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NEW EXOTIC EXAMPLES OF RICCI LIMIT SPACES

XILUN LI, YANAN YE, AND SHENGXUAN ZHOU

ABSTRACT. For any integers m > n > 3, we construct a Ricci limit space X, ;,, such that
for a fixed point, some tangent cones are R” and some are R™. This is an improvement
of Menguy’s example [Men(1].
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1. INTRODUCTION

Consider the measured Gromov-Hausdorff limit spaces as following:
1

Vol(Bi(pi))

where k € N is the rectifiable dimension of (X, d, v), which is the unique integer k such
that the limit is k-rectifiable. The existence of such a k is proved by Colding-Naber[C'N12].
Moreover, the strong regular set Ry (X) is a v-full measure set. Actually, there are two
versions of regular sets on X [CC97]. For [ =1,--- |k, the weak regular set of (X, d) can

be defined by
WRI(X) = {x € X : there exists a tangent cone at x isometric to R’ } ,

(M, gi,vipi) <2 (XF dv,p), Ric, > -\, v; = dVol,,,

and the strong regular set of (X, d) can be defined by
Ri(X) = {x € X : every tangent cone at z isometric to R’ } .

Cheeger-Colding[C'C'97] shows that in the noncollapsing case, i.e. Vol(Bi(p;)) > v >0
uniformly, two versions coincide. Moreover, the rectifiable dimension and the Haus-
dorff dimension of the limit space are both equal to n. However, in collapsing case,
i.e. Vol(Bi(p;)) — 0, many things are quite different. Pan-Wei[PW22] shows that the
Hausdorff dimension may be larger than the rectifiable dimension, and the Hausdorff
dimension can be non-integers. Menguy[Men01] shows that the weak regular set may
be not equal to the strong regular set. However, it is still not known whether the inter-
section of weakly regular sets of different dimensions can be non-empty. In this paper,
we construct the first example that shows that the intersection of weakly regular sets of
different dimensions can be non-empty. This is an improvement of Menguy’s example

[MenO1].
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Theorem 1.1. Let m > n > 2 be integers. Then there exists a sequence of (m +n + 3)-
dimensional complete Riemannian manifolds (M;, g;,p;) with Ric,, > 0 converging to
(Xm+1n+1,d, x), such that

WRumi1(X) NWR,, 1 (X) # 0.
Remark 1.2. For this example, the rectifiable dimension is m +n + 1.
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2. TRIPLE WARPED PRODUCTS

In this section, we recall the Ricci curvature of triple warped products.
Let ¢, ¢, p be smooth nonnegative functions on [0, 00) such that ¢, ¢, p are positive on
(0, 00),

(2.1) ¢(0) >0, ¢©°V(0) =0, p(0) >0, p**'V(0) =0,
and
(2:2) p(0) =0, ¢'(0) =1, P! (0) = 0.

Then we can define a Riemannian metric on R™*! x S x S? by

Goop(r) = dr® + o(r)2gsm + ¢(1)gsn + p(r)°gse.

See also [Pet 16, Proposition 1.4.7] for more details.
Write Xy = %, X; € Tsm, Xy € Tsn, and X3 € Ts2. Then the Ricci curvature of g, 4,
can be expressed as following.

Lemma 2.1. Let ¢, ¢, p and g, 4, be as above. Then the Ricci curvature tensors of gop.4.p
can be determined by

. LAY
(23) Rlcg%qb’p (XO) = — (m? + ng + 2; XO7
| [ ¢ L-(9) ¢ e
(24) RICg%%p (Xl) = —? + (m - 1) @2 —n gp(b -2 op X17
. ¢ e G
(25)  Ricg,,, (X2) = |——+(@n—1) Mo " Tap | Y
©:6,p i Qb ¢2 ngb gbp
- pl/ 1— (p/)g <,0/P/ ¢/p/
(2.6) Rlcg%¢,p (Xg) = _—? + T - m% —-n ¢p ] Xs.

