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Abstract

In data-driven decision-making in marketing, healthcare, and education, it
is desirable to utilize a large amount of data from existing ventures to navigate
high-dimensional feature spaces and address data scarcity in new ventures. We
explore knowledge transfer in dynamic decision-making by concentrating on
batch stationary environments and formally defining task discrepancies through
the lens of Markov decision processes (MDPs). We propose a framework of
Transferred Fitted Q-Iteration algorithm with general function approximation,
enabling the direct estimation of the optimal action-state function Q* using
both target and source data. We establish the relationship between statistical
performance and MDP task discrepancy under sieve approximation, shedding
light on the impact of source and target sample sizes and task discrepancy
on the effectiveness of knowledge transfer. We show that the final learning
error of the QQ* function is significantly improved from the single task rate both

theoretically and empirically.
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1 Introduction

Data-driven sequential decision-making is gaining widespread prominence in real-world
applications, including marketing (Liu, 2023), healthcare ([Komorowski et al., 2018), and
education (Rafferty et al., 2016). A primary challenge in these areas is managing high-
dimensional feature spaces, especially when personalizing services or navigating complex
domains. Furthermore, societal applications often face a significant data scarcity issue
when venturing into new locations, targeting different population groups, or introducing
new products or services. Data scarcity, marked by high dimensionality or a lack of his-
torical data, demands innovative methods for data aggregation and automatic knowledge
transfer. To tackle this crucial challenge, we introduce a knowledge transfer framework
designed for data-driven sequential decision-making. This method can accelerate learning
in a specific decision-making task by utilizing related source tasks from large-scale obser-
vational, simulated, or offline datasets.

The formal study of data-driven sequential decision-making is conducted within the
broad framework of reinforcement learning (RL) (Sutton and Barto, 2018). Within RL,
numerous model assumptions and methods exist for estimation and decision-making. In
this paper, we focus on sample-transferred estimation of the optimal action-value function,
i.e., the Q* function, for stationary Markov decision processes (MDPs), employing the
classic framework of Fitted Q-Iteration (FQI) (Ernst et al., 2005).

The literature lacks a thorough examination of transfer learning (TL) for RL with Q*
estimation that is supported by theoretical guarantees. We pioneer this investigation by
first delineating the transferred RL problem within the framework of MDPs, where we
formally define the RL task discrepancy based on differences in reward functions and tran-

sition probabilities. To facilitate a transferred algorithm that aims at direct estimation of



the @Q* function, we derive an important theoretical result. This result explicates the rela-
tionship between task discrepancy and the divergence of Q* functions of different MDPs.
Given that reward functions and transition probabilities can be readily estimated in prac-
tical applications, this also guarantees the tangible efficacy of transferring MDP tasks that
display minor discrepancies. This precise definition of the TL for RL, along with our the-
oretical finding, lays the groundwork for both the development of an estimation procedure
and subsequent theoretical analysis.

Based on the formal characterization we’ve established, we introduce a general frame-
work of Transferred FQI algorithm (Algorithm 1). It is, in essence, an iterative fixved-point
algorithm with knowledge transfer built on general function approximations. While it
adopts the core transfer-learning concept of initial learning of commonalities followed by
adjustments for idiosyncratic biases, the Transferred FQI algorithm notably diverges from
current transfer algorithms applied in supervised or unsupervised learning in two principal
respects. First, the Transferred FQI adopts an iterative approach to knowledge transfer, in
contrast to the one-off nature of transferred learning in supervised or unsupervised settings.
This necessitates meticulous attention to mitigate estimation biases and transfer-induced
errors across each iteration — a challenge not previously tackled by non-iterative trans-
ferred learning algorithms in existing literature. Second, due to its self-iterative nature,
the pseudo-response in FQI is not observable and needs to be re-constructed for each task
in each iteration using the estimators obtained in the previous step. Therefore, to enable
the benefit of transfer learning, we take extra steps to simultaneously build improved esti-
mators for both the target and source tasks. This contrasts with the conventional focus of
transferred supervised learning algorithms, which predominantly aim to refine estimations
solely for the target task.

For theoretical analysis, we instantiate the general framework using semi-parametric



sieve approximation, which is widely employed in societal applications, and establish the-
oretical guarantees. The theoretical analysis framework developed here for an iterative
fixed-point algorithm with knowledge transfer generally applies to other types of function
approximation and similarity characterization. The result we establish for the Transferred
FQI algorithm provides several important insights into the practice of TL for offline RL.
Firstly, for a given task difference, it spells out the necessary numbers of target and source
samples to correct the task-difference bias and to fully enjoy the benefit of transfer learn-
ing, which implies an artful tug-of-war between the source and the target tasks when task
discrepancy exists: on the one hand, one wishes to have a large size of source data to im-
prove the estimation accuracy of the common component shared by the source and target
tasks; on the other hand, one needs to control the ratio between the size of source data
over that of the target data to make sure that the bias induced from the task difference can
be corrected with limited target samples. We show that, with the help of transfer learning,
the target RL task with sample size ny can enjoy the convergence rate of \/m, ignoring

the logarithm term, where ny is the total sample size of all tasks.

1.1 Literature and Organization

This paper is situated at the intersection of two bodies of literature: batch reinforcement
learning and transfer learning. The literature on reinforcement learning is broad and vast.
The readers are referred to Sutton and Barto (2018) for comprehensive reviews of RL. We

review only the most relevant studies with theoretical guarantees.
Batch Reinforcement Learning. We work under the setting of batch reinforcement
learning (Shi et al., 2022; Yan et al., 2022; Li et al., 2024), where a sufficient amount of

source data — usually a set of transitions sampled from the source MDP — is available.



FQI is an iterative framework that is the prototype of many batch RL algorithms. For
example, the empirically successful Deep Q-Network (DQN) can be reduced to the neural
FQI algorithm (Riedmiller; 2005) under the technique of experience replay and function
approximation with ReLLU deep neural network. Murphy (2005) and Munos and Szepesvari
(2008) established the finite sample bounds for FQI for a general class of regression func-
tions. Various variations of FQI have been studied in the literature. For example, Chen
and Jiang (2019) and Xie and Jiang (2020, 2021) studied the necessity of assumptions for
polynomial sample complexity and developed an algorithm under relaxed assumptions; and
Fan et al. (2020) studied the Deep Q-Network (DQN) algorithm from both algorithmic and
statistical perspectives.

All the current literature in FQI considers only a single RL task. Quite differently,
the present paper considers the assistance of multiple RL source tasks to a target task
with rigorous formulation, estimation algorithm, and theoretical guarantees. The iterative
nature of FQI, together with semi-parametric function approximation and penalization,
brings new challenges to the problem. In the trivial case where the source tasks are empty,
the statistical rate of our proposed algorithm (Algorithm |) recovers the statistical conver-
gence rate of non-parametric estimation on a single RL task. When the source sample size
is larger than the target sample size, i.e., nx 2 ng, the statistical rate becomes sharper as
long as the task discrepancy satisfies a mild condition. Therefore, for a fixed target task,
our proposed algorithm achieves improvement by transferring as long as the source tasks
are sufficiently similar to the target task and the source sample size is sufficiently large

compared to the target sample size.

Transfer Learning. On the methodological and theoretical front, the broad framework of
transfer learning has been investigated under conditional shifts and marginal shifts between

the source and target domains. A prominent example of conditional drift is posterior drift



(Li et al., 2022), where the conditional distribution of the response Y given predictors X
of the target task differs from that of the source task. Prominent examples of marginal
drift include covariate shift (Wang, 2023), where the marginal distribution of predictors X
changes, and label shift (Maity et al., 2022), where the marginal distribution of the response
Y changes.

The present paper is most related to the literature of transfer learning under posterior
drifts, which has been studied in different contexts across a spectrum of supervised learn-
ing (SL) problems, including classification (Cai and Wei, 2021), high-dimensional linear
regression (Li et al., 2022), and generalized linear models (Li et al., 2023; Tian and Feng,
2023), and there are also applications to problems in unsupervised learning (UL) scenar-
ios (Li et al., 2023). Moreover, this work is also related to other multi-dataset problems
such as multi-task learning (see, e.g., Duan and Wang (2023) and references therein) and
multi-distribution learning (see, e.g., Zhang et al. (2023)).

