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Abstract

We provide analytical expressions for the second virial coefficients of
hard, convex, monoaxial solids of revolution in R%. The excluded vol-
ume per particle and thus the second virial coefficient is calculated
using quermassintegrals and rotationally invariant mixed volumes based
on the Brunn-Minkowski theorem. We derive analytical expressions for
the mutual excluded volume of four-dimensional hard solids of rev-
olution in dependence on their aspect ratio v including the limits
of infinitely thin oblate and infinitely long prolate geometries. Using
reduced second virial coefficients B3 = Bsz/Vp as size-independent
quantities with Vp denoting the D-dimensional particle volume, the
influence of the particle geometry to the mutual excluded volume is
analyzed for various shapes. Beyond the aspect ratio v, the detailed
particle shape influences the reduced second virial coefficients Bs. We
prove that for D-dimensional spherocylinders in arbitrary-dimensional
Euclidean spaces RP their excluded volume solely depends on at
most three intrinsic volumes, whereas for different convex geome-
tries D intrinsic volumes are required. For D-dimensional ellipsoids
of revolution, the general parity Bi(v) = Bji(v~!') is proven.
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1 Introduction

Place two identical coins on a table and roll one coin completely around the second
coin’s rim: The moving coin completes two revolutions during the turn around the
first coin which is known as the coin rotation paradox. To analyze this phenomenon,
in addition to a cardioid curve generated by a point on the perimeter of the second
coin, the excluded volume between two rigid bodies can be used: The excluded volume
is the volume inaccessible for the second body in the vicinity of the first one. The
perimeter of the excluded volume is the curve generated by the center of the second
body during its turn around the first one preserving contact distance. As visualized
in Fig. 1, for two circles with radius ¢ the two-dimensional excluded volume (or
area) is a circle with radius 2rg and area 4773, i.e., per circle 2773 and thus twice
the two-dimensional volume of one circle. Hence, the number of revolutions of the
turning coin is the ratio of the excluded volume’s perimeter to the coin’s perimeter.

While this problem can be generalized to coins with unequal radii, also rolling
a disk around other, possibly anisotropic shapes is feasible. When both objects are
anisotropic, the excluded area additionally depends on the relative orientation of
these bodies as shown in Fig. 1 (right) for stadia. Here, an orientation-averaged, two-
dimensional excluded volume results which can be generalized to arbitrary, convex
hard bodies in Euclidean spaces R,

The excluded volume of hard solids has implications on the physics of multi-
particle systems consisting of such objects: The phase behavior and equation of state
of hard-body systems are governed by their geometry [1, 2]. Kamerling-Onnes [3]
proposed the virial expansion
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for the real gas factor Z of imperfect gases as a heuristic equation of state, an expan-
sion in powers of the number density ¢ where p denotes the pressure, kg Boltzmann’s
constant, and 1" the temperature. The coefficients B; are virial coefficients of order 3.
Introducing the packing fraction n = goVp with Vp denoting the D-dimensional par-
ticle volume, Eq. (1) can be reformulated as an expansion in powers of the packing
fraction n
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with the dimensionless, reduced virial coefficients B} = Bi/Vﬁ;l as expansion coef-
ficients. Introducing a generalized pressure as ratio of energy and D-dimensional
volume, the virial expansion can be used in Euclidean spaces RP with arbitrary
dimension D.

The first virial coefficients were calculated for hard spheres in R3. Starting point
is the calculation of the second virial coefficient by Jéger [4]. Later, Boltzmann,
van der Waals, and van Laar provided analytical solutions for virial coefficients of
hard spheres up to the fourth order [5-9]. Up to now, analytical solutions for virial
coefficients of order five and higher are not available. Later on, analytical expressions
for virial coefficients of isotropic particles in R2 [10-12] and Euclidean spaces with
dimension D > 3 [13-16] were reported up to the fourth order.

Starting point for studies of non-spherical particles is the seminal work of Onsager
[17] with infinitely thin hard rods as a model system for liquid crystals [18-20]. Few
years later, Isihara and Hadwiger independently provided an analytical expression for
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Fig. 1 Left: Excluded volume of two hard disks. Right: Orientation-averaged excluded
volume of two stadia with aspect ratio v = 2.5.

the second virial coefficient of arbitrary convex particles in R? [21-23]. The analogue
for convex solids in R? is provided by Boublik [24, 25]. For concave geometries in
R? R3, and R* only few analytical or semianalytical expressions for the second virial
coefficient are available [26-29]. For selected concave, rigid shapes, numerical values
for their second virial coefficients as the mutually excluded volume per particle have
been provided [30, 31].

Higher order virial coefficients, even for convex, anisometric particles are only
numerically available, e.g., by means of Monte Carlo integration [32, 33]. Analytical
expressions for the second virial coefficients of solids of revolution in R? employing
the Isihara-Hadwiger theorem are provided in a previous work [34]. Recently, the
Brunn-Minkowski theorem has been applied to calculate second virial coefficients of
various convex particles in Euclidean spaces with dimension D > 3 [35-37].

In this work, we use the Brunn-Minkowski theorem to provide analytical expres-
sions for the second virial coefficients Bs of convex, uniaxial solids of revolution in R%.
Therefore, analytical expressions for their quermassintegrals (and intrinsic volumes)
are derived depending on their meridian curve. The results for selected geometries
are compared and the detailed influence of the particle shape is analyzed. The com-
parison of solids of revolution with identical meridian curve in Euclidean spaces
with different dimensionality can provide fruitful insights to the self organization of
condensed matter in R?. Beyond the impact on real physical systems, e.g., equation-
of-state data and phase behavior, insights into close packings in higher dimensional
spaces can be expected based on the provided geometric measures [38—41].

2 Theoretical background
2.1 Virial theory

Mayer and Mayer have shown by means of statistical mechanics, starting from the
grand canonical partition function, that the virial coefficient of order i depends on
interactions in an i-particle cluster [42, 43]. The second virial coefficient, describing
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the initial departure from the ideal-gas behavior in the low-density limit, reads as

By = 21/ (Zz - Zl) (3)

with Zn denoting the configuration integral for N particles in a system volume V.
Let U(ry,r2) be the potential energy of two particles with centers located at r1 and
ro, the second virial coefficient can be written as

A

With the coordinate system’s origin at r; and the distance vector ri2 = ro —ry, per-
forming the integration over dPry, the second virial coefficient can be reformulated

) S ) R .

Here, the integration over aP r{ with

D—-2
dPr =P ar ] sin’ (¢;) dgs = d°V (6)
=0
as D-dimensional volume element using polar coordinates results in the system
volume V. The integrand in Eq.(5)
Ul(ri2)
——= -1 7
kT (7)
is the Mayer f function depending on the interaction of both particles. For hard-body
interaction, the potential reads as

o0 :rie <o
U(r12):{ 0: r1§>0 (8)

f12 = exp {—

with o denoting the contact distance which in the case of uniaxial, anisometric shapes
depends on the unit vectors 11, G2 denoting their orientation, and the direction of
the distance vector 12 = r1a/7r12. Hence, combining Egs. (7) and (8) results in

_J-1l:re<o
lei{ 0:r9>0 9)

for the Mayer f function, irrespective of the thermal energy kg7: For an overlap,
fi12 = —1 is obtained while this integrand vanishes for non-overlap configurations.

For D-dimensional spheres with radius rg as radially symmetric bodies, the
contact distance is, independent of the orientation, o = 2rg, leading to

g
2= 56 [P dr (10)
0
with
2nP/2
Bp = m (11)
denoting the surface area of a D-dimensional sphere with radius ry = 1 where
(oo}
I'(z) = /tH exp (—t) dt (12)

0
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denotes the Euler gamma function. Performing the remaining integration over dr
leads to

Bs

S (2ro)” (13)

with the volume
o <D/2
P=T(1+D/2)

of the D-dimensional unit sphere for the second virial coefficient of a D-dimensional
sphere.

Since in the case of uniaxial, anisometric shapes the contact distance depends on
the orientations 1y, ti2, and 12, the orientation-averaged Mayer f function has to
be used as integrand leading to

By = —% /(f12>ﬁ2 aPriy (15)

where the direction 117 defines the orientation of the coordinate system.
For hard-body interaction, the second virial coefficient

(14)

By — %vex (16)

is the mutual excluded volume per particle and thus solely related to geometric
properties of the considered shape.

2.2 Excluded volumes of convex solids

Let K,L € RP be two convex bodies. The rotation-averaged excluded volume
Vex (K, L) is

D
1 D
Vex(K, L) = — < .)Wi(K) Wp_i(L), (17)
KD o 1

known as Brunn-Minkowski theorem [35, 37, 44]. The quantity W;(K) is the mixed
volume of (D — ) convex bodies K and ¢ D-dimensional unit spheres denoted as i-th

quermassintegral of K which relates to the intrinsic volume v; as
D\ Wp_;(K
v;(K) = < .>D71() (18)
( KD—i

for a convex set.
If L is a D-dimensional sphere with radius €, using

W;Sph)(s) = HDEDii (19)

as a sphere’s quermassintegral of order ¢ [35], Eq. (17) reads as

D/ ,
Vex (K, €) = ZO <1>Wi(K)az, (20)
1=
also known as Steiner formula [45]. This excluded volume Vex (K, €) is also the volume
of K’s e-neighborhood as visualized in Fig. 2.
For identical convex bodies K = L, the Brunn-Minkowski theorem reads as
D

‘/ex(K) = Vex(K, K) = % Z <?> Wv(K)Wsz(K) (21)
=0
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Fig. 2 The area of the e-neighborhood of a stadium is identical to the excluded area of a
stadium and a disk with radius e.

and thus provides an analytical expression for the second virial coefficient By (K) =
Vex(K)/2 of a convex particle since due to the rotational invariance of quermassin-
tegrals directly the orientation average is obtained.

Quermassintegrals W; of orders ¢ = {0,1} and ¢« = {D — 1, D} are related to
common geometric measures as

Wo(K) = Vi (K), (220)
Wi(K) = 5 Sp(K), (220)
Wp_1(K) = Rp(K)kp (22¢)
Wi (K) = rp (224)

where Vp denotes the volume of K, Sp its total surface area, and I-N?,p its mean radius
of curvature [37, 38].

Combining Eqs. (16), (21), (22), and (14), in the two- and three-dimensional
Euclidean space, virial coefficients for arbitrary convex solids K can be calculated.
In the two-dimensional Euclidean space R

1 - Sp(K)?
By(K) = Vb (K) + 58p(K) Fip (K) = V(i) + 220 (23)
is obtained [24]. The relation for the three-dimensional Euclidean space R
Ba(K) = Vp(K) + Sp(K) Rp(K) (24)

is known as Isihara-Hadwiger theorem, independently derived by Isihara [21, 22, 26]
and Hadwiger [23]. Using these relations, second virial coefficients for various convex
shapes in R? and R® have been calculated [34, 38, 46, 47].

In R4, the second virial coefficient reads as

= 6

By(K) = Vo(K) + Sp(K) Rp(K) + — W3 (K). (25)

To calculate Wa(K), the surface integral over continuous surface curvature
Wa(K) = % ?{ Hp(K)dP~1s (26)

is required where Hp is the mean curvature
=
Hp = —— — 2

DI (21)

depending on the principal radii of curvature R; of a convex solid [34, 44].
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3 Geometric measures of four-dimensional
uniaxial solids of revolution

Let K be a convex particle in R*. Its second virial coefficient B3 (K) can analytically
be calculated with Eq. (25) using its geometric measures volume Vp (K), surface area
Sp(K), second quermassintegral Wa(K), and mean radius of curvature Rp (K). Uni-
axial solids of revolution with meridian curve r(z) can be parameterized conveniently
in hypercylindrical coordinates

w 7 sin ¥ sin x cos @ r(z)sin x cos ¢

S A rsinﬁsinxsincp _ | r(z)sinxsing ’ (28)
y rsind cos x r(z) cos x
z rcos z

related to Cartesian or polar coordinates. Since the volume of a uniaxial solid of
revolution in R” is simply

Vo(K) = kp 1 / PP10) de, (29)

using hypercylindrical coordinates, the expression

Zmax

Vo(K) = 57 / r(2) dz (30)

Zmin

results in R?* for a particle with length | = zmax — Zmin. If 7(Zmin) = 7(2max) = 0,
its surface area can be written as

4 9y 1/2
Sp(K) = fp-1 [ 17722) {1 + |42 } a (31)
in R with
1/2
_ 2 2 1/2 _ dT(Z) 2
ds = {[dr(z)] +[dz] } =31+ | dz (32)
being the infinitesimal arc length element of the meridian curve with the result
Zmax
1/2
Sp(K) = 4r / P [Lre)] e (33)
Zmin

in R* [29, 34].

