.50)
=2 hllffloo W%Alvz,o,o,wﬁhw)a
and, letting y = (y,0),
Fi(y) =2 lim tho*2 0,0(¥)
h——o0 20, (2.51)

. 2hA, h
=2 lim A7V 00(7"Y)-
After having defined, in Section 3, the fixed point equation for V*, in Section 4 we will show that
the kernels Vo mtp and in particular ‘/2*70)07@, V0f2)07®, can be written in terms of a tree expansion
that is absolutely convergent in a weighted L! norm. As a consequence, these kernels, as well as the
scaling exponents Aq, Ag, turn out to be analytic in € for € small enough. In particular Ay = [¢)]
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and Ay = 2[¢)] 4 n2(€), with 7y as in (2.42) (the explicit computation of the first order contribution
is deferred to Appendix A).

In Section 5, we will prove the pointwise existence of the limits in (2.50) and (2.51), as well as
the analyticity of the limiting functions. These will require to control the absolute convergence of
the tree expansion for the kernels of the fixed point potential in a pointwise norm. The ideas here
generalize, and adapt to the present context, those used in [18, 30, 31, 32| to estimate the n-point
correlation functions. Once the pointwise existence of the limits in (2.50)-(2.51) is established, the
scale invariant property (2.41) is an immediate corollary: in fact, from (2.50) one finds, renaming
h+k=hn,

g* (/ka) =92 lim 72hA1Vv2* 0 @(,thrk
h——o0

Uy

z)

, , (2.52)
— 2,_)/—2]€A1 hrn 72}7, Al V2f0707@(7h m) = FY—QICAl g* (I),

provided the limit exists, and similarly for F*, thus concluding the proof of Theorem 2.3.
Finally, in Section 6, we derive a tree expansion for the correction terms &, &2, and show that
its convergence in a pointwise norm introduced in Section 5 implies Theorem 2.4.

3 Renormalization map and fixed point equation

In this section we describe more in detail the RG transformation introduced in Section 2.2. More-
over, we write down the fixed point equation for V*, including the equations for the scaling ex-
ponents A1, Ay. The discussion follows the analogous one in [1, Section 5], which we refer to for
additional details.

3.1 Integrating out

Consider a potential H (¢, J,v) = {Hy}eer, whose sequence of kernels is trimmed, in the sense
of Section 2.4. Let us discuss the effect of integrating out the fluctuation field on scale 0 from
H(¢, J’ /l/}):

Hcﬂ"((bv va) = SOH(d)a Ja 1/})5 (31)
with Sp the integrating-out map on scale 0 defined in (2.15). In analogy with [1, Eq.(5.3)], using
the notation introduced in footnote 6, the kernels of the effective interaction can be written as:

Heﬂ(auwvyaBuzB):lng Z Z Z (_)n/dzBC(ZB)HH(aiuwiayiaAiuzAi)

s>1 " Bi,...,Bs A1,...,Aq g},--wgs i=1
2iBi=B ADB: )y

(3.2)
where: P is the operator that anti-symmetrizes under simultaneous permutations of the elements
of @ and x, symmetrizes over permutations of the elements of y, and anti-symmetrizes under
simultaneous permutations of the elements of B and zg (which generalizes the antisymmetrization
operator A of [1, Eq.(5.3)]); the sums over B; and A; must be interpreted as described after [1,
Eq.(5.3)]; the sum over aq, ..., as is over all ways to represent a as a concatenation a; + - -+ + as,
and similarly for the sums over x1,...,2s and over yi,...,ys. Finally, letting, as in [1, Eq.(5.3)],

B; = A;\ B; and B = B; + --- B, we denote C(zg5) := (¥'(By, 25,); ;\If'(Bn,an»éO) where
U'(B;, zg, ) is interpreted as in footnote 6, and (- - - >(()O) denotes the expectation w.r.t. duo(¢’).

17



We compactly rewrite (3.2) as

(Hew)e =Y Y Sg"(Hy,, ..., Hy,), (3.3)

where £ belongs to the label set L in (2.32), while ¢4, ..., ¢ belong to the subset of L ‘with at least
one fluctuation field label’; i.e., to

Ly ={(n,m,l,p)e L:1>0}, (3.4)
the label f standing for ‘fluctuation field’.

3.2 Trimming

Even if the input potential H = {Hy}ser is trimmed, the output Heg will not in general be so.
However, we can act on Heg with a linear operator, equivalent to the identity in the sense of [1,
Section 5.2.1], called the trimming operator T, which returns an equivalent trimmed potential.
Denoting equivalence between potentials by the symbol ~, the action of the trimming operator will
allow us to rewrite

Hog ~ LHog + TH.og, (3.5)

with LH.g the local, relevant, part of Heg, and ZHeg the non-local, irrelevant, part of Heg. The
action of T on the kernels with n = m = 0 has already been described in [1, Sect.5.2 and App.C]
and won'’t be repeated here. The action of T" on the kernels with n + m > 0 is non-trivial iff
(n,m,1) equals (1,0, 1) or (0,1,2); in the complementary case, we let (ZHeft)n,m,i,p = (Heff)n,m,i,p
and (LHef)n,m,i,p = 0.

Let us now consider the cases (n,m,l) = (1,0,1), (0,1,2). As in the case without source fields,
trimming involves localization and interpolation: localization extracts the local parts of (Hem)1,0,1,0
and (Hef)o,1,2,0 (cf. with [1, Eq.(5.12)]), as follows:

(LHe)1,0,1,0 =17 (?, 1.0 (Hcﬁ)1,0.,1,0, (LHeg)o,1,2,0 = T&i; (Hef)o.1,2,05 (3.6)

(the operators TO1 10 21 J and T& "117’2_"’0 are defined in the following subsections), and we let

(LHew)1,0,1,p = (LHet)o1,2p =0 for p#0.

On the other hand, letting P, = {(0),(1)} and P, = {(0,0),(1,0),(0,1),(1,1)}, interpolation
rearranges the difference between {(Hem)1,0,1,p}pepr (vesp. {(Hem)o,1,2,ppepr,) and its local part
{(LHe)1,0,1,p}pep: (resp. {(LHe)o,1,2,p}pep,) it such a way to equivalently rewrite it as {(ZHefr)1,0,1,p f pe Py
(vesp. {(ZHem)o,1,2,ppepr,) With (ZHeg)1,0,1,0 = (ZHerr)0,1,2,0 = 0. More precisely, we let

0 ifp=20
(THeft)1,01,p = {( #)1,0.1p + 1101 (Hetr) 1,010 i [P =1,
0 ifp=0 (3.7)
(ZHest)o,1,2,p = { (Hemr)o1,2p + T(?’ll’gg(Hcﬁ')o,Lz,o if [plh =1
(Heft)o,1,2,p if [lpll» = 2.
Identifying the kernels with the corresponding Grassmann monomlals as 1n$ q.(C.1)], the ma-

nipulations equivalent to the identity leading to the definitions of T1 0, 1 are described in

the following subsections.

m’ TO, 1, ,p
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3.2.1 Case (n,m,l)=(1,0,1)

We will use the following interpolation identity (in most cases, we drop and leave implicit the com-
ponent indices of the Grassmann fields; moreover, summation over repeated indices is understood),
which is the same as [1, Eq.(5.8)]:

by) = (@) + (v - 2), / ds O,z + sy — ). (3.8)

This is used to split a non-local but relevant term into a local relevant term plus an irrelevant one (for
te definition of relevant and irrelevant, see after (2.30)). Hence considering [ d?zd?z ¢(z)G(z, 2)(z)
with G translationally invariant, playing the role of (Heg)1,0,1,0, We get:

/ dhz s p(2)Gla, 2)(z) = / dtz §() G () (x) (3.9)

+ /ddx A%z ¢(2)G(z, 2)(z — x), /0 ds O Y(x + s(z — x))

= [do@GOu@) + [ dlad’s oG (@200

with G(0) := [d?zG(x,z) and

L ods
Gﬂ(x,z):/o Sd+1G(a:,a:+(z—:z:)/s)(z—x)#. (3.10)
In light of this, R
(Th010G)(,2) = G(0)d(x — 2) (3.11)
and, for p = (1),
[(Tll,§7ll,)8)G) (Ia Z)] m = G# ({E, Z) (312)

By the same considerations as in [1, Appendix C|, we have that Tllﬁboy’llﬁ’g satisfies the following norm

bounds:
IT oGl <Gl 1Ty oGl < max / d?2|[G(0, 2)]as| |2| (3.13)

and similarly for the weighted L' norms to be used below.

3.2.2 Case (n,m,l) =(0,1,2)

Consider now [ ddyd?z; d%z; J(y)¢(21)F(y, ) (22) with F translationally invariant, playing the
role of (Hef)(0,1,2,0)- Proceeding analogously we find:

[ dtydz ). 2) (3.14)

= /ddy dz J(y) [w(y)F(ya 2)Y(y) + (21 = Yy /0 ds Opp(y + s(z1 — y)) F(y, 2)9(y + s(z2 — y))
1

+ea =y [ dsily+ s — )P 200,00 + (2~ )]

= Y [ e [P )], 000,
p:lpll<1
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with FO(y,2) = 6(21 — y)d(22 — y) [ d*?2'F(z, 2'),

Lods
FUO(y, z) = (21 — y)u/o aar i Wy + Gi—y)/sy+ (22 —y)/s), (3.15)

and similarly for ('), Then, identifying p with the pair (p1, ps):

(T(?1122(?F)(ya z) =0(z1 —y)o(z2 — )/d2d "F(0,2)
(3.16)
(T 3 9F)(y. 2) = FP(y,z),  if  [pli=1.
In analogy with (3.13), we have: ||T57 50 F|| < |[F|, while, if p = (1,0),
7336 o) Fll < max [ dz (10, Dol 1], (3.17)

and similarly for p = (0,1).

3.3 Fixed point equation

We are now ready to write the definition of the renormalization map H — RH = DTSyH
component-wise. Recalling (3.1)-(3.3), the definition of the trimming map in the previous sub-
section, and the definition of the dilatation D in (2.27), for any ¢ € L, we can write

(RH) = Z RyV%(Hy,, ..., Hy,), (3.18)

s>1(¢; 1

where the sum runs over s-ples of labels in the set L defined in (3.4) and, letting £ = {(0,0, 2), (0,0, 4),
(1,0,1),(0,1,2)},

Sprte if ¢ = (n,m,1,p) with (n,m,l) € £,
Rot = p Tg;j;gsf;;;f 2)? if ¢ = (n,m,1,0) with (n,m,l) € £, (3.19)
> Tg;lnll’;’ Sf;l’m’l ')’ if £ = (n,m,l,p) with (n,m,l) € £ and p # 0,

and in the second and third lines the operator T" m’l p 1S defined as follows: it is the identity, if
p = p’ # 0; it is the one defined in subsections 3. 2 1 3.2.2 above, if (n,m,l) =(1,0,1),(0,1,2) and
either p=p' =0orp’ =0, ||p||1 = 1; it is given by [1, eq.s (5.12),(5.13),(5.14)] if (n,m,1) = (0,0,2)
and either p = p' = 0 or ||p'l1 < |lpll1 = 2, or if (n,m,l) = (0,0,4) and either p = p’ = 0 or
p' =0, ||p|l1 = 1; it vanishes, otherwise.