This paper uniquely explores TL within offline RL contexts, particularly focusing on
posterior drifts. Our objective is to estimate the optimal * function through sample
transfers directly. Unlike supervised learning, offline RL estimation of @* involves no
direct observation but instead seeks to approximate the fixed point of the population-level
Bellman optimality equation through iterative updates of a sample-level version. This
process requires a sophisticated de-biasing method in each iteration to counter sequential
bias from task variances. Additionally, our theoretical exploration into TL using semi-
parametric sieve approximation presents novel insights into RL-based transfer learning,
uncovering phenomena not previously identified in supervised or unsupervised learning

contexts. A thorough discussion is provided in Section

Transfer Learning for RL. The RL framework, inclusive of various elements within

an MDP, leads to empirical TL studies in deep RL adopting different assumptions about
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task similarities across MDP components, resulting in diverse research focuses. For in-
stance, learning from demonstration assumes identical source and target MDPs (Ma et al.,
2019). In contrast, policy transfer research often considers variations in state and action
spaces (Yin and Pan, 2017) or reward functions (Barreto et al., 2017), while reward shaping
studies presuppose differences in reward functions defined by a specific function (Vecerik
et al., 2017). Federated multi-task RL assumes different tasks have different reward func-
tions while sharing the same transition kernel (Yang et al., 2023). Representation transfer
research posits that state, action, or reward spaces can be divided into orthogonal, task-
invariant subspaces, facilitating knowledge transfer across domains. For recent reviews on
TL in deep RL, see works like Zhu et al. (2023) and references therein.

Theoretical RL research has begun to rigorously address TL with formal proofs, concen-
trating on non-stationary finite-horizon MDPs. Under linear MDP settings with varying
reward functions, Chen et al. (2022) introduced a transfer algorithm leveraging backward-
style dynamic programming and one-step least-square regression, contrasting with our iter-
ative approach. Agarwal et al. (2023) explored representation transfer, assuming a low-rank
transition model, whereas we avoid specific assumptions about transition probabilities. Our
theoretical contributions, highlighting the impact of task discrepancies on TL’s statistical
benefits in RL, enrich this body of work and enhance the understanding of TL in sequential

decision-making.

Organization. The rest of this paper is organized as follows. Section 2 introduces the
formulation of transfer learning in the stationary sequential decision setting, including a
formal characterization of task discrepancy defined on MDPs. Section 3 presents batched
@* learning with knowledge transfer under general function approximation, instantiated
with sieve function approximation. Section /| establishes theoretical guarantees for the

proposed algorithm under both a transition homogeneous setting in Section and a
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generalized transition heterogeneous setting in Section 1.2. Sections and present
empirical results with synthetic and real datasets, respectively. Computational details,

proofs, and additional information are relegated to the supplementary material.

2 Statistical Framework

Mathematical Framework for RL under a Stationary Environment. We focus on
data-driven decision-making, or reinforcement learning, under a stationary environment.
The mathematical model for studying this type of problem is the discounted Markov Deci-
sion Process (MDP) which is characterized by a tuple M = {X, A, P,r,v}. We specifically
focus on the setting with finite action space A, ie., A = {1,2,...,m} for a constant m.
For a fixed trajectory index ¢ = 1,2,...,1, at time t = 0,1,...7T, an agent observes the
current system state X, ; supported on the state space X', chooses a decision A;; supported
on the action space A, transits to the next state X, ;11 according to the system transition
probability P (-| X, A;:), and receives an immediate reward R;; = (X, Ait) + Miss
where r(x, a) is a reward function, and 7;; denotes a zero-mean noise.

An agent’s decision-making rule is characterized by a policy 7 (a | ) that defines a
distribution over actions conditional on states. A policy 7 (a | ) : X — P(A) is a function
that maps the state space X’ to probability mass functions on the action space A. It satisfies
m(a | ) > 0 for any a € A, x € X, and ZA?T(CL | &) = 1 for any @ € X. Under policy

a€
m, at time ¢, a decision maker chooses action A;, = j at state X,;; = x with probability
7(j | ). The trajectory i is then given by H; = {(X0, Aio), -+, (Xir, Air)}, where the
horizon T' can be either finite or infinite. Let v denote the distribution of the initial state

X o. The trajectory distribution P, given policy 7 is then given by
T-1
Pr(Hi) = V(Xi,O) H @ (Az',t‘Xi,t) P (Xi,t—l-l'Xi,ty Az‘,t) . (1)
t=0
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The goal of RL is to learn an optimal policy that maximizes the discounted accumulative

reward, or return, defined as

T
Ry = Z VtRz‘,t-
t=0

The horizon T can be either finite (episodic) or infinite (continuing), and the discount
factor v € [0,1) reflects a trade-off between immediate and future rewards. If v = 0, the
decision maker chooses actions that maximize the immediate reward R;o. As 7 increases,

—1 can be

the decision maker puts more weight on future rewards. The value T (1 — )
viewed as the effective horizon length of an MDP.

Given a policy 7 and a discount factor v € [0, 1), the state-value function is the expec-

tation of the total return starting from a state a:

T
Vﬂ'(w) = E'HN'Pw(H) [Z fYtRi,t Xi,() = CU] ) <2>

t=0

where the expectation is taken under the trajectory distribution generated by policy 7 on
MDP M. The action-value function or Q-function of a given policy 7 is defined as the

expectation of the accumulated discounted rewards starting from a state & with action a:

T
Q™(x,a) = Eyop, (1) [Z Y'Rit| Xio =, Aig = a] ; (3)

t=0

where the expectation is taken by assuming that the dynamic system follows the given
policy 7 afterward. The optimal action-value function Q* is defined as

Q" (x,a) =sup Q" (xz,a), V(x,a) € X x A. (4)

™

where the supremum is taken over all policies. One important property of * is that it
satisfies the Bellman optimal equation:

E Ri,t + v 1;[/12,}4( Q* (Xi,t-l—la a') - Q* (-Xi,t7 Ai,t) |Xi,ta Az‘,t] = 0. (5)

For any given action-value function @ : X x A — R, the greedy policy 7€ is defined as the

policy that selects the action with the largest Q-value, i.e.,



@ (a|x)=0 if a¢argmaxQ (x,d). (6)

a

The goal of this paper is to study knowledge transfer under posterior shifts in learning the
@* function from offline datasets. Once a better estimator of the * function is constructed
with the assistance from source data, a better optimal policy 7* can be derived as any policy

that is greedy with respect to the estimated Q*.

The Target and Source RL Data. Transferred RL aims to improve the learning on
a target RL task by leveraging data from similar source RL tasks. We consider the case
where we have abundant source data from offline observational data or simulated data,
while the target task only has a small amount of offline data. Specifically, we have a target
task and K source tasks, which are characterized by MDPs M®*) = {X, A, P®) r() 41 for
k € {0} U[K]. The target RL task of interest is referred to as the 0-th task and denoted

7

by a superscript “(0),” while the source RL tasks are denoted by a superscript “(k),” for
k € [K].

Without loss of generality, we assume the horizon length of all tasks is the same, denoted
as T. For each task k € {0} U [K], we collect I®) ii.d. trajectories of length T', denoted
as {(XE?,AE?,RE?,XE?@L)}, 1 <i<I® 0<t<T—1. We also assume that the
trajectories in different tasks are independent.

Single-task RL considers each task k € {0} U [K] separately and defines the underlying
true response of interest at step t as

k k . k
Yi,(t) = Rz(,t) +- g,lgij &) (Xz(,t)—H? a/), (7)

where Q**) denotes the optimal action-value function of task k. According to (5), we have

QW (2,0) =E [V | X =, 4% =a], for ke{0}ulK], (®)

which provides a moment condition for the estimation of Q**) (x,a). If Y;(f ) is directly
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observable, then Q**) (x,a) can be estimated via regression. However, what we observe in
the RL setting is only a “partial response” RE?. The other component of Yz(f ), as shown
in the second term on the RHS of (7), depends on the unknown @Q* function and future

observations. As will be discussed in detail in Section 3, we estimate Q**®) (x,a) in an

iterative fashion.

Similarity Measure for Transferring between Different MDPs. The study of
transfer learning necessitates a formal characterization of task similarity or difference. Since
MDPs are characterized by tuples M*) = {x A, P®) r®) 41 for k € {0}U[K], we charac-
terize the similarity between the target and the source tasks through the difference between
the reward functions r* and the transition probabilities P*). Specifically, we denote p*)

(k

as the density of the transition kernel P*) and assume it exists almost everywhere for all

k. The discrepancy between any source task k and the target task 0 is quantified by

5ﬁk)(w, a) = r(k)(a:, a) — r(o)(a}, a), (9)
5 (' | 2, ) = p®(a' |, 0) — pO (&' | 2, a). (10)

Since our estimation target is the Q* function, we next establish the relationship between

the difference of the @* function and task discrepancy defined on MDP tuples.

Lemma 2.1 (Difference of Q*). Let the difference between the optimal action-value func-
tions across different tasks be defined as

0 (2, a) = Q*W(z,a) — Q""(,q). (11)

Assume that the reward functions r*)(x,a) are uniformly upper bounded by a constant

Roax. Then we have

sup

x,a

Rmax
(58) (a:,a)‘ < sup ](5,{’“) (z,a)| + 7—/ sup ]5;’“) (' |z, a)|da’. (12)
X x,a

1—7% 24 ’ (1—n)?
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Lemma shows that the magnitude of the difference of Q* functions can be upper
bounded by that of d, and ¢,, which theoretically guarantees the transferability across RL
tasks that are similar in reward functions and transition kernels for optimal Q)* learning.

