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SHARP QUASI-INVARIANCE THRESHOLD FOR THE CUBIC SZEGO
EQUATION

JAMES COE AND LEONARDO TOLOMEO

ABSTRACT. We consider the 1-dimensional

cubic Szegb equation with data distributed

according to the Gaussian measure with inverse covariance operator (1 — 82)°, where
s > z. We show that, for s > 1, this measure is quasi-invariant under the flow of the

1
2

equation, while for s < 1, s # %, the transported measure and the initial Gaussian measure

are mutually singular for almost every time

. This is the first observation of a transition

from quasi-invariance to singularity in the context of the transport of Gaussian measures

under the flow of Hamiltonian PDEs.
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1. INTRODUCTION

1.1. Main result. In this work, we consider the Cauchy problem for the cubic Szegd

equation on the 1-dimensional torus T = R/(27Z),

u(0) = up = H(uo),

{i@tu = TI(|ul?u),

(t,z) e R x T, (11)
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where II is the Szegd projection onto non-negative Fourier frequencies:

H< 3 ﬂ(n)eim> =3 am)e,

neL n>0

and the condition ug = II(up) simply means that we restrict our attention to initial data
which has Fourier support on nonnegative frequencies. Our goal is to study certain statis-
tical properties of the evolution of (I.Il), when its initial data ug is randomly distributed,
according to a particular family of Gaussian measures .

More precisely, we concern ourselves with the following question: denoting with ®;(ug)
the solution of (LIl at time ¢, does it hold that

(@)t < ps?

When this phenomenon happens, we say that the measure is quasi-invariant under the flow
of (LI).

The study of quasi-invariance for the flow of Hamiltonian PDEs has been initiated by
Tzvetkov in [32]. In particular, in this pioneering work, Tzvetkov showed that in the
particular case of the regularized long wave (BBM) equation, and of Gaussian probability
measures of the form

s ~ exp (= [lul%. ) dufd (1.2)

quasi-invariance holds in regime that is much wider than what one would expect from
the classical results of Cameron-Martin [7] and Ramer [30]. Throughout the years, the
technology to show quasi-invariance has been greatly developed, especially in the context
of dispersive PDEs. In particular, we signal quasi-invariance results for the BBM and
Benjamin-Ono equations [15,16,32], KdV type equations [29], wave equations [20,27,31],
and Schrodinger equations [9[12HI5]23H26128)].

In the results above, the dispersive nature of the equation plays a significant role in the
proof, and indeed, if one considers the ODE

i0pu = |ul*u,

it is possible to show that quasi-invariance fails in a dramatic fashion, and (®;)xps & s,
see [24].

However, the relationship between the dispersive nature of the equation and quasi-
invariance is not fully understood. In particular, when the regularity of the initial data
(distributed according to the measure pg) becomes low enough, it is unclear if quasi-
invariance is preserved or not. On the one hand, from the study of invariant measures, one
could expect that the evolution eventually becomes singular with respect to the underlying

IFor a rigorous definition of these measures in the setting of this paper, see Section



SHARP QUASI-INVARIANCE FOR CUBIC SZECO 3

Gaussian measureE On the other hand, no such example is available in the literature, and
only positive results are known.

Here lies our interest into (I.I]). This equation was introduced by Gérard-Grellier in [17],
as a toy model for non-dispersive Hamiltonian dynamics. More precisely, this equation
informally serves as a toy model for the “O-dispersion” limit of fractional NLS/ half-wave
equation

10u — (—A)%u = |ul?u,
and similar dispersionless models. Indeed, equation (LI]) shares many features with such
models. To begin with, it is formally a Hamiltionian equation on the phase space L2 =
(L2 (T))E with Hamiltonian given by

E(u) = [[ul|Lap)-

-1
Moreover, it has a number of conserved quantities, including the L?-norm and the H2 norm
of the solutions, i.e.

1_
M) =l P = lul?y = [ u(-a)a

In [I7], Gérard and Grellier showed that this equation admits a Lax pair, which in particular
implies that the equation is completely integrable and the existence of infinitely many
conservation laws. Exploiting these conservation laws, in [18], Gérard and Koch showed
that equation (L)) is globally well-posed in the space BMO, = II(L>°(T)).

From a statistical point of view, the conservation of M and P above suggest that the
white-noise measure py and (a variant of) the measure p 1 should be invariant (and hence
quasi-invariant) for the flow of (LIJ). While these measures are concentrated on distribu-
tions of too low regularity to be able to show strong invariance statements, a weak form of
invariance for g 1 has been proven in [6]. For s > %, one has that pus(BMO4) = 1, and so
the flow map ®; and the push-forward measure (®;)ypus are well-defined for every ¢t € R.
In view of the conservation laws for the Szegé equation and of the analogous results for
dispersive equations, one might conjecture that (®;)xps < fus.

On the other hand, as discussed, equation (L.I]) enjoys no dispersion nor multilinear
smoothing, even in the probabilistic setting [22]. Consequently, one could expect its be-
haviour to be similar to the one of the ODE

0 = |ul?u,

for which we recall that no measure p; (for s > %) is quasi-invariant, see [24].

2Famously, the ®3 measure of quantum field theory

<I>§~exp(—i/u4—%/u2—%/|VU|2)

is singular with respect to the underlying Gaussian measure, and it is (formally) an invariant measure for
the Schrédinger equation on T?

10w — Au — ud = 0,
and in [5], it has been shown to be invariant for the wave equation on T* (up to renormalisation)

Pu—Au—u®=0.

3Hence our choice uo = II(uo).
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The main goal of this paper is to provide a clear picture of quasi-invariance and lack
thereof for equation (L.I), and develop a better understanding of when one should expect
quasi-invariance to hold/fail (respectively). In particular, our main result is the following.

Theorem 1.1. Let s > %, and let @, be the flow map of equation (L)) on the space BMO..
We have the following.

(i) If s > 1, then the measure ps is quasi-invariant. More precisely, for every t € R,
we have that () pprs < fis.

(ii) If% <s<1lands # %, then the transported measure (Py)pps is singular with
respect to ps for almost every time t € R. More precisely, there exists a countable
set Ny C R, such that for everyt € R\ Ay, (Pr)pps L fis.

To the authors’ knowledge, this is the first time that such a transition from quasi-
invariance to singularity has been observed.

1.2. A heuristic for quasi-invariance and a strategy for singularity. In order to
understand the numerology of our result in Theorem [T consider (as a toy model) the

dynamical system on R%
{y (), (1.3)

y(0) = =,

where b : R? — R? is a smooth vector field. For the purpose of this subsection, denote
by ®;(z) the solution of (I3). For every probability measure vy on RY, the transported
measure vy = (®y(x))x1vo will satisfy the Liouville’s equation

8tVt = —div (b I/t). (14)

When 1 is a probability measure of the form

vy = 1 exp(—E(y))dy

zZ
for some smooth function F : R — R with exp(—F) € L'(R?), then we can solve (I4) for
dl/t dl/()
= log — —log —
fe=log—— —log —

explicitly with the method of characteristics, and obtain that

ft = E(a;) — E((IJ_t(a:)) +/0 div (b) (@_t/(l'))dt,

For convenience, define

d

Qr) = —E(y(t))

= = + div (b), (1.5)

t=0

from which we obtain \
vy = exp (/ Q(P_y (a;))dm) . (1.6)
0

One can now apply (formally) this formula to equation (L) and vy = ps in ([I.2]), for which
E(u) = ||ul|%s, obtaining that

(@¢)4his(uo) = exp </0t Q(q)—t’(uo))dt/)lls(%)’
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where

Qw i= 21 ([ T(juu)V70)
= % > ((n1)** — (n2) + (n3)* — (n4)**)u(n1)a(n2)u(ng)u(ng),

ni—nz+nz—nyg :O,TL]‘ >0

(1.7)
and the last equality is obtained by exploiting Plancherel and the symmetry between the
Fourier coefficients of v and w. Then, a natural benchmark to test quasi-invariance is the
following: denoting by S(t) the propagator for the linear flow for (L)), is it true that

/Ot Q(S(—t')(uo))dﬂ‘2 <007

In the case of equation (LII), one has that S(¢) is the identity, and this condition translates
to

E

Hs

E Q(uo)‘2 < 0.

Exploiting the cancellations of the symbol ({n1)?* — (n2) + (n3)?* — (n4)*), one can check
that for s > %, this is the case if and only if s > 1, which is exactly the regime in which
we prove quasi-invariance in Theorem [Tl Actually, the finiteness of this quantity is what
allows us to perform the proof of quasi-invariance in this regime. We essentially rely on
the strategy of [28] adapted to the Szegd equation, together with some recent technology
(namely, the variational formula ([8.7])) in order to estimate

/eXp(TQ(uo))d,us(uo).

In this paper, we re-introduce the strategy of [28] starting from a different point of view, that
relies on the formula (L6 in a more crucial way, see the proof of Proposition BEIE While
in the particular case of equation (LI]), the results we obtain are completely equivalent, we
believe that the argument presented in this paper is far more flexible, and indeed it was
necessary to exploit some of this flexibility in the work by Forlano and the second author
[13].

We now move to discussing the case s < 1, where instead we have E,,

s

Q(uo)‘2 = 00. As
it turns out, the heuristic above not only suggests that singularity should hold, but also a
strategy for its proof. Indeed, if two probability measures v, v’ are mutually singular, there
exists a set E such that v(F) = 1, V/(E°) = 1. Therefore, if we formally write

oV

=

f
we must have that
/ fdv="V(E) =0,
E
which implies that f = 0 v-almost surely. By flipping the roles of v, v/, we also get

— =01V —as. & f=+40c0 1V —as.

f

4A similar argument appeared also in .
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In the case of the Szegé equation, since (formally) div(b) = 0, we can rewrite (.0]) as

(1)t (10) = exp (Iluollfye — 19—e(u0) I« ) 10 uo).
Therefore, the conditions above can be rewritten as
[uolFre — 1@—¢(uo)lfFs = —00 ps —as. ,
and
[uol[Fre — 19—t (uo)llFre = +o0 (Pe)geps —as. & [|@e(uo)lFrs — uollfrs = +00 ps —as.

In other words, singularity should correspond exactly to the fact that for a generic ug
distributed according to s, then ¢ = 0 is a (local) minimum for the (infinite) quantity
|®+(uo)||%. This suggests the following strategy for showing singularity.

(1) Pick a well-defined approximation Ry (ug) of |uol%..
(2) Show that for some ¢ > 0, o > 0,

d2
ERN(Q%(UQ)) = CNa(l +O(1))
t=0
for ps-a.e. ug, and that
d
d—RN(CDt(uO)) = o(N%).
¢ t=0
(3) Exploiting the local theory for equation (L.I), show that for ¢t < 1,
t2 d?

d
Ry (®¢(uo)) —t ERN((I%(UO)) D) @RN((I%(UO)) < t*N*,
t=0 t=0

which formally corresponds to the fact that ¢ = 0 is a local minimum for

lim N™*Ry(P¢(up)).
N—ro0

(4) Since functions on R can have at most countably many local minimum points,
deduce that for up to countably many times, (®¢)ups L ps.
This list of steps is essentially the strategy that we perform in Section M in order to show
Theorem [} (ii).
More precisely, we first show an abstract formulation of (4) in Proposition [4.1]
In Section A2 we then consider an approximation Ry of the square of the H! normE and
proceed to estimating

d
dt
d2

at?

— RN (P¢(uo)) SN

t=0

~ N4—4S
t=0

Ry (®¢(uo))

This is where our restrictions on s, namely s # 1, 3 1, originate from. Indeed, we have that

e For s = 1, both RN(@t up) |t o and dtzRN(tﬁt up) ‘t 0
the error terms comlng from (3) are also of the same size,

are O(1), and similarly

5Choosing the H' norm instead of the H® norm makes no difference in the subsequent steps, but some
of the formulas become slightly easier.



SHARP QUASI-INVARIANCE FOR CUBIC SZECO 7

e When s = %, the quantity

d2
@RN(‘I%(UO)) »

transitions from being positive when % < s < 1, to being negative when % <s< %.
When s = %, the sign of this quantity is unclear, but in any case it is of smaller
order than N47%%_ which is the minimum of what the rest of the argument can
handle.

We then proceed to estimate the error of the term

L4 s (@uluo)

Ry (®,(u0)) — t LRy (®(ug)) T N

dt

This requires a very precise decomposition of the solution as u(t) = X(t) + Y (¢), where
X(t) is a semi-explicit, pseudo-Gaussian term of regularity s — % (the same as a typical
data sampled according to ps), and Y (¢) has regularity 2s — 1. We perform this in Section
43l This decomposition is closely related to the ones used by Bringmann in [4] and Deng,
Nahmod and Yue in [I0,11]. However, we point out that the main properties that we need
to exploit are completely determinstic, and are not improved by the random structure of
the initial data ug.

Finally, in Section [£4] we use this decomposition in order to show a series of (sharp)
error bounds. We note that the only term that does not have a satisfactory deterministic
bound is ([4.29]), for which a random estimate is necessary.

Remark 1.2. It might be possible that, in the case s = 1, performing sharper estimates
and choosing a better approximation Ry of |lug ”?{17 would allows us to conclude singularity

also in this case. Similarly, it might be possible to show that for s = %,

d* _
ﬁRN(q)t(uo)) ~ CN4 ds
t t=0

for some ¢ # 0. However, this would require substantial more work and ideas in Section
4] and respectively, and at this stage, it is unclear if such results are true.

Remark 1.3. As a sanity check, we can also test the heuristic above for the ODE
iy = |ul*u,
for which we know that quasi-invariance fails for every s > %, see [24]. In this case, the
condition above for quasi-invariance translates into
2

> ({n1)? = (n2)* + (n3)** — (na)**)u(n1)a(n2)i(ns)u(na)| < oo,

ni—ngs+n3—ns=0

E

s
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where the only difference with respect to (ILI)) is that we dropped the condition n; > 0
from the sum. For this sum, we have that

Z ((n1)% — (n2)® + (n3)®* — (na)**)a(n1)a(n2)a(ng)a(na)
ni—n2+nzg—ngs=0
Ly U e )

<n1>2s <n2>25 <n3>25 <n4>2s

2

E

s

ni—nas+n3—ngs=0
2 > 1
ni=—n3,n2=n4=0

= Q.

Therefore, according to our heuristic, we do not expect quasi-invariance to hold for any
5> %, which is indeed the case.

1.3. Some reductions. In practice, while working with the Szeg6 equation, we will need
to keep track of the regularity of solutions emanating from an initial data sampled according
to ps. Consequently, we will not be able to work in the full space BMO,, where the global
flow for (I.1)) is defined, but we will rather have to consider some space Xy C BMO.

Recall from [17] that (II) is globally well-posed in the space H{ for every o > 3. In
view of Lemma 2.3, we have that for p,-a.e. initial data ug, we have ug € HY for every
o< s— % Therefore, when s > 1, one recovers a good global well-posedness statement by
referring to well known results.

