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Abstract. Entanglement engines are autonomous quantum thermal machines

designed to generate entanglement from the presence of a particle current flowing

through the device. In this work, we investigate the functioning of a two-qubit

entanglement engine beyond the steady-state regime. Within a master equation

approach, we derive the time-dependent state, the particle current, as well as the

associated current correlation functions. Our findings establish a direct connection

between coherence and internal current, elucidating the existence of a critical current

that serves as an indicator for entanglement in the steady state. We then apply

our results to investigate kinetic uncertainty relations (KURs) at finite times. We

demonstrate that there are more than one possible definitions for KURs at finite

times. While the two definitions agree in the steady-state regime, they lead to different

parameter’s ranges for violating KUR at finite times.

1. Introduction

Quantum thermal machines have been proposed to perform a plethora of tasks, such

as work production, refrigeration, metrology and time-keeping [11–55]. A particular

class of thermal machines, entanglement engines, has been shown to produce quantum

entanglement autonomously, i.e. by utilising only uncontrolled dissipation with

thermal environments. These machines therefore produce a genuinely quantum output.

The underlying mechanism for sustaining the presence of quantum coherence and

entanglement in the steady-state regime from out-of-equilibrium environments is an

established research direction for the last two decades [66–1313]. This series of works

led to important and novel questions, for example, the possibility of generating highly

entangled and multipartite entangled states, the certification of entanglement from

non-equilibrium transport observables and the utility of these machines for practical

quantum information tasks. In recent years, key progresses have been achieved, leading

to proposals for autonomous entanglement engines generating high-dimensional [1414]
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and genuine multipartite entangled states [1515, 1616]. These advancements have also

motivated investigations of the minimal resources necessary for verifying the presence

of entanglement through transport observables [1717], as well as for generating quantum

states suitable for various quantum tasks [1616,1818].

It has also been shown that the quantum statistics governing the reservoirs pro-

foundly impact the amount of entanglement achievable in the steady state [1010, 1616, 1919].

Experimental proposals involving semiconducting quantum dots [2020] and NV centers [2121]

further enhance this understanding. As expected, the limitations on autonomous en-

tanglement generation can be surpassed by harnessing additional resources, such as

squeezed thermal baths [2222], non-Markovian environments [2323], external drives [2121,2424],

and feedback protocols [2525]. Notably, all these works predominantly focus on the steady-

state regime of these entanglement engines.

In this article, we investigate the role of currents and current fluctuations in the

functioning of an entanglement engine, specifically in the transient regime, i.e., for all

times. Working within a Lindblad-equation approach, we obtain analytical results for

these quantities, exploiting recent results based on a quantum master equation and

generalized full counting statistics (FCS) approach [2626]. At finite times, we find that

a minimum average current is not a sufficient condition for certifying the presence of

entanglement. This is in contrast to the steady-state regime, in which a critical current

was derived in Ref. [1717] to witness entanglement, see also [2323] for a related proposal.

We then investigate the role of current correlation functions in this engine, through

kinetic uncertainty relations (KURs) [2727–2929]. These are classical relations that bound

the signal-to-noise ratio (SNR), of particular interest for experimental applications, and

for a fundamental understanding of quantum fluctuations in these engines.

The manuscript is organized as follows. In Sec. 22, we introduce the Hamiltonian

model for a two-qubit entanglement engine and the Lindblad master equation that we

solve for all times. We also recall the definitions of the current, the activity and the

current correlation functions obtained within a FCS in [2626]. In Sec. 33, we provide

analytical expressions for the current and the coherence, at all times, for the two-qubit

engine, for three different types of initial states. We discuss the dynamics of these

quantities, together with the current correlation functions at all times. They allow us to

discuss in Sec. 44 the validity of a critical current to certify the presence of entanglement

beyond the steady-state regime. Finally, in Sec. 55, we introduce possible definitions of

KUR at all times, investigating their violation as a function of times, temperature and

voltage biases. We conclude with perspectives for future works.
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2. Model and definitions for a two-qubit entanglement engine

2.1. Hamiltonian

We consider a minimal model of two interacting qubits, labeled “left” (L) and “right”

(R), independently coupled to two reservoirs at thermal equilibrium. The whole system

evolves under the total Hamiltonian, H = HS +HB +HSB, sum of

• the two-qubit Hamiltonian

HS := ϵS(σ
(L)
+ σ

(L)
− + σ

(R)
+ σ

(R)
− ) +Hint, (1)

with Hint := g(σ
(L)
+ σ

(R)
− + σ

(R)
+ σ

(L)
− ) the interaction Hamiltonian between the two

qubits, σ
(j)
+ (σ

(j)
− ) the raising (lowering) operator for qubit j, ϵS the degenerate bare

energy of both qubits and g the flip-flop interaction strength;

• the two baths Hamiltonian

HB :=
∑
j=L,R

∑
k

ϵkjc
†
kjckj, (2)

with c†kj(ckj) the creation (annihilation) operator of the mode k, with energy ϵkj,

of bath j;

• and a system-bath tunneling Hamiltonian

HSB :=
∑
j=L,R

∑
k

(αjk σ
(j)
− c†kj + α∗

jk ckj σ
(j)
+ ) (3)

that describes the interaction between qubits and reservoirs, with αjk the tunneling

amplitude between the qubit j and the k-th mode of bath j.