In view of these definitions, and recalling the fact that we look for a fixed point potential with
pre-factor in front of the local terms (¢, 1) and (J,%?) in V* equal to 1 (see item (2) of Definition
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2.2), the fixed point equation (FPE) for the ‘local’ components ¢ € {(n,m,[,0)} ¢ m,)ce reads:

0,
L= d/2+sy+z Z R(éozo) (Heyy...,Hp,)
s>1(£;)5_,

2¢y . N VO ples
A= 78A+Z Z R(0040 Hfl?"'vHés)
(3.20)
¢]+Z Z Rlyavi 0) Hflv"-aHfs)E'YAli[w](l-FQ)

s>1 (£, )571

Rl Y Z ROyl (e, He) = 42229 (1 4 o)
s>1 (¢; ) _

where, again, the labels ¢; in the sums in the right hand sides are summed over Ly, and the
% indicates the constraint that the term with s = 1 and ¢; = ¢ should be excluded from the
corresponding sums. The FPE for the components (0,0,2,p) with ||p|l1 = 1 is by construction
trivial, 0 = 0, while the FPE for all the other components reads:

=>" 3" Rp(Hy,, ... Hy). (3.21)

s>1(£;)5_,

Note that the FPE for the components £ = (n,m,l,p) with n = m = 0 is the same as the one
studied and solved in [1], the solution being the sequence of kernels Hf  constructed there. In
particular, the first two components of (3.20) are solved by the fixed pomt values \*,v* of \,v
computed in [1], and proved there to be analytic in e for € sufficiently small. So, from now on, we
will set A = A* and v = v*. Moreover, we will prove below that (; and (> are sums of convergent
series in A, v, for e sufficiently small and this implies that they are themselves analytic in € for €
small. Letting 71 := 1+ (3 and Z5 := 1 + (2, the FPE requires

A =[] —log, Z1, Ay =2[y] —log, Zo = 2[| + na. (3.22)

We will see in Section 4.2.1 that ¢; = 0, so that A; = [¢)]. Moreover, in Section 4.2.2 and Appendix
A, we will show that
2(N -2)

5 elogy + O(€?), (3.23)

which gives 7, = 2e5=2 + O(€?).

4 Solution to the FPE via the tree expansion

Let us now discuss how to determine the solution to the FPE introduced in the previous section,
satisfying the properties spelled out in Definition 2.2. We use an analogue of the tree expansion
discussed in [1, App.J], which provides an explicit analytic solution. Our construction automatically
proves the uniqueness of the solution within the class of analytic potentials with a prescribed form
at € = 0. Uniqueness of the solution in the larger Banach space of potentials that are close enough
to the prescribed unperturbed potential in the appropriate weighted L' norm, could be proved via
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a contraction argument similar to the one underlying the proof of [1, Key Lemma], but we will not
belabor the details of this proof here.

As already mentioned above, we fix A = \*, v = v*, the fixed point values of the quartic and
quadratic interactions computed in [1], once and for all. We also recall that our ansatz for the fixed
point potential V* requires that the local terms (¢, 1) and (J,%?) have pre-factor equal to 1, see
condition (2) in Definition 2.2, and that the components (0,0, 2, p) with ||p||s = 1 are zero, by the
requirement that {V;*},ecr is trimmed, see the second line of (2.34). We first describe how to solve
the FPE for the remaining components, i.e., those in

L= L ({100} pee U £(0.0.2.9)} g1 ). (4.)

and then we will discuss the local components ¢ = (1,0,1,0), (0, 1,2,0).

4.1 The FPE for ¢ € L’

The FPEs for the components ¢ € L’ are those in (3.21). We proceed in a way similar to [I,
Appendix J]|. For any £ € L', we isolate from the right side of the FPE the term with s = 1 and
¢y = {, i.e. the term DH,, move it to the left side, and multiply both sides by (1 — D)~!. The
resulting equation takes the form

Hy=Y > (1=D) 'R} “(Hy,...,Hy,) (4.2)

s>1 (£)3_,

where we recall that the second sum runs over s-ples of labels in Ly, see (3.4), and * denotes
the constraint that, if s = 1, then ¢; # ¢, while Rgl"'" ‘s is defined in (3.19). As shown below,
the (diagonal in ¢) operator (1 — D) is invertible in L' on all the components ¢ € L’: this is
immediate for the components such that the scaling dimension at ¢ = 0 is different from zero,
DSC(K)LZO # 0, see (2.30), that is, for all the indices in L’ but (0,2,0,0). In order for (1 — D) to
be invertible on this component as well, we need extra information about As, besides knowing that
Ay = 2[1)] + O(e), as we are assuming (see condition (3) in Definition 2.2). Anticipating the fact
that Ay = 2[Y)] + 2eX=2 + O(€?), the desired invertibility for € # 0 follows, because this explicit
expression for Ay implies that Ds.(0,2,0,0) = 2611\\;—1_3 +0(€?), which is different from zero for € # 0.
We look for a solution in the form of a sum over rooted trees,

V= ZHE[TL (4.3)

The value H[7] is fixed so that the following recursive equation is satisfied:

*

l1,..., Ls,
Hilr]= > (1-D)"'R, (He, (1), oo He, [, ])- (4.4)
(€)%

where 71,...,7s, are the subtrees of 7 rooted in the vertices vy, ...,v;, that are ‘children’ of the
root vertex vg of 7. The rooted trees (with root vgy) involved in the sum (4.3) have the structure
exemplified in Fig.3.

The iterative application of (4.4) leads to a representation of the tree value Hy[7] in terms of
és

vo

v

an iterated action of the operator (1 — D)’lRZ“"" , one per vertex v, summed over the labels
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7)1/.<’i v
A

Vo U2
Qv
U3

Figure 3: An example of a tree rooted in vo, contributing to the sum in (4.3). Here s,;, = 3 and the 3 children of v
are vi, v2,vU3.

Ly, £y, (here the labels ¢, at exponent refer to the vertices v1,...,vs,, which are the children of v
on 7; the label ¢,, associated with the root vy is the only one that is kept fixed, all the others are
summed over). The labels ¢, associated with vertices v # vy that are not endpoints are summed
over L’f := LyNL', while, if v is an endpoint, then £, takes one of the values in {(n,m,1,0)} (,m. s,
depending on the nature of the endpoint, as graphically described in Fig.4.

e - @ —e =@
(0,0,2,0) v (0,0,4,0) A

— = ﬂ, —e = H>
(1,0,1,0) (0,1,2,0)

Figure 4: The four types of endpoints and the corresponding £ labels.

In the evaluation of the tree value Hy[r], each of these endpoints is associated with the kernel
of the corresponding ‘interaction vertex’, see Fig.5.

()
P (0 P A (0 ¢ P J
(0] (0
(0

Figure 5: The four ‘interaction vertices’, graphically representing the contributions associated with the four types of
endpoints depicted in Fig.4.

For example, for the tree T represented in Fig.3, s,, = 3 and the three subtrees 7y, 72, 73 ‘exiting’
from the root vy are those represented in Fig.6 (note that 7 is ‘trivial’, in that it consists of a single
vertex, which is both the root and the endpoint of 7).

We now intend to use the formula for the tree values described above in order to derive norm
bounds on Hy[r] and to prove that the tree expansion for H, is absolutely convergent in the ap-
propriate norms. We start by discussing bounds for the following weighted L; norm of Hy[r],
generalizing the definition in (2.25). Recall that Hy[7](x,y, z) with ¢ = (n,m, [, p) must be under-
stood as a tensor-valued function of components [Hy[7)(z,y, z)] app 8510 (2.24). For notational
convenience, in some of the equations below, we will equivalent7ly7 rewrite these components as
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U1 v V2 U3
A o
)] A

T1 A T3

Figure 6

Hy[r|(a,z,y,B, z), with B = ((p1, p1,b1), ..., (p1, 111, b1)), as in footnote 6 (the label ¢ attached to
Hy[r](a,z,y,B, z) is actually redundant, but we will keep it for clarity); given such a B, we shall
write p(B) = p. In analogy with (2.25), we let

) = mpx [[[ dwdydziHilr)(@.2.9.B.2) (v, 2) (45)
p(B)=p

where B
w(x,y, z) = e U@V (4.6)

with: St(x,y, z) the Steiner diameter, or ‘tree distance’, of (x,y, 2), see [1, footnote 19]; C' = %sz
with C\2 the positive constant in (4.14) below; and o = 1/s with s the Gevrey regularity of x, see
the line after (2.2).

In order to recursively estimate the norm (4.5) of Hy[r] via (4.4), note that, from (3.2) and
(3.19), if £ = (n,m,l,p) € L' with (n,m,l) & £, we can write

HZ[T](av x,y, B7 ZB)

- %st! Z Z Z /dzBC(zB)EHli[T’i](a’iawivyi;AiazAi)v

O Bi,Bayy Al Ay, 1 Gsy
Oml....m
ZBl_B A,DB; 2t Svo
Y1, Ysyg

(4.7)

where ¢; = {,,, and we used that for these components the trimming map is the identity. If, instead,
£ = (n,m,l,p) € L' with (n,m,l) € £ and p # 0, then trimming acts non-trivially, and the FPE
reads:

Hoiplrl(a@, @B, z5) = _DZ A T DRD DI Dl

B1,...,st0 A17---;Asv A1y sy

Bi:B/ A'LDB'L zl,....zsvo
b Y15 Ysyq (4.8)

SUU

X (_)ﬂ/dZBC(ZB)HHgl [Ti](aiawiuyiuAiuzAi)u
1=1

where, given B = ((p1, 11,01),---, (P, 11, 0;)) and an l-ple p’ such that T:ﬁ’;f # 0, the set
B’ appearing in the right side in the condition > B; = B’ is equal to: B if p’ = p; By =

((0,0,b1),...,(0,0,b;)) if p" = 0; B0y = ((1, pt1,01),(0,0,b2)) if [ =2, p = (1,1) and p’ = (1,0);
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and By 1) = ((0,0,01), (1, u2,b2)) if I = 2, p = (1,1) and p’ = (0,1) (these two last cases are the
only ones where p’ # 0, p).

Now, in order to bound the right sides of (4.7) and (4.8) we recall a few basic bounds from [1]
(or their analogues adapted to the present more general context). First of all, as in [1, (5.37)], for
{e L,

IDH) o < PO N Helr] w2y < PO Helr] ], (4.9)
with Dsc(¢) as in (2.30). Note that, assuming A; and Az to be e-close to [¢] and 2[¢)], respectively,
with € small enough, then minge 1 {(0,2,0,0)} |Dsc(£)| = min{1,d/2} + O(e). Therefore, we also have
that, for £ € L'\ {(0,2,0,0)},

11 = D)~ (Hel ) llw < dy | Helr]|w, (4.10)

with d, = maxyern 1(0,2,0,0)} ’1 — yDse() ’_1, which is finite and bounded from above, uniformly in
€. On the other hand, recalling that Ag = 2[¢)] + 72 with [¢)] = d/4 — €/2, as in (3.22),

11 = D)~ (Ho200) [l < sl Hio.2.0,0) [l (4.11)

where a, := |1 — y 722 |71, which is finite and of order ¢! iff € # 0 and 72 # €. From the first
order computation of 72 in Appendix A, which implies 7o = 265\\;—:5 +O(€?), see (2.42), we see that
this condition is always verified for € # 0 small enough.

Concerning the action of the trimming operator, for any ¢ = (n,m,l,p) € L' and p’ # p such
that 7™ P does not vanish, we have the analogue of [1, (5.43)]:

n,m,l,p

n,m,l,p’ o
”T P H(n,m,l,p’)”w(-/'y) < CR/YHP Pl ||H(n,m,l,p’)||w' (412)

n,m,l,p

For the estimate of Sfl """ b with¢e L, ty,... 0 € Ly, we proceed as follows. From [1, Eq.(5.39)],
we see that C(z) satisfies:
c)<Ceyy, I MkE-2) (4.13)
T (2,2")ET
where Cop constant given by the Gram-Hadamard bound [1, Lemma D.2] and M as in [1,
Eq.(4.15)], i.e., such that:
190@)1,10,90()], 10,0900 (2)] < M(z) = CraeGele/7 (4.14)

where C\1,C,2 are constants depending on x but independent of v and o = 1/s € (0,1), with s
the Gevrey regularity of x, see the line after (2.2).

Using these estimates, and proceeding as in [1, Sect. 5.6] and [1, App.E], we get, letting
L= (n,m,l,p) and £; = (n;, m;, l;, p;):

s Svo
L1, Ls, Sug—1 >0, 0G Li—l pr1s sy

15, C(He [l He, (7o, Dl < G Ce=t N, [T ), (4.15)

i=1

Li,elsy, . . . .
where Né1 ° is the number of ways in which ¢ = (n,m,[, p) can be realized, given /1, ..., (s, ,
Oyl Lo
via the action of S’g1 ® on (Hy,[m],..., Hy,, [7s,,]), which is such that
élr-wésu 21;01 lZ
ZN(n,m,LP; = < l ’ (4.16)
P
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Moreover, C,, = N2?d?| M|, = Cost - v? and Cy a constant independent of ~, see [1, Remark
£ )"'!st . . Sv Sv
J.1]. Recall also that S, ® is non-zero only if >".°%1; > 1 4 2(sy, — 1), ;29 n; = n and

Efl”l m; =m.