When s < 1, the situation is a bit more complicated. Indeed, while global well-posedness
in L2 has recently been shown in [21], it is still unclear if the equation () is well-posed
in HY for any 0 < o < % It is indeed possible (in principle) that for a general initial data

in H? N BMO,, the solution will belong to a space Hi(t) for some o(t) which is strictly
decreasing in time, see [I§]. On the other hand, for the purpose of Section [l we need to
keep track of the optimal regularity of the solution. The considerations above lead to the
following choice for Xj.

Hj‘rforany%<a<s—%, when s > 1,

X, = (1.8)

1
B;,OOQ’Jr for any p > min (100, s_%), when % <s<1,
2

_1
where B;og " is a Besov space for functions supported on non-negative frequencies, defined
in Section Bl In view of Lemma 23] this space is well-adapted to the Gaussian measure f.

Moreover, it satisfies the following.

Proposition 1.4. Let s > %, then the Banach space Xy C BMO_L defined above satisfies
wus(Xs) =1 and the equation (ITI) is locally well posed in Xj.

Unfortunately, the restriction to the space X makes it unclear if a generic X, C BMO
solution ®4(ug) actually belongs to X for infinite time. What is worse, is that in principle
it is possible that the set of times in which the solution belongs to X, i.e.

g(’LL(]) = {t eR: <I>t(u0) S Xs}

can be disconnected.
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To deal with these (potential) issues, we need to introduce some notation. For ¢ € R, we
denote by WP(t) the set of “good” initial data for which the solution to (LI]) exists in X,
for every time 7 between 0 and ¢, or more precisely
WP(t) := {ug € X : the equation (LI]) admits a solution u € C([0,t], X;) with «(0) = ug}
when ¢ > 0, and
WP(t) := {ug € X : the equation (L.I]) admits a solution u € C([t,0], Xs) with w(0) = up}

when ¢t < 0. By the local well posedness in the space X, and the global well posedness in
the space BMO. D X, we must have that for ug € WP(t), the (local) solution in X, must
coincide with ®4(ug) . Moreover, by Proposition [[L4, we obtain that

®,: X, D WP(t) - X,

is a continuous map, and that WP(¢) C X is an open set for every t € R.
Then, the main results of Sections Bl [4] are the following (respectively).

Proposition 1.5. Let s > 1. Then for every t € R, we have that WP(t) = Xs. Moreover,
we have that

(q)t)#,us < g
for every t € R.

Proposition 1.6. Let % < s <1, with s # %. Then there exists a countable set A/ C R
such that for every t € R\ A" with us(WP(t)) > 0,

(P1) 4 (Lwp(is) L pos-

It is clear that Proposition immediately implies Theorem [[T] (i). The situation in
the singular case is more unclear, but it can be proven via a soft argument that Proposition
automatically implies Theorem [LT] (ii). We will show this at the end of Section [l

2. PRELIMINARIES

2.1. Notation. To fix notation, we will always interpret N, M and N; as dyadic integers
(and sums over such as just sums over dyadic integers), and given a family Ny, ..., N of
dyadic integers, we denote N > N@ > > N to be a decreasing arrangement of the
N;. We take as notation M < N to mean M < 2729N, M > N tomean M > 272N, M ~
N tomean M 2 N 2 M, and N = M to mean M/4 < N < 4M. This (unconventional)
choice of symbols will help with probabilistic decoupling of different frequency scales.

When A, B are not dyadic numbers, we will instead use the notation A < B to denote
that there exists a constant C' € (0, +00) such that A < CB.

We also take the convention T = R/(27Z) with normalized integral

1 27
/f(:z:)d:p = f(x)dz,
T

2 0
and we define the Fourier transform of a function f to be

Fln) == Flf(n) = /T f(@)e e dz,

where n € Z.
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2.2. Function spaces. Let s € R and 1 < p < co. We define the L-based Sobolev space
H*(T) by the norm:

~

[Nz = [[{n)° f (n)lez
and the space restricted to non-negative frequencies
H =TI(H*(T)).

Let ¢ : R — [0,1] be a smooth bump function supported on [—%, %] and ¢ = 1 on
[ %3] We set () = p(l¢]) and

on(€) = ¢(5) — ¢(55r) (2.1)

where N = 2/, and j € N. Then, for N = 27 for j € Ny := NU {0}, we define the
Littlewood-Paley projector Py as the Fourier multiplier operator with a symbol ¢x. Note
that we have

> en(©) =1

Ne2No
for each & € R. Thus, we have
f=>_ Pnf
Ne2No
We will also denote by ¢« n, d<n, PN, N, >N, ¢ N the multipliers
ben =Y bu, b<n =Y b, bon = > O,
M<N MSN M~N
ban = > O, bon =Y. $sN= > ou,
M~N MZN M>N

and P« n, P<y, PN, Pxn, P>, Psn will denote the corresponding Fourier multiplier op-
erators.
Next, we recall the basic properties of the Besov spaces B, ,(T) defined by the norm:

lulsg, = | N7 Pyl

0%, (2No)

Essentially, o denotes the regularity of a function u € By ,, and p the integrability of such
a function, with the extra parameter g allowing for some extra flexibility at a “logarithmic”
scale.
We shall also denote

By = H(B;q('lf)),

i.e. the Besov space on non-negative frequencies. Note that, from the boundedness of
the Hilbert transform of LP(T) for 1 < p < oo, we also have that By, C By , whenever
p# 1, 00.

We recall the basic estimates in Besov spaces. See [2,20] for example, for (i) — (iii), while
(iv) is a simple consequence of the well-known boundedness of the Hilbert transform on LP
for p € (1, 00).

Lemma 2.1. The following estimates hold.
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(i) Let s1,s2 € R and p1,p2,q1,q2 € [1,00]. Then, we have
lullgz, S lullgs, — forsi < s2, p1 <pa, and ¢ > g,
lullgss, Slulgs _ forsy < s, 22)
lull By, .. S llullze S Nlullgg |-

(i) Let 1 < pg < p; <00, q € [1,00], and32>31+(p—2—pil). Then, we have

el , S llullpzz,- (2.3)

P2,9

(iii) Let p,p1,p2,p3,ps € [1,00] such that -+ p—2 = p% + p% = %. Then, for every o > 0,
we have
luvl|Bg, < llullg, Mvllzee + llullzes|[vllsg, ,- (2.4)
(iv) Forp € (1,00),
T (w)l[ze S [lullzr- (2.5)

In particular, in view of ([24), 3) and (Z2) we have that whenever p > 1, the space
By , has the algebra property, i.e.

Ifgllsg, S IFlsg,llgllsg, (2.6)

Combining with (23], we have for max(1, ;) < p < 00, the space ng; has the following
algebra property:

I g < 171 g s (27)

Next we recall the Coifman-Meyer multiplier theorem, which we shall use extensively. See
[8, Theorem 3.3].

Proposition 2.2. Let R > 1 and let m : R — C be smooth away from the origin such that

Imllearg == sup  sup [|lz[[*0%m(z)| < R < 0.
la|<d(d+3) zeR?

Consider the multilinear map given by

d
Fllw(froe ) = S mins,. Hfm

N1y...,RgEL
ni+..ng=n

Then for allp € [1,00) and py, ...,pq € (1, 0] wz’th% = pil—k...—ki, there is a C(R,p,p;) < 00
such that

d
MMhW,Wm<CRmeP%hw

for all f1,..., fa.

We refer to ||m||cas,q as the Coifman-Meyer norm of m. A key feature of this result is for
any family of smooth multipliers {my}x with uniformly bounded Coifman-Meyer norms,
we may choose a uniform operator bound C(R, p,p;) for the family {7, }~-
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2.3. On the Gaussian measures ;. We now define the Gaussian measures p; that we
are going to consider throughout the paper, conditioned to be concentrated on spaces of
functions which only have nonnegative frequencies.

To this goal, for s > % we consider random initial data of the form

up(x) = Z In emne, (2.8)

= (n)°

where {gp }n>0 are independent standard complex Gaussian random Variables@, and (n) =
(1 +n?)/2. We denote
s := Law(ug),

which is the unique centred Gaussian measure on L2 with covariance operator (1 — A)~*
(restricted to non-negative frequencies). This measure may be written formally as

1 —llull3s

dus = —e ”u”H+H(u)du,

Zs

where du is the formal Lebesgue measure on L?(T). We recall for o < s — %,
o (HO\H72) =1,

and so one may view ug as random initial data of regularity s — %— (in Sobolev norm).

We now verify that us is concentrated on a Besov space with critical regularity s — %

Lemma 2.3. Let s > %, and let p € [1,00). Then jus(By o 2’+) 1.

Proof. We shall show the result for p = 2k for £ € N, and the general case follows by
interpolation. We note that

_1
lull 3. = sup N°7Z[|Pyuf s,
P,00 Ne2No

and so we define the random variable Xy for N € 2No ag
XN:N%( )HPNUHLzm
where u = vy is given by (2.8]). We see that

Xy = Nk(2s—1)/‘ Z ¢N(nzgneinx 2k
T eNo (n)

— NHk(2s-1) Z H ¢ ( "J ¢N mJ)>9n39mJ i(ny—m;)e g
.7

dx

n mEN’“] 1

= NHs—1) ZCangnngJ,

anN’c
ni+...+ng= m1+ +mk
where n = (nq,...,ng), m = (mq,...,my), and

Con — ﬁ ¢N("j)¢zv(mj)'

6i.e. Re(gn) ~ Im(gn) ~ N(0, 1), and Re(gn), Im(gn) are independent.
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We note that
Cpnm =0, for (n,m) ¢ [N/2,2N]2k,

Ch for (n,m) € [N/2,2N]*.

<
MM~ N2ks

Now, for j = 0,...,k, let E; denote the set of (n,m) such that n and m have exactly j
entries in common, i.e.

E; = {(n, m) € [N/2,2N]?* . max [#{l st ny = ma(l)}] :j},

where Sy denotes the set of permutations of {1,...,k}. We define

k
YN,j = Nk(28_1) Z C(m,m H gnj%-

(nm)eE; j=1
ni+...+ng=mi+...+my

Since [N/2,2N]?k = |_|§?:0 E;, we have that

k

XN = ZYN,]‘- (2.9)
=0

Since the {g;} are independent standard complex Gaussians, we observe that

k
E[Hgnjﬁ] = 0, whenever (n,m) ¢ Ej. (2.10)
j=1

Therefore, for 0 < j < k,
E[Yy,;] = 0.
For convenience of notation, denote
A= {(n,m) € [N/2,2N* iy 4 oo+ gy = my + .. +mk}.

For 0 < j < k, we have that

k
E[YF ;] = N*EDN " Cp mCipE [ 1o, gmjgpj] :
(n,m)eE;NA Jj=1
(Lp)eE;NA

By similar considerations to the ones leading to (2.10]), we have that

k
E[Hgnjgljgmjgpj] = 0 unless (m, p) = o(n,1) for some o € Sy,
j=1

and by Holder,
k
E |: H gnjgljgmjgpj] < E|gnj |4k Sk L
j=1
For o € Sy, denote

o1(n,1) = (o(n,1)y,...,0(n, 1)), o2(n,1):=(o(n,)gs1,...,0(n, o).
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We then obtain

k
E[Y]\%J] = N2k(28_1) Z C(n,nflC'l,p]E |: H gnj gljng' gpj]
(nm)eE;NA j=1
(Lp)eE;NA

k
< N2k(2s—1) Z Z Cn,mcl,p‘E |: H 9n; glJM]

0€Sa, (nm)EE;NA Jj=1
(Lp)eE;NA
(m,p)=c(n,])

SN N > 1

oE€Soy (n,al (IIJ))EEJ' NA
(1,0’2 (n,l))GEj NnA

- N—%({(a, n,1) € Sop. % [N/2,2N]F x [N/2,2N]* -

(n,o1(n,1)) € E;NA,(1,02(n,1)) € E;NA}

We now bound the size of this set.
Firstly, we note that since (n,o1(n,1)) € Ej}, (1,02(n,1)) € Ej}, there exist permutations
Tn, T1,T1, T2 € Sk such that

()1 = 1i(o1(m,1)1,...,mm); = 1i(o1(n,1));,
n()1 = m(o2(n,1))1,...,11(1); = m2(02(n,1));,
Ta(n)j41 = 72(02(0,1)) 41, ..., Ta(n)g = T2(02(n, 1)),
(D 41 =71(o1(0,D)j41, ..., (e = 7(01(n, 1))

Namely, the permutations 7,7, 71, 72 € Sk put the common terms between n and o1 (n,1)

and between m and o32(n,1) in corresponding positions 1,...,j, and the common terms

between n and o2(n,1) and between m and o1(n,1) in corresponding positions j+1,..., k.
Since |Sy|* = (E)* < 1, we obtain that

‘{(0’, n,1) € Sy x [N/2,2N]* x [N/2,2N1* : (n,01(n,1)) € E; N A, (1,02(n,1)) € E; N A}
< {{n,1€ [N/2,2N1¥ x [N/2,2N)* i njpq + -+ ng =Ligg + -+ 1k}

S_,k N2k—1 )

Therefore, we deduce that

1
E[Y3,;] S NTHEN*T = <

Summing over N € 2N we obtain that for every € > 0, and every j < k,
[Yiv;| < C.N~(79) (2.11)

holds p-a.s., for a (random) constant C. < oo.
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It remains to consider the j = k case. Noting that Ej is the set of (n,m) € [N/2,2N]?*
such that m is a permutation of n, we see that

k
Y = KINFC=D Ny T lgn, P
j=1

nezZk

k
S N_k Z H |gTL]‘|2

ne[N/2,2N]k j=1
k ~
=(N Y JeP) =
ne[N/2,2N]
We have that
EVN =E[NT > ol S 1,
n€[N/2,2N]

and, by independence of the Gaussians g,, g, for n # m,

E[\?N — E[?NHZ] - N‘QEU [z/: | lgnl? — ﬂ
n€[N/2,2N

_ 2
_N 2E[ S (gl 1) ]
n€[N/2,2N)
< N7L
Therefore, we obtain that ps-a.s.,

lim Yy —E[Yy] =0,
N—o00
and so for some deterministic C' = C'(k) > 0, we have that

limsup Yy < lim sup(ffN)k = lim sup(E[lN/N])k <C.

N—oo N—oo N—oo

Therefore, together with (2.9) and (2.I1]), we obtain that ps-a.s.,

sup Xy < oo,
N

_1
which implies that vy € BIS,,OC?’Jr [hs-a.S. O

2.4. Local well posedness. Recalling our choice of Xj:

Hj‘rforany%<0<8—%, when s > 1,
X, = s—14 . 1 1 (2.12)
B, 3" for any p > min (100, s——l)’ when 5 <s < 1.
2

We have the following local well-posedness statement.

