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Abstract

We revisit the “granular models of firm growth” that have been proposed in the literature over
the past two decades to explain the anomalously slow decrease of growth volatility with firms size
and how this phenomenon shapes the distribution of their growth rates. In these models, firms’ sales
are viewed as collections of independent “sub-units”, and these non-trivial statistical properties
occur as a direct result of the fat-tailed distribution of the number or sizes of these sub-units.

In revisiting these models we present and discuss new theoretical results on the relation between
firm size and growth rate statistics. Our results can be understood intuitively by noting that
granular models imply the existence of three types of firms: well-diversified firms, with a size evenly
distributed among several sub-units; firms with many sub-units but with their total size concentrated
on only a handful of them, and lastly firms which are poorly diversified simply because they are
made up of a small number of sub-units.

Inspired by our theoretical insights, we establish new empirical facts about growth rates and
their relation with size. As predicted by the model, the distribution of growth rate volatilities is
to a good approximation independent of firm size, once rescaled by the average size-conditioned
volatility. However, the tail of this distribution is much too thin to be consistent with a granular
mechanism. Moreover, the moments of growth volatility conditional on size scale with size in a way
that is unambiguously at odds with theoretical predictions. We also find that the distribution of
growth rates rescaled by firm-specific volatility, which is predicted to be Gaussian by all the models
we consider, remains very fat-tailed in the data, even for large firms. This paper, in ruling out the
granularity scenario, suggests that the overarching mechanisms underlying the growth of firms are
not satisfactorily understood, and argues that they deserve further theoretical investigations.
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1. Introduction

What statistical laws does the growth of firms abide to? The growth dynamics of firms depends of
course on a host of both common and idiosyncratic time-dependent factors and hence a purely statistical
approach to this question might appear somewhat futile. Still the research of the past three decades has
made it increasingly evident that changes in macro aggregates like GDP are best understood in light
of the statistics of business activities at the firm level (Haltiwanger, 1997). Moreover, the questions
raised by company growth statistics are deeply related not only to macroeconomic fluctuations, but
also to the growth of individual wealth or the growth of city sizes, topics that have also received a
large amount of attention in an interdisciplinary literature (Gabaix, 2009). Further to this, and in
spite of emerging from very heterogeneous statistical samples, many statistical facts pertaining to firm
growth have been shown to be robust and to some extent universal, in that they hold across different
countries, time periods and levels of aggregation, and in that they do so independently of the size
proxy that is used (Buldyrev et al., 2020; Dosi, 2023).

Among the best known statistical properties of firm growth is the fact that both the firm size
distribution and the growth rate distribution are non-Gaussian (Axtell, 2001; Stanley et al., 1996) and
feature heavy tails. As a forceful illustration of the latter, we represent in Figure 1 (left-panel, purple
line) the empirical density of year-on-year sales growth rates computed over a large sample of publicly
traded companies in the United States.1 As is well documented in the literature, the distribution is to
a large extent symmetric, which in itself is somewhat unexpected, and features a “cusp” in the central
part along with slowly decaying tails. This implies relatively frequent episodes of extreme growth or
extreme decline: the probability to observe sales multiplied or divided by more than 150 is as large as
one in one thousand, an event nearly impossible if the growth rates follow a Gaussian distribution.

However, characterizing this distribution when the growth rates of different firms are pooled together
is clearly not a neutral choice. Implicitly, it assumes that all the observations are drawn from the same,
firm-independent and time-independent distribution. This is clearly unreasonable, in particular with
regard to another well-known statistical property, first established by Hymer and Pashigian (1962),
suggesting a decline of growth volatility with size that looks inconsistent with a simple diversification
argument. In the mid-nineties, thanks to the availability of comprehensive balance-sheet data, Stanley
et al. (1996) and Amaral et al. (1997) provided a quantitatively accurate characterization of this
scaling relation. The standard deviation of growth rates is shown to decrease with a firm’s size Si as a
power-law S−β

i where β is found approximately equal to 0.2.2 This decay is significantly slower than
the one a simple diversification argument would suggest, which would correspond to β = 0.5.

This paper addresses the question of explaining the emergence of these two empirical laws. We
consider a concise market economy comprising firms with exogenous production and operating in
independent markets. Because of the lack of direct competition among firms, these models are known
as “island models” (Sutton, 1997). In this framework, reminiscent of the one introduced by Gibrat
(1931) to explain the firm size distribution, a firm’s size evolves according to a multiplicative process,
modeling its growth rate as a random variable.

The simplest idea to explain the two empirical laws under scrutiny would then be to assume that
idiosyncratic growth shocks are Gaussian, but with a firm-dependent volatility σi that only depends
on the size Si of firm i as in σi = σ0S−β

i . This is equivalent to saying that a firm’s growth volatility is
uniquely determined by its size, and imposing a black-box type relation on the many reasons explaining
why larger firms, possibly because of diversification, have less volatile growth. The resulting distribution
of growth rates can be seen as a Gaussian mixture, as it is the superposition of Gaussian distributions
with heterogeneous variances. The family of “scale mixtures of Gaussian distributions” is known to
have generically fatter tails than a Gaussian distribution, and it is versatile enough to generate a wide
class of continuous, unimodal and symmetric distributions (West, 1987; Andrews and Mallows, 1974).3

1This figure uses data on publicly traded US companies drawn from COMPUSTAT. Details on the data are reported
in Section 3.1 and in the Notes under the figure.

2Interestingly, and in spite of being a quantity that does not a priori follow the same dynamics as firm sales, one finds
the same dependence of the volatility of the returns of traded stocks as a function of their market capitalisation. Such a
coincidence was also noted by Herskovic et al. (2020).

3Among the distributions that can be represented as Gaussian mixtures, one finds the Student-t, Logistic, Laplace,
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Figure 1: Distribution of the annual growth rate and its size dependent volatility
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Notes: Left-panel reports the kernel estimate of the unconditional empirical density of the growth rates after removing the mean
(purple line). The estimate is computed using the entire sample pooling annual (log) growth rates across firms and year-quarter with
a Gaussian kernel function and a bandwidth chosen according to the normal reference rule-of-thumb. The estimate is evaluated on a
10,000 points regular grid defined over the entire empirical range. We also report the 95% confidence interval and the Gaussian
parametric fit (dotted line). We add the empirical density of synthetic growth rates (green line) obtained by mixing Gaussian
random shocks with growth volatilities bootstrapped from those estimated according to σ(S) ∝ S−β , as suggested by the right
panel, and a Normal fit (black line). Right-panel displays on a double log-scale the binned relation between firms growth volatility
and average normalized size. Each point represents the average size and the average volatility of the growth rates of firms belonging
to the same size bin where volatility is proxied with the mean absolute deviation adjusted by the factor

√
π/2. We also report a

power-law fit σ(S) ∝ S−β where the exponent β is found approximately equal to −0.204 with an asymptotic standard error of 0.01.
Note however that the rightmost part of the data decays even more slowly. Data source: Compustat.

Unfortunately, as is illustrated in Figure 1, this simple reasoning still falls short of explaining
the empirical distribution of growth rates: although the resulting Gaussian mixture is indeed heavy
tailed (dark-green line), as seen from comparing it with the Gaussian benchmark (black line), it misses
its empirical target (purple line). In addition to this, the right panel of the same figure shows that
although the volatility-size scaling relation holds in a wide range, it does not describe the volatility
of very large corporations very well.4 A more careful analysis of the data also suggests important
fluctuations around the average value of growth volatility conditional on size.

To overcome this problem, the literature has considered the possibility that firms with similar
size may have additional sources of variability of their growth trajectories. A simple way to obtain
this result is to enrich basic island models with two intertwined features. The first is that firms can
operate in more than one market. As a consequence, each firm can be seen as an ensemble of sub-units,
with each functioning in one of these distinct and independent markets. The second is that these
sub-units may not necessarily be of equal size, so that a firm’s aggregate size can be concentrated
in only a “granular” handful of them. Sutton (2002), Fu et al. (2005), Buldyrev et al. (2007) and
Schwarzkopf et al. (2010) provide examples of growth models adopting this strategy. While these
compositional models all share the feature that the distribution of growth rates they generate is a
Gaussian mixture that can reproduce the shape of the empirical distribution quite well they fail in
capturing the size-volatility relation (Moran and Riccaboni, 2024). Among the same family, two notable
exceptions are presented in Wyart and Bouchaud (2003) and Gabaix (2011).5 Their two models are
indeed able to accommodate the slow decay of growth volatilities with size and the non-Gaussian
distribution of growth rates allowing for the so-called “granular” effects. For this reason, we name
them “granular models of firm growth”, and they represent the key antecedents with respect to which
the present work makes its main contributions.6

Lévy-stable and Power-exponential distributions, all of which have been considered as good candidates to describe the
empirical distribution of growth rates.

4Evidence pointing in the same direction has been found for French firms in Fontanelli et al. (2024).
5Another exception would be Sutton (2002). The model presented therein leads to an average growth volatility

conditional on size that scales with an exponent equal to 1/4, close to the empirical value 0.2. However, the model is
developed assuming that all partitions of a firm’s size into sub-units are equiprobable (microcanonanical hypothesis), an
hypothesis difficult to justify in our context, see also the discussion in Wyart and Bouchaud (2003).

6For a version of the model where “granularity” comes from supplier-customer network effects, see Herskovic et al.
(2020).
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We propose a unified theoretical framework in which Gabaix (2011) and Wyart and Bouchaud
(2003) only differ through the assumptions they make on the statistics of the number of sub-units
composing each firm: a number that is roughly proportional to the firm’s size in the first case, and a
random variable with a skewed distribution for the latter. We refine the analyses of the two models
and provide formal proofs to some of the conjectures they raised, while also correcting some of their
results. In particular, we show that growth volatility is not only driven by firm size but by a more
complicated interplay between a firm’s size and its structure. This is explained by showing that these
models imply the existence of three different types of firms: those with sales evenly distributed among
a large number of sub-units, those with a large number of sub-units but with their sales concentrated
only on a few of them, and lastly those made up of only a handful of sub-units. Such a description,
in spite of being well adapted to the description of large firms, paints very different pictures of how
well diversified they are, an issue also raised in the international trade literature by Kramarz et al.
(2020). We show that the co-existence of these three types of firms has a direct impact on the shape
of the growth volatility distribution and we derive non-trivial results on the scaling laws of its first
four moments. This allows us to discuss in details the distribution of the growth rates predicted by
the model since in this framework it simply results from mixing Gaussian random variables using the
volatility distribution as a mixing function.

In addition to these theoretical results, we provide a twofold empirical contribution. Our first
contribution is the determination of new empirical facts about the growth dynamics of business firms.
Guided by the theoretical considerations above, we show that the distribution of the growth rate
volatility, once rescaled by its average conditional on size, is to a good approximation independent of
firm size, and is well approximated by an Inverse Gamma distribution, which features a power-law right
tail. We also document that the first four moments of growth volatility, and not only the average, scale
down with size as a power-law. Our second contribution is to show that although these observations
are to a first approximation in good qualitative agreement with granular models of growth, a deeper
investigation unveils three major inconsistencies. The first of these is that the tail of the empirical
distribution of the growth volatility is much too thin to be compatible with the tail a granular model
would predict. This means that we do not observe large volatilities in the data as often as predicted by
a calibrated granular model. The second empirical inconsistency is that moments higher than order one
do not all decrease with size at the same scaling rate, at odds with what the model predicts. Finally,
the last inconsistency is that the two granular models we have analyzed imply that a firm’s growth rate,
when rescaled by the firm-dependent volatility, should be distributed as a Gaussian random variable.
We expect this to be true in particular for large firms: since in the two models their growth rates
are the sum of a large number of (possibly non-Gaussian) independent random variables, the Central
Limit Theorem predicts that they should be partially Gaussian. However, their empirical distribution
deviates from a Gaussian benchmark, and we quantify this deviation by proposing a generic family of
distributions that features a Gaussian central region of varying width and exponentially “stretched”
tails. Somewhat surprisingly, parametric fits of these distributions show that the tails do not gradually
disappear when considering larger firms, even though they do (at a slow rate) when considering longer
time horizons in building growth rates.

Putting it all together, our analysis shows that compositional growth models, and in particular the
granular growth models analyzed in this paper, are not able to account for the rich statistical features
characterizing the growth of business firms. This ultimately suggests that the overarching mechanisms
driving their evolution are not yet satisfactorily understood. Possible mechanisms to alleviate this are
suggested in the concluding section.

2. Modeling firm growth: a rigorous statistical approach

In this section, we present a statistical framework to describe the dynamics of firms’ growth and
how they are modulated by their size. Our primary objective is to investigate the extent to which
this framework is compatible with the two empirical facts motivating this paper, namely (i) the
non-Gaussian shape of the growth rates distribution and (ii) the slow decay with size of the volatility
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of firms growth rates. After defining the basic set-up, we consider two instances of the statistical
framework featuring one and two sources of granularity so revisiting the models presented in Gabaix
(2011) and Wyart and Bouchaud (2003) respectively. We refine their analyses and correct some of their
results, deriving new and more precise predictions that can be directly compared with data.

2.1. Set-up

We analyze a concise market economy comprising N firms, which are characterized by an exogenous
production. We posit that each sufficiently large firm consists of a specific number of sub-units, which
can be construed as departments or production units, each of which functions within distinct and
independent sub-markets. These units might alternatively thought of as representing lines of business
with different customers, in the spirit of Herskovic et al. (2020).

The size of firm i at time t is denoted by Sit and satisfies Sit =
∑Ki

j=1 sjit, where Ki represents
the number of sub-units and sjit, j = 1, . . . , Ki, denotes their respective sizes. The evolution of each
sub-unit’s size over time is assumed to follow a multiplicative process with growth rates of finite
variance. This definition becomes the following assumption.

Assumption 1. The time evolution of each sub-unit’s size is characterized by a multiplicative process

sjit+1 = (1 + σ0ηjit)sjit , (1)

where ηjit are independent random shocks with zero mean and unit variance. The time invariant
parameter σ0 defines the order of magnitude of the growth fluctuations at the level of a sub-unit. For
definiteness, the unit of t is given in years.

Assumption 1 implies that the absolute growth of each sub-unit is proportional to its size, something
known in the litterature as the “Law of Proportionate Effects” or “Gibrat’s Law”. The assumption that
all the sub-unit shocks ηji have a standard deviation σ0 that is independent of i and j is a simplification
needed to make the model analytically tractable.7 Using Equation (1), we can then write a firm’s
year-on-year growth rate as

git := Sit+1 − Sit

Sit
= 1

Sit

Ki∑
j=1

sjitηjit . (2)

Within this framework, one could further assume that all the sub-unit are of approximately the
same size, say s̄i. In this case, a firm’s size and its number of sub-units would be directly proportional,
that is Si ≈ Kis̄i. A direct application of the Central Limit Theorem implies that for large firms, and
therefore firms with a large number of sub-units, the growth rates gi are well described by a Gaussian
distribution with a standard deviation of σ0S−β

i , with β = 1/2. Thus, larger firms would appear less
volatile than smaller firms because they have a higher number of sub-units, and are therefore better
diversified.

This conclusion is, however, at odds with empirical observations, which note that growth rates
are markedly non-Gaussian, even when large firms are studied. Further, the decay in volatility with
respect to firm size is much slower than in the anticipated σ0S−1/2, meaning that large firms are more
volatile than one would anticipate if all sub-unit sizes were approximately equal. In the remaining of
this section, we investigate the inadequacy of this model in explaining the observed phenomena by
considering two versions of our statistical framework. The first one, due to Gabaix (2011), features a
single source of granularity, namely the size distribution of the sub-units composing a firm. The second,
due to Wyart and Bouchaud (2003), adds another source of granularity through the distribution of the
number of such sub-units.

7Note that heterogeneous volatilities can be resorbed into the definition of sij → σijsij . The discussion on firm size
statistics still depends on the distribution of sij alone, but growth rate statistics can be understood using the same
theoretical machinery by considering the variable σijsij rather than sij alone.

5



2.2. Single granularity hypothesis [Gabaix’ model]

In this section, we depart from the assumption that sub-units are characterized by relatively similar
sizes sji by positing that the firms size distribution features a heavy tail following the idea proposed in
Gabaix (2011).8 In line with the original model, we assume the following.