Plugging eqs.(4.9)(4.12) and (4.15) into (4.4), with R,""""*° defined as in (3.19), we obtain:

*

D 01k,
Il < Y TS Wl Hey ) (117)
(€:);25 h

_ * S — Svo g yeeerlsy 2v0
< (ary/dry)]l(f—(O,ZO,@)) Z dry’YDSC(Z)CR’YQC»yUO 10021:1 li l/\/';l 0 H HH& [Ti]”wa

(£);29 =1

1y lsy . . . .
where /\/f ° denotes the number of ways in which ¢ = (n,m,l,p) can be realized, given
L1yl . .

l1,...,Ls,,, via the action of R, ° on (Hy[m],..., He, [7s,,]). Recalling the definition of
Rﬁl""’é‘”‘ in (3.19), and in the particular the definition of the components T:: ;n"i’l{ﬁ/ of the trimming

.....

“ s .
operator given right below (3.19), as well as the bound on N, stated right after (4.15), we

find:
z*: Ao o (zfiol zi) 1 if (n,m,l) & £
— " mebp) = ! 4 if (n,m,1) €L

Sug 7
S 4 (El;l lz> ,

where Z; denotes the sum over the p’s such that (n,m,l,p) € L', and 4 is the maximum number

of different p’s for which, given (n,m,l) € £ and p’ € {0,1}!, the tuple (n,m,l,p) is in L' and the
operator T:’;n’ll’p/ is non zero (such maximum is realized for (n,m,[) = (0,0,4) and p’ = 0; in this
case, the different p’s with the stated property are: (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1)).

By using iteratively the estimates above, and recalling that |A|, |v| < Ke for some K > 0, we
find

(4.18)

- 5 — ‘ 50 Loy —ly  Aogserbos,
Vel < (0 fd) 20200 ST (T dy Gy Pl GO bt et )

{¢,} v note.p.

( H (Ke)lsnwmv,o)

v e.p.

(4.19)

where the sum over {/,} in the right hand side runs over L}, = L' N Ly for each ¢, associated
with one the vertices of the tree other than the root vy and the endpoints; moreover, we denoted
Ly = (N, My, Ly, Py), and v; is the i-th child of v. Let us note that, thanks to the definition of the
trimming map, Ds.(€,) < —i—”Q <0forallt, € L’f. If we now first sum over the choices of p,, given
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(Ny, My, ly), for all the vertices v of 7 other than the root vy and the endpoints, using (4.18) we get:

Sy — — 1lv —ly 1= l
HHZ[T]”w < (av/d ) (e= (O2O®)),YDSC +l/12Z( H KC” 1 1/12021 N (Z 1 ))

{l} v not e.p. lv

( H (K€)5nu+mv,0)

v e.p.

(4.20)

where: ¢ = {,, = (n,m,l,p); the sum over {l,} runs over the positive integers, [, > 1, for all the
vertices v of 7 other than the root vy and the endpoints; and K’ = 4d,Cgrvy?. Now, letting ne.p.[7]
be the number of endpoints of 7, we have that:

1. the number of vertices of 7 that are not endpoints is < 2n. , [7] (see [1, eq.(J.10)]);

V1 pmen [r-1,
2. H'u not e.p. C‘WS/ - CV Y ’
Efl lo;=lv  ~—1 Ly Ane.p. [T]—1
3. H'u not e.p. CO ' - CO H'u e.p. CO < CO : ’

4. Z{lv} [L, ot ep. /12 (Z%ul lvi) < (1 =y~ /12)=4nenl7] (see (33, Appendix A.6.1]).
Therefore, for any v > 1,

Ne.p.[T]
1,1 —(ntm C 4
Vel < (/L= 2000 PecO G (s o) (K )~ o4 (—) (K'20, Ke

1—~712

(4.21)
In view of (4.21), recalling that the number of the trees with & endpoints is less than 4%, see e.g.
[33, Lemma A.1], the sum over trees in the right hand side of (4.3) converges absolutely for any
v > 1 and € small enough in the weighted L' norm (4.5).
Remark 4.1. Note that (4.21) is increasing in Cy, so that, if desired, for any prescribed p > 1, we

can make the factor yPs(mmLp) (412 /Cy)! in the right and side of (4.21) smaller than C,, ,,p~" for
some Cy, n, > 0, possibly at the cost of increasing Cj, thus getting:

[ Hpm tp )l < (i /dy ) E=O20DC, =t (Cpe)en T (K e) 7, (4.22)
for any p > 1 and some p-independent constants C;, ,,, C, K > 0.

4.2 The FPE for the local terms. Analyticity of the scaling exponents.

Consider now the components of the FPE associated with the local parts of the effective potential,
(3.20). We focus on the last two components of the equation, the first two having been discussed
and solved in [1]. Using the definition of D and the second line of (3.19), we see that in those
components we can replace ¥~ AlRfi’O i 0)(Hgl, ..., Hp,) by Tll(?’ll’gséll’o N 0)(H617 ..., Hy,), and
similarly for the component with ¢ = (0,1, 2,0), thus getting that, at the fixed point

(4.23)

27



To get, out of this, a representation of (7, (> in terms of a convergent tree expansion, we insert the
rewriting (4.3) in the right sides of (4.23), so that

G=) Hiprolr, G =2 Hoisolrl, (4.24)

where the tree values Hy [7] with £ = (1,0,1,0),(0,1,2,0) are defined essentially in the same way
as in the previous subsection, with the only difference that the root vertex vy is associated with

01, 1 o lebe
the action of an operator TfSe1 ° rather than (1 — D) 1Re1 . In other words, for ¢ =
ry 4 )"')st .
(1,0,1,0),(0,1,2,0), we have Hy[1] = E(m:{ T!S,! °(Hg,[m1], ..., He,[7s,,]) where, recalling
that (1,...,0s, € L%, the values Hy,[r;] for i € {1,...,5,,} have been constructed and bounded in

the previous subsection. On the other hand, recalling that the weighted L* norm of T{ is bounded
by 1, we find that for £ = (1,0,1,0), (0, 1,2, 0) the norms || Hy[7]||,, are bounded in a way analogous
to (4.21), namely:

1Helr]lw < CL(Ke)~ (K e)"n 17, (4.25)

where we can choose C’; = C’;l(’yl_lz/C'O)2 and K" = (%)4

(K")?C,K. Absolute summability

over 7 follows by the same considerations after (4.21). In conclusion, both ¢; and (; are expressed
in terms of absolutely convergent tree expansions. Recalling that, for €y, dp > 0 small enough:

o A=)\ (e¢) and v = v*(¢) are analytic functions of € of order ¢, for |¢| < €o;

e the single-scale propagator ¢(*) depends analytically upon e for le| < eo; therefore, the con-
nected expectation C(z) in (3.2) (see [1, Appendix D] for the explicit representation of C(z)
in terms of ¢(?)), which enters the definition of the ‘integrating out’ map Sy and, as a conse-
quence, of the tree values themselves, is analytic in € in the same domain, as well;

e the dilatation operator D in (2.27), which enters the definition of the tree values, is analytic
in the scaling exponents Ay and Ag, for |A; — [¢)]] < dp and [Ag — 2[¢)]| < do;

all the tree values Hy[r] are analytic in (e, A;, As) in the domain
Do == {(6,A1,A2) € C* : |e| < €q,[A1 = [¢]]| < 6o, |Ag — 2[¢)]| < do}-

Therefore, by absolute convergence of the tree expansion, uniform in Dy, analyticity of the sums
in the right sides of (4.23) follows in the same domain, by Weierstrass’ theorem on the uniform
convergence of sequences of analytic functions. We shall then write:

G = Fi(e, A1, Ag), G = Fa(e, A1, Ag), (4.26)

with Fi, F5 analytic in Dy.

4.2.1 The scaling exponent A,

From the previous considerations and inspection of perturbation theory, it follows that (; = 0. In
fact, in view of the convergence of the tree expansion ) _ E[170)170[T] = Fi(e, A1, Ay), in order to
prove that ¢; = 0 it is enough to prove that any tree contributing to F; has vanishing value. Note
that the trees contributing to F; have one ‘white square’ endpoint (i.e., the first in the second line
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of Fig.4, corresponding to the third interaction vertex in Fig.5) and k£ > 1 additional endpoints of
type v or A (i.e., those in the first line of Fig.4, corresponding to the first two interaction vertices
in Fig.5). It is straightforward to check that, for any such 7, by applying the definition of tree
value, [HLOvLO[T](Il’Zl)]al,bl is local, i.e., it is equal to Oy, 2, Fa, b, (7) for some F, ,(7) that is a
(in general infinite, absolutely convergent) linear combination of terms of the following form:

Z/gi',?? (21 — 22) fos,0(22)dz2, (4.27)
ba

for appropriate functions fy;, (with the correct Sp(N) invariance properties, such that (4.27) is in
fact proportional to d,5 and independent of a). For example, it is instructive to check that the
sum of the values of the trees with one white square endpoint and one additional endpoint, either
of type v or J, is

Z/ [21/9((1?132 (21— 22)Dbsp + 4N D Gabbat D A AT B =SDR GO () 2)g80) (0)|dz2,  (4.28)
b bs3,byg h>0

with gupeq the totally antisymmetric tensor defined after (2.34). Now, the key remark is that (the

summand over by in) (4.27) is proportional to 57((1}22 (0), which is zero, because the support of the

Fourier transform of ¢(™ does not contain the origin. Therefore, as anticipated above, all the
contributions to F; vanishing, thus implying that ¢; = 0 and, therefore, recalling (3.22), Ay = [¢].

Remark 4.2. The considerations above, leading to the conclusion that the scaling exponent of the
external field ¢, coupled linearly to the fluctuation field ¢, has scaling dimension [¢] = d — [¢],
is a general fact, valid for any infrared, critical, even, interacting theory, treatable perturbatively
close to a Gaussian fixed point: it implies that, in general, the critical exponent describing the
asymptotic, large distance, polynomial decay of the interacting two point function (i(x)¥(y)) is
the same as the one associated with the Gaussian part of the infrared RG fixed point. This is true,
in particular, in theories where the fluctuation field ¥ has an infrared anomalous scaling dimension
(i.e., [¢] differs from the naive scaling dimension associated with the bare propagator), as it is
the case, for example, for models in the ‘Luttinger liquid’ universality class, in their fermionic
formulation (i.e., models admitting a large distance effective description in terms of 2D spinless
fermions with quartic interaction), see [33].

4.2.2 The scaling exponent A,

Contrary to the case of (3, the right hand side of the equation for {5 does not vanish. Recalling
that Ay is related to (2 via (3.22), we rewrite the second equation of (4.26) as

G2 = fa(e, C2), (4.29)

where fa(e, (2) := Fa(e, [¢], 2[t)] —log, (1 +(2)) is analytic in (¢, (2) in a small complex neighborhood
of the origin. An explicit computation shows that fa(e, (2) = —26%—:5 logy + O(e?, e(a), see Ap-
pendix A. Therefore, applying the analytic implicit function theorem, see e.g. [34, Section 5.11], it
follows that (4.29) admits a unique analytic solution (2 (¢€) in a neighborhood of the origin, satisfying
Ca(e) = —2e=21ogy + O(€?).

This concludes the proof of the part of the statement of Theorem 2.3 concerning the analyticity
of V* and of the scaling exponents, as well as the facts that Ay = [¢] and Ag = 2[¢)] + 72, with 7
as in (2.42).
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5 Pointwise bounds on the response functions

In this section, we prove the following result on the pointwise convergence of the limits in (2.50)-
(2.51). Recall that the scaling exponents satisfy Ay = [¢)] and Ay = 2[¢)] + 12, with 7, as in (2.42),
as proved in the previous section. We make use of the same notations and conventions on trees, tree
values, components of the renormalization map, etc., as in the previous two sections. Moreover,
whenever possible, we will keep the flavor indices implicit (e.g., in the first line of (5.1) below we
drop the a,b indices labelling G*, which should be then thought of as an N x N anti-symmetric
matrix).

