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NORMAL ORDERED GRAMMARS

SHI-MEI MA, TOUFIK MANSOUR, JEAN YEH, AND YEONG-NAN YEH

ABSTRACT. We introduce the theory of normal ordered grammars, which gives a natural gener-
alization of the normal ordering problem. To illustrate the main idea, we explore normal ordered
grammars associated with the Eulerian polynomials and the second-order Eulerian polynomials.
In particular, we present a normal ordered grammatical interpretation for the (cdes,cyc) (p, q)-
Eulerian polynomials, where cdes and cyc are the cycle descent and cycle statistics, respectively.
The exponential generating function for a family of polynomials, generated by a normal ordered
grammar associated with the second-order Eulerian polynomials, reveals an interesting feature:
its expression involves the generating function for Catalan numbers as its exponent. In the final
part, we discuss some normal ordered grammars related to the type B Eulerian polynomials. A

normal ordered grammatical interpretation of the up-down run polynomial is also established.

Keywords: Normal ordering problems; Grammars; Increasing trees; Eulerian polynomials

1. INTRODUCTION

The Weyl algebra W is the unital algebra generated by two symbols D and U satisfying the
commutation relation DU — UD = I, where [ is the identity which we identify with “1”7. In
other words, W = (D,U|DU — UD = I). An example of the Weyl algebra is the algebra of
differential operators acting on the ring of polynomials in x, generated by D = % and U acting
as multiplication by x. For any w € W, the normal ordering problem is to find the normal order
coefficients ¢; ; in the expansion:

w = Zci,jUiDj.
0.
The following expansion has been studied as early as 1823 by Scherk [1, Appendix A]:

(UD)" = f: {Z}Uka, (1)

k=0
where {Z} is the Stirling number of the second kind, i.e., the number of partitions of the set

[n] ={1,2,...,n} into k blocks (non-empty subsets). According to [I, Proposition A.2], one has

n
e*D)" =™ n}Dk, 2
@or=e3 [, )
where [Z] is the (signless) Stirling number of the first kind, i.e., the number of permutations
of [n] with k cycles. Many generalizations and variations of (Il) and (2) occur naturally in
quantum physics, combinatorics and algebra. The reader is referred to Schork [29] for survey
and [11], [16], 18] for recent progress on this subject.
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A context-free grammar G over an alphabet V' is defined as a set of substitution rules replacing
a letter in V' by a formal function over V. As usual, the formal function may be a polynomial or
a Laurent polynomial. The formal derivative Dg with respect to G satisfies the derivation rules:
Dg(u+v) = Dg(u) + Dg(v), Dg(uv) = Dg(u)v + uDg(v). Recently, context-free grammars
have been widely used, see [9], [10, 23] 27], 28] for instances.

In this paper, we always let Dg be the formal derivative associated with the grammar G. As

an illustration, we recall a classical result, which may be seen as a dual result of ().
Proposition 1 ([6]). If G = {a — ab,b — b}, then D(a) = a> j_o {3}V

The following simple result suggests that it is natural to consider normal ordering problems

associated with grammars.
Proposition 2. If G = {x — 1}, then one has (zDg)" = Y j_, {¥}2*DE..

Assume that v := u(x,y),v := v(z,y) and w := w(x,y) are given functions. For the grammar

G ={z — u(z,y), y = v(z,y)}, we note that the powers of w(z,y)D¢g can be expressed as
(w(z,y)Da)" Zénkxy *(x,y) D&

In Section 2] we consider normal ordered grammars associated with the Eulerian polynomials.
In particular, in Theorem [7] we find that if G = {z — y,y — py}, then

(xDG)n|Dgzq _ Z Znexe (W)yOXC (w)pcdos (w)qcyc (7r)’
TES,
where exc,cdes and cyc are the excedance, cycle descent and cycle statistics, respectively. In
Section Bl we consider normal ordered grammars associated with the second-order Eulerian

polynomials. If G = {x — %,y — y?}, one has

.Z'.DG ZZanzx€y2n k— ZDk
k=1 {=k

Define

n

o
- - n
Cn (z,y,2) = E Cnuwéy% Rtk , Clx,z,zt) = E C'n(a:,a:,z)ﬁ.
=1/¢= n=0 ’

In Theorem I3l we give a remarkable explicit formula:

C(a:,a:, Z;t) — exzt-Cat(xzt/2)’

where Cat(z) = 1= V —12 is the generating function for the Catalan numbers. In Section @ we
discuss some normal ordered grammars related to the type B Eulerian polynomials. At the end

of this paper, we point out that if G’ = {z — y,y — x}, then

(D) pyyr = " T (g) ,

where T, (x) is the up-down run polynomial over permutations in the symmetric group S,,.
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2. NORMAL ORDERED GRAMMARS ASSOCIATED WITH EULERIAN POLYNOMIALS

The (type A) Eulerian polynomials A, (x) can be defined by the differential expression:
d\" 1 > Ay()
<$dx> 11—z Z v (1 —x)ntl

They satisfy the recurrence relation

Ap(x) =nzA,_1(z) + z(1 — x)%An_l(x), Ap(x) = 1. (3)

