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The inversion number of dijoins and blow-up digraphs

Haozhe Wang® Yuxuan Yang]L Mei Lu'

Abstract

For an oriented graph D, the inversion of X C V(D) in D is the digraph obtained
from D by reversing the direction of all arcs with both ends in X. The inversion number
of D, denoted by inv(D), is the minimum number of inversio&s) needed to transform D
into an acyclic digraph. In this paper, we first show that inv(C5 = D) = inv(D) + 1 for
any oriented graph D with even inversion number inv(D), where the dijoin C3 = D is
the oriented graph obtained from the disjoint union of C'3 and D by adding all arcs from
C3 to D. Thus we disprove the conjecture of Aubian el at. [2] and the conjecture of Alon
el at. [1]. We also study the blow-up graph which is an oriented graph obtained from a
tournament by replacing all vertices into oriented graphs. We construct a tournament 7T’

=n

with order n and inv(T') = § + 1 using blow-up graphs.

Keywords: inversion number; tournament; oriented graph; dijoin; blow-up graph.

1 Introduction

In this paper we only consider digraphs without loops, parallel edges and 2-cycles. In
the following content, we will use digraph and oriented graph interchangeably. We denote by
V(D) and A(D) the vertex set and the arc set of a digraph D, respectively. The subdigraph
of D induced by a subset X C V(D) is denoted by D (X). The inversion of X in D is the
digraph obtained from D by reversing all arcs in A(D (X)), which we denote by Inv(D; X).
If (X;)ier is a family of subsets of V(D), then Inv(D; (X;);cr) is the digraph obtained from D
by inverting X; one after another. Note that the ordering of the inversions doesn’t matter.
We say (X;)ier is a decycling family if Inv(D; (X;)ier) is acyclic. Furthermore, if |I| = k, we
say (X;)ier is a k-decycling family. The inversion number of D is the minimum cardinality
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of a decycling family, which we denote by inv(D). For a positive integer n, denote inv(n) =
max{inv(D)|D oriented graph of order n}.

The inversion problem was first introduced by Belkhechine et al. ([4] [5]). They mainly
concerned about inv(n). Recently, Bang-Jensen et al. [3], Alon el at. [1] and Aubian el at. [2]
have obtained many results regarding all aspects of the problem.

It is natural to consider the inversion number under some graph operations. For digraphs
L and R, the dijoin L = R from L to R is the digraph composed by disjoint union of L and
R, with an edge uv for all w € V(L) and v € V(R). Bang-Jensen et al. [3] showed that, for two
strongly connected oriented graphs L and R such that inv(L),inv(R) > 2, inv(L = R) > 4.
They also gave the following conjecture.

Conjecture 1.1 (Bang-Jensen et al. [3]) For oriented graphs L and R, we have inv(L =
R) =inv(L) + inv(R).

This is called “dijoin conjecture”, which is an important cornerstone of inversion number
problem. Conjecture 1.1 is trivial when one of inv(L) and inv(R) is zero. Bang-Jensen et al.
[3] showed it is true when inv(L) 4 inv(R) < 3, and Alon el at. [1] showed it is true when
inv(L) = inv(R) = 2. However, Alon el at. [1] and Aubian el at. [2] independently found
Conjecture 1.1 is not correct in general.

Note that the dijoin operation is not a symmetric operation, which means L. = R and
R = L are different in general. However, Conjecture 1.1 is symmetric in some sense, since the
graphs obtained by inverting the whole vertex set give the corresponding examples in the other
direction. Actually, we have inv(D) = inv(Inv(D; V(D))).

To disprove Conjecture 1.1, Aubian el at. [2] gave an explicit construction.

Theorem 1.2 (Aubian el at. [2]) For every odd integer k > 3, there is a tournament T}
with inv(Ty) = k such that inv(T}, = R) < k + inv(R) — 1 for every oriented graph R with
inv(R) > 1.

They also conjectured that the same statement also holds for every even integer k£ > 4.

Conjecture 1.3 (Aubian el at. [2]) Foranyk > 3, there is a tournament Tj, with inv(T}) =
k such that inv(1T, = R) < k+ inv(R) for all R with inv(R) > 1.

Independently and almost simutaneously, Alon el at. [1] exhibited a tournament R with 9
vertices such that inv(R) = inv(C5 = R) = 3, where Cj is the directed cycle on three vertices.
They also give the following conjecture, which is similar with Conjecture 1.3.

Conjecture 1.4 (Alon el at. [1]) For alll,r € N with [ > 3 or r > 3, there exists oriented
graphs L and R with inv(L) =1 and inv(R) =r, but inv(L = R) <1+ 7.



In this paper, we prove the following theorem and then disprove both Conjecture 1.3 and
Conjecture 1.4. It is quite surprising and tells us that Conjecture 1.1 is still correct in some
cases.

Theorem 1.5 Let k > 2 be an even integer. For all oriented graphs L and R with inv(L) = 1
and inv(R) = k, we have inv(L = R) = inv(R = L) =inv(L) +inv(R) = 1 + k.