Proposition 5.1. There exists eg > 0 such that the limits in (2.50)-(2.51) exist and are analytic
in |€| < €, and, letting x = (x,0) and y = (y,0), they can be explicitly written as

* 1 - £1,0 layg
G*(z) =2 Z Z 72hA Z 5270107(2) (He,[1], - .. 7H@SU0 [TSUO])(Vhw)v

T hEZ ¢ Svo
( );*1 (5.1)
. £y, L,
Fry)=2 Z Z’leAz Z Sojz,o@ C(Hy[ml, ..., Hfsvo [Tsuo])(Vhy)v
T heZ (£);2%

with the understanding that the sums in the right hand sides are absolutely summable in h and 7.
Moreover, for any o > 0 small enough, there exists Co > 0 such that

’2,}/2hA1 ‘/Qfo,(),@(’th) _ g* (l’)}

IN

., , 2] —a
(s )"

Ca

(5.2)
|27*" 22V, 000" y) = F*(y)] < |y|242 (min{l,thyI}

)2[1#]*04'

As proved in (2.52), Proposition 5.1 implies the scale invariance property (2.41). Therefore, in
view of the fact that the other statements of Theorem 2.3 have already been proved above, see the
comment at the end of Section 4, Proposition 5.1 implies Theorem 2.3.

Proof of Proposition 5.1. Using the tree representation (4.3), we write:

72hA1V2*)070)®(’yhm) = 72hA1 Z H270,07(0[T] ('th)7
T

(5.3)
72hA2VO*)270)®(7hy) = nyhAz Z H0,2,0,€)[7'] (”Yhy)’

with Hy[7] recursively defined as in (4.4). We emphasize that the trees 7 contributing to the sum in
the first line of (5.3) have two ‘white square’ endpoints, and those contributing to the second line
have two ‘white rombus’ endpoints, see Fig.4. Using (3.19), the identity (1 — D)~'D =", Dk
with D as in (2.27), the definition of ds. in (2.28) (from which ds.(2,0,0,0) = 2A; and 6 (0, 2, 0,0) =
2A\), and the fact that for £ = (2,0,0,0), (0,2,0,0) the trimming map is the identity, we get (after
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renaming h+ k = h'):

*
, Ol ,
72hA1H2,0,0,(0[T] ('th> = Z 72}1 A Z S2110701® *(He ], Hlsuo [TSvOD(FYh ),

o= (5.4)
/ T2
VM2 Ho o 00T (7" y) = Y A YT Sy (Hey ), He, [, DY ).
hr>h (€);25

If we multiply by 2 both sides, sum over 7 and take h — —oo, we obtain the representations (5.1),
provided that the sums in the right hand sides are absolutely summable in 7 and h.

The right hand sides of (5.4) can be bounded via the following lemma that, for later purposes,
is formulated in greater generality than required for the moment. In order to state the lemma, we
define a mixed L'/L° norm: using the same notations as in the definition of the weighted L norm
(4.5), we let, for £ = (n,m,l,p) € L,

H:lr) @, w)l| = i [ dzlHilr)(a. 2.y, B. z8) (55)
p(B)
with the understanding that, if £ = (n,m,0,0), then H|Hn7m)07@[7'](:c, y)]m should be interpreted as
being equal to maxq |H,, m0.0(7](a, T, y)|.

Lemma 5.2. Consider a tree T contributing to one of the sums in the right sides of (5.3), denote
by T, .., Ts,, its subtrees rooted in vo, and by n..p [7] be the number of its endpoints. Let x = (x,0)
and y = (y,0). For any a > 0 sufficiently small, there exists C' = C(a) > 0 such that, for any
keZ, anyl>0 even and any p € {0,1},

4 ’” Sv,
|| D* 25 (e [ )|

Svo S“O

(@i)svo (56)

F ) (mln{l ~ |a:|})

with D the dilatation operator and C the same constant as in (4.6), and

< O(Ceyrerlr=2 kM=l -lpIh) = § (3

Z! Sv,
D% 5™ Hes s s He T, D))
) (5.7)

C(Ce)nep[‘r] 2’}/k(2A2 U[y]— HPHl)e—i( =y (mln{l 7y |y|}) 282+2[Yp] -

Assuming the validity of this lemma, the proof of Proposition 5.1 goes as follows. Let us focus,
e.g., on the component with ¢ = (2,0,0,0), the case £ = (0,2,0,0) being analogous. Plugging
(5.6) with k = h', 1l = 0 and p = 0 in the right hand side of the ﬁrst line of (5.4), recalling

r K1, Lospe 7or 0 1 N N . e oA Kk
that Dh 82 0,1 p 0 (Hgl [7’1] He

Hy,, [Ts,, N (V" "), we find:

sug [Tsvo

VA Hy o 0,0[7) (7" @) | < C(Ce)merl 2|z 725

h—lm o ’ ’ —a 5.8
3T e EOT max{ (0 a2, (o fal A0y )

h'>h
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Now note that, for any 3, s > 0, letting h, = [log, |z|™'], (vh/|x|)36_“(7h/‘w‘)g is bounded from

(hlihx)ei’i,ya(h,lfhmfl)

above by 77 , which is summable in b’ over Z. Therefore,

! —K h! T g~ (h— 1)
> (M fa)fe 0T DT < =Y AP (5.9)

h'>h h€EZ

uniformly in h and |z|. For later purpose, let us also observe that

’ _ h o _no (W —hg—1)
Z(,Yh |z|)Per0" I2D) Z B(h' —hs) o — Ky

h'<h h'<h (5 10)
Ch.r it h>he _ (min{1,~"|z]})? '
S =) i hh, — T

for a suitable Cj , > 0. Using (5.9) in (5.8), we find that, for any o > 0 small enough,
2o ’H(Z,O,O,(D[T] (Vhw)‘ < O/ (Ce)rerlmI 72| g 7280 (5.11)

for some C’ > 0, uniformly in h. Since the right hand side of this inequality is summable over 7,
the sum being bounded by (const.)|x| =241, this proves the absolute convergence of the sum in the
right hand side of the first line of (5.1) and, therefore, as already observed after (5.4), it implies
the very validity of the first line of (5.1).

Concerning the difference 2 hAlV*) 70)0(7}1:6) — G*(z), using (5.1), (5.3), (5.4) and (5.6) with
k=h,1=0and p=, we find:

’272hA1‘/§f0,0,®(7hw) -G () ’

’ * lq,. s
<2) 3 S Sy He ). He I, )6 ) .
7 h'<h (ZZ)SUO ( . )

=1

< 2Cla] 22 (02 3 e BT (o), 0 a7,
h'<h

Now, using (5.10), we find that the sum over A’ < h in the last line is bounded from above by
(const.)(min{1,v"|z|})?41=®. Moreover, recalling that the number of trees with k endpoints is
smaller than 4%, see [33, Lemma A.1], and noting that the trees contributing to the sum in the last
line have at least two endpoints (because 7 has at least two ‘white square’ endpoints), we see that
(Cp€)™e»[71=2 is summable over 7, and the sum is bounded by a positive constant independent of
€. In conclusion,

27121V 09 (7" ®) = G ()| < C'|2| 722 (min{1, 7| })2 7,

which is the desired estimate in the first line of (5.2), up to a redefinition of Cj.
The proof of the second line of (5.1) and of (5.2) is completely analogous and left to the
reader. O

We are left with proving Lemma 5.2.

32



Proof of Lemma 5.2. We focus on the proof of (5.6), the one of (5.7) being analogous (we will
make a few comments at the end on the minor differences between the two cases). We recall that
= (x,0).

In order to obtain a point-wise bound on the left hand side of (5.6), we intend to apply iteratively
the definition of tree value, similarly to what we did in Section 4. We recall that the trees 7
contributing to the sum in the first line of (5.3) have two ‘white square’ endpoints, which will
be denoted v} and v3. Note that the coordinates associated with these endpoints are fixed, i.e.,
not integrated out in the computation of the tree value: this implies that, for the purpose of
recursively deriving bounds on the values of the subtrees of 7, we must be careful in proceeding
slightly differently, depending on whether the subtree under consideration contains both v} and v3,
or just one of them, or none.

We define v}, to be the rightmost vertex of 7 that is an ancestor both of v{ and of v}, and we
let n, be the length of the path connecting the root vertex vy with vj,, see Fig.8 below (where
n=n:).

Let us first discuss the case that n, = 0, i.e., v] and v3 belong to two different subtrees of 7
rooted in two distinct children vertices of vy = v, called v1 and va, respectively; the two subtrees
rooted in v; and vy will be denoted by 7 and 7o, respectively, see Figure 7.

*

U1 (2

Figure 7: Proof of Lemma 5.2, the case with n, = 0. The two subtrees rooted in v; and vy are denoted by 71 and
T2.

In this case, recalling the definition (5.5) and proceeding as in the proof of (4.15), we get:

Z, Loy k 11
[|p8siiin (et Hi .

_ L1y ls, Ao k—1 I
_ ,Ykésc(zo,l,P),y kld‘HS;O o o (Hy, [11], - Hesm [Tsvo])('}/km) COF )

k(AL =I[y]-pll1) sv
Y > il 2 12
< -~ Cr T N gt (0TI NP IMIL)- (5.13)
0 T (2,2)eT
(2,2")#Lo

Svf)

. Su/p{dezM(w/)eé(lx’\/w)"} H | He, [7]||w »
z i=1

where C' is the same as in (4.6), §:.(2,0, 1, p) is given by (2.28), and 74 comes from the rescaling
of the z variable in ||-|||. The summation in the right hand side of (5.13) is over the anchored trees
described in [1, Appendix D.4] (see also (4.13)), o is an element of 7, chosen arbitrarily among
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those in the path from the group of points associated with 71 and the one associated with 75 (say,
the one closest to the group associated with 1), and the factor sup,, { M (2/)eC1='l/)7} comes from
the factor M associated with . Now, recalling that M(z) = Cy,e“21#/7" and C = 30,2,
bounding the sum over T as in [1, Appendix D.5|, we find*°

L1yl
‘HD Soonp (Helml, .., He

s
(€:);29

S’U[) Svo H ’

9. - a - Sv, _ l B e
< N2d@2C,, A= 1Y-lIplh) o= C D) Z ol 2(4C) =i b lN210l,p)0 H | Ho, [73] |-
(€:);29

(5.14)

with C, = N2d?|M|,. Now, in the right side of (5.14) we bound N(2 o l’};“” from above by

(Ei%i li), see (4.16), and we bound ||Hy,[7i]|lw < C(p") 74 (Ce)™er-Imil=mi via (4.22); here n; is the
first component of ¢; = (n;, m;,l;, p;) (by construction n; =ng =1andn; =0fori > 2)and Cisa
p’-dependent constant; therefore, choosing p’ > 1 sufficiently large, we can easily sum over (¢;),9,
thus obtaining (noting that s,, < nep.[7]):

01,eils,
H‘Dk 2101;, *(He, 1], HésUO SUO H‘
(£:);20 (5.15)

=1

< O/(O/ Yre-p. [r]— (40 )—l EQAL=I[¥]=llpll) o= C(H*H=l)? ,
for some C’ > 0, which proves (5.6) for n, = 0 (simply because 1 < (min{1,~v*|z|})~® for a > 0),
provided we choose Cyp > 1/4 (the freedom to choose Cj as large as desired follows, as already
observed after (5.13), from the monotonicity of the right hand side of (5.15) on the choice of Cy:
recall, in fact, that C” is proportional to Cp).