In the following, we set ℏ = kB = 1. While the above two-qubit model holds for both

fermionic and bosonic baths, we focus on fermionic baths in this work, considering

the anti-commutation relations for the bath operators {ckj, c†k′j′} = δjj′δkk′I. We also

assume energy-degenerate qubits, ϵL = ϵR := ϵS. The case of non-degenerate qubits in

the steady-state regime was discussed in Ref. [1717,3030]. A sketch of the setup is shown in

Fig. 11.

2.2. Lindblad master equation

Under the assumption of a weak system-bath coupling regime(γj ≪ ϵS), and a small

interaction strength between the two qubits as compared to the couplings between them

and their respective reservoirs (g ≲ γj), the Markovian dynamics of the engine is well-

captured by a so-called local Lindblad equation, which considers local transitions at the

qubits induced by the jump operators σ
(j)
± [3131–3333],

ρ̇(t) = Lρ(t) = −i[HS, ρ(t)] +
∑
j=L,R

(
γ+j D[σ

(j)
+ ]ρ(t) + γ−j D[σ

(j)
− ]ρ(t)

)
. (4)
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Figure 1. Sketch of the system. Two qubits with energies ϵS are tunnel-coupled with

strength g. Each qubit is weakly coupled to a fermionic reservoir with temperature

TL/R and chemical potential µL/R. The bare coupling tunneling rates between the

system and reservoir are denoted by γL/R. Arrows represent currents flowing between

the left and right reservoir, i.e., IL/R respectively (Eqs. (3939)), and IS denotes the

internal current between the dots, see Eq. (3636). Their relations at all times is discussed

in, see Sec. 44.

Here, we use as notations for the excitation and de-excitation rates respectively γ+j =

γjfj(ϵS) and γ
−
j = γj(1− fj(ϵS)). The bare rates γj are set by the coupling strength αkj

in HSB, and are assumed to be energy-independent in the wide-band limit [2626, 3434, 3535].

The Fermi distribution of bath j is defined as

fj(ϵ) =
1

1 + e(ϵ−µj)/Tj
, (5)

with Tj and µj its temperature and chemical potential. The rates γ−j include spontaneous

and stimulated emission processes due to the presence of bath j, while γ+j include

absorption due to reservoir j. The dissipators D[A]• = A • A† − {A†A, •}/2 capture

dissipation due to the presence of the reservoirs. To discuss the activity in the context

of KUR (see Sec. 55), it is convenient to decompose the Lindbladian super-operator L
as [2626,3232,3636]

L = L0 +
∑
j=L,R

(L+
j + L−

j ), (6)

where

L0• := −i[HS, •]−
1

2

∑
j=L,R

(
γ+j {σ

(j)
− σ

(j)
+ , •}+ γ−j {σ

(j)
+ σ

(j)
− , •}

)
(7)

accounts for coherent non-unitary evolution of the qubits, while

L+
j • := γ+j σ

(j)
+ • σ

(j)
− , (8)

L−
j • := γ−j σ

(j)
− • σ

(j)
+ , (9)

represent quantum jumps, which can be seen as a result of continuous monitoring of the

system by the environment [3636,3737], and cause transitions within the qubits.
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2.3. Lindblad equation: transient solution

It is possible to solve the Lindblad equation (44) through the vectorization of the density

matrix. This amounts to recasting states and superoperators respectively as 16 × 1

vectors and 16 × 16 matrices, ρ(t) ←→ p(t), L ←→ L, and transforms the linear

differential equation into the matrix differential equation, ṗ(t) = Lp(t). As noted in

earlier works [1010, 3838], the evolution as given by Eq. (44) preserves the form of density

matrices in the canonical basis {|00⟩, |01⟩, |10⟩, |11⟩},

ρ =


r1 0 0 0

0 r2 ic 0

0 −ic∗ r3 0

0 0 0 r4

 . (10)

This is due to the form of the inter-qubit interaction Hamiltonian Hint, proportional

to σ
(L)
+ σ

(R)
− + σ

(R)
+ σ

(L)
− . The elements rj are the populations of the canonical two-qubit

states, satisfying
∑4

j=1 rj = 1. The element c denotes the coherence from the |01⟩⟨10|
element of the density matrix. In particular, the steady-state solution of Eq. (44) is of

the form given by Eq. (1010), and its coherence c(ss) was shown to be real for degenerate

qubits [1717].

