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Abstract

A doubly degenerate parabolic equation in non-divergent form with variable
growth is investigated in this paper. In suitable spaces, we prove the existence
of weak solutions of the equation for cases 1 < m < 2 and m > 2 in different
ways. And we establish the non-expansion of support of the solution for the
problem.
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1. Introduction

Let Q C R™ be a bounded domain with Lipschitz boundary 0f2, and set
Qpr = Q x(0,7), T := 9Q x (0,T). The goal of this article is to study the

following diffusion problem:

ou plz)—2 .

Erials d1V(|Du| Du) in Qr,

u(z,t) =0 on T, (1.1)
u(z,0) = up(x) in Q,

where m > 1, the variable exponent p : Q — (1, 00) is log-Hélder continuous
functions, and D = (D1, Da,---,D,), D; denotes the weak derivative with

respect to ;.

*Corresponding author
Email addresses: sjfmath@foxmail.com (Jingfeng Shao), mathgzc@hit.edu.cn (Zhichang
Guo), zhouzx@hit.edu.cn (Zhongxiang Zhou)

Preprint submitted to arXiv April 24, 2024


http://arxiv.org/abs/2404.14918v1

The problem (I)) is a doubly degenerate parabolic equation with vari-
able exponent in non-divergence form, which generalizes the evolutional p(z)-
Laplace. Due to the degeneracy or singularity at v = 0 and |Du| = 0, the
problem (LI)) does not have classical solution in general. In this paper, we only
consider the non-negative weak solutions of the equation.

If m < 1, we can transform the problem into a non-Newtonian polytropic

filtration equation as follow

v _ p(z)—2 :
5= div (|D\Il(v)| D\If(v)) in Qp,

v(@,t) =0 on T, (1.2)
v(z,0) = U (ug) in Q,
where
v=0"1(u) = fl__; w=T(v) = ((1 - m)Tm. (1.3)

The existence of stong solutions of this kind of equations have been investigated
in H, B] The blow-up and extinction of solutions have also been studied in some
articles (see B, I;I]) In particular, if m = 0, the problem becomes a parabolic
p(x)-Laplace equation.

If m > 1, the transform (L3) fails due to the equation has a lot of singu-
larities at the boundary and inside (v = +00 when u = 0). But in this case,
the equation () is equivalent to the following double degenerate parabolic

equation in divergence type

Ou o (i, p(@)—2 m—1{ 1y, 1p(z)
Frie dlv(u | D Du) — mu " | DulP'®). (1.4)

For the case where m > 1 and p(z) is a constant, there are some results
on the equation () in a series of papers. In the case of p(x) = 2, Bertsch et
al. investigate the non-uniqueness of solutions and some properties of viscosity

E, B, H], and Friedman [§] et al. study the blow-up of solutions. Such

solutions

equations also appear in biological [9] or as models modelling the spread of

an epidemic [10]. In the case of p(z) = p i 2, the problem has also been
investigated during the past decades , , ]



In our knowledge, when m > 1 and the exponent p(z) is variable, there are
few results. In recent years, we established the existence of weak solutions only
for the case 1 < m < 2 (see ]) That was because we can prove Du,, (where
u, represents the weak solution of the auxiliary equation) converge to Du in
Lp(’”)(QT) when 1 < m < 2, but failed when m > 2. Therefore, the diffusion
equations in non-divergence form still need to be studied. Nowadays, we have
established the existence of weak solutions to the equation as we have found
that u,;;(—;)l Du, converge to U%Du in Lp(””)(QT) for the case of m > 2. It is
worth mentioning that the uniqueness of the solution of the parabolic equation
in non-divergence form (I]) does not hold for m > 1 in general (for example

.1

The following existence theorem is the main results of this paper.

Theorem 1. Assume that m > 1, 0 < ug € L>®(Q) N Wol’p(')(ﬂ), the problem
[CI) admits a weak solution.