Let us discuss next the case n, > 1, in which v} and v3 both belong to a common subtree among
those rooted in the vertices immediately following vy on 7, say to 71. In this case, letting n = n,
we denote by vy, v1, ..., vp = v}, the vertices of 7 in the path from vy to v}y, as shown in Fig. 8.
For later reference, we introduce (and partly recall) the following notations and definitions. For
any vertex v of 7, we denote by £, = (n,, my, l,, p,) the components of the label associated with
v: if v = v, then £,, = (2,0,1,p); if v # vg is not an endpoint, then ¢, is summed over L}, while,
if v is an endpoint, £, takes one of the values in {(n,m,,0)}( m,)ce, depending on the nature
of the endpoint, see Fig.4. Moreover, for any vertex v of 7 that is not an endpoint, we denote by

10The bound (5.14) is similar to (4.17) for the same value of £ = (2 0,1,p) (for which the trimming operator T in
the first line of (4.17) acts as the identity and, therefore, Nll' ot Nel' ot ), the most relevant differences being
that: (1) the operator 3=, D Dh = T DD in the first line of (4. 17) is replaced by the action of DF in the left hand
side of (5.14); (2) in the left hand side of (5.14) we are not integrating over the coordinate x, contrary to the case of
(4.17). Correspondingly, the proof of (5.14) is similar to that (4.17), and the details are left to the reader. Let us just

mention that the two differences (1) and (2) mentioned above explain the presence of the decay factor e~ GG a)?

n (5.14), as well as that of the dimensional factor ’yk[DSC(zvo’l’erd] = kAL =U¥]=NIP1) instead of d—y'yDSC(Z’O’l’p)
(roughly speaking, the fact that in (5.14) we have ‘one integration less’, in combination with the presence of Dk,
comes with a dimensional factor 4*%; on the other hand, the factor da,'yDSC(Z’O’l’p) in (4.17) is a norm bound on
D(1— D)~ 1).
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U1

Up, = Uy

V2 //,”
U1 - *
Vo V2

Figure 8: Proof of Lemma 5.2, the case with n = n, > 1.

v;(v) the i-th child of v and, if 7, is a tree rooted in v, 7;(v) is the subtree of 7, rooted in v;(v).
Correspondingly, we let £;(v) = £,,(,y and denote £;(v) = (n;(v), m;(v),l;(v), p;(v)). Note that, for
V0, V1, ..., U, in Figure 8, we have £,, = (2,0,1,,, py; ), where, for any 1 < i < n, [,, is summed over
the even, positive, integers.

We will iteratively use the following basic estimates:

1. For the vertices v;, j =0,...,n — 1 in Fig.8, we use:
21(1)]‘) ..... Esvj ('U]‘)
S, (Hey ) [ ()] -+ Ho, ) [T, (05)]) ()
1 S0 0 (0g)—ly, o £1(05)elsy (v5) 2 2
< = iN, U N2 ] )
= svj!oo b, > 11 1M1 (5.16)
T (z,2/)ET

)

(T e o (ol )y o [ 0] )
=2

which is proved in the same way as (4.15) or (5.13). Bounding once again the sum over 7 as
in [1, Appendix D.5|, we further obtain

(HHH« (o) 73 03l ) [ o [ o)) )]
(5.17)

Se., j«mwmmwwwm%wm¢mmm

with € = N2d2|| M.

=0 = p§t for any ¢ of the form ¢ = (2,0,1,p), see (3.19), w
Hy, [7y,](2)||| in the right hand 51de of (5.16) (note

2. Using (4.4), with R, \
rewrite and bound each of the factors H
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that, for j =0,.. =1, t1(vj) =€y, and 71 (v;) =7y, withi =35+ 1=1,...,n) as follows:

Il He., [m](w)!H

- . £ (Ui)>"'7ésui (’UZ)
= Z Z H}Dkvlsz; (Hel(m)[ﬁ(vi)],...,Hesvi(m Ts,, (Vi) m

ky; >1 (e(vl))bvl
Z kw85 (2,0,k; Po;) ko dlo, (5.18)

ko, >1

£1(Vi),eerlsy. (V)
H‘S . U (He om0, Hey, o [T, (00)]) (0 )

(45 (vi));2%

where we used that D(1 — D)™!' =3, -, D*vi together with (2.27), and v~ comes
from the rescaling of the z variables within the definition of the |||-||| norm.

Let us now explain how to apply these estimates for bounding the left hand side of (5.6): using
once again the definition of D in (2.27), the fact that §,.(2,0,1,p) —Id = 2A1 —[¢)] — ||p||1, and the
bound (5.17) with j = 0 (note that £,, = (2,0,1, p) and that the labels ¢1,...,¢s, in (5.6) must be
identified with £1(vo), ..., ¥s,, (vo) in (5.17)), we get

Sug 1

21 ’U()) ..... Esv (’Uo)
S0 [l ) o (2|

(€ (w))}™
< S WISlRl) $ O30 L (40 )T 1iwo) =g 11 (00 oo (v0) (5.19)
(€i(v0)); 25

SUO

(HnHe o 7500l ) | s oy [ (0) () |

In order to bound the last factor in the last line, we apply (5.18) with ¢ = 1 and v; = v1(vp), thus
getting:

£1(v0),-s€sy, (Vo)
H‘DkSQ,lO,l(jp " (Hay o) [11(00)]s - He, (00) [Ty (V0)] H‘
(0:(v0));29

< ,yk(QAl*lW’]*HPHl) Z Csvo _1(400)222 Li(vo)—lug Nfl (v0),-+-+€s0 (v0)

v
£; (v Sio

S (€:(v0));25 (5.20)

v0
~ (H||Hgi<m>[n<vo>n|w) > @ Ttaliziealy

i=2 Koy >1

£1(v1),e s,y (V1) k+ky
H\s (Hoy(oo [ (1)), Ho,, (o[, (o)D) |

(Li(v1));2

where we used once again that d5.(2,0,ly,, Py, ) — dly, = 2A1 — 1y, [¥] — ||Pw; |1
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In order to bound the last line of (5.20), we iteratively apply (5.17) and (5.18) n— 1 more times,
write at each step 05.(2,0,ly,;, Dv;) — dly, as 2A1 — 1y, [¥] — ||Pw; ||1, thus finding:

£1(v0),--,€s4, (Vo)
> ||ptshany

(0:(v0));29

< yFEA el S $Y 3 (Hszm—m[w]—npmm)

e O

Sy, — v3)—lo, £1(03)5essyy, (Vi) Sv,
( H C 400 1j(vi)— NZ; H HHLJ]- (Ui)[ij (%)]Hw)
Jj=2

(Hf1(’uo)[7-1 (UO)]v ) HZ (UO) Tsyo UO H’

(5.21)

- 4 (n)eenrboy, (0) B
> ls (Hostom s 0+ Ho, o[, ()5 ) |

(i (vn)); 2%

In order to bound the last line, recalling that v and v belong to two different subtrees of 7, , we
use the analogue of Eqs.(5.13)—(5.14), which is proved in the same way:

- (3 (0n)soe b, (v)
> se (Hey o lra (o)) H, (o[, (o)) (550 )|

(Li(vn)); 2%

< N2G2C,, e~ COF Tt e e (5.22)

Svp,

* 50, —2 Som 0y 01(vn)eslsy,, (Vn)
> Oy TRAC) B )Tl ! T 1 He: o 73 (0
(Li(vn)); 2% =1
Plugging (5.22) in (5.21), and bounding each factor ||Hy, []|lw as in (4.22) (with p replaced by p'),

we get:

f 00)5-++ sy (V0)
H’Dk 1(vo o (Yo (Hel(vo)[Tl(’Uo)],...,Hg O(UD TSvU UO ‘H

2,0,l,p
(£i(v0)); 2
<O peerM2acy) ™ >0 3 =P Tt b =1 g
(G0);2S  (Ei(wn));2g Foysskun 21 (5.23)
£1(v0) 1€y (V0) k(2A 1y]—lpll )( £1(Vi)yeenslsy, (Vi) k L (2A1 =1y, [Y] =Py, 11 ))
va(, 1— 1 H vai 1—
o NN 1i(vn)
Vi P 3 (Un
(I GE ) (e ™)
=0 j=2
for some C,C" > 0. We are left with sums over £y, = (ly;,Pvy); -5 Lv, = (lu,,Dv, ), and over
(0i(v0))52%, - - (éi(vn,l)):gé’l, (i(vn))i. We first sum over py,, ..., Py, and, using (4.16), we
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get:

£1(v0)5-. sy, (Vo)
H\Dk Syony " (Hey [ )+ e, oy (w0)]) (@) |

* * *

< C(C"ple)er ITI=2(40y ) Iy kA=Y=l Z Z Z
(Li(wo))i2%  (Cs(vn_1))sn™" (Lilvn))i 2%

. <"1:[1 H( p’ e ) ﬁ (o IR I — 24
pn (]_ 4C, ) (J_l 400 )kvlw,k%Zle
st n SUI U . "
) Zl:>2< >(1:[1< >7 (22,1 [wn)’
where, if s,,, = 1 for some dp € {0,...,n — 1}, then 370, = ouig (HJZS (%)Jj(vm)) should be

interpreted as being equal to 1. In the last line, we bound (Zﬂflll (UO)) from above by 22;2 Li (”0),
and, recalling that A; = [)] and k,, > 1, we rewrite and bound: y*v: (241 =lw; [¥]) = q=kv; (lo; =2)[¥] <

7’(1%'72)[1“, so that, proceeding as in [33, Appendix A.6.1], the sum over l,,, ..., [, in the last line
can be bounded as follows:

93759 15 (v0) Z ol (ﬁ (Zj_ll lj(vi)>7kvi(m1—lui [w]))

Lug seeslog >2 i=1
- Li(v)\ _
2SS 1 (vo) ol ( 35t (v zvim)
2 (Il L, )]
Ly yeees ly,, >0 i=1 i
- S 5.25
< AT L 0) (1 4 2y W TZ b)) (37 il g gy~ (ne 1>[w])2 Vi) (5.25)
m=0
n—1 .
. (Z AT 9y Tl 355 (o)
m=0
2 n—1 un
2[yp]n i=0 Z 2l (Uz)+z 1 (vn)
<z 7*[1/1]) ~ :

where in the last step we bounded max{2, max,>1 {3 "_{ 7™ + 2y "1)}} by 2/(1 — 1Y),
Inserting this into (5.24) and noting that 1 < n < 2n, ,[7] (the upper bound on n following
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from [1, Eq.(J.10)]), so that the factor 42¥I" can be re-absorbed in a re-definition of C, C”, we find:

£1(v0),--- sy (v0)
H’D 8210 l(,)p o (H&(vo)[Tl(vO)]a"-aH sug (V0) 7'svo UO m
(£ (v0)); 29

< C(O/ple)nc,p,[T]*2(4CO)71,Y’€(2A1*1[¢]*||P||1) Z o Z Z

(L(Wo))i2S  (Cs(vn_1)),n™t (Lilvn))i2n

(T ) (I e) y et
0 0

i=0  j=2 j=1 Koy seeerkun 21

(5.26)
up to a possible re-definition of C,C’. As above, if s,, = 1 for some i € {0,...,n — 1}, then
E& (i) i0 (H]SZB (’/(1877&:1”))7” (vio)) should be interpreted as being equal to 1. Choosing p’
larger than 800(1 — 4~ [¥H=1 the sums

% * * n—1 Sv; (vs Svn / 1— —[¥] —1;(vn
)RS Z 3 (HH 800 ) . >)(H(p(87(;£)) v ))
(Ewo))i2  (Ei(vn—1)),on ™" (Wilon)) 2y 150 5=2 =

are absolutely summable and bounded from above by (const.)™ 7] which can be also re-absorbed
into a re-definition of C,C’. In conclusion, for some C” > 0,

“ils g (Vo)
S |[Prsaien T e o)) Ho o 7 (o)) @)
(€:(v0));25

S C//(C/I )nep[T (40) l k2A1 pl1=Ilpll1) Z e_é(’YkJrz?:i kviil‘w‘)g (527)
Koy s ,kUnZl
— O (C" ) [TI=2(4Cp ) AR A=Y= Ipll) O al)
(Ce)erIT=2(4C0) kZ n_l

In order to bound the sum over k, we use that, for any o > 0,

k-1 (k—1)nt 1en (he
( ) S oo S (alogy) ™"y ,

n—1
so that
];—1 _é( k+lz:71|m|)a 1—n k+n 1‘1 k Da k+k 1‘1‘)
Z L)€ K < (alogy) ~"e” Zw
Fen VT F>n (5.28)

k+7171‘z )(r

< (alogy)t™" e 50 Ca,é/2(min{177k|$|})7av
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where, in the last inequality, letting C,, &/ as in (5.9), we bounded Y ;- 7! (F=Da— *Fa))?

from above by:

Sran 1 ® V280" < 90, o, if 7] > 1,
. —a “Day—§ k+k—hg—2\o .
(V¥ |]) = s y B 1) 20 "< (F2) " Cagye i AFl| <1,

where h, was defined before (5.9). Plugging (5.28) in (5.27), and noting that 1 < n < 2ne 7]
(the upper bound on n following from [1, Eq.(J.10)]), we finally obtain the desired bound, (5.6),
provided that Cy is chosen larger than 1/4 (once again, we have the freedom to choose Cj as large
as desired, due to the monotonicity of the right hand side of (5.27) on Cp: recall, in fact, that C”
is proportional to Cp).