In the next sections, we will discuss the presence of entanglement between the two

qubits. This will be done by calculating the concurrence C, a measure for bipartite

entanglement, 0 ≤ C ≤ 1; C = 0 for separable states and C = 1 for maximally entangled

states [3939]. For density operators of the form of Eq. (1010), the concurrence can be simply

calculated from the matrix elements, it takes the simple form [4040],

C(t) = max
{
0, 2(|c(t)| −

√
r1(t)r4(t))

}
. (11)

The density operator of Eq. (1010) allows us to consider a reduced Lindbladian

compared to Eq. (44) that fully determines the evolution of the 6 elements of the density

matrix. Its corresponding matrix is

Lred =


−(γ+

L+γ+
R ) γ−

R γ−
L 0 0 0

γ+
R −(γ+

L+γ−
R ) 0 γ−

L ig −ig

γ+
L 0 −(γ−

L+γ+
R ) γ−

R −ig ig

0 γ+
L γ+

R −(γ−
L+γ−

R ) 0 0

0 ig −ig 0 −Γ/2 0
0 −ig ig 0 0 −Γ/2

 . (12)

The rates γ±j have been defined below Eq. (44), and we have introduced the total bare

rate Γ = γL + γR for convenience. This matrix, written in the basis (in order) |00⟩⟨00|,
|01⟩⟨01|, |10⟩⟨10|, |11⟩⟨11|, |01⟩⟨10| and |10⟩⟨01|, is an operator acting on vectorized

states in the Liouville space. The solution ρ(t) at all times is found by exponentiating

the reduced Liouvillian, p(t) = eLredt p(0).
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2.4. Average current and current correlation functions at finite times

In this work, we investigate the currents and fluctuations of current exchanged between

the baths and the two-qubit entanglement engine. We derive them within a master

equation approach, exploiting recent results from Ref. [2626] and references therein. This

allows us to express the average particle current from the reservoirs, Ij(t), as well

as the current correlation functions, Sjj′(t, t
′), in terms of the corresponding current

superoperator Ij and the dynamical activity superoperator Aj,

Ij := L+
j − L−

j ,

Aj := L+
j + L−

j ,
(13)

with the jump superoperators L±
j defined in Eqs. (88). The expressions of the current

and the correlation function take the following form

Ij(t) = Tr{Ijρ(t)} , (14)

and

Sjj′(t, t
′) := δjj′δ(t− t′) Tr{Ajρ(t)}+Θ(t− t′) Tr

{
IjeL(t−t′)Ij′ρ(t′)

}
+Θ(t′ − t) Tr

{
Ij′eL(t

′−t)Ijρ(t)
}
− Tr{Ijρ(t)}Tr{Ij′ρ(t′)} , (15)

with Θ the Heaviside function. We emphasize that the first term in the above expression

only appears in the auto-correlation functions (due to the Kronecker delta δjj′). It

corresponds to the average dynamical activity due to bath j, Aj(t) := Tr{Ajρ(t)},
which is a measure of the rate of jumps occurring at the interface with reservoir j,

regardless of their direction. One can define the total activity A(t) due to both left and

right baths as

A(t) := AL(t) + AR(t) . (16)

A widely-discussed and relevant quantity is the shot-noise S, defined as the zero-

frequency component of the auto-correlation function in the limit of long times,

S := SLL(ω = 0), Sjj′(ω) :=

∫ ∞

−∞
dτ e−iωτ lim

t→∞
Sjj′(t, t+ τ). (17)

The steady-state correlation functions satisfy the relations

SLL(ω = 0) = SRR(ω = 0) = −SLR(ω = 0) = −SRL(ω = 0), (18)

such that the shot-noise S describes equivalently the auto-correlations of the left and

right currents, as well as the cross-correlations between these two currents, in the steady-

state.

To compare the role of current correlation functions in an entanglement engine at finite

and long times, one needs to define a single-time finite-frequency correlation function
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Sjj′(ω, t) that converges towards Sjj′(ω) for t → ∞. In this work, we consider the

following definition for Sjj′(ω, t),

Sjj′(ω, t) :=

∫ t

−t

dτ e−iωτSjj′(t, t+ τ). (19)

It corresponds to a pseudo-Fourier transform of the correlation functions Sjj′(t, t
′) on the

variable t′, symmetrised around t′ = t. In particular, we will focus on its zero-frequency

component,

Sjj′(t) := Sjj′(ω = 0, t) =

∫ t

−t

dτ Sjj′(t, t+ τ). (20)

The above definition indeed verifies Sjj′(ω, t) → Sjj′(ω) when t → ∞. Furthermore,

from Eq (2020), by exchanging t, t′ and j, j′, one obtains the property,

Sjj′(ω, t) = Sj′j(−ω, t) . (21)

In particular, zero-frequency cross-correlations are equal at all times,

SLR(ω = 0, t) = SRL(ω = 0, t). (22)