Indeed, the premise of transfer learning is that the differences ¢, and 9, are “small” in
the sense that the bias incurred from different source tasks can be “easily” corrected even
with a small amount of target data, which will be shown later in the theoretical analysis in
Section . For a better illustration, the magnitude of ¢, and J, will be instantiated under
a specific function class and will show up in the statistical learning rate of our proposed
algorithm, where we provide a formal quantification for how “small” the differences should
be to benefit from transferring. As the rewards and transition pairs for all of the stages
are directly observable, it can be wverified in practice whether similarity assumptions to be

imposed on (9) and (10) are satisfied (Silver et al.; 2021).

3 Batch Q" Learning with Knowledge Transfer

3.1 Transferred FQI with General Function Approximation

The proposed knowledge transfer algorithm is based on the framework of Fitted Q-Iteration
(FQI) due to its wide applications in offline RL. The framework of FQI aims to minimize the
Bellman error (BE) by bootstrapping and semi-gradient method. Recall that the Bellman

optimal equation is
E R+ + ’Yglgj( Q" (X 41, a) ‘Xi,b Air| = Q" (X, Aiy) - (13)
The FQI proceeds iteratively with a function class @ (:13, a; ,6) parameterized by 3 to approx-

imate Q* (x,a). In the 7-th iteration, given an estimator @(:1:, a; BT_l), the FQI computes

Y7, = Ri+ ymax Q(X itt1, @ 6771) as a pseudo-response variable and regresses {Y;;} on
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{(Xit, Air)} to obtain an updated estimator @(:I:, a; BT) Specifically,

T—

BT = argmin Z sz Aztvﬁ)) (14)
B

i=1 t=0

Based on the iterative framework of FQI, we develop the Transferred FQI algorithm (Al-

H

gorithm 1) to apply knowledge transfer across different batch RL tasks. Suppose that we
obtain samples S*) = {(XZ(?,AZ(?, Rf’?,XE’iLI)} for 1 <4< I® 0<¢<T—1 that are
randomly sampled from the k-th task, where k = 0 represents the target task and k € [K]
represents the k-th source task. As illustrated in Section 2, the samples are assumed to be
i.i.d. across trajectory ¢ but correlated across t for the same i. For each k, we randomly
divide S®) into Y disjoint subsets Sl(k),Sék), . S(k) and use ny = [®T/Y to denote the
sample size of each subset. The subsets {Sﬁk)}szo contain the data we used in the 7-th
iteration of our proposed algorithm, where 7 =1,2,...,T.

On the population level, there exists a center of the Q* functions {Q*(k)},lfzo, defined as

W* = argminE{Z (Y;Ef) _ W(th 7A(k )) }
w itk

k)

where Y;(t is the true response defined by (7). It is straightforward to derive that

K K
= (ng)~ ! an QT = QO 4 (ny)! Z Ny - (5((;), (15)
k=0 k=0

where nge == Y1 ng, and 5(5 ) is the defined in (11). The weighted average 6 :=
(i)™t >, n - 522 characterizes the bias of the center W* from the target function Q*(©.
If each 58 ) is “sufficiently small,” then their weighted average is also small, and we expect
to learn the bias 6 well even with a small amount of target data.

To estimate the optimal action-value function QQ*, we further need an approzimating
space Q, a well-defined function class on X x A. Given a general approximating space
Q, we denote the projection of the optimal action-value function Q** and the center W*

on Q by Q**) and ﬁ/\*, respectively. The above equations also hold for the projections
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Q**) and ﬁ/\*, so we estimate TW* by minimizing the empirical Lo loss in Step I (Equation
(16)) of Algorithm I. Since an informative source task must be similar to the target task,
the approximating space for the bias 69, denoted as Q' C Q, is often more restrictive
such that we can employ this restrictive structure to estimate 6% well even with a small
amount of target data. In literature, restrictive structures that characterize task similarity
include the sparse condition (Li et al.,; 2023), smoothness condition (Cai and Wei, 2021),
polynomial order (Cai and Pu, 2024), and RKHS norms (Wang et al., 2023). In Step II
of Algorithm 1, we denote the restrictive structure imposed by @ as a norm ||-||,, and
minimize a [|-|| o-penalized objective in (1%) to obtain an estimator for the bias §*) on each
task. At the end of each iteration, the optimal action-value functions Q** are estimated
by combining the center estimator (10) with the bias-correction estimator (1%) on each
task, where, in particular, @(0) is our goal estimator for the target task. These estimators

are further refined as the iterations proceed.

3.2 Transferred FQI with Sieve Function Approximation

Algorithm | establishes a general framework for transferred FQI. With different applica-
tions, the approximating space Q can be chosen according to the norm of the domain.
For example, for language and vision tasks, neural networks are usually chosen for the
approximating space @ due to the intrinsic data structure and the availability of massive
training data. However, semi-parametric sieve approximation has been proven to offer bet-
ter approximation and sensible interpretations for applications of business, economics, and
finance (Chen, 2007). To propel data-driven decision in societal applications, we focus our
attention on sieve function approximation hereafter.

Now we instantiate Algorithm | with sieve function approximation. The approximat-

ing space Q is chosen to be linear combinations of sieve basis functions, i.e., Q contains
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Algorithm 1: TRANSFQI: Transferred Fitted Q-Iteration (General)
Input:

e Target dataS(O):{(th,Ag,th, ”H)} 1<i<I® 0<t<T—1;

Informative source data S*) = {(XZ(?, Agﬁ), Rg?, zt—i—l)} 1<i<IW®,
0<t<T-11<k<K;

e An approximation space Q for Q* and a function class Q' for the difference §;

Initial estimators Q\(()k) € Q;
e Maximum number of iterations T;

Regularization parameters )\((Sk) for k € {0} U [K].

Output: An estimator @( and the greedy policy 7r( )

For k=0,1,..., K, randomly divide S*) into Y disjoint subsets S S k), e ,S&k);
forr=1,2,...,7T do
Compute Y, = R} + - max Q% (XL, ) for all (i) € S and
ke {0} U[K].
STEP I. Compute an aggregated estimator for all tasks:

W, = argmin ( Z Z [Yl(f (Xgﬁ), Ai’?)] Z ) (16)

WeQ 0 (;.1yes®

accordingly.

STEP II. Compute a corrected target estimator for each task:
for k=0,1,..., K do
Obtain
QW) =W, + o, (17)

where

~ ) 1 B T k) (k) O NERNG
oW = argmin (5 37 |VP7T WX AR) -6 AR AP 1ol ).
(i,t)es®

(18)
| and [|-]| o is a function norm that imposes structures on the task difference.

functions of the form @(w, a;3) = &(x,a)" B, where

&(z,a) = [¢" (x)(a=1),¢ (2)l(a=2),...,0" (z)I(a= m)]T , (19)

and () = (¢1(-),...,¢p(-))" denotes a set of pre-selected sieve basis functions such as

B-splines or wavelets.
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With sieve approximation, Algorithm | is instantiated in several aspects. Firstly, the
L . . . A (k) T (k) S
initial estimator is characterized by @y’ (z,a) = &(x,a) B, , where B, is an (mp)-
dimensional initial coefficient vector for the k-th task. In the 7-th iteration, after com-
puting the pseudo response variable {Y;(f )’T} for all of the tasks, the aggregated estimator

W, (x,a) = &(x,a) W,, where W, is obtained from sieve-instantiated Equation (16) in

Step I, that is,

w, —argmln—z Z [Y;t (XZ?,A ) ]2. (20)

weR™P 0 i) e 2
Due to the linearity of sieve spaces, the aggregated estimator w, can be viewed as an
estimator for a weighted average of the underlying parameters of the K tasks, which is
biased from the parameter of each task. In Step II, we estimate the bias of w, on each task
by an /¢;-regularized estimator g(f), as we use /1 distance to measure the difference across
tasks under sieve function approximation. That is,

~(k 1 T w 2
5 —awgin (51 Y [0 ex Al @, + o)), 08l ). (2

scrRmp  \ 2Ny,
(i,)es™

~k) . ak .
Then we correct the aggregated estimator by ,B(T - w;, + E(T ), and the corrected estimator

~(k
B(T ) is input into the next iteration for further refinement.

3.3 Distinction of Transferred FQI from Transferred SL

In the realm of RL, FQI represents a pivotal algorithmic approach for estimating the
optimal action-value function @Q*. When considering transferred FQI within the context
of transfer learning, it becomes evident that several key distinctions arise compared to
algorithms designed for transferred supervised learning (SL).