This paper is organized as follows. In Section 2, we introduce some mathe-
matical preliminaries. The Section 3 is devoted to the existence of weak solution
of the problem. In Subsection 3.1, we consider an auxiliary problem and list
some necessary results. In Subsection 3.2, we prove the existence of weak so-
lution. Finally in section 4, we investigate the non-expansion of support of the

solution of the problem.

2. Mathematical Preliminaries

Set Q. = Q x (0,7] is a generic cylinder of an arbitrary finite height .
Throughout this paper, (-)4, (-)— represent the cut-off functions, where (s) =
max{s,0}, (s)— :=min{s, 0}, s € R. The following definitions of these function
spaces are based on [17, [18].

We define the modular

04 (f) = | £ ()] 7 da.
Q



Then the variable exponent Lebesgue space is defined as follows:
LIO(Q) == {u is measurable on € and satisfy o04(.(Au) < co for some A > 0},

which is a Banach space equipped with the Luxemburg norm

1 £llger.2 = Ifllac ) = inf {@ > 0eq)(f/a) < 1}.

If ¢ € L*°(Q), define ¢~ = esseigrllfq(:v), gt = esssupg(z), and we denote by
x zeQ
¢’ () the conjugate exponent of ¢(z) as follows:

oy a@)

In particular, for a bounded exponent, the following lemma holds (refer to B,
Lemma 3.2.5]).

Lemma 1. Let ¢ € L=(). For any u € L1O(Q) and [ully(y,0 > 0, we have

1 1

T 04 ()77 | < 0y0)(u) < max {0y ()

1

min { 0.y (u) a aQq(~)(U)‘# . (2.5)
{ J

The Sobolev space W) (Q) is defined by
Wha(@) = {u e L10(Q) ’|Du| e @)},
which is a Banach space equipped with the norm

HUHWL‘J(')(Q) = ||DU||q(.),Q + lullge,0-

The space Wol’q(')(ﬂ) is the closure of C§°(€2) (the set of smooth functions with
compact support in ) in the norm of W14()(Q).
Assume that every p is log-Ho6lder continuous and there exist constants p—,
pT such that
1<p <pz)<pt < oo (2.6)

We introduce the Banach space

V(@) = {u(@) [u(z) € L2(), |Du(a)" € L' (©) } (2.7)



with
lully) = llulloq + 1Dully) 0

and the space V() is the closure of C§°(92).

By U (1) we denote the Banach space
U(Qr) = {u (0,7) = V(Q)|ue L2 (Qr), |Duf™ e L* (QT)} ,
with
lullyry = llullyq, + 1Dull) qp-

We denote Uy (Qr) as a subspace of U () in which the elements have zero
traces on I'. U’ (Qr) is the dual space (the space of bounded linear functionals)

of U (Qr) ] The norm in U’ (27) is defined by

ol iy = sup { (v, 0) [ €U (), el <1}

Definition 1. A function u(x,t) is called a weak solution of problem ([II) pro-
vided that

o ucl(Qr)NL>(Qr), %ew(m)mﬁ(m).

e For every ¢ € C4(Qr),

/ / @wdxdm / / |DulP™ 2Dy - D (u™p)dzdt = 0. (2.8)
ar O Qr

e The following equations hold in the sense of trace:

u(z,t) =0 on T, (2.9)

u(z,0) = ug(x) in Q. (2.10)

We recall also the following inequalities which are classical in the theory of

p-Laplace equations. The proofs of the following lemmas are in the appendix.

Lemma 2. For all £, n € R", the following inequalities hold:

() 1f 2 <p<oo, (P2~ Il *n) - (€ = m) = rle —nl’;



_ _ p—2
() If 1<p <2 (1=l )€ =) = =1 + ") 7 |€ =l
A generalized Holder’s inequality is stated in the following lemma.