Proof. One can conclude it by a straightforward calculation. See also [Pet 16, Subsection
4.2.4]. O

Lemma 2.2. Define a Riemannian metric on (0,00) x S™ x S™ x SF by

Goop(r) = dr® + o(r)2gsm + ¢(1)gsn + p*(r)ggr.
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If p(r) = a1 + by and ¢(r) = p(r) = asr + be, then the Ricci curvature is
RiC(gl)oo = O
[

(7m —1) = (m+n+k—1a]asr + (m — 1)by — [(m — 1)aybs + (n + k)asby]a

RiC(gl)n =

(arr + b1)%(agr + by)
Ric(gi)e = (n—1)—(m+n+k—1alar+ (n—1)b —[(n+k—1)azb + ma1bz]a2’
(a7 =+ by)(asr + by)?
Ric(g1)ss = (k=1 = (m+n+k—DajJarr + (k= Dby — [(n + k — Dasby + marbs]as
(@17 + by)(agr + by)?

3. CONSTRUCTION OF THE LOCAL MODEL SPACES
In this section, we construct some local model spaces by triple warped products.

3.1. Model I. At first, we construct a metric g, 4, on (0,00) X S™ x S” x §? such that

the asymptotic cone is C(S7' x S}), and the topology near » = 0 is homeomorphic to
R™H x S x S2.

Lemma 3.1. Let m,n > 2. For any 0 < ¢ < ﬁ, 0 <0 < do(myn,e) and 0 <

k < ko(m,n), there exist constants R(m,n,e,d,k) > 0 and positive functions o, p, p on
(0,00), such that

elon =00 =er dlon=0  ployny =0
90|[R,+oo) = k’?", ¢|[R,+oo) = ija pl|[R,+oo) = 07
and Ricgw’p > 0.

Proof. We denote M = R™" x S" x S2. Let us begin with the initial metric
go(r) = dr® + (1 — €)*r?gsm + 8*gsn + 6% g2,
Stepl: Constructing g;. Set U; = {r < 2} and R; = 100. We will define a metric
g1 by modifying go on M\U; through the ansatz
g1(r) = dr® + ¢(r)*gsm + 6(r)*gsn + p(r)*gs2.
Let 0 < d1(m,n,0) < 1 be a constant to be determined later. By smoothing out the
function min{d, d + k(r — Ry)} near r = Ry, we can build a smooth function ¢(r)
) if r<107'R,
o(r)=0< Ri¢" <3, if 107'R, <r <10R,
0+ 01(r—Ry) if 10R; <.
By smoothing out the function min{d, §+6;(r — Ry)} near r = R, we can build a smooth
function p(r) satisfying
) if r<107'R,
p(r)=<0< Rip' <6 if 107'R; <r <10R;
0+ 01(r—Ry) if 10R; <,

respectively. Similarly, by smoothing out the function min{(1—e€)r, min{(1—¢€)Ry +k(r —
Ry)} near r = Ry, we can build a smooth function ¢(r) satisfying

(1—e€)r it r<207'Ry
o <0 it 207'R, <r <10"'R,
QO(T) = R.o" 1—e—k : —1
107 < — 100 if 107°Ry <r <10R;

(]_ - €)R1 + kf(?“ - Rl) if 10R1 S r

Y
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For r < 107'Ry, we have k < ¢/ <1 — e since ¢” < 0. And then

i

¥

Ric(g1)op = —m— >0,
2
: @ €(2—¢)
Ric(gi)n = ——+(m—1) >0,
v ©?
. n—1
RlC(g1)22 7 = 0,

) 1
Ric(g1)ss = 5 >0,

where Ric(g;);; = Ricg, (X;, X;) defined in Lemma 2.1.
To estimate the Ricci curvature in the interval [R;/10, 10R;], we will use the following
facts
J
0<p'< 5 0SF <8, 0<p<d+90R),
1

0<¢”<%, 0<¢ <b, 0<¢<0+94R,
1

l—e—k p
S Yoy, k< <1-—¢
100R, 7 =7 = ‘

Then we have

(1 — €)R1
20

Ric(g1)oo = %1 {10(7)7;%(11(1__6 E_f>9k;) - +52>51 ’

Ric(g1); > Ril {10031166__611 o) g&;_”ﬁ ;;52 — 20(<1n—+j()551 :
Riclg)es > (?5112;5511; ;55) _ 2115(107;1 Y14 2R§51),

Ric(g1)ss > © +1 9_515;1)2 - Rllé(lOm +1+ gRgél).