Assumption 2. The size of a sub-unit sji is a random variable assumed to be larger than a lower
bound s0, representing the minimal size of a sub-unit. Its distribution is Pareto over the interval
[s0; ∞):

P (sji) = µ

s0

(
sji

s0

)−(1+µ)
s0 > 0, 1 < µ < 2 .

The distribution P (sji) is taken to be time-invariant. Note that since µ > 1, the average sub-unit size
E[si] := s̄i exists and is finite.

To stay close to Gabaix’s original model, where no explicit assumption is made on the statistics of
sub-units number Ki, we assume that Ki is close to Si/s̄i for large firms:

Assumption 3. For firms of size S ≫ s̄ and for µ > 1, the number of sub-units K is given by9

K = S

s̄
+ o(S).

In our revisiting of Gabaix’ model, we first discuss the relation between a firm’s size and the
Herfindahl-Hirschman index (HHi) measuring its concentration of sales among sub-units. We shall then
study the distribution of the growth rate volatility conditional on size, and how its shape ultimately
determines that of the growth rates when we pool together heterogeneous firms.

Variance of growth rates. Now, since we assume that sub-units fluctuate independently, the
variance of the growth rate of firm i, denoted as σ2

i , is given by

σ2
i = σ2

0

∑K
j=1 s2

ji(∑K
j=1 sji

)2 := σ2
0H , (3)

where H represents the Herfindahl-Hirschman index (HHi) of the sub-unit sizes of firm i. As noted by
Gabaix, equation (3) states that the variance of the growth rates is proportional to an index measuring
the concentration of a firm’s sales across its different sub-units.

Anomalous scaling behavior of H. The core result in Gabaix (2011) can now be restated in
our framework by saying that when 1 < µ < 2 and K → ∞, the typical value (i.e. the modal value)
of the Herfindahl-Hirschman index behaves as Htyp ∼ O(K2(1−µ)/µ).10 An implication of this is that
Htyp decays to 0 much slower than what one would get in the case where µ > 2, where Htyp would
behave as O(K−1). This last case leads to a growth rate volatility that is proportional to the square
root of the HHi, σ ∝

√
H, and therefore to the scaling S−1/2 described above. Hence, in this granular

setting diversification is not as effective, since the existence of particularly large and “granular” entities
impedes the standard diversification argument with a scaling in S−1/2 and gives instead the slow decay
of the Herfindahl-Hirschman index described above.11

8Originally this granularity scenario was proposed to explain the anomalously large fluctuations of GDP in economies
populated by firms whose size could be extremely large. Here we reinterpret a firm in the original paper as a sub-unit
and a country as a firm. The remaining argument remains the same.

9More precisely
(∑K

j=1 sji − Ks̄i

)
/K1/µ converges for large K to a Lévy-stable random variable, see Gnedenko and

Kolmogorov (1953). This means that the typical fluctuations of
∑K

j=1 sji − S are of order K1/µ. Since S and K are
asymptotically proportional, this implies that the fluctuations of S are of order S1/µ, and thus negligible except when
µ ↓ 1.

10See Proposition 1 in Appendix A which replicates Proposition 2 pp. 740 in Gabaix (2011) after noting that σ =
√

H
and that S is proportional to K. Throughout this paper, as in the orignal work, the symbol ≈ means approximately
equal to, the symbol ∼ means that the ratio of between the left- and right-hand side terms tends to a positive real
number as the argument tends to infinite. This can be considered as an asymptotic version of the ∝ symbol, representing
proportionality between two terms.

11To complete the cases explored in the original paper, note that Htyp = O(1/ ln K) when µ = 1. However in this case
the assumption that K = S/s̄ breaks down.
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The full study of the case where 1 < µ < 2 is in fact more subtle. The problem, overlooked by
Gabaix (2011), lies in the fact that the average value of H is much larger than the typical value,
E [H] ≫ Htyp. We obtain this result by extending the approach proposed in Derrida (1997), which we
leverage to obtain the asymptotic value of all integer moments E[Hk] with k ∈ N, and to characterize
the probability distribution of the Herfindahl-Hirschman index conditional on the number of sub-units,
giving the following proposition.

Proposition 1. For fixed K ≫ 1, the distribution of the Herfindahl-Hirschman index takes the
following form

P (H|K) = K2(µ−1)/µF
(
HK2(µ−1)/µ

) (
1 −

√
H
)µ−1

, (4)

with F (x) ∼ 1
x1+µ/2 when 1 ≪ x ≲ K2(µ−1)/µ.

Proof. See Appendix A.2. ■

Proposition 1 defines the structure of the conditional distribution of the HHi. The function F (·) is
a scaling function that is peaked approximately at O(1), ensuring that the mode of the distribution
P (H|K) is Htyp ∼ O(K2(1−µ)/µ). Next, using the distribution in Eq.(4), we can compute the asymptotic
behavior of all moments E [Hq|K] for any q > 0, obtaining the following proposition.

Proposition 2. For all q > 0, the moments of H conditional on K are given, to the leading order for
K ≫ 1, by

E [Hq|K] ≈ C1K1−µ + C2K
2q 1−µ

µ + O
(

K
min
(

1−µ,2q 1−µ
µ

))
, (5)

where C1 and C2 are two constants.

Proof. See Appendix A.3. ■

This proposition states that the conditional moments of the HHi contain two leading contributions:
the first behaving as K1−µ and the second one as K

2q 1−µ
µ , that is as Hq

typ. The former is dominant
whenever 1 − µ > 2q 1−µ

µ , i.e. q > µ/2, while the latter is dominant when q < µ/2.
Since we work under the assumption that 1 < µ < 2, the first term in Eq. (5) is dominant for

q = 1, showing that E [H|K] is larger than its typical value Htyp. When q = 1/2, on the contrary, it is
the second term that dominates and E[

√
H|K] is driven by the typical value of the HHi. Hence, in

summary, we find that √
E[H|K] ∼ K(1−µ)/2 E[

√
H|K] ∼ K(1−µ)/µ . (6)

In plain English, this means that the scaling relation one observes is different if one considers the square-
root of the average HHi or the average of the square-root of the HHi. The economic interpretation
behind this unexpected result is that the model describes a market where two types of large firms
coexist. The first type is composed by poorly diversified firms with an abnormally high HHi (H ≈ 1),
namely firms with one or two dominant sub-units in terms of sales. These high values of the HHi drive
the behavior of

√
E[H|K]. The second type is composed, on the contrary, by well diversified large

firms representing the typical case. These are dominant in driving E[
√

H|K]. The existence of the first
type of large firms, overlooked in Gabaix (2011), is at the origin of the anomalous scaling exponents.
Further it has important consequences on the behavior of the growth volatilities σi and ultimately on
the shape of the growth rates distribution. Two aspects we investigate below.

Conditional distribution of the growth rate volatility. Since the volatility of the growth
rate is equal to σ0

√
H, and since K and S are proportional (S ≈ Ks) all the results concerning the

Herfindahl-Hirschman index naturally extend to the growth volatility. The anomalous scaling in Eq. (6)
now becomes

E[σ|S] ≈ σ0

(
S

s̄

)(1−µ)/µ √
E[σ2|S] = σ0

(
S

s̄

)(1−µ)/2
, (7)

showing again two different values of the exponent in the scaling relation depending on whether one
considers the average volatility of growth rates or the square-root of the average squared volatility.
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Figure 2: Qualitative behavior of P (σ|S)
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Notes: Left-panel reports the qualitative behavior of the distribution of the growth rate volatility P (σ|S) with a single granularity
source defined in Eq. 8. The bulk of the distribution is constituted by firms that are well diversified with an HHi around σtyp.
The power law right tail up to σ ≈ σ0 is generated by poorly diversified firms with a very unequal internal size distribution across
sub-units. At σ0 the power law tail is truncated. Right-panel reports the qualitative behavior of the distribution of the growth rate
volatility P (σ|S) with two granularity sources in Eq. (10). In this case there is an additional contribution, a peak close to H ≈ 1 of
relative total weight of order Sα−µ, corresponding in that case to large firms that are made up of a very small number of sub-units.
In both panel the qualitative behavior has been reproduced using an Inverse Gamma distribution.

Similarly, the conditional distribution of volatilities can be deduced from Eq. (4) by substituting
σ = σ0

√
H to obtain

P (σ|S) = 1
σ̄(S)G

(
σ

σ̄(S)

)(
1 − σ

σ0

)µ−1
, with G(x) = 2xF (x2), (8)

where F (·) is the same function defined in Eq. 4 above and σ̄(S) := E[σ|S]
Note that Eq. (8) implies that P (σ|S) is a truncated power-law: indeed, P (σ|S) ≈ G

(
σ

σ̄(S)

)
when

σ ≪ σ0, and therefore P (σ|S) ∝ σ−1−µ in the regime σ̄(S) ≪ σ ≪ σ0. This is of course valid up to
σ = σ0, indicating the extreme case where the sales of a firm are concentrated in a single subunit,
leading to P (σ0|S) = 0 and establishing the cut-off of the power-law. This reflects the two types of
firms: those close to the mode which have σ ≈ σ̄(S) and those which are in the tail and are therefore
poorly diversified. The entire distribution of the volatilities P (σ) =

∫
dS P (S)P (σ|S) can be recovered

from this, and will retain the truncated power-law nature of the conditional distributions. A qualitative
representation of P (σ|S) is reported in Figure 2 (left-panel), highlighting the two types of firms that
shape the distribution.

2.3. Double granularity hypothesis [Wyart and Bouchaud’s model]

In this section we extend our statistical framework adding a second source of granularity associated
with the number of sub-units following the idea introduced in Wyart and Bouchaud (2003) (WB
hereafter). While Assumptions 1 and 2 remain the same, we modify Assumption 3 by stating that
the number of sub-units is itself a random variable distributed as a Pareto. Formally, this is stated as
follows.

Assumption 4. The number of sub-units Ki is random variable assumed to be distributed according
to Pareto over the interval [1; ∞),

P (Ki) = αK
−(1+α)
i ; 1 < α < µ < 2.

The distribution P (K) is taken to be time-invariant.

Note first that, while the number of sub-units Ki is an integer, we model it as a continuous random
variable for mathematical convenience. The results we provide in this section do not depend on the
minute details of the distributions of Ki, but only on the behavior of its tail. In the following, we take
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Assumption 4 to be true for all of our derivations, which lets us clarify and generalize the results found
in Wyart and Bouchaud (2003).

Firm size distribution. We start our analysis by focusing on the firm size distribution, an aspect
that could not be investigated within the single granularity set-up because of the lack of a specific
assumption on P (Ki). The behavior of the firm size distribution in a model with granularity both in
the size and number of sub-units is presented in the following proposition.

Proposition 3. The firm size distribution behaves, for large S, as the sum of the two Pareto distribu-
tions

P (Si) ∼ Cα

S1+α
i

+ Cµ

S1+µ
i

, (9)

where Cα =
(

µ
µ−1

)α
and Cµ = α

α−1 .

Proof. See Appendix A.5. ■

Since α < µ, this proposition implies that the first term dominates and determines the tail of the
size distribution. This case corresponds to a scenario where large firms are most likely made up of a
large number of sub-units K ∼ S/s and the tail of P (S) simply mirrors that of the distribution P (K).
The second term, on the other hand, corresponds to much rarer cases where large firms are made up
of a handful of large sub-units (hence explaining why the tail behavior has an exponent µ), and are
thus poorly diversified. The relative probability that large firms are in this second category, we denote
with π(Si), behaves as (Cµ/Cα) Sα−µ

i and goes to 0 for large Si. Although it does not provide an
explanation to why the number and size of the sub-units should be Pareto distributed,12 Proposition 3
clarifies that the tail of the firm size distribution inherits its behavior from the distribution featuring
the heavier tail between those of the sub-unit size and number.

Conditional distribution of the growth rate volatility. We next move to the distribution of
growth rate volatility conditional on size.

Proposition 4. The distribution of growth rate volatilities conditional on size S is given, for large S,
by:

P (σ|S) ≈ 1 − π(S)
σ̄(S) G

(
σ

σ̄(S)

)(
1 − σ

σ0

)µ−1
+ π(S)H(σ), (10)

where σ̄(S) ∼ S−β is given by Eq. (7) with β = (µ − 1)/µ, π(S) ∼ Sα−µ and H(·) is a contribution
peaked at σ ≈ σ0. Finally G(·) is defined in Eq. (8) with G(x) ∼ x−1−µ.

Proof. See Appendix A.6. ■

This proposition states that conditional distribution of the growth rate volatility is a mix of two
components weighted with probability 1 − π(Si) and π(Si).

The first component reproduces the volatility distribution observed in the previous section under
the single granularity hypothesis with the two regimes associated with well and poorly diversified
large firms featuring an evenly or skewed distribution of sales among sub-units. This means that
the conditional volatility distribution displays a power-law tail regime σ−1−µ with 1 < µ < 2 for
σ̄(S) ≪ σ ≪ σ0. Moreover, the growth volatility scales with size as S−β with β = (µ − 1)/µ and not
as S−1/2 as predicted under the standard Central Limit theorem. Note that all these firms typically
have a large number of sub-units.

The second component is new and represents a peculiar feature that emerges when the two
granularity sources are combined, something that was overlooked by both Wyart and Bouchaud (2003)
and Gabaix (2011). With probability π(Si), large firms can be constituted by a very low number of

12There exists a large class of general and intuitive processes that generate Pareto distributions in both Ki and sji.
One example is to assume that the sub-units of a firm grow according to a mixture of stochastic growth and redistribution
between them as in sijt+1 − sijt = ηijt+1 sijt + γ

(
1

Ki

∑Ki

k=1 sikt − sijt

)
where the first term accounts for stochastic

multiplicative growth and the term with γ for a net flow going from larger sub-units into smaller sub-units. See Bouchaud
and Mézard (2000) for details.
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sub-units, which mechanically concentrate aggregate sales and prevent diversification. For these firms,
the volatility remains of order σ0, generating an hump in the distribution around this value. The
qualitative behavior of P (σ|S) is reported in the right-panel of Figure 2.

Proposition 4 gives the opportunity to clarify the subtle relation between the two set-ups with
either one or two sources of granularity. The former can be imagined as fixing the number of sub-units
K to K = S/s, with the consequence of removing the “hump” in the volatility distribution around σ0.
Indeed, the probability to observe a ill-diversified firm in a single granularity model is of order S−1−µ,
which tends to zero much faster than Sα−µ, obtained in the case with two sources of granularity.

Using the distribution derived in Proposition 4 we can proceed to study the behavior of its moments.

Proposition 5. For 1 ≤ α < µ, the integer moments of the growth rate volatilities conditional to size
S are asymptotically given, for large S, by:

E[σq|S] = C1S1−µ + C2S
q 1−µ

µ + C3Sα−µ + O
(

S
min
(

α−µ,1−µ,q 1−µ
µ

))
, (11)

where C1, C1 and C3 are numerical constants.

Proof. See Appendix A.7. ■

This proposition states that the dominant behavior of the conditional moments of the volatility is
determined by the smallest exponent in the expansion above. When 1 < α < µ, all the moments of
order greater or equal to 2 (q ≥ 2) are asymptotically dominated by the third term, C3Sα−µ, which
represents the contribution of large firms with few sub-units. This also happens with the first moment
(q = 1) if the tail of the distribution of the number of sub-units P (K) is light and satisfies α > µ + 1−µ

µ .
The naive scaling for the first moment, obtained when the second term in Eq. (11) is dominant, only
holds when the right tail of P (K) is heavy enough, with α < µ + 1−µ

µ . Note finally that the median
volatility always scales as σmed(S) ∼ S−β with β = (µ − 1)/µ. This proposition again confirms that
the scaling behavior of volatility moments in this model depends on the moment under consideration.

The economics of this proposition can be understood by noticing that firms with large size S can be
in this set-up of three different types. The first type is composed by large firms whose sales are evenly
distributed among a large number of sub-units. For these firms S ≈ Ks̄ and the HHi is relatively small
H ≈ Htyp, meaning they contribute to the moments of the growth volatility by a factor of order S

q 1−µ
µ .