Lemma 3. Assume that q(z) : Q — [1,400) is a measurable function. For

every f € L1O(Q) and g € LY (Q) the following inequality holds:

/Q Foldz < 20,0 allgllyc (2.11)

Lemma 4. Let p(x) is a measurable function such that 1 < p~ < p(z) < pt <
2. Suppose that Du, Dv € LPC)(Q) and [ Dullyy.0 + 1DVl .0 # 0. Then

/ (|Du|p(m)_2Du - |Dv|p(w)_2Dv) - (Du — Dv) dx
Q
A

Du — Du"™"d
Jo|Du = Dvl™"dr , (2.12)

=@ -1

2-p()
2

2apupo + ooy

Q

2
2—-p(-)°

where \ € {p%, p%}

Remark 1. If 2 <p~ <p' < oo, using (i) of Lemma[2, one has
_ _ 1
Q Q

3. The Existence of Weak Solution

3.1. The Regularized Problem and Auzxiliary Results

In this subsection, we employ the regularization method and obtain some
auxiliary results to prove the existence of weak solution to the problem (LTI

Now we consider the following regularized problem:

Ju _  mge p(z)—2 .

il d1V(|Du| Du) in Qr,

u(z,t) =« on I, (3.13)
u(z,0) = uo(x) + ¢ in Q,

where ug € L*>(Q2) and ug > 0.



Definition 2. A function u(z,t) is called a weak solution of reqularized problem

BI3) provided that
ou

° UEU(QT)QLOO(QT), EEU’(QT).

e For every ¢ € C}(Qr),

// %wdxdﬁ// D™ "2 Du- D (u™p)dadt = 0. (3.14)
Qp ot Qr

e The following equations hold in the sense of trace:

u(z,t) =€ on T, (3.15)

u(z,0) = ug(x) +¢ in Q. (3.16)

The regularized problem (B.I3)) is still in non-divergent. Through nonlinear
transformation, we can transform it into a divergent diffusion equation and

obtain the following three propositions (The proof is in the appendix).

Proposition 1. Assume that m > 0 and p(z) is log-Hélder continuous which
satisfies (26), up € L>°(Q) and ug > 0, then the problem BI3) admits a weak

solution.

Denote the solution of the regularized problem [I3) as u. with the param-

eter €.

Proposition 2. Let the conditions in Proposition [ be fulfilled, and assume

0 < g1 < g9, then we have u., < ue,.

Proposition 3. Let the conditions in Proposition [ be fulfilled, and assume

0 < up € L=(Q) N Wy ?(Q). Then

// (20 s < © (3.17)
QTUE En xdt < C, .

1 ©
ess sup/ — |Duc(z, )P dz < C, (3.18)
te(0,7) JQ p(z)
0<e< essinf u. < esssup ue. < esssupug+¢e < C, (3.19)
(z,t)eQr (z,t)€Qr 7EQ

where C' is a constant independent of € and T



3.2. The Existence of the Weak Solution for the Problem (L))

In this subsection, we devote to prove the existence of weak solutions to
the equation. For 1 < m < 2, we can get that there is a subsequence u,, of
{u.} converges to u in LP(*)(Qr). Although this result cannot be obtained for
the case m > 2, as an alternative, we obtain that u*~!|Du, |P*) converges to
u™ Y DulP®) in L'(Qr). That implies there is a subsequence which satisfies

m—1

m—1 .
ut™ Du, converges to u»@ Du in LP®) (Qg).

Proof of Theorem [}

Based on the estimates of Proposition Bl we can extract from {u.}, a subse-

quence (labeled {u,}) such that

Up = u in L"(Q7p), r >0 and a.e. in Qp, (3.20)
ou, Ou .