If 0 < k<1072, 6; < 1(m,n,d), then we have Ric > 0 in [107 Ry, 10R,].
Apply Lemma 2.2, where a1 = k, as = §1, by = Ri(1 — e — k), by = § — R16;, then we
know that the Ricci curvature is non-negative for all r > 0if & < k(m, n), ; < d1(m, n, d).
Now we build a metric g; satisfying the initial condition we stated and have the property
that
gi(r) = dr? + [kr + Ry(1 — e — k))* gsm + (017 4 0 — R101)” gsn + (017 + 0 — R101)° gs2,

for r > 10R;.
Step2: Constructing g,. Set Ry = 10°R;, and U; = {r < 10R;}. We will define a
metric go by modifying g; on M\U; through the ansatz
ga(r) = dr* + [kr + Riy(1 — e — /’{;)]2 gsm + (617 + 6 — R151)2 gsn + p(r)?gs2,

For 0 < s << 1 to be determined later, we consider p(r) by smoothing the function
min{d;7 + § — R0y, (01 R2 + 0 — R151)(RL2)8)} at Ry with the following properties

(517“ + 0 — R151 if r < 10_1R2,
p(r)=<p" <0 if 1071 Ry <7 < 10Ry,
ar® if r > 10Rs,
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where a = (01 Ry + 0 — R101) R, °.
For r € [107' Ry, 10Ry], we have
p" <0, sa(l0Ry)*™ <p <d, < p<206.

Then we have

/!

Ric(g2)o0 = o = 0,

p
, 1 — k? ko o [m—1 )
' 1—62 mké 267 L [n—1 )
Ric(ga)oz = (n — 1) pe L— 5 S 5—(; > o2 [ T (mk+2§)51(105132 +5)} ,
, 1—67 mké, nd} 5|1 9
Ric(g2)33 = 2 — p — 5—/) > p i 20(mkd1d + noy)| .
So Ric = 0 for r € [107' Ry, 10R,] if 8;/6 < c(m, n).
For r > 10Rs,
p//
Ric(g2)o0 = —2? =0,
_ 1—k* nk 2sk o1 |m—1
Ric(ge)11 = (m —1) > — % — E > (ro°) [ 5" k(n+ 2s)(kr + Rl)} ,
) 1—062 md; 2sd . n=1
Ric(gz)22 = (n —1) pe L— 7’¢1 - 7’¢1 > (r¢?) ! [ 5T —51(m+23)(517*+5)] ,
_ s(l—s) 1—=62 ms ns_ RS* (m+n)s
Ric(ga)as 2 R T E ) > 2a2r2 2

If 0 < s < s(m,n), Ric(ge) = 0 for all r > 0.

Now we build a metric g, satisfying the initial condition we stated and have the property
that

Go(r) = dr* 4+ [kr + Ry(1 — e — k)]2 gsm + (617 + 6 — R151)2 gsn + (ars)2 gs2,
for r > 10Rs.

Step3: Constructing g;. Set Us = {r < 10Ry}. We will define a metric g3 by
modifying g, on M\Usz through the ansatz

g3(r) = dr® + o(r)*gsm + 6(r)*gsn + (ar®)” gse.

For Ry = R3(m,n,d,d1,k, s), we can choose smooth functions ¢(r) and ¢(r) satisfying

kr + by if r<107'Rs
o(r) =< || < 2k, |ro"| < Ryt if 107'R3 <r < 10Rs
kr if 10R; <.
017 + by if r<107'Rs
o(r) = < ¢/ < 2k, |r¢"| < Ry',|¢' /¢l <1077 if  107'Rs <r < 10Rs
kr if 10R3 <,

respectively, where by = Ri(1 — € — k), by = § — Ry10;.
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For r € [107*R3, 10 R3],

, 25(1 —s) mR3' nR;*
1 —4k* R;'  20nk  4ks L [m=1
. e B _ > (T(pQ) 1
¥ re re re
, 1—4k®>  Ry'  20mk  4ks
Ric(gs)e = (n — 1) 2 " rg " e 1o

: 1—4607 20(m-+n)s
Ric(gs)s3 > 22 2 :

Then Ric > 0 for r € [107! R3, 10R3] after choosing Rz* < 6;/(1000).
For r > 10R3,

RiC(gg)ll > (m — ].)

r — 100nk(kr + bl)] :

-1
> (r¢?)7! [n r— IOOkaT} ,

Ric(gs)oo = w > 0,

Ric(gs)1, — (m — ]1{;;12_ k?) B n;Qs 0.

