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Abstract

The symmetric (2 4+ 1)-dimensional Lotka—Volterra equation with self-consistent
sources is constructed and solved by employing the source generation procedure,
whose solutions are expressed in terms of pfaffians. As special cases of the pfaf-
fian solutions, different types of explicit solutions are obtained, including dromions,
soliton solutions and breather solutions.
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1 Introduction

In recent years, there has been extensive research on (2+1)-dimensional integrable sys-
tems [1-3]. In particular, one crucial aspect is to explore new (2+1)-dimensional soliton
equations. In various fields such as fluid dynamics, nonlinear optics, particle physics, general
relativity, differential and algebraic geometry, and topology, several well-known examples
of multi-dimensional integrable systems have been identified. Currently, there are a couple
of effective methods for discovering (241)-dimensional integrable systems. One of these
methods is to find integrable extensions of known (241)-dimensional integrable systems.
For example, two coupled KP equations were discovered in two different research directions
for the well-known KP equation. One is the so-called KP equation with self-consistent
sources. and the other is generated through what is now called “Pfaffianization” [4,5]. Fol-
lowing the leading work by Mel'nikov [6-12], much attention has been paid to soliton equa-
tions with self-consistent sources (SESCSs). A number of methods have been developed to
study SESCSs, such as inverse scattering method, Darboux transformation, Hirota’s bilin-

ear method, dressing method and squared eigenfunction symmetry method [13-25]. Lately,
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Hu and Wang suggested the source generation procedure which provides an efficient and
unified way to construct and solve SESCSs [14,26-29]. The source generation procedure
is in essence variation of constants and has been successfully applied to different types of
soliton equations.

In literature, some work has been done on discrete soliton equations with sources.
In [30], integrability of the differential-difference KdV equation with a source was investi-
gated. In [31], the extended Toda lattice hierarchy was constructed by squared symmet-
ric eigenfunctions, for which the non-autonomous Darboux transformation was derived.
Furthermore, the two-dimensional Toda lattice equation, discrete KP equation and the
semi-discrete BKP equation have been extended to their corresponding equations with self-
consistent sources by source generation procedure, along with which determinant solutions
and pfaffian solutions are derived, respectively [26-28].

It is well known that Lotka—Volterra (LV) equation

ut<n) + eu(n)Jru(nJrl) . eu(n)Jru(nfl) -0 (11)

is one of the most important lattices. In [32-35], several (2+41)-dimensional generalizations
of equation (1.1) are presented. In [36], the symmetric (2+1)-dimensional Lotka—Volterra
(2DLV) equation is proposed together with its bilinear Bécklund transformation, Lax pair
and Pfaffian solutions. Moreover, explicit solutions including dromions and soliton solutions
are derived from the pfaffian solutions for the symmetric 2DLV equation. As is explained
in [36], the property of strong two-dimensionality seems to be closely related to the existence
of dromions which has been proved to be true for the DS equation [37-39], the NVN
equation [40,41] and the symmetric 2DLV equation. In this paper, we shall apply the
source generation procedure to construct and solve the symmetric 2DLV equation with self-
consistent sources (2DLV ESCS). It will be very interesting to explore the corresponding
explicit solutions such as dromions as well.

This paper is organized as follows. In Section 2, by using the source generation proce-
dure, the symmetric 2DLV ESCS as well as its DKP-type pfaffian solutions are presented.
In Section 3, explicit solutions of the symmetric 2DLV ESCS including dromions, soliton so-
lutions and breather solutions, are derived from the pfaffian solutions. Section 4 is devoted

to conclusions and discussions.

2 The symmetric 2DLV ESCS and DKP-type pfaffian

solutions

The symmetric 2DLV equation reads as [36]

2 _ 2 2 _ 2 _ 24 2 4
Quy + €u+Am¢n —e u+AzZ ¢ + €u+An¢m —e u+AzZ ¢ +e U+AZ dmn equAmd)m

+ e—u+A$n¢ﬁm _ e“"'A%(ML = 07 u = A1”/LA11(Z5 (21)



where u = u(m,n,t), » = ¢(m,n,t), the subscript ¢ denotes partial derivative as usual and

the subscripts involving the discrete variables m or n denote shifts:
U =u(m+ 1L,n,t), uz=ulm,n—11t), ump, =ulm—1,n+11).
The A,, and A,, are standard difference operators defined by
A= Uy —u, Apu=u, — u.