The proof of (5.7) is completely analogous, the only difference being that  must be replaced
by y and A; by As. Note that, by changing A; in Ay, we get an extra factor (2427 20D 2z kv, jp
the analogues of the right hand side of (5.25) and of the following equations; in particular, it also
reflects into the analogue of (5.27), which reads:

(5.29)

. £1(00),+++ Loy (v0)
S [lsosi T e i @)l He g o, (00D )|
(€:(v0)); 29

< (O eyrer T2 (40~ k@A IpIh) R @A =20)) = O )7
< C(CTrertT =R uCy) kg - :

(5.30)

Bounding the sum over k as explained after (5.27) and choosing Cy larger than 1/4 implies the
desired estimate, (5.7). O

6 Stretched exponential decay of the correction terms &;, &

In this section we prove Theorem 2.4. We focus on the bound on &, the bound on & being
completely analogous (and, therefore, left to the reader). From the definition of &1 in (2.40), letting

x = (z,0), we have:
[E1@)] 5 = 2[V5000@)],p + [E1(2)], (6.1)

2 ~*
where [@1 (x)} ap = <% ¢:O>H* with Q* (¢, J,v) defined in (2.38) and following line, i.e.,

Q" ={V/ beer;(2.0) (6.2)

(here, letting L(2,0) := {(n,m,l,p) € L : (n,m) = (2,0)}, we defined L;(2,0) := L(2,0)\
{(2,0,0,0)}). The first term in the right hand side of (6.1) has already been analyzed in the
previous sections, and proved to be analytic in € for € small. Moreover, as we shall see shortly,
the tree representation (5.3) and the bounds derived in the preceding section on the tree values
Hj0,0,0[7](x) readily imply the stretched exponential decay of V', ; 4(x). Concerning the second
term, we will prove below that it can be computed via a convergent expansion in which the kernels
Vioup of Q* are ‘contracted’ with those of H*. Not surprisingly, & (z) can be expressed once again
in terms of a tree expansion, slightly different from the one of the preceding sections, in that it
includes only a subset of the trees contributing to the scale-invariant, fixed-point, potential studied
above. As we shall see, the trees contributing to &; are characterized by a constraint on the ‘scale
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indices’ (called h, k1, k2, ... in the following), implying the desired stretched exponential decay. In
order to simplify the analysis and to rely on the bounds derived in the preceding sections as much
as possible, we shall define the trees contributing to €; in terms of ‘dressed endpoints’ (rather than
of the ‘bare endpoints’ in Figure 4): these are the big white and black endpoints of, e.g., Figure
9 below, representing the kernels V5, , ,, and H},, respectively. In order to estimate the values of
the trees contributing to €;, we shall use the bounds on V5, ,, and Hj,, derived above and in 1],

without re-expanding from scratch these kernel as sums over trees once again.

Let us consider the first term in the right hand side of (6.1). As mentioned above, we already
proved in the previous sections that it is analytic in € for € small. Moreover, using the first identity
in (5.3) and the bound (5.8) with h = 0, we have (dropping as usual the component labels):

[Vi0,00(®)] < Cala] 220 3 (Cag)# 723 e 80" 1D manc{ (1|22, (70220~}
T k>1
< O] 2rem FUe/M7 N7 = §OFTDT max{ (¥ 2])2A1, (y4]]) 22170,
k>1

(6.3)

where, in passing from the first to the second line, we performed the sum over 7 of (Ce)™e»[7]=2
(which is summable, and whose sum is bounded by an e-independent constant), and we extracted
part of the exponential factor from the sum over k. Now, if |z| > 1, the summand in the sum over
k can be bounded from above by e~ 577" 42k |z|221, so that the right hand side of (6.3) can

be bounded from above by (const.)e™ 7 (71/M)7 with (const.)= C, kst e~ 77TV A2kAL O the
other hand, if |z| < 1, the sum over k in the right hand side of (6.3) can be bounded via (5.9), so
that the right hand side of (6.3) can be bounded from above by (const.)|z|2241e~ 5 (=1/)7 Putting
the two cases together, we find

[Vio.00()] < Ce™ T (min{1, |a]}) 724+, (6.4)

Note that the right hand side has the same form as that of the first inequality in (2.45). Therefore,
in order to complete the proof of Theorem 2.4, we need to prove a comparable bound on &;(x), as
well as its analyticity.

For this purpose, we derive a tree expansion for & (). We write (keeping, once again, the flavor
indices implicit):

62 Qeﬂ(¢7
where, in analogy with (2.6) and (2.49),
[ g ()eH (9@ )
€ 7J = 1 1 ) *
Qert(¢,J) = lim_log T dbigno (0)e @) (6.6)
= lim_ DM (g, J,0),

with

(g, J,) = RIM(H" + Q) (6, J,9) = H(¥), (6.7)
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and Q* as in (6.2). Denoting by véh) with £ € L the kernels of " (which are by construction
non-vanishing only for indices £ = (n,m, [, p) such that n +m > 2), we can then rewrite
h
Ci(x) =2 lim D"l (x)

h——o0

(6.8)
h

=9 hgmoo ’72hA1’Ué 30 @(th).
In view of the definition (6.7) of v(", of the fact that its kernels v@h) are non-vanishing only for
indices £ = (n,m,l,p) such that n +m > 2, and of the representation (3.18) of the action of the

RG map R in components, for any ¢ € L(2,0) = {(n,m,l,p) € L : (n,m) = (2,0)}, for any h < 0

we can write: . o
o =3"s > ST Rt ), (6.9)

21 €L7(2,0) ()i,

(€;
where we recall that L;(2,0) := L(2,0)\ {(2,0,0,0)}, and the third sum in the right hand side runs
over the (s — 1)-ples of labels in L(0,0) := {(n,m,l,p) € L : (n,m) = (0,0)} (note that for any
such label, of the form ¢ = (0,0,, p), Voop = H'p, with H* the FP potential constructed in [1],
see condition (1) in Definition 2.2; for this reason, with some abuse of notation, in (6.9) we wrote
H; in place of V). From (3.19) we see that, for any ¢ € L(2,0), Rﬁl’“"gs = DSﬁl""’é‘”‘, so that,
isolating from the right hand side of (6.9) the contribution with s =1 and ¢; = ¢, we can rewrite:

*

o =Do"V 43 "s ST N DSyt g, HY), (6.10)

s>1 6Ly (2,0) (L),

where the x on the second sum in the right hand side indicates the constraint that, if s = 1, then
{1 # £. Note also that, by definition, for h = —1, the kernel v@o) in the right hand side is véo) =V,
for all £ € L;(2,0), and zero otherwise. Therefore, for any ¢ € L(2,0),

*

o V=DV e, 00t s D Y DSV HE, - HE). (6.11)
s21 £1€L§(2,0) (£i)5_s

If we graphically represent any kernel V;* with ¢ € L(2,0) by a big white dot, the first term in the
right hand side, whenever it is there (i.e., for £ # (2,0,0,0)), can be represented as D (O, while the
second as a sum over trees 7 of length 1 (the length being the maximal number of branches along
a path from the endpoints to the root) as in Fig.9. We correspondingly write:

-1 «
vV = DV Lyer, 200+ 3 welr], (6.12)
TETL
where 77 is the family of trees of length 1 described in Figure 9 and in its caption, and vg[7] is its
value: if 7 has s,, endpoints, then v,[7] = sy, EfleLf 2,0) Z(e ) DS ..... Loy (Vi HE, . H;sm ).
We can easily iterate this procedure, via (6.10), thus endlng up with the following tree repre-

sentation for ’Uéh) :

[h]
v = DMV yer 0 0)+Z 3 S vl k), (6.13)
ke>0, TETe
kmkh wke_121:
Ko+ +ke=|h]|
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U1
Vo

Figure 9: A tree in 77, representing one of the contributions v,[7] in the right hand side of (6.11), with the action of
the dilatation operator D associated with the root explicitly indicated. The elements of T; consists of a root vertex
vo, followed by sy, > 1 children: the first (i.e., the topmost) one, denoted v1, is a big white dot, representing V[l
(with £; an index to be summed over Lj;(2,0), such that £; # ¢), while the others are all big-black-dot endpoints,
representing Hy , i = 2,..., Sy, where ¢; are indices to be summed over L(0,0).

i

where £ represents the length of the tree (i.e., the number of branches crossed by the straight path
from the root vy to the big white end point, see Figure 10), T¢ is the family of trees of length £
described in Figure 10 and in its caption, k := (ko, k1, ..., ke) and v,[7, k]'* is the value of the tree
7, in the presence of the action of the dilatations D*0, D¥1, ... DFe associated with the vertices
Vo, V1, ..., Ug, as in Figure 10. Given 7 € T¢ with £ > 1, letting 7,, € Te_1 be the subtree of 7

DFs
Dk£71

Dk o
Dk Ve—1

DFo V2
U1

Ve

Vo

Figure 10: A tree in T¢ with the action of the dilatations DFi associated with the vertices vi, 1 =0,..., £ explicitly
indicated. For any £ > 1, the elements of T¢ are recursively characterized by the conditions that the root vy has
Syp > 1 children, and that the first (i.e., the topmost) one, denoted v1, is the root of a tree in Te_1, while the other
children are all big-black-dot endpoints. For £ = 1, the set 77 was described in Fig.9. For any h such that |h| > £,
the integers ko, ..., ke satisfy: ko,...,ke—1 > 1, ke > 0, and ko + +-+ + kg = |h|; in particular, for £ = 1 and
h < —1, the vertices vo and v; are associated with two dilatations operators DFo and D*1 with ko > 1, k1 > 0 and
ko + k1 = |h|: the case depicted in Fig.9 (where vg is associated with D, and v; with the identity) is a special case
corresponding to h = —1.

rooted in vy, ve[t, (ko,...,ke)], for £ € L(2,0), is recursively defined as:

* é ;~~~7ésu * *
’Ug[T, (k05k17"'7k£)]25'[)0 Z Z DkOSZI O(Ull[Tvlv(kla-"aki:)]’Hb?""Hés%)’
G€L7(2,0) (£;);29
(6.14)

1 Note that for h = —1 there is only one possible choice of k = (ko, k1) compatible with the constraints ko > 1,
ki > 0, ko + k1 = 1 indicated under the second sum in the right hand side of (6.13), that is (ko,k1) = (1,0):
therefore, for h = —1, the value vy[7] in the right hand side of (6.12) is the same denoted by wve[7, (1,0)] in (6.13).
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where the sums over 1 and over (£;);"% must be interpreted as in (6.10), while, given 7 € 7y,

* 01,eislsy * * *
’Ué[Ta (ko,kl)] = Sy Z Z Dkosgl O(Dkl‘/ZNH@z""’Hésvo)- (615)
GELF(2,0) (£,)549

The validity of the tree representation (6.13) with the tree values defined above can be straightfor-
wardly proved by induction, and is left to the reader.