The second type is composed by large firms that also have a large number of sub-units. However, the
sales of these firms are concentrated in very few sub-units. Again for these firms S ≈ Ks̄, but their
HHi is very high and can go up to H ≈ 1; their contribution to volatility moments behaves as S1−µ

independently of q. Finally, a fraction of these large firms is made up of only a few sub-units which
mechanically results in a very high Herfindahl-Hirschman index (H ≈ 1). They therefore will have
σ ≈ σ0 and all moments will scale as σq

0 independently of S. They contribute to volatility moments by
a factor proportional to their relative fraction, Sα−µ. This last group was not present in Gabaix (2011)
model and was overlooked in Wyart and Bouchaud (2003).

Distribution of the growth rates. We are now able to provide a complete characterization of
the probability distribution of the growth rates. We start with the following proposition.

Proposition 6. The distribution of growth rates conditional on size S and on growth volatility σ is
given, for large S, by:

PS(g|σ, S) ≈ (1 − π(S)) N (0, σ2) + π(S) Qη , (12)

where N (0, σ2) is a Normal distribution with variance σ2 = σ2
0H and Qη a non universal distribution

that depends on the distribution of the sub-unit growth shocks η. The weight π(S) represents the
probability of observing a large firm with only few sub-units vanishing when size grows larger as Sα−µ.

Neglecting large firms with a small number of sub-units and integrating Eq. (12) over the first term
of the distribution P (σ|S) in Eq. (10) gives

P (g|S) ∼ SβLµ,0(gSβ), when g ≪ 1, (13)
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where Lµ,0(·) is the symmetric Lévy alpha-stable probability density with stability parameter 1 < µ < 2.13

Because of the cut-off in the distribution of σ, this distribution also has a cut-off, with P (g|S) = 0 for
g ⪆ S. The complete distribution P (g) is obtained by integrating over P (s), and behaves asymptotically
as P (g) ∼ |g|−1−µ.

Proof. See Appendix A.8. ■

Before discussing the content of this proposition, recall that a firm’s growth rate is defined as the
sum of the sub-unit growth shocks weighted by their relative size (cfr. Eq. (2)). Growth volatility is
therefore proportional to the square root of the HHi, computed using the sizes of the sub-units (cfr.
Eq. (3)). With this in mind, Proposition 6 states that the growth rate distribution, conditional on size
and volatility, is again the combination of two components.

The first component is associated with of large firms made up by a large number of sub-units, and
results from invoking the Central Limit Theorem (CLT henceforth). In the limit of a large number
of sub-units, a firm’s growth rate g is the sum of a large number of random variables with finite
variance; its distribution converges therefore to a Normal distribution. The speed of convergence to this
asymptotic limit is not uniform, and depends on the extent to which a firm’s size is evenly distributed
among its sub-units. However, for a large enough number of sub-units, the Normal distribution
provides a good approximation independently of the distribution of the η shocks, as long as it has a
finite variance. The second component is instead associated with large firms having only a handful of
sub-units, thus preventing the CLT from applying. Their growth rate distribution is therefore strongly
determined by that of the sub-unit shocks, η. In the extreme case of a firm with one single sub-unit,
the two distributions would coincide.

The second statement in Proposition 6 concerns the behavior of the growth rate distribution
when we disregard the role of large firms with few sub-units, and we pool together those with a large
number of sub-units but with different growth volatilities (stemming from their very heterogeneous
level of diversification). Formally, this exercise consists in mixing together random variables, which are
approximately Gaussian, using the conditional volatility distribution P (σ|S) as a mixing function.14

The resulting distribution, P (g|S) ≈
∫

dσ N (0, σ)P (σ|S), inherits its behavior from P (σ|S) which has
a Pareto right tail with exponent −(1 + µ), and is truncated at σ0. Correspondingly, our proposition
states that P (g|S) is distributed according to a truncated symmetric Lévy alpha-stable distribution
with a stability parameter µ. This is consistent with a power law decay with exponent −(1 + µ),
truncated for large growth rates.

Taking stock, we can conclude by discussing the behavior of the unconditional growth rates
distribution P (g), which is obtained when we pool together all types of firms. Their heterogeneity in
both structure and size is captured by their heterogeneity in growth volatility. This distribution is
defined in terms of a Gaussian mixture as P (g) ≈

∫
dSdσ N (0, σ) P (σ|S)P (S). Hence, the behavior of

the growth rates distribution in this model can be rationalized in terms of a class of statistical models
known as Gaussian Mixtures. The basic idea is that mixing together random variables with centered
distributions but heterogeneous variances provides a simple and intuitive mechanism to generate
continuous, unimodal and heavy-tailed distributions such as the one observed in the data. (Andrews
and Mallows, 1974; West, 1987). Such mixtures have also been proposed to explain firm growth rate
distributions in Buldyrev et al. (2007).

If this statement holds, then un-mixing the growth rates by rescaling them by the correspond-
ing individual volatility, would lead to an approximately Normal distribution. The quality of this
approximation is driven by two factors. First, it’s possible that we would observe large firms with
few sub-units, whose non-Normal growth rates contaminate the Gaussian mixture. Second, the very
heterogeneous sizes of the sub-units which make up a large firm slows down the convergence to the
Normal limit induced by the CLT.

13Symmetric Lévy alpha-stable distributions are a family of distributions defined with location, scale and stability
parameters. This last parameter determines the behavior of the tails of the distribution. When the stability parameter is
equal to 2, one obtains a Gaussian distribution, which is a subset of this family. Instead, taking a stability parameter of 1
leads to the Cauchy distribution.

14This only concerns the first term of P (σ|S) in Eq. (10) since we are disregarding large firms with few sub-units.
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Aggregation. Before concluding this theoretical section we present a last result describing how
the model behaves against aggregation.

Proposition 7. Proposition 3, 4, 5 and 6 are robust against the additive aggregation of firms into
(possibly fictitious) supra-firms, or even the whole economic activity of a country.

Proof. See Appendix A.9. ■

This result has the notable implication the statistical properties we have described above are
independent of the level of aggregation of the original sub-units. Merging firms into supra-firms would
generate entities whose growth trajectories would be described in a first approximation by Proposition 3,
Proposition 4, Proposition 5 and Proposition 6.15

3. Empirical investigations

The models analyzed in this paper attempt to explain key statistical regularities in the growth
of business firms. Both surmise that these regularities are a consequence of the internal structure of
firms. Heterogeneous and granular distributions for the number and sizes of the sub-units of a firm
have a direct impact on its growth volatility. In these models, firms can be separated into groups, with
well-diversified firms whose size is evenly distributed among several sub-units on the one hand, and
firms which are poorly diversified on the other. The second group’s poor diversification results either
from them being made up of a small number of sub-units, or from a large number of sub-units but
whose size is concentrated in only a handful of them. Ultimately, the coexistence of these different
firms in a market should determine how their size and growth interact.

These new results translate into more precise testable predictions. Specifically, we focus on
three aspects that have received little attention in the literature: the distribution of the growth rate
volatilities, its relation with firm size, and finally how it ultimately determines the shape of the growth
rate distribution. In performing our investigations one should always keep in mind that our predictions
are only sharp in the limit of large firm sizes, S → ∞. Therefore empirical analysis are expected
to show some deviations from these predictions, which should nevertheless taper off as S increases.
Before diving in these investigations, we begin by describing our data, empirical proxies and statistical
procedures.

3.1. Data, empirical proxies and binning procedure

Our empirical investigations take advantage of the Compustat database collecting financial, sta-
tistical and market information on global companies throughout the world. Compustat collects data
for medium to large publicly traded companies, and is well known for the quality of its data and for
the long time-span it covers. While we are aware of the limitation of the Compustat data in terms of
sample selection, we believe that they are high quality data on the US economy with legal entities
which are consistently defined in time and breadth, along with high frequency observations which are
not typically available in business register data.

From this source, we extract a panel of companies spanning the period from 1961 to 2020 with
information collected at the quarterly frequency. For each company, we observe size as proxied by Total
Sales,16 and we deflate nominal sales using the quarterly GDP deflator provided by the Federal Reserve
Bank of St. Louis.17 To limit inconsistencies regarding our size proxy due to different accounting rules,
we consider only companies incorporated in the US.

To clarify our data pre-processing, let S̃iqy represent the size of a firm i in a quarter q and year
y expressed in millions of US dollars deflated with a GDP deflator with base year in 2012. We

15This is an important property of the model since is in line with the available empirical evidence (Lee et al., 1998;
Castaldi and Dosi, 2008) and with Gabaix’ granularity hypothesis. Moreover while this robustness against aggregation
is shared with Gabaix’ model, it possesses some discriminatory power: for example, the Sutton (2002) model does not
satisfy this property (Wyart and Bouchaud, 2003).

16The Compustat name for the size proxy is ’saleq’.
17We download the ’GDPDEF’ quarterly series from the Federal Reserve Economic Data (FRED) web site.
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define a normalized quarter size as Siqy = NyS̃iqy∑
iq

S̃iqy
where Ny represent the number of quarter size

observations available in year y. This normalization is important stationarize the size distribution.
To simplify the notation, we absorb qy into a time subscript t. Since our data records firm size at
the quarterly frequency we define annual growth rates as the logarithmic difference over one year,
git = ln(Sit+4) − ln(Sit), rolling over quarters to maximize the number of observations. Similarly when
we work with the growth rate of the non-normalized size S̃it. For each firm we then compute a single
averaged (across years) normalized size Si, and we investigate its growth dynamics considering the
corresponding annual growth rates git. After removing firms for which we do not observe at least two
growth rates, we are left with 24, 233 (out of a total of 38, 995) companies, corresponding to over one
million growth rate observations. Companies in the Compustat sample tend to be large, since they
are publicly traded, with an average quarterly Total Sales value of about 450 millions in 2012 USD
and a positive average growth rate. For each firm we observe on average 46 growth rates, a number
that should limit concerns about the potential noise affecting the firm growth volatility estimates we
compute in the paper. Descriptive statistics on the sample used are reported in Appendix B.1.

Finally, to reduce the effect of individual observations when we investigate the relation between a
firm’s size and its growth dynamics, we implement a pre-processing technique known as data binning.
This technique consists in grouping firms based on their size and compute for each group (i.e. bin) some
statistics of the corresponding growth rates. In the following, we set the number of bins to 25 and we
assign each firm to each bin based on its average normalized size S̄i = 1

Ti

∑
t Sit. The bins are defined

so that they contain the same number of firms. We then compute for each firm the corresponding
growth volatility, proxied by the adjusted mean absolute deviation σi =

√
π
2

1
Ti

∑
t |git − ḡi|, where ḡi

is the sample average growth rate of firm i computed over Ti observations.18 We then compute the
average size and volatility across firms belonging to the same bin. We implement this procedure also
for higher absolute moments of the volatility we denote as σq

i with q = 2, 3, 4.

3.2. Growth rate volatility

Our first investigation concerns the statistical properties of the growth rate volatility σi. Indeed,
Proposition 4 describes the distribution of these volatilities conditional on size, allowing to make the
following prediction.

Prediction 1. For large size S, the distribution of growth rate volatilities conditioned on size, P (σ|S),
displays a size-dependent contribution together with a size-independent contribution that appears as a
hump at σ = σ0. Rescaling the volatilities by their average computed over firms of the same size, σ̄(S),
leads to a curve collapse for the size-dependent contribution into a single master curve displaying a
power law tail with exponent −(1 + µ).

To test this prediction, we start by computing the growth volatility σi for each of the 24, 233 firms
in the sample according to the procedure described in Section 3.1 above. Volatilities range from 0.002
to 5.879 with an average value of 0.479 and a standard deviation of 0.490. We then group volatilities
in 25 size bins containing approximately 970 observations each and look at their distributions within
the bins. Left-panel of Figure 3 displays the estimated probability density (histogram) for the 25 bins
on a double-log scale. Moving from smaller (dark-violet) to larger (gold) firms the distribution shifts
smoothly towards the left, pushing the corresponding average volatility from 1.218 to 0.219. The right
tail in all the 25 distributions appears to be log-linear, suggesting a power law decay of their densities.
We note, however, the absence of a hump for large volatilities representing the size-independent
contribution in Prediction 1. Figure 8 in Appendix B.1 reports the distribution of the growth rate
volatility on a double log scale for the six size bins 1, 5, 10, 15, 20 and 25. We see no sign of the hump
for large volatilities. We confirm our visual inspection with a non-parametric test of bi-modality, which
rejects the existence of a second mode at any reasonable level of statistical significance.

18A bar over a variable indicates from now on the corresponding sample average. In this definition, the correcting
factor

√
π
2 comes from the observation that for a centered Normal distribution E[|X|]/

√
E[X2] =

√
2
π

, so that the mean
absolute deviation is a low-moment estimator for the standard deviation.
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Figure 3: Growth volatility distribution
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Notes. Left panel reports on a double log scale and for 25 bins, defined in term of normalized size, the distribution of the growth
rate volatility. Right panel reports on a double log scale the distribution of the growth volatility rescaled by the average volatility
observed in each bin together with a Lognormal (black line) and Inverse Gamma fit (solid line). The ML estimates of the scale,
shape and location parameters in the Inverse Gamma fit are found 4.788(0.139), 4.620(0.086) and 0.326(0.010) respectively. In all
panels volatility is computed as the mean absolute deviation multiplied by the factor

√
π/2. Data source: Compustat.

We next construct the rescaled volatities, σi/σ̄(S), and report the corresponding empirical densities
in the right-panel of Figure 3. In line with Prediction 1, all the 25 distributions of the rescaled volatility
(light-gray shaded curves) collapse nicely onto a single master curve. We find again no sign of the hump
at large volatilities, indicating that P (σ|S) is entirely determined by the size dependent contribution in
Eq. (10). However, in this case one should consider that the location of the hump in the 25 distributions
would move around with the rescaling by σ̄(S) because the relative size of the contribution would shift
as well, making harder the identification of the humps.

Taking stock of this behavior, we investigate the properties of the distribution of the rescaled
growth volatility, corresponding to the function G in Eq. (10). We achieve this by pooling together the
rescaled volatilities and estimating the resulting density. The histogram we obtain, shown in Figure 3
(dark-violet line), matches the shaded gray area representing the master curve on top of which the
25 binned rescaled histograms collapse. We propose to characterize this empirical histogram with a
3-parameters Modified Inverse Gamma (MIG) density,

PMIG(x; a, b, m) = C(a, b, m)(x + m)−(1+b) exp
(

− a

x + m

)
, (x ≥ 0), (14)

where (a, b, m) represent the scale, shape and location parameter respectively. The normalization
constant C(a, b, m) normalizes the distribution when integrating over σ ≥ 0.19 The reason for this
choice is that the Modified Inverse Gamma distribution, as the original Inverse Gamma, features a
power law right-tail with exponent equal to −(1 + b) for large volatilities. The specific choice of a
Modified Inverse Gamma distribution is otherwise purely phenomenological and we do not attribute
too much meaning to the small σ behaviour, for which the collapse of the different curves shown in
Figure 3 is far from perfect. It is important however that the right tail of the Inverse Gamma is
consistent with the power law tail of function G in Eq. (10) resulting, in turn, from the tail of the
function F in Eq. (4).