In conclusion, here are the current results for “dijoin conjecture”. For oriented graphs L
and R, if inv(L) = and inv(R) = r, we have inv(L = R) = [+ r for

(I,7) € {(0,0), (0, k), (k,0),(1,1), (1,2k), (2k, 1), (2,2)},

where k is a positive integer. Also, there are counterexamples with inv(L = R) < [+ r when
either [ or 7 is an odd number at least 3 and Ir # 0. The remaining cases are still open, which
are the cases when [ and r are both positive even numbers except for [ = r = 2.

On the other hand, a natural generalization of dijoin operation is so-called k-join, which
is a graph obtained by dijoin k digraphs one after another. Additionally, here is a further
generalization.

Definition 1.6 (blow-up graph) Let H be a digraph with |V (H)| = n. Label the vertices in
H as vy, vq,...,v,. For pairwise vertex disjoint digraphs D+, ..., D,, define the blow-up graph
H[Dy, D, ..., D,] is the digraph whose vertezx set and arc set are

VHID, Dy - D)) = V(D).

1=1

A(H[Dy,Dy,--+  Dy) = | Aayle e V(Di),y e V(D) U J ADy).

vivj EA(H)

Moreover, if D; = D are all the same, we simply denote H[Dy, Ds,...,D,] by H[D],. If
V(H) = {z,y} and A(H) = {zy}, it gives dijoin H[Dy, Ds] = Dy = D,. Also, k-join comes
from H = TT}, which is a tournament with order k£ and arc set A(TT}) = {vv;|i < j}, then
we denote 1Ty [Dy, Dy, ..., Di] by [D1, Da, ..., Dg] and denote TT;[D]y by [D].

%
To prove Theorem 1.5, we start with the case when L = (5.

Theorem_1>.7 Let k > 2_b>e an even integer and D be an oriented graph with inv(D) = k.
Then inv(C3 = D) = inv(Cs) + inv(D) = 1 + k.

The main technique to prove Theorem 1.7 is to investigate the rank of some related matrices
over Fy. From the saL)ne idea, we have some other interesting results. We provide an equivalent
condition when inv(C5 = D) = inv(D) = k, and prove the following theorems.

Theorem 1.8 Let D be oriented graph. Then inv(@ = D) =inv(D = C_>’3)
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Theorem 1.9 inv([@, C_>’3, D]) = inv(C_>’3 = D) + 1 for every oriented graph D.

We also have the following generalized result as a corollary. Let [m] = {1,2,...,m}.
Corollary 1.10 Let k > 2 and Dy, Do, . .., Dy, be oriented graphs. Assume that there is j € [k]
such that inv(D;) > 1 and inv(D;) =1 for all i € [k]\ {j}. Then

ko = . |
inv([Dy, Do, ..., Dg]) = 22:1 %IIV(DZ‘) -1 i 1nv(Q3 = D;) = inv(Dy),
> iy inv(D;) otherwise.

Theorem 1.5 is actually a special case of this corollary.
_>
Proof of Theorem 1.5. Since inv(R) = k is even, we have inv(C3 = R) = inv(R) + 1 by
Theorem 1.7. From Corollary 1.10, we are done. U

Theorem 1.8 seems very reasonable but it is non-trivial. In fact, we believe that the
direction of the dijoin operation does not affect the inversion number in general.

Conjecture 1.11 For every oriented graphs L and R, inv(L = R) = inv(R = L).
Basing on Theorems 1.9, we also give the following conjecture.

Conjecture 1.12 For tournaments Ty, Ty with inv(Ty) > 2, we have inv(T} = Ty) > inv(T3).

There are lots of results about inv(n). Belkhechine et al. [5] first proved that 25+ —logn <
inv(n) < n — 3 for all integer n > 4.

Bang-Jensen et al. [3] found that the constant term in the upper bound can be improved
very slightly. Alon el at. [1] greatly improved the bounds of inv(n), showed that inv(n) =
(14 0(1))n. As the proof of it relies on probabilistic methods, there is no explicit construction
for a digraph with large inversion number close to inv(n). The largest one found is [C3]» whose

inversion number is g

Let @, be the tournament obtained from the transitive tournament by reversing the arcs
of its unique directed hamiltonian path (vy,v,...,v,). Belkhechine el at. [5] conjectured
that inv(Q,) = [%5*]. It means that @, is possibly a specific example with much larger
inversion number. It is obvious that inv(Q,) < [2*] since we can give a |2+ |-decycling
family X; = {vo;, vg;41} for 1 <i < L”T_lj

Our another main result of the paper is to give a construction with inversion number
slightly more than ¢ using blow-up graphs.

Theorem 1.13 Let T be a tournament of order n and inv(T) = 1. Then inv(T_l))l Dyl =

n+ 1 for every oriented graphs {D;}1<i<n with inv(D;) = 1. Moreover, inv(T[Cs]x) = k + 1.



We can prove that for oriented graphs D; with inv(D;) =1 (1 <7 < n), the inequality
n <inv(T[Dy, Da, ..., D,]) < n+inv(T)

holds. Then for inv(7) € {0,1}, we have inv(T'[Dy, Ds,...,D,]) = n+ inv(T) by Theorem
1.13. If inv(T") ¢ {0, 1}, we have the following result.

Theorem 1.14 Let k > 3 be an odd integer. Then there exists a tournament Ty, with inv(Ty) =
k such that
il’lV(Tk[Dl, DQ, ceey Dn]) <n-+ k—1

for every oriented graphs {D;}1<i<n with inv(D;) = 1. Here n = |V (1})| is the order of Ty.
We have the following conjecture for even case.