The second quermassintegral W (K) depends on the principal radii of curvature
R; of the convex solid [Egs. (26) and (27)], accessible as reciprocal eigenvalues of the
Weingarten map

W=15' 0. (34)
The Weingarten map W is also known as shape operator where Ip and IIp denote

the first and second fundamental form of the solid’s surface ¥.
Using the first derivatives

—r(z) sin x sin ¢ r(2) cos x cos ¢ 7(z) sin x cos ¢
oV | r(z)sinxcosy oV | r(z)cosxsine OV | 7(z)sinxsine
dp 0 "oy —r(z)sin x "0z 7(z) cos x

0 0 1

(35)
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the first fundamental form

(o) (o0
(21 (21
ov

ov
I, = —_— ). ==
- (%) (7) )
L\ 0z Oy 0z ox 0z 0z ) |
of a uniaxial solid of revolution in R?* reads as
r2(z)sin?x 0 0
Ip = 0 r2(z) 0 (37)
0 0 1+72(z)
The second fundamental form can be written as
_ﬁ.az_\p h- o*v ﬁ.82\11-
02 Opdx Opdz
>’*v *v v
II- = [h- = f - 38
P M v Mo M oxes (38)
PO Sk TP |
L 0z0¢ 0z0x 022 |
with the second derivatives
—7(z) sin x cos ¢ —7r(z) cos x sin ¢
0*°w | —r(#)sinxsine 9’w . 9°w | r(2)cosxcosp (392)
0p? 0 T 0pdy  OxOp 0 ’
0 0
—r(z) sin x cos ¢ 7(z) cos x cos ¢
0?w | —r(2)sinxsine 9%w _ %W | #(2)cos xsing (39D)
ox? —r(z)cos x T 9x0z  0z0x —7(z) sin x ’
0 0
7(z) sin x cos ¢ —7(z) sin x sin ¢
9*U | #(z)sin xsinp 9’ 920 | 4(z)sinxcosep (39¢)
022 (%) cos x ’ 0pdz ~— 9z0p 0 ’
0 0

and the normal field n = A(yp, x, z) of the solid’s surface.
A normal, perpendicular to three derivatives a = 0¥ /9, b = 0¥ /9x and ¢ =

AV /dz can in R? be written as

Cw
€x

n(a,b,c) = det

€z

aw bw cw
az br cx
ay by cy
az bz Cz

(40)



Geometric measures of convex uniazial solids of revolution in R* 9

using the canonical basis (ew, €z, ey, ;) with the parities

n(a,b,c) = —n(a,c,b)
=n(b,c,a) = —n(b,a,c)
=n(c,a,b) = —n(c,b,a). (41)
A uniaxial solid’s of revolution second fundamental form using the normal field
—sin y cos ¢
. n 1 — sin x sin ¢
n=-—=——— 42
[[n]| [1+’r’2(z)]1/2 —cos Y (42)
i(2)
reads as
1 r(z)sin?y 0 0
Op = ———— 0 r(z) 0 . (43)
. 1/2
2@ 0 0 —ie)
From both fundamental forms, the Weingarten map
1
72 0 0
r(2) [1+172(2)] .
w= 0 0 44
= MA@ )
0 0 i(2)

[1+72(2))
is obtained as a main diagonal matrix. Hence, the eigenvalues are directly accessible

from the diagonal elements indicating the principal curvatures. The mean curvature
thus can be written with the trace of the Weingarten map as

1 1 .
Hp = 5—Tr W) = D1t (lP EP) . (45)
Hence, for a uniaxial solid of revolution in R?* three principal radii of curvature
o 1/2
Ri(2) = Ra(2) = 7(2) [1 +77(2)] (46)
1 9 3/2
——— ] 4
Ra(2) = =5 [1+7%(2) (47)
result as inverses of the principal curvatures where two of them are identical.
Combining Egs. (46), (47), and (27), the mean curvature can be written as
1 1 1 1
Hp == + + 48
r=3 | me * mE * wE) ()

in dependence on the meridian curve r(z). Using the surface element d3S =
7"2(2') sin x dp dy ds, the second quermassintegral in R* with Egs. (26) and (32),
performing the integration over the angular coordinates ¢ and Y, finally reads as

Wa(K) = g 7,312(2) [R11(z) * Rzl(z) * Rsl(Z)] [1 + T.Q(z)] v dz (49)

for convex solids with continuous surface curvatures.



10 Geometric measures of convexr uniazial solids of revolution in R*

The mean radius of curvature of a convex solid with continuous surface curvature
can, in general, be calculated from its principal radii of curvature as

1 1 D—1 D—-2
B _ , ind (- )
Rp = @ ?{ D_1 ; R;i(b0, b1, - - - ¢D—2):| jli[o SIn (¢j) d¢] (50)
normalized to the surface area of a D-dimensional unit sphere. In R?,
T w27

1 . .
e = o5 [ [ [ IRa0.x00) + Ral0,x0) + Ra@. . )] sin® Dsin x dipdcdd
00 0

(51)
is obtained. Employing the surface element
1/2
d3S = Ry Ry Rs sin® ¥ sin xdedydd = 7"2(2) sin x [1 + fQ(Z)] dpdxdz, (52)
the angular integral can be written as a surface integral
Zmax

R _i r2(z 1 1 1 72(z e z
rew) =2 [ 0| i * meme * meme) e

Zmin
(53)
where again the integration over the angular coordinates ¢ and x results in a factor
4.
Using the relations to the other quermassintegrals in Eq. (22), analytical
expressions for them can be summarized as

Wo(K) = Vp(K) (54a)
Wi (K) = i f 435 = ESP(K) (54b)
Wa(K) = if% [Ril + RLQ + Rig} &5 (54¢)

11 1 1 1 ] .5, 1- _

Wal(K)== ¢ = d°s = - = 4d

3(K) %3 [Rle + RiRs + R2R3:| S= 7 Bpbs= Rpry (54d)
1 1 3 71 .

Wy (K) = 4%R1R2R3d S = 454—&4 (54e)

for convex solids with continuous surface curvature in R*.
For arbitrary Euclidean spaces ]RD, this can, in general, be written as

Vp(K) 11=0
lf D—1 .
— d S =1
Wi(K)={ D ' (55)
-1 .
1}g‘ D-1 D—it1 D1 )
— ; ; :2<1 <
LE () [ ] aots oz
with .
— ti=D -1
R; '
1 D=1
— — =D —2
Ai5 = R_] k—j1 Rk ¢ (56)
1 itl )
F E Ait1,k i< D=2
J k=j+1
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and
D D—-1 )
d?s=|T] R:| | [] sin’ (¢;) de; (57)
i=1 §=0

for the surface element.

For convex solids with discontinuities of their surface curvature, additional contri-
butions to quermassintegrals W;(K) need to be considered: Additional contributions
to W1 (K) exist for uniaxial solids of revolution in R* if r(zmpin) # 0 or 7(2max) # 0.
One- and two-dimensional singularities of the surface curvature where in the case of
uniaxial solids of revolution in R* only two-dimensional singularities can exist cause
additional contributions to Wa(K') and W3(K). Zero-dimensional singularities which
can for uniaxial solids of revolution only exist at 7(z) = 0 do not cause additional
contributions to W; for 0 < ¢ < D. In the following, we provide quermassintegrals
for various uniaxial solids of revolution in R* including shapes with discontinuities
in their surface curvature.

4 Specific geometric measures for selected
solids of revolution

In the following subsections, we provide the geometric measures volume Vp, total
surface area Sp, second quermassintegral Wy, and mean radius of curvature Rp for
selected convex geometries. Uniaxial solids of revolution in R* are defined by their
meridian curve r(z). Based on the meridian curve r(z), specific geometric measures of
these geometries and the related, second virial coefficients are analytically accessible
employing Eqgs. (22), (21), and (16).

4.1 Solids of revolution with continuous surface curvature

4.1.1 Hypersphere

The simplest solid of revolution in the four-dimensional Euclidean space R?* is the
isotropic hypersphere. Placing the center of a hypersphere in the coordinate system’s
origin, the meridian curve r(z) of the hypersphere reads as

r(z) = (r% — z2) 2 (58)

with 79 being the radius of the hypersphere and z the coordinate on the axis of
revolution resulting from hypercylindrical coordinates [Eq. (28)]. Using Eq. (30), the
hypervolume of a hypersphere can simply be written as
P 3/2
4 1
Vp = 37 / (r% - z2) dz = §7r2r3 (59)
7o
which is identical to Vp = 547“3‘ using Eq. (14). The total area Sp of a surface without
singularities is simply the lateral surface area S{D. The lateral surface area S{D of a
hypersphere can be calculated with Egs. (33) and (58) leading to
0

1/2
Sp = Sp = 4nrg / (r% — z2) dz = 270 (60)

—79
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as the expected results, identical to Sp = 647"8 using Eq. (11) with D = 4.

For the second quermassintegral W5 and the mean radius of curvature Rp of a
four-dimensional, convex solids of revolution the principal radii of curvature Ri, Ro,
and Rj3 are required [Egs. (49) and (53)]. These can be calculated in dependence on
the meridian curve as

Ri=Ra=Rz=rp (61)
for a hypersphere employing Eqgs. (46) and (47). Its principal radii of curvature are
simply the radius of the hypersphere rg. For the second quermassintegral Ws, Eq.
(49) leads to

T0

1/2
Wy = / (r% . 22) dz = %ﬁr% (62)

1o
and the mean radius of curvature from Eq. (53) with

To

= 2 9 o\ 1/2 _
Rp = — (ro —z ) dz =rg (63)
T

is again simply the radius of the hypersphere rg: The radius of curvature of a
hypersphere is just the radius of the hypersphere.

Using the relations in Eq. (22), the quermassintegrals W; of a four-dimensional
hypersphere can be written as

1 -
W; = 5%«3 ’ (64)
agreeing with the general solution for D-dimensional hyperspheres
W; = kpry ™" (65)

from the literature [36, 37].

4.1.2 Hyperellipsoid

A uniaxial hyperellipsoid of revolution is the affine transformation of a hypersphere
with radius req in z-direction by a factor v. The meridian curve r(z) of this hyper-
ellipsoid of revolution with the center in the origin of the coordinate system reads

as
1/2
2 2\ 2
=[a-G)] ®
For the aspect ratio v = 1, a hypersphere results. Hyperellipsoids of revolution with
v > 1 are prolate and with v < 1 are oblate solids of revolution. The two-dimensional
sections of such geometries are shown in Fig. 3.
For the volume of a four-dimensional hyperellipsoid of revolution, Eq. (30) leads
to

VTea 3/2
4 s 2 1 5 4
Vp = 37 / (req - ﬁ) dz = 5T Vreq (67)
—VUTeq

for prolate and oblate hyperellipsoids. The total surface area Sp for this geometry is
the lateral surface area Sp which can with Eq. (33) be written as
1/2

VTeq 22 Z/4T§q + 22 (1 _ 1/2)
Sp = Sp = 4w r2, — = dz
P=2P= e 2 2 (1/27“301 — 22)

—UTeq
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Fig. 3 Two-dimensional sections of prolate and oblate uniaxial hyperellipsoids of revolution
with radius req, aspect ratio v = 2 (lhs) and aspect ratio v = 1/2 (rhs).