Firstly, while transferred SL often relies on non-iterative regression-based estimation

methods, FQI adopts a fundamentally different approach. Rather than relying on re-
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gression, FQI addresses the problem through an iterative fixed-point solving process. This
iterative nature not only distinguishes FQI from conventional regression-based methods but
also introduces novel challenges and opportunities within the transfer learning paradigm.
Consequently, our transferred FQI algorithm and its associated theoretical properties in-
troduce new contributions to the landscape of transfer learning, particularly within the
dynamic domain of RL.

Moreover, in transferred SL, the primary focus typically revolves around the target task,
without the need to construct better estimators for the source tasks. However, the nature of
RL introduces additional complexities, as the response of the optimal action-value function
is not directly observable. Consequently, in transferred RL scenarios, the construction of
pseudo responses for the source tasks becomes indispensable. Despite the primary emphasis
on the target task, our algorithm adeptly handles the construction of pseudo responses
for the source tasks as well. This dual focus not only underscores the versatility of our
approach but also enables the derivation of estimators for the Q* function of the source
tasks as byproducts. This holistic perspective enhances the scope and applicability of
the proposed transferred FQI algorithm, extending its utility beyond traditional transfer

learning methodologies.

4 Theory

In this section, we establish statistical guarantees for our proposed transferred FQI al-
gorithm (Algorithm 1) under sieve function approximation. As defined in Section 2,
the dataset of task k € {0} U [K] contains I*¥) independent trajectories, denoted by

(X, 40 g x®

it Lt o Tt o i,t+1

)} (1<i<I®™ 0<t<T—1), each with length 7.
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4.1 Theoretical Results for Transition Homogeneous Tasks

To clearly present our theoretical results, we first focus on the transition homogeneous
setting, where the state-action variables are assumed to share the same distribution, i.e.,
the transition P®)(x'|x,a) are the same across & € {0} U [K]. In contrast, the reward
functions 7*)(x, a) are different across different tasks.

We first introduce some common regularity conditions for the theoretical development.
Assumption 4.1. For all tasks k € {0} U [K], assume the following conditions hold:

(a) Assume that the state-action chain {( it ,Aglz )} B

-0 satisﬁes time-homogeneous Markov

‘ . k
property. Specifically, given X z(',t)

=x and A;’? = a, assume that the distribution of
the next state X,E?H is determined by a time-invariant transition kernel P(-|x,a)

with density p(-|x,a) almost everywhere. Moreover, assume that there exists a be-

havior policy b(-| x) such that ]P’(AE t) =al|X; t) =x) =b(a|x).

(b) Assume that the Markov chain {X (k) } ' has a unique stationary distribution with
a density p almost everywhere. Let v denote the probability density of the initial state
X Z(-%). Assume that p and v are bounded away from 0 and oo. Furthermore, assume

that the Markov chain {X” }t _01 is geometrically ergodic if T — oo.

(c) Let 3 := %E[ZtT;Ol (Xz(ﬁ), AZ(-?)ET (Xl(ﬁ), AE?)] , where &(x, a) is the basis function
defined in (19). Assume that there exists a constant cx > 1 such that ¢5' < Apin(2) <

Amax(2) < ¢x for all k.

(d) Assume that the reward Rg? = () (ng?, A§f§)) +n%) | where the noise nfi) is 0 -sub-

R

Gaussian with a constant o, > 0 that does not depend on i,t, k.

. . : B) 40\ -
In Assumption /.1, the condition (a) ensures that, for any i, k, {(X Z(»,t),AZ(A7t))} is a
time-homogeneous MDP on X’ x A with the transition kernel P(x’ | x,a)b(a’ | '), and thus
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{XE?} is an MDP with the transition kernel Z;AP(:E’ |, a)b(a|x). The condition (b)
ac

further assumes that the latter MDP has a stationary distribution with bounded density
and is geometrically ergodic, i.e., the stationarity can be attained at a geometric rate when
T — oco. The condition (¢) assumes the invertibility and boundedness of the population
covariance matrices on all tasks. These conditions are consistent with Assumptions (A2)
and (A3) in Shi et al. (2022), which are necessary to ensure the concentration properties
between the empirical and population quantities. The condition (d) assumes the sub-
Gaussianity of the noise in the reward, which is also standard to guarantee the concentration
properties.

We then introduce the notion of Holder x-smooth function, which is a generalization of

Lipschitz continuity and is widely used to characterize the regularity of functions.

Definition 4.2 (Hélder x-smooth functions). Let f (-) be an arbitrary function on X € R,
For a d-tuple a = (o, ,q) of non-negative integers, let D denote the differential
operator

lelly £ (o

- a1 Qg
Ox{' - - Oz

where & = (z1,-++ ,xq4) . The class of k-smooth functions is defined as

D — D~
A(k,c) = {f . sup sup [D*f(x)| <c and sup sup D% f(@)) K{R(Jm2)|
ey <|r) mEX el =|5) ®1,226X @1 #@2 |1 — 2|5

With a set of typical sieve basis functions ¢(x) = (¢1,...,d,) such as B-splines and
wavelets, the Holder k-smooth functions satisfy the following property (Huang, 1998): for

any function f(-) € A(k,c), there exist coefficients 3 such that
sup |f (&) = BT ()| < Cp™/7, (22)
B AS

for some positive constant C'. We then assume the following regularity condition on the

reward functions and the transition kernels to ensure the Holder xk-smoothness of the Q*
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function.

Assumption 4.3. Assume that there exist some constants k, ¢ > 0 such that r®) (-, a) and
p(x' |-, a) belong to A(k,c) for any a € A, k € {0} U[K], and &' € X. In particular, there
exists a uniform upper bound Ry.x on the reward functions r(’“)(cc a), i.e., sup !7" (x a)’ <

x,a.k

Rmax .

Lemma 4.4. Under Assumption , there exists some constant ¢ > 0 such that the
optimal action-value function Q** (-, a) belongs to the class A(k,c') for any task k € {0} U

(K] and any action a € A. In particular, sup |Q*®(x,a)| < Ryax/(1 — 7).

x,a.k

Lemma ensures that, under Assumption .3, the optimal Q*® function is k-smooth
for all tasks and, in particular, uniformly upper bounded in ¢,, norm. Using the sieve ap-
proximation, we further characterize the transferability across different tasks. Recall that
&(z,a) == [¢ (x)(a=1),¢ (®)(a=2),...,¢" (z)I(a= m)]T. From (22) and Assump-
tion 1.3, we have that there exist coefficients {,Bﬁk)} such that

sup |r®™ (z,a) — ET(w,a)ﬁff“" < Cp

x,a,k

for some constant C. The similarity between r*) (x, a) and 79 (z, a) is manifested through

their projections on the sieve space. Specifically, we use

he = max |69 - B, (23)

to measure the discrepancy between K source tasks and the target task. The level h,
quantifies the difference between the target and source tasks. Aslong as h, is small enough,
the source tasks are sufficiently informative to improve the estimation performance on
the target task, which is shown by the following theorem for the theoretical property of

Algorithm | under transition homogeneity:

Theorem 4.5. Suppose Assumptions and hold. Further assume that the sample

sizes ng and nx satisfy plog—"’c + h, 1‘:% = o(1). By choosing the initial estimators such
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~ ~(k) (0
that sup Q(()k)(:v,a) < Ruax/(1 — %) and sup ||B(() - B(() )Hl < h, and choosing the tuning
k

x,a,k

parameter )\gk) = Cs 1‘;% for some sufficiently large constant cs, it holds that

. ~ k plO 2n lo D 1/4 T—i_l-RmaLx
E[o _Qgp):@p(%[ gl Pl /_h(i) o 2 e ),

2 2
- '7) ~—~— ng ng (1 - 7)
function- ~ P ~ N P _
approzimation commonality task-difference bias algorithmic error
bias estimation error

(24)
where @%9) is the output estimator of Algorithm 1, and the expectation is taken over (x,a) ~

pu(@)ba|z).

Theorem establishes that the convergence rate of the Q* estimator contains a sta-
tistical rate (the first three terms) and an algorithmic rate (the last term). The statistical
rate is weighted by ﬁ, which is incurred by the iterative nature of the fixed-point so-
lution. The algorithmic error is due to the error of the initial estimator, which decreases
exponentially as the iterations proceed since v < 1. By carefully choosing the number of
iterative steps T, the statistical error will dominate the algorithmic error.

We now focus on discussing the statistical rates in the brackets in (21). The first

%/ is the function approximation bias, instantiated as the bias of non-parametric

term p~
estimation in (22). Due to the careful design of our algorithm, this estimation bias does
not accumulate over different tasks. It is consistent with the bias agreed in the literature
on sieve approximation. We conjecture that this function approximation error will be
instantiated by other estimation biases if we consider different function classes Q and
approximation techniques, such as neural network function approximation. We leave the
detailed analysis of other function approximation methods for future works.

The second term \/1% represents the statistical convergence rate of estimating

the shared commonality between the target and the source tasks, i.e., the center W* in

(15), demonstrating itself in the order of standard deviation. For sieve approximation,
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d

T—a—d(

by choosing the number of basis functions p > n™ (log n;c)%, this standard deviation

term dominates function-approximation bias term p~"/¢.