Ric(gs)as — (n — 2)2(:2_ k?) B m;Qs -0,

Ric(gs)ss = 8(17; ) + L= 2227;:282 — S(mrj n) > 0.

Now we build a metric g3 with Ric(gs) > 0 satisfying the initial condition we stated
and have the property that

g3(r) = dr? + (k;'r’)Qggm + (kr)2ggn + (a'r’s)2 Js2,

for r > 10R;.
Step4: Constructing g4. Set Uy = {r < 10R3}. We will define a metric g4 by
modifying g3 on M\U, through the ansatz

ga(r) = dr® + (kr)?gsm + (kr)?gse + p(r)?gse.

Then the Ricci curvature of this ansatz is

2 /!
Ric(ga)oo = —L,
p
‘ C(m-1(1-F) n 2
, (=11 -k) m 2
) 2pl/ 1_p12 m_'_npl
Ric(g4)s3 = —7 + e - ( > ) .
We can choose p(r) of the form
ar? if r<10R;3
p(r)y=<p"<0 if 10R; <r <10°Rs
A if  10%Rs <7,

for some A = A(a, R3). Then it’s easy to see that Ric > 0 for any » > 0. Moreover, for
R = 10*Rs, the last metric g, satisfies all the properties we stated.
O
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3.2. Model II. Next we construct a metric g, 4, on (0,00) x S™ x S” x S? such that the
metric around oo is isometric to C(S7* ) x S} x S?

Lemma 3.2. Let m,n > 2. Then for any 0 < € < Wlo, A>0,0<k < ko(m,n), there

are constants R(m,n, k,e) > 0, §(m,n, k,e) > 0 and positive functions ¢, ®,p on (0,00),
such that

¢lo,1) = kr, ¢l = kr,  pl

Plirtoc) = (L =€), lR400) =0, PliR400) = A,
and Ricgw’p > 0.

Proof. Let us begin with the initial metric
go(r) = dr® + (kr)?gsm + (kr)?gsn + N gs2,

Stepl: Constructing g;. Set U; = {r < 2} and R; = 100. We will define a metric
g1 by modifying go on M\U; through the ansatz

g1(r) = dr* + (kr)?gsm + (1) gsn + Ngse.

Set s = ¢/(10°nn). By smoothing out the function min{kr, KR} *r*} near r = Ry, we
can build a smooth function ¢(r) of the form
kr if r<107'R;
o) ={¢"<0 if 107'R, <r < 10R,
kRi(F)° if 10R; <.

The Ricci curvature of the ansatz is

Ric(g1)oo = _nz: )

—1)(1 —k? !
R = (0 10

1" _ 42 /
Ric(g1)22 = —% + (n 1);)21 ¢) - 77:2 )
RiC(gl)gg = % > 0.

By direct computation, we have Ric(gy) = 0 for any r > 0if 0 < k < ko(m, n).
Now we build a metric g; satisfying the initial condition we stated and have the property
that

g1(r) = dr? + (kr)?gsm + (ar®)?gsn + Ags2,
for r > 10R;, where a = k:R}_S.
Step2: Constructing ¢;. Set U, = {r < 10R;}. We will define a metric g, by
modifying g; on M\U, through the ansatz
g2(r) = dr® + o(r)’gsm + (ar*)? gsn + Nge2,
For Ry = Rs(€), we can choose a smooth function ¢(r) with the following properties
kr if r <1071 Ry,
o(r) =< 1¢| < (1 =1071e), |r¢"] <1072% if 1071 Ry < r < 10Ry,
(1—¢)r if r > 10R..
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The Ricci curvature of the ansatz is

Ric(g2)o0 = — +n
© r
‘ " 1 — 2 nsy'
RIC(Q2)11:—¢—+(W—1)( ;0 i z
2 2 re
5(1—3)+n—1 (n—1)s>  msp