Proposition 2.4. Let s > % Then the equation (L)) is locally well-posed in Xs. More
precisely, for every ug € X, there exists T = Ty(||uol|x,) > 0 such that the (LI)) admits a
unique solution u belonging to the space u € C([0,Ty], Xs). Moreover, this solution satisfies

u e C([0,T.], X,).
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Proof. The proof is a standard application of Banach fixed-point theorem, where we only
need the algebra property, i.e. the boundedness of the maps

_1 _1 _1
H? x H 5 (f,9) — fg€ H® Bp2 x Bpol 3 (f,9) = fg € Bpo2
respectively (for our choice of parameters), together with boundedness of
_1 _1
I:H — HY, T1:By.2— Bpol' .
Note that the fact that the solution is going to be infinitely smooth in time follows from
the (formal) identity
Oy = TI(Ju2TI(juf? . . . TI(ju?|u) ... ),
and the fact that the right-hand-side of this expression is bounded in X, due to the algebra
property again. ]

3. QUASI-INVARIANCE: § > 1

For N € N, we introduce the sharp Fourier truncation mx on L%r by

o [ Yam) | = Y ),

n>0 0<n<N

and the truncated flow

{z’@tuzv =7y (I (Jun]*un)) (3.1)

u(0) = up € 7y (L2).
We recall from [17] that on the space my(L%) 2 R?N endowed with the symplectic form
w(u,v) = 4Im(u,v) 2,

this truncated flow is the equation for a Hamiltonian equation associated with the Hamil-
tonian

En(u) = [|mn (u)7a-
The Hamiltonian vector field X, (u) = 7n (IT (Ju[*u)) on mx(L%) is smooth, and by the
conservation of the Hamiltonian, we can define a global flow map ®; y for (8.1]) on this space.
Moreover, using standard arguments, one can easily show the following approximation
statement.

Proposition 3.1. Let o > %, and let ug € H°. Let T > 0. Then for every o’ < o,

im0 (u0) = @10) o ey = O,
and for every R > 0, convergence is uniform on the H? ball
Bpr = {U() e H? : HuoHHo < R}
We next define the truncated measure
Ps,N = (TN)# s,

which is a Gaussian measure on wN(L%r), given by
1 —llrn@)l?

e

7~ "3 dudu,

)

dﬂs,N =
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where dudu is the natural Lebesgue measure on 7y (L2) & CV = R?N. By Liouville’s
theorem, the Lebesgue measure is invariant under the flow map, and so we see that for all
teR:

d(@1,) s, = exp (= 1@—e()lzs + ullfs ) dhasv,

and so we define f; y to be the density in the expression above, i.e.

_ Ay NFF s N

ft,N
! dﬂs,N

= oxp (~l1-sn Wl + llul; ) - (3.2)
By the fundamental theorem of calculus, we can write for u € mn(L2):
—t
9wl + el = = [ @ (@ v(u))ar (3.3)

where (with an abuse of notation) we denote

Qﬂ'N (u) = Qﬂ']\r (u7 U, U, u)v

and Qr, is the multi-linear map

1 _— — A =
Qry (u1, ug, uz, ug) := > 5 Vs(m)ur(n)uz(n2)uz(ns)ua(na),
ni—na+nz—ng=0
0<n;<N

with Wy being the multiplier
Uy(n) = (n1)* — (n2)™ + (n3)** — (na) .
We have the following bound on V.
Lemma 3.2. Let n; € Ng with nj ~ N; and n1 —ng +ng —ng = 0. We have
s(n)] S (ND)» NG, (3.4)
Proof. Without loss of generality, we can assume N; ~ Ny ~ N Indeed, if otherwise we

had (say) N; ~ N3 ~ NW > N,. Ny, then the condition n; > 0 prevents us from having
n1 — ng + ng — ng = 0. Therefore, from the mean value theorem, we obtain that

[Us(n)] < [(n1)** = (n2)*| + (ng)* + (na)™
S (N(l))2s—l|n1 _ ’I’L2| + (N(3))2s + (N(4))2s
_ (N(l))2s—1|n3 ~ |+ (N(g))zs 4 (N(4))2s
5 (N(l))28_1N(3).
O

Remark 3.3. Recalling the calculations of Remark [[.3] for the ODE setting, we see the
diverging term of Q(u) is given by the interaction of |ni|, |n3| > |ns|, |n4|. By restricting to
non-negative frequencies no such interaction can exist, from which we deduce this improved
bound on ¥, which we use to prove integrability of Q.

We wish to show (local) exponential integrability (with respect to s ) of Qr, , uniformly
in N. To do this we first need a deterministic multi-linear bound on Qr, .
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Lemma 3.4. For all p1,p2,p3,p4 € (1, 0] wzth + —I— —|— — =1, there is a constant
C(ps,s) > 0, such that for all N € N and N; dyadzc

4
2s—1
|Qren (Prvy ut, Py ug, Pysus, Pyyus)| < C(pi, s) (N(l)) NOTT PN, usllze,  (3.5)
j=1

for all uj € mn(L2).

Proof. Without loss of generality it suffices to consider the case Ny = N and N; ~ Ns.
For M > 1 dyadic, we let

||’:|u>

Uar,s(m) = (d<ar(na) (n1)> =< s (n2) (n2)**+d<ar(ns) (ng)**—d<ar(na) (na)?

and we write
Uars(n) = (ng — n3)(ng — nz)mas(ny, n2, n3, ng).

By the double mean-value theorem, mp; corresponds to the multiplier

ma (1, n2, 3, n4) H P<nr(n; / / () dm)" (n3 + s(na — ng) + t(ng — n3))dsdt.

j=1
We easily see that the Coifman-Meyer norm of mj; is bounded by M?$~2. Denote by T},,,,
the quadrilinear operator given by the multiplier myy, i.e.
Ty (U, u2, ug, ug) = Z mag (11, n2, g, ma)ur (na)uz (n2)us (na)us(ng).
ni—nz2+n3—ng=0

We calculate

Qry (Pnyut, Py, usg, PN3U37 Pnuy)

=Y > —‘I’Ms( )Py (n1) Py ug(n2) Py us(n3) P, ua (na)
M<SNyn1— 7(1]2-‘:-712]\/@4 0

Z TmM (Pnyu1, 10z Pnyus, Pnyus, 10y Py, ug) + similar terms,
M<N1
where each of the similar terms is obtained by writing each of the terms of (ngy — n3)(ng —
n3) = Mang — NNz — N3Ny + ng as derivatives. Applying the Coifman-Meyer multiplier
theorem on mjy; and using Bernstein’s inequality yields (with a constant C(p;,s) that
changes line-by-line):

4

|Qn (Prvyun, Prytiz, Pagus, Payua)| < Clpis) . MP 2N NG H [Py g | s
M<N: j=1

4
< C(pi, 3)N125_1N(3) H 1P sl e -
j=1
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From now on, we fix s > 1, and % <o<s— % as in the definition (L)) of X, with the
understanding that o is sufficiently close to s — % Also, we let

Br = {uo € H? : ||uo||u- < R}

Proposition 3.5. There exist constants A(s,0),B(s,0),C(s,0) > 0 such that for every
M >0, R>1, and N € N we have

/eXp (M|Quy (w)]) Lpp(0) (w)dpas v (w) < exp(CM max{1, M*}(1 + R)P).

Proof. We recall from [I3] Lemma 2.4] the simplified Boué-Dupuis variational formula,
which in this context reads

log / exp (M| @y (1)) 150 ()t (1)
(3.6)

1
<E [ sup M|Qry (uo + V)10 (v (o + V) = SIVI[F- |
VeHs

where ug is a random variable distributed according to us. By symmetry we may expand

|Qry (o + V)

< Z CO|Q7TN(PN1(UO+V)vaz(uo+V)vas(u0+V)’PN4(u0+V))|
N1,N2,N3,NySN
No=NO Ny~ N® Ny~Ny

for some combinatorial constant Cy. For ease of notation, we write
QN (f1, f2, f35 f4) = Quy (Pny (f1), PNy (f2), Pns (f3), Pny(f4)),
and again denote Qn(f) = Qn(f, f, f, f).
Fix € > 0 to be chosen later, then pick > 0 so that

E 66N, © < 1.
N1,N2,N3,NySN
No~ N Ny=N®) Ny ~Ny

For some universal constant Cy > 0, from (3.6) we then have that

log / exp (M|Qux (1)]) L0y ()i v (1)

65N~
< Z E |: sup C()M’QM(UQ + V)’]IBR((])(TFN(UO + V)) — 22 HV”%{s
N1,Na,N3, Ny <N vens
No~ N Ny=N® Nj~Ny
(3.7)
We now expand Qn(up + V):
QM(UO + V,ug + V,ug +V,UO+V)
= Qn(uo,ug,up, ug + V) (D
+ Qn (ug, uo, Voug + V) + Qn (uo, V,ug, ug + V) + Qn (V, ug, ug, ug + V) (II)
+Qn(V,Viug + Viug + V) (I1I)
+Qﬂ(‘/,uo,‘/,uo+‘/)+QM(UO,V,V,U()+V). (IV)

We now bound each term.



20 J. COE AND L. TOLOMEO

(I): We express (I) as a random kernel acting on the low-frequency function Py, (uo+V),
namely

QE(UO,U(),UO,UO + V) = Z Kﬁ(n4)(PN4(u0 + V)) a (n4),

0<ngy<N
where
iWs(n)on, (n1)ON, (12)ON; (113)Gny Trig I
Kn(n4) = 1 2 3 1Inadns 4 - ().
B nl—n;l,g:'rhl 2<n1>3<n2>8<n3>s 4
0<ny,n2,n3<N
We see that

|Qn (o, uo, uo, uo + V)| 1,0y (TN (uo + V)
< K (na)lle 1PN (w0 + V)l 2 LB 0) (T (U0 + V)
< RN Kn(na)llez,

which is a quantity independent of V. Now using (3.4)), we have

E[ sup CoM |Qn (uo, uo, uo, uo + V)| 1 g, 0) (7N (uo + V))}

VeHs
1
)E
1

—20 ’\IIS(E)P ’
SMR <N4 Z <n1>28<n2>2s<n3>2s>

ni—nz2+n3—ng=0

S MR(N77E |3 Ky (no)?

n4

n;~IN;

0<n;<N
1
< MR (N ? NaN3NyNy* 2 N3Ny N5 2%)2
SO

1
E[Vsug |(D)|Lpg 0y (mx (10 + V)] S MR (N3 'N§N;727)7 (3.8)
E S
which is summable in ;.
(IT): We again use a random kernel representation. Note that each of the terms in (II)
can be written as

S Kn(ns.na)(ns)*(na) P, (V)(n3) Py, (o + V) (),
0<ng,ng<N
where
A 1 a(2 ff\l/l 7;2
K (ng,na) = Z ) (£)¢Na( )(n1)¢N ( )(n2)9 9 ¢NN&(3) (n3) b, (),

2(n1)%(n2)®(n3)*(n4)?

Na(1) ~Ma(2) TPa(3) —n4=0
0<ny,na<N

a is a permutation of {1,2,3}, and gy, Jn, are normal Gaussian random variables that
satisfy E[gn,gn,] = 0 unless n; = ng and «a(2) = 2, in which case g, = gn,. Note that in
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this case, we must also have ¥4(n) = 0. Therefore,

Vs ()N, o) (M)PN, ) (12)Gny Gns
2(n1)(n2)*(n3)®(na)°

Kn(n3,ng) = >

PNz (13) P, (11).
N (1) N (2) e (3) —n4=0

0<ny,na<N
E[gn; gny]#0
We denote by || K ||op the optimal constant C' such that the inequality
> K(na,na)a(ng)b(na) < Cllalz2|[b]2

0<nz,na<N

holds. Then it follows that

(D)L 0y (v (w0 + V) S max | Ky [lop [V [ s |7 (uo + V)| e Lpg o) (v (w0 + V)

S Rmof}X”KM”op”VHHS‘

Taking Hilbert-Schmidt norms, and using (3.4) again, we see that

E[[| K2,
SE[IKyl3

n37n4)]

< 2

Mo (1) ~Na(2) ;na(S) —nga=0
ni#Fn2

5 N2—1N§—28Ni—20.

Ws(0)Pon, ., (1) P, (n2)
o a0 (0

Therefore, for some universal constant C' > 0, by Young’s inequality, we have

ON; €
E[sup CoM|(I1) Ly o) (s (10 + V) — 22 ||V||%Is]
VeHs 2
<E[su CMR| Ky oplV | —5N2_EHV||2]
= e Mopl e = I e (3.9)
202 M2R2N¢E
< #QE[”KMH&]

< 5_1C2M2R2N§_1N§_28Ni_207

which is summable in N; (for € small enough).
(III): To bound this term, we use ([B.5]) and Bernstein’s inequality, and obtain (on the
set Ty (ug + V') € Bgr(0)):

[(IID)| < N3*7' N3 || Pay e V| 2| Pry e V| e l| Py v (o + V) || oo || Py (o + V) | oe
34
S NyINZ || Pepymn V[ sl (uo + V) |l

: 1
2 pr— min(l,o—3) 2
S BN, N P<ny N V[
Therefore, for some universal constant C, we have

— min(l,cr—%)

|(ITT)| < CR2N,, IP<ny N V|-
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Let Nog = No(R, M, 6,0,¢) be such that for every N’ > N,
; )
CR2 N’ —min(1l,0—1) < _~ (N"h—&.

() D < ()
Note that this exists as long as ¢ < min(1,0 — %), and for some b1,by > 0, we can choose
Ny such that

No < M1 R,
Then, for a constant C' = C’(§,0,¢) that can change line to line, distinguishing the cases
Ny < Ny and Ny > Ny, we obtain that for some a1, a9 > 0,
1)
2
0

< Ny *M® R®C"(R + |luol|n=)* + §N2_EHV”%{5’

CoM |(II1)| Lpy, o) (mx (o + V) < Ny °C' M R ||an V|30 + 5 N3 ||V |37

Therefore, by taking expectations, we get for some universal constant C > 0,
ON5 €
E | sup CoM|(IID)[1g, ) (mn(uo + V) — 5
VeHs
which is summable in ;.
(IV): We use once again (B.5]), and obtain (on the set 7 (ug + V') € Bgr(0)):

[(IV)| S N3* N3Ny 5Ny || P< vy mn V[ Frs || Pavy ol | oo | Py v (uo + V)| oo

IVI[E: | < OMA(1 4+ RYN,,  (3.10)

3_
S BN;TINg TN [P i Ve lluol| oy

4,00

_1
S RN, * HpsNQWNVH%rsHUOHB#%-

4,00

Proceeding as for (III), we pick Ny = No(R, d,up, M,e) such that for all N’ > Ny
)

b+ =907

4

CR(N') 4 Juol| (V).

where C is the implicit constant in the inequality above. Moreover we may pick
No ~ MR ||up||*® | 6%,
s—5,+
B4,oo
for some a; > 0 depending only on €. Therefore, for 0 < 6 < 1 such that
1

98+(1—9)028—§,
and for constants C = C(s,0,0,d) > 0 and Ay = Ay(g,0) > 0, Ay = Ay(e,0) > 0 (that can
change line to line), distinguishing the cases Ny > Ny and Ny < Np,

_ J
CoM|(IV)| L (s + V) < N CMA RS o2 | [P VI, + FN5 IV
4,00
201-6) O

IVIFz eVl + 5N =1V [z

TNV e + 0N =V 1

< Ny OM™MRA |lug | *2_,
B, 2"

< NQ_ECMAlRAQHUOHAi7% +‘
B4,oo '

= Nz_ECMAlRAzHUOHgi,%,JR + lluollz17)? + ONG =V [[Ze.