Conjecture 1.15 Let k > 2 be an even integer, T be a tournament with inv(T) = k and
|\V(T)| = n. For oriented graphs Dy, D, ..., D, with inv(D;) = 1, we have

il’lV(T[Dl,DQ, cee 7Dn]) =n-+ k.

We detail some of the notation and observations to be used in this paper. If zy € A(D),
we say « dominates y, denoted by x — y. If every vertex of A C V(D) dominates every vertex
of B C V(D), then we say A dominates B, denoted by A — B.

Given a tournament 7" and the result tournament 7" of T after inverting. We introduce a
sign ‘<’ to express the ordering of vertices in 7", that is © < y if zy € A(T"). Then z < y < z
means vy, zz,yz € A(T"). Let A, B C V(T). Denote A < B (resp. A < y) if z < y for every
x € Aand y € B (resp. x < y for every € A with x # y). Note that if the result tournament
T" is acyclic, then ‘<’ is transitive and gives a total order on V(7”).

It is common to use vectors in [y to investigate the inversion problem of graphs. For a
digraph D, a decycling family (X;)i<i<x and a vertex v € V(D), we define the characteristic
vector v € F of v in (X;)1<i<r where the i-th element of v is 1 if and only if v € X;. For
u,v € F5 we write u - v to be the scalar product of u and v over F5. We say a collection
{w; }ies is orthonormal if u; -w; = 1 and u; - u; = 0 for i # j. For uwv € A(D), it is obvious that
u-v =0if and only if uv € A(Inv(D; (X})ier))-

When we study the inversion number, we mainly focus on tournaments because of the
following observations.

Observation 1.16 (Bang-Jensen et al. [3]) If D' is a subdigraph of D, then inv(D’) <
inv(D). Actually, if (X;)ier is a decycling family of D, then (X; NV (D'))ier is a decycling
family of D’.

Observation 1.17 (Bang-Jensen et al. [3]) If (X))ics is a decycling family of an oriented
graph D, then D can be extended to a tournament T such that inv(D) = inv(T') and (X;);es is
still a decycling family of T.



Observation 1.17 shows that we only need to consider tournaments rather than oriented
graphs in lots of questions, and it preserves the decycling family of the original graph.

After finishing the first version of this paper, we notice the independent work by Behague
et al. [6]. They are also working on the inversion number of dijoins and disprove a different
conjecture of Aubian et al. [2]. To our knowledge, their results do not imply any of our results
in this paper.

The rest of this paper is organized as follows. In Section 2 we give proofs of Theorems
1.7 to 1.9. In Section 3 we prove Theorem 1.13 and study the inversion number of the blow-up
graphs.

2 Proofs of Theorems 1.7 to 1.9

In this section we first prove Theorem 1.7.

2.1 Proof of Theorem 1.7

The proof of Theorem 1.7 relies on the ranks of matrices. We prove that the rank of
characteristic vectors of any decycling family of an oriented graph D is no less than inv(D) if
inv(D) is even. We first have the following lemma.

Lemma 2.1 For any odd integer n and every symmetric matric M € M, (Fy), there is U €
M, (Fy) such that U'U = M.

Proof. By induction on n. It is trivial when n = 1. Let M = (my;)1<ij<n be a symmetric
matrix with n > 3. We complete the proof by considering two cases.

Case 1. There exists ¢ such that m;; = 1. By interchanging columns and corresponding
rows we assume ¢ = 1.
Case 1.1. There exists j # 1 such that the submatrix A = (mll mlj) is non-singular.
M1 Myj
Also assume j = 2.

In this subcase, M = <A B ) Note that

Bt M,
I 0\(A B\ (L —A'B\ (A 0
—BIAY I,)\B" My)\o I,, ) \0 My—B'A'B)"

11 1
Since my; = 1 and A is non-singular, A = (1 0) or (O (1)) Obviously, there is U; € My (IFy)

such that UlU; = A. By induction, there is Uy € M,,_5(IFy) such that UlU, = My — B!A™'B.
Thus the result holds.
mi1 My

Case 1.2. For every j > 1, A; = (
M1 Mj

) is singular.
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11 1
In this subcase, A; = < ] 1) or < 0 8) since M is symmetric. By elementary column

. . . 1 10
transformations and corresponding row transformations we can change all 11 to 00/

Thus we can assume

1 0 o --- 0

0 0 Moz ... Moy
M=10 ms 0 ... M3y

0 Mp2 Mp3 - 0

Let

1 0 0

0 1 Moz ... Moy
C = 0 32 0 ... M3y

0 Mp2 Mp3 - 0

There is V' € M,(FF3) such that V'V = C by Case 1.1. Assume V = (ay,aq,...,q,). Let
U= (1,01 + as,as,...,a,), where 1 is the all-ones vector. Then U € M, (F;). Note that
1-1=1,1-,=0;-a;=0fori>3,1-a,=0;-c; =1fori <2and a;-a; =0 fori> 2.
Hence U'U = M.

Case 2. m;; = 0 holds for every i € [n].