= 27223 o 1 > 1 21— 68
a 272’

where 2 F7 is the Gauss hypergeometric function defined as
1

oF1 (a,b,¢; z) = % /tb_l (1=t T —z) "de
0
-3 (a)(z)(b)n 2_’: (69)
n=0 n
and
n—1
(@ =[] (a+k) = % (70)
k=0

the Pochhammer symbol.
Using linear transformation and identities of the hypergeometric function [48],
the total surface area can also be denoted as

;%igi) [(2u2—1)8<7vl’2z/_1>—lc<$>] Cu>1

Sp = (71)
Srvri [(1=27) (VI=22) +uk (VIZ2)| i v <t
3(1—v2) v '
with the complete elliptic integral of the first kind
11 9
K (k) 22-7‘—1 (2 3 ,k) (72)

and the complete elliptic integral of the second kind

s 11
5(k)—§2.7-"1< > 2,1,k> (73)
For the limiting case of a hypersphere with v — 1, for both branches
lim Sp(v) = lim Sp(v) = 27r2rg’q (74)
v—1t v—1—
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results which agrees with the expression in Eq. (60). For infinitely thin hyperellipsoids
of revolution
lim Sp(v) = Srrdy (75)
results.
For the second quermassintegral Wy and the mean radius of curvature Rp, again,
the principal radii of curvature Rj(z), R2(z), and R3(z) need to be calculated. Using

Eqgs. (46) and (47)
Ri(z) = Ra(z) = % [1/47”301 + 22 (1 — 1/2)] 12 (76)
and

1 3/2

Ry(2) = = |v'réq +2* (1-07))] (77)
478y

are obtained. Then the second quermassintegral is, using Eq. (49),

UTeq

4.2
m 2 2 2\ /2 VTeq 2
Wy = — (1/ Teq — 2 ) +2v°| dz
2= 3.3 / eq [Vz;?%q T 22(1-12)
—UTeq
1 99 (1— V3
= 57}' Teq (m 5 (78)

both for prolate and oblate hyperellipsoids of revolution. In the limit of a four-
dimensional hypersphere

1
lim Wa (v) = lim W (v) = =m°rdg (79)
v—1+ v—1- 2
is obtained while
. 1 529
Vh_>mo Wa (v) = 37 Teq (80)

results for infinitely thin hyperellipsoids of revolution. Eq. (79) is identical to the
expression in Eq. (62).

Finally, the mean radius of curvature Rp for hyperellipsoids of revolution can be
written as

~ 9 Vlea ) N\ 1/2 21/67"301 + 4 [1/47"301 + 22 (1 - 1/2)]
re [1/ réqg+22(1—v )}
5 3
= 1*req 2 F (5, 52 1= 1/2) (81)

using Eq. (53). Using complete elliptic integrals [Egs. (72) and (73)], it can
alternatively be denoted as

4 vreq 2 v2—1 v2—1 ]
- 37r1/2—1[(y 2)5( v >+K< v vl
Rp = (82)

Lt T(5_ 02 (VITHE) -2k (VITHE)] sv<t

31— 12

for prolate and oblate hyperellipsoids of revolution. In the limit of a hypersphere,

lim Rp (v) = lim Rp (V) = req (83)
v—1t v—1—
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results [Eq. (63)] while for infinitely thin hyperellipsoids
= .8
Jim, e )= 37 cd (84)
is obtained.
Using Eqgs. (22), the general relation

1 ; i 5 1
W; = §7T2l/l+17“éq 'y F1 (5, %,2; 1—- I/2> , (85)
with
o F1 (g,o,z; 1— yz) =1 (86)
and
5 2 2 1—13
2]:1(57172,1—1/>:37m (87)

is obtained in R* [48]. This agrees with the general solution for oblate, D-dimensional
ellipsoids of revolution

i i D+1 ¢ D
Wi:K/Dyl—i_ngl 12]:1 —+7£a_; 1_1/2 (88)
2 272
provided in the literature [36, 37]. Using the Pfaff transformation [48] with
Qfl (a7b7c; z):(l_z)ib 2]:1 (C_a7b7c; Z—j1> 5 (89)
the general quermassintegrals can also be reformulated as
D—i 14D 1
Wi = kpvreq “2F1 <—§,§,5; 1—ﬁ) (90)

for prolate, D-dimensional ellipsoids of revolution.

4.1.3 Hyperspherocylinder

A D-dimensional spherocylinder is the union of a D-dimensional cylinder with height
h = 2 (v — 1) req and radius req, capped by two D-dimensional hemispheres with
radius req. A four-dimensional hyperspherocylinder is a prolate solid of revolution
without singularities on its surface curvature where the meridian curve r(z) can be
written as

1/2
{rgq —z=(w-=-1) req]2} o (=1 req < 2 < vreq

r(z) = Teq t =W —=Dreq <2< (W —=1)Teq (91)

1/2
{rgq— [z—l—(l/—l)req]?} : —Ureq <2< — (v —1)7Teq

for aspect ratios v > 1 with the center of the hyperspherocylinder being in the origin
of the coordinate system. In the limit v — 17, a hypersphere results. Opposite, in
the limit ¥ — o0, a hard needle in R?* results. A two-dimensional section of this
geometry is depicted in Fig. 4.
With Eq. (30) and its meridian curve [Eq. (91)], the volume of a hypersphero-
cylinder reads as
8 4

Vp = %w2+§(1/—1)7r Teq - (92)
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Vreq

Teq

Fig. 4 Two-dimensional section of a hyperspherocylinder with radius req and aspect ratio
v=2.

The total surface area Sp of a hyperspherocylinder, again, is the lateral surface area
Sp

Sp=Sh=[2n" +8(w-1)r|rd (93)
[Eq. (33)].

A hyperspherocylinder’s principal radii of curvature [Eqgs. (46) and (47) using
Eq. (91)] are

R1 = R2 = Teq (94)
and
Teq : (V¥ —1)req < z < Vreq
Rs(2)| ={ 00 —(r—1)rea <2< (v —1)req (95)
Teq : —Vreq <2< — (¥ —1)Teq

for the cylindrical and hemispherical parts. Therefore, the second quermassintegral
Ws reads as

1 4
W2 = |:§7r2 + g (l/ — 1) 71':| qu (96)
using Eq. (49) and, using Eq. (53), the mean radius of curvature as
~ 4
Rp = |:1 + 3. (v — 1):| Teq - (97)
Egs. (92), (93), (96), and (97) agree with the literature [49] and, using Eqgs. (22),
1, 8 4—i ] 4y
Wi = |:§71' +4 5 (l/ — ].) 4 7T:| Teq g (98)

is obtained as general expression for the quermassintegrals of a four-dimensional
hyperspherocylinder which is in accordance to the relation

H‘,D_1:| ré?;i (99)

D -1

W; = [RD+2(V—1)

for D-dimensional spherocylinders as provided in the literature [36, 37].
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4.2 Solids of revolution with singularities on their
surface curvature

For convex solids of revolution with singularities of their surface curvature, the deriva-
tive of the meridian curve 7(z) is discontinuous. In this case, in addition to the
contributions from the piecewise integration over continuous parts [Egs. (30), (33),
(49), and (53)], the singularities’ contributions have to be considered. As in Sec. 4.1,
we describe selected geometries and calculate their geometric measures Vp, Sp, Wa,
and Rp in the following.

4.2.1 Spherical hyperplates

The spherical hyperplate as an infinitely thin hyperellipsoid is the limit of a hyper-
ellipsoid with aspect ratio v — 0 and radius rg. It is a (D — 1)-dimensional sphere
with radius rg in RP. While in R? a hard disk results, in the four-dimensional space
a three-dimensional sphere with a four-dimensional (hyper-)volume

Vp =0 (100)

is obtained as analogue to the volumeless disk in R3. This can also be seen from
Eq. (67) with a limiting aspect ratio of v — 0. Despite for this geometry the D-
dimensional volume Vp vanishes, the further geometric measures are finite. Again,
exemplarily the limiting case of a hyperellipsoid with v — 0 can be used to obtain

Sp = gm«g (101)

for the total surface area of a four-dimensional spherical hyperplate. Note, that analo-
gously to a disk in the three-dimensional space the hyperplate has a top and a bottom
cell. Therefore, the total surface area Sp of a D-dimensional spherical hyperplate is
two times the volume of a (D — 1)-dimensional sphere and reads as

Sp =2kp_qr ! (102)
in Euclidean spaces RP. The second quermassintegral Wy for a spherical hyperplate
in R is

1
Wy = §7r27“(2) (103)

[Eq. (80)] and its mean radius of curvature

8
= — 104
Rp = o—r0 (104)

results from Eq. (84).
Using Eqgs. (22), the obtained results agree with the general formulation of
quermassintegrals W; for (D — 1)-dimensional spheres in RrRP

0 :1=0
W; = - , 105
! EDL X D=t i (105)
KRi—1 D

as provided in the literature [37].
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4.2.2 Hypercylinder
The meridian curve of a hypercylinder with height h = 2vreq and radius req simply
reads as

r(2) = Teq (106)
with vanishing derivatives 7(z) = 0 and #(z) = 0. Hence, only Ry = Rg = req are
finite while Rj3 is infinite with vanishing principal curvature 1/Rz. With v = h/(2req)
as shown in Fig. 5, the volume of a four-dimensional hypercylinder is

Vp = gmr;‘q (107)
according to Eq. (30). Its total surface area Sp is the sum of the lateral surface area
Sp = 8mvrd, (108)
[Eq. (33)] and the two contributions Sp at z = +vreq with
4
Sp = gm«gq. (109)
Hence, the total surface area of a four-dimensional hypercylinder reads as
Sp = Sp + 250 = gw(Bu—l-l)rgq. (110)
Vreq
Teq

Fig. 5 Two-dimensional section of a hypercylinder with radius req and aspect ratio v = 2.

The contribution of the continuous part W4 to the second quermassintegral W5 is

4
Wy = gmlrgq (111)
[Eq. (49)]. For both, top and bottom contribution of the singularity as for the

spherical hyperplate

1
wy = ngrﬁq (112)
results [Eq. (103)]. Hence,
1
Wo = W4+ 2W4 = 57 (4v+ ) ey (113)

is obtained for the second quermassintegral W5 of a four-dimensional hypercylinder.
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The contribution of the continuous cylindrical part R} to the mean radius of
curvature Rp is

~ 4
Rp = 3-VTea (114)
[Eq. (53)] and each contribution of the singularities at z = +vreq reads as
~ 4
Rp = 3-Tea (115)

identical to the top and bottom contribution of the spherical hyperplate [Eq. (104)].
In total,

Rp = R + 2R} = %(Ha) req (116)

results for the mean radius of curvature Rp of a four-dimensional hypercylinder.
Using Eqgs. (22), the general expression for the quermassintegrals W; of this geometry

gwuréq :1=0
wi=3 ) 5 A , (117)
37 [(4—i)y+ %Z_J Taglii>1
results in accordance to the general result for D-dimensional cylinders
21//<¢D,1rqu 11=0
Wi=1{ o 8 1 oo (118)
i ) D— .
5ED-1 {(D—z)u—!—ﬁ] eq L 1i>1

provided in the literature [36, 37].

4.2.3 Hyperspindle

Analogously to a three-dimensional spindle [34], a hyperspindle with center in the
origin of the coordinate system can be described by the meridian curve

o ) 1/2
r(z) = (—1 2V ) Teq + % {(VQ + 1) qu - 422} (119)

as a prolate, four-dimensional, uniaxial solid of revolution with radius req and aspect
ratio v > 1.

As shown by the two-dimensional section of this geometry in Fig. 6, a spindle has
two singularities of curvature, located at z = *vreq as an upper and lower apex. In
the limit ¥ — 1, the hyperspindle approaches a hypersphere and the contributions
of the singularities on the hypersurface vanish. The volume of a four-dimensional
hyperspindle using Eq. (30) reads as

2 2
Vp = %wrgq {(1/1 — ng + 1) (1/2 + 1) arcsin <V2—j_1) —
2" — %zﬁ + %zﬁ + 21/] (120)
in dependence on the radius req and the aspect ratio v. The total surface area Sp

can be written as

_ 1 3 6, 4, 2 . 2v 5
SP—Qﬂ'Teq [(31/ +v 4v +3) arcsm(y2+1> 6v —&—61/} (121)
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Fig. 6 Two-dimensional section of a hyperspindle with radius req and aspect ratio v = 2.

using Eq. (33) with Eq. (119) since at the apices 7(zmin) = 7(2max) = 0, the zero-
dimensional singularities do not contribute to W7 and Sp.