In the case that m = n, the symmetric 2DLV equation (2.1) reduces to (1.1). In this sense,
(2.1) is regarded as a strong generalization of (1.1).

Through the dependent variable transformation

u=In fmnf, (2.2)
JmJfn
equation (2.1) is transformed into the multilinear form
sinh <%Dn) {(Dte%D’” — Pr=3Dm 4 eD*”L%Dm) f- f} . (e%Dmf . f) .
+ sinh <%Dm) [(Dte%D” — ePm=zDn 4 eD’”JF%D") f- f} . (e%D”f . f) =0, 22
where the bilinear operators D¥ and exp(D,,) are defined by [5]
Dia-b= (0, — 0p)a(t)b(t)|y=t, exp(dDy)a(n)-b(n) = a(n+ §)b(n —9d).
The multilibear equation (2.3) has the DKP-type Pfaffian solution
f=(1,2,---,2N)
where the Pfaffian elements (i, j) are determined by the relations
(4 9)n = (4, 5) + 05,205 — 0,05, (2.4)
(4, 7)m = (4, 7) — Oim0; + 0:0; 1, (2.5)
(i,7) = %(Qmﬁm —0i 007+ Oimbim — 0im0im) (2.6)
and 0; (i =1,2,---,2N) satisfy the linear dispersion relations
Oimn +0; = 0 + 0; (2.7)
;1 = l(em —Oi + Oim, — Oimn). (2.8)

2

For simplicity, the index d{ is introduced and defined by

(dl k) = Op(m +i,n+j), (&,d)=0,



so that the (2.4)-(2.6) can be written as
(i) = (i, §) + (do, do, 1, 5),
(i ) = (i, 3) + (Y, g, i, ),
. 1 IR .
(laj)t - 5((d(1]7 dO 17%]) + (dglv d?v Za]))'

With the known pfaffian solution f of the multilinear equation (2.1), we now construct
the symmetric 2DLV ESCS. Following the source generation procedure [26], we change f

into the following form
T=(1,2,---,2N), (2.9)

whose Pfaffian elements are defined by

(1) = () + (dh dh ), (2.10)
() = (6.3) — (8 .. 5), (2.11)
(1 9)e = 5(Coat) + (@ 5™ i) + (&3, 1, ), (2.12)

where C; ;(t) is the t-derivative of C; (t) satisfying

Ci(t), i<j and j=2N+1—i, 1<i<K<N
Coifty = 4 G0 J J (2.13)
Cij 1<j and j#2N+1—1.
It is obvious that 7 no longer satisfies the symmetric 2DLV equation (2.3) since C; (1)
becomes dependent of ¢. In fact, we can prove that 7 given by (2.9) satisfies the new

equation

1 < 1
sinh <§Dn) [(Dte%Dm — Pn=3Dm 4 eD”JF%D’”) T T — Zsinh <§Dm) h; - gi]

i=1

1

K
— > sinh (%Dn) gi hil- (G%D"T : 7') =0
i=1

with
g = \C(t)(dS, 1, -+ 4, 2N), i=1,2,--- K, (2.15)
hi = /Ci(#)(d 1, 2N+ 1—i,--- ,2N), i=1,2,--- K. (2.16)

Meanwhile, 7, g; and h; satisfy the following two equations

ip, 41 1D,—1 —$Dm—3 —3Dm+3

620m+2pngi R (620m 5Dn _ o=3Dm—3Dn | o 2Dm+2Dn) G- T, (2.17)
1 1 1 1 1 1 L !