A Maximum Likelihood estimation of the parameters yields 4.788(0.139), 4.620(0.086) and 0.326(0.010)
for the scale, shape and location parameters respectively. The fit, reported in the right-panel of Figure 3
(solid black-line), describes its empirical target rather well. We conclude that the Modified Inverse
Gamma distribution is a good first approximation to describe the function G(x) in Eq. (10). Moreover,
this ML fitting procedure provides an indirect estimate of the parameter µ. Since the right-tail of the
Modified Inverse Gamma is a power law with exponent −(1 + b) and Prediction 1 suggests a power law

19The normalization constant in the Modified Inverse Gamma density reads ab

Γ(b) , while in Eq. (14) we set C(a, b, m) =

ab

Γ(b) − Γ(b, a
m

) where Γ(b, a
m

) is the upper Incomplete gamma function.
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Figure 4: Size and growth volatility

1

10−1
0.001 0.01 0.1 1 10

ln σ(S) = -1.47 - 0.20 ln S

1

10−2

10−1

0.001 0.01 0.1 1 10

ln σ2(S) = -2.36 - 0.39 ln S

1

10−2

10−1

0.001 0.01 0.1 1 10

ln σ3(S) = -2.53 - 0.51 ln S

1

10−2

10−1

0.001 0.01 0.1 1 10

ln σ4(S) = -2.12 - 0.58 ln S

empirical (binned)

σ
(ln

sc
al

e)

S (ln scale)

empirical (binned)

σ
2

(ln
sc

al
e)

S (ln scale)

empirical (binned)

σ
3

(ln
sc

al
e)

S (ln scale)

empirical (binned)

σ
4

(ln
sc

al
e)

S (ln scale)

Notes. The four panels report on a double log scale the binned relation between normalized size and the first four sample moments
of growth volatility together with an OLS linear fit. In all panel the number of bins is set to 25 and volatility is computed as the
mean absolute deviation multiplied by the factor

√
π/2. Data source: Compustat.

decay for G with exponent −(1 + µ), we conclude that this implies that µ should be approximately 4.6,
a high value at odds with the assumption that 1 < µ < 2. We return on this inconsistency below.

Hence, Prediction 1 of a size-independent universal distribution for the rescaled volatilities is well
obeyed by the data. Furthermore, the distribution is well described by a Modified Inverse Gamma
distribution which displays a power law right-tail with an exponent of about −(1 + 4.6). These two
results are new to the literature, and represent a first empirical contribution of the present work.
However, there is no clear sign of a hump for large realizations in the distribution of the rescaled growth
volatilities P (σ/σ̄(S)) which would signal the existence of poorly diversified firms with few sub-units.

We check the robustness of these results with respect to three potential threats. First we replace
the mean absolute deviation with the standard deviation as a proxy for the growth rate volatility.
The reason for this check being to use an estimator closer to its theoretical counterpart although
more sensible to extreme realizations. We find further corroboration to our results: the distributions
of growth volatilities proxied with the standard deviation, once rescaled by their average by size
bin, collapse again on a unique distribution well approximated by an Inverse Gamma with a shape
parameter of about 4.7 (cfr. Figure 9 in Appendix B.1). Second, attrition in a panel of firms over such
a long period of time may affect the quality of our estimates of σi, obtained as the mean absolute
deviation, in particular considering firms with a low number of growth rates. To alleviate this concern
we look at the growth volatility distribution for firms with at least 20 growth rates. Figure 11, reported
in Appendix B.2, show that the message with this alternative sample does not change. In particular
the estimated exponent for the power law tail of the function G(x) remains too high, being −(1 + 4.6).
As a third, and final check, since Compustat mixes firms reporting their balance sheet with respect to
different fiscal years, we focus on firms closing their accounts in December. Figure 13 in Appendix B.3
shows that also for this sample everything remains the same including the point estimate of the power
law exponent found equal to −(1 + 4.5).

We next study how the first four moments of the size-conditioned volatility distribution scale with
size. To guide this investigation, we revert to Proposition 5, which leads to the following prediction.

Prediction 2. For large S and when 1 < α < µ + µ−1
µ , the conditional mean growth volatility E[σ|S]

decays with size as S−β with β = µ−1
µ . The 3 higher conditional moments of volatility, E[σq|S] with

q = 2, 3, 4, decay with size all with the same scaling, as Sα−µ.
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To test this, we bin volatilities according to the same procedure described above. Within each bin,
we compute the average normalized size S̄b and the first 4 moments σq

b with q = 1, 2, 3, 4 an plot on
a double log scale σq

b against S̄b. To help the visual inspection of the result, we add the fit of the
log-linear relation log σq

b = a0 + a1 log S̄b. The four panels of Figure 4 display the results.
We begin with the top-left panel of Figure 4, reporting the first moment of the growth volatility σ

conditioned on size.20 The decay with size is approximately linear on a double log scale, meaning that
volatility decays as a power law. The only major deviation is observed in the bin associated with the
largest firms, which tend to have a higher volatility than the one corresponding to the scaling. These
firms appear to be less effectively diversified than what the model would lead us to expect.

The exponent is found to be about −0.20(0.01), very much in line with the existing literature. When
the right tail of the distribution of the number of sub-units P (K) is heavy enough,21 this empirical
result has an important consequence. Indeed, in this case the estimated exponent has been shown to
be 1−µ

µ implying µ = 1
1−β = 1.25. This estimate is inconsistent with the 4.5 we have found when fitting

the distribution of the rescaled growth volatilities.22

This is confirmed by the study of higher order conditional moments. Because α > 1, the theory
predicts that all of them should decay with size in the same way, as Sα−µ. Unfortunately this is not
what we observe in the remaining three panels of Figure 2. While they all conform to a power law
decay, with possibly the same anomaly that the very largest firms have higher values than expected,
they have apparently different scaling exponents, equal to −0.39(0.02), −0.51(0.03) and −0.58(0.04).
This is in contradiction with Prediction 2, which states that their scaling should be independent of the
moment order q and equal to α − µ ≈ −0.2. Our evidence suggests in contrast a clear dependence on
the order q of the exponent. In fact, the scaling we obtain is close to the one we would observe if the
second term in Eq. (11), proportional to S

q 1−µ
µ , was the dominant term, which is the result expected

for a thin-tailed distribution of rescaled volatilities σ/σ(S), i.e. with a tail exponent b > µ, as indeed
found above since b ≈ 4.6. Such a thin-tailed distribution of volatilities would asymptotically lead
to exponents −0.4, −0.6 and −0.8 for q = 2, 3 and 4 respectively. We however expect subdominant
corrections coming from the incipient tail contribution to be responsible for the observed discrepancies
for q ≲ b (−0.51 instead of −0.6 for q = 3 and −0.58 instead of −0.8 for q = 4).23 These results
appear again robust when we test them using the standard deviation to proxy growth volatilities and
different samples including only firms with at least 20 growth rates and firms closing their fiscal year
in December (cfr. Appendix B).

Summarizing these investigations on growth volatility, we may conclude that although the granularity
framework is partially consistent with empirical evidence it also presents major drawbacks. We have
indeed shown that the rescaled volatility distribution is independent of size and displays a power-law
tail, being overall well approximated by a Modified Inverse Gamma distribution with a thin right
tail. However, we do not see any sign of the non-scaling hump the model predicts for large volatilities.
Finally, the moments of size-conditioned growth volatility distribution do decay with size as power
laws, but with exponents that are not wholly consistent with theoretical predictions.

3.3. Growth rate distribution

In this sub-section, our interest moves to the growth rates and their distribution. Considering
Proposition 6 is again not trivial, since the use of the asymptotic representations in Eq. (12) and
(13) requires to work in the very large size region. In fact, it is only in this region that the Normal
approximation associated with the CLT is expected to be valid, and where the Levy alpha-stable
regime where g ∼ S−β is well separated from the non-universal regime where g ∼ 1 and the growth
rate distribution depends on that of the sub-units growth shocks. To make this even more challenging,
our results indicate that corrections to the CLT decay slowly, as S1−µ, and that the same is true for

20This is a replica of the right-panel of Figure 1. We report again to clarify how we build it and to facilitate the
comparison with the other 3 moments.

21Heavy enough here means respecting the constraint α < µ + 1−µ
µ

.
22When the right tail of the distribution P (K) is thin enough, α > µ + 1−µ

µ
, E[σ|S] would scale as Sα−µ implying

β = µ − α = 0.2.
23In fact, one predicts an asymptotic behaviour as S−bβ independent of q whenever q > b.
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Figure 5: Growth rate distribution
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Notes: Left panel reports the kernel estimate of the unconditional empirical density of the annual growth rate of the normalized
quarter size after removing its mean and pooling growth rates across firms and year-quarter (purple line). We add the empirical
densities estimated used synthetic growth rates obtained by mixing Gaussian random shocks with growth volatilities bootstrapped
from those estimated as mean absolute deviation (green line) and sampling form the shifted Inverse Gamma distribution in Eq. (14)
(light-blue line). Right panel compares the empirical benchmark (purple line) with the two empirical densities estimated on rescaled
annual growth rates obtained by removing their mean and dividing by their volatility. First (green line) we use an homogeneous
mean and an homogeneous volatility for the entire sample, second (light-blue line) we use individual specific means and volatilities
computes as the leave-one-out mean absolute deviations. We add a GSE fit for the heterogeneously rescaled growth rates distribution
computed on the kernel density estimate (black line). In all plots mean absolute deviations are adjusted by the factor

√
π/2.

Kernel density estimates are computed with a Gaussian kernel function and a bandwidth chosen according to the normal reference
rule-of-thumb. The estimate is evaluated on a 10,000 points regular grid defined over the entire empirical range. We also report the
95% confidence interval. Data source: Compustat.

the corrections associated with the existence of large firms with only a handful of sub-units, which
vanishes as Sα−β. Unfortunately, typical data-sets contain only a few data points in the large size
region, and so we expect finite size corrections to play a significant role in shaping the empirical growth
rate distribution.

Despite this caveat, Proposition 6 remains effective in offering guidance to look at growth rates
and at their distribution allowing us to make a sharp empirical prediction.

Prediction 3. The unconditional growth rate distribution P (g) can be rationalized as a mixture of
Normal random variables, that is P (g) is approximately equal to

∫
dSdσ N (0, σ) P (σ|S)P (S). Net

of finite size corrections, the growth rate distribution conditional on volatility and size, P (g|σ, S), is
Normal.

To test this prediction, we perform first a numerical exercise where we simulate a growth rate
distribution as a scale mixture of Normal random variables. To this aim, we generate 1, 000, 000
synthetic growth rates as gi = σiξi where ξi is a Normal random variable with zero mean and unit
variance while σ a random variable with a density P (σ). The draws from the distribution P (σ) are
done successively in two different ways. For the first approach, we bootstrap σ from the empirical
observations. The second approach assumes an Modified Inverse Gamma density for P (σ), with
parameters fit using observed volatilities rescaled by their average by size bin as in the right-panel of
Figure 3.

Our results are reported in the left-panel of Figure 5 (green and light-blue lines respectively).
Although some discrepancies are observed, the Gaussian Mixture model generates a growth rate
distribution in very good agreement with empirical observation both in the central and tail regions.
The two procedures we have implemented produce qualitatively equivalent results, and perform
significantly better than the one reported in Figure 1 (green line). The key difference is that in Figure 1,
the volatilities used to generate the artificial growth rates were simulated according to σi ∼ S−β

i , thus
neglecting the heterogeneity associated with a firm’s internal structure in terms of number and size
of sub-units. The resulting Gaussian mixture produces a distribution that is not able to capture the
central cusp and the fat tails of its empirical target. With this respect a further remark is in order. If,
in the mixing of the Normal random variables, one uses the MIG fitted on the non-rescaled volatilities
the corresponding growth rates display a distribution that, contrary to what happens with rescaled
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volatilities, misses its empirical target. Indeed the shape parameter b of the MIG in this case is found
to be 2.35(0.03), significantly lower than 4.62(0.09). This implies a fatter right tail for the volatility
distribution inducing fatter tails in the distribution of the growth rates generated as scale mixture of
Normals. We have clarified above why the estimate of b with non-rescaled volatilities is likely to be
biased due to size heterogeneity. This is reassuring when it comes to the sensitivity and consistency of
the argument.

A second exercise, inspired by Prediction 3, concerns the shape of the distribution of growth
rates conditional on size and on volatility, which is suggested to be approximately Normal. To test
this, we proceed as follows. For each firm in our sample, we compute an average growth ḡi, and for
each of its growth rates git we compute a growth volatility σit, computed as the leave-one-out mean
absolute deviation of the growth rates, obtained from the time-series git′ where the growth rate git for
t′ = t has been discarded. We then define the corresponding rescaled growth rates ĝit as (git − ḡi)/σit.
For consistency, we also apply the leave-one-out procedure to the mean growth ḡi.24 The resulting
distribution is reported in the right-panel of Figure 5 (light-blue line). It is apparent that the rescaling
procedure has a significant effect on the shape of the growth rate distribution, smoothing the central
cusp and fattening both tails. These remain clearly non-Gaussian and sub-exponential, since they
display a positive convexity in a linear-log representation. In the same figure, we report for comparison
the distribution we would obtain by rescaling the growth rates with an homogeneous mean and an
homogeneous volatility for the entire sample (green line). This shows that the associated reshaping,
although still apparent, is significantly less pronounced. It is equally apparent that the parabolic shape
of a Normal distribution would not provide a good fit for the entire distribution.

We propose a phenomenological model to quantify the extent to which this rescaling procedure
move the growth rate distribution towards the predicted Normal benchmark. We therefore consider
a parametric family of distributions, that we name Generalized Stretched Exponential (GSE), with
density

PGSE(x; C, u, v, w, z) = C exp
(

− (x − v)2

2u2(1 + (x/w)(2−z))

)
(15)

where (u, v, w, z) are all positive parameters and C is a normalization constant. This family of
distributions is built ad-hoc to feature a Gaussian behavior for small x (x < w), and a stretched (z < 1)
or compressed (z > 1) exponential decay for large x (x > w).25 The case z = 2 corresponds to the
standard Gaussian, whereas z → 0 mimics power-law tails. To fit the GSE distribution we proceed as
follows. We first compute the kernel density estimate of the central body of the empirical distribution
of the heterogeneously rescaled growth rates ĝi. Next, using a non linear least squares algorithm, we fit
the estimated density to recover the GSE parameters.

Figure 5 reports, in the right-panel, this GSE fit (black line) appearing to a large extent indistin-
guishable from the empirical distribution, both in the central part and in the tails. This confirms that
the proposed family of distributions performs very well in fitting the data. The estimated coefficients
are found equal to C = 0.483(0.004), u = 0.894(0.006), v = −0.006(0.001), w = 1.905(0.020) and
z = 0.377(0.003). Such a fit allows us to provide a quantitative assessment of the interval over which
the distribution can be considered approximately a Gaussian distribution. With an estimated value
of w approximately equal to 1.905 the empirical distribution of ĝ can be considered Gaussian in the
range [−1.905, 1.905]. Further, we can compute by numerical integration of the kernel density estimate,
that more than 90% of the probability mass falls in this Gaussian regime. As a point of comparison,
if one were to consider in the same figure the homogeneously rescaled growth rates (green line) w
estimate would reduce to 0.717 and the corresponding probability mass to 70% corresponding to a
smaller Gaussian regime.

However, the same GSE fit provides information on the non-Gaussian nature of the two tails.
Indeed the parameter z is found to be significantly smaller than one both for homogeneously and
heterogeneously rescaled growth rates identifying stretched exponential tails. Hence tails fatter than
those featured by a Gaussian, a fact independently noted also in Larsen-Hallock et al. (2022).26

24The leave-one-out procedure avoids an artificial truncation of the tails, see e.g. Bouchaud and Potters (2003).
25More precisely when x is large with respect to w the tails of the density behave proportionally to exp

[
− xz

2u2wz

]
.