To calculate the contribution of the apical singularities to Wy and RP, in the
interval vreq — € < |2| < vreq the meridian curve r(z) can continuously be replaced
by the meridian curve rf(z) of a hypersphere

1/2
2 2
() = [18 = (2 = ¢)°] (122)
with
r(vreq —€) = 7t (vreq —€) (123)
and
i (VTeq — €) = 7 (UTeq — €) (124)
as visualized in Fig. 7. Here
9 -1/2
& (Teq, V, €) = Teq (I/2 - 1) (Vreq —€) [(V2 + 1) qu —4(vreq — 5)2} (125)
is the z-position of the hypersphere’s center and
2 1—v2)r
1 (1= re
70 (Teq, v, €) = Vot Teq § 1+ 73 (126)
2 9 2 9 211/
[(1/ +1)"18q — 4 (Vreq — €) ]
its radius.
In the region continued by a hypersphere, the principal radii of curvature are

Ri=Ro=R3=n10 (127)

[Egs. (46) and (47)]. Using Eq. (52), the second quermassintegral and the mean
radius of curvature can, in the vicinity of the apices, be written as
19c(€) T 27
W3 (e) = 1 / //T(Q)(E) sin? 9 sin x de dx do) (128)

and

ro(e) sin? ¥ sin y de d dv (129)

St~y
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--€=0.50
2F A --€=0.30
==\ €=0.15
I €=0.05
Vieq
€
ot / 9 >710
\ , ¢
—1t :
2}

T
Fig. 7 Continuous completion of a hyperspindle with radius req = 1 and aspect ratio v = 2
by hypersphere segments with radius r¢p and the vicinity to the apex e. The crosses indicate
the centers of the hyperspheres with z = €.

due to the continuous surface curvature of the hypersphere, using Eqs. (54). The
critical angle J¢(e) is

Ye(€) = arccos [M] (130)
(see Fig. 7) and performing the integration over ¢ and x
Ye(€)
Wi(e)=m / ré () sin? 9 dv (131)
0
and
e(e)
R (e) = % / ro(e) sin? 9 dv (132)
0

result. Hence, in the limit ¢ — 0 the contributions of the singularities to the second
quermassintegral Wa

W4 = lim W3/ (€) = 0 (133)
e—0
and the mean radius of curvature Rp
=11 . 1
=1 = 134
Rp E%RP(G) 0 (134)
vanish. Thus, the second quermassintegral Wa can be expressed as
Wo = W3 +2W5 = %m“gq {(z/l + %l/z + 1) arcsin <1/22——l&/—1) —ul 4 21/] (135)
using Eqs. (49) and (133) with the principal radii of curvature
2 1—1/2) (V2+1)7“2
| ( 2
Ri(2) = Ral2) = T req + (136)

2 1/2

2 [(1/2 +1)2 T2q — 422]
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and
2
Ry =2 ;lreq (137)
[Egs. (46) and (47)]. For the mean radius of curvature, finally
2
Y ~//77'c;q(2 . 2v 2 -1
Rp = Rp +2Rp = - [ v +1)arcsm (1/2+1> 3V T (138)

is obtained [Egs. (53) and (134)].

4.2.4 Hyperlens

A hyperlens is the section of two hyperspheres with identical radius rq, separated by
the distance L with 0 < L < 2rg. It is an oblate solid of revolution with equatorial
radius req and aspect ratio v with v € [0, 1]. Using equatorial radius req and aspect
ratio v, the radius of the intersecting hyperspheres can be written as

2
v:+1
o = —5 —Teq (139)
and for the distance of separation,
L
5 =70~ Vreq (140)

results. Also, since a hyperlens consists of two equal hyperspherical caps, a critical

angle 0c with
Oc 1— 2
— | = 141
o8 < 2 ) 1+ 02 (141)

can be defined, identical to a lens in R3 [33] and a planar lens in R? [47]. In the
limit v — 1, a hypersphere with radius rg = req results while for the limit v — 0,
a spherical hyperplate with radius req is obtained. In Fig. 8, the two-dimensional
section of a hyperlens is shown with its characteristic parameters.

<
o
8

Sl

Fig. 8 Two-dimensional section of a hyperlens with radius req and aspect ratio v = 1/2.
The crosses indicate the centers of the generating hyperspheres with radius ro separated by
the distance L. 6. is the critical angle.

Placing the hyperlens’ center in the origin of the coordinate system, the meridian
curve r(z) reads as
1/2
|z|req (1/2 — 1) +v (rgq — 22)
r(z) = (142)

v
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where the hyperspheres’ centers are located at z = £(rg — vreq). Since a hyperlens
consists of two attached hyperspherical caps, the principal radii of curvature are with

2
1
Ry= Ry =Ry = req = o (143)
equal to the radius of the hyperlens’ generating hyperspheres [Eqs. (46) and (47)].

For the volume Vp of a hyperlens,

Vp = ;T;iz {(1 + 1/2) |:7T — 2arcsin <1+—52)] —4v [1 5+ 1—311/ (1 - 1/2)] }
(144)
is obtained [Egs. (30) and (142)]. Its total surface area Sp equals the lateral surface

! .
area Sp and can be written as

M) e ()] - 1-) oo

using Eq. (33). For the contribution of the continuous parts of the hyperlens to its
second quermassintegral and mean radius of curvature,

Sp =

2 2 .2
W2' = 7;7;;(] {(1%—1/2) 7r—2(1/4+21/2+1) arcsin <1+52) —4v (1—1/2)}
(146)
and
2 2
=/ Teq 2 . 1—-v 1-v
Rp = oy {(1+V ) {W—Qarcsm(l_’_yz)] _4VH——1/2} (147)

are obtained [Egs. (49) and (53) with Eq. (142)].

For the contributions of the equatorial singularity W4 and Rg, the surface of
a cut-out hyperlens in —e < 2z < € can continuously be replaced by a toroidal
hypercylinder with height 2¢ and meridian curve

rf(z) =€+ (rf - z2)1/2 (148)
where
rf(e) =r(e) (149)
and
7 (e) = 7 (e) (150)

are fulfilled (see Fig. 9). In Eq. (148)

€Teq (1 + 1/2)

" e e (1= ) (151)
is the meridian radius of the hypertorus and
1/2
[V (vreq — €) (ve + req)]'? [ (vreq =€) (ve+ 1eq)
= -2 152
£(©) ¢ 2ve + (1 — v2) req + v (152)

the distance between the center of the hypertorus and the center of the meridian arc.
In the region of the hypertorus, the principal radii of curvature can be written as

Ri(2) = Ra(z) = 1t (12 — 22)1/2

1+ 4} , (153a)
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00F < P
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10 =05 00
—-e=0.125
e=0075 013
- €—=0.025

0.00

—0.15

0.70 0.85 1.00
Fig. 9 Continuous completion of a hyperlens with radius req = 1 and aspect ratio v = 1/2
by a hypertorus of height 2¢ with meridian radius r¢ and distance £ between the center of
the torus and the center of the meridian arc.

R3(z) =t (153b)

using Eqgs. (46) and (47). Employing z = rycos?d in ¥¢ < 9 < m — Y¢ (see Fig. 9)
with cosd¢(€) = €/r¢(€), the principal radii of curvature can be written as

R1(9) = Ra(9) = re(e) + 515;)9 , (154a)

R3(0) = ri(e) (154b)
in dependence on the angular coordinate ¢. With Eq. (52), the second quermassinte-

gral and the mean radius of curvature can, in the vicinity of the equatorial singularity,
be written as

()
WO =5 [ [mOR0)+ R0)R0) + Ra(0) Ra(9)]sin 09
9:(e)
()
_ % [37%(6) sin2 9 + dr¢(€)€(e) sin 9 + gQ(e)] 49 (155)
9:(6)
and
()
R (e) = % [R1(9) + Ro(9) + Rs(9)] sin 0 dv
9:(e)
—00(e)
_ % / |:7“t(e) sin2 9 + %ﬁ(e) sin 19} dv (156)
e

due to the continuous surface curvature of the hypertorus [Egs. (54)]. The contribu-
tions of the equatorial singularity

" . " 2 9 . 1-1?
W2 = El% WQ (6) = gﬂ'?"eq arcsin (H——VQ (157)
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and

RY = lim Ri(e) = —¢ 1= (158)
P= o P 3r 41402
result in the limit € — 0. Hence, for the second quermassintegral and the mean radius

of curvature, the contributions

Wy = %w%ﬁq 2 arcsin {cos (0_;)} (159)
™
and
Rp = %Teq cos (0—20) (160)

result depending on the critical angle 6 [Eq. (141)]. In the limit of a spherical
hyperplate with 6. = 0, Egs. (103) and (104) are consistently obtained. Finally,

2 2 ) 1— 2
W2:W2/+W2H: 7;;8; {(1—&-1/2) 7r—2(1/4— §I/2+1) arcsin (1—&——;2) —

v (1 - 1/2)] (161)

and

~ = = 1—22 4 1-22
Rp:Ri:—ﬁ—Rg:;%{(l—ﬁ—V?) [W—Qarcsin<1+y )}—4—51/1_'_—52} (162)

v2

are obtained for the second quermassintgral Ws and mean radius of curvature Rp of
a hyperlens.

Additionally, in the limit v — 0, the geometric measures Sp, Wa, and Rp with
Eqgs. (145), (161), and (162) can, for numerical stability, be expanded in Maclaurin
series as

8 3 6 o 4
SP == §7T7"eq [1 + 37/ + @) (7/ ):| ) (163)
1 o 32 3 5
Wo = 37eq [7r + Y +0 (1/ )} , (164)
and
Rp = 3—7_r?“eq |:1 + gV +0 (V )] (165)

to obtain the limits of a spherical hyperplate with Egs. (101), (103), and (104). For
the volume Vp [Eq. (144)], the expansion

Vp = 167rr§q [%51/ + %lﬁ + 0 (y5)] (166)

is obtained.

4.2.5 Hyperspherical cap

A hyperspherical cap is a hypersphere cut off by a single hyperplane resulting in
half of a spherical hyperplate as a singularity on the surface of this geometry. The
hyperspherical cap can be defined by the radius of the hypersphere rg and the critical
angle 0. (Fig. 10). With these parameters, the height

h=rg {1 ~ cos (%)] (167)
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and radius of the cap

Teap = 70 Sin (%) = [h(2ro — h)]'/? (168)
are obtained, resulting in the aspect ratio
27"cap
v= (169)
h
— <0< 27
2ro

of hyperspherical caps. In the limit v — 1, a hypersphere with radius r¢ results
while for v — 0, a spherical hyperplate with radius rcap is obtained. Placing the
hypersphere’s center in the origin of the coordinate system, the meridian curve r(z)

of the hyperspherical cap
1/2
r(z) = (r% — 22)

is identical to the meridian curve of the complete hypersphere [Eq. (58)].

1h
Tcap

% 6 h

0]

Fig. 10 Two-dimensional section of a hyperspherical cap with height h and radius rcap . For
a generating hypersphere with radius 7o, hyperspherical caps with critical angles 6. = 7/2
(Ihs) and 6. = 37w /2 (rhs) are depicted.