Let &,, be the symmetric group of all permutations of [n]. For 7 = w(1)w(2)--- w(n) € &,, the
index i is a descent (resp. excedance) if w(i) > 7(i + 1) (resp. (i) > 7). Let des(m) and exc ()
be the numbers of descents and excedances of m, respectively. The Fulerian polynomials can
also be defined by

An(gj) = Z pdes (m)+1 _ Z xexc(w)-}-l _ Zn: <Z>l‘k,

WEG"L WEG"L k=1

where (}') are known as the Eulerian numbers (see [30, A008292]). It is well known that

<Z>:k<n;1>+(n—k+l)<z:i>. (@)

In [13], Dumont obtained the context-free grammar for Eulerian polynomials by using a

grammatical labeling of circular permutations.

Proposition 3 ([I3] Section 2.1]). Let G = {a — ab,b — ab}. Then for n > 1, one has

D (a) = DI(b) = b™+ A, (%) .

Note that Proposition Bl can be restated as

(D)™ (z) = (D))" (y) = y" L A, <§> , where G' = {x -y, y = y}; (5)

(zyDgn)™(x) = (zyDen)"(y) = y" A, <§> , where G" = {z — 1, y — 1}. (6)

In order to investigate the powers of xDg and zyDgr, we need to introduce some definitions.
The degree of a vertex in a tree is referred to the number of its children. We say that T is a
planted binary (resp. full binary) increasing plane tree on [n] if it is a binary (resp. full binary)
tree with n (resp. n + 1) unlabeled leaves and n labeled internal vertices, and satisfying the
following conditions (see Figures [Il and [3] for examples, where we give every right leaf a weight

y, and each of the other leaves a weight x):

(7) Internal vertices are labeled by 1,2,...,n. The node labelled 1 is distinguished as the
root and it has only one child (resp. it also has two children);
(79) Excluding (resp. Including) the root, each internal node has exactly two ordered children,
which are referred to as a left child and a right child;
(7i1) For each 2 < i < n, the labels of the internal nodes in the unique path from the root to

the internal node labelled ¢ form an increasing sequence.
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FIGURE 1. The planted binary increasing plane trees on [3] encoded by zy2Dgr
and z?yDcy, respectively .
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FIGURE 2. Three 2-forests on [3] encoded by z?yD?2,, and the 3-forest on [3]
encoded by x3D%,.

Definition 4. We say that F is a binary (resp. full binary) k-forest on [n] if it has k connected
components, each connected component is a planted binary (resp. full binary) increasing plane
tree, the labels of the roots are increasing from left to right and the labels of the k-forest form a

partition of [n].

Theorem 5. Let G' = {x — y,y — y}. For anyn > 1, one has

(xDg )" = Z Z Amk’gxgyn_zDé/, (7)
k=1 {=k

where the coefficients Ay, 1, ¢ satisfy the recurrence relation
Appipe =LA+ =L+ 1)Ap o1+ Ank—1,0-1, (8)
with the initial conditions A111 = 1 and Ay e = 0 if (k,€) # (1,1). The coefficient Ay g0

counts binary k-forests on [n] with n — € right leaves.

Proof. (A) The first few (zDg)™ are given as follows:
(xDg)? = xyDer + 2° D, (xDgr)? = (vy* + 2%y)Der + 32*y D% + 23 DR,
(zDe)* = (vy® + 42y + 23y) Doy + (T2*y? + 423y) D2, + 623y DY, + 2 D¢

Thus the expansion ([7]) holds for n < 4. Assume that it holds for n. Since

(D))" = aDer (¢Dgr)" = wDer (Z > An,kﬁgy”_ZD’é) )
k=1{=k

it follows that

(xDGl)n—l—l _ Apit [(exfyn—ﬁ—‘rl +(n— g)xf—l—lyn—f) Dlg’;, 4 xf—l—lyn—ZDlgll-l] . (9)
k=1 t=k
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"‘Z+1Dg, on both sides leads to the recursion (8g]).

Extracting the coefficient of z‘y

(B) Let F be a binary k-forest. We first give a labeling of F' as follows. Label each planted
binary increasing plane tree by D¢, a right leaf by y, and all the other leaves are labeled by
x. The weight of F' is defined to be the product of the labels of all trees in F. See Figure
for illustrations. Assume that the weight of F' is xzy"_ng,. Let us examine how to generate a

forest F’ on [n + 1] by adding the vertex n + 1 to F. We have the following three possibilities:
c1: When the vertex n + 1 is attached to a leaf with label x, then n + 1 becomes a internal
node with two children. The weight of F’ is xzyn_“ng,;
c2: When the vertex n + 1 is attached to a leaf with label y, then n + 1 becomes a internal
node with two children. The weight of F’ is x“ly"_ZDg,;
c3: If the vertex n + 1 is added as a new root, then F’ becomes a binary (k + 1)-forest and
the child of n + 1 has a label z. The weight of F’ is given by m“’lyn_ZDéJfl.
As each case corresponds to a term in the right of (@), then (xDg/)"*! equals the sum of the
weights of all binary k-forests on [n + 1], where 1 < k < n + 1. This completes the proof. ]