Compared to the single task
convergence rate \/]% , the commonality estimation error is improved into the convergence
rate when the target sample size is as large as nx (ignoring the logarithm term), which
shows the advantage of transfer learning.

The third term /A, (1‘;%) v is the task-difference bias. It is incurred by task dis-
crepancy and mathematically characterized by h, defined in (23). Note that although the
theoretical conditions for the initial estimators in Theorem are related to h,., they can
be easily satisfied in practice without knowing h,., for example, by setting Bék) = 0 for all
k, and the constant c¢s can be chosen by cross-validation.

The result in Theorem provides several important insights into the practice of TL
for offline RL. Firstly, for a given task difference h,., it spells out the necessary numbers of
target and source samples to correct the task-difference bias and to fully enjoy the benefit
of transfer learning. Specifically, for a given h,., the task-difference bias can be dominated
by the commonality estimation error if practitioners collect ng 2 ni-h*p~2 samples for the
target task, ignoring the logarithm term. This implies an artful tug-of-war between the
source and the target tasks when task discrepancy exists: on the one hand, one wishes
to have a large size of source data to improve the estimation accuracy of the common
component shared by the source and target tasks; on the other hand, one needs to control
the relative sample sizes of the source and target data such that the bias induced from
the task difference can be corrected with ng target samples. The growth of the required
ng is proportional to nz-p~2 for any given h,, which is not restrictive in the sense that the

number of p is growing and nfp~2 can be much smaller than ni. Since we only require

plog? ng

£ % = o(1) in Theorem 1.5, the growth of p can be as fast as ni/log® ni. As a result,

with the help of transfer learning, the target RL task with sample size ny much smaller
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than nx can enjoy the convergence rate of /p/ng.
In cases where source tasks offer no data, meaning nx = ng and h,. = 0, the performance

of our algorithm matches the statistical convergence rate of single-task non-parametric RL

estimation, with a rate of O ( jp— (\ /E 1050 10y 5y=r/ d)) . As the source sample size increases

relative to the target, specifically when nig 2 ng and h , our algorithm’s accuracy

r N Vno log
improves, demonstrating the value of transferring knowledge from similar and sufficiently

large source tasks. The condition on task discrepancy, h , is mild, since the basis

< __P
T~ {/nglogp
number p is allowed to be as large as ny, which allows the upper bound of A, to be of the
order = T’ ignoring the logarithm term.

4.2 Theoretical Results for Transition Heterogeneous Tasks

In this section, we generalize the results in Section to transition heterogeneous tasks,
allowing the distributions of (X, A) to differ in different tasks. Therefore, both the transi-
tion kernels P*) (2’| z, @) and the reward functions r*)(z, a) are different across tasks. The
theoretical results explicitly depend on the differences between the target and the source

tasks defined by (9) and (10). We first extend Assumption .1 to the heterogeneous setting.
Assumption 4.6. For all tasks k € {0} U [K], assume the following conditions hold:

(a’) Given XEI? =x and Agﬁ) = a, assume that the distribution of the next state XEI?H 8
determined by a time-invariant transition kernel P® (- | @, a) with density p*) (- | @, a)

almost everywhere. Moreover, assume that there exists a behavior policy b™®)(-|x)

such that IED(AE”? =a| Xg? =x) =b®(a|x) for all i,t.

(b’) Assume that the Markov chain {X Z(-?};[:_Ol has a unique stationary distribution with

a density u'® almost everywhere. Let v'®) denote the probability density of the initial
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state X%). Assume that p® and v™*®) are bounded away from 0 and co. Furthermore,

assume that the Markov chain {Xgﬁ)}tT;Ol 18 geometrically ergodic if T'— oo.

(¢’) Let £ .= %E[ZtT:_Ol (X(k) AE?)ET (X(k) Agi))}, where &€(x,a) is the basis func-

it it

tion defined in (19). Assume that there exists a constant c¢s > 1 such that cgl <

Ain(BH) < Apax(ZF) < e for all k.
(d) The same as condition (d) in Assumption

Assumption is parallel to Assumption ! |, allowing the transition kernel p*), the
behavior policy b*), the initial distribution »*), and the invariant distribution x®) to be
different in different tasks. Similar to Assumption 1.1, the condition (a’) ensures that,
for any i, {(X §§),A§f§))} is a time-homogeneous MDP on X x A with the transition
kernel P (x'|x,a)b® (a’|x'), and thus {Xl('?} is an MDP with the transition kernel
> uea b (a|z)P® (2’ | 2, a). The condition (b’) further assumes that the latter MDP has
a stationary distribution u®), which is allowed to be different for different k. The condi-
tion (c¢’) requires a uniform boundedness for the eigenvalues of the population covariance

matrices on all tasks. Additionally, we also require the Holder k-smoothness of the reward

functions and transition kernels on all of the tasks.

Assumption 4.7. Assume that there exist some constants k, ¢ > 0 such that r*) (-, a) and
p®) (' |-, a) belong to A(k,c) for anya € A, k € {0}U[K], and ' € X. In particular, there

exists a uniform upper bound Ry., on the reward functions, i.e., sup ‘r(’“) (x, a)} < Riax-
x,a,k

We then characterize the transferability across different tasks in the heterogeneous

. . . . (k) (k) ( At
setting. By (22) and Assumption 1.7, there exist coefficients {8} } and {8} ()} such
that

sup 1 (@,0) — €7 (2,0)8" | < Cp/",

x,a,k
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and

sup [p® (@' |2,a) — &' (z, )8 (2')| < Cp~",

x,a,x’ k

for some constant C. Similar to the transition homogeneous setting, the similarity of r*)

and p® is measured through their projections on the sieve space. Specifically, define

/ |8 @) - 50|

which is a generalization of h, defined in (23) in the homogeneous setting.

h:= max [HB k) _

dw’} , (25)

In addition, since Q* is approximated by &(z, a)Tﬁg), we also need to characterize the
discrepancy between the population covariance matrices of £(x,a). Let X = Zk 0k E
where X is defined in condition (¢’) in Assumption 1.6. Then we define

Cy:=1+ max Hf_l(E(k) - )

E (26)
The quantity Cy is similar to the heterogeneity constant defined in Li et al. (2022). How-
ever, Li et al. (2022) characterized the differences between the covariance matrices »*®) and
> directly, while we characterize the differences between $*) and their weighted average
for technical simplicity.

We are ready to present the theoretical property of Algorithm | in the transition het-

erogeneous setting.

Theorem 4.8. Suppose Assumptions , , and the other conditions in Theorem

hold. Then we have

2 1/4 T+1
gl e plog”(nk) logp Y R
Q0| =0 (_[p [ e) o 4+ 1t
‘ (1=l =~ s no (1—7)?
approzimation COm?’T?()rnality task—diﬁ‘;;ence bias algorith?ﬂ%c error

bias estimation error

(27)

where the expectation is taken over (x,a) ~ pu®(x)b® (a|x).

Compared to the convergence rate in the homogeneous setting (Theorem .5), Theorem
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indicates that Algorithm | achieves a similar convergence rate for the transition hetero-
geneous tasks. Concretely, the function-approximation bias, commonality estimation error,
and algorithmic error terms (i.e., the first, second, and fourth terms) are of the same rate,
while the third term, which is due to the discrepancy among the tasks, is characterized by
Cx;h instead of h,.

Similar to Theorem .5, we have that, when T is sufficiently large, the target sample
size ng needed to correct the task-difference bias is n-C2ah?p—2, where p is allowed to grow
as fast as ni/ log2 ni. We note that Theorem is consistent with Theorem since
Cx =1 and h = h, for the transition homogeneous setting. As h > h, and Cyx > 1 when
the transition kernels are different in different tasks, the discrepancy Csh > h,, which
indicates that more target samples are required to attain the desired rate {/plog? nc /nic
in the transition heterogeneous setting than the homogeneous one.

In this study, we do not specify a structure for the transition probability P*) nor
delve into its transfer learning aspects. However, recent research (Lu et al., 2021; Cheng
et al., 2022; Agarwal et al., 2023) highlights the benefits of leveraging P*)’s shared low-
rank structure to enhance the estimation of the target task’s Q* functions. A promising
avenue for future investigation is integrating P*)’s low-rank structure into Transferred FQI,

particularly in settings with heterogeneous transitions.

5 Empirical Studies

5.1 Simulations

In this section, we use simulation studies to show the advantage of our proposed Algorithm
in RL. We choose the state space X to be [—1,1]3, set the action space A to be {—1,+1},

and generate each trajectory by the following equation:
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Tip1 = 1 —ay Ty + €zt
Gy

where &g ~ N (0, I3), a; ~ Bernoulli(0.5), and €,; ~ N(0,I3/4). For the convenience of
constructing sieve basis, we use a tanh function to map each state vector x; onto [—1,1].
This setting is partly adapted from the two-dimensional setting in Shi et al. (2022). We

consider a quadratic reward function:

ry = (At) * (:E;rC:l:t) + 67“715’

where €,; ~ N (0,I3/4) and C is a random matrix to be specified.