We now use this tree representation to compute and bound the right hand side of (6.8). We
have:

1
h)
D"v éoo@ Z Z Z D"y 0,0,0[7, k](). (6.16)
kL>O TETL
k07/€17 ke_121:
ko+-+ke=|h]|

If 7 € 71, using (6.15), the definition of D in (2.27), and the analogue of (5.17), we get that, for
any ko > 1, k1 > 0 such that ko + k; = |hl,

|D"vg.0,0,0[7, (Ko, k1)) ()|

< 54, Z Z 7zAl(thko)

£1€L§(2,0) (¢ )5”%

£y,

200(0%0 (Dk ‘/417Hf2""’H2< )(7h+k0m)’

Sv(

Syo

Sy —1 Svg o b1y, Ls,,
s, S S R C Tl (o) S kY (200@ °(H||He

£1€L§(2,0) (¢ (¢ )S”%

w) (|05 (7o) ||

(6.17)

Now, in the last line, for any ¢ = 2, ..., s,,, we use that

|H€ ||w < Z ||HE ||w < OZ Ce Ne.p. [T] < O/(O/ )max{l —71} (618)

where, in the second inequality, we used (4.22) with p = 1 and the fact that the trees contributing
to Hj , with ¢; = (0,0,1;,pi), necessarily have ne (-] > max{l,% — 1}. Concerning the factor
H|Dk1 Vi (ytkog) H|, we rewrite it and bound it as follows: we use once again the tree representation
(4.3) with Hy[7] asin (4.4). Noting that for ¢ = (2,0,, p) the trimming operator acts as the identity,
and rewriting 25 = D ks D, with D as in (2.27), we find:

|HDk1VZ (’7h+k°$)m < ZZ Z

> sv
k>1 7 @; 0

[re,, DY o) || (6.19)

0,0
’D]H_klslll vD(Hgll[Tl],...,Hg/

sSwvq

By Lemma 5.2, we thus obtain:

72A1(h+ko) H‘Dkl V[; (,Ythkom)‘H <C Z(Ce)ncp[f]*Q Z ,YQAl(h+k0+k+k1)~y*(k+k1)(llWHHPlHl)
T k>1
_g(vk+kl+h+ko z|)®

(mln{l 7k+k1+h+ko |w|})_0‘

< C/(C/e)%71Z72A1k’77(k+k1)(l1W]H‘pllh) 7C('yk Y| (mln{l ~y |CL'|})
>1

- e

(6.20)
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where in the second inequality we performed the sum over 7 (note that, for given l; > 2, Ne.p. [t]—-2 >

— 1, so that 3" _(Ce)nerlr]=2 g(const.)(C’e)%_l) and used the fact that ko + k; +h = 0. By the
same considerations discussed after (6.3), performing the sum over k > 1 we get:

le(hMo)H\Dleﬁ(VHkofB)\H < C/(Cle)%—17—k1(11[w]+llmlll) S (zl/v)° (min{1, |z|})~ 241

6.21
Plugging (6.18) and (6.21) into (6.17), and using that N(2 0.0 5;“ < 25! i gives: o
|D"3.0,0,0[7, (Ko, k1)) ()]
< 59y (C")520 e~ T 11/ (min {1, |z[}) 24 Z (C"e) 3 ~Ly~ktal¥l+Iplly).
£1€L§(2,0) (6.22)
Z ﬁ(C’”e)max{L%*l} < C"(C" €)s ot —S(|=l/7)7 (min{1, [z]}) 281,214
(0:);23 =2

Remark 6.1. From (6.20), it is clear that the constraint ko + k1 = |h| (or, in general, ko + k1 +
-+ ke = |h| for trees T € Tg with £ > 1, to be discussed in the following) is essential in proving
the stretched exponential decay in (6.22). This constraint, first appearing in (6.13), has its origin

in the recursive equation (6.10), which is linear in {Uéh/)}?;%;@ 0) (with véo) = V;*); in turn, such

linearity in {v§h )}ZSL(; (2,0) originates from the fact that @* is quadratic in ¢. In order to compare

more closely the tree expansion for D"v é 30 g in (6.13) with the one for Dy 50,09 i the first line of
(5.3) we can, if desired, re-expand the kernels Vy, and Hj, associated with the big white and black
endpoints of the trees in 7¢ in terms of the tree expansions discussed in Section 5 (for V;) and in
[1, Appendix J] (for H},): this would lead to a new tree expansion for thé}fg,o,@
but closer to the tree expansion of the previous section) in terms of trees with ‘bare endpoints’ as
those in Figure 4. Such trees would be exactly of the same form as those contributing to DhVQfO,O,@’
such as those in Figure 8, with the additional constraint on the scale labels ko + k1 + - - -+ ke = |h],
which was absent in the discussion in Section 5; in fact, the analogue of the combination h+ ko + k1
in (6.20) and, more generally, of the combination h + kg + k1 + --- ke appearing in the bounds
below, is what in Section 5 was denoted k + k,, + -+ + k,,,, see (5.22) and following equations; in
those equations, the combination k4 Y., k,, could take arbitrarily negative values, and this was
(rightly so) at the origin of the polynomial decay of the kernel of th;,o,o,(z) in the limit h — —oo0,

proved in the previous section.

(more complex,

We now proceed in a similar fashion, in order to bound the general term in the right hand side
of (6.16). We take 1 < £ < |h|, 7 € Te, k = (ko, k1,...,ke) with ke >0, ko, k1,...,ke—1 > 1, and
h+ko+ ki +---+ ke =0. Using the same notation introduced before (5.16), thanks to (6.14), we
have:

*

L1 (vg),---, Ly (v % %
Drusgoolr K@) =50, 30 DMHRS,Or 0 g [ K s () (@),
(€i(v0));2
(6.23)
where Z i) = ZZ(UO)ELf(ZO) Z(Ei(vo))f“%’ and k,, := (ki,...,ke); moreover, we recall that
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£y, = 01(vg). Using (the analogue of) (5.19) we get:

|D"vy.0.0,0[7, K] ()| <

* 21 VO )yeeny Esv (’Uo) * *
<S> ‘DthkOSQOOQ " e, [T o) Hiy gy 7o) (@)
(£:(v0));29
- s 00)seens o (v 6.24
< Ptk ST oo (g o) T o) e e (00, (6:24)
(£5(v0))329
Svg

(TG ol o, e R o)

We now apply again the recursive definition of v, [7,,,k.,] and iterate the same procedure until
we reach ve_1, thus getting:

|th2,0,o,®[7a kl(x)| < y2A1h Z .. Z y
€ @wo))i%S (Es(ve_1)); st
( H Su; C Vit 400) i= 1l (vi)—lu; Nél('Uj)7 e sv; (v5) k: @21—Ly[¥]-llpo, 1) (625)

Hn o) )| Do Ve (e

Wlth é’ug = (nvovm’uov l’U())p’U()) = (25 07 05 @)

Remark 6.2. Every collection of labels {(Ei(vj))fijl }j=o0,...,e—1 contributing to the right hand side of
(6.27) satisfies the following constraints (recall that we write ¢;(v;) = (n;(v;), m;(v;), L (v;), pi(vj),
and [1(vj) = ly,,,): for any j = 0,...,£ — 1, if v; is trivial, then ,, < I, — 2 (with the
understanding that l,, = 0), while, if v; is non-trivial, then I, <1,,,, + ZZ@ li(vj) — 2(sy; — 1).
In the following, we use that the sums over {(Ei(vj)):;jl }i=o
constraints.

¢—1 are performed under these

.....

Now, recalling that h + ko + k1 + - - - + ke = 0 and using the analogue of (6.21), we have

2A1 (h+ko+-+ke_1)

v ‘Dks‘/[zg (,Yh+ko+---+k£71m)m <

(6.26)

< C/(Ce) F ke g WP 1) o= § 121/ (min {1, [[}) 221,

46



Inserting (6.18) and (6.26) into (6.25), summing over p,,,, ..., Py, and using (4.16), implies:

D"y 0 0l7, k](2)] < Crerle= T U217 (minf1, |2|}) 22 S 3 %
(L(wo))iZy  (Li(ve_ 1)), st

<H (H (4Cp) () (ot 252 1})) DOyt B ey TR g o

=2 log

Sv

= (T e)

! ly,
Loy selog—1 \ j=1 vi

Now, in the last line, recalling that [,, > 2 and k; > 1, we can bound from above each factor

y kil 9] by y =2k [y~ (o =D ot by proceeding as in [33, Appendix A.6.1] and in (5.25), w
obtain:

Z (1:_[< ’ ),Ykl[wl)

< 2N =2 (R the 1) (= [9])= 275 PO} Li(v3) (] — ) o

(6.28)

Hence, plugging (6.28) in (6.27), using v~ *slee V] < y=2ke[¥] and Zf;ol (80; = 1) = nep.[7] — 1, we
find

|D"vg.0.0.0(7, K](x)] < (C")"er- [T](;%\ﬂﬁ\/v)"(mm{l7 |z|}) 7281 20N E—1) 4~ 2] (Rat k).

Z Z (Lﬁl (ﬁ(C”E)max{lxli(gﬁ_l})> Z(C”e)lvg/2—1 (6.29)

(Li(o))iZ%  (i(ve—1))ost NI=0 Ni=2 !

ve

for a suitable C” > 0. In order to get the desired bound on th;ﬁio’@(m), uniformly as h — —oo
(see (6.8)), in view of (6.16), we still need to sum the right hand side of (6.29) over £, k and 7
and show that the result of the sum is the same as the right hand side of (6.4) (up, possibly, to a
redefinition of the constants).

Now, for the sums over k, we simply use

Z 772[¢](k1+"'+k27£+1) S (1 _ 772[1(1])2, (630)
ke>0

ko,...,ke_12>1

ko+:+ke=|h|

so that (letting ), be a shorthand notation for ZZZJ;(')JFkkffIZLI>1)

S 1D 00,0007, K)(@)] < € 2= S 021/ (i1, 2] )27
k

Suj

S 3 (él ( (C" )™

(Lio):YS  (i(ve ), o=t NI=0 =2

|
—_

(6.31)

€)lve/271
>)g
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up to a redefinition of C'. If we now performed the sums in the second line using (fl(v])):lg, lyg,
by forgetting all the constraints on the indices (&(UJ))ZJQ, ly, but ;(v;) > 2 and I, > 2, we would
find that the second line of (6.31) would be bounded by CH;“‘:_Ol(Ce)S”ffl for some C' > 0. By
re-plugging this back into (6.31), we would be led to a bound that is summable over 7 € T¢ (i.e.,
over s,, > 1 for j =0,...,£—1), but not over £, and we would be in trouble. Therefore, we must
take better advantage of the constraints spelled out in Remark 6.2, by proceeding as follows.
Given £ > 1 and 7 € Tg, we consider the corresponding set of vertices {vg,...,v,} as in Fig.
11, and rewrite it as the union of the set V;(7) of ‘trivial’ vertices (i.e., those with only one child,
sy; = 1) and of the set Vy(7) of ‘non-trivial’ ones (i.e., those with s,, > 2). We let p = p(7) be
the cardinality of Vi (7) and, if p > 1, we denote Vi (7) = {v;,,...,v;,}, with j1 <--- < j,. We

shall think the tuple (vo,v1,...,ve) as a concatenation of the tuples (vo,..., v ), (Vj1415---,Vjs)s
o (vjp_H, ..,ve). Welet ng =41 +1, no = j2 — j1, .., npt1 = £ — jp be the lengths of these
tuples, and s1 = sy, ..., 8p = Su;, the numbers of children of vj,,...,v;,. Note that the choice of

the integers p > 0, n1,...,npp1 > 1 (with nq > 2if p = 0) and s1,..., s, > 2 specifies uniquely the
choice of £ and 7 € Tg. Therefore, we shall identify the double sum over £ > 1 and 7 € Tg with
that over p > 0, n1,...,np11 > 1 (withny > 2if p=10) and s1,...,s, > 2.

Dko Dkl Dkz Dk3 Dk4 Dk5 Dks Dk7 Dkg Dkg

° ° ° ° ° ° ° O
Vo U1 Uz\ U3 V4 Us V6 U7 U8 V9
ny n2 ns
Figure 11: A tree in T¢ with £ = 9. Its non trivial vertices are ve and vg, and s1 = Spy = 4, 82 = Sy = 3. The
10-ple (vo,...,v9) is thought of as a concatenation of three tuples of length n; = 3, no = 4, ng = 3, respectively,

namely of (vo,v1,v2), (v3,va,vs5,v6) and (v7,vs, vy).