3. Transient particle current, correlation functions and concurrence

In this section, we discuss the behavior of the current and correlation functions at all

times. We consider three emblematic initial states for the two qubits: both qubits in

their ground state denoted by ρ0, both qubits in a tensor product of thermal states

denoted by ρth, and both qubits being in a singlet state, a maximally entangled state,

denoted ρsg. The respective density operators are defined as:

ρ0 = |0⟩⟨0| ⊗ |0⟩⟨0|, (23)

ρth =
e−HL/TL

Tr{e−HL/TL}
⊗ e−HR/TR

Tr{e−HR/TR}
, (24)

ρsg = |ψ+⟩⟨ψ+| =
1

2
(|01⟩+ |10⟩)(⟨01|+ ⟨01|). (25)

We emphasize that all these initial states belong to the subset defined by Eq. (1010), hence

they satisfy the condition for exploiting the reduced Lindbladian Lred. We provide an-

alytical expressions for the current and the coherence for these three emblematic initial

states and at all times. For each quantity, we clearly distinguish the time-independent

terms, corresponding to the steady-state solutions, from exponentially decaying terms

capturing the transient dynamics.
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For the two qubits initially in their ground state ρ0, we obtain:

IL(t)|ρ0=
4g2γLγR

Γ(4g2 + γLγR)
(fL − fR)

+
γL

η2(4g2 + γLγR)
e−

Γ
2
t
[
− 16g2

Γ
(4g2 + γLγR)(γLfL + γRfR)

+ cosh
(η
2
t
)
(4g2Γ(γLfL + γRfR) + γLγRη

2fL)

+ η sinh
(η
2
t
)
(4g2(−γLfL + γRfR) + γLγR(−γL + γR)fL)

]
, (26)

c(t)|ρ0=−
2gγLγR

Γ(4g2 + γLγR)
(fL − fR)

+
g

η2
e−

Γ
2
t
[
4
γL − γR

Γ
(γLfL + γRfR)

+
Γ

4g2 + γLγR
cosh

(η
2
t
)(

(γR − γL)(γLfL + γRfR) +
η2

Γ
(γLfL − γRfR)

)
+

2γLγRη

4g2 + γLγR
sinh

(η
2
t
)
(fL − fR)

]
, (27)

with Γ = γL+γR and η =
√

(γL − γR)2 − 16g2. The latter factor determines the regime

of the transient dynamics (overdamped, underdamped, critical, see [3838] for the analysis

of the non-Hermitian properties of this setup). The above expressions were obtained

assuming η > 0 ∈ R, corresponding to the overdamped regime. For the two qubits

initially in their thermal states ρth, we obtain a similar structure for the current and

coherence as a function of time:

IL(t)|ρth=
4g2γLγR

Γ(4g2 + γLγR)
(fL − fR)

+
4g2γL
η2

(fL − fR)e−
Γ
2
t
[
2
γR − γL

Γ
+

8g2 − γR(γR − γL)
4g2 + γLγR

cosh
(η
2
t
)

− γR
4g2 + γLγR

η sinh
(η
2
t
)]
, (28)

c(t)|ρth=−
2gγLγR

Γ(4g2 + γLγR)
(fL − fR)

+
2gΓ

η2
(fL − fR)e−

Γ
2
t
[(γL − γR)2

Γ2

− 4g2

Γ(4g2 + γLγR)
(Γ cosh

(η
2
t
)
+ η sinh

(η
2
t
)
)
]
. (29)
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Finally, for the two qubits initially in the entangled state ρsg, we obtain:

IL(t)|ρsg=
4γLγRg

2

Γ(4g2 + γLγR)
(fL − fR)

+
γL

4(4g2 + γLγR)η2
e−

Γ
2
t
[
32
g2

Γ
(4g2 + γLγR)(γL(1− 2fL) + γR(1− 2fR))

+ 2γL(−γL + γR)(1− 2fL)
(
(γR(γL − γR) + 4g2) cosh

(η
2
t
)
− γRη sinh

(η
2
t
))

+ 16g2γLγR(−fL + fR) cosh
(η
2
t
)

+ 8g2(γL(1− 2fL)− γR(1− 2fR))
(
γR cosh

(η
2
t
)
+ η sinh

(η
2
t
)) ]

,

(30)

c(t)|ρsg=−
4gγLγR

2Γ(4g2 + γLγR)
(fL − fR)−

i

2
e−

Γ
2
t

+
g

(4g2 + γLγR)η2
e−

Γ
2
t
[
2
−γL + γR

Γ
(4g2 + γLγR) ((1− 2fL)γL + (1− 2fR)γR)

− 2 cosh
(η
2
t
) (

4g2(−(1− 2fL)γL + (1− 2fR)γR) + γLγR(−γL + γR)(1− fL − fR)
)