Based on the settings above, we generate a target task and a source task, with index
k = 0 and 1, respectively. The number of trajectories in task k is denoted by I*), and
we fix the length of each trajectory to be 5. In practice, we choose I(®) = 20 and let
IM range from 10 to 80. For the target task, the diagonal entries of the matrix C'©) are
independently drawn from A/(0, 1), while the off-diagonal entries are independently drawn
from A(0,1/4). For the source task, we set C) = C© 4 Cj, where each entry of Cj is
independently drawn from N (0, 0%). The parameter oo controls the level of discrepancy
between the target task and the source task, whose possible values are set as 0.25, 0.5, 0.75,
and 1.0 in our experiments.

To verify the effect of our proposed two-step algorithm, we compare the following three

methods:

(1) “no-transfer”: Fitted Q-Iteration on the target task without transferring any infor-

mation from the source task.

(2) “one-step”: Fitted Q-Iteration on the aggregated data, without correcting the differ-

ence (i.e., only do Step I in Algorithm | for each iteration).

(3) “two-step”: our proposed method (Algorithm 1).
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Figure 1: Boxplots of the estimation errors for the Q* function with Iy = 20 and different
source sample sizes I1. The parameter oc on the top of each subfigure indicates the standard
deviation of the difference matrix C's.

The basis function ¢(x) is a set of three-dimensional B-splines on [—1,1]* for all meth-
ods. For each k, each entry of the initial estimator ,@(()k) is independently drawn from
N(0,0.01), and the regularization parameters )\gk) are determined through cross valida-
tion. To evaluate the performance of each method, we estimate the expected estimation
error E |Q(x, a) — Q*(x,a)| by taking an average over 200 values of (&, a) that are inde-
pendently drawn from the true distribution of (&g, ag). Since it is hard to compute the Q*
function in closed form, we also use Monte Carlo approximations to obtain the true value
of @* for any fixed (x,a). The results over 100 independent runs are displayed by boxplots
in Figure

As shown in Figure |, when the task discrepancy is small (i.e., o = 0.25), the one-step
and the two-step methods both significantly outperform the “no-transfer” FQI method,

and their performance improves as the source sample size I(!) increases. However, the
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Figure 2: The estimated functions of the one-step method and the two-step method for the
optimal action-value function Q*((z,0,0), —1). The legend “truth” represents the true Q*
function, approximated by Monte Carlo simulation, and “two-step estimation” represents
the estimated @* function obtained by the two-step method. For clear presentation, the

estimated Q* function of the “no-transfer” method is omitted since its scale is too large. The
matrices in the reward function are fixed to be C¥) = diag(1,0,0) and CY = diag(0, 0, 0).

one-step method’s performance deteriorates as the task discrepancy oo grows larger. Par-
ticularly, when o¢ > 0.75, it performs even worse than the “no-transfer” method due to
the significant bias induced by the source task. On the contrary, the proposed two-step
method consistently performs well with sufficiently large source sample size, highlighting
the importance of the second step in our proposed algorithm, which corrects the bias of
the center estimator obtained in the first step.

To illustrate the learning outcomes of various methods, we juxtapose the estimated Q*
functions’ marginal versions against the true @Q* function for = (z,0,0) with z ranging
between [—1,1] and a = —1. For the target task, we set C® = diag(1,0,0) and I = 40,
while for the source task, c = diag(0,0,0) and I (1) = 40. The comparison, as shown
in Figure 2, reveals that Transferred FQI accurately estimates the true Q* values for both

tasks, in contrast to the one-step method, which yields less accurate intermediate estimates
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far from either task.

5.2 Real Data Analysis

In this section, we apply the proposed Algorithm | on Medical Information Mart for Inten-
sive Care (MIMIC-III) dataset (Johnson et al., 2016) to illustrate the benefit of knowledge
transfer in Q* learning.

MIMIC-IIT is a large, publicly available database of medical records containing de-
identified health-related data about patients admitted to critical care units at a large ter-
tiary care hospital. In particular, we follow the procedure of Komorowski et al. (2018) to
select the data of the adult sepsis patients and extract a set of 43 features for characterizing
each patient, including demographics, Elixhauser premorbid status, vital signs, laboratory
values, fluids and vasopressors received. To save the computation time, we further compute
the 20 top principal components of the features, which explains 99.9% of the total variance,
as state variables, i.e., X,;; € R*. The two action variables of interest are the total volume
of intravenous (IV) fluids and the maximum dose of vasopressors administrated over each
period. Each action variable is discretized into three levels (low, medium, and high); hence,
there are nine possible action combinations. For the rewards R;;, we follow Prasad ct al.
(2017) and Komorowski et al. (2018) to assign rewards to each state based on the health
measurement and mortality of the patient. A higher reward R;; indicates a better physical
condition of the patient i after the action A;; taken at time ¢.

The final processed dataset contains 5,923 observations from 400 patients, including
1,391 observations for female patients and 4,136 observations for male patients. We con-
sider the female group as the target task (kK = 0) and the male group as the source task
(k = 1) and compare the performance of our proposed transferred FQI (Algorithm 1) with

that of FQI on the target set without transferring. We set the discount parameter v = 0.6,
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Figure 3: Averaged Q* values estimated by the transferred FQI (Algorithm 1) and FQI on
the target data without transferring.

construct 20-dimensional B-splines as basis functions ¢ (), and determine the penalization
parameter )\((;k) by cross-validation. Figure 3 presents the estimated Q* function value aver-
aged over all observations in the target dataset as the iterations proceed. The optimal value
obtained by our proposed algorithm is clearly larger than simple FQI without transferring,
especially when the number of iterations is large enough, which verifies the advantage of

knowledge transfer in FQI.

6 Conclusion

This paper introduces a novel knowledge transfer framework for sequential decision-making
problems formulated as RL tasks. We first formally define the notion of task discrepancy
and establish a theoretical relationship between task discrepancy and the discrepancy in
optimal action-value functions, based on which we proposed the Transferred Fitted Q-

Iteration (Transferred FQI) algorithm, an iterative procedure that jointly learns the com-
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monalities and corrects for biases across tasks within a general function approximation
framework. The Transferred FQI algorithm is further instantiated with sieve function
approximation, where our theoretical analysis reveals several important insights into the
practice of transfer learning for offline RL. Concretely, we quantify the required target
sample size to overcome task discrepancy bias and benefit from transfer.

Overall, this work opens up new frontiers in transfer learning for RL by providing a
rigorous iterative algorithm, theoretical analysis, and insights into the interplay between
source knowledge, task discrepancy, and target sample size requirements. The framework
complements prior RL and TL literature while introducing novel perspectives on iterative
knowledge transfer during batch @* estimation. Potential future work can build upon
these foundations to develop new transfer approaches under other function approximation

methods, such as neural networks.
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Appendix A Notations

Let lowercase letter z, boldface letter @, capital letter X, boldface capital letter X, and
calligraphic letter X represent scalar, vector, random variable, random vector (or matrix),
and set (or space), respectively. We use the notation [IN] to refer to the positive integer set

< b, if a,, < Cb,, for some

~

{1,...,N}for N € Z,. For sequences {a, } and {b,}, we write a,,
constant C' that does not depend on n, and write a < b if a,, < b, and b, < a,,. Moreover,
for random variable sequences {X,,} and {Y,}, we let X,, = O, (Y,,) if X,,/Y,, is bounded
in probability. We let C, ¢, Cy, ¢, ... denote generic constants, where the uppercase and
lowercase letters represent large and small constants, respectively. The actual values of
these generic constants may vary from time to time.

As a convention, in this paper, we use upper case letters, such as I and 7', as the sizes
of dimensions (fixed or growing). We use the corresponding lowercase letters, e.g., i and t,
as the running indices.

We use Apin(X) and Ay (X) to denote its smallest and largest eigenvalues of matrix

A

X. We use the following matrix norms: maximum norm || X|| . = max |z;|, {;-norm
ij

max

1X 1, = max 35 s focmorm [| X = max 37y, and fe-norm [| Xl £ Aax(X).