For the volume of a hyperspherical cap Eq. (30) can be used analogously to Eq.
(59) as

T0
4 3/2
Vp = §7r / (7“8 - 22) dz
’I‘o*h
2
2 — 2
= Lré 1 — — arctan ro h) - Tcaf (ro — h) (3T(2) + 27ﬂgap):| (170)
4 ™ Tcap 37T7“0
by replacing the limits of the integral accordingly. This agrees with
KD D D+11
Vo= 5o T s ( — 3) ¢ 0<h=m ()

as the expression for the volume of D-dimensional spherical caps in RP with 6. < 7
provided in the literature [50]. Here Z;(a,b) with
xr

To(a,b) = % /t“*1(1 bt
0
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_D(a+b)x
- T(a)l(}) a

is the regularized incomplete beta function [48]. Also Eq. (171) can easily be adapted
to

2.7-"1 (a,1 —b,a+1; z) (172)

KD D D+1 1
VP:TTO |:2—I,r2 Jr2 (T’ﬁ)] g < h<2rp (173)

for hyperspherical caps with critical angles . > 7 while, in R*, Eq. (170) can be

used for the volume of hyperspherical caps with arbitrary critical angles 6.
Its total surface area Sp can be written as the sum

Sp = Sp + Sp (174)

of the lateral surface area Sp and the surface area at the singularity Sp. For the
lateral surface area Sp, Egs. (33) and (168) can be used to obtain

ro — h) _ 2rcap

5~ (10 — h) (175)

7T7'0

2
Sp = 7r2r(?)’ [1 — — arctan <

m Tcap
while the surface area at the singularity

4
Sp = gm“gap (176)

is half the surface area of a two-sided spherical hyperplate. Hence, the surface area
of hyperspherical caps reads as

2 — 2 4
Sp = 72 [1 — — arctan (TO h) — sz (ro — h)] + —Wrgap (177)
A Tcap Ty 3
in R*.
For the lateral surface area Sp of D-dimensional spherical caps with 8. < 7
Bp rb-1 D-11
SP = 2 Igmp/rg 7’5 : OShSTQ (178)
is available in the literature [50] which can be adapted to
Bp rb-1 D-11 .
SP = 2 2 — I cap/ro T7 5 : To S h S 27"0 (179)

for 6. > 7. In R*, Eq. (175) can be used for the lateral surface area of hyperspherical
caps with arbitrary critical angles 6. Using

Sp=kp_1reapt (180)
for the generalized contribution of the singularity, the expression
_ D—-11 _
/BTDTOD 112 m\—5 3 —|—I€D_17“CDap1 : 0<h<nrg
Sp = Bp rD-1 - D-11 D-1 (181)
5 {2 — Lz /12 <—, 5)} +KD-1Tcap” : T0 < h < 21
results for the total surface area of D-dimensional spherical caps in R”.
For the second quermassintegral
Wy =W+ W3, (182)
the contribution for the continuous part W4 can be written as
2
2 —h 2
Wi = W—rg 1— = arctan ( 22 - sz (ro—h) (183)
4 ™ Tcap T
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using Eq. (49) with the principal radii of curvature

resulting from the meridian curve r(z) [Eq. (61)]. Using the regularized incomplete
beta function Zy(a,b), also

1 59 31 ]
. 170 L /2 (57 5) PoshsT s
5 =

L2ty 1 SV p<h<2

Zﬂ' To - Tgap/rg 575 LTo S = 47
can be formulated in analogy to the previously described geometric measures. The
contribution of the singularity W3  consists of half the contribution of a spherical
hyperplate with radius rcap [Eq. (103)] and half the contribution of the singularity
of a hyperlens with radius rcap [Eq. (159)] where

11 99 12

" 2 . (%
Wy = 3 §7r Tcap T+ 5 gwrcap arcsin [cos (EC)}
1
_ gwgap [g + arcsin (1 - %)] (185)

is obtained. Using Eqgs. (182), (183), and (185)

2
2 - 2
Wo = W—T% {1 — = arctan (TO h) - L‘ZP (ro — h)}
4 A Tcap Ty

+ grgap {g + arcsin (1 - %)] (186)

results for the second quermassintegral W of hyperspherical caps in R*.
For the mean radius of curvature

Rp = Rp + Rp, (187)
the contribution of the continuous part Ri; is
~ 2 — 2
Rp = %0 [1 — Z arctan (”"0 h) - L‘i}’ (ro — h)} (188)
™ Tcap Ty

using Egs. (53) and (168). Using the regularized incomplete beta function Zx(a,b),
Rp can be reformulated as

T0 31 .
_ 2 Lrzy /3 (57 5) P 0<hzn
L= . (189)

T0 31
E [Q—Irgap/r(z) (5,5):| A S h,S 27'()

For the contribution at the singularity Rg, again, half the contribution of a spherical
hyperplate [Eq. (104)] and half the contribution of the singularity of a hyperlens [Eq.
(160)] are added as

~ 18 18 0 4 h
Rp = 3 —37r7“cap + B chap Cos <EC) = grcap <2 - E) (190)
where
~ 0 2 ro—h 27"cap 4 h
=— |1— —arct - — —h — 2 — 191
Rp 5 { —arc an< . ) 2 (ro )|+ 5. cap - (191)

results for the total mean radius of curvature Rp.
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4.2.6 Hyperdoublecone

A hyperdoublecone is a uniaxial solid of revolution with inversion symmetry whose
meridian curve can be written as

r(z) =req — — (192)

in dependence on the equatorial radius req and aspect ratio v. Hyperdoublecones
exist as oblate (v < 1) and prolate (v > 1) solids with the limiting cases of a spherical
hyperplate for v — 0 and a hard needle for v — oo in R* analogously to three-
dimensional doublecones [34]. The two-dimensional section of a hyperdoublecone with
aspect ratio v = 2 is shown in Fig. 11. This geometry has an equatorial singularity
with a critical angle fc which is defined by

1

cos (0c) = ——, 193
(0e) = == (193)
similar to hyperlenses. Additionally, two apical singularities exist at z = Zwreq

similar to hyperspindles.

Fig. 11 Two-dimensional section of a hyperdoublecone with radius req, aspect ratio v = 2
and critical angle 0.

The volume Vp can be written as

UTe

4 121\ ® 2
Vp = 37 Teq = dz = 37Teq (194)

—VTeq

using Egs. (30) and (192). Since the lateral surface area Sp of this geometry equals
its total surface area Sp, Eq. (33) can be used and

VTeq
N 2
Sp = Sp = 4w% / <req - %) dz = gm«gq\/l +02 (195)

—UTeq
is obtained. For the principal radii of curvature

&w:&w:Qm—ﬂ)ﬁif (196)

v v
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and
|R3| = oo (197)
result from Egs. (46) and (47) using Eq. (192).

For the second quermassintegral the contribution of the continuous part W3 can
be written as

VTe
2 z 2
Wy = 37 / <Teq — |_1/|> dz = gmjrgq (198)
—UTeq

[Eq. (49)]. For the contribution of the equatorial singularity W4', analogously to
hyperlenses, an infinitely thin hypertorus can be used for a continuous completion.
Therefore,

wa = ;wrgq arcsin [cos (0c)] = 2 (199)

37rr§q arcsin (ﬁ)
results, similar to hyperlenses [Eq. (159)]. For the contribution at the apical
singularities 4", similar to hyperspindles,

ws' =0 (200)
is obtained [Eq. (133)]. Therefore, the second quermassintegral can be written as

"

Wy = Wo + W4 + 2wy’ = %wrgq {1/ + arcsin < (201)

1
V1+v2 )}
in dependence on the equatorial radius req and the aspect ratio v.

For the mean radius of curvature Rp, similar to the second quermassintegral Wa,

~/ 4 1/2

Rp = —req——— 202
P = a0 Teq 112 (202)
is obtained from Eq. (53) for the contribution of the continuous part R'P,
~ 8 8 1
Rg = g’f’eq COS (00) = g’f’eqﬁ (203)
for the contribution of the equatorial singularity Rg [Eq. (160)], and
Rp =0 (204)
for the contribution of the apical singularities R [Eq. (134)]. Hence,
L _ 4 249
Bp = Rp + Rl + 2R} = i (205)

N

results for the mean radius of curvature Rp.

4.2.7 Hypercone

Similar to a hyperdoublecone, placing the spherical base’s center in the coordinate
system’s origin, the meridian curve of a hypercone reads as
r(z) =10 — = (206)
v
in dependence on its base radius rg and aspect ratio v. In Fig. 12, the two-
dimensional section of a hypercone with aspect ratio v = 2 is shown. Identical to the
hyperdoublecone, a hypercone’s critical angle 0. is

1
COS (00) = ﬁ . (207)
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Vro

ro

Fig. 12 Two-dimensional section of a hypercone with radius ro, aspect ratio v = 2 and
critical angle 0.

The volume of a four-dimensional hypercone reads as
3
Vo= 2r / (ro — 5) dz = %m/ré (208)
v

[Eq. (30)], half the volume of a corresponding hyperdoublecone [Eq. (194)]. Its lateral
surface area Sp can be written as
4
Sp = gmgx/ 1402 (209)
[Eq. (33)], half the total surface area of the corresponding hyperdoublecone [Eq.
(195)]. With the contribution of the base

4
Sp = gmg, (210)

the total surface area reads as
4
Sp = Sp + S = S (\/1 Fo2 1) (211)

in dependence on the radius rg and aspect ratio v. For the contribution of the
continuous part to the second quermassintegral

Wy = %m/r(z) (212)

[Eq. (49)], half of the contribution of a corresponding hyperdoublecone is obtained
[Eq. (198)]. The principal radii of curvature with

Ri(2) = Ra(z) = (ro - 2) YE2 (213)
and
R3] = oo (214)

of a hypercone are identical to those of a hyperdoublecone. Similar to hyperspherical
caps, the contribution of the singularity at the base WQH consists of half the contri-
bution of a spherical hyperplate and half the contribution of a hyperdoublecone’s
singularity. Hence, the base singularity contributes

1 2

1
wy = 57 e+ gwrg arcsin [cos (0c)]
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= %71’7‘(2) |:7T + 2arcsin ( (215)

1
V142 )]
to the second quermassintegral. Since the contribution of the apical singularity W' =
0 vanishes, the second quermassintegral Ws of a hypercone can be written as

1 o 1
Wy = W2I+W2/I+W2/H = —7rQ [21/+7r+2arcsin <7)] . 216
6 V142 (216)
Similar, the contribution I:E/P of the continuous surface curvature to the mean
radius of curvature

~, 2 V2
P 3_7TT0 V1402
is half the contribution of a corresponding hyperdoublecone [Eq. (202)]. For the
contribution at the base singularity, analogously to the contribution of the second

quermassintegral, half a spherical hyperplate and half a hyperdoublecone can be
used, resulting in

(217)

18 18 4 1
Rp = 33,70 + 33,70 cos (0c) = 3770 (1 + ﬁ) . (218)

"o

Since the apical singularity with R} =0 [Eq. (134)] does not contribute to the mean
radius of curvature, Rp of a four-dimensional hypercone can be written as

o= Rt B R = 2o (2 + ﬁ) . (219)
37 1/1_|_1,2

4.2.8 Truncated hypercone

When a hypercone with base radius rg and aspect ratio v is cut off by a hyperplane

parallel to the base at height h, a truncated hypercone results with radius r1 at the

second singularity. The section of such a truncated hypercone is shown for an aspect

ratio of v = 2 and height h = r¢ in Fig. 13. The meridian curve r(z) is again
Oo—"

-

with the center of the base with radius rg as origin of the coordinate system. The

aspect ratio v can be defined by

r(z) =rg— S =Ty (220)

h
o —T1

V= = tan (0c) (221)
restricting r1 < rg. The case r; = rg resulting in a hypercylinder with aspect ratio
v = h/(2rq) is discussed in section 4.2.2. In the limits v — 0 and h — 0 a spherical
hyperplate with radius r9 = r1 results while for the limit r1/rg — 0 a hypercone
with radius r¢ and aspect ratio v is obtained.