W E in L (QT), (321)
Du,, = Du in LPO)(Qq). (3.22)

Notice that
/ / %gbd dt + / / | Dy [P 2 Duy, - D (u™¢)dadt = 0, (3.23)
QT QT
for any ¢(x,t) € C} (Qr) . Since C} () is dense in LP (0, T;Vo(Q2)), we choose
oz, t) = u® (uy —en —u), 1<k,
Then we have
// Oun u ® (g — &, — u)dadt
Qr

+ // | Du,|? @©=2Du,, - D (unmfk(un — & —u))dzdt = 0. (3.24)
Qr

For the case 1 < m < 2. We choose k = m, note that



Proposition 2 implies that u. converges to u monotonically. We have

1 1
o [(Oun\? ’ _ok 2 ?
I < u, ™ —— | dadt um=Pes dedt
Qr ot Qr
2 3
< Cep? (// En dxdt) ,
QT n

e (i (G o) (Jf, (o7 - 2 o)

Using Lebesgue’s dominated convergence theorem, we get
// 8un u ™ — &, —u)dadt — 0, as e, — 0.
Qr
Therefore, by ([B.24]), we have
// |Dun|p(w)_2Dun - D (u,, — u)dadt — 0, when ¢, — 0.
Qr

With [B22]), we deduce

// (|Dun|p(m)_2Dun - |Du|p(w)_2Du) - D (up, — u)dzdt — 0.

Qr

Note
Q= {(z,t) € Qr| 1 < p(x) < 2},

02 = Qp\Qk.
For any fixed x, we have
(|Dun|p(m)_2Dun - |Du|p(w)_2Du) - (Duy,, — Du) >0
Furthermore,

// (|Dun|p(w)_2Dun - |Du|p(m)_2Du) - D (up, — u)dzdt — 0,
oL

// (|Dun|p(x)72Dun - |Du|p(z)72Du) - D (up, — u)dzdt — 0.
02

According to Lemma [l and (3:220l), it follows that

/ / D (un — w)[P”)dzdt — 0.
Qb

=

(3.25)

(3.26)

(3.27)



Similarly, by Remark [l and (.21), we have

/ / 1D (up, — u) [P dzdt — 0.

2,

/ / w)[P@ dzdt — 0.
Qr

Du,, — Duin L") (Qr). (3.28)

Therefore, we obtain
which implies that

From 23], we observe that
Oy, x
/ Zn pdadt + / ™ D [P pddt
ap Ot Qr

+ / / u™ Duy P72 Du,, - Dgdadt = 0.
Qr

Combining with (320), (321), (3:28) and using Lebesgue’s dominated conver-

gence theorem, then we have

/ / —¢dxdt+ / mu™ | DulP pdzdt
QT QT

—|—// um|Du|p(z)72Du - D¢dxdt = 0.
Qr

Considering the limiting process, we have ([29)) and (2I0) in the sense of trace.
For the case m > 2. Choose k = 1 in ([8.24]), similar to the case 1 < m < 2,

we get
3un _1
— &, —u)dadt - 0, whene, — 0.
Qr
Thus,
// |Duy [P =2 Du,, - D (up =" (un, —u)) dzdt — 0, when e, — 0.
Qr

Then

// (m — D)u""2(u, — &, — u)| Duy [P dadt+

Qr

// u™ Y| Du, P2 Du,, - D(u,, — w)dzdt — 0, whene, — 0. (3.29)
Qr

10



Since u,, € L>®(Q), |Duy,| € LPO)(Q) and E20), we have

u™ Y DulP 2Dy — ™ DuP 2Dy in Lp/(w)(QT),

Du, — Du in LP®)(Qy).
Thus,
//Q u™ Y DulP® 2Dy - D(u,, — u)dazdt — 0, when &, — 0. (3.30)
T
Combining with 329) and 330), we get
//Q um ! (|Dun|p($)_2Dun — |Du|p(m)_2Du) - D(uy, — u)dadt+
T
//Q (m — 1)u %(u, — &, — u)|Du, [P dedt — 0, when &, — 0.
T
Considering that
//Q um ! (|Dun|p(m)_2Dun - |Du|p(m)_2Du) - D(up, — u)dadt > 0,
T
// (m — 1)u™ 2 (u,, — w)|Duy, [P dzdt > 0,
Qrp
En //Q (m — 1)u™ 2| Du,|P®dzdt — 0, when e, — 0.
T
Therefore,