Appendix B Technical Proof for Theoretical Results

Proof for Lemma . By the Bellman optimality equation, we have

0" (z,0) = 1 (2, q) +7/ {maXQ*w) (wlva,)] A (| . 0) dat’
X

aeA
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which implies that
5 (@0) = 0 @)+ {mjg Q <w',a'>] 60 (2! | ,0) da’
y | €

+ 7/ {max Q"™ (2',d') — max Q") (2, a’)} PO (x| x,a)dx’
x

a’'eA a’'eA

p

<M (x,a) + 71Rmax / o) (2 | x,a) da’
x

5(k) 1y (0) (o da’
T | maxdg (@', a")p™ (2 | @, a) da’,

where we use

T
sup Q" (x, a) = sup By, (n) [Z V' Riy

T
X‘OZZB,A'OZG S ’)/tRmX:
x,a x,a,m =0 " b tz:; *
Taking supreme over & € X and a € A on both sides leads to

Rmax
supdy’ (2,a) < sup o (2, ) + T /X sup o) (@' | @, a) da’ + ysup 3y (, a),
x,a

z,a z,a - xz,a

hence
(k) (k) Y Rimax (k) (At '
supdy’ (x,a) < supd,” (x,a) + ——5 [ supd,” (' | z,a)dx’.
x,a Q 1 - ’Y x,a (1 - 7)2 X x,a L
Proof for Lemma . Note that Assumption assumes that the constants k, ¢, and

Ry.x are uniform for all k, then the results directly follow from Lemma 1 in Shi et al.

(2022) and Equation (28).

Proof of Theorems and . We first restate the assumptions on the distribution

of the data in task k, i.e., S¥ = {(Xfl?, Ag?, Rg?, XEI?H)} for i € [IW], t € {0} U[T].
The initial state X §’“3 has a distribution v*). For any 0 < t < T, the probability

distribution of the action Ag’? conditional on X §’? = x is given by an underlying behavior

policy b¥)(-| ). Given ngt) = a:,Aglft) = a, the distribution of the next state X@H is

determined by a transition kernel P® (- |x,a). Suppose that the density p™ (2’| @, a) =

37



L PW(x'|x,a) exists and is continuous for almost every (x,a). Also, a reward Rz(ff) =

T-1

r(k) (Xﬁ’?, A(k)> + n(t is observed for any t. The tuple set {(ngt), A(lkt), ngt), ngt)ﬂ) }t:O

forms a trajectory, and there are multiple i.i.d. trajectories {(X” ,AE’; ,Rllz), Xl(lzrl)} in

one task. We further split S® into 7 subsets, {Sﬁk)} - each with sample size ny, and
Te[YT

use subset S™ in iteration 7, which ensures that the data used in different iterations are

T-1
independent. Assumption ensures that, for any 7, { (X E?, Ag?) } is a Markov chain
K b t:0
T-1
on X x A with the transition kernel P*) (2’| z,a)b® (a’ | x'), and {(XZ('?)} is also a
v ) Ji=o

Markov chain with the transition kernel Y- _, b (a|x)P® (2’| x,a). The latter chain
has an invariant distribution (), which implies that the former chain has an invariant
distribution px® (2)b® (a | ).

Define the Bellman optimality operator 7 on the k-th task by

THQ (x,a) =r® (x,0) +v-E ma}Q (@', ad) ‘ x' ~P® (| x, a). (29)
a’'e

For a function f(x,a) defined on S x A and a policy function w(- | ), define the operator
P by

Pf(z,a) =E[f(z/,d) |z ~ PO(-|z,a),d ~w(-|2)].

Let * be the optimal action-value function on the target dataset. The iterative algo-
rithm gives a series of estimators @50) for Q* and finally an estimated optimal policy mr.

By the proof of Theorem 6.1 in Fan et al. (2020), it holds that

E, 0 40 |Q" — Q™|

T-1 oo
SYD T s By o (P P pey [TOQO - Q) | (30)
=0 j=0 Wlyeeoy WY — 745
T+1
~
4+ ———Ruax,
(1 o 7)2 ma.
where the supreme is taken over all possible policies wy,...,wy 71, and E ) 40 denotes

the expectation with respect to the invariant distribution (%) ()b (a| ). In the following

proof, we focus on bounding | 7" O)Q(O) — @ © (xz,a) for a fixed 7 € [Y], where @\Sk)(w, a) =
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~(k
&(x, a)Tﬁi : in our algorithm.

Let Vinax = Rmax/(1 — ), which is an upper bound for the optimal Q* function since

Z,ytE XltaAZt)|XZO_$AZt_a SZ max:VmaX
t=0

We first assume that H@Ql

~(k ~(0
< Vinax and supy, HB(T_)l — ,3(7_)1H < h, which are satisfied
00 1
for 7 = 1 by assumption.

Recall that in Algorithm |, for each k, we compute
Y;(f Rf’i + - maXQr 1( El?+1>a>-
By definition, we have E [Y " Xz(li ,Az(lz} = ( Q(k ) ( Z(t), A ) for any <X§§), AE?) €

X x A. Thus, T(k)@(k_)

T

, can be viewed as the underlying truth of the regression problem
defined in (1), where the covariates and responses are <X §f§), A” ) and YZ it 7, respectively.

Therefore, we rewrite

k), (k (k (k T
Y(t T = T(k)QS——)l ( i t)7 A )> z(,t) ) (31)
where 7*) Q : X X A — R is an unknown regression function to be estimated. Recall

2,0

that R = r® (XZ )AL 40 and

(T9Q2,) (X8,AR) =1 (X8, AR )41 |maxQl, @) o'~ P (- X045 .
’ ’ ac

. . k), T - . .
Hence, the regression noise term el( t) 1S zero-mean Sub-GaU.SSlan, simce

07 =l 2 (1= B) @, @)~ P (- X848
where 7757];) is zero-mean sub-Gaussian, and the second term is bounded.
In each step 7, we use @gk)(a:, a) = ¢ (x, a)B(Tk) to estimate <T(k)@£k_)1> (x,a), where
f@,a) = ¢ @)a=1),¢" @)Ia=2),...¢ @)a=m)] .

and @(-) = (61(:),...,,(-))" is a set of sieve basis functions. By definition,

(T(k)@(f_)O (x,a) =™ (x,a) + ”y/ {mai(@ik_)l (o, a’)} p® (2| x,a)d’.
x | @€
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The estimation is guaranteed by the following property: For any function f(x,a) that

satisfies f(-,a) € A(k,c) for all a € A, there exists a set of vectors {3, € RP} _, that

sup | f (z,a) — By p(a)| < Cp~/7,

xreX,acA
for some positive constant C'. Let 3 = (BIT, e ,,BL)T, and then we have
sup |f(z,a) — B &(z,a)| < Cp/.
rEX,acA
By Assumption and the definition of h, there exist { ng) } , { ng)(m’ )} such
keK @' €X keK
that
sup | (@, @) — €7 (@,a)8)| < Cp",
x,a,k
sup |p™ (@' |, a) — €' (w,0)8) (@')| < Cp/7,
x,a,x' k
and
[ @) - 0@ da <. o - g0 <.
Py 1 1
Define
BY =M + / [mgjg QY (', a’)] B (@')da'.
Since max @@1 (@',d") < Vinax, it follows that
a'e
sup | (T0QY, ) () ~ €7 (@.0)8®| < 0", (32)
for some absolute constant C".
Moreover, note that
By — B =" — gl 4 4 / [glgjc QW (@, a’)} <5§k) (') — BY (fB’)) da’
(33)

# [ |mox @ @) - max Q2 @) B0 )t
a’€A a’€A
The ¢;-norm of the first two terms on the RHS of (33) can be bounded by a constant times

h. For the third term, we first have
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da’

J
<),
< (B0 -50) [ oo @ aw (3, - A7)

0)

f\JHIBTI 7'12

(0
maxQ, (@, ') — maxQ, (2, )

", d) (B(Tk—)l - BSZ) ’ da’

where ®(x) := [¢T(m), o' (x),... ,q’)T(w)] " is the concatenation of |A| copies of the basis

functions ¢(x). The last inequality follows from Lemma 2 in Shi et al. (2022), which shows

o | [ 91@)6 " (@)ite] < o0

Then we obtain that the ¢;-norm of the third term of (33) is upper bounded by a constant

~(k ~(0
times ~y H'B(T_)l — ,3(7_)1

that

‘ . Therefore,
2
~(k) ~(0)
B9 — 0| sheq B - B S hvk

Without loss of generality, we can assume that ,ng) =0+ 55’“) with H 5

< h for
1
kE=0,1,..., K.
Till now, we have already established the formal definition and properties of the pa-
rameter of interest Bik). In the sequel, we will provide an upper bound for the ¢, error
~(k)
|8, - 8¢

tions for a clear presentation.