Let us now use the constraints spelled out in Remark 6.2, which we recall here for the reader’s
convenience: for j = 0,...,£ — 1, if v; is trivial, then [,;, <1, , — 2 (with l,, = 0), while, if v; is
non-trivial, then I,; <1, , + Zflg li(vj) — 2(sv; — 1). Therefore, if p = 0, then l,, > 2(n1 — 1);
while, if p > 1:

S1

20y — 1) <l <l + > Li(vs,) +2(s1 = 1)
1=2
52

ZUJ'1+1 + 2(”2 — 1) S lvjz S lvj2+1 + Zli(vﬁ) + 2(82 - 1)
=2
(6.32)

Sp

Loy o+ 20np = 1) Sy <l + Y Liv),) +2(sp — 1)
1=2

lvjp+1 + 2(”P+1 - 1) < lvsv
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which implies, in particular, that every collection of labels contributing to the right hand side of
(6.31) satisfies

P
Zli(vjl)+ - '+Zli(vjp)+l1)£ >2mi—1)+--4+2(npr1—1)+2(s1—1)+---+2(sp—1). (6.33)
Therefore, the right hand side of (6.31) can be bounded from above by

Cne.p.[f]+26—§(\w\/v)”(min{L |z|}) 281 ()t n ==

Z (ﬁ(c//\/g)max{L@*l}) Z (ﬂ(c//\/—)max{l ) Z O// _71
(Balos))il, 172 (6i(vy,))2, 7= lie

(6.34)

where [-]4 := max{0, -} indicates the positive part. If we now perform the sums in the second line
by forgetting all the constraints on the indices (¢;(v;,))iE5, lve, but li(v;) > 2 and l,, > 2, we
find that the second line of (6.34) is bounded by C [[{_,(C+/€)* ! for some C > 0. In conclusion,
plugging this back into (6.31), and recalling that > v _, (sx — 1) = ne.p.(7) — 1 and Zk 1 = L£+1,

we find, up to a re-definition of C:

Z [D"v3,0,0,0[7, k()| <
P (6.35)

< gmitotnet (\/E)["1+"'+np+1fpf2]+ (C\/E)Eizl(sk*1)6*%(\1\/’7)“ (min{1, |x|})*2A1,

with the understanding that, if p = 0, the factor (C\/E)Zizl(sk’l) should be interpreted as being
equal to 1. Now, the right hand side of this equation is summable over p > 0, n1,...,np41 > 1

(with ny > 2 if p = 0) and s1,...,8, > 2, the sum being bounded from above by Ce $ (l21/m7
(min{1, |x|})~2A1. In conclusion, in view of (6.16), we find

‘th2 0.00(® x)| < Ce™ ‘””‘/V)U(mln{l lz|}) 7251, (6.36)
as desired. Analyticity of D"v ) 0) 0, (D(:c), uniformly in h, is a consequence of the absolute summability
of its tree expansion, as well as of the uniform-in-h bounds that we just derived. A slight extension
of the discussion above would also allow us to prove the existence of the limit in the right hand side
of (6.8) and to derive explicit estimates on the speed of convergence to the limit. However, in order
not to overwhelm an already lengthy discussion, we prefer not to discuss explicitly this point, which
is left to the interested reader as a simple exercise. The bounds on &> (y) and Es(y) are completely
analogous to those discussed above; the minor changes (mostly notational) required for adapting

the previous estimates to these functions are left to the reader. The proof of Theorem 2.4 is thus
concluded.

A First order computation of (,

In this appendix, we calculate the first order contribution in € to (3 = Z — 1, which implies (2.42)
for no. We recall that (5 is expressed via a convergent tree expansion as in (4.24); isolating the first
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order from the higher order contributions implies:
Co = Ho1.2.0[m0] + Ho12.0[m] + O(€?), (A.1)

where 79 and 71 are the two trees in Fig.A.2 (the analogous trees with an endpoint of type v
replacing the endpoint of type A give zero contribution).

() () (%
+ (A.2)

T0 T1 A

A

In order to compute H01172_’0[7'0] and H0717270[7’1], we recall that the kernel associated with the
endpoint of type A has the form in the third line of (2.34), with ¢ = % and (see [1, (5.30), (G.7)]):

—2el
A=A = 22987 L o),
Iy

I, = —4(N - 8) [(;Td)d logy + O(e(log v)?)

(here Sy is the area of the unit sphere in R%). An application of the definition of tree value and a
straightforward computation shows that:

(A.3)

A’k fo(k)?

(27T)d |k|d+2e’

ddk 7(1+A243[1/1] fo(k)fl (k)
27T)d |k|d+2e )

Ho120[m0] = —4(N — 2)\*
/ (A4)

,HO)LQ)O[Tl] = —8(N — 2))\* / (

where f,(k) := x(y""k) — x(v~"*1k). Now, plugging these expressions in (A.1), using (A.3) and
the fact that d + Ay — 6[¢)] = 2e + 12 = O(e), we find:

N-2@m)? [ d'% f3k)+2fo(k)fi(k) 2
=-2 (0] . A5
=2y T3 s, / 21)1 ] +0() (4.5)
A computation shows that [ (gil)cd f'(?(k)+2|£?§k)f'l(k) = (QSﬂd)d log 7y, which gives (2 = —25% log v +
O(€?), as already announced.
B Proof of (2.43) and (2.44)
Using (2.50)-(2.51) and (5.3), we write:
* -9 1 2h A1 H h
G*(x) pom Y Z 2,0,0,0[7](7"x),
2RA d h (B.1)
(y) =2 U 2 H
Fy)=2 lim 5 XT: 0.2.00[71(7"y),

From Proposition 5.1 and its proof we know that the limits in the right hand sides exist, and
that the contribution to G*(x) (resp. F*(y)) from a given tree 7 is bounded from above by
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C'(Ce)er-IT1=2| | 7281 (resp. C'(Ce)mer-I71=2|y|=242)  for some C,C’ > 0, see (5.11). Therefore,
using the fact that the number of trees with k endpoints is smaller than 4%, we find that the sum of
the contributions to G*(x) (resp. F*(y)) from the trees with 3 or more endpoints is bounded from
above by Ce|z|241 (resp. Ce|y|=242). Therefore, in order to prove (2.43), it is sufficient to prove
that the contribution to G*(x) from the tree(s) with 2 endpoints is equal to the right hand side of
(2.43) up, possibly, to an error term of the order e|z| =241, and similarly for (2.44).

Dominant contribution to G*(x). Direct inspection shows that there is only one tree with 2
endpoints contributing to G*(x), which is the following:

. .

70

whose contribution to G*(z) is 3., 22" 41¢(0 (y"z), which implies (2.43).

Dominant contribution to F*(y). Direct inspection shows that there are two trees with 2 end-
points contributing to F*(y), which are the following:

- , (B.3)

T

whose total contribution to F*(y) is (denoting by px(x) the scalar part of ¢ (z), i.., ggg) (x)
Qappy (2)):

—2N lim Y AR, y){pm y)+2 3 ARz ()

h——o0
h'>h k>0 (B4)
=—2N Y pw @) [y e () +2 > 4" "Qmw(y)]-
h'€Z h'">h'

We let fr(k) = xn(k Xh 1(k), with xn(k) := x(y~"k), and, after a relabelling of the scale

) =
indices, we rewrite (B.4) as

—2N Y 0 (W) +2 ) pn(y)pw (y)l

= h<h’
dek ddp )
— _9N ~2h nz/ - / ez(k-i-p)'yfh,( [fh’ )+ 2 fu(k ]
“+e d d/2+€
hZ/EZ 2m) k472 | )| ,;h,
dek ddp .
— _oN 2h'n2 ik+p)yry,,, (k) — xn— —1(k
> | G | G o o) = e (- (4)
(B.5)
where we used:
For(B) +2 ° fu(k) = xnr (k) = xnr—1(k) + 2xn—1(k) = xnr (k) + xnr—1 (k). (B.6)

h<h’

o1



Now, noting that

1

1
—n _ d,  _y —92s —h' —h’ —2s
(v |p|) 2 :1+/ ds—-(v Mlp)72 =1 — 2nlog(y " Ipl)/ ds(y"|p))7*"™,  (B.7)
0 0

multiplying and dividing by [p| =272 in (B.5) we get:

k d’p i
35) =28 S [ ettt [ o e e () a0 ()
h'eZ

d’p i(k+p)- —n ' =h|p|) 28
+4n2NZ/ T |k|d/2+é/(2ﬂd|p|d/2+é2n2e( )Y log(y Ipl)/o ds (™" [p|) ="

h'€Z

- Ixw (B)xwe (p) = Xnr—1(k) xn—1(p)]-

(B.8)
We will prove below that the second addend in the right hand side can be bounded as:
4mIN| D O eV log( o [ ds (7 )
" |k|d/2+€ (@m)fpl 2+ 2 S
= (B.9)

e (B)xwr () — xtwr -1 (B)xnr -1 (p)]| < Cely| 222,

that is, this term can be included in the error term Fy_ (y) defined and bounded in the lines
preceding and following (2.44). On the other hand, the first term in the right hand side of (B.8)
can be rewritten as follows: recall that the sum over A’ in Z should be interpreted as the limit as
h — —oo of the sum over h’ > h; therefore, using the telescopic structure of the summand and,
more specifically, the fact that limp s oo Yo DX (0)xnr (k) = Xa—1(p) X0 —1(E)] = limp s oo (1 —
Xn(k)xrn(p)) = 1 (where the identities are in the sense of distributions), we see that the first term
in the right hand side of (B.8) is equal to

dip , ! c!
i(k+p)y _ 0 _ 0
2N/ |k|d/2+€ / (27T)d|p|d/2+5_2n26 = i = ypas (B.10)

as desired.

We are left with proving (B.9). By adding and subtracting xn/—1(k)xn (p) to the term in square
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brackets, we rewrite the second term in the right hand side of (B.8) as follows:

k ddp
i(k+p)- —h'
4772NZ/ o) |k|d/2+€/(2ﬂ') ezt loe(y T Ipl)-

WL

/ ds( _h/|p|)—25"2[fh’(k)Xh’(p)+Xh’—1(k)fh/(p)]
— N k'y (k .

( 27) |k|d/2+e Jw( ))

h'€Z
1
i;D'y —h' —n' —2sn
( 27r |p|d/2+e e log(y Ipl)/O ds (v [pl) 2Xh/(p)) (B.11)
4 N k-y 1 (k .

+ 42 2 Z< 27 |k|d/2+€ Xn—1( ))

dp iy L 1 g
(/ Gy 1080 ) / ds (v |p|) =™ fiu (p)

—4772NZ/ dS pr(y Z Phis,hr (Y) + P<h—1(Y)Phris,n (Y )}

h'€Z h<h’

where we recall that pj,(y) denotes the scalar part of g™ (y) (i.e., g((l];)(y) = Qupp(y)) and, analo-
gously, P<j,(y) denotes the scalar part of G(=")(y), see footnote 3; moreover,

~ ddp in- ! _n' _92s
phﬁyh’ (y) = / (27T)d|p|d/2+572772e PUlog(,.Y h |p|)('}/ h |p|) ? anh(p)' (B12)
Now, recall that, by (4.14) and the definition of py,

I (y)] < Coury (@2 e=Cra " b, (B.13)

whose proof is given in [I, Appendix A.2]. In order to get a bound on pj.s p/(y) we proceed as
follows: in the integral in the right hand side of (B.12), we rescale p — v"p, thus getting:

ﬁh;s,h’ (y) = fyh(d/2_€+2n2),y(h/—h)2sn2
d’p i (B.14)
' / arapresem e loglpl = (0 = h)log] fo(p)

The integral in the second line can be bounded by proceeding exactly as in [1, Appendix A.2| (note,
in particular, that F(p) := log|p| admits an analytic continuation into the polydisk centered at
p # 0 of radius R = 1 max; [p;| such that the maximum of ‘F(z)‘ in the polydisk is bounded by
C(14|F(p)|): this allows us to proceed as in [1, (A.15)] and following lines); we thus get, for some
01, Cy > 0:

B ()] < Cu(1 4+ B — )y 0/2c2mm) 0 )20m2 a0 (B.15)
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We can now bound (B.11) via (B.13) and (B.15), thus getting, for some C > 0 and C = min{C, 2, C>}:

42N > / [ ) Y B 0) + Penvs (e ()]

h'e€Z h<h’

’ 1
< ONpy| Y 0" 7TD” (7”(‘1/26)7“(1/25“”2)(1 +H - h)/ dsy? (W' =hine
0

h'EZ h<h' (B.16)

+ ,yh(d/2—€),7h/(d/2—€+27]2)>

<O Z 72;1/A2€—(j*(y’1’*1|y|)t’ < CVely| 222
=

where we used that 72 = O(e). This conclude the proof of (2.44).
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