26In fact Larsen-Hallock et al. (2022) fit the tails with a power-law, which is, over a limited region, not very different
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Table 1: Symmetric Generalized Stretched Exponential fit

C u v w z Prob. mass [−w, w]

Whole sample
homogeneous rescaling 0.764 (0.004) 0.432 (0.002) 0.014 (0.000) 0.673 (0.005) 0.412 (0.001) 0.684
heterogeneous rescaling 0.494 (0.003) 0.863 (0.004) 0.023 (0.001) 1.777 (0.015) 0.407 (0.003) 0.897

Size bin
1 0.391 (0.006) 1.149 (0.018) 0.067 (0.003) 2.701 (0.084) 0.388 (0.017) 0.949
2 0.423 (0.011) 0.982 (0.031) 0.059 (0.004) 1.915 (0.132) 0.603 (0.021) 0.893
3 0.428 (0.008) 0.995 (0.020) 0.076 (0.003) 2.084 (0.084) 0.483 (0.015) 0.913
4 0.452 (0.010) 0.938 (0.020) 0.048 (0.003) 1.939 (0.077) 0.444 (0.014) 0.903
5 0.392 (0.006) 1.227 (0.013) -0.009 (0.003) 3.468 (0.060) 0 (0.018) 0.979
6 0.51 (0.010) 0.786 (0.017) 0.023 (0.002) 1.43 (0.055) 0.51 (0.010) 0.835
7 0.474 (0.006) 0.941 (0.009) 0.002 (0.002) 2.123 (0.036) 0.301 (0.008) 0.927
8 0.458 (0.007) 1.008 (0.011) -0.004 (0.002) 2.445 (0.046) 0.231 (0.011) 0.95
9 0.488 (0.007) 0.908 (0.011) -0.023 (0.002) 2.013 (0.044) 0.323 (0.009) 0.923
10 0.471 (0.007) 0.969 (0.012) 0.003 (0.002) 2.291 (0.049) 0.265 (0.011) 0.942
11 0.483 (0.009) 0.899 (0.014) -0.019 (0.002) 1.919 (0.055) 0.397 (0.011) 0.912
12 0.462 (0.007) 0.99 (0.013) -0.018 (0.002) 2.35 (0.054) 0.322 (0.011) 0.948
13 0.449 (0.007) 1.01 (0.013) -0.034 (0.002) 2.413 (0.055) 0.282 (0.012) 0.947
14 0.499 (0.012) 0.839 (0.020) -0.013 (0.003) 1.65 (0.072) 0.475 (0.013) 0.88
15 0.472 (0.010) 0.946 (0.017) -0.021 (0.003) 2.147 (0.070) 0.336 (0.015) 0.934
16 0.468 (0.007) 0.987 (0.011) 0.015 (0.002) 2.396 (0.045) 0.241 (0.010) 0.95
17 0.489 (0.010) 0.883 (0.016) 0.003 (0.002) 1.844 (0.063) 0.43 (0.012) 0.906
18 0.457 (0.011) 0.988 (0.019) -0.016 (0.003) 2.326 (0.079) 0.308 (0.017) 0.945
19 0.5 (0.012) 0.846 (0.019) -0.017 (0.003) 1.717 (0.069) 0.427 (0.013) 0.894
20 0.508 (0.011) 0.823 (0.017) 0.029 (0.002) 1.633 (0.058) 0.434 (0.011) 0.882
21 0.48 (0.007) 0.919 (0.012) 0.055 (0.002) 2.051 (0.046) 0.327 (0.010) 0.925
22 0.536 (0.013) 0.713 (0.019) 0.028 (0.003) 1.204 (0.059) 0.546 (0.010) 0.799
23 0.518 (0.010) 0.782 (0.016) 0.024 (0.002) 1.476 (0.052) 0.462 (0.010) 0.859
24 0.541 (0.013) 0.672 (0.019) 0.052 (0.002) 1.073 (0.053) 0.563 (0.009) 0.77
25 0.516 (0.012) 0.742 (0.018) 0.084 (0.003) 1.335 (0.055) 0.474 (0.010) 0.84

Time window
2 years 0.449 (0.003) 1.046 (0.006) 0.008 (0.001) 2.643 (0.029) 0.303 (0.006) 0.966
3 years 0.442 (0.004) 1.121 (0.006) 0.004 (0.001) 3.196 (0.031) 0.185 (0.007) 0.985
4 years 0.44 (0.004) 1.173 (0.005) 0.001 (0.001) 3.668 (0.028) 0.011 (0.008) 0.993

Notes: estimates are obtained with a non lienar least square algorithm applied to kernel density estimates evaluated on a regular grid in the interval [−8, 8].
This procedure is applied to homogeneously rescaled growth rates, and heterogeneously rescaled growth rates in different size bins and computed over different
time windows. Data source: Compustat.

Taking stock of these findings, it looks fair to say that our data provide a mixed and contrasting
evidence in support to Proposition 6. On one side the Gaussian Mixture model seems to work properly,
at least in a first approximation, as an explanation for the existence of a central cusp and of fat tails in
the empirical growth rate distribution. In line with the proposition un-mixing the growth rates by
rescaling them by the corresponding individual mean and volatility, lead to an important extension of
the Gaussian regime in their empirical distribution. However the tails are not absorbed within the
Gaussian regime and remain fatter, significantly departing from the strict Gaussian Mixture model.
Whether this is due to a flaw in the model rather than to significant finite size corrections is what we
attempt to investigate with the last two exercises performed in the remaining of this section.

As discussed in the theory section the quality of the Gaussian approximation for the un-mixed
growth rates is driven by two factors. First, it is possible that we would observe large firms with few
sub-units, whose non Gaussian growth rates contaminate the Gaussian mixture. Second, the very
heterogeneous sizes of the sub-units which make up a large firm slows down the convergence to the
Normal limit induced by the CLT. Driven by these considerations we perform two investigations.

First, we exploit the fact that in a model where the growth rate gi, computed over a one year
time window, is a random variable with a GSE distribution multiplied by a firm specific volatility,
then the corresponding growth rates, computed over a larger time span, is obtained as the sum of the
random variables gi. If these growth rates are independent and identically distributed, the Central
Limit Theorem mechanism comes into play, which should lead to a progressive “Gaussianization” of the

from a stretched exponential with the observed low value of z.
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Figure 6: Rescaled growth rate distribution (time windows)
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Notes: Left panel Kernel density estimates are computed with a Gaussian kernel function and a bandwidth chosen according to the
normal reference rule-of-thumb. The estimate is evaluated on a 2,500 points regular grid defined over the interval [−8, 8]. Right panel
Symmetric GSE fits computed with a non linear least square algorithm applied to density estimates. Tim-window over which growth
rates are computed increases from 1 to 4 years moving from dark-violet, to green, blue and gold colors. Data source: Compustat.

Figure 7: Rescaled growth rate distribution (size bins)
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Notes: Left panel Kernel density estimates are computed with a Gaussian kernel function and a bandwidth chosen according to
the normal reference rule-of-thumb. The estimate is evaluated on a 2,500 points regular grid defined over the interval [−8, 8].
Right panel Symmetric GSE fits computed with a non linear least square algorithm applied to density estimates. Bin size increases
moving from dark-violet, to green, blue and gold colors. Data source: Compustat.

distribution of the corresponding un-mixed growth rates ĝi. Figure 6 shows that this is what happens
empirically albeit with some intriguing discrepancies. It reports in the left panel the kernel density
estimate of the distributions of the rescaled growth rate computed over a 1, 2, 3 and 4 years time-span
together with, in the right panel, their GSE fit whose parameters estimates are shown in the bottom
panel of Table 1. In line with our reasoning, we observe an apparent process of “Gaussianization” of
the distribution. The size of the Gaussian central region, measured by w, almost double rising from
1.9 to 3.5 when we widen the time window from 1 year to 4 years. Perhaps surprisingly, however,
the tails (described by the parameter z) appear to get fatter as the time-span increases (see Table 1),
although the probability mass in that region significantly drops from 9% at 1 year to less than 1% at 4
years. Correspondingly, when comparing the empirical distribution for 2 years, 3 years and 4 years to
a numerical convolution of 2, 3 or 4 i.i.d. random variables drawn from the 1 year distribution, we
find significant deviations: the tails of empirical distributions are “too fat”, signalling the existence of
persistence effects. In other words, the convolution results suggests that growth rates are autocorrelated
even over three and four years, i.e. persistently good or bad periods or persistently volatile periods
build up tails that would not exist if the growth process was independent across time.

In a second, final exercise we investigate the size dependency of the rescaled growth rates distribution.
To this aim we bin firms in 25 groups according to their average size S̄i following the same procedure
described in the data section and used to investigate the growth volatility distribution in Section 3.2.
Figure 7 reports in the left panel the kernel density estimate of the distributions for the 25 bins
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together with, in the right panel, their GSE fit whose parameters estimates are shown in the middle
panel of Table 1. Visually all distributions fall approximately on one another, suggesting that, once
un-mixed using idiosyncratic means and volatilities, the distribution of growth rate looks universal and
independent of size.

In other words we see no sign of “Gaussianization” for larger sizes, contrarily to what we were
expecting. Such visual inspection is confirmed by the parameters estimates reported in Table 1 where
we do not observe any clear trend in any of the key parameters. If anything the parameter w defining
the Gaussian region actually decreases with firm average size S̄, together with the probability mass in
the interval [−w, w] which drops from approximately 0.95% for small firms to 0.84 for the largest firms.

This observation means that rescaled growth rates of small firms are more Gaussian than those of
large firms, which goes against the intuition provided by Prediction 3. This result may be related to
the fact that the exponent β is smaller for large firms, indicating that – somewhat paradoxically – the
activity of large firms is more volatile than one might have anticipated from the S−β scaling. Similarly
z does not show a clear trend with size, remaining for all bins well below the threshold identifying
stretched exponential tails and showing a rather good deal of homogeneity across bins and with respect
to the results obtained pooling together all firms.

4. Conclusions

This paper shows that granular models of firm growth, as those in Wyart and Bouchaud (2003)
and Gabaix (2011), do not provide a convincing explanation of the empirically robust scaling of the
growth volatility with firm size, σ ∼ S−β , with an exponent β lower than 0.5. Nor do they account, as
a consequence, for the shape of the distribution of the growth rates of business firms.

The basic “granular” assumption rationalizes such anomalous scaling by the concentration of the
sales of firms across sub-units which would be dominated by only few of them representing for example
blockbuster products or large customers, as in Herskovic et al. (2020). Although enticing, such a
picture leads to falsifiable predictions, in particular concerning the distribution of volatility conditional
to size, for which we provided new theoretical results. Quite remarkably, and as predicted by theory,
this distribution is indeed close to universal (i.e., independent of firm size) once rescaled by the average
size dependent volatility S−β . However, the tail of this universal distribution is much too “thin” to be
compatible with the granularity hypothesis.

Similarly, we do not observe the anomalous scaling of higher moments of the growth rate volatility
with firm size that should reflect the presence of a cohort of very poorly diversified firms. The data
unambiguously rejects this prediction. At the same time, and again contrary to what is predicted by
models, after accounting for idiosyncratic volatilities growth rate shocks remain non-Gaussian and fat
tailed. Correspondingly, high moments of growth rates but not of their volatility are dominated by
such tail events, a result also noted in Larsen-Hallock et al. (2022).

These findings reveal more unanswered questions. Where do such very large idiosyncratic shocks
come from? Why are large firms even more volatile than expected, and with more weight in the
non-Gaussian tails? While this paper shows that the answers to these questions cannot be searched for
in granular mechanisms alone it is not aimed at proposing alternative explanations. One intriguing
possibility is that shocks hitting a firm’s sub-units become more and more correlated as its size increases,
due either to supply chain effects affecting inputs or customers common to all sub-units, or to reputation
shocks that impact the whole firm. Although such an analysis goes beyond the scope of the present
paper, we have explored this hypothesis finding encouraging evidence: both the correlation of a firm’s
growth rate with that of the whole economy and the correlation of the growth rate of firms of similar
sizes clearly grow with their size. Very much along the lines of Herskovic et al. (2020), we surmise that
this feature is the key missing ingredient to fully account for the observed statistics of firm growth.
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Appendixes

A. Analytical results and proofs

Single granularity hypothesis [Gabaix’ model]

A.1. Preliminary results

We begin by considering a single firm consisting of a deterministic number of sub-units K of sizes (s1, . . . , sK)
distributed according to Assumption 2. With the aim of studying the statistics of the firm’s Herfindahl-Hirschman index
H of the sub-unit size we will first establish the scaling of the typical (modal) value of H by estimating the numerator
and the denominator of H, before computing its moments explicitly and deriving its whole distribution. Without loss of
generality, we will take s0 = 1. Indeed, under the current hypotheses it is easy to see that E[s] = µ

µ−1 s0, and so taking
s0 = 1 amounts to redefining the units in which sub-unit sizes are counted.

The following lemmas establish three preliminary results.

Lemma 1. The typical value of the Herfindahl index scales with K as

Htyp ∼ K
2 1−µ

µ , K ≫ 1. (16)

Proof. Starting from the definition H =
∑

j
(sji/

∑
h

shi)2, note that by the law of large numbers since E[s] < ∞ we
have that

∑
j

sj ≈ KE[s]. On the other hand, the expectation of the numerator
∑

i
s2

i is divergent, since E[s2] = ∞.
However, the largest element smax of (si, . . . , sk) scales as smax ∼ K

1
µ , since it solves∫ ∞

smax

ds P (s) ≈ 1
K

, (17)

leading to s−µ
max ≈ K−1. The sum

∑
i
s2

i can be approximated by s2
max ≈ K

2
µ , which diverges superlinearly as K → ∞.

Pooling these results together, we obtain

Htyp ∼ K
2
µ

K2E[s]2 ∼ K
2 1−µ

µ . (18)

■

Lemma 2. The moment generating function of sub-unit sizes g(λ) = E[e−λs] has an expansion

g(λ) ≈ 1 − λE[s] − λµµΓ[−µ] + O (λµ) , (19)

which corresponds to the Laplace transform of a probability density decaying as s−1−µ.

Proof. This extends results obtained by Derrida (1997). By direct computation,

g(λ) =
∫ ∞

s0

ds P (s) exp(−λs) =
∫ ∞

s0

ds
µ

s1+µ
exp(−λs)

[setting s0 = 1 and changing variable λs = t]

= µλµ

∫ ∞

λ

dt t−µ−1 exp(−t)

= µλµΓ(−µ, λ) = µλµ [Γ [−µ] − γ(−µ, λ)]
[Γ(·, ·) and γ(·, ·) are the upper and lower incomplete gamma functions]

= −λµΓ [−µ + 1] − µλµ

[
λ−µ

∞∑
k=0

(−λ)k

k!(−µ + k)

]
= −λµΓ [−µ + 1] + 1 − λ

µ

µ − 1 + O(λµ)

= 1 − λµΓ [−µ + 1] − λE[s] + O(λµ) . (20)

■

A useful corollary follows.

Corollary 1. The expansion for E[ske−λs] reads

E[ske−λs] ≈ µ

µ − k
+ µΓ[k − µ]λµ−k + µλ

1 − µ + k
+ O

(
λmin(1,µ−k)) . (21)
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Proof. Note that

dkg(λ)
dλk

= E
[

dk

dλk
[e−λs]

]
= E

[
(−s)ke−λs

]
,

(22)

so that E[ske−λs] = (−1)kg(k)(λ). Differentiating the expression in the second to last line of Eq. (20) yields the result. ■

Lemma 3. The integer moments of the Herfindahl read

E
[
Hk
]

≈ K1−µE[s]−µµ
Γ[µ]Γ[2k − µ]

Γ[2k] + O(K1−µ) (23)

for k ≥ 1. In particular, the average Herfindahl scales as E[H] ∼ N1−µ.

Proof. We use the following representation:

1
xk

= 1
Γ [k]

∫ ∞

0
dλ λk−1e−λx. (24)

Indeed, changing variables first as t = λx gives
∫∞

0 dλ λk−1e−λx = x−k
∫∞

0 dt tk−1e−t = x−kΓ [k].

Now write Hk =
(∑

i1
. . .
∑

ik
s2

i1 . . . s2
ik

)
/
(∑

i
si

)2k, so that using the identity in Eq. (24) we have that

E
[
Hk
]

= E

[
1

Γ[2k]

∫ ∞

0
dλ λ2k−1e

−λ
∑

i
si
∑

i1

. . .
∑

ik

s2
i1 . . . s2

ik

]
. (25)

We will now work out the case k = 1 before generalising for k ≥ 1. Eq. (25) becomes

E [H] = E

[∫ ∞

0
dλ λe

−λ
∑

i
si
∑

j

s2
j

]

=
∫ ∞

0
dλ λE

[
e

−λs1−λ
∑

i>1
si

(
s2

1 +
∑
j>1

s2
j

)]

=
∫ ∞

0
dλ λE

[
s2

1e−λs1
]
E
[
e

−λ
∑

i>1
si

]
+
∫ ∞

0
dλ λE

[
e

−λ
∑

i>1
si
∑
j>1

s2
j

]

= K

∫ ∞

0
dλ λE

[
s2e−λs

]
E
[
e−λs

]K−1
.