En —)0+

lim // w1 (|Dun|P<z>*2Dun - |Du|P<I>*2Du) - D(up, — w)dzdt = 0,
Qr
(3.31)

lim // (m — Du"2(u,, — )| Du, [P dzdt = 0. (3.32)
Qr

En —)0+

According to Proposition [ and (B31]), we have

lim // u™ ! (|Dun|p(m)_2Dun - |Du|p(w)_2Du) - D(uy, — u)dadt = 0.
En*)0+ QT
Thus, by Lemma [ and Remark [ it follows that

m—1 m—1
W@ Du,, — uw»® Du  in LP®) (Qy),

11



which implies that (for a subsequence of {u,} if necessary, still labeled {u,})

™ Duy |P@) — o™ DuP®) in LY(Qy), (3.33)
m—1 m—1 ’
@ | Duy, [P "2 Du,, — @ | DuP™ 2Dy in LP O(Qp). (3.34)

We claim that

™Y Dy [P — w™HDuP@) in LY (Qp), (3.35)
u™ Duy, [P 2 Du,, — ™ DulP 2Dy in LY (Qr). (3.36)

Since

/1, b

Qr

:// (u?’l—um’1)|Dun|p(m)dxdt—|—// u
QT QT

::Al + AQ.

M= Dy, [P — ™ DulP®) | dadt

™ DulP@) | dadt

By (332) and the Lagrange’s mean value theorem, there exists u < & < w,

satisfying

A, = / / (m = 1)(ttn — w)E™ 2| Dup @) davdlt
Qr
< // (m — 1) (un — w)u 2| Du, [P@ dzdt — 0.
Qr

By (B33), one has A2 — 0. Thus, we conclude (B35).
On the other hand, since

//QT

u™| Duy, [P =2 Du,, — um|Du|p(z)72Du’ dzdt

// ™) D, [P~ ldxdt—l—// m ‘|Du P@)=2 Dy, — | DulP™® =2 Du| dadt
QT QT
::Bl + BQ.

By the generalized Holder’s inequality, it follows that

B <2 H|Dun|p($)_l‘

oy I8 =1l

SC”’LLn - u”Lp(:E)(Q) — 0.

12



By (B33) and the continue embedding of LP'()(Q) c L'(2), one has
m—1 m—
w @ | Duy, P2 Du,, — ur |DulP™ 2Dy in LY(Qr),

then

m—1 m—1
B :// W r@ @
Qr
<c /
Qr

Therefore, we conclude ([B.30).
Letting &,, — 0, combining (B21)), (333) and B3d), we arrive at

)
/ / T pdzdt + / mu™ 1 Duf’® gdzdt
Qp Ot Qr

+// u™ DuP™ 2Dy - Ddadt = 0.
Qr

|Du, |P®) =2 Du,, — |Du|p(z)72Du‘ dxdt

m—1 m—1
w?'@ | Duy, |P® "2 Du,y — 0@ |Du|p<x)72Du‘ dzdt — 0.

Considering the limiting process, we have (2.9) and ([2I0) in the sense of trace.l

4. The Non-expansion of Support of the Solution

For the case m > 1, the solution has a localization property of non-expansion
of the support. For a function f : @ — R4 U {0}, we denote by F' the set
{z € Q|f(z) > 0} and define

supp f = {:CEF

. p(FNB.(x))
M (B (@) >0}’

where B,.(z) denotes {z| |z — x| < r}.