Comparing (8) with (@]), we see that A, 11 = <7g> We define

n(@,y, 2 ZZAMMZZ/" e

k=1 {=k

Multiplying both sides of (8) by x‘y"T!~*2* and summing over all £ and k, we get

({%An(m,y,z), Ao(z,y,2) = 1. (10)
Combining ([B) and (I0), we find that A,(z,1,1) = A,(z), where A, (z) is the Eulerian poly-
nomial. Note that the sum of exponents of z and y equals n in a general term z‘y" ‘z*. By
induction, it is easy to verify that yA,(1,y,1) = A,(y). Using (), we notice that A, -1 =0
and so Api11pk = kAp ki + Apk—15—1. Thus A, ;1 satisfies the same recurrence and initial

An-i-l(x?y?Z) = .Z'(TL + Z)An(xaya Z) + ‘T(y - ‘T)

conditions as {Z} In conclusion, we obtain the following result.

Corollary 6. Forn > 1, we have

n i n _
ZAnka Z{k} yA (1’ Y, ) <€>x5yn+1 67
1

k=1

An(1,1, 2) :z(z—l—l)---(z—l—n—l)zz [Z]zk,
k=1

0
Ap(z) = Ap(z,1,1) = 2A,(1,2,1) = &Anﬂ(x,y,z)\y:lvz:o.
In [19], Foata and Schiitzenberger introduced the g-Eulerian polynomials
— Z 2o%¢ (w)qcyc (7r)
TeSy

The polynomials A, (z;q) satisfy the recurrence relation (see [4, Proposition 7.2]):

Anir(:0) = (0 + @) An(:0) + (1 — )0 Ay (:0), Ay(w30) = 1. (1)
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In the following, we always write permutation by its standard cycle form, in which each

cycle has its smallest element first and the cycles are written in increasing order of their first

elements. The number of cycle descents of a permutation is the number of pairs (a, b) where a is

the element just before b in its cycle and a > b. Let cdes (7) be the number of cycle descents of
7. For example, cdes ((1,4,2)(3,5,7)(6,9,8)) = 2. It is clear that exc (7)+cdes (7)+cyc (7) = n

for 7 € &,,. We can now present a generalization of Theorem [l

Theorem 7. Let G = {x — y,y — py}. For anyn > 1, one has

(xDG)n|Dgzq _ Z Znexe (W)yOXC (W)pCdCS (w)qcyc () )
TES,

When p =1, it reduces to (xDg)" |p=1,Da=q = An(Z, Y, q).
Proof. The first few (zDg)™ are listed as follows:

(9cDg)2 =zyDqg + xzDé, (a:DG)3 = (a:y2 +px2y)DG + 3x2yD2G + x?’Dg’;,

(ng)4 = (a:y3 + dpa?y? + p2x3y)DG + (7oc2y2 + 4px3y)Dé + 6x3yD% + x4Dé.

Assume the following expansion holds for n:

(@De)" =YY Anpe(p)z'y" D
k=1 (=

Clearly, A1 1,1(p) =1 and Ay xe(p) = 0if (k,¢) # (1,1). Since

(xDg)"*' = #Dg (zDg)" = xDg <Z Z An,u(p)a:gy"_zD]é) ,
k=1 (=k

it follows that
A1 ke(p) = LAnkio(p) + (n — €+ 1)pAy g o—1(p) + Ank—1,-1(D).
which implies that (I2)) holds for n + 1. We claim that

An,kf(p) _ Z pcdcs (7r)

TES,
exc (m)=n—~{
cyc (m)=k

(12)

Given a ' € &,41. Suppose exc (') = n+1— ¢ and cyc(n’) = k. In order to get «’ from

m € G, by inserting the entry n + 1, there are three ways:

(i) If exc(m) =n — £ and cyc(m) = k, we can insert n + 1 right after a drop (i.e., the index

i such that ¢ > (7)) or a fixed point. Note that there are ¢ choices for the position of

n + 1. The first term of the right-hand side of (3] is explained.

(73) If exc (m) =n+1—{ and cyc(7) = k, we can insert n + 1 right after an excedance. This

means we have n + 1 — £ choices for the position of n 4+ 1. Note that the number of cycle

descents will increase 1. The second term in the right hand side of (I3)) is explained.

(7i1) If exc(m) =n+1— ¢ and cyc(w) = k — 1, we can insert n + 1 right after 7w as a fixed

point. The last term in the right hand side is explained.
This completes the proof of (I4]).

O
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As a variant of Theorem [, we now present the following result.