4,00
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In particular, we have that for a (different) constant C' > 0,

E[Sup CoM|(IV)| Ly oy (s (0 + V)) — NG |[V[3u | < Ny<CeMARA, (3,11
VeHs

which is summable in NV;. Finally, from 3.7), B.8), 39), BI0), BII), we get that, for

some constant K > 0, and some A, B > 0,

log / exp (M]Qny (w)]) Loy (u)dps n (w) < KM max{1, MA}(1 + R)®.

We now introduce the sets Ey gt C ny(H?) for R>1and t € R

Eve = () o o (Be(0) = {u € my (2%

Tel:

sup || ®—r v (uw)||ge < R} , (3.12)

Tel;

where I = [0,¢] for t > 0 and I; = [t,0] for t < 0. These sets will allow us to obtain a-priori
estimates on the LP norm of f; 1 En g I @ manner not too dissimilar from the arguments
in [1L13).

Proposition 3.6. For s > 1 and % <o<s— % with s — % — o sufficiently small, there are

constants 0 < A, B,C < oo such that for allt e R, N € N, R > 1, and p € (1,00), we have

Hft,N]lEN,R,t”LT’(H",dﬂs,N) < HeXp (‘tQ“N(U’)’)]lBR(O)(u)HLP(HU,dMS’N) < eXp(CH +pt‘ARB)’
(3.13)

Proof. From ([B32]), (33), and by Jensen’s inequality together with convexity of the expo-
nential, we have

||ft,N]1EN,R,t ||I[),p(Hcr7dusyN)
- / (Fon ()1 iy () fon ()t (1)
(Fo (B ()P Ly (@1 ()i (1)

—t

0 wa(¢t+r,N(u))dT> Ly (1 (1))t (1)

/
/

= [ew (,—t,@ -/ QW@T,N(u))dT) Ly (o ()i ()
/ exp (H(p — 1)@y (@73 (1)) Ly, (P10 () drdpig (1)
/

exp (H(p = 1)Qny (W) Ly g (PN t—r (u)) frn (w)dTdpss n (w)-

For 7 € I; we note

QN,t—’T(U) € EN,R,t — S}lp ‘|¢N7T(U)||HU é R = uc EN7R7T'
reli—T
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Combining this with the fact Ex g, C Br(0), we see

1 fenLin r o (i gy, )
1
- /H /1 exp [t(p — 1)Qny ()] L, (0) (W) LBy 5. () fr.n (W) dTdps v (1)
t

< [lexp [t(p = DIQnry (W) LB W L (110 g 1) SUD | frv L e Lo 117 -
N) e,

Taking the supremum over ¢ in some interval I7 and using p'(p — 1) = p yields the first
inequality in (BI3]). The second inequality then follows from Proposition O

Remark 3.7. If one were able to obtain a similar result with a H2-cutoff instead of
a H-cutoff, due to conservation of the H 3 norm, one could then apply Bourgain’s
(quasi-)invariant measure argument ([3], see [I3, Theorem 6.1] for a precise statement),
and obtain polynomial-in-time bounds on solutions for pg¢-a.e. initial data, due to the con-
servation of the 2 norm. However, these estimates appear out of reach. We point out
that in [19], a dense sets of turbulent solutions for (LI]) has been constructed, but it is
unclear if such solutions are typical or not. It would be interesting to either show good
bounds on the growth of Sobolev norms for a.e. initial data distributed according to s, or
in alternative to exhibit a set of turbulent solutions with positive probability under such a
Gaussian measure.

With this uniform L? bound on the truncated densities, we are ready to prove Proposition
.ol

Proof of Proposition [L.J. We first fix % <o<s —% satisfying the conditions of Proposition
3.6 and we recall that X, = H? where we have global well-posedness. By Proposition B.1],
we have that for all w € H? and T > 0, for every ¢’ < o,

&, n(myu) = D4(u) in C([=T,T), H') as N — oo,

and this convergence is uniform on Br(0) for every R > 0. We now fix % < o’ < o that also
satisfies the hypoteses of Proposition By global well-posedness for (ILI)) (see [17]) and
this uniform convergence, we have that for any R > 1 and t € R, there exists C(R,t) > 0
such that for all N big enough (depending on R, t),

@, (7N (BRr(0))) C By c(ray s

where the latter set corresponds to (B.I12) with ¢’ replacing o.
From the estimate (3.I3), for any ¢t € R and R > 1, there exists f; g € L2(H?,dus) such
that (up to a subsequence) ft,N]lEN,C(R,t),t omn — fi.r weakly in L?(H?,dus). With this,

we consider any non-negative, continuous and bounded function F : H” — [0,00). By
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dominated convergence, we have

/ F (o) (@) (L 0y 15) ()
- / F(®1(u0))d( L, o)1) (0)

= lim [ F(®¢n(TNu0))1LBg(0)(uo)dps(uo)

N—oo

< limsup / F (@t n(TNu0)) Ly (B (0) (TN U0)dpts (o)

N—oo

= lim sup / F(mnuo) L, y(xy(Br(0)) (TNUo0) fr, N (TNU0)dps (o)

N—oo

< hmsuP/F(WNUO)HEN,C(R,t),t(WNUO)ft,N(WNUO)d/LS(UO)-
N—o0

We note by the dominated convergence theorem and the uniform L? bound on
ft,N]lEN,C(R,t),t OTN:

Jim | F(mavuo) = F(uo)|La, yry (8(0) (T t0) fi.v (v o) dps (uo) = 0,

and so

/F(Uo)d(q)t)#(]lBR(O),us)(UO) < thUP/F(UO)]IENyc(Ryt),t(WNUO)ft,N(WNUO)d,us(UO)

N—o0
:/F(Uo)ft,R(UO)d,us(UO)-

Therefore (®¢)x(1p,0)is) < ps for any R > 1. Since R is arbitrary, we deduce that
() pprs < ps as well. O

4. SINGULARITY: s < 1

4.1. An abstract singularity result. We start this section by showing a condition that
guarantees singularity for up to countably many times. Most of the remaining of the paper
will be dedicated to showing that this condition is indeed satisfied by the flow of (.1l
whenever % <s<1ands# %.

Proposition 4.1. Let g: X x Xs =& RU{—00,00} be a measurable function that satisfies
9(@,y) > 0= g(y,z) <0.

Suppose that there exists T = T(ug) > 0 such that ug € WP(1) N WP(—7), and for every
0<t| <,
9(®¢(uo), uo) > 0,
and T > 0 for us-a.e. uoﬂ Then there exists a countable set A C R such that for every
teR\ A,
(Pt)4 (Lwp(nis) L phs-

"Note that (uo) = 0 always (vacuously) satisfies the previous properties, so one just needs to check the
existence of such a map on a set of full measure for p,.
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Proof. First of all, we note that without loss of generality, we can assume that the function
T is measurable. Indeed, if it is not, we can simply redefine 7 to be

1 1 1 11
r(ug) = sup{ - :n € Noug € WP (), {t: 1t < = g(®u(un).u) > 0} = [~ -, =]},

where we define 7(ug) = 0 if the family on which we take the sup is empty. Note that this is
measurable since WP(¢) is an open set for every ¢t € R, and the map (¢, ug) — g(P¢(uo), ug)
is measurable due to continuity of the map (t,ug) — ®;(ug) (for ug € WP(n™1)).

Suppose by contradiction that the set

N =R\ ({t: (WP () > 0, (B1) 4 (Lwpiyits) L s} U {t 2 s (WP(2)) = 0})

is uncountable. Since 7 > 0 ps-a.s., for every t € 47, there must exist mq,ms € N such
that

(@) g (Lwpypus){T > 1/ma}) > 1/mo.

Since .4 is uncountable, we deduce that there exist 7g,c¢ > 0 such that the set

Nroeo = 1t 2 (o) (Lwpyps)({T > 270}) > €0}

is uncountable as well. Since 47, -, € R is uncountable, it must have at least one accumu-
lation point, i.e. there exist distinct ¢1,t,...,t,,... such that t; € 47, ., for every j € N,
and ¢, € R such that

hm tj = t*.
j—o0

Therefore, up to extracting a subsequence, we can assume that |t; — t.| < 79 for every
j € N. Now consider the sets

E; = (IDt_jl({uo :T(ug) > 210} NWP(—t;))

Recalling that t; € 47, -, and that by definition (IJt_jl(WP(—tj)) = WP(t;), we obtain that
ps(Ej) = (Pry ) s ({1 > 270} N WP(=15)) = (@1, ) (Twp ;) is) ({7 > 270}) > €0.

Therefore, there must exist ji, j2 such that E; N Ej, # 0, otherwise we would have

1> Ns(UEj) = ZNS(E]') > ZEO = Q.

J J J

Let ug € Ej N Ej,. By definition of Ej, we have that 7(®y, (ug)) > 270 for k = 1,2.
Therefore, by definition of 7, since |t;, —tj,| < [tj; — t«| + [t« — tj,| < 270, we have that

g(q)tjl (u0)7 (I)tjz (U’O)) = g(q)tjl —tj, ((I)tjz (U’O))v (I)tjz (UO)) > 0.

Therefore, by hypothesis on g, we have that g(®;. (ug), Dy (ug)) < 0. However, proceeding

i2
similarly,

9(Pt;, (uo), @1, (uo)) = g(Pry,—t;, (Pr;, (u0)), Pt (u0)) >0,

which is a contradiction. O

Our main goal for this section will be showing the following.
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Proposition 4.2. Let % < s < 1 with s # %, and for x,y € X, let

g(z,y) = liminf 1PNl — 1PNyl7,

4.1
Nooo  (4s — 3)NA—1s (4.1)

Then g satisfies the hypotheses of Proposition [{.1 More precisely, for every x,y € X5, we
have that g(z,y) > 0 implies that g(y,x) < 0, and for ps-a.e. ug, there exists T(ug) > 0
such that for all 0 < |t| < T(up) we have

_NPn®e(uo) (1%, — [[Pruoll?,

lim inf

N-o0 (4s — 3)N*—4s >0

We discuss briefly the main ideas that go into Proposition It is not unreasonable to
expect that, for small times ¢, we have

2 g2
[ Pxuol 3 |,_y+O(%). (4.2)

d d
| Pv®i(u)) 3 = 1Pyl s =t [P @uwo)) G oo+ 5 g

We then exploit the equation (II]) to compute
d2
dt?

as polynomial objects in the frequencies of ug. By taking expectations, we obtain that

d
E\IPN@(Uo))\I%lL:O, 1P @1 (u0)) I [ 1—o-

d
E| 2 [Py ®: (o) ,_o) = 0.

2
B[ I PN B o)) ~ (45 — BN
This suggests that for small times, || Py ®¢(ug)) ”?{1 - HP]\ruoH%{1 has a definite sign as N — oo
(depending on the sign of 4s — 3), which in turn leads us to the choice of g in (@.J]). In
particular, Theorem follows once we show that this heuristic is correct, and once we
bound the various error terms that will appear in the O(t3) term with the correct power
on N. It actually turns out that the expansion in (£2]) is not fully correct, and we will
need to allow for extra error terms of the form o( N4=%%) (that disappear in the limit in the
definition of (41])).

Note that estimating the remainder in (£.2]) deterministically, i.e. using only the fact that
the solution map ¢ — ®;(up) is smooth in time with values in X, we are only able bound
the error term as O(N?T1#3) > N4=45_ Therefore, in order to conclude, we will need to

show appropriate multilinear random estimates for the solution of (I.I) at time ¢.
4.2. Time derivatives of the norm of the solution. Define the random objects

Fy(ug) = N4s_4%||PNu(t)

) (4.3)

2
2],

o d?
G (o) = N1z [ Pru(®)| 7,

=0

Let u(t) be a (local) solution of (II)) on X,. By a direct computation, we have that

d
EHPNU(t)Hzl = QN(U,U,U,U)(t),
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where QQn is the quadrilinear map given by

Z’ — S —~ = N
Qn (u1,uz, uz, us) = > 5 Un(m)ur(ny)us(nz)us(ns)u(na), (4.5)
ni1—mnso fr;go—n4:0

where we define the multiplier ¥ (n) for n = (ny, ne,ng,ny) as
4
Oy (n) = [T 1o (m) (nfén (n1)? = ndon (na)? + ndon(ng)? — ndon(na)?).  (4.6)
i=1

We note that (by construction) Wy is anti-symmetric, so if ny — ng + ng — ng = 0 with
{n1,n3} N{na,na} # 0, then ¥y (n) = 0. We start by showing a simple bound on ¥y.

Lemma 4.3. For n; € No with ny —ng + ng —ng =0 and n; ~ Nj, we have
U (n)] S Ly y N min{N, N®}.

Proof. Tt is clear that if N <« N, we then have ¥ ~(n = 0, so it is enough to show the
bound. Similarly, from n?®x(n) < N2, the bound
[¥n(n)| S N

is immediate, so we focus on showing that |¥y(n)| < NN®). Since n; > 0, in order to
have n; — ng + ng — ngy = 0, we cannot have that the biggest two frequencies are {ny,ns}
or {ng,ny}. Therefore, up to swapping ny with ng and ny with n4, we have that

min(ni,ng) > max(ng,ng).

Up to further swapping ny with ny and ns with ny (which does not change |¥y(n)|, we
can put ourselves in the case

nig > ng = N4 > ng.
By the mean value theorem, noting that ||@y|/ze < %, we obtain that
[Un ()| < [nfn(n1)? — n3en (n2)?] + [nfon (na)? — n3dn(ns)?|

§N|’I’L1 —7”L2|—|—N|7”L4—7”L3|

= 2N‘Tl4 — ng‘

< NyN

= NON,
and so the bound follows. d

We are now ready to estimate Fy and Gy in (@3)), (£4).
Proposition 4.4. For % < s < 1, we have that
E[Fy(uo)] =0, E[|Fn(uo)’] S N**72.

In particular, we have that

lim Fy(up) =0 ps-almost surely,
N—oo
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Proof. For N dyadic we have

_ 1 _ — . —
N7 Fy (up) = Qn (uo, uo, uo, ug) = E §\IJN(n)u0(nl)uo(ng)uo(ng)uo(m)
ni—ng2+n3—ngs=0
n; >0
(4.7)

Note that Fiy is antisymmetric under conjugation, so we have that
FN(U()) = —FN(U()).

However, since Law(ug(n)) = Law(ug(n)), we obtain

E[Fn(uo)] = —E[Fn(uo)] = —E[FN(uo)],

so we must have that
E[Fn(ug)] = 0.