Again, 6. is the critical angle with

1
cos (0c) = —, 222
identical to hyperdoublecones and hypercones. The volume Vp of a truncated
hypercone can with Eq. (30) be written as

h

4 _ 3 )
T L N
0



Geometric measures of convex uniazial solids of revolution in R* 33

y \
/ H \
2R BN vry

Vro

———

ro

Fig. 13 Two-dimensional section of a truncated hypercone with radii ro, r1, height h = ro,
aspect ratio v = 2, and critical angle 6.

which can be extended to

hrP -l
VP =rp-15 rll — rg (224)

for D-dimensional truncated cones in Euclidean spaces RP. Its lateral surface area
Sp can be written as

4
Sp = 37 (r% +ror1 + r%) h2 + (rg —r1)? (225)
[Eq. (33)] and with the contributions
4
Sp = gmg (226)
and
" 4 3
Sp = 371 (227)
at the singularities, the total surface area Sp = Sp + Sp + Sp’ as
4
Sp = 37 [r(?)’ +75 4+ (r% +rory + r%) h2 + (ro — 1"1)2] (228)

is obtained. This can be generalized to RP as

po1, p1, =P 2
Sp=rp-1|rg  +r 42— \[h? 4 (o = 11) (229)
1—70

using the common relation

Bp
wp =L (230)
of the volume kp to the surface area Sp for a D-dimensional unit sphere [Egs. (11)

and (14)]. Combining the meridian curve [Eq. (220)] with Egs. (46) and (47)

ro —T1 Z) h? + (T'() — T1)2

R1(2) = Ro(2) = (7’0 — -

(231)
and

|Rs| = oo (232)
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result as principal radii of curvature. Herewith, the contribution of the part with
continuous surface curvature to the second quermassintegral of a truncated hypercone
can be written as

1
Wy = 37 (ro +71) (233)
using Eq. (49). For the contribution at the base singularity, similar to hypercones
11 12
Wy = 337 g + 3 §7rr0 arcsin [cos (0c)]
1 9 . o —T1
= —ary |7+ 2arcsin | ———————= 234
6 < h2+(ro—r1)z>} (234

results, using half of a spherical hyperplate and half of a hyperdoublecone. For the
contribution at the top singularity to the second quermassintegral

11 12
wa = 337 72 % ~3 gwr% arcsin [cos (6¢)]
1 9 . o —T1
= —7r] |m — 2arcsin | —— 235
G [ ( h%(ro-nﬂﬂ )

is obtained in analogy to three-dimensional truncated cones [34]. In total,

Wo = Wa + Wi + w4’ *lw(ro +7r1)qh+ (rog —r1)arcsin __To—"n
3 h? + (rg —r1)2

1
+ o (r% + r%) (236)
results as second quermassintegral Wy for truncated hypercones in R

Finally, the mean radius of curvature Rp of a truncated hypercone consists of
the contribution of the continuous part

., 2 %

e — (237)
h? + (ro — 7"1)2
[Eq. (53)] and the contributions of both singularities
=1 18 18 4 ro — 71
=—-— - — 0c) = — 1+ —————— 2
Bp =3 570+ g ggrocos (be) 37TT0< + h2+(r0—r1)2> (238)
and
18 18 4 rg — 11
RY == =r 0c) = — 1-—0"1 ) 239
Pt g e =g h? + (ro —r1)? (259
Hence, for the mean radius of curvature of a truncated hypercone
h,2 + 2(7"0 — 7"1)2
Rp =Rp +Rp + Rp = 2ro+71) + —/—/—m—m—=— 240
p = Ip + p 3 ( ) T o= )? (240)

is obtained.
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5 Results

Using the geometric measures volume Vp, total surface area Sp, second quermass-
integral W, and mean radius of curvature Rp, the second virial coefficient Ba,
representing the excluded volume per particle for the four-dimensional, convex solids
of revolution provided in Sec. 4, can be obtained using Eq. (25). To investigate the
influence of the specific particle shape in dependence on the aspect ratio v, these
virial coefficients can be normalized to the particle volume Vp using

« By SpRp = 6 W3
Br_ b2 _ 4 202 241
2=y Tt e (241)

as reduced second virial coefficients B5. The resulting reduced virial coefficients,
independent of the particle size, allow an expansion of the real gas factor Z in powers
of the packing fraction 7 [Eq. (2)] and thus a comparison of different geometric shapes.

5.1 Solids with inversion symmetry

In Fig. 14, the second virial coefficients Bs of hyperellipsoids, hyperspherocylin-
ders, hyperspindles, hypercylinders, hyperdoublecones, and hyperlenses as four-
dimensional, uniaxial solids of revolution with inversion symmetry are shown. While
hyperspherocylinders and hyperspindles are strictly prolate geometries with v >
1, hyperlenses are strictly oblate geometries with 0 < v < 1. Hyperellipsoids,
hypercylinders, and hyperdoublecones can be prolate or oblate with 0 < v < oo.

%0 | — Hyperellipsoid J— Hyperellipsoid P
[ —:- Hyperlens H 10° f — - Hyperspherocylinder
20l Hypercylinder b — - Hyperspindle %
[ ---- Hyperdoublecone H Lo Hypercylinder S
6o0F " % + %71’2 : 104 | -~ Hyperdoublecone 5v2
<5 so0f [
> [ 103k
B [ F
40 3
30 * 102 .
20 .
[ LT
[, 101‘\ L — . —
10752 100 10! 102

Fig. 14 Second virial coefficient Ba/rg, of oblate (Ihs) and prolate (rhs) uniaxial solids of
revolution with inversion symmetry in dependence on the aspect ratio v. For v — 0, the
common limit BQ/T'éq =64/9 + 272 /3 of a spherical hyperplate is approached as visualized
by the horizontal line. To indicate the common slope at infinite aspect ratio, 52 is depicted
as a guide to the eye.

As visible in Fig. 14, hyperellipsoids, hyperspherocylinders, hyperspindles, and
hyperlenses approach in limit ¥ — 1 hyperspheres with radius req and

BPY — 4n2pd (242)

as their second virial coefficient.
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For oblate geometries, with decreasing aspect ratio all geometries approach in
the limit

B(hdcn) B(hlen) B(hell) B(hcyl)
lim —2 —fim 22 i 22 gy 22 O 20 (243)
v=0 ey v—=0  Tq v=0  Tq v—=0 Ty 9 3
spherical hyperplates with radius req and
sh 64 2 9\ 4
BEP) — (5 + 37 ) o (244)

as their second virial coefficient.

In the limit ¥ — oo, hard hyperneedles result where hyperspherocylinders
approach hypercylinders since the contribution of the capping hyperspheres becomes
negligible. For sufficiently large aspect rations, the proportionality Ba(v > 1) x V2
is observed as indicated by the black line 52, The limits of Bo/ (1/2r§q) with

(heyl)
B
lim —2— :%, (245a)
V—0o0 I 'r‘eq 3
(hscy)
B
lim —2— :%, (245b)
V—00 Teq 3
(hell)
. Bj 64 2 o
M A =g Ty (245¢)
(hspi)
B 1408
li 2 = 245d
e N (245d)
(hdcn)
B
lim —2—— = 58 (245¢)
V—0o0 Teq 9

decrease from hypercylinders (hcyl) and hyperspherocylinders (hscy) with identi-
cal value over hyperellipsoids (hell) and hyperspindles (hspi) to hyperdoublecones
(hdcn). This sequence is in accordance to the relation

K(hdcn) c K(hspi) - K(hell) c K(hscy) - K(hcyl) (246)

for convex sets K = K(v,req) of hyperdoublecones, hyperspindles, hyperellipsoids,
hyperspherocylinders, and hypercylinders with identical aspect ratio v and equatorial
radius req. This behavior is identical to their three-dimensional analogues [34].

5.1.1 Prolate geometries

To analyze the influence of the detailed particle geometry, reduced virial coefficients
Bj are compared in Fig. 15 (lhs) in dependence on their aspect ratio v. For a better
display of relative deviances, the ratios of reduced second virial coefficients B3 (v) to

the reduced second virial coefficient B, (hen)(u) of hyperellipsoids are shown in Fig.
15 (rhs). In the limit ¥ — 1, hyperellipsoids, hyperspherocylinders, and hyperspindles
approach hyperspheres with a reduced second virial coefficient of B; (hsph) _ 8.
For arbitrary dimensions D, the reduced second virial coefficient of D-dimensional
spheres is

B (hsph) — 9D—1 (247)

as commonly known [16].
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Fig. 15 Reduced second virial coefficients B; of prolate solids of revolution with inversion
symmetry (lhs) and these coefficients normalized to the reduced second virial coefficients of

hyperellipsoids B, (hell) (rhs) in dependence on the aspect ratio v.

With increasing aspect ratio v, the proportionality B3 (v > 1) o v is observed
with the limits

x (heyl)
B
lim —2 -8 , (248a)
V—00 v e
B* (hscy)
lim —2 _8 , (248b)
v—00 v ™
. B* (hspi) 77
Jim, = 2150
% (hell)
. B, 4 128
R Rl =k (2484)
* (hdcn)
. B 28
Jim ——— = o= (2480)

in increasing order [Fig. 15 (rhs)]. Again, for large aspect ratios hyperspherocylinders
approach hypercylinders with a negligible contribution of the capping hyperspheres.
The limit for four-dimensional hyperspherocylinders is already reported in a previous
work [49].

Particularly interesting is the limiting case v — 1 for hypercylinders and hyper-
doublecones: For four-dimensional hypercylinders and hyperdoublecones with aspect
ratio v = 1, the reduced second virial coefficient

[5; " =1)] = [B; MV =1)] =3+ 0, : (249)
™
is identical and thus the rotation-averaged excluded volume Vex for particles with

the same volume Vp is identical, too. For the volumes of D-dimensional cylinders
and doublecones in R” | in general

Vi w) = DV (v) = 26 p_qvrd) (250)

is obtained [Egs. (29), (106), and (192)]. The reduced second virial coefficients B3
of four-dimensional hypercylinders and hyperdoublecones can also be compared to
Bj5 of their analogue geometries in lower-dimensional Euclidean spaces: In Rz, for
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the meridian curve of a hypercylinder a rectangle and for the meridian curve of a
hyperdoublecone a rhombus with half the area of the corresponding rectangle are
obtained. In the limit v — 1, hard squares result for both geometries and therefore
also the same reduced second virial coefficient By = 1 + 4/7 results [47].

In ]RB, however, the reduced second virial coefficients of cylinders and double-
cones with aspect ratio v = 1 differ [34]. This results lead to the conjecture that the
rotation-averaged excluded volumes of D-dimensional, uniaxial cylinders and dou-
blecones with aspect ratio ¥ = 1 and identical volumes V(Cyl) V(dcn) are identical
in even-dimensional Euclidean spaces and different in odd d1mens10nal spaces. The
proof is beyond the scope of this work and will be topic of future work.

Comparing Fig. 15 (rhs) with the analogue three-dimensional results (Fig. 7 in

[34]), characteristic differences are observed between R® and R*: For large aspect

ratios v > 1, the ratios of the reduced second virial coefficients B3 /B*(hen)

more similar in R? than in R? due to the additional symmetry of the solid. The
reduced second virial coefficients of hyperspherocylinders and hypercylinders in R*
normalized to those of hyperellipsoids similarly depend on the aspect ratio v as
the reduced second virial coefficients of spherocylinders and cylinders normalized to
ellipsoids in R?. However, for solids with apical singularities, deviations are observed.
Opposite to spindles in R?, for hyperspindles in R* the ratio [BQ( )/B*(hen)( )] <1
results for v — oco. Also for hyperdoublecones with increasing aspect ratio v, the ratio

B;(v)/ B*(hen)(y) is significantly smaller than for doublecones in R®. Especially, the
reduced second virial coefficients of geometries with apical singularities differ much
less 13n R* at large aspect ratios v > 1 from those without apical singularities than
in R°.