, which is closely related to Q(O) @50) . We first simplify some nota-
2

Let fT(k T ) Q . Define the k-th sample matrix Z~ k) ¢ Rm>mp guch that the rows
of Z® are ¢7 (ngé ,Alt) for (i,t) € ™. Likewise, define

.
k), k), k), k),T . .
y®) = [ygvg D 7100 T S Y ] (in, i 7 € SW)

i ) znk/T,Tfl
-
k) . | p(k (k) A k () (F)
f(r ) T [f-ﬁ )(Xil,ov Ail,())’ MR fr( )(Xink/T,T—D Aink/T,T—l)} )
T
and el : [egf){, ed 7/TT T—l} . Using these notations, we have
bl nk k)
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yl = 2080 + £ - 2980 + e,

where e\ is sub-Gaussian, and by (32),

~(k T
Moreover, define nxg = ZogkgK N, 2( : = (Z(k)> /nk7 ZO<k<K akZ

_ (k)T — —
with g = ng/ne, S = E [z( )], S —F [2} _and
1

f(k) _ Z(k)ﬁ(k)

T

(k)

Cs =1 +maXH§ (E(’“) —E)

By definition,

T-1
HIILE (X7, A€ (X A

t=

By Assumption , there exists a constant ¢y, > 1 such that cgl < Amin (E(k)> <

)\max (i(k)

‘ ~(k
Lemma 4 in Shi et al. (2022), there exists a constant ¢§ > 1 such that cE < Amin (E( )> <

) < ¢y, for all £ and thus, cgl < Amin (f) < Amax (E) < c¢x. By the proof of

Amax (fl(k)> < ¢ for all k € K and c/z_1 < Amin (f]) < Amax (f]) < ¢, with probability

tending to one. Without less of generality, we suppose ¢y, = ¢&. Therefore, we have that

~(E)\ —1
(2( )) = 0x(1).
2
We first establish the convergence rate for Step I. Let

~—1

=

= Op(1) and sup,
2

=B, +6.. (34)

where

5, =% " ( D akf(’“)ég’f)) . (35)
We will first prove that

log?(n
P g( K)+p—n/d

(36)
ni

||wT - @THQ =0Op

For simplicity, we omit the subscript 7 in the following proof when there is no ambiguity.
Recall that 3% = 8 + ¢® and

y® = Zz®gh [f(m _ gk 5(@} 1 e®).
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Then the error of the estimator w in Step I can be decomposed as

oes (L5 (@) ) a5 (£ wstee)

Ny

0<k<K 0<k<K
= (21 Z aki(k)(s(k) N 5) +§fl (L Z (Z(k)>T |:f(k) . Z(k)ﬂ(k)})
ni
0<k<K 0<k<K
By A
( > (z) <>
K o<k<k
E3
(37)

Then we separately bound E, E; and Ej.

Bound on E,. Note that

pos (5 9)0 (£ w(s 5]
0<k<K
By the proof of Lemma 3 and Lemma 4 in Shi et al. (2022), we have
— ~ 1 2 . R 1 2
HE _ 2” _ 0y | (/P08 (k) IIs® - E(k)H o, [ /Pes ()
2 ni 2 g
Therefore,
Sih F_$ PN O — *)
i[5 [, 3 (27 -3 o]

Sl (1+ > ”) (38)
0<k<K

plog®(nx)
e ’

~

Bound on E,. Since sup, Hf(k) — Z(k)ﬁ(k)H < C'p~"4 we have that for any vector

veR,
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K olr<k
1 T
== 3 Z(mv) [foc) Z(k)g(k)}
K o r<k
—k/d
<P S |20
e olr<k !
—r/d 1 k) i (k
< Cp™/ ’UT—Z(Z(>Z)U
0<k<K

<Cfp—l'€/d“ ||’U||27

where the last inequality follows from the Cauchy-Schwartz inequality. Therefore, we have

that
| B2, S p~e.
Bound on E;. We have
2
.
El|lS (Zuc)) e®)
0<k<K 9
(z S (X A%) ! ) (¥ Se(xan))
| 0<k<K 1, 0<k<K 1.t
- .,
[ 3 Ser o A ()]
L0<k<K i=1

< () sup [|@() 3 sup E [(ef7)]

where the second equality follows from the independence between egi) with different (i,t)
or different k. Lemma 2 in Shi et al. (2022) shows that sup, ||¢(z)[5 < p. Since eilz) is
sub-Gaussian with a uniform sub-Gaussian parameter, we obtain that

3 <Z<k>>T o0

0<k<K

2

E S (nk)p.

2

Then by Markov’s inequality, we have
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2l =0, (/).

Combining the bounds on E, E; and E3, we obtain that

p10g2(n’C> _i_pfn/d
ni

lw —wl, = O, (39)

Now we turn to the analysis of Step II. The quantity § defined in (35) is a weighted

sum of the sparse difference vectors 8*) between the tasks. By the definition of  and Cf,
~(k

it is easy to show that ||d||, < Csh. By the definition of 5" i Step 11, for a fixed k, define

v® = §* _ § then it holds that

Hy ZW<@+SW)

[+, <

2
g [ - 2 @+ o,

With some algebra, the above equation is equivalent to

1 (k)

S = o) SV — v < (o

T 26" ) (@) S )
k
LB [ £ Z® ﬁ(m}T 20 (3" — o).
Nk

Since e is sub-Gaussian, it is standard to show that

I
=:OP< ogp)_

By taking A\s = cyy /2 gp for sufficiently large ¢y, we have

i(e(m)T z0 (3" -

g

L (e®)T Z®
N

with probability tending to one.
. 1 o () (k)
Next, since ¢5;” < Amin (E ) < Aax <E > < ¢y, we have

EQW_U®V§W@®_v®)>i_WW_UW
2 - 2c

and
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2

N ~(k N 1 |1~k
—o®) < en @ — wll, [ — o] <4k @ - w87 -0 .
2 s

—(w—w) =" (6"

Finally, by the proof of the bound on E5, we have that

ks [f(k) _ Z(k)ﬁ(k)]T 7 (k) (3(’“) —v®) < Cp ey Hg(k) B ,U(k:)H '

2

Combining the above inequalities leads to

= it

462

~(k As [|~(k R Ak
< s (o = [87] )+ [ = o] + 4k 1@ - wlfy+ cp s 57— 0]
1 1

2

2

~(k)
Using the fact that Hé( we obtain

= [ -

iR

A5 ||~k - ~(k
< 2)s [|o®* H1_§6 Hé( - v(k)H +4ck | @ — w||4Cp /ey Hé( o
1

= L

des 2

Among the three positive terms 2\s |

Ak
|, 4¢% |w — w]|; and Cp~*/dey, HJ( ) ) ,

the RHS of the above inequality, if
(a) 2Xs H'v(k)Hl is the dominant one, then we have

2
e 87 =0, < ol

and

As |1~
L

25" -wo], <onlo

which implies that

~(k
Hé( ) _”(k)H 5min{|
2

¥ ||fv<k>||1}-

(b) 4¢% ||w — wl| is the dominant one, then we have
~(k
18 =0 <l - wl,.
2
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~(k
(c) Cp~"/dcs, Hé( ' v(k)H is the dominant one, then we have
2

~(k)
H ( —’U(k H < p—m/d‘

Recall that v® = §*) — §. Since ||v H1 < Cyh and

plog*(ng) .4

lw —wlly,=0p |\ ——— +Pp ,
nx
we finally obtain
~ Ipl / l
H‘s(k) — ol = p Og nK 7”/d + Csh A Cz 8P
This is true for any k. Since ﬁ — B8O =@w+s —pB-69 =w—-B— 5—1—6 —60 44,

the proof is completed.

It is straightforward to show by induction that

B,

sup

™>1 ni )

log? 1 1/4
_Op M+p“/d+02h/\,/czh<ogp)
Recall that

E, 0 po0 Q" — Q™|

T-1 oo
< T—7+4j E PYT—T+i PYT—r+ij-1 .., PW1 7'(0) N0 _ O
r)/ Sup (0)7b(0) ( ) QT QT
SRR g
T+1
Y
+ —Rmax7
(1—7)?

where wy, ..., wy_, are policy functions and E,; denotes the expectation with respect to

the invariant distribution pu(x)b(a|x). Denote the marginal distribution of the second-
to-the-last state (P“r-r+i-2... P“1)(X A), (X, A) ~ pO(x)b®(a|x) by fi. Since p© is

upper-bounded and ;%) is lower bounded, we have that
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TOHO _ (O

T T+1

]E#(O) p(0) (PWT*TJrj PYT-r+i-1 ... Pwl) i|

:/XZ T(O)Q Q 0 | (@& a ) wy—ryj(a | 2) /Zp ", a)wr_rijo1(a | @)p(x)dede’

a’eA ~

S/ Z ’T(O)@(TU) _ @5(21 (w',a')wT_Tﬂ-(a’ | m/)ﬂ(o)(ml)dm’
X

a’eA
~(0
S / Z [ﬁT(a:’,a’) <,6_(r) . IB‘(I'O)) +pfn/d:| W'I‘ferj(a/ ‘ wl),u(o)(wl)dw’
a’'eA
S p 4 sup B
T>1
(41)
Adding that
T-1 oo §
T—74j
=0 j=0 (1=
we finally obtain
E,LL<0>,Z)(O> |Q* — Q™|
0, [ 2 e [RRED  p  (oBE B I
P\a= | ni ¥ T\ g (1— )2 e
(43)
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