Theorem 8. Let G" = {z — 1,y — 1}. For any n > 1, we have

n

($yDG”)n = Z Z an7k7g$£yn+k_éDlén, (15)
k=1 l=k

where the coefficients ay 1 ¢ satisfy the recurrence relation
i1k =Llanpe+ (M+k =L+ 1)an k-1 + ng—1,0-1, (16)

with the initial conditions a111 =1 and ay e = 0 if (k,£) # (1,1). The coefficient ay, ¢ counts
full binary k-forests on [n] with € left leaves. Moreover, we have

n_Lntk)/2]
:EyDG// Z Z n k‘ f ) (l‘ _|_y)n+k—2ZDé”’ (17)
k=1 (=k

where the coefficients v(n, k,l) satisfy the recursion
vy(n+ 1,k 0) =Lly(n,k,0) +2(n+ k — 20+ 2)y(n,k, £ — 1) +~v(n,k — 1,0 — 1), (18)

with the initial conditions v(1,1,1) =1 and v(1,k,€) =0 for all (k,£) # (1,1).
Proof. (A) The first few (zyDgn )" are given as follows:

(xyDen)? = (zy* + 2*y) Dan + 2%y D,

(xyDean)® = (zy® + 42”y? + 23y)Dan + (32> + 323y*) DL, + 23y DE,),

(xyDan)* = (xy* + 112%y3 + 1123y? + 2ty) Dan + (Ta?y* + 222393 + T2'y?) DZ +

(623y* + 621y*) D + 2y  DZ.

Thus (IH) holds for n < 4. Assume that the expansion holds for n. Then we have

(a;yDGN)"H

n n
= zyDgr (Z Z an,k,fxzyn+k_£Dlg;//>

k=1 =k
n n
- Zzam“ [(exﬁyn-i-k—é-l-l (n + k — O)atlynth- é) Dk, + gt lynthe “1D’§;1].
k=1 t=k
Extracting the coefficient of zy"tk=¢+1Dk, on both sides leads to the recursion ().

FIGURE 3. The planted full binary increasing plane trees on [2] encoded by
xy?>Der and x2yDgn, respectively .

(B) Let F be a full binary k-forest. We first give a labeling of F as follows. Label each planted
full binary increasing plane tree by D¢gr, a left leaf by x and a right leaf by y. The weight of F
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is defined to be the product of the labels of all trees in F. See Figure [3] for illustrations. Assume
that the weight of F' is a;gy”Jrk_ZDg,,. Let us examine how to generate a forest F’ on [n + 1] by
adding the vertex n + 1 to F'. We have the following three possibilities:
c1: When the vertex n + 1 is attached to a leaf with label x, then n + 1 becomes a internal
node with two children. The weight of F’ is zy"T*=*+1Dk .
c2: When the vertex n + 1 is attached to a leaf with label y, then n + 1 becomes a internal
node with two children. The weight of F’ is ztTlynt+=tDk, ;
cs: If the vertex n + 1 is added as a new root, then F’ becomes a full binary (k + 1)-forest,

the left child of n 4+ 1 has a label x, while the right child of n + 1 has a label y. The
Z+1y”+k4+1D’gﬁl.

The above three cases exhaust all the possibilities. Thus (zyDgr)"™! equals the sum of the

weight of F’ is given by x

weights of all full binary k-forests on [n + 1], where 1 < k <n+ 1.

(C) We now consider a change of the grammar G”. Setting u = zy and v = = + y, we get
Dgn(u) = Dgrn(xy) = v, Dgn(v) = Dan(z +y) = 2.
Let G” = {u — v, v — 2}. Then we have (xyDg»)" = (uDgwn)". Note that
(UDG///)2 = uvDgm + U2D2G///, (UDG///)3 = (uvz + 2u2)DGm + 3u2vDém + ugD%m.

By induction, it is easy to check that
n |(n+k)/2]

UDG/// Z Z TL k € ¢ n—l—k 2ZDG///,
k=1 l=k
where the coefficients v(n, k, £) satisfy the recursion[I8 Then upon taking v = xy and v = z+y,
we get ([I7). This completes the proof. O

Comparing (I6) with (), we notice that a, 1, = (7). Define

33‘ y Y, 2 Zzankfxz k= Z k 0($,y,Z) =1

k=1 {=k

Multiplying both sides of ([I8) by z‘y"t*+12* and summing over all £ and k, we obtain

0 0
an+1(ﬂl‘,y,2) = ‘T(n + yz)an(a:,y,z) + ‘T(y - ‘T)%an(;uy?zj) + xz%an(xayaz)‘

In particular,

d
an—l—l(la 1, Z) = (n + Z)an(lv 1, Z) + Z@

Let an(1,1,2) = S°7_, L(n, k)z*. Tt follows that L(n+1,k) = (n+k)L(n, k) + L(n,k — 1), from
which we notice that L(n, k) is the (signless) Lah number, see [17] for instance. Explicitly,

n—1\n!
Corollary 9. Forn > 1, we have

" (n—1\n!
an(1,1,2) = <k: B 1) sz.

k=1

an(la 172)7 aO(la 17'2) =1
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A partition of [n] into lists is a set partition of [n] for which the elements of each block are
linearly ordered. It is well known that L(n, k) counts set partitions of [n] into k lists (see [30
A008297]). We always assume that each list is prepended and appended by 0. Given a list
o109 - - - 0;. We identify it with the word Ocy09 - - - 0;0. We say that an index p € {0,1,2,...,i—1}
is an ascent if 0, < opy1, and ¢ € {1,2,...,i} is a descent if o, > 0,41, where we set op =
oi+1 = 0. Let F be a full binary k-forest. Following [31. p. 51], a bijection from full binary
k-forests to set partitions with k lists can be given as follows: Read the internal vertices of trees
(from left to right) of F' in symmetric order, i.e., read the labels of the left subtree (in symmetric
order, recursively), then the label of the root, and then the labels of the right subtree. Using

this correspondence, we get the following result.