5.1.2 Oblate geometries

While hyperellipsoids of revolution, hypercylinders, and hyperdoublecones exist in
addition to prolate aspect ratios v > 1 also as oblate solids of revolution with 0 <
v < 1, hyperlenses are restricted to oblate aspect ratios. In Fig. 16 (lhs), reduced
second virial coefficients Bj of these geometries are shown in dependence on their
inverse aspect ratio vl

In the limit »~! — 1, hyperlenses and hyperellipsoids approach hyperspheres
with B = 8. With decreasing aspect ratio v, the proportionality Bj(v < 1) o v~ !
is observed with the limits

l}lgb [Z/B*(hcyl)] = % (251a)

NETU ;fz,

1}131 [ *(hlen)] _ g ’ (251¢)

lim [VB;‘ (hdcn>] ™+ % (251d)
in increasing order. Note that for hyperellipsoids of revolution the relation

is fulfilled [Egs. (248d) and (251b)].
Despite hyperlenses and oblate hyperellipsoids are similar particle shapes, the
reduced second virial coefficients of hyperlenses exceed those of the corresponding
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Fig. 16 Reduced second virial coefficients B3 of oblate solids of revolution with inversion
symmetry (lhs) and these coefficients normalized to the reduced second virial coefficients of

hyperellipsoids B; (hell) (rhs) in dependence on the inverse aspect ratio v~ 1.

hyperellipsoids of revolution for all aspect ratios v < 1, indicating the influence of the
detailed particle shape beyond size and aspect ratio. In R4, for small aspect ratios
0 < v <« 1, larger differences between the reduced second virial coefficients of these
geometries are observed than between their analogues in R3 [Fig. 11 in [34] and Fig.
1(451 (rhs)] which is opposite to the comparison of prolate geometries between R? and
R™.

5.1.3 Comparison of shapes existing both as prolate and
oblate solids of revolutions

Hyperellipsoids, hypercylinders, and hyperdoublecones exist both as prolate and
oblate solids of revolution with aspect ratios 0 < v < co. Since in addition to the
former geometries with inversion symmetry also hypercones (discussed later in Sec.
5.2.2) exist as prolate and oblate solids of revolution, they are for completeness
included in this comparison. In Fig. 17, reduced second virial coefficients B3 of these
geometries are displayed as well as reduced second virial coefficients normalized to
those of hyperellipsoids of revolution in dependence of their aspect ratio v.

The reduced second virial coefficient B3 for each geometry traverses a minimum
B;min at Vpin as summarized in Table 1. As expected, hyperellipsoids approach for
v — 1 a hypersphere with the smallest B3 possible while for different geometries the
minima are located at vy, # 1.

Table 1 Minima of reduced second virial coefficients B3

. 3 min and corresponding aspect
ratios vmin-

Geometry Vmin B;,min (Vmin)
Hyperellipsoid 1 8

Hyperdoublecone  1.456428 ... 9.506 809 ...
Hypercylinder 0.801098 ... 10.050852 ...

Hypercone 2.502640 ... 12.394541 ...
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Fig. 17 Reduced second virial coefficients B for shapes existing as prolate and oblate
solids of revolution (lhs) and their reduced second virial coefficients normalized to those of

hyperellipsoids B3 /B; (hell) (rhs) in dependence on the aspect ratio v.
In addition to the symmetry relation for reduced second virial coefficients of

hyperellipsoids of revolution in the limits v — 0 and v — oo [Eq. (252)], a general
symmetry relation

B; (hell) (v) = B} (hell)(y—l) (253)

can be identified in R? which also exists for ellipsoids of revolution in R® [34].
This symmetry relation exists for D-dimensional ellipsoids of revolution in arbitrary
dimensional Euclidean spaces RP as proven in the following.

Theorem 1 For D-dimensional, uniazial ellipsoids of revolution with aspect ratio
v, the relation

B;“W(D,v) =B, (D,v) (254)

18 fulfilled for the reduced second virial coefficient B;(ell) in FBuclidean spaces RP with
arbitrary dimension D.

Proof Starting from the Brunn-Minkowski theorem
1 & (D
Vex(K) = — ( ) Wi(K)Wp_i(K)
KD izo 7
[Eq. (21)] for the rotation-averaged excluded volume of two identical convex particles
K, their reduced second virial coefficient Bj(K) can be written as

D
B3 (K) = g > (D) Wi(K)Wp_i(K) (255)

with By = By/Vp [Eq. (241)], Vex(K) = 2Bs(K) [Eq. (16)], and Vp(K) = Wy(K)
[Eq. (22a)]. For D-dimensional, uniaxial ellipsoids of revolution, the quermassintegral
W; can be determined by

; —i D+1 i D
W; :f;DVH'lrgl YoF (—;— ,%,5; 1—1/2)
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[Eq. (88)]. With
Wo = kprrdy, (256)

the reduced second virial coefficient B for a D-dimensional, uniaxial ellipsoid of
revolution reads as

D
11 1 D\ o ,D+2,.D D+1 ¢ D 2
By Dy = ey Z[() "oy ”eq?fl(—z 7575;1‘”)

2/<cD1/rqu =0
2 F1 (%,D;Z,g, 1- 02 ] (257)
which can be rewritten as
B (p ) = %VDHi KD) - (¥5§ 1_1/2)
=
o F1 (%,D;i,% 1—1/2)] . (258)

. —1
Analogously, for aspect ratios v~ ",

D
% _ D+1 ¢ D 1
B2 (ell)(D,l/ 1) = —(D+1) Z [( ) 2]:1 ( a%a Ea 1- ﬁ)

is obtained. Using the Pfaff transformation [48]

Qfl (a7b7 G Z) = (1 - z)—(l 2]:1 (CL,C— b7 & ﬁ) (260&)
=(1-2)""F <c—a,b,c, z1> (260b)
the relations
D+1 i D . 5\ _ _(p+1) D+1 D—i D . 1
25""1( 5550 ! 7/) v 21| =5 5 g L) (261)
and
D+1 D—1 D 2 (D+1) D+1 ¢ D 1
- 1— Tt B ) (262
2]‘—(27 5 g V) 2Pl =55 g 3 (262)
result. Using Eqgs. (261) and (262), Eq. (259) can be written as
D .
« (ell) “1y,_1 pn D D+l i D | 2
B2 (D7 )_2 %[(Z)Qfl( 9 327231 v
D+1 D—i D 2
oA (PP B e

equal to Eq. (258). Hence, the theorem
B; (ell) (D,v) = B; (ell) (D, l/_l)

results. This completes the proof. O
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5.2 Solids without inversion symmetry

Hyperspherical caps, hypercones, and truncated hypercones are convex, uniaxial
solids of revolution without inversion symmetry for which second virial coefficients
By and reduced second virial coefficients B3 can be obtained analytically from the
geometric measures Vp, Sp, Wa, and Rp [Eq. (241)].

5.2.1 Hyperspherical caps

The second virial coefficients of hyperspherical caps can either be expressed in depen-
dence on the critical angle 6. or the aspect ratio v. The latter quantities are related

by oo ()] e ()] o=

v= (264)

1 6
5{1—cos<§)] c < 0e <21

[Eqs. (167), (168), and (169)].

1.030F
404 —-- Hyperlens
1.025F Hyperspherical cap
Br 1020}
1.015}
30 7
1= =4 1010t
251 1< 2
&' 1.005 |
20} ] 1.000 } ———— e -
0.995
15 i
‘ ‘ ‘ 099, . . ‘ ‘
0 % T 37” 2 102 1071 100
90 1

Fig. 18 Second virial coefficient Bz of hyperspherical caps with radius of the generating
hypersphere o and radius of the spherical singularity rcap in dependence on the critical

angle 0. (lhs) and reduced second virial coefficients B (v)/B, (hlen) (v) normalized to those
of hyperlenses in dependence on their aspect ratio v (rhs).

In Fig. 18 (lhs), the second virial coefficients Ba of hyperspherical caps are
shown in dependence on the critical angle 6c. For critical angles 0. — 0, a spheri-
cal hyperplate with radius rcap and second virial coefficient By = (% + %7‘(’2)7‘3&13
results, while for 6 — 2w, a hypersphere with radius r¢p and second virial coeffi-
cient Bg = 47r2r3 is obtained. For 6. = m, simply rcap = ro = h with second virial

coefficient By = (%WQ + 27 + %) ré‘ results.

The ratio of reduced second virial coefficients of hyperspherical caps and hyper-
lenses B3 (v)/B, (hlen)(y) is displayed in Fig. 18 (rhs) in dependence on the aspect
ratio v. The reduced second virial coefficients are nearly identical with a maximum
ratio at v &~ 0.59, a minimum ratio at v &~ 0.22 and a second, less pronounced min-
imum ratio at v =~ 0.95. In the limit v — 0, both geometries approach a spherical
hyperplate.
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5.2.2 Hypercones & truncated hypercones

The second virial coefficients By and reduced second virial coefficients Bj of trun-
cated hypercones are depicted in Fig. 19 in dependence on the aspect ratio v
for selected ratios r1/rg. In the limit r1/rg — 0, truncated hypercones approach

hypercones. For the second virial coefficient Béhcon) of hypercones, in the limit
hcon)
B! 14
im —2 - =
S = 29

2

the proportionality Ba(rv > 1) x v“ is observed while for the reduced second virial

coefficient in this limit

B; (hcon) B 14

lim = — 266
v—00 v 3T ( )
the proportionality Bj (v > 1) o< v results.
/=0 s —ri/ro=0
0%~ — /=02 —=r/rn=02
—'-rl/r0:0.4 103 F \\ —'-rl/r0:O.4
r1/ro=0.6 b N r1/ro=0.6
- rl/r() =0.8
10° |
e
~ * N
N Q
B 102}
102 L
o 10t ‘ ‘ ‘ ‘
102 107" 10° 10' 107 102 10" 100 10! 10?
v v

Fig. 19 Second virial coefficient Bz (lhs) and reduced second virial coefficient B3 (rhs) of
truncated hypercones in dependence on the aspect ratio v for selected ratios of radii r1 /ro.
In the limit r1 /ro — 0, a hypercone results.

The second virial coefficients of both, hypercones and truncated hypercones,
approach in the limit

2

By G4 2, (267)

lim — 2
vo0rg 9 3

the expected value of a spherical hyperplate. In the limit r1/r9 — 0, approaching
* (hcon)

hypercones with the reduced second virial coeflicient B, , in the limit
* 4
lim [1/32 (hm)] —ong B (268)
v—0 3m

the proportionality B; (heon) r<l)x v~ 1 is observed for vanishing aspect ratios v.

With increasing aspect ratio v, the second virial coefficient By of truncated hyper-
cones decreases with increasing ratio of radii r1/rg. The minima of reduced second
virial coefficients B3 with respect to the aspect ratio v decrease with rising ratio of
radii r1/rp and shift to larger aspect ratios.



44 Geometric measures of convexr uniazial solids of revolution in R*

5.3 Excluded volume of D-dimensional spherocylinders

Using the general expression for quermassintegrals of D-dimensional, uniaxial
spherocylinders in Euclidean spaces RP

D—: i

W; = HD+2(V—1) I€D71:| rgf

[Eq. (99)] and the Brunn-Minkowski theorem [Eq. (21)], the excluded volume of
identical particles can be written as

VYD = 9Py 4 2P 2 (SPRP - Dvp) (269)
for any dimension D, depending only on quermassintegrals of orders ¢ = 0, ¢ = 1 and

t1=D-—1.

Theorem 2 For identical, uniazial D-dimensional spherocylinders with aspect ratio
v and radius req, the rotation-averaged excluded volume Ve(,fcyl) can be written as

1 D -1 K2
VEY = (2req)? [kp +2(v — 1) kp_y + (v — 1)? Z = 22 (270)
D KD
= QDVP + 2D72 (SPRP — DVp)
in Fuclidean spaces RP with arbitrary dimension D.
Proof Starting from the Brunn-Minkowski theorem
1 & (D
Vest1) = 232 (7)) Wt o-i6)
1=

[Eq. (21)] for the rotation-averaged excluded volume between any two identical
convex solids K, the expression

D
o) 1 D ~ D—i i
) (i){{nmefilw(v—l) 5 RD-1TE ]

K
Do

|:I€D7“éq+2(l/— 1) %ND,lréq]} (271)

results for D-dimensional spherocylinders using Eq. (99). This can be rewritten as

1 2. (D 2 /D
Ve(;cy):Z<i)mDrqu—i—Z(i)Q(v—l)mD,lre%—ﬁ—
=0

=0
D N2
D 2o (D—14)ikp_1 D

Using the binomial theorem

D
> (? ) =2P, (273)

K3
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for the excluded volume between identical, D-dimensional spherocylinders

2 .2 D N
(seyl) _ D _ (v-1)"Kp-1 D D\ (D —i)i
Vex - (QTEQ) [’{D +2 (V 1) ’%Dfl] + D KD Teq ;_0 i 4 D )

(274)
is obtained. With
D
D\ (D—14)i _p
, (i)4T72 (D-1) (275)
1=0
immediately
2
S D—-1Kp_
VE™ = (2req)” |kp +2(v = rpoy + (v = 1)* T5—= =L (276)
D

results. Using the representation of geometric measures Vp, Sp, and Rp via
quermassintegrals

Vo =Wo=kpr& +2(w—1)rkp_1r&, (277a)
Sp=DWy =Drpri t +2(w—1)(D=1)kp_1r&y b, (277h)
~ 1 1 Kp_1

RP = 5WD71 :Teq—ﬁ-?(l/—l)ﬁﬁTeq, (277C)

the relation
2
2 D—1Kp_1 D
D kp 4

is obtained for D-dimensional spherocylinders [Egs. (22) and (99)]. With Eqs. (277a)
and (278), the excluded volume can be rewritten as

SpRp — DVp =4 (v —1)

(278)

Ve()fcyl) = QDVP + 2D_2 (SPRP — DVp)
[Eq. (276)]. This completes the proof. |

As a unique feature of four-dimensional hyperspherocylinders, their excluded

volume Ve(,?scy) [Eq. (270)] does not depend on the particle volume Vp. Using Eq.