Theorem 2. Let u be a weak solution of (L)) with supp wug ; Q, up > 0 and

m > 1. Then supp u(t) C suppug a.e. in (0, 7.
Proof of Theorem 2l Let 6 : Q — R, which satisfies the conditions

supp 6 C Q\ supp wuo, (4.37)
0 W™ (Q). (4.38)

13



1
For example, we can take 6(z) = min{—dist (z, supp up U 09Q) , 1}, o < 1.
o
Observe that (31) implies 0 - ug = 0 on Q. Taking ¢ := ULJFE as a test function
in (Z8), we obtain

0 _ 0
// 9u da:dt—i—// | DulP®) 2Du~D<um—>dxdt_O.
Q atu+€ Q U+€

and we calculate

/ In (u(t) +¢) Odx — / In (ug + €) fdx
Q Q
m—1

+/ 6| Du|"t™) . (m = Du™ + 52mu dxdt
o (u+e)

:// UT|Du|p(x)72Du - DOdxdt.
Q u g

According to
[ Xouon 1 a(t) +2) ~ (2 s < C,
Q

for every ¢ sufficiently small, we have

[ Xttty (n (u(t) +2) ~In (£))de < €,
where C' is independent of . We therefore conclude that
measure{(z,t) € {6 = 1} x {t} |u(z,t) >} =0, for a.e. t € (0,T),
which implies the claim. |

Remark 2. If 0 < m < 1, Theorem[2 no longer holds in general. For example,

p(x) =2, the problem () has a Barenblatt solution in the following form:

1

Bm(xvt)_(t—i_to)’)l((l_%#) ) 5
+

where v = , N denotes the dimension of the spatial space. By calcu-

N
mN+2—2m
lation, one has

0B,

5B (2, 1) = TR

1— 2
B ABy = —— By (1) + 2Ll
t+to 2N (t +to)

We observe that supp ug ; supp u(t) fort > 0.

14
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Appendix A. Proof of Lemmas

Proof of Lemma If 2 < p < oo, by the rearrangement inequality, we

have
(1P =" *n) - (6 = m)
=[¢l” + nl” — (11"~ + I ~*) €
&> + [l
g (lﬂpiz " |77|p72) 2 (|€|1”’2 + Inlpd) -1
:% (|§|p_2 + |77|p_2) |§ - 77|2- (Al)

For the case 2 < p < 3, one has
P2+ P2 = (€ + )P = (g =P (A.2)

For the case 3 < p, by the convexity of |- [P~2, one has

p—2

1 p—2 1 p—2 g_ n
_ — > | — A.
1P+ i > |45 (4.3)

As a consequence of (AJ]), (A2) and ([A3]), we obtain (i).
If 1<p<2. Assume thatV 6 € [0,1], 6 + (1 — 0)n # 0. Using Cauchy’s

mean value theorem, we have

1
(2= n) - €= m = [ =mA@E—mds, (A

where

A(s) = (a5(5)) )y s

_ Ti;X g
aols) = o (5, + -2 232,

= (@) = n+s(§ — 1) € R",

and ;5 is Kronecker delta function.
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On the other hand, for any z € R", it follows that
(z,A(s)2)
a2 (122 4 (- 2L
||
2
=2 (|2 (Ed1ED)

=(p = Dla” %2 (A.5)

Then, by the convexity of | - [P, we get
2" < slE” + (1= s)nl” < [§)° + Inl”. (A.6)
Thus, by (A4), (A3) and (AXG), we obtain
(1626 = P ~2n) - (€ =m) = (0= DAEP + 10T I =P (A7)
If 1<p<2,360¢€]0,1] such that 8¢ + (1 — 0)n = 0, we shall only prove
kP —1)(k—1)> (p— 1)k — 1)2(kP + 1), Yk > 0. (A.8)

The inequality (A.8)) is based on similar arguments with [AJ7)). Collecting all
these facts, we complete the proof of (ii). |

Proof of Lemma [ : Let us denote [fll,) o = A [l9lly()0 = 1 and
assume that Au # 0. By Young’s inequality, one has for a.e. z € Q,

q'(z)
) | (49)

On the other hand, by the definition of Luxemburg norm and monotone con-

vergence theorem, one has

f g
Qq(-)(x) < 1 Qq’(')(;) < L (A.10)