We now move to computing the variance of F(ug). Recalling that whenever ny = ny or
ny = ng we have ¥y (n) =0, and by Lemma 3] we get that

4
E[|FN(u0)|2}:N8S—8 > I\Ifzv(n)l2l_[<nj1>gs
j=1

ni—nz2+n3—ng=0

S N88—8 Z

N1,N2,N3,Ng n1—n2+n3—ng=0

nj~Nj
S N88—8 Z
N1,N2,N3,Na
S N88—8N6—65 — N28_2.

> NZmin{N?, (N©®))2}
N2 N2*N3*N2Zs

N?min{N?, (NG)2} N NG N@)
NZN2sN2sN2s

In particular, this implies that E[ZN ‘FN(UQ)P} < 00, S0 we must have

lim F =
Nl—H>loo N(UO) 0

ps-almost surely. O
Proposition 4.5. For % < s <1, define

oo 1,1 el

Iy = (4s — 2) (/ (a;<;5(x))2x1_4sdx) (/ / / v EA -y + (o + T)y)45_4dad7'dy).

0 o Jo Jo (48)

Then Is > 0, and we have
. _ B 2
Jim Giv(uo) = 8(4s — 3) o [32(r (4.9)

for ps-almost every uyg.
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Proof. We use the symmetry of Fjy to compute

d? 9
SIPxu@F, =2Re (Y0 Un(@)idru(m)aln)i(ny)in) )

ni—na+nz—ng=0

=2 Un(ng — ns + ng, na, ns, n6)i(n1)u(na)i(ng a(na)d(ns)a(ne)-

n1—mnz2+ng—ng+ns—ne=0
ni1—n2+n3>0

Note that the the coefficients Wy are real, and the real part of

[T @ty [ a(ny)

§=1,3,5 §=2,4,6
is invariant under permutations in the set
o€ S:={o0eS%:0({1,3,5}) = {1,3,5} or o({1,3,5}) = {2,4,6}} = (5% x $?) x Z,.

Therefore, we obtain that

2
—IPxu)F = 2D fa(n1,m2,n3,ma,ns, n6)i(n )a(na)i(ng Ju(na)i(ns)i(ng),

d
dt2|
n1—mnz2+ng—ng+ns—ne=0
n1—na+n3z>0
n; >0

where fn is the symmetrisation of ¥ under the action of S, i.e.

1
fn(n1,n2,n3,n4,14,M6) = ™ Z VN (No(1) = No(2) + Na(3)s To(4), Mo (5), No(6)):  (4:10)
ogeSs

We now show a bound on fy analogous to the one in Lemma [£3] i.e.
|fN()] S Tywsy N min(N, N®), (4.11)

under the condition ny —ng +ng —ng+ns —ng = 0. To see this, by symmetry it suffices to

bound Wy (ns(4) = Mo (5) + Na(6), Mo (4)s Ta(5)> Na(s)) Dy this quantity. This bound follows by

Lemma 3] in combination with the observation that we cannot have three of the values

na,ns,ng and ny — ns + ng being bigger than 100N®). Indeed, by definition of N, we

must have min(nyg,ns,n6) < N®, and if ny — ny + ng = ny — ns + ng > 100N, then

max(ni,ng,ng) > 6N(3), and so at most one of ng, n5, ng can be bigger that 6NG) as well.
We see that

Gy = oN4s—4 Z

n1—nz2+ng—n4s+ns—ne=0
n; >0

<nj )" 91 Iz I I Gns I

2
-

which we decompose based on the number of pairings:

Gy =Gno+Gni1+Gngs,
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where

GN7() = 2N4S_4 Z fN(n)ﬁ(nl)ﬁ(ng)ﬁ(ng)ﬁ(m)ﬁ(m)ﬁ(nﬁ),

n1—nz+ng—ns+ns—ne=0
n; >0
{n1,n3,n5}N{n2,n4,n6}=0

Gy, = 18N > Fr(m)a(na)a(nz)a(ng)u(na)la(ns) P,

ni1—ng+nz—ng=0
ng>
{n1,n3}n{n2,nqa}=0
n5=ne

3
Gng=12N""" 3" fx(n1,n1,n2,n2,n3,n3) [ [ [@(n;)>.
j=1

ni,n2,n3>0

The fact that Gy = Gno + Gn,1 + Gz can be easily verified using the symmetry of fy
under the action of S. For the 0-pairing term, by independence of different frequencies we
have that E[Gno(uo)] = 0, and we use (AI1]) to bound its variance:

6
E[|Go(uo)[?] S N*~° > fu(m)* T[(ny)~>
ni1—nz+nz—ng+ns—ne=0 Jj=1
n; =
6
< NBs8 > N?min(N?, N3)N; 2 [ N/~

N1>N2>N3>Ny>N5>Ng Jj=2
N1ZN,N1~N2

S N88—8 E N4N1—28N21—2SN31—28
N1>N2>N3g
N3Z N
8s—8 2 AT—25 nT1—25 A\73—2s
+N Y NANTENTENG
N12>N2>N3
N12N>N3
S_, N2s—2 +N6$—6

< N2s—2
which is summable in N. Hence we obtain that
lim Gno(ug) =0
N—oo

for ps-a.e. ug.
We now move to estimating Gy 1(up). We further decompose it as

Gn,1(up) = Gn,,0(uo) + Gw,1,2(uo),
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defined respectively byﬁ

6
G0 =18N* > Fn@) TT) 91 Gz Gy Grs
nl—n2+n3—7’;40+n5—n6:0 Jj=1
ni =

{n1,n3}N{n2,n4}=0
ns=nge

6
GN,1,2 = 18N48_4 Z fN(n) H<nj>_sgn1%gn3ﬁ(|gn5 |2 - 1)’
ni—nz2+n3—ng+ns—ng=~0 7j=1
n; >0
{n1,m3}N{n2,na}=0
ns=ng

where we fixed the representation

Uy = Z(n)‘sgneim.

n>0

Similarly to the situation for Gy, we have that E[Gx 12(uo)] = 0 and

6
EfIG12(u0)l] S N8 > fum)* [ ny) >

ni—nz+nz—ng+ns—ng=0 j=1
n;>0,n5=ng

S.; N2s—27

so Impy_y00 GNo(up) = 0 for pg-a.e. up. We now move to estimating Gn10. It is again
easy to check that E[Gn 0] = 0. Using again (£I1), note that for ny ~ Ni,...,ng ~ Ny
with ny — ng + n3 — ng = 0, letting NO > > N@W pe a decreasing rearrangement of
Nj ... Ny, recalling that this implies NO ~ N? | we get that

Z ’fN(nh ng,n3,n4,m, m)‘<m>—23

m>0

< > N min(N, N®)(m)~2 + > N min(N, (m))(m) =2
m<NG NO>N N@>m>»NG NO>N
+ Z N min(N, N®)(m)=2s

m2>N(2) >N max((m),NO)>N
~ Nmin(N, N®)Lyosy + N % Lys g + N min(N, NO) (max(N, NO))1-2)

8The attentive reader would notice that Gn,1,0 and Gp,1,2 are the projection to homogenous Wiener
chaos of order 0 and order 2 (respectively), hence the choice of notation.
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Therefore,

E[|Gn,1,0(u0)|?]

6
S N8N " fn(na, ng, ng,na,ns,ms)| - | (0, na, ng, ma,ne, ne) | T [ ()~

n1,12,N3,14,N5,16>0 Jj=1
ni—nz2+n3—ng=0

4
_ 88 Z H(nj>_28( Z ’fN(m,nz,n3,n4,mam)’<m>_2s)2

ni1,m2,n3,ma>0 j=1 m2>0
ni—ns+n3—ngs=0

< NS > (N?min(N, N3)*Ly,>n + N1 ya)s
N1~N2>N3>Ny

4
+ N?min(N, Ny)* max(N, Np)* )Ny ] v
j=1

<N 24 Ny N8BS Z N2 min(N, N;)? max(N, Np )24 N1
Ny
S N28—2 + N—1N4S—4 maX(N3_4S, 1)’

which is again summable in N. Therefore, we get that limy_,oc Gy 2(up) = 0 for ps-a.e.
ug, and so

lim (Gn(up) — Gn3(ug)) =0

N—oo

for pg-a.e. ug.
In order to evaluate the behaviour of G',3 in the limit N — oo, it is convenient to work
with the non-symmetric form ¥y instead of fy, and so we write

3
Gn3(u) = 2N+ Z (2 = Liny=ns}) YN (01 — n2 + ng,m1, N2, 13) H [a(ny)[.
j=1

ni,n2,n3>0

Indeed, note that all the pairing in (£I0) that have Ng(5) = No(4) OF Ny (5) = Ng(e) Tesult in
Uy = 0, and so one must have that n, ) = ny(2), which becomes n; = ny after we undo
the symmetrisation procedure.

First of all, we note that in the case n; = ng3, the third highest frequency between
2n1 — ng,n1,n9,ny has size < Ni. Therefore,

N4S_4‘ Z U (201 — ng,m1,n2,n1) [t (n1)[* o (n2) |
n1,n22>0

< ppds—4 . |90 |* 1gns|?
SN Z N min(N, (ny))

n1,m2>0,max((n1),(n2))2N
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By taking expectations, we obtain

NUE[ ST Wy(2mn — i m,ma, ) [o ()| o (n2)

n1,n2>0
_ . 1 1
< hs—4 Z N min(N, <n1>)<n EENFPE
n1,m2 >0, max((n1 ), (n2)) 2N A
< Nis—4 Z N min(N, Ny)N{ 45 N =2

N1,N2:max(N1,N2)ZN
< N4s—4 Z N3—43M1—23 4 N2M1—4s
M>N
SN
which is again summable. When ny = ng, we simply get that Uy (ny —ng +ns, ni,na,n3) =
0. Therefore, for us-a.e. ug, we deduce that

3
Gns(ug) = AN* > Uy (g — ng + ng,n1,n2,m3) [ [ [i(n)]* + o(1).

n1,n2,n3>0: n; are distinct 7j=1
Therefore, we can anti-symmetrise further and order the n;. We obtain

Gn +o(1)

\I’N n1 —ng +n3,n1,N2 ng) + \IJN(nl —n3 4+ ng,ni,n3 ng)
= 8N4 T 102 ) 11,13, 200 12(a. |2
Z (n1)25 (n2) 2% (ng)2s |gn %1 gna || gns|

ni>n2>n3>0

Note that here we neglected the term with Wy (ne — ny + ns,na,n1,n3), because in that
case we must either have that ng = N, and so

U ( nz - nl + nz,n2,ni,n3)
E[snt " Tt ol Plona
ni>na>nz 2N 2 n3
< N4S— N2 N; No N 1-2s
S > (N1N2N3)
N1,N2,N3ZN

5 N4s—4N2+3—68 5 N1_2S,

which is summable in N. Otherwise, we have n3 < N, so in order to have U # 0 we
must have no < ny; < ng + ng and Yy (ny — ny + n3, na,ny,ng) = ¢N(n1)2 2 ¢N(n2)2n%,
in which case

Uy (ng —ny + n3,ng,ny,n3)

4s—4 N\TL2 1 39 102,701,703 2 2 2

E‘SN ’ Z <n1>2s<n2>2s<n >2s |gn1| |gn2| |gn3|

n1>n2>n3>0 3

5 N4S—4 Z NNgNl 23(N2N3)1—28
N1,No~N>Nj3

5 ]\71—257
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which is again summable in N. We now apply a further decomposition to the expression
of Gy 3. We write

Un(ny — ng 4+ ns3,ni,n2,n3) + Yy (ny — nsg + na, ni, n3, no)

GN,3,<2 — gN4s—4 |g |2
= n1>7§>:n3>0 <n1>2s <n2>2s<n3>2s n3l o
_ Uy (ny —ng + ng,ni,ng,n3) + Yy(ny — ng + na,ny, ng, na)
G = 8N48 4 ) U U Y 9 9
N,3,>2 > ST T (e

n1>na>n3>0
2 2 2
X (|gn1| |gn2| - 1)|gn3| .
By the above, we have that
GN =Gng <2+ Gn3s>2+o0(1)
as N — o0o. We now show that Gy 3 2 is a further error term. Recall that

E[(Igny [*|gna]* = 1) (19w |*lgny |* = 1)] = 0

whenever n) # ni,ng and nb # ny,na. Therefore, from the inequality ab < a? + b2, and
Lemma 43l we obtain

E[|Gn3,>2(uo)|?]
§N85_SZ( Z Un(ny — ng + n3,ni,ng,n3) + ¥y (ng —n3+n2,n1,n3,n2))2
n1

o (n1)28(n2)?(n3)?
0<n3z<na<ni
+N85_8Z< Z Uy (n1 —no +n3,n1,n2,n3) + ¥ (ng —n3+n2,n1,n3,n2)>2
2
no ni,n3: <n1> S<n2>25<n3>28
0<nz<na<ni
+N85_8Z< Z Uy (n1 —no +n3,n1,n2,n3) + ¥ (ng —n3+n2,n17n37n2)>
- o (n1)?%(n2)? (n3)2s
0<nz<na<ni
" ( Z Uy (ng —ny 4+ ng,n2,ni,n3) + Yy(ng —n3+n2,n1,n3,n2))
oy (n1)%s (ng)?s (ng)?s
0<nz<ni<n2
<N8S_SZ Z Uy (n1 —ng + ng,n1,n2,n3) + ¥y (n —n3—|—n2,n1,n3,n2))2
N (n1)25 (1) 2% (1) 25
ni nz,n3:
0<n3z<na<ni
+N83_8Z< Z Uy (n1 —na +n3,n1,n2,n3) + ¥y (n —n3+n2,n1,n3,n2)>2
2
N ni,n3: <n1> s<n2>2s<n3>2s
0<n3z<na2<ni
< N8S—8 N1—48N1—48N2—4SN2 min N, N2 2 N2 + Nl
N 1 2 3
N1>N2>N3,N1ZN
< N8S—8 N2—4SN1—48N2—48N2 min N, ]\72 2

N1>N2>N3,N1Z2N
SN®78N " Ny N? max(N, N2)*~* min(N, Ny)?
No
8s—8 pn74—4 3—4s,0 4s—4 —1
,SNS N s+max( S)SNS +N7L
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which is again summable in N. This shows that
Gn =GNz <2+ o(1)

as N — oo. Therefore, in order to conclude ([£9), we just need to show that Gy 3 <2(up) =
8(4s — 3)Ls|luol|?2 + o(1). For convenience, write
Gns<2(ug) =8 [ug(n)*An(n), (4.12)
n>0

l.e.

_4Un(n1 —ng+n,ny,n2,n) + Yn(ng —n+ng,ny,n,na)
_ As—4 * N 1 2 5 101,702, N 1 2, 101,78, T2
An(n) = Z {N (n1)25 (ng)2s :

Note that Ayx(n) is a quantity independent from wug. We first show that for every n > 0,
lim An(n) = (4s — 3)1s, (4.13)
N—o0

ni>n2>n

and that Iy > 0. We start by proving that, for every 0 < e < go(s) < 1, as N — oo we
have

Z U n(n1 + ng,n1,0,n2) + ¥y (n1 — na,ni,no,0)

4s—4
An(n) = N e +on(1).