(16), the second virial coefficient of D-dimensional, uniaxial spherocylinders reads as

BEYY = 9Pl 4 9P 3 (SPRP - DVp) (279)

and the reduced second virial coefficient B3 as
B; (seyl) _ gD=1 | oD-3 <5PRP _ D) (280)

Vp
[Eq. (241)].
The influence of the aspect ratio v is visible from the reformulation
2
B; (seyl) _ D=1 |4 + D—-1kp_ (v-1) — (281)
D kp 2(v—=1)+rpkpH_4

with the limits

. * (scyl) __oD-1
uhl}nl B, (D,v) =2
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for a D-dimensional sphere [Eq. (247)] and

b B ey (D, y) _,pD-1_T(D/2)

e T v sV7 T((D+1)/2)
for an infinitely long D-dimensional spherocylinder. In the latter limit, the propor-
tionality B o v is obtained in accordance to the results in dimensions 2 < D < 4
reported in the literature [34, 47, 49]. Since in the limit ¥ — co the contributions of
the capping D-dimensional hemispheres are negligible (see Sec. 5.1.1), the limits

B (scyl) D BX (cyl) D

lim —2 77/ (D,v) = lim —2 Y27/ (D,v)
v—00 v v—00 v

are identical for D-dimensional spherocylinders (scyl) and D-dimensional cylinders

(cyl). In Table 2 the results for these limits are provided for Euclidean spaces RP

with D < 16.

(282)

(283)

Table 2 Reduced second virial coefficients B3 for D-dimensional spherocylinders with
aspect ratio v in the limit v — oo [Eq. (282)].

B3 *¥Y(D,v) B; (D v)

D lim D lim
v—00 1 vV—r00 14
1
1 0 2 —
K
23
3 1 4 —
™
27
5 6 6 —
3
211
7 30 8 —
107
215
9 140 10 —
35T
219
11 630 12
1267
223
13 2772 14
462w
227
15 12012 16
17167

Instead of an infinitely long D-dimensional spherocylinder with radius req, a rod
with length [ and radius req = 0 is an alternative description of a hard needle in RrRP
[47]. The quermassintegrals W; read as

0 i< D-2
W; = %l:i:D—l (284)
KD t1=D
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for such line segments [36, 37]. With Eq. (21), in R! the excluded volume Vex = 21 and
in R? the rotation-averaged excluded volume Vex = 212 /7 of hard rods are obtained.
In Euclidean spaces R” with D > 3, the rotation-averaged excluded volume Vex = 0
of infinitely thin rods with length ! vanishes [37].

6 Summary and Outlook

In this work, analytical expressions for the geometric measures volume Vp, surface
area Sp, second quermassintegrals W and mean radius of curvature Rp are derived
for selected convex solids of revolution in R, The results are summarized in Tables 3,
4, and 5. Using Egs. (22), analytical expressions for so far unknown quermassintegrals
W; are obtained. Employing these quantities, with Eq. (18) the intrinsic volumes v;
of these convex solids of revolution are analytically accessible, too.

In addition to hyperspheres, hyperellipsoids of revolution, hyperspherocylinders,
hypercylinders, and spherical hyperplates with already known quermassintegrals
(Table 3), analytical expression for so far unknown quermassintegrals of hyper-
spindles, hyperlenses, hyperdoublecones, hypercones, truncated hypercones, and
hyperspherical caps are provided (Tables 4 and 5). The latter geometries possess
removable singularities in their surface curvature. While apical, zero-dimensional sin-
gularities do not contribute to quermassintegrals, higher-dimensional singularities
contribute as exemplarily shown in detail for hyperlenses. This contribution, in gen-
eral depends on the critical angle enclosed within the e-vicinity of the respective
singularity. For uniaxial solids of revolution with infinitely large aspect ratios in R?,
a general proportionality B3 o< v of reduced second virial coefficients to the aspect
ratio arises whereas for infinitely thin oblate geometries, the general proportionality
B} o v~ ! results.

With known principal radii of curvature, the quermassintegrals are accessible for
arbitrary convex solids in R* [Egs. (54)]. The generalization to dimensions D > 4 for
geometries with continuous surfaces curvature [Eq. (55)] is straight forward. Possible
contributions of singularities can be determined analogously as demonstrated in R3
[34] and R* (this work).

For selected geometries, general expressions for their quermassintegrals are com-
piled in Table 6. Using such general expressions, the parity Bj(v) = Bi(v~1) for
uniaxial D-dimensional ellipsoids is proven. Additionally, for D-dimensional, uniax-
ial spherocylinders the dependence of the reduced second virial coefficient B3 on at
most three quermassintegrals Wy, W7, and Wp_q is proven, too.

A remaining task is the derivation of a general expression for quermassintegrals
of D-dimensional doublecones in R needed to prove or disprove the conjecture that
in even dimensions D reduced second virial coefficients of cylinders and doublecones
are identical at aspect ratio v = 1.
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Table 3 Geometric measures of four-dimensional hyperspheres, hyperellipsoids of
revolution, hyperspherocylinders, hypercylinders, and spherical hyperplates.

1
Hypersphere Vp = 57r27‘§ Sp = 27r2rg
1 55 -
Wo = §7r rH Rp =19
s Lo 4 1,5, (1-08
Hyperellipsoid Vp = §7r UTeq Wa = §7r Teq T

51
— 9.2,2.3 . 2
Sp = 2mvirg 2 Fu (5,5,2, 171/)

~ 5 3
Rp = 1/4req 2 F1 (E, 5,2; 1- 1/2)
1 2 8 4 2 3
Hypersphero- Vp = 37 + 3 (v =1 7| req Sp=[2r2+8(v—1)m] Toq
cylinder
1., 4 ) X 4
Wo = §7r +§(l/—1)7r Teq Rp = 1+3—ﬂ_(1’—1) Teq
: 8 4 8 3
Hypercylinder Vp = 3™ Sp = 37 Br+1)rey
1 ) _ 4
Wo = —m(dv +7m)7ey Rp = — (Vv +2)req
3 3
. 8 3
Spherical Vp=0 Sp = gwro
hyperplate
15, ~ 8
Wo = §7r TG P = 3—7rr0
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Table 4 Geometric measures of four-dimensional hyperspindles, hyperlenses, and

hyperspherical caps.

Hyperspindle

16 4

5 6 2
Vp = Trr4 {(1/47 gl/2 + 1) (1/2 +1)2arcsin (1/2 i 1) — 27

L +2
15 15” v

1 2

Sp = Em“gq {(31/6 +ut 402+ 3) arcsin (1/2 i 1) —6v° 4+ 61/}
5 2

Wa = 172rr2q |:(1/ + 24 1) arcsin (1/27:1) — w3 4 21/}

~ Teq 2 3 2v 2 v2-—1
Rp = — | (v® 4 1) arcsin — —v
P ™ {( ) (1/2 + 1) 3 v2+1

mrd 1—12
Vp = 4 {(1+V2)4 |:7r—2arcsin (H—Z?)} —4v {1—1/6

H 1
yperlens o0
11
+ =2 (1 1/2):|}
m(1+0v2)r3 1—v2
Sp = % {(1-1—1/2)2 {W—Qarcsin<1+z2):|
—4v (1 — 1/2)}
nra 2 1— 2
Wy = 81/92‘1 |:(1 -+ 1/2)2 T —2 (1/4 _ g1/2 —+ 1) arcsin (1—}—71112)
—4v(1— VQ)}
i Teq (1+ 2) 9 41/1—1/2
= — v?) |m — 2arcsin —_—
YT 2m B 1402
2 2 —hY\ 2
Hyperspherical Vp = W—ro 1 — — arctan Tcap ( —h) (37’0 +2r2, )
4 ™ Tcap P
cap

ro—h 2Tcap
- 2

4
—h —mrd
7”"() (TO ):| + 37rTcdp

2
Sp = w2 T‘O |:1 — — arctan (
T

Tcap

2 —h 2
Wa = ﬂ——ro {1 — — arctan (TO ) - rca2p (ro— h)}
T

Tcap g

—1—17’2 i + arcsin | 1 — ﬁ
3 P |2 0

- 2 —h 2
RP:T—O[lffarctan(ro )*sz(?“o*h)}
2 ™ Tcap Y

4 h
+-—"cap 2—- —
3T 0
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Table 5 Geometric measures of four-dimensional hyperdoublecones, hypercones, and

truncated hypercones.

2 8
Hyperdoublecone Vp = gwm‘;‘q Sp = gwrgq\/l + 2
2 1
Wy = gfrrgq {1/ + arcsin (ﬁ)}
i 4 V242
= —7 —_—
P 3T e V14 V2
1 4
Hypercone Vp = gmjrg Sp = 571'1”8’ (\/1 + 2+ 1)
Wa = g [t e (S )
=—mri |2v+ 7 arcsin [ ——
2 6 © 1412
- 2 v2+2
Rp = — 24 —
R ( V1+ V2)
h
Truncated Vp = §7r (7‘8 + 7’87’1 + 7‘07‘% + r?)
hypercone

4
Sp = §7r [rg +r:13 + (T(Q) + rory +r%) h2 + (ro fr1)2:|
Wa = (o +71) { h+ (0 — 1) arcs non

= _—mw(rog+r ro —r1)arcsin | ————————
2=3m(ro 1 0—T1 (e

1
am (i34 1d)

- 2 h? +2(rg — 1)
Bp = = |2(ro+r1) + 20 7 )7 (ro — 1)
3m h2 + (ro —r1)?
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Table 6 Quermassintegrals W,; of D-dimensional, uniaxial solids of revolution.

Sphere W; = &Dr(?_i
. . D+1 ¢ D
Ellipsoid W; = nDu”lre%_l 2 F1 —+, 1, —;1-v2
2 272
. D—i i
Spherocylinder W; = |kp +2(v —1) KD—1| Teq
2KD71V7‘D :4=0

eq
Cylinder W, =

2 i —i
Bﬁp,l {(D—i)y—l— A :|rqu tig>1

2K-1

Spherical cap
. KD p D+1 1
oshs<m: W= "PrPTa g (P30

KD D-1 D-11 KD-1 p_1
Wl = 71”0 ITgap/Tg ( 2 ,5 + D Tcap

D+1 1

K _ D—-11 Kp— _
W= rg 1{2_17"2 /r3 (—’_)}jL DT

2 cap 2 2 D
2 D 2 > D-1
Doublecone Wo = EKD_ll/T‘eq Wi = EKD_l 14+ v2reg
1 1
Cone WOZ EKD?lVTOD W1 = EHD?l (\/1+ll2+l> 7‘(?_1
D D
_ ry — 7T
Truncated Wo = D1 p-Lt 0O
D L — 7o
cone

D—-1 D—-1

Kp— _ _ T — T
W= -2Lpbtg bt L 0 h2+(7’0—7’1)2]
D T1L—T0

Spherical 0 11=0
plate W, =
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