Integrating (A9) over Q and applying (AI0), we have
[ 1f@at@)as
f g
<A NG (=
H (Qq( )()\) + Qq()(M)
L2 fllgy,0llglly .0

In the case Ay = 0, the inequality is trivial. |

Proof of Lemma [4t According to (ii) of Lemma[2 we have

/ (|u|p(m)_2u - |’U|p(m)_2’l}) (u—wv)dz
Q
9 p(z)—2
>(p” - 1) / fu =0l (™ + o) 77 da. (A11)
Q

On the other hands, according to Lemma Bl we obtain

-1
2=p()
o (2‘ (ufPO) 4 [pp0)) )
Q 2.
p()—2
= o+ o0y = (A12)
2.0
IJON
Combining (A1), (A12) and Lemma[ll the conclusion follows. [ |

Appendix B. Weak Solution of Regularized Problem

In order to obtain the weak solution of regularized problem, we discuss the

conditions in three cases.

e For the case 0 <m < 1, let




e For the case m =1, let

Then the problem (B.I3) is translated into parabolic equations in divergence

form as follows:
vy = div (|\I/'(v)|p<x)71|Dv|p(z)72Dv) in Qr,
v(x,t) = D(e) on T, (B.1)
v(z,0) = ®(ug +¢) in Q.
Definition 3. A function v(x,t) is called a weak solution of parabolic problem
(B) provided that

° ’UEU(QT)QLOO(QT), Ve EUI(QT).

e For every ¢ € C4(Qr),

// vepdadt + // W (0) PO Y DoP® 2Dy - Dpdzdt = 0. (B.2)
QT QT

e The following equations hold in the sense of trace:

v(z,t) = ®(e) on T,

v(x,0) = P(ug + ¢) in Q.

Denote

K = esssup ug(x),
€N

A k= max {e™, min {|¥'(v)], (K +¢)"}}.
Then we consider the regular equations as follows:
vy = diV(A;ZFZ)71|DU|p(I)72DU), in Qrp,
v(z, t) = D(e) on I (B.3)

v(x,0) = P(up + ¢) in Q.
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Definition 4. A function v(x,t) is called a weak solution of reqularized problem

B3) provided that
eV EU(QT)QLOO(QT), Ve EUI(QT).

e For every ¢ € C4(Qr),

/ / vppdadt + / / AP DuPY 2Dy - Dpdadt = 0. (B.4)
QT QT

e The following equations hold in the sense of trace:
v(z,t) = ®(e) on T,

v(x,0) = ®(ug + ¢) in Q.

Remark 3. We consider the equation of w(z,t) = v(z,t)—®(e), then w(z,t) =
0, (x,t) € . By virtue of , Theorem 4.1], there exists a weak solution w(x,t).

So the regular problem (B3) admits a weak solution.

Proposition 4. For the case 0 < m < 1, the weak solution of the regular

problem (B3) satisfies
O (e) <v(r,t) <O (K +¢).
For the case m > 1, the weak solution of the reqular problem (B3) satisfies
0<®(K+e)<v(z,t) <P(e).

Proof : For the case 0 < m < 1, multiplying the equation (B3) by (v — M),

and integrating over (), we have

1 o . )
5// E(U—M)id:vdt:—// AZ(K) 1|D(’U—M)+|p( )dxdtgo,
Q, a,

where M > 0 is a constant which will be determined later.

Therefore,
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Due to v(z,0) < ®(K +¢) and the arbitrariness of s, choosing M = ® (K + ¢),
we have v(z,t) < ® (K +¢) ae. in Qp. Similarly multiplying the equation
(B3) by (v — N)_, choosing N = @ (¢), we have ® (¢) < v(x,t).
In a similar way, we can get the conclusion for the case 1 < m < 2. |
Based on Proposition ], we know that 0 < ™ < |¥/(v)| < (K 4+ ¢)™. Thus,
the weak solution of (B.3]) is the weak solution of (BJ). The following Corollary

follows.