Nlte>ni>ng>N1—¢

(4.14)

Indeed, recalling the definition of ¥y in (46]), by the mean value theorem, we have that
for N > (n),

Z \IJN(TLl—I—TLQ,TLl,O,’I’LQ)—I-\IfN(TLl—’I’L2,’I’L1,TLQ,0)

An(n _N4s—4
N( ) n%sn%s

Nlte>n;>no>Nl-¢

S N4s—4 Z N <Tl>

Nlte>ni>ng>N1—¢

2 N<7”L2>]]. >N
NAs—4 2 Nds—4 In1|2
+ Z <n1>28<n2>28 + Z

2s 2s
n1>N1Te,n1>na>n nag<N1=¢ ni1>na>n <n1> <n2>
< <n>N4s—3N(1—€)(2—4s) + N2s—1N(1+€)(1—2s) + N2s—2N(1—€)(2—2s) _ 0(1)

as N — 00, as long as 0 < ¢ < 1. Now, let
h(z) = 2%¢(x)%.
Recalling the definition of ¥ in (£.6)), and by writing ¥ in terms of h, by (£I4]) we have
1 ni n2
A =— % "+ )( 2;1(_2%( )+oN(1),
Nlte>ni>ny>N1-¢ N N
which we can view as an (improper) Riemann sum, and so

) h(xz +y) — 2h(z) + h(z —y)
1 A = .
m Ay (n) / o Pz dzdy
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Both the existence of the integral and convergence of the Riemann sums can be justified
by the fact h is smooth and compactly supported, and then using the double mean value
theorem:
|h(@ +y) = 2h(z) + h(z —y)|
x28y25
SR ™2y Locy<oca + [Pl ™y > Licy<a,

which is integrable. Together with the analogous estimates for h’, one can easily show
convergence of the Riemann sum.

We now manipulate this integral in order to show its relationship with I, and verify that
I; > 0. Using the fact h is supported away from the origin, by change of variable, we have

. h(x +vy) — 2h(x) + h(z —
lim ( / (z +y) 2s( 2)3 @~y dy>
el0 T>Y>ex =y

~ tim ( / oy [ w) — 2h(a) + A(e(1 — )]~ dadu)

el0 =
+ 1>u>e

1 1—4s, —2s o 1—4s,  —2s
= lalﬁ)l(/x>0 h(z(1+w))x ™ *u"“dedu — 2 o0 h(z)x " u**dxdu

12628 1>u>e

20 h(z(1l — u))x1_48u_28d:17du)
1>u>e

oo 1 1 L
</ h(fﬂ)$1_4sd$) lim </ w2 (1 + u)¥ 2 du — 2/ w2 du + / w25 (1 — u)4s_2du)
0 el0 e - .

= </OOO h(w)x1—4sdx) lim (/El u [(1 +u)tT2 24 (1 - u)4s—2} du>'

We note that the final integral converges since in a neighbourhood of 0,

—23(1 + u)4s—2 24 (1 _ u)4s—2 S ’LL2_2S,

which is integrable. Moreover, by using the fundamental theorem of calculus twice, we get
that

= (45 — 3)(4s — 2) < /01 /01 /01 u2_2s(1 —u+ (o + T)u)4s_4dad7'du),

and so ([LI3)) follows. The fact that I; > 0 follows from the fact that on the interval [0, 1]?,
we have that 1 —u+ (6 +7)u > 0, and h > 0 as well.

In order to conclude the proof, we just need to show that we can swap limit and sum-
mation in (4I2]). By Lemma [4.3] we have that

A(n) |<N4S 4 Z lenNng)]ln1>N

ni>n2 n2>

§N4S 4N3 25N1—2s S.; 1.
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Therefore, for p-a.e. ug, by dominated convergence,
. . . — 2 2
Jim Gy (ug) = lim Gy <a(ug) =8 lim Z:O [uo(n)[*An(n) = 8(4s — 3)L|[uol|7:-

0

4.3. Paralinear decomposition of the flow. We now need to justify the fact that (for

short times) we can approximate || Pn®;(uo)||%, by its second order expansion in time. In

2
2 1
all of the following we let 3 < s < 1 and recall our choice of X, as X, = B;:.E’Jr with
p > min {100, s_%} We also let
2

Br = {uo € X,

luollx, < R}.

The first step to showing the validity of the expansion ([£2]) is to linearise (LI]) at high-
frequency. In particular, note the following (para-product) decomposition:

i0pu = T(|u*u) = Z II( Py, uPn,uPn,u)

N1,N2,N3
= 2) TI(Py,uPN,uPyyu) + 2 TI(Py,uPn,uPy;u)
Ni,N2< N3 N1< N3
Na~N3
+ZH(PN1UPN2UPN3U) +ZH(PN1UPN2UPN3U)- (4.15)
Ni~Nj3 N1,N2~N3
Na<N3

This first term will serve as our linearisation around high-frequency. For ease of notation,
we introduce the trilinear para-product operator describing this Low-Low-High interaction:
HL’L’H(U,U,’LU) = Z H(PNlumPNS’w).
N1,N2< N3
Now, consider the system of equations
i0pu = II(|ul?u)
10 X =211, 1 g (u,u, X),
Y=u—X,
(u, X, Y)‘t:() = (U(), Uup, O)
Namely, © = X + Y represents the solution to (L.I]), while X flows under the linearised
Low-Low-High interaction. The main advantage of this decomposition is that the term

X captures the main nonlinear obejct with regularity s — %, while Y will be a smoother
remainder. In particular, we have the following.

(4.16)

Proposition 4.6. For all R > 1, there exists Tr > 0 such that for all ug € Bg, there exists
a unique triple

(u, X,Y) € C*([~Tr, Tr]; Xs x X, x B2y ")
that satisfies ([EI10) with

u, X,Y .
||( ) ’ )H02([—TR,TR];B;é’+XB;é’+XB;;Q;SL

) <C(1+ R (4.17)

for some universal constant C' > 0.
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Proof. First, consider the following multilinear bound, for N dyadic:

HPN<HL7L7H(U,’U,QU))”L¢1 5 Z ”PN(PNlumPN3w)”Lq

N1,Na<K N3
S D IPwullzee | Payvl oo || Pagwl| o
N1,N2< N3
Ng%N
S HUH Il 1Y IPnywll e,
oo poo N3~N

_1
where we just used Holder’s inequality and the embedding B;,Og — ngl. In particular,
we obtain that for every o € R, ¢ > 1,

MLz, L1 (v, W) e < Ml oy ||v|| IIWIIBg’gO- (4.18)

poo

Moreover, by ([@I3]), for every ¢ > ﬁ, we have
I P (T0(Juf) = 2002, g1 (. 0) ) | 2o

- HPN (2 > Py, uPruPyyu) + Y (P, uPruPyyu) + 3 T(Py, uPNQuPN3u)> H

N1<N3 Ni~N3 Ni,N2~N3
Na~N3 N2<N3
1_
Sl (D2 1Pl e (N2 Ng) 3
Bag,co N1 < N3
Nao~N3 >N
+ > 1Pyl e (Vi Ng) 37 + 3 || Py ull o= (N2 N3) )
Ni~N3>N Ni~Na~N32>N
N2< N3

SNl

2q,00
where we used Hélder’s inequality || fghlze < ||fllze<|lgllz24a]/h| 120, and the embedding

_1
ng’go’Jr — BY, 1- We obtain that

P (T1(uf2u) = 20T 1 (0, 0) ) e v Sl (4.19)

s—g .+
2q,00

Now, rewrite the equations for X, Y in (£I6]) as
iatX = 2HL,L,H(U7 u, X),
iatY = H(]u\2u) — 2HL,L,H(U7 u, u) + 2HL,L,H(U7 u, Y)

Then, by a standard Banach fixed point argument, from the estimates EI18),[d19), we

obtain that there exists a unique couple (X,Y) € C([~Tr, Tg], Bpo2 2 X B2j2_cl>é+), while the
existence of u follows from Proposition 24 The fact that (X,Y) € C2([~Tg, Tg], By 3+ X
Bijz_ Clxj') follows from similar considerations to the ones in Proposition 2.4], together with

(41I8) and the analogous of ([AI9) for the difference

83 (H(\u!zu) — 2101, 1 5 (u,u, u))
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The reason of the power R® in the RHS of (@I7) is the fact that dfulo is a quintic
expression in R. We omit the details. O

Recall that, in view of (d2]), Proposition 4] and Proposition [4.5] our goal is showing
that, in an appropriate sense,

| Py ®:(uo)) |31 — [1Pvuol| 3
trd? 5
2 dt2 ||PNU0||H1 |t=0 + R(t7 u0)7

with

|R(t,up)| < et? N4 4 o(N1719)
for ¢ small enough (depending both on e and wg). Recalling the definition of Qx in (4.3)

and of Fiy,Gy in (43), (44]) respectively, such a statement reduces to showing that, for
every fixed ¢ > 0, and for every ¢ small enough (depending on ug,€), we have

INS=4Qn (u(t), u(t), u(t), u(t)) — Fy(ug) — tGn(ug)| < et.

In order to see this, one can write u(t) as u(t) = X(t) + Y (¢), and expand the terms in
the expression for Q by using quadrilinearity. The next lemma essentially states that the
estimate above holds whenever the expansion of () contains at least one term in Y that
does not appear in the lowest frequency.

Lemma 4.7. Let Ny, No, N3, Ny be dyadic numbers, and let fi,..., f4 € Li(']I‘). We have
that

|QN (P, f1. Pny f2, Py f3, Pry f1)| S N min(N, NG H 1f5ll e (4.20)

where we recall that NV > N@ > NG > N® s ¢ reordering of N1, ..., Ny.
Proof. Recall the formula (£6) for the multiplier ¥y (n) appearing in (4.3,
Un(n) = nign(n1)? — n3eén(n2)* + nion(ns)® — nion(na)?,

where we omitted the indicator of nonnegative frequencies due to the assumption f; € Li.

Exploiting the symmetries of ¥y, we can assume without loss of generality that N ~
Ny 2 N, and N3, Ny S Ni. Under the condition ny — ng + ng —ng = 0, and n; ~ N;, we
can decompose ¥y as

nin(n)? — n3gn (ng)?
N(’I’Ll — ’I’LQ)

Wi(n) = N(ng - ng) [ osn (1)) + n3ow (na)” = nin (na)?

Q,:I%

=: N(ng — n3)hn(ni,n2,n3,ng) + n3¢N( ) —nion(ns)?.
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It is fairly easy to check that hn(z1,z2,73,24) = h(F, %, %, §), and h is a smooth,

compactly supported function of x,y. Therefore, by Proposition 2.2l we obtain
| QN (P, f1, PNy f2, Pny f3, P, f4)|

< ‘ > Nhu (1, n2,n3,14) (04 — n3) Py, f1(n1) Py fo(n2) P, f3(n3) Py, fa(na)

ni1—nz2+nz—ngs=0

ST n3ow(ns)?Pr,fi(m) Py, fa(ne) P Fa(na) P, fa(na)|

ni—na+nz—ng=0

H| S o) Pr fi () P fana) P Fa(ns) P Fa(na)|

ni—na+nz—ng=0

S (NI Py fill pal| Py foll o (1 (P< v Prs f3)' | 14 1Py fall 2o + 11 P fll pall (P Py £4) || 14))
+ 1 Pn, fill Lall Pry foll | (P P f3)” 1] 4 | Py fall 1o
+ 1Pn, f1ll Lall Py foll || P f3 24 | (P Prvy f4)" || 22

_|_

4
< [T 1I#50zs (N (min(N, N3) + min(N, Ny)) + min(N, N3)? + min(N, Ny)?)
j=1

4
< Nmin(N, N TT 14l
j=1
[l

In view of the previous lemma and of Proposition [44] we are left with estimating the
difference

INTTAQN(X (1), X (), X(£), u(t)) — tGn(uo)|
under the extra assumption that the terms in u(¢) in the expression above appear at the

_1
lowest frequency. However, one can check that for generic f1,..., f1 € B;,O§’+, one cannot
expect an estimate which is any better than

Qn(f1, for f3, 1) S N2755,

Therefore, in order to conclude, we need to exploit the random oscillations of X (¢) in order
to show that the expression

Qn(X(t), X(t), X (1), u(t))

has the correct growth in the parameter N (and that has the correct dependency in the
parameter t). In order to achieve this, we will need some further reductions. As it turns
out, it is actually convenient to treat Y (¢) together with further error terms. In particular,
the goal of this subsection is to show the following.

Proposition 4.8. For uy € X and N dyadic, denote

’LL(],N = E PM’LL(] = P<<Nu0.
M<KN

Let un(t) = ®¢(ug n). Then there exists Ty = To(||uo|lx,) > 0 such that for every N dyadic,
PNu(t) = PNH(XN)(t) + UN(t),
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where .
Xn(t) :exp(—Zi / |P<<NuN|2(T)dT)PzNu0, (4.21)
0

and u, vy satisfy:

)y vy S 1+ ol

B C (4.22)
HUN(t)”Cz ([_T07TO}§Lg) ~ (1 + HUO”X‘S)N N

We defer the proof of this proposition to the end of this subsection, since we will need a
number of preliminary lemmas.
Firstly, we have the following bound on the difference of solutions wu(t) and uy(t).

Lemma 4.9. For every ug € X, there exists Ty = To(||uol|x,) > 0 such that for every N
dyadic,

1
Ju(t) —un(t)]l ) < N275Jug | x, (1 + Jluollk,)

2 <[—T37TR};B,°,:T
where p > max(100, 8711—) is the same parameter that appears in the definition (L) of X.
2

Proof. Let R =1+ |jug||x,. Note that, by definition,
Juonllx, S lluollx,-

Therefore, by Proposition 24 we may pick C, Tz > 0 such that [lu(t)]| <

ct ([—ﬁﬁ};xs) -

CR5 and ||un(t)|| o < COR® for all N. We now show a product estimate on
ct <[—TR7TR};XS

Besov spaces (for functions not necessarily supported on non-negative frequencies). For

every 0<€<<s—%—%, we have that

Ifghllo, = D I1Pas(Fgh)lls
M

<> ) 1Py (Pu, fPrygPrsh) || v

M Ni,N2,N3
Shollse Mble > (> + X ) IPn SN NG
M N1,N2,N3 N1,N2,N3
lemaX(Nz,Ng) N1>>max(N2,N3)
M <max(N2,N3) Nyi~M
Sllgll il g (M0 f s, + >0 S I1Pwflie)
By, Bp,os M " M Ni~M

< Wl ol 411,y
With this, we see for || < Tg:

t
o) = ux (g, < o = ol + [ IM(uPutr) = fuxPux (7))l d

t
1— j—
< RNz 5+/ 1w — un) (u+ un)al o |+ 10w — un)uiyllgo dr
0 , ,

1_
S lluollx=N27% + R°Jt] S [u(r) = un(7)ll5, »
7|<|t !