Let
1 00 0
0 0 . 0
Co=M+ |0 00 0
000 ---0

There is Uy € M, (F3) such that UjUy = Cy by Case 1. Assume Uy = (af,a,...,al). Let

n

U= (o) + 1,0y 0ah,...,00). Notethat 1-1=1and 1-a, =0a}-a,=0foralll <i<n.

n

Hence M = U'U and we are done. O

Lemma 2.2 For every even integer k and a tournament T with inv(T) = k, rank(A) > k,
where A = {uju € V(T')} is the set of characteristic vectors of a decycling family of T. More-
over, rank(A) = k if the decycling family of T is a k-decycling family.

Proof. Suppose for a contradiction that rank(A) < k. Then there are k—1 vectors {aq, ..., ax_1}
C A such that u is a linear combination of them for each u € V(7). Let u = Zfz_ll Au,ic; and
M € My _1(Fy) the Gram matrix of {ay,aq,...,ar_1}. Then there exists U € My 1(F2)
such that M = U'U by Lemma 2.1. Assume U = (B1,5s,...,5—1). Then 3 € Fy~' and
Bi- B =a;-aj forany i,j € {1,...,k — 1}. We have a new (k — 1)-decycling family given by



the characteristic vector .
u = Z )\uzﬁz
i=1

for each uw € V(T'), because the scalar products between vertices are fixed. A contradiction
with inv(7) = k. O

Remark 2.3 The results of Lemma 2.1 only hold when k is even. If k is odd, then k — 2
is odd. By Lemma 2.1, there is U € My_o(F3) such that U'U = M. Hence we can prove
rank(A) > k — 1 by using the same method.

To prove Theorem 1.7, we give a stronger conclusion as following.

Lemma 2.4 Let D be an oriented graph. If inv(@ = D) = inv(D) = k, then there ezists
a k-decycling family of D with the set of characteristic vectors A = {z|z € V(D)} such that
rank(A) =k — 1.

Proof. Note that inv(D) = k. By Observation 1.17, Lemma 2.2 and Remark 2.3, we can assume
rank(A) = k for every k-decycling family of D.

Assume V(C_)g,) = {u,v, 1@ Fix a k-decycling family (X;)i<;<x of C_>’3 = D. We extend D
to a tournament 7" such that C5 = T has the same k-decycling family and inv(7") = inv(D) = k
by Observation 1.17. After the inversions, assume the new ordering of V(C_>’3 =1T)is

P<u<@Q<v<R<w<S,

where {P,Q, R, S} is a partition of V(T') with possibly empty set. Comparing with the old
ordering of V(C5 = T'), that is

{u,v,w} > PUQURUS,

we can give the scalar products between u,v,w € F§ and p,q,r,s € F% as following, where
peEPqge@,re R seSs.

0
=0, (1)

Before the inversions, three arcs of 5)'3 are either u = v, v - w, w — w or u — w, W — v,
v — u. Then we have either u-v=0,v-w=0andu-w=1,oru-v=1 v-w=1and
u-w = 0. In both cases, we have u- (v+w)=1land w- (u+v)=1. Thusu,v+w,u+v
are nonzero vectors.

Since inv(7T) = k, A = {plp € P} U{q|lg € Q} U {r|r € R} U{s|s € S} is the set
of characteristic vectors of the k-decycling family (X; N V(T))1<i<k, of T. By assumption,
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rank(A) = k. If P =10 (resp. @ =0 or R =), then ulA (resp. (u+v)LAor (v+w)LA), a
contradiction with rank(A) = k. Hence we have P, ) and R all are non-empty sets. Note that
the digraph Inv(T; (X; NV (T))icr) is acyclic and the ordering of V(T') in Inv(7T'; (X;NV(T))icr)
is P <@ < R < S. Particularly, Inv(T (Y); (X; NY);es) is acyclic for any Y € {P,Q, R, S}.

Now we choose py € P, qo € @, ro € R. From (1), it is not difficult to show that {po, qo, ro}
and {u,v,w} are linear independent. Let ® = {x € F§|xlu,xlv,xIw}. Then rank(®) =
k — 3. For any p € P, we have p + po € ® which implies {p|p € P} C po + ®. So for
any p € P, we can set p = po + ¢,, where ¢, € ®. Similarly, for any ¢ € Q,r € R, we set
q = qo + ¢4, * = ro + ¢, Where ¢4, ¢, € ®. Note that any vector is a linear combination of
{Po, 0, ro} and a vector in ®. Assume

u+ Vv = A\Po+ Aaqo + Asrg + ¢.

Since w- (u+v) =1L, u+v ¢ ®. Then |[{A1, A2, A3} N (F2\ {0})] > 1. We consider the following
three cases.

Case 1. \; = 1.

In this case, 7 := pg + u+ v is a linear combination of qg,rg and a vector in ®. Let
N={p+u+vlpe PtU{q|ge Q}U{rlre R}U{s|s € S}.