Corollary 1. Assume that m > 0 and p(z) is log-Hélder continuous which
satisfies 2.8), ug € L>®(Q) and ug > 0, the problem (BI) admits a weak

solution.

Proof of Proposition [I} Since that p;(z) is log-Holder continuous, and
C3(Qr) is dense in Uy (7), (B2) holds true also for all ¢ € Uy (7).
For any ¢ € C(Q7), taking ¢ = [¥/(v)| ¢ in (B2), we have

// U (v),pdadt + // DU (0)[P) "2 DU (v) - D (|¥' (v)] ¢)dadt = 0.
QT QT
In fact of u™ = |V’ (v)|, BI4) holds for u = ¥(v).
Since
v(z,t) = D(e) onT,
v(x,0) = ®(up + €) in Q,

we have (815), (B.I6) in the sense of trace, then v = ¥(v) is a weak solution of
GI3). |

Proof of Proposition Assume u; and wus are the solutions of the
equation which correspond to €7 and €5 respectively, and €7 < e5. Choosing

uy " H (uy — ug) and uy " H (u1 — ug) as the test function, where
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then we have

// (ufmult - u;mum) H (u; — ug) dadt

Qr

—|—/ 5 (u1 — UQ) . Z (|Dul|p(z)72Di’UJ1 — |D’U,2|p(x)72D’U,2) -D (u1 - UQ)dIdt =0.
Qr i=1

Now, for the case m # 1,

1 . .
—_ wy " (x,T) —uy " (x, T)dx
T Jcomsuy ™ (@,T) —uy ™ (2,7)

1
<

1-m 1-m
< u; ™ (2,0) —uy ™ (z,0)dz = 0.
I-m {z€Quio>u20}

Likewise, for the case m =1,
/ In(uy (2,T)) — In(ug (x,T))dz
{z€Qui>us}

</ In(us (2,0)) — In(us (x,0))dz = 0.
{r€Qsu10>u20}
Therefore, u; < us a.e. in Qp. |

Remark 4. In fact, we can complete the proof through a process of approxima-

tion; that is, we can choose H.(t) instead of H(t), where

m(t)—/otm(s)ds, heos)—?( —@)+,

€ €

and then let € — 0.

Appendix C. Proof of Proposition [3]

In order to obtain the weak solution of problem (1), some apriori estimates
are also necessary.

Assume that 0 < ug € V(Q) N L>°(Q) and p;(x) are log-Holder continuous
functions which satisfy (2.6).

Due to u = ¥(v) = ®~*(v), choosing ¢ small enough, we know from Propo-

sition M that

O<e<u. <K+e<K-+1. (C.1)
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U . .
——, and integrating over Qr, we

0
Multiplying the equation (3I3) by u_™ 5

have

_ 8u5)2 / 1 ( ) 1 ( )
u, ™ dadt + —Duspmdx:/ —— | DuoP' dx,
//QT < ot QP(UC)' | QP(UC)' o
ou:\ 2
—m 5 < '
//QTuE (at>dxdt\C, (C.2)

1 p(x)
- < .
/Q @) |Du " da < C, (C.3)

then

where C' is a constant independent of ¢.

According to (CJ) and (C2), we have

//QT (8;;)adxdt <(K+1)™ <//QT Uam(a;:)2d:zrdt> <c (.4)

where C' is a constant independent of ¢.

Remark 5. Actually, the process above can be completed by apriori estimates

of the regular equations (B.3)). Denote the solution of the regular problem (B.3])

W 154

ve. Multiplying the equation (B3] by 0 8(: , and integrating over Qr, we
have
// |(vF) dxdt+// |DW (%) P2 D (1F) - 0 (D (vF))dzdt = 0.

Qr Qr ot
Therefore,

1 1
// d:cdt—i—/ —|Dx11(v€)|”<””>dx:/ — | D[P d.
Qr o p(x) o p(z)

Then (C2)-(CA) follows.
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