SHARP QUASI-INVARIANCE FOR CUBIC SZECO 43

and so it follows that picking a Tp = To(R) > 0 small enough, we obtain

1_
[u(t) — un (t)] o S N2 luolx, -
Co ([ T(),T()];Bp:1>

The analogous C? bound follows by taking derivatives and a similar argument. O

Lemma 4.10 (Commutator estimates). For N dyadic, consider the following trilinear
maps

CNIf, 9, 8] = PNII(Pen(f)Pen(9)h) — Pen(f)Pen(g)PnII(R)
CX1f.g.h) = PNIO(L 1 u(f, g, k) — Pen(f)P<n(9)h)

For j = 1,2, we have the following estimate

ICx(f.9. 0l 8 S Nl_zs\lfHBsf% ||9H IIhH
p,00

S 7 )
which holds for all f, g, h not-necessarily supported on non-negative frequencies.

Proof. We compute for n € Z
(Ch[f.9.h]) "~ (n)
= > [ (m)én(n) — Iy (n3)dn (n3)] Pen F(n1) Peng(n)h(ng)

ni,ne,n3EL
ni1—n2+nz=n

=1y, (n) Y. [6n(n) — 6n(n3)|Pen f(n1) Pang(no) Py h(ns)

n1,n2,N3€%Z
ni1—n2+nz=n

1 n —
_ Ino(n) Y. (m —nz)/o ¢'<n3+a(nl 2)>dUP<<Nf(m)P<<N9("2)HPzNh("?»)

N N
ni,n2,n3€EZ
ni1—n2+nz=n
_Iy(n) S Ve D
=iy > my(n1,m2,n3)(Pen f) (n1) Peng(ne) IPayh(ns)
ni,n2,n3EZ
ni1—ns+n3=n
il S (s, ) P () (Pang) (na)Poh(n).

n1,n2,N3€Z
n1—n2+n3z=n

where my is the Fourier multiplier given by

mN(£1,§2,§3)=/0 ¢<w) H< Z oM 5g)

j=1 M<I100N

We note that the m y are smooth and bounded on R? (uniformly in N), and are supported on
frequencies |€qz| < N. Using the fact ( > M<100N QSM(JJ)) is supported on (—200N, 200N ),
we note that for all multi-indices «,

|0%min (€1, €2, E) SN ony S 161, 2. 83) 177,
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and so the my are Coifmann-Meyer multipliers, with norms uniform in N. So by Proposi-
tion 2.2] we have that uniform in N,

ICx[fr 9.0l 2 S (HP<<Nf'HLPHP<<N9HLP+HP<<NfHLPHP<<N9'HLP)HHPzNhHLP

g 5=
SNEENTL ST MNE Ayl Ay
N1<<N p,00 p,00 p,00
SN 2sllfll Hgll -3 [I7

sf% N
oo Bp,oo

The estimate for C]2V is simpler, noting that

M=~N

CX(f,9,h) = PyTI ( > (Pt (f)Pcri(9) Purh) — P<<N(f)P<<N(g)h>

= PylI ( Z <P<<M(f)P<<M( ) — P<<N(f)P<<N(9)) PMh)

M~N

< Z < Pen(f) = Pen(f))Per(g)

+ Pen(f)(Pen(y) — P<<N(9)))PMh),

from which the estimate follows. O

Proof of Proposition[{.8 Let R =1+ ||ug||x,. Recall the decomposition u = X +Y, where
(u, X,Y) solve (4.16l). By Proposition and Lemma [£9] we may pick a constant C' > 0
and Ty = Tp(R) > 0 such that

X @] > < CR’,

02 <[_TR7TR} YX-5

Y@l > < CR’,

25—1,
c? ([—TR,TRLB,,;Q,;

lun (£ > < CR’, (4.23)

c? ([_TRvTR] i Xs

[u(t) — un ()] < CON2 RS,

c? ([—TR,TRLB;3;1+>
for all N dyadic. We also note that Xy as defined in (£.21]) solves the equation
10, XN = 2|P«yun|?* Xy,
Xn(0) = Peunuo,

for which one can easily prove the analogous of Proposition 2.4l Therefore, up to making
Ty smaller, we also have

[ XN ()] ) <CR’ (4.24)

Cc? ([—TO,TO];XS
for all N dyadic. Then we decompose
UN = PNH(X) — PNH(XN) + PnY.
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From (£.23)), we get

1PN Y (£)]] S RN

c? ([—TO,TO};L§>

and so it suffices to bound vy = PyII(X — Xpy). We compute

UN

t
_ o / PATI(TTL 11 (s, X))(7) — PyTI(| Penun|?Xn ) (7)dr
0
t
_ o / P s 25w dr
0
t
- 21/ PNII(|Peyun|?(X — Xn)) — |Penun|*PyII(X — Xy)dT
0
t
— Zi/ PNH(HL7L7H(U,U,X) — |P<<NUN|2X)dT.
0
t
= —Qi/ (|P<<NUN|2171\7dT+C]1V(uN,uN,X —XN)
0
+ PATI(I 1,1y (1,0, X) = | P X)) dr.

First note that, by (£23)), for [¢t| < Tp,

t
H/ |P<<NUN|217]\//d7"
0

p S RTo|lon]| r\-
Ls C°<[—T07To};m)

From the commutator estimate in Lemma [£.10] and (£.23]), ([4.24]), we see that

| [ ., %~ ]

< R15T0N1_2S.
c2 <[—T0,To];L§) ~

Next we compute

PNTI(TI L 1o (u, u, X) — |Penun2X)
= PNII(T1L g (w,w, X) —p 1 g (un, un, X))
+ PNy g (un, un, X) — \P<<NuN]2X)
= PyI(Ig p g(u,u, X) — g 1 g(un, un, X)) +C]2V(uN,uN,X).

Again from Lemma [0} (4.23]), and (£24]), we have

p

H/OtCJQV(uN’uN’X)dTHW([—To,To};LT"

> 5 R15T0N1—28

45
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By [@23), and Lemma (9] we have that

|\ PNII(Xp p g (uw, w, X) —p e (un, un, X))|| v
ct ([—TO,TO};LB‘)

S > (P (u— un)Pr, (un) + Py (u— UN)PN1U)PN3X\|C

p

1 _ -3

N1,N2< N3 <[ To,To]; L >
N3~N

1
S RONZ7u(t) —un ()]
ct ([—TO,TO];Bgl)

< RIOp1-2s.
Therefore

t
H/ PNII(ITL 1 gy (u, u, X) —|P<<NuN|2X)d7" < RST, N2,
0

c? ([_T07TOLL§>

Putting all this together we can deduce that, up to making T even smaller (but depending

only on R),
[ow]| N S RN
C? ([—Tg,To};Lf;)
and so
ol N S RN
ot <[—T0,T0];L§)
as well. 0

4.4. Estimates for Q. We now verify that the decomposition u(t) = PyII(Xy)(t)+vn(t)
given by Proposition .8 allows us to estimate Qn(u(t),u(t), u(t),u(t)) appropriately. For
ease of notation, let

t
En(t) = exp ( - Zi/ |P<<NuN|2(T)dT),
0
and

En(t) = Pen(én(t))-
We will also define, for M, M’ dyadic,

X3 = Pull(Xpr) = PyIL(En (t) Pearuo),
X = Epp(t) Parug = Pcprr (Ear (1)) Paruo.
We have the following estimates.

Lemma 4.11. Let M’ < M dyadic, ug € X, and let To = To(||uol|lx.) be as in Proposition
[4.6 Then it holds

1X37 = Xasarlloz (gt S M25(M")275(1+ [luolx, ) luolx, - (4.25)
Proof. We write
X7 — X = Pull(En (8) Paaruo) — Pt (Enpr (t)) Prrug
= PyT1((n1(t) — Eapr () Praruo) (1)
+ PyTI((Ener () — PecrrrEnr (1)) Praruo) (II)
+ Prt (P i Enrr (1) Paniuo) — P Enir (t) Par Pear o, (I11)
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where in the last line we used that II(Pepr&n(t) Puarto) = Penénr (t) Peprug and that
PriPeoyr = Py
To estimate (I), from Lemma [£9] we deduce that

1s
€0 (8) = Enrr ()l 2 (—mo.m),L3) S (M) (1 + Jluolx,)",
from which by Holder’s inequality,

1Dl mo:ro100) < 163 (8) = Enrr(O)llca 1,2 | Paruoll s
< M2 (MY)2 (14 [Juollx.) ol x.

For (IT), note that & (t) solves the equation
ZatéaM/(t) = 2’P<<M’UM"2£M’(t)7
from which we immediately deduce that

L+ (lune | o=, 100, %) lwne ll e (=m0, 100, x4)
(1 + [luoll%,) (4.26)

lEnerll 2 (=10, 100, %)

IZANRZA

Therefore, we obtain that
163 (t) = PerrEne Ollozeromgrs) S D 1Péwrllczemymy),Lo)
L>M'

1
< Z L2772 Evr | o2 (=m0, 100, X5)
L>M'

1
< (M) (1 + [|uollx.)"

~

Therefore,

1) le2(mo,mot ) S 16300 (6) = Pecarag ()l o) | Parol s
1 1
< M275(M')275(1 + ||uo||x,)*||uol|x. -

To estimate (III), consider the multiplier

(Onr(n1 +n2) — dar(ne))
N9

mar(ni,ng) = M d<ar(n1)d<pr(na).

< 1. In par-

~

It is easy to check that this is a Coifman-Meyer multiplier with ||mas||car,2
ticular, we deduce that for every f,g : T — C supported on frequencies |n| < M , we
have

1P (£9) = FPr (@)l e S M7 s gl s
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Therefore,

I 2o orsy S > M 10uPréullor (=1 1), 1) | Peartiol s
LM’

L
S Z MHPLéDM'HCZ([—TO,TO],US)HPzMUOHLs
LM’

L 1 . 1_
SJ Z MLz SM2 SH@@M/ch([_TOvTOLXs)HU’O”XS
LM’

3_ _1_
S (M')27*M™27(1 + ||uollx.)*[Juo x.

1 1
S MM 275 (1 + [luo]x, ) o] x, -
0

Lemma 4.12. Let M' < M dyadic, up € X, and let Ty = To(|luol|x,) be as in Proposition
[4-6l Then it holds

5 5
102 PR (X as00r) — Ener 1y 02 PR Pario || o2 (o 1oy, 1) S N2 75(M) 275 (1 + Jluol|x, ) [[uo] x. -
(4.27)

Proof. Recall that
XM,M’ = Epp (t)PMUQ = P<<M’(@@M’ (t))PMuo.
Moreover, as in the previous proof, we have that (see (£26]))
I le2(-m,mo),x0) S (1+ [luollk,)-
For f, g smooth, it is easy to check that the bilinear map
P2 PY((Peart f)9) — Peart f - 93P (9)
is given by the multiplier

ear(ng,n2) = (n3on(n1)? — (n1 + n2)?on (n1 + n2)?)decans (n2)

ni(on(n1)? — dn(n1 + no)?)
Mn2

— (2n1ns + 13) PN (N1 + n2) Pcans(n2).

= Mny - dp<canrr(n2)

Via a scaling argument, it is easy to check that for N ~ M, we have

ni(on(n1)? — on(ng + ng)?

ot
Mnoy CM,2

~

H¢<<4M(n2)

Therefore, by Coifman-Meyer’s theorem, we obtain that for M ~ N,
102P% ((Pcart )g) — Pecara f - 92 PR (9)| 4
< M| zsllgll s + I1PR (Peant £1)g) | o + (1P (Pcars £7)g)l| 4
S NI slgllzs + 1 N zsllg'llzs + 117 zsllgllzs-

We now apply this to f = OF P&y (t) for k € {0,1,2} and L < M’, and g = Ppup. Note
that when M % N, the LHS of (£.27]) is equal to 0. Therefore, we can assume that M ~ N,
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and obtain

102 PR X aanar — Enr 002 P Parvol| o2 (-1 o), 1)

S Z (ML + L*)| Puénr (8) |l c2 -1y 1), | Pario]| s
LM

1 1
S ) ML-Lz Mz En (8) | o (- 1) x o x,
LM’

3_ 3_
SN25(M) 275 (1+ [|uo x, )| ol x,

O

The previous deterministic estimates allow us to isolate the “diverging” part of @y for
general ug € X SE For ease of notation we introduce the conjugation relation

z, for j even,
¢j(2) = {_ :
z, for j odd.

Lemma 4.13 (Decoupling of Qu). Let ug € Xy, and let Ty = To(||uo||x,) be as in Propo-
sition [{.6 For Ny, N2, N3 dyadic, define
YNy N2, N5 (2)

?

3
=3 Z (n2én(n1)?* — ni3on(n2)? +n3on(nz)?) H éu, () (@ (ny) )i —matns)e.

nl,ng,ngeZ jZl
(4.28)
Then, for all N dyadic, we have
@ (s, w) )
2
—4 > /\EN@! Eye (tv‘T)PNALUmin(N,N(S))(tv‘T)YNLNZJVB(LE)"02([_710’,110])

N1,N2,N3>Ny
N(l)NN(2)ZN>>N4
N®<N

SNTEA+ uolR),

where we recall that NV > N@ > NG > N@ s g reordering of N1, ... ,N4

9As we will see soon, this is an improper name, since the “diverging” part of Qx will actually be of
smaller order as a power of N. Nevertheless, for general functions ug € X, this is not the case, and the
“diverging” part can actually be much bigger than the other terms.