(26)

We now use the results of Lemma 2 and Corollary 1, so that to leading order

E
[
e−λs

]N−1 ≈ (1 − λE[s])K−1 ≈ e−λE[s]K , (27)

and
E
[
s2e−λs

]
≈ µΓ [2 − µ] λµ−2. (28)

Plugging into the integral, we obtain

E [H] ≈µΓ [2 − µ] K

∫ ∞

0
dλ λ exp (−λKE[s]) λµ−2

≈µΓ [2 − µ] K

∫ ∞

0
dλ λµ−1 exp (−λKE[s])

[changing variables t = λKE[s]]

≈µΓ [2 − µ] K1−µE[s]−µ

∫ ∞

0
dt tµ−1e−λt

≈K1−µµΓ [2 − µ] Γ[µ]E[s]−µ,

(29)

so that E[H] ∼ K1−µ. In the general case, we may proceed in similar fashion,

E

[
e

−λ
∑

i
si
∑

i1

. . .
∑

ik

s2
i1 . . . s2

ik

]
=E

[(
e

−λs1−λ
∑

i>1
si

)(
s2k

1 + ks2k−2
1

∑
j>1

s2
j + . . .

)]
=KE

[
s2ke−λs

]
E
[
e−λs

]K−1 + k(K − 1)E
[
s2k−2e−λs

]
E[s2e−λs]E[e−λs]K−2 + . . . ,

(30)
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so that we may split the different contributions as

E
[
Hk
]

= 1
Γ[2k]

∫ ∞

0
dλ λ2k−1

(
KE

[
s2ke−λs

]
E
[
e−λs

]K−1 + k(K − 1)E
[
s2k−2e−λs

]
E[s2e−λs]E[e−λs]K−2 + . . .

)
= I1 + I2 + . . . ,

(31)

where Iℓ is the integral with j1 = j2 = . . . = jℓ = 1 in the sum of Eq. (30). We next have to leading order in λ

E
[
s2ke−λs

]
E
[
e−λs

]K−1 ≈ µΓ[2k − µ]e−λE[s]Kλµ−2k, (32)

so that
I1 ≈ KµΓ[2k − µ]

Γ[2k]

∫ ∞

0
dλ λµ−1e−λE[s]K ≈ µK1−µE[s]−µ Γ[2k − µ]Γ[µ]

Γ[2k] , (33)

with subleading corrections that are O
(
K1−µ

)
. Regarding I2, we have that

E
[
s2k−2e−λs

]
E[s2e−λs]E[e−λs]K−2 ≈ µ2Γ[2k − 2 − µ]Γ[2 − µ]e−λE[s]Kλµ−2k−2λµ−2 ∝ λ2µ−2k, (34)

so that I2 ∼ K1−2µ = O(K1−µ). In the end, the dominating contribution is given by I1 for k ≥ 1, and so finally

E[Hk] = K1−µµE[s]−µ Γ[2k − µ]Γ[µ]
Γ[2k] + O

(
K1−µ

)
. (35)

■

A.2. Proof of Proposition 1.

Proposition 1. For fixed K ≫ 1, the distribution of the Herfindahl-Hirschman index takes the following form,

P (H|K) = K2(µ−1)/µF
(
HK2(µ−1)/µ

) (
1 −

√
H
)µ−1

, (36)

with F (x) ∼ 1
x1+µ/2 when 1 ≪ x ≲ K2(µ−1)/µ.

Proof. Following what we obtained previously, we recognise the Beta function B(a, b) = Γ[a]Γ[b]
Γ[a+b] =

∫ 1
0 dx xa−1(1 − x)b−1

in Eq. (23) and write

Γ[2k − µ]Γ[µ]
Γ[2k] =

∫ 1

0
dx x2k−µ−1 (1 − x)µ−1

[setting h =
√

x]

=
∫ 1

0
dh hk−1− µ

2
(
1 −

√
h
)µ−1

.

(37)

However, because we can identify E
[
Hk
]

=
∫ 1

0 dH P (H)Hk, it follows that we can identify the leading contribution to
this integral, coming from the region H ≈ 1,

P (H) ∼ H−1− µ
2
(
1 −

√
H
)µ−1

. (38)

Supplementing this with the fact that the typical value of H should be Htyp ∼ K
2 1−µ

µ , this supposes that for H ≪ 1 we
should have a scaling form,

P (H) ≈ 1
Htyp

F

(
H

Htyp

)
, (39)

that is such that F (x) ∼ x−1−µ/2 for large x ∼ 1
Htyp

, in consistency with the form given in Eq. (37). Furthermore, this is
consistent with the fact that for large K, the typical Herfindahl reads

H ≈ 1
KE[s]

∑
i

s2
i , (40)

and so the generalised law of large numbers indicates that
∑

i
s2

i will have a distribution that is a Lévy-stable distribution
with parameter µ/2. The factor

(
1 −

√
H
)1−µ reconciles this with the fact that the Herfindahl is bounded by 1 and with

the fact that entities with H ≈ 1 are statistically unlikely. Finally note that writing σ ∝
√

H leads to Eq. (8). ■

A.3. Proof of Proposition 2.

Proposition 2. For all q > 0, the moments of H conditional on K are given, to the leading order, by

E [Hq|K] ≈ C1K1−µ + C2K
2q

1−µ
µ + O

(
K

min
(

1−µ,2q
1−µ

µ

))
, (41)

where C1 and C2 are two constants.
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Proof. We write the generalised moment as

E [Hq] =
∫ 1

0

dH
Htyp

F

(
H

Htyp

)(
1 −

√
H
)µ−1

= Hq
typ

∫ 1/Htyp

0
dx xqF (x)

(
1 −

√
xHtyp

)µ−1
.

(42)

We may then approximate this integral using the intermediate tail of F , noting also that F introduces a lower cut-off to
the integral. The integral therefore runs from H ≈ Htyp to H ≈ 1. Therefore,

E [Hq] ∼ Hq
typ

∫ 1/Htyp

1
dx xq−1−µ/2

(
1 −

√
xHtyp

)µ−1
. (43)

Next, we introduce u =
√

xHtyp, with dx = 2 u
Htyp

du and the integral runs from u =
√

Htyp to u = 1. Therefore,

E [Hq] ∼2Hq
typ

H1+µ/2−q
typ

Htyp

∫ 1

√
Htyp

du u2q−µ−1 (1 − u)µ−1

∼2Hµ/2
typ

(∫ 1

0
du u2q−µ−1 (1 − u)µ−1 −

∫ √
Htyp

0
du u2q−µ−1 (1 − u)µ−1

)
∼2Hµ/2

typ B (2q − µ, µ) − 2Hµ/2
typ B√

Htyp
(2q − µ, µ) ,

(44)

where B(a, b) is the Beta function described above, and Bx(a, b) =
∫ x

0 dt ta−1 (1 − t)b−1 is the incomplete Beta function.
Using then that Bx(a, b) = xa

a
(1 + O(x)), we have finally that

E [Hq] ∼ B (2q − µ, µ) Hµ/2
typ + 1

µ − 2q
Hq

typ, (45)

which, after plugging in Htyp ∼ K
2 1−µ

µ , yields the result given above. In addition to this, it becomes clear from the
computation that the contribution Hq

typ comes from the values close to H ≈ Htyp, while the contribution Hµ/2
typ comes

from the tail. ■

Double granularity hypothesis [Wyart and Bouchaud’s model]

A.4. Preliminary results

The statistical object of interest in this set-up is P (S, R),27 the joint distribution describing firms of size S that
experience an absolute size change R between t and t + 1. Formally, we may write this as

P (S, R) =
∑
K>1

p(K)
∫ ∞

0

K∏
i=1

dsi p(si)δ

(
S −

K∑
j=1

sj

)∫ K∏
j=1

dηj p(ηj)δ

(
R −

K∑
j=1

ηjsj

)
, (46)

where δ(·) is a Dirac delta distribution. Equation (46) represents P (S, R) as the sum over all possible arrangements
of Gaussian shocks, sub-unit numbers and sub-unit sizes that result in an initial size equal to S and to an absolute
growth equal to R. The role of the Dirac delta is to impose the constraints S =

∑
j

sj and R =
∑

j
ηjsj , and gives this

representation the structure of a sum of convolutions over the different variables of interest.
Next, we ground the study of this object on on three pillars. We first exploit the convolutional structure of

Equation (46) by taking the Fourier-Laplace transform with respect to S and R respectively, defining thus

P̂ (λ, q) := E
[
eiqR−λS

]
=
∫ ∞

0
dS

∫
dR exp(iqR − λS)P (S, R) . (47)

Indeed, the function P̂ (λ, q) may be used to retrieve several properties of the distribution P (S, R). For example,
when q = 0, P̂ (λ, q = 0) becomes the Laplace transform of the marginal distribution P (S). This can be used to study the
behavior of the firm size distribution in the large S limit, which is determined by the behavior of P̂ (λ, q = 0) in the limit
λ → 0.

Secondly, Equation (47) implies that

−∂2P̂ (λ, q)
∂q2

∣∣∣∣
q=0

=
∫ ∞

0
dS P (S) exp(−λS)

∫
dR R2P (R|S) . (48)

Thus, computing the second derivative of the Fourier-Laplace transform of P (S, R) at q = 0 yields the conditional variance
of the absolute growth R, which will be relevant when studying the variance of growth rates R/S conditional on firm
sizes S.

27To ease the notation, we drop the firm index i and the time index t.
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Thirdly and finally, once P (S) is characterized, plugging P (S, R) = P (S)P (R|S) into (47) leads to

P̂ (λ, q) =
∫ ∞

0
dS

∫
dR exp(iqR − λS)P (S)P (R|S) , (49)

which can be used to identify the distribution of firm growth rates conditional on size. Because the properties of
the marginal P (S) can be understood using the technique described above, one is left with the problem of solving
for a marginal distribution P (R|S) to match the right-hand side of the equation with the left hand side given by the
Fourier-Laplace transform.

The following lemmas establish two preliminary results providing a convenient representation of P̂ (λ, q) and some
insights on it behavior.

Lemma 4. The Fourier-Laplace transform P̂ (λ, q) can be represented as

P̂ (λ, q) =
∑
K>1

p(K) [1 − g(λ, q)]K , (50)

where g(λ, q) =
∫∞

0 ds P (s)
[
1 − exp(−q2s2/2 − λs)

]
.

Proof. Plugging (46) into (47) gives

P̂ (λ, q) =
∫ ∞

0
dS

∫
dR exp(iqR − λS)

∑
K>1

p(K)
∫ ∞

0

K∏
j=1

dsj p(sj)δ

(
S −

K∑
j=1

sj

)∫ K∏
j=1

dηj p(ηj)δ

(
R −

K∑
j=1

ηjsj

)

=
∑
K>1

p(K)

[∫ ∞

0
dS

∫ ∞

0

K∏
j=1

dsj p(sj)δ

(
S −

K∑
j=1

sj

)
exp(−λS)

∫
dR

∫ K∏
j=1

dηj p(ηj)δ

(
R −

K∑
j=1

ηjsj

)
exp(iqR)

]

=
∑
K>1

p(K)

[∫ ∞

0

K∏
j=1

dsj p(sj)
∫ ∞

0
dS δ

(
S −

K∑
j=1

sj

)
exp(−λS)

∫ K∏
j=1

dηj p(ηj)
∫

dR δ

(
R −

K∑
j=1

ηjsj

)
exp(iqR)

]

[since
∫

dx f(x)δ(x − a) = f(a)]

=
∑
K>1

p(K)

[∫ ∞

0
exp

(
−λ

K∑
j=1

sj

)
K∏

j=1

dsj p(sj)
∫

exp

(
iq

k∑
j=1

ηjsj

)
K∏

j=1

dηj p(ηj)

]

=
∑
K>1

p(K)

[
K∏

j=1

∫ ∞

0
dsj p(sj) exp(−λsj)

K∏
j=1

∫
dηj p(ηj) exp(iqηjsj)

]
[since integrands are independent]

=
∑
K>1

p(K)
[∫ ∞

0
ds

∫
dη p(s)p(η) exp(iqηs − λs)

]K

[integrating over η]

=
∑
K>1

p(K)
[∫ ∞

0
ds p(s) exp(−q2s2

2 − λs)
]K

=
∑
K>1

p(K) [1 − g(λ, q)]K .

■

Lemma 4 generates two useful corollaries characterizing the behaviour of g(λ, q) for q = 0 and in the limit where
λ, q → 0 with the product qλ−1/µ constant. The first exploits the assumption that both the number and the size of
sub-units are Pareto-distributed, with exponents α and µ respectively and with 1 < α < µ < 2.

Corollary 2. The Fourier-Laplace transform P̂ (λ, q) at q = 0 reads

P̂ (λ, 0) = 1 − λE[s]E[K] − λαE[s]αΓ [−α + 1] − λµE[K]Γ [−µ + 1] + O
(
λmax(α,µ)) , (51)

where E[s] and E[K] are the expected values of the sub-unit size and of the number of sub-units and Γ [·] is the gamma
function.

Proof. We start by computing the Laplace transform of the distribution of the sub-unit size P (s) = µsµ
0

s1+µ
. From Lemma 2

and Eq. (20), we have directly that

g(λ, 0) =
∫ ∞

s0

ds P (s) exp(−λs) = 1 − λµΓ [−µ + 1] − λE[s] + O(λµ). (52)
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More generally, the Laplace transform of a power-law distribution with a tail P (s) ∼ s−1−µ with 1 < µ < 1, has the form
1 − Aλ − Bλµ + O(λµ) with A and B two constants that depend on µ. Thus we can obtain the Laplace transform of the
distribution of the number of sub-units, p(K), by changing the roles α ↔ µ.

Now, setting q = 0 in Equation (50) one gets

P̂ (λ, 0) ≈
∑
K>1

p(K) [1 − g(λ, 0)]K

≈
∑
K>1

p(K) [1 − λµΓ [−µ + 1] − λE[s]]K

[approximating (1 − x)K with exp(−Kx)]

≈
∑
K>1

p(K) exp(−KλµΓ [−µ + 1] − KλE[s])

[setting υ = λµΓ [−µ + 1] + λE[s]]

≈
∫ ∞

0
dK P (K) exp(−υK)

[using Equation (52) and Assumption 2]
≈ 1 − υαΓ [−α + 1] − υE[K]
≈ 1 − (λµΓ [−µ + 1] + λE[s])αΓ [−α + 1] − (λµΓ [−µ + 1] + λE[s])E[K]

[since, by Assumption 3, 1 < α < µ < 2]
≈ 1 − λαE[s]αΓ [−α + 1] − λµE[K]Γ [−µ + 1] − λE[s]E[K] − +O(λα) .

■

Note that this result intuitively implies that E[S] = E[s]E[K], which means that the average size of a firm is given by
the product of the average number of subunits in a firm by the average size of a subunit. This can be obtained directly
by noting that E[S] = ∂P̂ (λ,0)

∂λ

∣∣
λ=0

.
The second corollary describes the behaviour of P̂ (λ, q) in the limit where λ, q → 0, but keeping qλ−1/µ constant.

This corollary will later allow us to compute the distribution P (R|S) in the scaling region where R is proportional to S
1
µ .

Corollary 3. The Fourier-Laplace transform P̂ (λ, q) computed in the limit λ, q → 0 where qλ−1/µ = θ reads

P̂ (λ, q = θλ1/µ) = 1 − λE[K] (E[s] + µsµ
0 θµI(µ)) + O(λ) , (53)

where I(µ) =
∫∞

0 dt t−(1+µ)(1 − e−t2/2) = −2−(1+µ/2)Γ(− µ
2 ).