Corollary 10. Let a, ¢ be defined by [IH). Then an ¢ is the number of set partitions of [n]

into k lists with £ ascents and n + k — ¢ descents.

For a permutation 7 € &,, with 7(0) = w(n + 1) = 0, we say that the entry m(7)

e isawvalleyif (i — 1) > 7(i) < m(i + 1);
e is a double descent if (i —1) > 7(i) > w(i +1).

Let val(7) (resp. dd(7)) denote the number of valleys (resp. double descents) in 7. Define
y(n,l) = #{m € &, : val(r) = ¢, dd(xw) = 0}.

A classical result of Foata-Schiitzenberger [20] states that the Eulerian polynomials have the
following ~-expansion:
L(n—1)/2]

Ap(z) =2 Z y(n, £)zt (1 + )" 12
=0

Brandén [2] reproved this expansion by introducing the modified Foata-Strehl action. Let S(n, k)
be the set of partitions of [n] into & lists. Applying the modified Foata-Strehl action on each list

of an element in S(n, k), we find the following result, and omit the proof for simplicity.

Corollary 11. Forn > 1, the polynomials an(x,y, z) is partial y-positive, i.e.,

L(n+k)/2]
Zzankﬂf( n+k— Z k ZZ Z Tl k 6)( ) (x_i_y)n—i-k—%
k=1 /=k =k

0 [(n—k) /2]
= (ay2)* > gk ki) (ay) (@ 4y
k=1

=0

where y(n, k, k+1) counts partitions of [n] into k lists with i valleys and with no double descents.

3. NORMAL ORDERED GRAMMARS ASSOCIATED WITH SECOND-ORDER EULERIAN
POLYNOMIALS
Following Carlitz [5], the second-order Eulerian polynomials Cy(x) are defined by

k=0
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which have been well studied in recent years, see [5l [7], 14 [15] 211 27].

For m = (my,ma,...,my,) € N" let n = {1™,2™2 ... n""} be a multiset, where i appears
m; times. We say that a multipermutation o of n is Stirling permutation if o5 > o; as soon
as 0; = 0j and 1 < s < j. Denote by Q, the set of Stirling permutations of {1222, ... n2}).
Let 0 = 010909, € Qp. In the following discussion, we always set 0y = 09,41 = 0. For
0 < i < 2n, we say that an index i is a descent (resp. ascent, plateau) of o if o; > 041 (resp.
0; < 0i+1, 0; = 0it1). Let des(0),asc (o) and plat (¢) be the number of descents, ascents and
plateaus of o, respectively. It is now well known that descents, ascents and plateaus have the
same distribution over Q,, and their common enumerative polynomials are the second-order
Eulerian polynomials C,(x). As a variant of [, Theorem 2.3], the grammatical description of

Cy(x) can be restated as follows:
(zDg)"(x) = y*" 1 C, (g) , where G = {z — %, y — 3°}. (19)

We say that T' is a planted ternary (resp. full ternary) increasing plane tree on [n] if it is a
ternary tree with 2n — 1 (resp. 2n + 1) unlabeled leaves and n labeled internal vertices, and

satisfying the following conditions (see Figures [l and [5, where we give each leaf a weight):

(i) Internal vertices are labeled by 1,2,...,n. The node labelled 1 is distinguished as the
root and it has only one child (resp. it also has three children);
(74) Excluding (resp. Including) the root, each internal node has exactly three ordered chil-
dren, which are referred to as a left child, a middle child and a right child;
(7i1) For each 2 < i < n, the labels of the internal nodes in the unique path from the root to

the internal node labelled ¢ form an increasing sequence.

We say that F'is a ternary (resp. full ternary) k-forest on [n] if it has k connected components,
each component is a planted ternary (resp. full ternary) increasing plane tree, the labels of the

roots are increasing from left to right and the labels of the k-forest form a partition of [n].

FIGURE 4. The planted ternary increasing plane trees on [3] encoded by zy*Dg
and z2y3Dg, respectively .

Let F' be a ternary k-forest. We introduce a labeling of F' as follows (see Figure [ for
illustrations). Label each planted ternary increasing plane tree by Dg, a left leaf by x, and
middle and right leaves are both labeled by y. If a tree has only one internal vertex and a leaf,
then label the leaf by z. Along the same lines as in the proof of Theorem [ it is routine to

verify the following.
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Theorem 12. Let G = {x — 3%,y — y?}. For anyn > 1, we have

l‘DG ZZanZ$£y2n k— ZDk
k=1 4=k

where the coefficients Cy, 1 ¢ satisfy the recurrence relation
Crtihe =LChpe+(2n—k —L+1)Cp -1+ Cn—1,0-1, (20)

with the initial conditions C111 = 1 and Cyge = 0 if (k,€) # (1,1). The coefficient C,, j ¢
counts ternary k-forests on [n| with 2n — k — ¢ middle and right leaves. Moreover, we have
Cnt116 = Cpny, where Cy y is the second-order Eulerian number, i.e., the number of Stirling

permutations of order n with £ descents.