Then A’ is the set of characteristic vectors of a k-family, say (X!)i<;<g, of T. Obviously,
rank(A’) = k — 1. So we just need to show that (X/);<i<k is a k-decycling family of 7', that is
Inv(7T'; (X])icr) is acyclic. By comparing A and A’, we have Inv(T (Y) ; (X! NY);er) is acyclic
forany Y € {Q, R, S} and Q < R < S in Inv(T%; (X/)icr)-

Since (u+v)-r=(u+v)-s =0, we have (p+u+v) -x =p-x foral p € P and
r € RUS which implies P < R < S in Inv(T;(X!)ier). Since (u+v)-q = 1, we have
(p+u+v)-q=p-q+1forall pe Pand ¢ € Q which implies @ < P in Inv(T; (X/);cr). For
any pi1,p2 € P, we have

(Prt+u+v) (pz2+u+v)=(p1-p2) +(u+v) (utv).

Note that u + v is fixed, so the arcs in Inv(7T" (P); (X; N P);er) are either all inverted or not
which implies Inv(T" (P); (X} N P);er) is acyclic. As a conclusion, Inv(7' (Y); (X! NY);er) is
acyclic for all Y € {P,Q,R,S} and Q < P < R < S in Inv(T; (X])ier). Thus (X])1<i<k is a
k-decycling family of T'.

Case 2. \y = 1.

In this case, 7 := qg + u + Vv is a linear combination of pg,rg and a vector in ®. Let
N={plpe PU{gq+u+v|ge Q}uU{rlre R} U{s|se S}.

Then A’ is the set of characteristic vectors of a k-family, say (X!)i<;<g, of T. Obviously,
rank(A’) = k — 1. Since (u+v)-p=(u+v)-r = (u+v) s =0, by the same argument



as that of Case 1, we have Inv(T (Y); (X! NY);er) is acyclic for all Y € {P,Q, R, S} and
P<@Q<R<SinInv(T;(X])ier). Thus (X])1<i<k is a k-decycling family of 7.
Case 3. \3 = 1.

In this case, 7 :=rg + u+ v is a linear combination of pg,qo and a vector in ®. Let
N ={plpe P}U{dl¢e Q}U{r+u+v|re R} U{s|se S}

Then A’ is the set of characteristic vectors of a k-family, say (X!)i<i<g, of T. Obviously,
rank(A’) = k — 1. Note that (u+v)-p=(u+v)-s=0and (u+v)-q = 1. By the same
argument as that of Case 1, we have Inv(T (Y) ; (X NY);es) is acyclic for all Y € {P,Q, R, S}
and P < R < Q < S in Inv(T; (X])icr). Thus (X/)1<;<x is a k-decycling family of 7' O

Now we are going to prove Theorem 1.7.
Proof of Theorem 1.7. By Observation 1.16, inv(a = D) > k. As we can invert C_’g) and
D respg:tlvely to transform C3 = D into an acyclic digraph, we have inv(C5 = D) < k + 1.
If inv(C3 = D) = k, then there exists a k-decycling family of D with the set of characteristic
vectors A = {u|u € V(D)} such that rank(A) = k — 1 by Lemma 2.4, which contradicts with
Lemma 2.2. Hence we have inv(C3 = D) = k + 1 as required. O

2.2 Proofs of Theorems 1.8 to 1.9

We observe that in the proof of Theorem 1.7, we only use the property that the rank of
the characteristic vectors and the inversion number are the same. Hence we consider applying
the conclusion to general cases.

Lemma 2.5 For every even integer n and a symmetric matric M € M, (Fy), there is U €
M, (Fy) such that M = U'U if and only if M has a non-zero diagonal entry or M is a singular
matriz.

Proof. We prove by induction on n. It is trivial when n = 2. Assume M = (m;;)1<i j<n With
n > 4. We consider three cases.

Case 1. There exists ¢ € [n] such that m; = 1. By interchanging columns and corre-

1 B
Bt Mo). Note that

1 0 1 B\ (1 -A'B\ /1 0
~B'A™" I,.,)\B" My)J\0 I, ) \0 My-B'B)

Since My — B'B € M,,_1(F3), by Lemma 2.1, My — B*B has a decomposition which implies the
result holds.

sponding rows we assume ¢ = 1. Let M = (

Case 2. my; = 0 for every i € [n] and M is a non-singular symmetric matrix. Suppose
there is U € M, (Fy) such that U'U = M. Assume U = (aq, @, ..., 0y). Since 1-oj = o - =
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m;j; = 0, for any j € [n], the vector «; has an even number of 1s. So rank(U) < n which implies
rank(M) < rank(U) < n, a contradiction.

Case 3. my; = 0 for every i € [n], and M is a singular symmetric matrix. Then we
can change the first column and first row to all zeros by elementary column transformations

and corresponding row transformations. Thus we can assume M = (8 ]\3/) Since M'" €
M,,_1(F3), by Lemma 2.1, M’ has a decomposition which implies the result holds. O

Lemma 2.6 Let D be an oriented graph. If inv(D) = k > 3, then the following propositions
are equivalent.

(1) inv(Cy = D) = k.

(2) k is odd and there exists a k-decycling family of D with the set of characteristic vectors
A = {z|z € V(D)} such that A C {x € F&|x11}.

Proof. By Observation 1.17, we assume D is a tournament.
(1) = (2). Obviously k is odd by Theorem 1.7. By Lemma 2.4, there exists a k-decycling
family of D with the set of characteristic vectors A = {z|z € V(D)} such that rank(A) = k— 1.