+ 2 sinh
(η
2
t
)
γLγRη(fL − fR))

]
. (31)

These analytical results, together with the concurrence and zero-frequency current

correlation functions are shown in Fig. 22. Here, we have fixed a constant cold temper-

ature on the right, TR = 0.1 (in units of ϵS), while varying the temperature of the hot

reservoir on the left. For the three temperature gradients, the current monotonically

converges towards its steady-state value, see panel a). However, this monotonicity re-

sults from a specific choice of parameter, it does not constitute a general feature. A

higher value of g (precisely, g > (γR − γL)/4) would have led to oscillations in the

transient regime, comparable to an under-damped evolution [3838]. For the two qubits

initially in the singlet state, the current takes a negative value for short times. Ana-

lytics show that this originates in an imbalance between the mean occupation of the

left reservoir set by fL and the initial occupation of the qubit. It is not specific to the

presence of entanglement. The current correlations, panel b), similarly to the current,

converge towards their steady-state values, which do not depend on the initial state.

From our analytical expressions and the plot, we cannot identify specific features which

could be attributed to the presence of entanglement. Finally, the concurrence exhibits a

highly non-monotonous behaviour, see panel c). The steady-state value increases with

the temperature bias, as expected. In the transient regime, higher values for C can be

obtained, see for instance the case of the two qubits initially in a thermal state (red

dashed curve). We also observe a decrease of the concurrence as a function of time for

the qubits initially in a singlet state, a consequence of dissipation in the entanglement

engine.

Let us comment on the validity of these solutions and behaviors at short times,
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Figure 2. Left current IL(t) (a), time-dependent zero-frequency left auto-correlations

SLL(ω = 0, t) (b) and concurrence C(t) (c) as functions of time (in units of Γ =

γL + γR). The current IL and its auto-correlation function SLL are normalised by

their associated coupling rate, γL.

Set of parameters: γL/ϵS = 10−3, γR/ϵS = 9 × 10−3, g/ϵS = 1.8 × 10−3, µL/ϵS =

µR/ϵS = 0, TR/ϵS = 0.1, TL/ϵS = 0.15 (red), 0.6 (yellow) and 2 (blue) and

ρ(t = 0) = ρ0 (solid), ρth (dashed) and ρsg (dot-dashed).

close to t0 = 0. It is important to keep in mind that these results were derived within

a FCS approach, valid in the weak system-bath coupling regime. At times very close

to 0, the current and current correlation functions take a finite value for generic initial

states, while they are all 0 at t = 0. This discontinuity directly stems from the wide-

band limit approximation, which assumes energy-independent bare coupling rates γL,R
at all times, see discussions in Refs. [2626, 3535]. It is therefore crucial to emphasize that

results obtained within a FCS approach hold significance only if the time interval t− t0
is sufficiently large to compensate for the small value of the coupling rate imposed by

the weak-coupling regime.

4. Average current to certify the presence of entanglement

Recently, Ref. [1717] put forward the exact relation between a finite steady-state current

and a finite value for the coherence, establishing for the first time the possibility to

certify the presence of entanglement from an observable accessible in transport exper-

iments. Explicitly, this relation states that the current is set by the coherence c and
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inter-qubit interaction strength g, an exact result from deriving the currents in the

reservoirs in the steady state. This relation can be seen from the exact expressions of

the current and coherence at all times, see Eqs. (2626)-(2929). Indeed, in the steady-state

(time-independent terms), it is straightforward to verify this close connection between

coherence and current. This is shown in Fig. 33 a), where we plot the ratio IL/(2g|c|) as
a function of time. At long times, it converges to 1, independently of temperature bias

and initial state.

This behavior is in contrast to the transient regime, see Fig. 33 a), where this propor-

tional relation between current and coherence clearly breaks down, for all temperatures,

and all initial states. It is interesting to note a peculiar behavior when the two qubits

are initially in a thermal state (dashed lines). In this case, the relation between current

and coherence is independent of the temperature bias, at all times. We understand this

result as a consequence of the qubits being initially populated according to the mean oc-

cupation of the bath at a given temperature. Given this initial condition, the dynamics

of the qubits is fixed, leading to identical time evolution for all temperature gradients.

This understanding is supported by our analytical results, see Eqs. (2828)-(2929). Both the

current and the coherence are proportional to fL − fR, such that their ratio becomes

independent of these distributions, in particular independent of the temperatures and

chemical potentials.
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Figure 3. Relation between current and creation of entanglement. (a) Ratio of current

and coherence over time (in units of Γ). At long times, we recover the proportionality

relation as found in [1717], for all temperature gradients and all initial states. Depending

on the initial state of the qubits, the current can start from a negative value, see dotted-

dashed lines for the qubits being in a singlet state at time t = 0. (b) Parametric plot

of the concurrence and the current, both as a function of time, t varying from 0 to

infinity. For each temperature gradient (curves in a given color), the qubits end up to

the same steady state, with a well-defined value for the concurrence C(ss) and current

I
(ss)
L , lying exactly on the grey curve. The intersection of the grey curve with the x-axis

corresponds to the critical current, necessary to operate the engine successfully. (c).