6§Dm+§Dnhi T = (eEDmiiD" — eiaDmiaDn + 675Dm+§Dn) hz *T. (218)



Actually, by detailed calculations we have

(i, §)n = (4, 5) + (do, do i, 9)s  (4,5)m = (4,5) + (d°, do. 4, ), (2.19)
(i Dn = (3,§) + (Y, d5, 4, 5), (4, ))mn = (3,5) + (Y, dg .4, ), (2.20)
(i, 3)in = (4, §) + (d°4, 4, §). (2.21)

These results are then used to give expressions for the derivatives and differences of 7, g; and
h;. For simplicity, denote (1,2,---,2N) = (o), (1,--- ,7,--- ,2N/+T— i+ ,2N) = (o),
(1,---,2,---,2N) = (%) and (1,--- ,2N/+1\— i,--+,2N) = (x) for short and extend these
notations to write (df,d?,1,2,--- ,2N) = (d},d?, ) and so on. Using equations (2.19)-
(2.21), we obtain

Tn = (.) + (d87 d(1)> .)7 Tm = (.) + (d?, d87 .)7 Tn = (.) + (d87 d51> .)7

Tim = (‘) + (dglv d87 .>7 Tmn = (‘) + (d(l)v d(1)7 .>7 Tmn = (.) + (d(l]v dalv .>7

1 1K .
Tinn = (.) + (dglud(l]u .)7 Tt = §<<d(1)7d617 .) + (dglad(l]a .)) + 5 ZCl(t)(o)u
i=1

1 _ _ _
Tm,t = 5((d(1)7d017 .) + (doladgv .) - (d(1)7d87 .) - (dgvdgv .) + (dtl)7d017 .)

_ 1 & .
- (d(l]v d(l)v .) + (d(l)v dO 17 d(l]v d87 .)) + 5 ZCl<t)((o) + (d(l]v dg, O)),

=1

1
Tnt = 5((d817d?7 .) + (d(lladéa .) - (d(llvdév .) + (dgvdo—lv .) - (dg,d?, .)
1 & .
— (dg, g, #) + (1,1, dg, dy, »)) + 5 3 Cilt) (o) + (dg, dy, ©)).
i=1

gim = (d5, %), Gin = (4}, %), Ginn = (dY, %) + (dg, %) — (dg, %) + (dg, d}, dg, %),
hi,n = (d(l)v *)7 hi,m = (d(l)v *)7 hi,mn = (d(l]v *) + (dév *) - (dgv *) + (d(l)v d(l)v d87 *)

On one hand, by direct substitution, equation (2.14) turns into the combination of the

following two Pfaffian identities

(d(l)a dgv O)(.) - (d(l)a d87 L, .)(O) = (d?, *)(dgv *) - (d?, *)(dgv *)7
(d(1)7 d87 O)(.) - (d(1)7 d87 17 .)(O) = (d(1]7 *)(d87 *) - (d(1]7 *)(dgv *)
On the other hand, substituting these results into (2.17) and (2.18) will lead to
(do, dY, do, )(e) =(dg, *)(d}, dy, ®) — (d}, *)(dy, dy, ®) + (dg, *)(dy, Y, ®),
(do, dy, do, =)(e) =(dg, *)(d), dg, ®) — (d), *)(dy, dy, ®) + (dp, ) (do, di, @),
respectively, which are nothing but Pfaffian identities.
To sum up, equations (2.14), (2.17) and (2.18) constitute a coupled system with K pairs
of self-consistent sources which can be viewed as the symmetric 2DLV ESCS. At the same

time, 7, g; and h; given by (2.9), (2.15) and (2.16) provide the associated Pfaffian solutions.
With the help of the dependent variable transformations

Tonn T G h;

u=In —

) qi ) ri = )
TmTn T T



equations (2.14)-(2.18) are transformed into the nonlinear symmetric 2DLV ESCS

2 _ 2 2 _ 2 _ 2. 2 _ 2 4
2ut + €u+Am¢n —e u+AZL P + €u+An¢m —e u+Az, ¢ +e U+AZ dmn €u+Am¢>m +e u+AZ Pmn

1 K

ut+A2¢5 _
_ outAZen _ 1 Z[(%mn — i) (Tim — Tim) + (@i — Gin) (15 = Timn)], (2.22)
i—1
Qi,mneu — Qim + Qieu —Gin = 07 1= 17 27 te 7K7 (223>
Timn€" — Tim + 1€ —Tin =0, 1=1,2,--- K. (2.24)

3 Explicit solutions of the symmetric 2DLV ESCS

In the previous section, we have constructed the symmetric 2DLV ESCS and obtained its
Pfaffian solutions. In this section, we shall follow the the method in [42,43] to derive
(M, N — M)-dromions, N soliton solutions and therefore multi-breather solutions for the
symmetric 2DLV ESCS.