Under the fixed decycling family, we claim z-z = 0 for each z € V (D), then the conclusion
can be deduced since 1-z = z -z = 0. Suppose there is z; € V(D) such that z; -z, = 1.
Then we can choose 23, 23, ..., 2x_1 such that zy,zs,...,2zx_1 forms a base of A. So for each
z € V(D), we have z = Z;:ll A:iZi, where A, ; € Fy.

Let M € My_1(Fs) be the Gram matrix of {zy,2s,...,2x_1}. Since z; - z; = 1, there
exists U € My_1(Fy) such that M = U'U by Lemma 2.5. Let U = (2z},25,...,2;_,). Then
z; - z; = 7; - Z;. Now we have a new (k — 1)-decycling family given by the characteristic vector

k-1
zZ = E Az 2}
i=1

for each z € V(D), because the scalar products between vertices are fixed. Note that z] € Fi~!
and this contradicts with inv(D) = k.

(2) = (1). Obviously, inv(Cy = D) > inv(D) = k. Let V(Cy) = {u,v,w} and define
u=0,v=w=1¢€TF} Itis easy to check that {u,v,w}UA is the set of characteristic vectors
of a k-decycling family of C3 = D which implies inv(C3 = D) < k. O

Proof of Theorem 1.8. Let D~ be the digraph obtained by reversing all arcs of D. Then D
and D~ share the same decycling family and inv(D) = inv(D™).

Assume inv(C_)’g = D) =inv(D) = k. By Lemma 2.6 and the fact that D and D~ share the
same decycling family, we have k is odd and there exists a k-decycling family of D~ with the
set of characteristic vectors A = {z|z € V/(D7)} such that A C {z € F§|z11}. By Lemma 2.6
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again, inv(@ = D7) = inV(D ). Since 1nv(03 = D7) =inv(D = C_>’3) and inv(D) = inv(D™),
we have inv(D = C3) = V(a )

Conversely, assume inv (D ) 1nV(C’3 = D7) =inv(D~). By the same argument as
above, we have 1nv(5)'3 = D) =inv(D = C3)

Slnce_1>nv(6’3 = D),an(D = C—>'3) € {inv(D),inv(D) + 1}, we have iIlV(C—>'3 = D) =
iIlV(D = Cg) 0

Lemma 2.7 Let D be an oriented graph with inv(D) = 1. Then inv(C_)’g, = H)=inv(D = H)
and inv(H = C’3) inv(H = D) for every oriented graph H.

Proof. We just show that inv(C_’g,) = H) = inv(D = H) holds for every oriented graph
H. Actually, we have the conclusion in the other direction if we reverse all arcs. Obviously
inv(Ch = H),inv(D = H) € {inv(H), inv(H) + 1}.

If iIlV(C—>'3 = H) =inv(H) + 1, the result holds since C_>’3 = H is a subdigraph of D = H.

If inv(a), = H) = inv(H) = k, then k is odd by Theorem 1.7. By Lemma 2.4, there
exists a k-decycling family of H with the set of characteristic vectors A = {z|z € V(H)} such
that rank(A) = k — 1. Then we obtain a (k + 1)-decycling family of D = H with the set of
characteristic vectors A’ = {z|z € V(D = H)} such that rank(A’) < k if we invert D and H
respectively. Obviously inv(D = H) =Fkor k+ 1. If inv(D = H) = k+ 1, rank(A’) > k + 1
by Lemma 2.2, a contradiction.

Then inv(D = H) =k = inv(a), = H) which proves the result. O

Now we are going to prove Theorem 1.9.

Proof of Theorem 1.9. By contradlctlon Assume D is a tournament by Observation 1.17.
Suppose 1nv([C’3, 5)'3, D)) = 1nV(C'3 = D) = k. Then k is odd by Theorem 1.7. By Lemma 2.6,
there exists a k-decycling family (X;)i1<;<x of 5)'3 = D with the set of characteristic vectors
A ={z|z € V(C3 = D)} such that A C F where F' = {z € F&|x11}. Then rank(F) =k — 1.
Let I' = {x € Alz € V(D)} be the set of the characteristics vectors of the k-decycling family
(X; N V(D))1<i<k of D. Since inv(D) is either k or k — 1, rank(I') > k£ — 1 by Remark 2.3
and Lemma 2.2. By Remark 23 and A C F, rank(A) = k — 1. From I' C A, we have
rank(I") = k — 1_) Assume V(Cg) = {u,v,w}. Under the fixed decycling family, assume the new
ordering of V(C3 = D) is
P<u<@Q<v<R<w<S,

where P, @, R, S form a partition of V(D) with possibly empty set. Then I' = {p|p € P} U
{q|¢ € Q} U {r|r € R} U{s|s € S}. Comparing with the original tournament

{u,v,w} > PUQURUS,

we can give the scalar products between u,v,w € F5 and p,q,r,s € F§, where p € P,q €
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Q,r € R,s e S. That is
p-u=1, q-u=0, r-u=0, s-u=0,
p-v=1 q-v=1, r-v=0, s-v=0, (2)
p-w=1 qw=1 r-w=1 s-w=0.

By the same argument as the proof in Lemma 2.4, we have u- (v+w)=1and w-(u+v) =1
which implies that u, v +w,u + v are nonzero vectors.