/

RiC(gg)QQ =

)

r2 a2r2s r2 ro
) 1
RIC(g2)33 = ﬁ > 0.
By direct computation, we have Ric(gq) = 0 for any r > 0.
Now we build a metric g, satisfying the initial condition we stated and have the property
that

g2(r) = dr® + [(1 = e)r]” ggm + (ar°)?gsn + Ngsz,

for r > 10Rs,
Step3: Constructing gs;. Set Us = {r < 10Ry}. We will define a metric g3 by
modifying g, on M\Us through the ansatz

g3(r) = dr? + [(1 — €)r]” gsm + ¢(r)?gsn + Ngse,

Then the Ricci curvature of this ansatz is

] n 1/
Ric(gs)oo = —%,
, (m—1)e(2—¢) n¢
Ric(g3)11 = (1= )2 - Ea
] " n—1)(1— 2 m !
Ric(g3)22 = —% + ( );2 ) — 7“2 ;
) 1
RlC(gg)gg = F > 0.
We can choose ¢(r) of the form
ars® if r<10R,
d(r)=<¢" <0 if 10R, <r <10°R,
5 it 10%Ry <1,

for some 0 = d(a, R2). Then by direct computation we have Ric(gs) > 0 for any r > 0.
Moreover, for R = 10*R,, the last metric g3 satisfies all the properties we stated.

t

4. CONNECTING R™ AND R"

Lemma 4.1. For any m,n > 2, ¢ > 0 and L > 1, then there exists k = k(m,n),
R = R(m,n,e,L) > 1,0 <6 < c(m,n,e)L™, and positive smooth functions o, d,p on
r € (0,00) such that

Olory =kr,  Olowr)y =k plowr)-y = A
90|[L—1,1] = (1 - 6)7“7 <Z5|[L—1,1] =90, P‘[L—l,l} = A1,
lir00) = kr, Pliros) = k1 Plire) = A2,

and Ricy 4, = 0.
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Proof. For m,n > 2, take k = kq(m,n) to be the smaller one in lemma 3.1 and lemma
3.2. By lemma 3.1, we have &y = dp(m,n,€). By lemma 3.2, we have do(m,n, ko, €) and
Rg(m n, ko, €). After possibly increasing Rs, we can assume ds/ Ry < &g. Then we take
0= . Applying lemma 3.1, we get R = Ri(m,n,¢€,0,ky) > Ry and functions ¢y,

o1, p1 satlsfymg

eilon =1 =€er, ¢l =0, pilo1 = A1,
©1l[Ro0) = Kk, D1liroo) =k, p1liRoc) = A2

Applying lemma 3.2, we get functions ¢g, ¢z, pa. We rescale the functions by ¢(r) :=
(LRy) '(LRyr). Similarly we get ¢ and p, then they satisfy the following

¢2|(0 (LR)~1) — /{?7’ (%2‘(0,([,]{)—1) = kT, 52‘(0,(LR)_1) = )\1’
Poljr-1,00) = (1 — &), Palip-100) = (LR2) 102, Polir-1,00) = A1

Note that since (LRy) ™10, = d, two groups of functions agree in r € [L =1, 1] respectively.
Then we can glue them to get the new functions ¢, ¢, p. These functions satisfy all the
properties we stated.

t

Proposition 4.2. For any m,n > 2, ¢ > 0 and L > 1, then there ezists k = k(m,n),
R = R(m,n,e, L) > 1 and positive smooth functions @, d,p onr € (0,00) such that

90|(0 (2L2R3)—1) = = kr, <Z5\ (2L2R3)—1) = = kr, /)|(o (2L2R3)~1) = = A1,
©|(2r2R2)-1 (2LR2 = 0y, <Z5\[ 2L2R2 -1 (2LR2) = (1=¢€r, plierzrz)— ,(2LR2) 1= Af,
OlieLry-1(Lr) 1] = 7%‘7“ PlioLr) - -1 = kr, PlieLry-1,(Lr) -1 = A2,
90|[L—1,1} =(1—¢r, (b‘[L 19 = 02, /7|[L—1,1} =X

S0|[R,oo) = kr, ¢|[R 00) = kr, ,0|[R,oo) = A3,

where 0 < 61 < c(m,n,€)(L*R?*)™', 0 < &5 < ¢(m,n,e) L~ and Ricy 4, = 0.