Zoom of the parametric plot shown in panel b) in the region of small currents. Different

colored curves correspond to different temperature gradients (by varying TL, see color

grid). It becomes evident that for steady-state currents smaller than Icrit, concurrence

is 0, while for steady-state currents larger than Icrit, the qubits are characterized by

a finite value of C. Set of fixed parameters: γL/ϵS = 10−3, γR/ϵS = 9 × 10−3,

g/ϵS = 1.8× 10−3, µL/ϵS = µR/ϵS = 0, TR/ϵS = 0.1.

This relation between particle current and coherence can be explained by delving

into the current conservation equations for the two-qubit system and the left and right

baths. For the two-qubit system, the change of occupation probability of the left and

right qubits can be defined respectively from their number operators n̂j = σ
(j)
+ σ

(j)
− , j =

L,R as:

ṅL = Tr(n̂L ρ̇) = Tr
(
σ
(L)
+ σ

(L)
− Lρ

)
, (32)

ṅR = Tr(n̂R ρ̇) = Tr
(
σ
(R)
+ σ

(R)
− Lρ

)
, (33)

with L the Lindbladian superoperator defined in Eq. (44). Distinguishing the unitary
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and dissipative parts, one obtains

ṅj = −iTr
(
σ
(j)
+ σ

(j)
− [HS, ρ(t)]

)
+ Tr

{
σ
(j)
+ σ

(j)
−

∑
s=±

γsjD[σ(j)
s ]ρ(t)

}
, j = L,R . (34)

Due to particle number conservation within the system, [nL + nR, HS] = 0, we have

−iTr
(
σ
(L)
+ σ

(L)
− [HS, ρ(t)]

)
= iTr

(
σ
(R)
+ σ

(R)
− [HS, ρ(t)]

)
, (35)

which we interpret as an internal current IS flowing through the system. Because

[nj, nL + nR] = 0, j = L,R, this internal current only depends on Hint,

IS(t) := iTr
(
σ
(L)
+ σ

(L)
− [Hint, ρ(t)]

)
. (36)

Interestingly, for a density matrix of the form given by Eq. (1010) and for Hint given by

Eq. (11), the internal current takes the simple expression

IS(t) = −2gRe{c}(t). (37)

In addition, due to total conservation of particles in the system and reservoirs, ṅL+ṅR =

IL+IR, we can identify the dissipative parts in Eq. (3434) as the particle current Ij flowing

into bath j at time t,

Ij(t) = Tr

{
σ
(j)
+ σ

(j)
−

∑
s=±

γsjD[σ(j)
s ]ρ(t)

}
. (38)

We adopt the convention for IS to be positive when flowing from left to right qubits.

To summarize, at all times, we can write

ṅL(t) = −IS(t) + IL(t) ,

ṅR(t) = IS(t) + IR(t) .
(39)

In the steady state, we have ṅL = ṅR = 0, leading to

I
(ss)
L = I

(ss)
S = −I(ss)R . (40)

For a temperature/potential gradient such that particle currents are flowing from the

left to the right bath, we thus obtain the relation I
(ss)
L = 2g

∣∣c(ss)∣∣, see Eq. (3636). In the

transient regime, this does not hold. The more general equations (3939) must be consid-

ered.

In Fig. 33 panels b) and c), we further illustrate the tight relation between entan-

glement and current with parametric plots of the concurrence C and current IL, both as

functions of time. Independently of their initial state, the qubits converge towards their

steady state, which differs depending on the temperature gradient. Blue, orange and

red curves in panel a) correspond to different values of TL for fixed value of TR. The
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grey curve corresponds to a parametric plot of the same quantities in the steady state,

i.e. it is a parametric plot of C(ss) and I(ss)L , varying the temperature TL for fixed TR.

All colored curves for different TL and different initial states converge to this grey curve.

Arrows on the colorful curves indicate the direction of the dynamics as a function of

time. This parametric plot highlights the significance of the critical current Icrit. If IL
takes a value smaller than Icrit in the steady state, the corresponding concurrence is 0.

This is clearly visible in panel c) (zoom of panel b) on small currents IL).

5. Kinetic uncertainty relations in a two-qubit entanglement engine

5.1. Definitions of KURs in the transient regime

In the context of classical Markovian systems in contact with one or several

environments, Kinetic Uncertainty Relation (KUR) was introduced to set a bound

to the signal-to-noise ratio of an observable O, ⟨⟨O2⟩⟩
⟨O⟩2 (where ⟨⟨•⟩⟩ represents the

cumulant), in terms of the system’s dynamical activity A [2727–2929]. Within the domain

of transport phenomena, KUR has been mainly discussed within the steady-state

regime [1919, 2929, 4141–4343], akin to the exploration of thermodynamic uncertainty relations

in quantum transport setups, as discussed in Refs. [4444–4646]. Expressed formally, KUR

takes the following form,

R(ss) =
S(ss)

(I(ss))2
A(ss) ≤ 1 . (41)

At finite times, KURs have not been yet studied to the best of our knowledge. The

study of time-dependent current-related KURs introduces several pertinent questions.