If P=0 (resp. @ =0 or R=10), then ull (resp. (u+v)LIT or (v+w)LI"). Note that u
(resp. u+v or v+ w) is linear independent with 1 and I" C F. Thus we have rank(I") < k— 2,
a contradiction with rank(I') = & — 1. Hence we have P, () and R all are non-empty sets.

Now we can choose py € P,qy € Q,ro € R. From (2), it is not difficult to show that
{Po,q0,ro} and {u,v,w} are linear independent. Let & = {x € F|xLlu,xlv,xlw}. Since
rank({1,u,v,w}) = 4, rank(®) = £ — 4. By the same argument as the proof in Lemma 2.4,
for any p € P (resp. ¢ € Q or r € R), there is ¢, € ® (resp. ¢, € ® or ¢, € ®) such that
P = Po + ¢, (resp. 4 =qg + ¢, or r = 1o + ¢,). Note that any vector is a linear combination
of {po, qo, o} and a vector in . Assume

u+v= >\1p0 + )\2(10 + >\31‘0 + ¢
Since w - (u+v) =1, u+v ¢ ®. Then [{A, Ao, A3} N (Fy \ {0})] > 1. Let

{p+u+vlpe PluU{qlge Q}U{rlre R}U{s|s e S} if \; =1,
I"'=<¢ {plpe PtU{q+u+v|ge Q}U{rlre R}U{s|se S} if =1,
{plpe P}U{dqlae Q}U{r+u+v|re R}U{s|s e S} if \3=1.

By the same argument as the proof in Lemma 2.4, we have I is the set of characteristic
vectors of a k-decycling family of D. Obviously, rank(IV) = k — 2, we have a contradiction
because the rank of the characteristics vectors of any decycling family of D is at least k — 1.0J
Proof of Corollary 1.10. We prove it by induction on k. The situation when k = 2 is proved
by Lemma 2.7. Assume k£ > 3. By Lemma 2.7 and Theorem 1.8, we can assume j # 1 and then
HlV([l_))l, Dy, ..., Dyl _>1nv([C’3, Dy, ..., Dg]) by Lemma_)? T.0If g 7& k: 1nV([C’3, Ds, .. Dk])_>
inv([Cs, Dy, ..., Dy_1,C3]) by Lemma2 7 If j = k, inv([C5, Dg, 1nviD2, oy, Dy, C3))
by Theorem 1.8. By Lemma 2.7, inv([Ds, ..., Dy, C3]) = 1nV([C'3, Dg, .. Dk, C3)).

Hence we can assume inv([Dy, D, .. l_))k])_): 111\7([6’3,D2,_> D_k> 15 C’3]). By Theorems
1.8 and 1.9, for any oriented graph D, 1nv([03, Cs, D)) = inv([C5, D, C3)) = inv([D, C’3, C’3])
1nV(C’3 = D) + 1. Then we obtain the result as required. O

3 Blow-up graphs

The content in this section is inspired by Alon el at. [1]. They mainly concerned about
the graph D = T'Ty[Dy, Dy, ..., Di]. We generalize the base graph 17T} to any tournament H,
since it creates a larger inversion number sometimes.
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Proof of Theorem 1.13. By contradiction. Assume D; is tournament for all 1 < i < n.
First inv(T'[Dy, Do, - -+, D,]) < n+ 1 as we can invert 7' to acyclic and then invert D; one
after another. Since T'[Cs], is a subdigraph of T'[Dy, D, ..., D,], we only need to prove the
situation when D; = C5 by Observation 1.16. Let inv(T'[Dy, Do, ..., D,]) = k. For short, set
G = T|Dy,Ds,...,D,]. Then there exists a k-decycling family (X;);e; of G with the set of
characteristic vectors A = {u € F&|u € V(GQ)}. Note that the digraph Inv(G; (X;)cr) is acyclic.

Recall u < v (resp. u — v) means uv € A(Inv(G; (X;)ier) (resp. uwv € A(G)).
Let V(D;) = {u;, v, w;}, 1 < ¢ < n. Since Inv(D;; (Xj),er) is acyclic, we can assume
u; < v, u; < w; and u; - vy = 0,45 - w; = 1, which means v; — w; for 1 <i < n.

Claim 3.1 {w;}1<i<, are linearly independent.

Proof of Claim 3.1. It is equivalent to show that for any nonempty set I C [n], > ,., u; # 0.
Let I C [n]. Note that u; is a nonzero vector for all 1 < ¢ < n. Then we can assume
|I| > 2. Choose m € I such that u,, < u,, for any m’ € I\{m}. Since u,, < {Vm,wy}, then
Upy < {Um, Wy} for any m’ € I\{m}. Note that either u,, — {vy, wn,} or {v,, wn} = wp,
which means Uy - (Vin + W) = 0. Since Uy (Vin+Wm) = 1, we have (3,.; 0i) - (Vin + W) = L.
Thus )., u; # 0 as required. ]

Let V(T) = {x1,x2,...,x,}, where z; corresponds to D, for 1 <i < n.

Claim 3.2 For any nonempty set I C [n]. Let S = {w, v, wi|i € I}. If rank(S) = |I|, then
T ({x;}ier) is acyclic.