Define
5n($, Y, Z) = Cn,k,€x£y2n_k_gzk‘
k=1 {=k

It follows from (20) that

- - 9 ~ 9 ~

Cn-i-l(x? Y, Z) = (.Z'Z + 2nmy)Cn(x, Y, Z) + .Z'y(y - -Z')%Cn(x, Y, Z) - xyzacn(% Y, Z)a
with Co(z,y,2) = 1. When z = y, one has

Cry1(z,2,2) = (22 + 2n2%)Cp (2, 2, 2) — x2za—5n(m,x,z), (21)
z

Let

x x, z;t) ZC’ (z,z,2)
Then (ZI]) can be written as
00 - 206 -
(1—2x t)EC’(:E,:E,z;t) =x20(x,x,2;t) — x Z£C($,$,Z;t), C(z,x,2;0) =1
With help of mathematical programming, we find the following result.

Theorem 13. We have

C(a;,a;, Z;t) — exzt~Cat(x2t/2)’

where Cat(z) = 1_V212_4Z 1s the generating function for the Catalan numbers n}rl (2”)

Corollary 14. For all n > 0, we have

3

Crsi(z,2,2) = %:Enﬂﬂznﬂ—y _ Z b(n’j)$n+1+Jzn+1—J,

J=0

where b(n, j) is the Bessel number of first kind [30, A001498].
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Proof. Using [32, Eq. (2.5.16)], we get

~ J»Itd J (22
C(z,z,2t) = Z s Ca.t (27t/2)

|
>0 J:
] 22-1"‘] )
_1+§ E 7< ’ > i+] i piti
I
i1 >o(+j) 2 t
Jj+1 20 =7\ 2imjt1_j+1,41
=1 7+ ‘7+t2+.
+;;]z+1 j+1'2’J<i—j>x :

Hence, for all n > 1, we get

Jj+1 2n—7 =2\ o, 1 _jt1
C’xmz-nz ]+1'2“1J<n—1—j$ 27,

which is equivalent to

M

n—1 .
2 J J

Jj=0

After simplifying, we get the desired explicit formula. ]

The trivariate second-order Eulerian polynomials are defined by

x Y, 2 Z xasc dos )Zplat(o).
O'GQn

In [12] p. 317], Dumont found that

0 0 0
Cn ) - a_ a a_ Cn yd ) 22
+1(2,y,2) = a:yz<x+ y+ z) (z,y,2) (22)
which implies that C),(z,y, z) is symmetric in the variables z,y and z. By (22), it is clear that

Dg(l‘) = Cn(x7y7 Z)v (23)

where G = {x — zyz,y — zyz,z — zyz}. In [21], Haglund-Visontai introduced a refinement
of the polynomial C),(z,y, 2) by indexing each ascent, descent and plateau by the values where

they appear. Using (23]), Chen-Fu [8] found that C,(x,y, z) is e-positive, i.e.,

Cn(z,y,2) = Z Vi k(T +y 4 2) (xy + yz + zx) (xy2)F, (24)
i+2j4+3k=2n+1
where the coefficient v, ; ;1 equals the number of 0-1-2-3 increasing plane trees on [n] with &
leaves, j degree one vertices and ¢ degree two vertices.

A ternary increasing tree of size n is an increasing plane tree with 3n + 1 nodes where each
interior node is labeled and has three children (a left child, a middle child and a right child),
while exterior nodes have no children and no labels. Let 7, denote the set of ternary increasing
trees of size n, see Figure [l for instance. For any T € 7, it is clear that T has exactly 2n + 1

exterior nodes. Let exI(T') (resp. exm(T'), exr(T")) denotes the number of exterior left nodes
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(resp. exterior middle nodes, exterior right nodes) in 7. Using a recurrence relation that is
equivalent to (22)), Dumont [12] Proposition 1] found that

Cn(az,y, Z) — Z xexl(T)yexm(T)Zexr(T)' (25)
TeTn

FIGURE 5. The planted full ternary increasing plane trees on [2] encoded by
2y’2°Dq, x*y2*Dg and 22y*2Dg.

Let F' be a full ternary k-forest. We now give a labeling of F as follows. Label each planted
full ternary increasing plane tree by D¢, a left leaf by =, a middle leaf by y and a right leaf by

z, see Figure[Bl Along the same lines as in the proof of Theorem [l we find the following result.

Theorem 15. If G = {z — 1,y — 1,z — 1}, then we have

n n—kn—k

:EyzDG Z Z Z Tini,j, k:E y z2n 2k ](xyz)kDG7 (26)

k=1 +=0 j=0
where the coefficient 0y, ; j i counts full ternary k-forests on [n] with i+k left leaves, j+ k middle

leaves and 2n — k — i — j right leaves.

Definition 16. A partition of {12,22,...,n?} into Stirling-lists is a set partition of {12,2%,... ,n?}
for which the elements of each block are Stirling permutations and for all i € [n], the two copies
of i appear in exactly one block. We always assume that each Stirling-list is prepended and

appended by 0.