Should we account for the right or left currents, as the two of them are not anymore

equivalent in the transient regime? Or should we consider a combination of these two,

for example symmetric or asymmetric with respect to the system? Note that for each

chosen version of the current operator, its associated correlation function would be

different, with auto- and cross-correlations being involved or not. This motivates our

proposition of two different KURs, defined via the ratios RL and Rasym below,

RL(t) :=
SLL(t)

IL(t)2
A(t), (42)

Rasym(t) :=
SLL(t) + SRR(t)− SLR(t)− SRL(t)

(IL(t)− IR(t))2
A(t) . (43)

Current, (zero-frequency) current correlation functions and activity were defined in

Sec. 22, Eqs. (1414), (2020) and (1616) respectively.

In the definition for RL, Eq. (4242), we only consider the signal-to-noise ratio re-

stricted to the left bath, set by SLL and IL. In contrast, for Rasym, Eq. (4343), we propose

to bound the signal-to-noise ratio accounting for the average flow from the left to the
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right bath, (IL − IR)/2, with the associated noise (SLL − SLR − SRL + SRR)/4. In both

expressions, we propose to bound the SNR with the activity A = AL + AR, as defined

in Eq. (1616). When considering quantum coherent transport through a multipartite sys-

tem, the activity can in general also account for internal jumps occurring within the

system. This additional contribution was first discussed in [1919], and may lead to differ-

ent conclusions concerning the possible violation of KURs. In our treatment, we adopt a

mesoscopic point of view, in which the internal dynamics of the quantum system is not

accessible, only jumps between the system and baths are assumed to be accessible via

the measurements of observables. We believe it is an open question to determine what

is a valid bound in terms of the dynamical activity for coherent nanoscale devices, and

we leave it open for future works. In the Appendix, we discuss KURs violation based

on the ratios RL and Rasym in Eqs. (4242)-(4343), accounting for the additional internal

activity. In agreement with [1919], we find that this contribution prevents the violation of

KURs in the steady state, for the set of parameters we considered. However, at finite

times, KUR violation still occurs over a certain time range.

Importantly, in the long-time limit, the definitions Eqs. (4242) and (4343) coincide with

each other, as well as with the standard definition Eq. (4141), due to current conservation

and steady-state relations (1818),

R
(ss)
L = R(ss)

asym = R(ss) . (44)

Note that other definitions could have been chosen for the single-time finite-frequency

correlation functions Sjj′(ω, t) [4747]. However, these definitions would only differ at finite

times during the transient regime: at initial and long times, they all reduce to the same

expressions. We also emphasize that we restrict this work to the investigation of a bound

for the SNR. Tighter bounds, emphasizing quantum contributions, have been discussed

in the context of Cramér-Rao bound with the quantum Fisher information [4848].

5.2. Violation of KURs

In this section, we investigate the behaviors of the ratios RL and Rasym as functions of

time, for different initial states, different temperature gradients and different potential

imbalances. Let us first provide some analytical insights of the behavior of KUR ratios

at very short and long times. Initially, KUR ratios equal to

RL(t = 0) =
AL(0)

IL(0)2
(AL(0) + AR(0)), (45)

Rasym(t = 0) =
(AL(0) + AR(0))

2

(IL(0)− IR(0))2
. (46)

Noting that the activity Aj is always greater than the absolute value of the current |IJ |,
as

AL = Tr
(
L+

j ρ
)
+ Tr

(
L−

j ρ
)
, with Tr

(
L±

j ρ
)
≥ 0, (47)
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and

|IL| =
∣∣Tr(L+

j ρ
)
− Tr

(
L−

j ρ
)∣∣ ≤ ∣∣Tr(L+

j ρ
)∣∣+ ∣∣Tr(L−

j ρ
)∣∣ = Aj , (48)

we deduce that both KURs are always satisfied at time t = 0. In the steady-state, we

use the expressions for the current average and fluctuations, see Eq. (2626) at t → ∞
and [1919],

I(ss) =
4g2γLγR

Γ(4g2 + γLγR)
(fL − fR), (49)