Proof of Claim 3.2. Let R = {u;,v;,w;|i € I}. We prove it by induction on |I|. Let
Z = A{v;,w;|i € I} and choose z € Z such that z < y for any y € Z\ {z}. Assume z € {v;, w;},
where ¢ € I. Since rank(S) = |I], there exists J C I such that z =}, ;u; by Claim 3.1.

If J =0, then z= 0 which implies all arcs incident with z are not inverted. Hence z — y
for all y € Z\ {z}. So xy — x; for each i € I\ {t} in T" and z = v; by vy — w;. Let
R = R\ {uy, v, w} and 8" = S\ {ug, ve,wi}. Since vy — R and uy < R, we have uy LS’
which implies rank(S’) = |I| — 1. By the inductive hypothesis, T ({; }icn\ 1) is acyclic. Hence
T ({x;}ier) is acyclic as required.

Now we consider the case J # (. If J = {t}, then z = u;. Recall z € {v;, w;}. If
z = v (resp. z = wy), then vy = ugy and v; < wy (resp. wy = ug and w; < v;) which implies
1 =uy-wy = v wg (resp. 0= uyg - vg = Wy - V), a contradiction with vy — w;. So we have
J # {t}. Let us € {u;|j € J} such that x < u, for any x € {u;|j € J} \ {us}. We consider two
cases.

Case 1. s #t. Then {z} U {u;|j € J} < {vs,ws}. Forany y € {z} U{u;|j € J\ {s}}, we
have either y — {vs, ws} or {vs, ws} — y which implies y - (vs + ws) = 0. Hence (z+ >, ; ;)
(vs + Ws) = 1 by us - (vs + Ws) = 1, a contradiction with z =} ., u;.

Case 2. s = t. In this case, us < z by assumption. Let uy € {u;|j € J\{t}} such that z <
uy for any x € {u;|j € J\ {t,s'}}. Then z < {vy,wy} and {u;|j € J} < wu, < 2 < {vg, wy}.
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For any y € {2} U {u;|lj € J\ {s'}}), we have either y — {vy,wy} or {vy,wy} — y which
implies we have y - (vy +wg) = 0. Therefore (z+) ;. ;uj)-(ve +Wg) = 1 by ug - (ve +wy) = 1,
a contradiction with z =, u;. n

Now we complete the proof of Theorem 1.13. By Claim 3.1, we have rank(A) > n which

implies & > n. If k = n, then rank(A) = n. By Claim 3.2, inv(7") = 0, our final contradiction.
U

Since we can invert T' to acyclic and then invert D; one after another, then for oriented
graphs D; with inv(D;) = 1, the following inequality holds
n <inv(T[Dy, Do, -+, D,]) < n+inv(T).

Here we prove that there exists 1" such that it cannot reach the upper bound.

Proof of Theorem 1.1/. From Theorem 1.2, for each odd integer k > 3, there is a tournament
D with inv(D) = k such that inv(D = C_>’3) < k. Since D is a subgraph of D = 5)'3, we have
inv(D = C_>’3) = k. From Theorem 1.8, we know inv(D) = inv(@ = D) =k. Let T, = uy = D.
It’s not hard to find that inv(7y) = k, since D is a subgraph of T} and the decycling family
of D gives a decycling family of Ty. Assume V(7)) = {uy,ug,...,u, }. We need to show
inv(Ty[Dy, Do, ..., Dy, ]) < ng+k—1 when inv(D;) =1 for all 7.

From Lemma 2.6, there is a k-decycling family (X;)1<;<x of D such that every characteristic
vector is orthogonal to 1. It means |[{i € [k]lv € X;}| is even for any v € V(D). The
corresponding blow-up of X; is Xj =, cx, V(D;). Since inv(D;) = 1, for each j € [ny], there
exists a Y; C V(D;) such that Inv(D;;Y;) is acyclic. Then it is not hard to check that there
exists a (ng + k — 1)-decycling family as following:

Z,=YiuX — 1<i<k
Zyyj1 =Y 2< ) < my.
Hence inv(Ty[D1, Da, ..., Dy, ]) < ng + k — 1 and we are done. O

Acknowledgement

Y. Yang is supported by the Fundamental Research Funds for the Central University
(Grant 500423306) in China. M. Lu is supported by the National Natural Science Foundation
of China (Grant 12171272 & 12161141003).

References

[1] Alon N, Powierski E, Savery M, Scott A, Wilmer E. Invertibility of digraphs and tourna-
ments. STAM Journal on Discrete Mathematics 38(1), 2024.

[2] Aubian G, Havet F, Horsch F, Klingelhoefer F, Nisse N, Rambaud C, Vermande Q. Prob-
lems, proofs, and disproofs on the inversion number. arXiv:2212.09188, December 2022.

15



Bang-Jensen J, da Silva JCF, Havet F. On the inversion number of oriented graphs. Discret
Math Theor Comput Sci 23(2), 2021.

Belkhechine H Indécomposabilité des graphes et des tournois. Theses, Université Claude
Bernard - Lyon I ; Université de Sfax. Faculté des sciences, July 2009.

Belkhechine H, Bouaziz M, Boudabbous I, Pouzet M. Inversion dans les tournois. Comptes
Rendus Mathematique 348(13):703-707, 2010.

Behague N, Johnston T, Morrison N, Ogden S. A note on the invertibility of oriented graphs.
arXiv:2404.10663, April 2024.

16