Let SL,, denote the set of partition of {12,22,...,n2} into Stirling-lists, and let bk be the block
statistic. For example, SLo = {{1122}, {1221}, {2211}, {11}{22}}, where the last set partition
{11}{22} has two blocks. Combining (25]) and Theorem [I5 we get the following.

Corollary 17. If G ={x — 1,y — 1,z — 1}, then
(l‘yZDg) |DG = Z xasc yplat des (p )qbk(p)‘
pESLy

In particular, the coefficient q in (xyzDa)"|pgy=q 15 Cn(z,y, 2).

Theorem 18. Let G ={z — 1,y — 1,z — 1}. Then we have

n  2n—2k

(@yzDe)" = > Bukgelw +y+ 2?0 gy 4 wx 4 y2) (ay2)TRDE, (27)
k=12;+3(=0

where the coefficients B, 1 j ¢ satisfy the recursion
Btk =+ K)Bakj-10+2( +1)Bukjr1e-1+

. (28)
3(2n — 2k — 25 — 30+ 3) B kj -1 + Bk—1,4,65
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with the initial conditions 11,00 =1 and B1 ;0 =0 for any (k,j,¢) # (1,0,0).
Proof. Consider a change of the grammar G = {z — 1,y — 1,z — 1}. Setting
u=cr+y+z, v=xy+rz+yz, Ww=2IYz,

we have Dg(u) = 3, Dg(v) = 2u and Dg(w) = v. Let G' = {u — 3, v = 2u, w — v}. Then
we have (zyzDg)" = (wDg)". Note that

(wDer)? = wvDgr + w?D%, (wDe)® = (v® + 2wu)wDer + 3vw? D%, + wiDE,.

By induction, it is routine to check that there exist nonnegative integers oy, 1 ; ¢ such that

(wDg )" E E amk,i,j’guivj w“kDg,
k=11+2j+30=2n—-2k
n  2n—2k

:Z Z Bn’k7j’zu2n—2k—2j—3£vjwZ—i—kDIé,

k=1 2j+30=0

where f3, 1. j ¢ satisfy the recursion Then upon taking u =x +y + 2, v =2y + 2z + yz and

w = zyz, we get ([27). This completes the proof. O
Let
n  2n—2k
/Bn — Bn u v, W q Z Z Bn k,jfu2n 2k—2j— 35 Z+qu.
k=12j+3¢=0

It follows from (28)) that

0 0 0
/Bn-I—l = wqfn + 3w%5n + QUM%,B” + U’wa—wﬂn-
Below are these polynomials for n < 4:

B =wq, Ba=vwg+we, Bz = (vw+ 2uw?)q + 3vw’q® + w'e’,
Ba = (V3w + Suvw? + 6w?)q + (Tv*w? + Suw?)g? + 6vwq> + wiqt.

Let 1, ;1 be defined by (26]). Define

n n—kn—=k

Tin ‘T y Y, 2, q ZZZﬂn,z,gkl’y Z2n 2h—i= ](‘Tyz)

k=1 =0 j=0
Corollary 19. The multivariate polynomials n,(x,y, z,q) are partial e-positive, i.e.,

n 2n—2k

Mn(2,0,2,0) = > 0" > Bugjelw +y+ 2" @y 4 2z 4 y2) (wyz) .
k=1  2j+30=0
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4. NORMAL ORDERED GRAMMARS RELATED TO TYPE B EULERIAN POLYNOMIALS

In the previous sections, we illustrate the basic idea of normal ordered grammars. Along the
same lines as in the proof of Theorem Bl one can explore normal ordered grammars associated
with the other polynomials. In the sequel, we investigate some normal ordered grammars related
to the type B Eulerian polynomials.

Let £[n] = [n] U {—-1,-2,...,—n}, and let B,, be the hyperoctahedral group of rank n.
Elements of B,, are signed permutations of +[n] with the property that o(—i) = —o (i) for all
i € [n]. The type B Eulerian polynomials are defined by

:E) _ Z xdosB(o)’

O'EBn
where desp(o) = #{i € {0,1,2,...,n—1} : o(i) > o(i+ 1)} and o(0) = 0 (see [3] for details).
They satisfy the recursion (see [3, Eq. (11)]):

Bp(x) = (14 (2n —1)z)By—1(z) + 22(1 — a:)i

den_l(az), Bo(x) =1.

Let B, () = > p_, B(n,k)z*. One has
B(n,k) = (1+ 2k)B(n — 1,k) + (2n — 2k + 1)B(n — 1,k — 1), B(0,0) = 1. (29)
Let G = {z — 29?, y — 2%y}. According to [24, Theorem 10], we have
22
ng($y) = xy2n+an (?) )
which can be restated as

2
(zyDar)"(zy) = 2y™"*' B, <%> , where G’ = {z =y, y — a}; (30)

2
(zDgn)"(zy) = zy*" B, <%> , where G" = {z — %, y — zy}. (31)

It is easy to verify the following two results.