Notice that (2.7) may be rewritten as

ApALG; =0,
which implies that each 6; can be decomposed as
Oi(m,n,t) = ¢i(n,t) + i(m, t). (3.1)
Substituting (3.1) into (2.8), we have
20i1 = i — i,
25t = Yim — Yim-

Based on the above calculations, the Pfaffian element (7, j) in f determined by (2.10), (2.11)
and (2.12) can be established as

(2,5) = Cij(t) + ¢; — Vs + /(ébz‘,ﬁcbj,n — Gin®jn + VimWVjm — Vimjm)dl. (3.3)

Following the method proposed in [42], we choose the following appropriate functions
for ¢; and 1; for the Pfaffian element (i,j) in f = (1,2,---,2N). We take

(3.2)

¢; = Pie™, 1<i<2M,
¢; =0, 2M +1 <i < 2N,
¥i =0, 1<i<2M,
Vi = Qany1-i€2NH 2M +1<i<2N

where

—2p;t —2q;t 1—pi\ " 1—q\ "
ni=—3z &=7—3 F=w . Qi=05
1 — p; 1 —gq; 1+ p; 1+ ¢

and «;, B;, p; and ¢; are constants. With these assumptions, explicit solutions such as

dromion solutions, soliton solutions and breather solutions are able to be derived.
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3.1 Dromion solutions

By taking 0 < M < N, we have from (3.3) that

. Pi —Dj 4 .
(1,7) = Ci (t) + P,P;e ™ 1<i<j<2M,
’ pit+p;
(i,2N +1— j) = Cian114(t) + PiQje" i, 1<i<2M,1<j<2N —2M,
(2N +1—7,2N+1~— Z) = CQN+17j,2N+1—i(t) + %Qin€£i+517 1<i<j<2N —2M.
i J

In this case, 7, g; and h; give the M x (N — M )-dromion solutions.
Consider the simplest case M = 1, N = 2 and K = 1. According to the definition of
Ci;(t) in (2.13), we have
T =C12C34 — C13C24 + C1()Co(t) — 01,3P2Q16772Jr£1 — 02,41D1QQ€171Jr£2

+ CQ(t)P1Q16771+§1 + Cl(t)P2Q26n2+§2 + 0374171 — P2 P, Pyt

P1+ P2
O~ G+ | P1— P21 — @2 1+n2+61+E2
+c e + PP enn ,
ot @ PApate 2@, (3.4)
g1 =y Cl (t)(Cz@)Qlegl - C2,4Q2€52 + (03,4 + Zl 4__32 Q1Q2€§1+§2)P2€n2),
1 2
hy = Cl (t)(cz@)ﬂ@m - C1,3P2€772 =+ (01,2 + 2]31 :ng P1P2€m+n2)Q2€£2)-

Furthermore, by setting p» = ¢; = 0, we have

T =C12C34 — C13C24 — 01,304251 +Ch (t)C2(t) + (03,4042 + 5102(75))]316"1
+ (aCy(t) — c1251) Q6% — (B + cog) PLQae™ T2,

g1 =y Ci(t) (qacza + B1C2(t) — (azBr + c2.4)Q2e%),
hi =/ C1(t) (1300 + €12Q26% + Co(t) Pre™ + an P Qqe™ ),

which gives the (1, 1)-dromion solution of the symmetric 2DLV ESCS (2.22) (see Fig.1).

3.2 Soliton solutions
By takmg 2M = N and C%](t) = 52‘,2N+1,]’Ci<t), we have

Di — Dy

(i,j):p.+p.Pin6”i+"’k l<i<j=N,
i j

(i, 2N +1— j) = 52,_]Cz<t> =+ Pineergj, 1< Z;j < N7
QN +1—j2N+1—i)= L2990, 1<i<j<N.

q; + qj

In this case, 7, g; and h; give the N-soliton solution.
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Figure 1: (1,1)-dromion solution of (2.22) with t = 1, C1(t) = 12, Cy(t) =¢t, a1 = ap =
Br=0r=1pi=—% @2=3, 1o =—1,
a3 =1, cag4=—2, cgu=—2.