101t is actually possible to improve the power in the RHS to (1 + lluo|l%.). However, this is inessential
to the argument of this paper.
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Proof. By symmetry, we decompose

=4 E QN(PNlu,PN2u,PN3u,PN4u)
N1,N2,N3>Ny

N>Ny
+ Z QN (Pnyu, Pnyu, Pygu, Pyu)
N1,N2,N3,Ny
min(N,N®)<N®
=4 > |Ex |*Exe (t,z)P t,z)Y,
= i N& [TEne (6 2) Py Uin(v,v®) (6 2) Yy, No, v (2)

N1,N2,N3>>Ny
NOANO>N>N,
N®<N

+4 Z (QN(XNhN(?’)?XN27N(3)7XN3,N(3)7PN4umin(N7N(3)))
N1,N2,N3>>Ny

~N((2)
N N §J]VV>>N4 - /T \EMS)\2EN<3)(taw)PNwmin(N,N(S))(tal’)YNl,Nz,Ng(fC)> @

+ oyt oyt
4D (QN(XN1=XNgvXN37PN4“min(N7N<3)))
N1,N2,N3>>Ny
N>Ny — QN (XN, ve) s Xy n@ s Xy N PN4Umin(N,N(3>)))
+4 Z (QN(PNlu,PNQU,PMu,PMu)
N1,N2,N3>>Ny

+ oyt oy
N>Ny _QN(XvaXNQ’XN3’PN4umin(N,N(3))))
+ Z QN(PNlu, PN2u, PNSU, PN4u).
N1,N2,N3,Ny4

min(N,N®)<N @

Let Ty = Ty(R) be as in Proposition 4.8 From (420) and ([4.22), we have that
1TV o2 ((—1,70))

4 1
S > Nmin(N, NO) T N2 lu)]*
N1,N2,N3,Ny4 Jj=1
min(N,N®)<N&
NOAN@>N
<N 3 min(N, N®)(ND)z=5(N@)z=5(N®))z=5(ND)2=5(1 + |lug|2)
N1,N2,N3,N4
min(N,N®)<N &
N(1)~N(2)2N
1

SN Y min(V, N®)max(N, NO)=2(NE) 375 (NG) 3751+ |3

NG >N@
min(N,N®))<N&

< HUOHL;(& <N2—2s Z (N(3))%—S(N(4))%—S + N2 Z (N(3))%—35(N(4))%—5
NB®~NBSN N >NO>N
S (NP2 NTE)(L A+ [luollR) S NP8+ [luo %))
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In order to estimate (III), for j = 1,2,3, decompose Py, u(t) = X]J\r,j +vn;(t), as in Propo-
sition .8l Recalling that

1-2
HUNj(t)ch([ To,Tol,L5) ~ SN uollx.
and that £ > 4, by ([£20) and Lemma .9 we obtain

(D) | o2 (=70, 7))

< Z Nmin(N,N(3))%_S(N(l))%_S(N@))%_S(N(?’))%_S(N(‘l))%_s(l + ”UOH,%(QS)
N1,N2,N3>Ny
NOAN@>N>Ny

< Y (VD) (V@) N (L g |3)
NO~NO>N

S NTEA+ uolR))-

For estimating (IT), we proceed similarly, using (4.25)) in lieu of the estimate on vy. Using
(420) once again, we obtain

1D |2 ((=70,70])

= + v+ y+
- 4H Z (QN(XNl’XNz’XN3= PN4“min(N,N(3)))
N1,N2,N3>>Ny
N>Ny

S
~Y
N1,N2,N3>>Ny
N(I)NN(2)ZN>>N4

SN+ JluolR)-

- QN(P%NlXNl,N@)vP%NQXN2,N(3)7P%NgXN37N(3) ) PN4Umm(N N(3)))) ‘

C?
N min(N, N®)(ND)z=5(N@)2=s(NOY=25(NO)2=5(1 1 Jlug|R)

Finally, we move to the estimate of (I). Recall the definition of ¥ in (£6]), which we now

view as inducing a differential operator in spatial representation. Then, by definition of
Xar,m, we have that

QN(XNLN(S) ) XNQ,N(S) ) XN37N(3) ) PN4Umin(N,N(3)))

- /T |Ex > Ene (6 2) PNy Unin(v, @) (6 2) Y N N () d

. 3
= %/TPM min(N,N®) Z (CJ 03 PNXN N<3>) H Ck(XNk,N(S))
7=1

ke{1,2,31\{s}

— ¢ (EN(g) (t)a%P]%PNj’LLo) H Ck(EN(B) (t)PNk’LLQ))dQE
ke{1,2,3}1\{j}

[\3|s.

e

/T PN, Upin(v,n@) (1) ¢ (03 PR Xy, ne — By (805 Py P uo)

<
Il
-

X H CL (XNk,N(S))dx-

ke{1,2,31\{s}
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By ([@27), we obtain that

H QN (X, N6 Xy n@) > Xy N@)» PNy umin(N,N(3)))

- /T |Ene [ En (t ) PNy Uiy, vy (¢ w)YNl,szNa(x)dx‘

C%([~To,To))

S 1PNy tminv, v o2 (= 00,0 | B 62 (-1 1, 220

3
x Y 2PN Xy, v — Ene (003Pn Pryuo)llc2(—momoiyy ] I1Pwitoll s
j=1 k€{17273}\{j}
1

1_
< (1 o ROV N (VO N ) 2N

s

s

5 N%—S(N(l))%—S(N(3))2—2SN4%_ )
Therefore,

1_
’(I)‘ 5 Z N%_S(N(l))i_s(N(3))2—2sN42 s
N1,N2,N3>>Ny
N(l)NN(2)ZN>>N4
NO®N

5 N4—4s.

In view of this estimate, we are left with bounding the expression.

2
> / [Ene ["Ene (b 2) PNy tginv,n@) (6 2) YNy, N, N5 (2) d.
N1,N2,N3>Ny T
N(l)NN(2)ZN>>N4
N®<N

In principle, if the various functions in the expression above are general elements of the

_1
Besov space B;,O§’+, the best estimate that one could prove is

2 T3
> / [Ene " Ene (8 ) PNy tpinv, v @) (8 2) YN Ny Ny (@)de S N 2727
N1,N2,N3>>Ny T
N(I)NN(2)2N>>N4
N®<N
which is not sufficient for our goals. However, exploiting the (random) structure of ug, we
can prove the following.

Lemma 4.14 (Random estimate for Qy). Fix R > 0, and let To(R) be as in Proposition
[4-8 For every 0 < |t| < To(R), and for every k € {0,1,2}, we have that

dk
E“W( > / |Exe [P Ene (t7x)PN4umin(N,N(3))(t7x)YN17N27N3($)d:E)‘]]'BR(UO)]
N1,Na,N3>Ng” T
NOAND>N> Ny
NO®<N
S (1 +R20)N3_38.
(4.29)



SHARP QUASI-INVARIANCE FOR CUBIC SZECO 53

Proof. Note that, by definition, the function Yy, n, n; does not depend on time. Therefore,
when we take derivatives, we obtain that

dk
ﬁ( /T |Exe [P Ene (t7x)PN4umin(N,N(3))(t7x)YN17N27N3(‘T)d‘T>

= / fifofafaYny Ny Nsdo
T

where fi,... fy are functions of P ) uo which satisfy

Ifille2(cnomy)xn) S 1+ R

as long as || Py uollx, $ R, and have Fourier support in {n : |n| < 2N®)}. In particular,
we have that

/f1f2f3f4YN1,N2,N3d$2/f1f2f3f4P<<16N<3>YNl,Nz,Ngdw,
T T

and that Yy, N, n, is independent from (fi,...,fs), since Y is a function of
Py, ug, Pnyug, Pn;ug, which are independent from P ) uo.
For |k| < 16N®) | we now estimate E|(Ya, ny.n5) ()2, By @28), we have

~

IE|(}/J\/1,1\72,1\73) (k)|2

3
= E‘ . (ien(m)? = nion(n)® + n3en (n3)) [ | on; (ny)e; (wo(ny)) i
ni—ng+nz=*k j=1
> (nion (n1)? — ndén (n2)? + ndon (n3)?)? [T, ow, (n))?
~ <n1>2s<n2>2s<n3>28

ni1—nzs+ns==k
naF#ni,ng

< N2min(N, N®)2(N; NyN3)~2 N N G)
5 N2 min(N, N(g))2(N(3))1_2S(N(1))1_45.
Here we used that under the condition |ny — ng + n3| = |k| < N®), we have the bound
nfon (n1)* = 3w (n2)® +nfon (ns)?| S N min(N,N©®)),

which follows from Lemma 1.3 where we put ny = k[
Moreover, for k # h we have that

E (YN1,N2,N3)A(k)(YNLNz,Ng)A(h)J =0.

Indeed, it is easy to check that k # h implies that we cannot pair the frequencies
uo(nj), uo(n;) so that {n1,nz} = {n},n5}, ng = nf and ny —ng +n3 =k, n| —nh+nf = h,
and so the expectation must vanish.

Uy, principle, Lemma [£3] does not hold when n4 < 0, while it is certainly possible for us to have k < 0.
However, one can check that in the the proof of Lemma 4.3} the lowest frequency is allowed to be negative
without any modification in the argument.
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Therefore, by Plancherel, recalling that Y, n, n; is independent from P_qy s up and
(fj)j=1,....a are functions of P_ @ ug, for a universal constant C' > 0, we have

E H </ f1f2f3f4YN1,Nz7Nsd$> IBR(UO)V]

2
/ f1f2f3f4YN1,N2,N3dx) II-BCR(P<<N(3)UO)‘ ]

SEH > <Hfj>A(k)(YN17N27N3)A(k7)‘ Lor(Pene o)
|k|l<16N®)  j=1

= > EH(Hf]) ()] L (Pocyio) [ IV, ) ™ ()P
|k|<16 N (3)

S Z EH < H fj) ) (k)r]chm(P«N(a)ZLo)] N2 min(N, NOHZ(NG))1=2s(y(1)y1-4s
=1

~

|k| < 16N (3)

4
—F [H H fj HiQ ]]'BCR (P<<N(3) Uo)] N2 min(N, N(3))2(N(3))1—2s (N(l))1—4s‘
j=1

Therefore,

dk
E“ﬁ( > / |Exe) [ Ex (%) PNy Upingv vy (£ 2) Yoy Ny v (% dl’)‘ﬂBﬁ» uo)]
N1,N2,N3>>Ny
NOAND>N> Ny
NB®<N

2
S > E [H |Exe " Ene PN4umin(N,N(3))‘
N1,N2,N3>Ny
N(l)NN(2)ZN>>N4
NBI<N

]]'BCR(P<<N(3) UO)}

C%([-To(R),To(R),L?)

x N min(N, N®)(N®)z=s (N 1)3-2

< (14 R% NZ° N min N, N®)N®)3—s(nyD)y5-2s
4

N1,N2,N3>>Ny
N(I)NN(2)2N>>N4
N®<N

S (1+ RPN,

4.5. Singularity of the evolved measure. We are now ready to prove Proposition
and Proposition
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Proof of Proposition [{.3 We first show that g(x,y) > 0 implies that g(y,x) < 0. Indeed,
by (4], we have that

1Pxyll%, — | Pral?,
9y, @) = inf — s

Pnyll2, — ||Pnvz||?
< timsup 1P — 1Pl

<HPN$H§~{1 - HPNyH%l>

=1 —
Now N (s —3)NTE
2 2
1Pl — Pl

N—oo (48 — 3)N4—4s
= —g(z,y) <0.

We now move to showing the existence of 7(ug) > 0 for us-a.e. ug € X5. We simply pick

7(up) = min(To(|luollx, ), 6(||uollx, [[uoll2));

where Tj is as in Proposition [1.6] and § < 1 is to be determined later in the proof. For
ease of notation, let

[1Px (@4 (uo)) 1%, — I Pnuoll?,
hy(t) = N4—4s :

By Proposition 2.4, we deduce that hy(t) € C3([~Tp, Tp]). Therefore, by Taylor’s theorem
with integral remainder, we have that

t2 t 3
hav () = o (0) + iy (0) + 5k (0) + / W(0) =do
0

o3

£2 . 2
:tFN(uo)+§GN(UO)+N4 4/0 (@QN(u(J),u(U),U(J),u(U))) i

where Fy,Gn and Qn are defined in (£3), (£4) and (£3) respectively. By Lemma T3]
and Lemma [£.14] we can write

_yf @
N (5 Qu(u(0), u(o), u(o). u(@))) = ailo) +az(o),
with
a1 (@)l zoo(emp oy S 1+ luollXs,  Elaz(0)Liwgenny| S N°7H1+ R¥).
In particular, since N*~! is summable, we deduce that
To(uo) a3
lim lag(o)|—do =0
N—o00 —To(uo) 6
for ps-a.e. up € X, and for every |t| < 7(uo),
4 o 3 20 « 42 20
[ s e S 0 Tl ) S 2500+ ol
—t

Therefore, we can pick § < [|4s — 3|(1 + |lug||x,) " ?°|luol|72, so we can guarantee that

i o? 2 42
[ a1 o < 145 —Sltuolor
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where I is defined in (4.8). Making this choice, we obtain

t 3
limsup‘/ (o) S| < 45 — 3|1, ot
0

N—oo

Therefore, from (4.30), Proposition 4.4l and (4£.9]), for every 0 < |t| < 7(up) we have that

. hy ()
9(®¢(uo), o) = liminf Z-==—

. FN(UO) . GN(UO) t2 1 .. ¢ " o3
=1 — Zt+ 1 - 4+ — ] f | h —d
st s o T g g it | (o) e
> 813||u0||%2t2 - IS||UO||%2752

> Ig|juo|[32t* > 0.

O

Proof of Proposition [1.6. This is an immediate corollary of Proposition [f.21and Proposition
411 O

We now complete the paper by showing that Proposition implies Theorem [LT], (ii).
Proof of Theorem [I1), (ii). Fix ¢ > 0, and define

N = {t ER: (Py)pps L 11WP(5)OWP(—5)“S}'

We first show that .45 is countable for every 6 > 0. If pus(WP(5) " WP(—0)) = 0, then by
definition 45 = (), so without loss of generality, we can assume that pus(WP(0)N"WP(—4)) >
0. For t € A5, pick a representative for the Radon-Nykodim derivative % of (the
absolutely continuous part of) (®;)4us with respect to ps, such that the singular part of
(®¢)4ps with respect to i, is concentrated on the set

d(q)t)#ﬂs .
{ dus OO}
Define the set

A(Dy)se 1
By = c1>_t({0 < %EWP«SmWP(—& < OO})'

Now fix an interval I C R with |I| <4, and define

1>as;:= sup ,us( U Et).
T C AN, te7
7 countable

It is fairly easy to check that the sup in the definition of as ; is a maximum, i.e. there exists
a countable set J5 1 C 45 N I such that

aM:Ms( U Et)-

teTs, 1
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Call Ef := Ute%, E;. From the definition of as r, we deduce that, for every ¢t € (A5 N 1)\
%,17

d(® s
= s (Ef No_,({0< (dtiﬁlwp(a)mwp(—é) < OO}))

d(® s
= (q’t)#(]lEgus)({O < %HWP(&OWP(—& < OO}),

and so for every t € (5N 1)\ T5 1, (Pt)#(LEsps) L Lwp(s)nwp(—s)ts- From the definition
A5, we deduce that
(NN Tsr C{r el (Pr)p(Lrps) L ps)
= J {rel: (@)u(pus) L s} (4.31)
teTs 1
Now let t € J5 1, and 7 € I. By definition of E;, we have that
O, (Ey) € WP(5) NWP(=4d) C WP(1 — 1),
and
(1) (Lp, pis) < ps-
Therefore, by Proposition [L.6, we deduce that
{rel:(2r)u(lp,ps) Lpst ={7 € I+ (Prt) (Do) (LE,ps)) £ pis}
={r €1 (Pr—t)p(Twp(r—t)(P) (LB, 1s)) £ 1}
CH{rel:(Prt)p(Lwp(r—tytts) L ps}

is countable. By (4.31)), recalling that the set .75 is countable, we deduce that .45 N I
is countable as well. Since I was an arbitrary interval with |I| < ¢, taking unions over a
countable family of I, we obtain that .45 is countable.

Now, define

N = {t ER:(P)pps L us}.

By Proposition [£.6] we have that s = lim, Lywp(Lynwp(—1)Hs- Therefore,
N =]
neN "
is a countable union of countable sets, so it must be countable as well. O
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