Proposition 20. If G' = {z — y,y — x}, then

n [(2n—k)/2]
xyDG’ Z Z BTL kot xk+2€ 2n—k— 2£Dkl7
k=1 /=0
where the coefficients B,, . ¢ satisfy the recurrence relation
Bryike=(k+20)Bn e+ (2n —k =20+ 2)By o1+ Bng-1. (32)
with the initial conditions B11o =1 and By ¢ =0 if (k,€) # (1,0).

Proposition 21. If G" = {x — y?,y — xy}, then

n | (2n—k)/2]
IIJ‘DGH Z Z E kil k‘+2€ 2n—2k— ZZDG "
k=1 /=0

where the coefficients I, 1 ¢ satisfy the recurrence relation

En+1,k,£ = (k + 2€)En7k’g + (2n — 2k — 20+ 2)En7k’g_1 + En,k—l,éa (33)
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with the initial conditions E110 =1 and Ey 0 =0 if (k,£) # (1,0).

Comparing ([32) with ([29)), we see that B,411¢ = B(n,{), and so we obtain a normal ordered

grammatical interpretation of the type B Eulerian polynomials:

x) = ZBn-i-l,l,éxZ- (34)
£=0
Let
n L(2n—k)/2)

k+2f 2n—k— 25 k
l‘ Y,z E Z Bnk x
k=1

It follows from (B2) that
0

_Bn($7yaz)7 Bo(l‘,y, Z) =1 (35)

Buia(2,y,2) = (2yz + 2n2°) By (2,9, 2) + 2(y” — 2%) 5

In particular,
By(z,1,1) = 2, By(z,1,1) =z + 2> + 23, By(x,1,1) = 2 + 32 + 723 + 32" + 2°.

We now recall two statistics of Stirling permutations. An occurrence of an ascent-plateau of a
Stirling permutation o € Q,, is an index i such that 0,1 < 0; = 0441, wherei € {2,3,...,2n—1}.
Let ap (o) be the number of ascent-plateaus of o. The flag ascent-plateau statistic is defined by

fap (o) 2ap (0) + 1, if o1 = o9;
ap (o) =
P 2ap (o), otherwise.

Let F(x) = > ,co, 2P () Tt follows from [26, Eq. (16)] that

45 ). (36)

Frii(z) = (x4 2n2®)Fu(z) + 2(1 — )da;

Comparing (36]) with (35]), we see that
(xz,1,1) Z g fop(@) (37)

c€Qn
From (34]) and (B7), we see that Stirling permutations are closely related to signed permutations.
Moreover, by ([B3)), we see that

Eniig0=0+20E, 10+ 2n—20)E,10-1. (38)

Using [25, Eq. (6)], we find that E, 110 = {0 € Q, : ap(0) = ¢}, i.e., E,t11, equals the
number of Stirling permutations in Q,, with ¢ ascent-plateaus.

Let
n [(2n—k)/2]

33‘ Y, 2 Z Z En7k7€xk+2€y2n—2k—2€zk‘
k=1 =0
It follows from (B3] that
Epi1(z,y,2) = (24 202> Ey (z,y, 2) + 2(y? — =
with Eg(z,y,z) = 1. In particular, one has

E,i(1,1,2) =(2+2n)E,(1,1,2) — zagEn(l, 1,2).
z
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Using (21)) and Corollary [[4] we arrive at

(n+j—1!
(n—1—7)4!

2" for any n > 1,

Bn(1,1,2) = Co(L,1,2) = » 5

and so F,(1,1, z) is the Bessel polynomial of the first kind.

Let m € &,,. The up-down runs of a permutation 7w € &,, are the alternating runs of m endowed
with a 0 in the front. Let udrun (7) denote the number of up-down runs of 7. The up-down run
polynomials T, (x) are defined by Tp,(z) = Y oo, "™ (7). The polynomials T},(x) satisfy the

recurrence relation

47 @), (39)

Toia(w) = 2(1+n2)To(x) + 2 (1 - %) —

with initial conditions Ty(x) = 1 and T1(z) = z (see [9, 26] B3] for details).
We end this paper by giving the following result, and omit the proof for simplicity.

Proposition 22. Let G' = {z = y,y — x}.
(1) Forn > 1, we have
n l@2n—k)/2)

.Z'.DGH = Z Z Wn7k’g$k+2£yn_k_2€Dlér,
k=1

where the coefficients W, . ¢ satisfy the recurrence relation
Wigike = E+20Whe+ (n—k =204 2)Wy o1 + Wi k-1,

with the initial conditions Wi 10 =1 and Wy e =0 if (k,£) # (1,0).
(73) Let
n_ [(2n—k)/2]
x Y, 2 Z Z Wn,k,ka+2£yn_k_2eDé"-
k=1 ¢=0

Then we have

2

T x d
Wn-‘rl('x?y?z) =T <Z + Tl;) Wn(x7y7z) +zy <1 - ?) EWn(x7y7z)a

with the initial condition Wy(z,y,2) = 1. In particular,

Wo(l,1,2) = 2(z + 1) (2 +2) - (2 +n—1) = n mz’f

Wh(z,y,1) =y T, <§> ,

where T,,(x) is the up-down run polynomial over permutations in S,,.
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