S
(ss)
LL = I(ss)

fL(1− fR) + fR(1− fL)
fL − fR

− 2I(ss)2
(
1

Γ
+

Γ

4g2 + γLγR

)
, (50)

and compute the steady-state activity,

A(ss) =
2Γ

4g2 + γLγR

[
(4g2 + γLγR)f(1− f) + 4g2

γLγR
Γ2

(fL − fR)2
]
, (51)

with the notation x = γLxL+γRxR

γL+γR
, to determine the full expression of the KUR ratios,

R
(ss)
L = R(ss)

asym = 4
[
(4g2 + γLγR)f(1− f) + 4g2

γLγR
Γ2

(fL − fR)2
]

×
[

Γ2

8g2γLγR

(
fL(1− fL) + fR(1− fR)

(fL − fR)2
+ 1

)
− 4g2 + γLγR + Γ2

(4g2 + γLγR)2

]
. (52)

In the steady state, KUR violation depends on multiples parameters, making it diffi-

cult to assess a priori. However, we see that a greater imbalance |fL − fR| between the

baths is necessary to reduce the KUR ratios, whereas greater temperatures TL and TR
strictly increase them through the terms of form fj(1 − fj). This observation testifies

for the need of a large enough energy bias |µL − µR| between the reservoirs, and low

temperatures TL and TR, to violate KUR.

Figure 44 shows RL and Rasym at all times. Panels a) and b) displays the KUR

ratios for a parameter set identical as in Figs. 22 and 33, in absence of a potential bias

between the two reservoirs. In this case, despite a temperature bias, we never observe a

violation of KURs over time, for all initial states we considered. In contrast, in presence

of a energy potential bias, eV = µL − µR = 2ϵS, Fig. 44 c) and d), KURs are violated

over a certain time range, and even in the steady state at low temperature. This result

supports the discussion below Eq. (5252).

In the presence of a finite energy potential bias eV , the behaviors of KURs also

differ at long times. In the steady-state, the dependence of KUR ratios to temperature

gradient is opposite, small temperature gradients corresponding to steady-state violation

of KURs. Violation at finite times highly depends on the initial state. Interestingly, out

of the three considered initial states, the ground state provides the highest finite-time

KUR violation, whereas the singlet state does not necessarily provide a smaller value for

RL and Rasym compared to the thermal state. We thus do not observe an enhancement

of KUR violation due to the presence of entanglement at finite time.
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Figure 4. “Left” (a, c) and “asymmetric” (b, d) KUR ratios RL and Rasym as

functions of time, for µL/ϵS = 0 (a, b) and µL/ϵS = 2 (c, d). Set of parameters:

γL/ϵS = 10−3, γR/ϵS = 9× 10−3, g/ϵS = 1.8× 10−3, µR/ϵS = 0, TR/ϵS = 0.1.

6. Conclusions

This work provides for the first time the analysis of the functioning of an entanglement

engine at finite times. Within a master equation approach, assuming a weak inter-

qubit coupling strength with respect to system-bath couplings, we provide analytical

expressions for the particle current, the quantum coherence and the zero-frequency

current correlation functions at finite times, utilising recent results [2626,3636]. Our results

allow us to certify that a critical average current is not sufficient to certify the presence

of entanglement beyond the steady-state regime. We also put in evidence two interesting

signal-to-noise ratios to be bounded by the dynamical activity in the transient regime,

taking into account transport observables in one or two reservoirs. Their transient

behaviors do not differ qualitatively, only quantitatively, their steady-state values being

the same. This result seems to indicate that these two KUR ratios capture the

same fundamental physics and our analytical expressions indicate that a potential bias

between the two reservoirs may be a better resource to violate KUR than a temperature

bias.
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Appendix

In this Appendix, we discuss the effect of the internal activity AS, the activity’s

contribution originating from internal jumps within the system, on the KUR. Its value

at all times can be calculated from its definition in terms of the Liouvillian matrix,

provided in [1919]:

AS(t) :=
4g2

Γ
(r2(t) + r3(t)). (53)

In the steady state, this internal activity takes the explicit form:

A
(ss)
S =

4g2

Γ(4g2 + γLγR)

[
8g2f(1− f) + γLγR(fL(1− fR) + fR(1− fL))

]
. (54)

In Fig. 55, we plot the KUR ratios RL, Rasym accounting for this internal activity,

i.e. taking Atot(t) = AL(t) + AR(t) + AS(t) in the definition of the KUR ratios. As

discussed in [1919], internal activity can prevent KUR to be violated. This is the case

in the steady-state for the set of parameters we choose for our plots. In the transient

regime however, at low temperatures, KUR is still violated over a short time range for

the small temperature TL = 0.15ϵS and the ground initial state ρ0 (red solid line). We

can not evidence a specific role of the presence of quantum correlations in this figure.

Figure 5. “Left” (a) and “asymmetric” (b) KUR ratios RL and Rasym as functions

of time, considering the activity A = AL+AR+AS . Set of parameters: γL/ϵS = 10−3,

γR/ϵS = 9× 10−3, g/ϵS = 1.8× 10−3, µL/ϵS = 2, µR/ϵS = 0, TR/ϵS = 0.1.
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