Proof. First apply Lemma 4.1 to get o1, ¢1, p1. Next we exchange m and n and then apply
Lemma 4.1 again to get 2, @2, po. Rescale the second metric ¢(r) = (2LR?*)"1p(2LR?r),
¢ and p likewise. Then two metrics agree on r € [(2LR)~', (LR)~']. We can glue them
to get the desired functions. O

5. PROOF OF THE MAIN THEOREM

Lemma 5.1 (smoothing). For any m,n > 2, ¢ > 0 and L > 2, ¢|p-11 = (1 — ¢)r,
¢|[L 11 =0, pli—11 = A, Ricg g, = 0, then we can take smooth modified functions ¢, gb,

P such that

lo.-1) =T, ¢}|(O,L*1) =0, Plory =X
‘ZL 1oo) = P, ¢‘[2L*1,OO) =0, /3|[2L*17°°) =P

‘6> ‘G>

and Rlcw 3, > 0.

p =

Proof. We construct g by modifying g on r € (0,2L~!) through the ansatz

g =dr* + o(r)’gsm + 6%gsn + Ngs2.
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The Ricci curvature of this ansatz is

A m
Ric(g)oo = — ’ )
2
o " m— 1)(1 — 2
Ric(g)11 = _Z + ( )(2 d ),
¥ P
o n—1
R,IC(g>22 = T > 0,
o 1
RlC(g)gg = ﬁ > 0.

So we can choose smooth ¢(r) such that Ric(g) > 0 of the form

r if r< L7t
er)=<¢" <0 if L7'<r<2L7,
(1—er if 20L7'<r<1.

Now we are ready to prove the main theorem.

Proof of the Main Theorem. Let m > n > 2 be integers. For any i > 1, we will
construct smooth metrics g; = (@i, ¢i, p;) with Ric(g;) = 0 on M = (0,00) x S™ x S™ x
S2. Moreover, we will find a sequence of numbers N; > 10N;_y such that (¢;, ;) and
(¢is1, Piv1) coincide onr € [N; ', 00) and p; < N; °.

Set ¢, = 1007%. Apply Proposition 4.2 with € = €, and L; = 10, then we get g, =
(01,61, p1) and Ry. Set Ny = 2L?R3. We also have py < N;* after possibly scaling
N *pi(r). Note that the Ricci curvature will increase if we change p(r) into N~'p(r).

We construct g;+1 by induction. Assume we have already constructed g; and N;, and
0i(r) = ¢i(r) = kr, p(r) = N onr € (0,N;Y). Again apply Proposition 4.2 with
€1 and Liyy = 1071 then we get (Pit1, Gis1s pis1) and Rip. After scaling o(r) =
(ZNiRi-l—l)il@i—f—l(ZNiRi-‘rlT); (95@'+1,¢i+1) agree with ((pl,gbl) onr e [(2NZ’)71,N24_1]. Al-
though p;y1 may not agree with p;, we can make them equal by scaling both. So we can
glue them to get giiq. Set Ny = AN;L2 | R}, then piyq < Nijfl after possible scaling.

Neat we modify g; on r € (0,2R;N; ') by Lemma 5.1, then we get §;, which is also
smooth atr = 0. Set M = R x S™ x S%. Now (M™3 4, 0) are a sequence of pointed
complete smooth metric with Ric(g;) = 0, then by Gromov’s precompactness theorem, up
to subsequence, there exists a metric space (X,d) such that

(Muguo) ﬂ) <X7 dup)

On one hand, first note that for A; :== J\QR;ILZU2 — 00, the rescaled metrics (M, A;4;,0)
for j =1 become

‘Pj|(L.‘1/2,LV2) < CLz‘_l/za ¢j|(L.‘1/2,L1/2) = (L—e)rn, Pj|(L.‘1/2,L1/2) <N
Let j — oo and denote Ay p(X,d,p) :={x € X :a < d(z,p) < b}, then
dGH (AL;1/2,L;/2 (X, Azd,p), ALi—l/Q’L;/Q (Rn+1, Jo, 0n+1)> < \I/(’L_l)
Then let i — oo, we have

(X7 Ald7 p) % (Rn+1a 9o, On+1)'
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On the other hand, note that for B; = %NiR;3L;3/Q — 00, the rescaled metrics
(M, B;g;,0) for j =1 become

Pilgore ey = (=€) byl - 1) < cL;?, Pilip-ie 12y < N7
Then
den (AL;U{L;/Q(X, Bid,p), vz ;12 (R™, go, om+1)) <UL,
Then let i — 0o, we have
(X, Bid, p) <5 (R, gy, 071,
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