Proof. As for the previous lemma we start by computing

g(λ, q = θλ1/µ) =
∫ ∞

0
ds P (s)

(
1 − exp

(
−θ2λ

2
µ s2

2 − λs

))
[using the linear approximation of −e−x]

=
∫ ∞

0
ds P (s)

(
1 − exp

(
−θ2λ

2
µ s2

2

)
+ λs

)
+ O(λ)

= λE[s] +
∫ ∞

0
ds

µsµ
0

s1+µ

(
1 − exp

(
−θ2λ

2
µ s2

2

))
+ O(λ)

= λ

(
E[s] + µsµ

0 θµ

∫ ∞

0

dt

t1+µ

(
1 − e− t2

2

))
+ O(λ)

= λ (E[s] + µ(s0θ)µI(µ)) + O(λ) . (54)

Plugging (54) in Equation (50) one gets

P̂ (λ, q = θλ1/µ) =
∑
K>1

p(K)[1 − λ (E[s] + µ(s0θ)µI(µ)) + O(λ)]K

[approximating (1 − x)K with 1 − Kx and evaluating the sum with its integral representation]
= 1 − λE[K] (E[s] + µ(s0θ)µI(µ)) + O(λ) . (55)

■

Finally, the second Lemma states that the second derivative of the Fourier-Laplace transform ∂2P̂ (λ,q)
∂q2 , evaluated at

q = 0, is proportional to λµ−2. More generally, ∂2ℓP̂ (λ,q)
∂q2ℓ ∼ λµ−2ℓ at q = 0 and as λ → 0.
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Lemma 5. When 1 < µ < 2, −∂2P̂ (λ, q)
∂q2 evaluated at q = 0 behaves as λµ−2, that is

∂2P̂ (λ, q)
∂q2

∣∣∣∣
q=0

∼ λµ−2. (56)

Proof. Plug Equation (50) in −∂2P̂ (λ, q)
∂q2 to obtain

−∂2P̂ (λ, q)
∂q2

∣∣∣∣
q=0

= 2 ∂

∂(q2)
∑
K>1

p(K)[1 − g(λ, q)]K
∣∣∣∣∣
q=0

[using the exponential approximation]

= −2 ∂

∂(q2)
∑
K>1

p(K) exp(−g(λ, q)K)

∣∣∣∣∣
q=0

= 2 ∂g(λ, q)
∂(q2)

∣∣∣∣
q=0

∑
K>1

Kp(K) exp(−Kg(λ, 0)) .

Computing the derivative at q = 0 gives

2∂g(λ, q)
∂(q2)

∣∣∣∣
q=0

=
∫ ∞

0
ds P (s)s2e−λs ≈

∫ ∞

0
ds sµ

0 s1−µe−λs ≈
λ→0

sµ
0

Γ [2 − µ]
λ2−µ

.

Thus we find, for λ → 0

−∂2P̂ (λ, q)
∂q2

∣∣∣∣
q=0

∼ sµ
0

Γ [2 − µ]
λ2−µ

∑
K>1

Kp(K) exp(−Kg(λ, 0))

∼ sµ
0

Γ [2 − µ]
λ2−µ

∑
K>1

Kp(K)e−K ∼ λµ−2 ,

where we’ve approximated e−Kg(λ,0) ≈ e−K and used that
∑

K>1 Kp(K)e−K is a finite constant. ■

A.5. Proof of Proposition 3.

Proposition 3. The firm size distribution behaves, for large S, as the sum of the two Pareto distributions

P (Si) ∼ Cα

S1+α
i

+ Cµ

S1+µ
i

, (57)

where Cα =
(

µ
µ−1

)α and Cµ = α
α−1 .

Proof. This is a direct consequence of Corollary 2. Since P̂ (λ, 0) is the Laplace transform of the firm size distribution
P (S), for sufficiently large S its behavior is described by Equation (51). Gathering the terms proportional to λαΓ [−α + 1]
and λµΓ [−µ + 1] allows us to find the asymptotic behaviour described above and the relative contributions of each
component by identifying the Laplace transforms of power-law tails. Since the inverse of the Laplace transform of a
probability distribution is unique, Proposition 3 follows. Noting that the last line implies that the firm size distribution is
asymptotically proportional to

P (s) ∼ E[s]αS−1−α + E[K]S−1−µ, (58)
by getting the terms proportional to λαΓ [−α + 1] and λµΓ [−µ + 1] in the expansion above, we may also write this as

P (s) ∼ S−1−α
(
1 + CSα−µ

)
, (59)

where C is a constant. ■

A.6. Proof of Proposition 4

Proposition 4. The distribution of growth rate volatilities conditional on size S is given, for large S, by:

P (σ|S) ≈ 1 − π(S)
σ(S) G

(
σ

σ(S)

)(
1 − σ

σ0

)µ−1
+ π(S)H(σ), (60)

where G(·) is defined in Eq. (8), σ ∼ S−β is given by Eq. (7) with β = (µ − 1)/µ, π(S) ∼ Sα−µ and finally H(·) is a
contribution peaked at σ ≈ σ0. In particular, G(x) ∼ x−1−µ.
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Proof. Following Proposition 3, firms of size S are made up of two distinct fractions: those for which S ≈ KE[s], which
corresponds to the S−1−α tail of the distribution with the exponent α indicating that firms in that tail are large because
they have a large number of sub-units, and those firms for which K = O(1) but are still large because one single sub-unit
is large, i.e. S ≈ smax, thereby contributing with a tail with weight S−1−µ. The latter firms have H ≈ 1.

Because of the relative contributions of the tails, the fraction of poorly diversified firms is π(S) ∼ Sα−µ, as highlighted
above. We may therefore write that

P (σ|S) = (1 − π(S))P (σ|S, many subunits) + π(S)P (σ|S, few subunits). (61)
■

Because poorly diversified firms have K of order 1 and are concentrated in a single sub-unit, their Herfindahl is of
order 1 and so P (σ|S, poorly diversified) = H(σ) is a distribution peaked at σ0 for all S. Regarding the contribution of
firms with S ∝ K, their Herfindahl is distributed as described in Eq. (8). It follows that

P (σ|S, well diversified) = 1
σ(S)G

(
σ

σ(S)

)(
1 − σ

σ0

)µ−1
, G(x) = 2xF (x2), (62)

where F (·) is the function defined in Eq. (4). Since F (x) ∼ x−1−µ/2 it follows that G(x) ∼ x−1−µ for large x.
Proposition (4) follows.

A.7. Proof of Proposition 5.

Proposition 5. For 1 ≤ α < µ, the integer moments of the growth rate volatilities conditional to size S are asymptotically
given, for large S, by:

E[σq|S] = C1S1−µ + C2S
q

1−µ
µ + C3Sα−µ + O

(
S

min(α−µ,1−µ,q
1−µ

µ
)
)

, (63)

where C1, C1 and C3 are numerical constants.28

Proof. As before, we may write this as

E [σq|S] = (1 − π(s))
∫

dσ σqP (σ|S, many subunits) + π(S)
∫

dσ σqP (σ|S, few subunits), (64)

and where the second contribution corresponds to firms with H ≈ 1. The second contribution will therefore always give

π(S)
∫

dσ σqP (σ|S, poorly diversified) ≈ π(S) ∼ Sα−µ. (65)

The case of firms with many subunits is slightly different. Noting that σ ∝ H1/2, we use the result given in Proposition 1,
substitute q → q/2 and use K ∝ S to obtain

(1 − π(s))
∫

dσ σqP (σ|S, many subunits) ≈
∫

dσ σqP (σ|S, many subunits)

≈C1S1−µ + C2Sqβ + O
(
Smin(1−µ,qβ)) .

(66)

Finally, we have that
E[σq|S] = C1S1−µ + C2Sqβ + C3Sα−µ + O

(
Smin(α−µ,1−µ,qβ)) . (67)

The fact that the dominant term is ∝ Sα−µ, as predicted by the equation above, can also be proven from Equation (48).
Consider the term

∫
dR R2P (R|S), which represents the conditional variance of a firm’s absolute growth, V[R|S]. We will

surmise that V[R|S] ∝ Sb for some b and find the value of b such that this integral scales as λµ−2 as stated in Lemma 5.
Doing this substitution in Equation (48) leads, when b > α, to

− ∂2P̂ (λ, q)
∂q2

∣∣∣∣
q=0

∝
∫ ∞

0
dS S−(α+1) Sb exp(−λS) = Γ [b − α] λα−b ,

which combined with Equation (56) in Lemma 5 implies that

λµ−2 ∝ λα−b ⇒ b = α − µ + 2 ,

which is larger than α when µ < 2. This proves that V[R|S] ∝ Sα−µ+2 and gives directly

E[σ2|S] =
E
[
R2|S

]
S2 ∝ Sα−µ ,

as wanted. ■

28Note that for α = −1, corresponding to Gabaix’ model, Eq. (63) precisely recovers Eq. (5), as it should.
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A.8. Proof of Proposition 6.

Proposition 6. The distribution of growth rates conditional on size S and on growth volatility σ is given, for large S, by:

PS(g|σ, S) ≈ (1 − π(S)) N (0, σ2) + π(S) Qη , (68)

where N (0, σ2) is a Gaussian distribution with variance σ2 = σ2
0H and Qη a non universal distribution that depends on

the distribution of the sub-unit growth shocks η. The weight π(S) represents the probability of observing a large firm with
only few sub-units vanishing when size grows larger as Sα−µ.

Neglecting large firms with a small number of sub-units and integrating Eq. (12) over the first term of the distribution
P (σ|S) in Eq. (10) gives

P (g|S) ∼ SβLµ,0(gSβ), when g ≪ 1, (69)
where Lµ,0(·) is the symmetric Lévy alpha-stable probability density with stability parameter 1 < µ < 2. Because of the
cut-off in the distribution of σ, this distribution also has a cut-off, with P (g|S) = 0 for g ⪆ S. The complete distribution
P (g) is obtained by integrating over P (s), and behaves asymptotically as P (g) ∼ |g|−1−µ.

Proof. Eq. (12) states simply that, conditional on the size S, a fraction 1 − π(S) of firms will be such that S ∝ K and
will be made up of K ≫ 1 sub-units. These firms will have growth rates that are the sum of K ≫ 1 sub-unit growth
rates, resulting in a Gaussian density of variance σ2. The second contribution corresponds to firms with K = O(1), and
therefore the central limit theorem does not apply and the distribution is closer to that of the individual sub-units’ growth
rates ηijt.

Obtaining the distribution of P (g|S) is in principle possible by integrating directly over the volatility σ with its
probability distribution P (σ) which has been discussed above. We proceed instead by studying the distribution P (S, R)
introduced above, finding first the distribution of R|S, the absolute size change conditional on size, which will then allow
to find the distribution P (g|S).

Writing P (S, R) = P (S)P (R|S), using the definitions from (46), we have that

P̂ (λ, q = θλ1/µ) =
∫ +∞

0
dS

∫
dR P (S)P (R|S) exp(iθλ1/µR − λS) . (70)

Next, we surmise that when P (R|S) = S−1/µL0,µ(RS−1/µ), i.e. when R|S is distributed according to a symmetric Lévy
distribution with parameter µ, Equation (70) has the same form as that found in Equation (53) of Corollary 3.

Indeed, setting υ = RS−1/µ in (70) we obtain

P̂ (λ, q = θλ1/µ) =
∫ +∞

0
dS P (S)

∫
dυ L0,µ(υ) exp(iθλ1/µS1/µυ − λS)

=
∫ +∞

0
dS P (S) exp(−λS)

∫
dυ L0,µ(υ) exp(iθλ1/µS1/µυ)

where one notes that the integral in υ is the characteristic function or Fourier transform of a symmetric Lévy alpha-Stable
distribution of parameter µ, L0,µ, evaluated at θλ1/µS1/µ. This characteristic function behaves as

∫
dυ eitυ ∝ exp(−At1/µ),

where A is a constant. Applying this to the equation above leads to:

P̂ (λ, q = θλ1/µ) =
∫ +∞

0
dS P (S) exp(−λS) exp(−AθµλS).

Then

P̂ (λ, q = θλ1/µ) =
∫ +∞

0
dS P (S)

∫
dυ L0,µ(υ) exp(iθλ1/µS1/µυ − λS)

=
∫ +∞

0
dS P (S) exp(−λS)

∫
dυ L0,µ(υ) exp(iθλ1/µS1/µυ)

[the integral in υ is the Fourier transform of L0,µ which has an exponential form]

=
∫ +∞

0
dS P (S) exp(−λS) exp(−AθµλS)

[where A is a constant]

=
∫ +∞

0
dS P (S) exp(−λS(1 + Aθµ))

= 1 −
∫ +∞

0
dS P (S) (1 − exp(−λS(1 + Aθµ)))

[using twice the linear approximation of −e−x ∼ x − 1]
= 1 − λE [S] − AθµλE [S] + O(λ)
= 1 − λE [S] (1 + Aθµ) + O(λ) ,

which indeed matches Equation (53).
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Now, this proves that RS−1/µ is distributed according to a Lévy distribution with parameter µ, and therefore

P (R|S) ∼ S−1/µLµ,0(RS−1/µ). (71)
since R = gS and since β = 1 − 1/µ, this proves the first part of the proposition. The cut-off value at g ∼ 1 results from
the fact that the Herfindahl has a cut-off at H = 1.

For the second part, we first write that P (g) =
∫

dS P (S)P (g|S), and then consider the cumulative density function,
P>(g) :=

∫∞
g

dg1 P (g1). This yields

P>(g) =
∫ ∞

g

dg1

∫
dS P (S)SβL0,µ(g1Sβ)

=
∫

dS P (S)Sβ

∫ ∞

g

dg1 L0,µ(g1Sβ)

(using that asymptotically, L0,µ(x) ∼ x−1−µ)

∼
∫

dS P (S)SβS−β(1+µ)
∫ ∞

g

dg1g−1−µ
1

∼g−µ

∫
dS P (S)S−βµ ∼ g−µ,

(72)

where we have used the fact that βµ = µ − 1 < 1 so that the integral over S is convergent for both small and large S.
This shows that P (g) is a mixture of Lévy alpha-stable distributions with a power-law tail with exponent µ.

■

A.9. Proof of Proposition 7

Proposition 7. Proposition 3, 4, 5 and 6 are robust against the additive aggregation of firms into (possibly fictitious)
supra-firms.

Proof. Consider two firms, i and j, with Ki and Kj sub-units respectively. Since both are Pareto distributed with
exponent α, the additive aggregation of these two firms produces a new entity with Ki + Kj sub-units, which is also
asymptotically Pareto with the same exponent α. The size distribution of the sub-units clearly remains Pareto distributed
as well. As a consequence, starting with N firms which are then merged into N/n “super-firms” leads to the same
statistical properties for size, growth and the size/growth-volatility relationship discussed above. ■
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B. Descriptive statistics and further investigations

B.1. Main sample

In this Appendix we report descriptive statistics on size (S̃), normalized size (S) and on their (log) growth rates for the
main sample used in the paper. We also discuss the existence of the hump H(σ) predicted by Proposition 4 and explore
the consequences of using the standard deviation to proxy for volatility.

Descriptive statistics. In Table 2 statistics are reported at the firm-year level. This sample contains more thna 1.2
millions of firm-year observations, with an extreme range of variation both for sizes and growth rates and for the three
variants (nominal, deflated and normalized). As expected different variants of growth rates do not differ much and, less
expected, their range of variation is well centered around zero.

Table 2: Descriptive statistics on size and growth rates (main sample)

N Mean St. Dev. Min Max

size S̃ 1,228,260 348,088,528.000 2,050,671,382.000 1,000.000 152,079,000,000.000
size S̃ deflated 1,228,260 481,340,797.000 2,427,441,597.000 940.955 147,203,757,866.000
size S 1,228,260 1.001 4.734 0.00000 279.152
growth rate g̃ 1,121,115 0.094 0.591 −12.324 12.435
growth rate g̃ deflated 1,121,115 0.066 0.590 −12.386 12.403
growth rate g 1,121,115 0.045 0.593 −12.070 12.318

Notes: Growth rates are computed as logarithmic differences. Data source: Compustat.

Table 3 reports statistics at the firm level. In this sample there are 24, 233 different firms. Each firm has on average 46
growth rates whose volatility, proxied by the corresponding Mean Absolute Deviation (mad) adjusted by

√
π/2, ranges

from 0.002 to 5.9 with an average of 0.48.

Table 3: Descriptive statistics on size and growth volatility (main sample)

N Mean St. Dev. Min Max

size S 24,233 0.484 2.466 0.00000 109.177
num growth rates 24,233 46.264 44.972 2 236
growth volatility (mad) 24,233 0.479 0.490 0.002 5.879
growth volatility (sd) 24,233 0.532 0.525 0.002 5.753

Notes: “mad” and “sd” represent the mean absolute deviation adjusted by the factor
√

π/2
and the standard deviation. Data source: Compustat.