Consider the case N =2 and K = 1, we can obtain the 2-soliton solution (see Fig. 2)

T = Cl (t)Cg(t) + Cl (t)P2Q26n2+52 + Cg(t)PlQleergl

=P~ % PPy, Qqe™M Tt et
P1t+p2q1it+ G

i _ 3.5
g1 = O (1) (Ca(t)Que®t + %Pz@l@emfﬁ@), 39)
1 2
hy = [CLt) (Co(t) Pre™ + EL=P2 P pyyemtmtea),
P1+ P2

Note that if we further set p, = ¢ = 0, we have

T = ap3,Cy (t) +Cy (t)Cz(t) + (04252 + CQ(t))P1Q1€n1+§1,
g1 = 01(75)(02(75) + a232) Q1€
hy =y 01(75)(02(75) + agfly) Pre™,

which is the one-soliton solution.

3.3 Breather solutions

In the preceding subsections, we have obtained soliton solutions for the symmetric 2DLV
ESCS. In what follows, we are going to derive breather solutions from soliton solutions.
For the sake of convenience, we set o; = 3; = 1. Consider the case N = 2 and K = 1.

Let * denote complex conjugate. By taking p; = p = a+bi, ¢ = ¢5 = ¢+ di and
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Figure 2: 2-soliton solution of (2.22) with ¢t = 2, Ci(t) = 2, Co(t) =t, ay = ay = B, =

B2 =1, p1:%7 pQZ%a Q1:%7 QZ:i

Ci(t) = C5(t) = y(t) + 6(t)i, we have the 1-breather
T =~2(t) + 02(t) + 2v(t)R(a, b) 3 R(c, d)~ % 20 @b+ )t cog(—Arg(S(a, b))n
— Arg(S(e,d))m — 2(T(a,b) + T(c,d))t + Arg(d(t)1))
+ a13R(a,b) "R(c,d) et @hH e

V() + (1)) M (e, d) el DTN () — 6(t)i + %S (a,0)™" (3.6)

S(c, d)_me(f a’b)+l(07d)—(T(a,b)—I-T(c,d))i)t),

g1 =
(

hy =\ (§(t) + 0(£)i) M (a, b) el @O=T@O (y (1) — 5(t)i + %S (a,0)™"
(

S(c, d)_me(f a’b)+l(07d)—(T(a,b)—I-T(c,d))i)t)

where
(x —1)2 + 2 2z —2? —y?+ 1+ 2yi
R ) I g o —
(z,v) RS (z,v) R (z,y) CESIEETEE
2y —2? —y?+1—2yi bd
T = {\/j = = ——
(SL’, y) .TQ _|_ y2 _ 17 ('Ta y) (SL’ + 1)2 _|_ y2 9 a2 ac

with a, b, ¢, d being arbitrary real-valued constants (see Fig.3). Remarkably, a;o > 1,7 <1
and 72(t) + 6%(t) > 1 imply that 7 is always positive, which accounts for the nonsingular
solution. The general breather solutions can be obtained from the soliton solutions in a
similar way.

4 Conclusions and discussions

The symmetric 2DLV ESCS is constructed by employing the source generation procedure.
DKP-type Pfaffian solutions of the system have also been derived. In the case that C;(t)
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Figure 3: 1-breather solution of (2.22) with t = 0.01, a = =1, b =1, ¢ = —0.2, d =
=3, 0(t) =2 +2, v(t) = —t* — 1.

is independent of ¢, the pairs of sources g; and h; become zero identically. Consequently,
the symmetric bilinear (or nonlinear) 2DLV ESCS is reduced to the symmetric bilinear
(or nonlinear) 2DLV equation. Meanwhile, DKP-type Pfaffian solutions of the symmetric
2DLV ESCS is reduced to the ones of the symmetric 2DLV equation. Due to the property
of strong two-dimensionality, the symmetric 2DLV ESCS has been proved to have dromion
solutions in addition to soliton solutions and breather solutions.

It has been shown that the NVN equation is a continuous analogue of the symmetric
2DLV equation [36]. Since the NVN equation has nonsingular lump solutions [44,45], it is
believed that the symmetric 2DLV equation and the symmetric 2DLV ESCS should have

nonsingular lump solutions too. We will discuss such problems elsewhere.
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