Table 4 reports statistics for normalized growth rates g̃ grouped in the 25 size bins built on the average normalized size
S̄i. By construction each bin contains the same number of firms, but a significantly different number of observations
increasing with size. Looking at the range of variation we observe few extreme realizations which we have checked do not
drive our main results.

Table 4: Rescaled growth rates by size bin (main sample)

bin n firms n obs. n distinct obs. mean median sd min max

1 956 15, 429 15, 162 0.035 -0.023 5.395 -122.467 612.003
2 956 22, 036 21, 884 -0.051 -0.034 8.903 -1, 298.563 88.184
3 956 25, 541 25, 474 0.0004 -0.021 1.707 -122.556 39.474
4 956 29, 843 29, 797 -0.002 -0.033 1.482 -46.430 46.910
5 956 31, 695 31, 675 -0.009 -0.016 1.534 -76.348 33.811
6 956 33, 059 33, 041 -0.030 -0.016 3.681 -605.375 47.771
7 956 35, 286 35, 271 -0.025 -0.011 2.678 -408.559 59.716
8 956 35, 422 35, 395 -0.005 -0.010 1.903 -51.151 174.698
9 956 36, 899 36, 882 -0.044 -0.005 4.616 -748.208 30.829
10 955 37, 570 37, 559 -0.019 -0.014 1.490 -37.562 22.549
11 955 36, 489 36, 464 -0.027 -0.004 1.609 -79.893 19.165
12 955 38, 315 38, 306 -0.022 -0.003 2.161 -124.045 259.869
13 955 38, 322 38, 319 -0.020 -0.018 1.781 -176.321 50.916
14 955 40, 349 40, 340 -0.028 -0.039 2.244 -309.692 35.023
15 955 40, 532 40, 529 -0.019 -0.024 5.150 -674.556 721.555
16 955 43, 893 43, 891 -0.009 -0.032 1.609 -59.192 125.763
17 955 43, 855 43, 839 -0.013 -0.037 1.631 -148.291 63.491
18 955 46, 803 46, 801 -0.008 -0.048 1.460 -94.761 26.068
19 955 50, 316 50, 310 -0.008 -0.045 1.370 -51.656 20.239
20 955 55, 136 55, 133 -0.009 -0.054 1.503 -137.243 59.857
21 955 57, 689 57, 674 -0.005 -0.068 1.464 -96.574 66.960
22 955 63, 666 63, 661 -0.010 -0.060 1.798 -222.718 145.668
23 955 74, 665 74, 649 -0.003 -0.060 1.327 -57.865 26.530
24 955 83, 288 83, 285 -0.004 -0.083 1.460 -83.315 99.560
25 955 104, 316 104, 313 -0.047 -0.093 14.293 -4, 593.166 18.729

Notes: Descriptive statistics of heterogeneously rescaled growth rates ĝ binned according to their average size S̄. Data
source: Compustat.

34



Missing hump in H(σ). Figure 8 reports, on a double log scale, the distributions of the growth rate volatility for various
size bins. We see no sign of an hump for large volatilities and we confirm visual inspection with the non-parametric test of
bi-modality presented in Ameijeiras-Alonso et al. (2019) which rejects the existence of a second mode at any reasonable
level of statistical significance for all bins. Together with bin 1, 5, 10, 15, 20 and 25 we report bin 8 and 9 associated with
the lower p-value for the null hypothesis that the true number of modes is 1.

Figure 8: Growth volatility distribution by size bin (main sample)
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Notes. Panels report for different bins defined in term of normalized size, the distribution of the growth rate volatility on a double
log scale. Points represent the histogram while solid lines the kernel density estimates. In all the figures volatility is computed as
the mean absolute deviation multiplied by the factor

√
π/2. Data source: Compustat.

Table 5: ACR non parametric test of bi-modality for the growth volatility distribution

bin ACR statistic p.value n bin ACR statistic p.value n bin ACR statistic p.value n

1 0.013 0.944 970 11 0.013 0.784 969 21 0.016 0.016 0.016
2 0.015 0.66 970 12 0.016 0.34 969 22 0.015 0.015 0.015
3 0.014 0.684 970 13 0.013 0.846 969 23 0.017 0.017 0.017
4 0.017 0.247 970 14 0.014 0.689 969 24 0.016 0.016 0.016
5 0.013 0.786 970 15 0.017 0.2 969 25 0.011 0.011 0.011
6 0.014 0.7 970 16 0.013 0.799 969
7 0.013 0.737 970 17 0.012 0.977 969
8 0.02 0.082 970 18 0.014 0.635 969
9 0.02 0.069 969 19 0.017 0.253 969
10 0.012 0.961 969 20 0.018 0.222 969

Growth volatility estimated using the standard deviation. Figure 9 and Figure 10 report the key empirical results
on growth volatility when we replace the mean absolute deviation (mad) with the standard deviation (sd). The shape of
its distribution, its scaling with size and the quantitative fir of the Modified Inverse Gamma distribution (MIG) remain
qualitatively the same.
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Figure 9: Growth volatility distribution (volatility is computed as standard deviation)
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Notes. Left panel reports on a double log scale and for 25 bins, defined in term of normalized size, the distribution of the growth
rate volatility. Right panel reports on a double log scale the distribution of the growth volatility rescaled by the average volatility
observed in each bin together with an Inverse Gamma fit (solid line). The ML estimates of the scale, shape and location parameter
are 4.922(0.147), 4.668(0.089), and 0.344(0.010) respectively. In all the figures volatility is computed as the standard deviation.
Data source: Compustat.

Figure 10: Size and growth volatility (volatility is computed as standard deviation)
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Notes. The four panels report on a double log scale the binned relation between normalized size and the first four sample moments
of growth volatility together with an OLS linear fit. In all panel the number of bins is set to 25 and volatility is computed as the
standard deviation. Data source: Compustat.

B.2. Sample with firms with 20 or more growth rates

In this Appendix to alleviate concerns associated with measurement errors in estimating growth volatilities we change the
sample and consider firms with 20 or more growth rates only.

Descriptive statistics. Table 6 reports statistics at the firm-year level. The overall picture remains very similar to that
reported for the main sample.
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Table 6: Descriptive statistics on size and growth rates (firms with 20 or more growth rates)

N Mean St. Dev. Min Max

size S̃ 1,103,590 379,856,536.000 2,155,729,951.000 1,000.000 152,079,000,000.000
size S̃ deflated 1,103,590 525,526,423.000 2,548,717,299.000 940.955 147,203,757,866.000
size S 1,103,590 1.000 4.528 0.00000 245.280
growth rate g̃ 1,032,199 0.087 0.543 −12.324 12.435
growth rate g̃ deflated 1,032,199 0.058 0.543 −12.386 12.403
growth rate g 1,032,199 0.037 0.545 −12.123 12.313

Notes: Growth rates are computed as logarithmic differences. Data source: Compustat.

Table 7 reports statistics firm level. In this sample the number of firms reduces to 15, 788 but, a part of that, growth
rates display statistical properties similar to those observed in the main sample.

Table 7: Descriptive statistics on size and growth volatility (firms with 20 or more growth rates)

N Mean St. Dev. Min Max

size S 15,788 0.573 2.502 0.00001 100.669
num growth rates 15,788 65.379 45.192 20 236
growth volatility (mad) 15,788 0.399 0.367 0.022 3.171
growth volatility (sd) 15,788 0.458 0.421 0.028 3.459

Notes: “mad” and “sd” represent the mean absolute deviation adjusted by the factor
√

π/2
and the standard deviation. Data source: Compustat.

Growth volatility. Figure 11 and Figure 12 report the key empirical results on growth volatility. The shape of its
distribution, its scaling with size and the quantitative fit of the Modified Inverse Gamma distribution (MIG) remain
qualitatively the same as in the main sample.

Figure 11: Growth volatility distribution (firms with 20 or more growth rates)
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Notes. Left panel reports on a double log scale and for 25 bins, defined in term of normalized size, the distribution of the growth
rate volatility. Right panel reports on a double log scale the distribution of the growth volatility rescaled by the average volatility
observed in each bin together with an Inverse Gamma fit (solid line). The ML estimates of the scale, shape and location parameter
are 4.381(0.151), 4.638(0.104), and 0.204(0.010) respectively. In all the figures volatility is computed as the mean absolute deviation
multiplied by the factor

√
π/2. Data source: Compustat.
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Figure 12: Size and growth volatility (firms with 20 or more growth rates)
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Notes. The four panels report on a double log scale the binned relation between normalized size and the first four sample moments
of growth volatility together with an OLS linear fit. In all panel the number of bins is set to 25 and volatility is computed as the
mean absolute deviation multiplied by the factor

√
π/2. Data source: Compustat.

GSE fit on rescaled growth rates. Table 8 reports the GSE estimates for this sample. The main message discussed in
the paper looks qualitatively unaffected by this change in the sample selection criterion.

Table 8: Symmetric GSE fit (firms with 20 or more growth rates)

C u v w z Prob. mass [−w, w]

Whole sample
homogeneous rescaling 0.75 (0.003) 0.452 (0.002) 0.012 (0.000) 0.715 (0.004) 0.413 (0.001) 0.699
heterogeneous rescaling 0.503 (0.002) 0.846 (0.004) 0.024 (0.001) 1.728 (0.013) 0.417 (0.003) 0.895

Size bin
1 0.452 (0.010) 0.872 (0.026) 0.05 (0.003) 1.505 (0.097) 0.681 (0.015) 0.84
2 0.508 (0.017) 0.659 (0.036) 0.04 (0.003) 0.85 (0.093) 0.734 (0.014) 0.653
3 0.426 (0.006) 1.086 (0.011) 0.043 (0.002) 2.754 (0.051) 0.194 (0.012) 0.962
4 0.528 (0.012) 0.706 (0.021) 0.001 (0.002) 1.116 (0.062) 0.611 (0.010) 0.76
5 0.495 (0.007) 0.875 (0.011) 0.022 (0.002) 1.855 (0.040) 0.375 (0.008) 0.906
6 0.481 (0.006) 0.926 (0.010) 0.017 (0.002) 2.069 (0.040) 0.346 (0.008) 0.928
7 0.508 (0.008) 0.848 (0.012) -0.009 (0.002) 1.77 (0.045) 0.378 (0.009) 0.9
8 0.477 (0.009) 0.952 (0.015) 0.026 (0.003) 2.226 (0.060) 0.285 (0.013) 0.941
9 0.499 (0.009) 0.851 (0.014) -0.003 (0.002) 1.719 (0.053) 0.451 (0.010) 0.892
10 0.498 (0.018) 0.849 (0.031) -0.021 (0.004) 1.69 (0.118) 0.503 (0.021) 0.889
11 0.472 (0.008) 0.93 (0.014) -0.029 (0.002) 2.045 (0.057) 0.389 (0.011) 0.926
12 0.506 (0.011) 0.82 (0.019) 0.002 (0.003) 1.574 (0.067) 0.503 (0.012) 0.87
13 0.456 (0.010) 1.004 (0.017) -0.034 (0.003) 2.426 (0.073) 0.261 (0.017) 0.952
14 0.47 (0.006) 0.982 (0.010) 0.011 (0.002) 2.376 (0.041) 0.259 (0.009) 0.951
15 0.479 (0.008) 0.946 (0.013) 0.02 (0.002) 2.174 (0.053) 0.333 (0.011) 0.939
16 0.481 (0.009) 0.925 (0.015) -0.003 (0.002) 2.069 (0.061) 0.355 (0.013) 0.93
17 0.488 (0.010) 0.892 (0.017) -0.016 (0.003) 1.914 (0.065) 0.391 (0.013) 0.917
18 0.508 (0.009) 0.828 (0.014) 0.022 (0.002) 1.649 (0.051) 0.448 (0.010) 0.889
19 0.485 (0.009) 0.917 (0.014) 0.03 (0.002) 2.064 (0.053) 0.314 (0.011) 0.929
20 0.518 (0.011) 0.798 (0.017) 0.043 (0.002) 1.548 (0.057) 0.451 (0.011) 0.872
21 0.54 (0.012) 0.709 (0.018) 0.028 (0.002) 1.192 (0.055) 0.553 (0.009) 0.795
22 0.513 (0.009) 0.825 (0.013) 0.022 (0.002) 1.679 (0.045) 0.41 (0.009) 0.893
23 0.547 (0.019) 0.667 (0.028) 0.001 (0.003) 1.037 (0.080) 0.601 (0.013) 0.751
24 0.506 (0.010) 0.79 (0.015) 0.078 (0.002) 1.502 (0.050) 0.449 (0.009) 0.867
25 0.534 (0.011) 0.728 (0.015) 0.072 (0.002) 1.313 (0.046) 0.47 (0.008) 0.836

Time window
2 years 0.454 (0.003) 1.044 (0.006) 0.007 (0.001) 2.671 (0.029) 0.309 (0.006) 0.97
3 years 0.449 (0.003) 1.11 (0.005) 0.004 (0.001) 3.189 (0.028) 0.208 (0.007) 0.988
4 years 0.444 (0.004) 1.164 (0.006) -0.005 (0.001) 3.658 (0.031) 0.037 (0.009) 0.993

Notes: estimates are obtained with a non lienar least square algorithm applied to kernel density estimates evaluated on a regular grid in the interval [−8, 8].
This procedure is applied to homogeneously rescaled growth rates, and heterogeneously rescaled growth rates in different size bins and computed over different
time windows. Data source: Compustat.
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B.3. Sample with firms whose fiscal year ends in December

In this Appendix we explore if the presence in the sample of firms with asynchronous fiscal years affects our results. To
this aim we change the sample and consider firms whose fiscal year ends in December only.

Descriptive statistics. Table 9 reports statistics at the firm-year level. The overall picture remains very similar to
that reported for the main sample.

Table 9: Descriptive statistics on size and growth rates (firms whose fiscal year ends in December)

N Mean St. Dev. Min Max

size S̃ 717,545 431,790,843.000 2,135,254,603.000 1,000.000 132,872,000,000.000
size S̃ deflated 717,545 600,634,668.000 2,605,466,179.000 940.955 147,203,757,866.000
size S 717,545 1.089 4.632 0.00000 215.495
growth rate g̃ 670,165 0.089 0.543 −12.324 12.435
growth rate g̃ deflated 670,165 0.061 0.543 −12.386 12.403
growth rate g 668,705 0.047 0.543 −12.224 12.328

Notes: Growth rates are computed as logarithmic differences. Data source: Compustat.

Table 10 reports statistics firm level. In this sample the number of firms reduces to 10, 974 but, a part of that, growth
rates display statistical properties similar to those observed in the main sample.

Table 10: Descriptive statistics on size and growth volatility (firms whose fiscal year ends in December)

N Mean St. Dev. Min Max

size S 10,974 0.622 2.591 0.00001 94.560
num growth rates 10,974 60.935 45.060 2 233
growth volatility (mad) 10,974 0.395 0.382 0.000 5.380
growth volatility (sd) 10,974 0.453 0.433 0.000 5.168

Notes: “mad” and “sd” represent the mean absolute deviation adjusted by the factor
√

π/2
and the standard deviation. Data source: Compustat.

Growth volatility. Figure 13 and Figure 14 report the key empirical results on growth volatility. The shape of its
distribution, its scaling with size and the quantitative fit of the Modified Inverse Gamma distribution (MIG) remain
qualitatively the same as in the main sample.

Figure 13: Growth volatility distribution (firms whose fiscal year ends in December)
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Notes. Left panel reports on a double log scale and for 25 bins, defined in term of normalized size, the distribution of the growth
rate volatility. Right panel reports on a double log scale the distribution of the growth volatility rescaled by the average volatility
observed in each bin together with an Inverse Gamma fit (solid line). The ML estimates of the scale, shape and location parameter
are 4.339(0.174), 4.540(0.119), and 0.225(0.012) respectively. In all the figures volatility is computed as the mean absolute deviation
multiplied by the factor

√
π/2. Data source: Compustat.
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Figure 14: Size and growth volatility (only firms with end of fiscal year in December)
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Notes. The four panels report on a double log scale the binned relation between normalized size and the first four sample moments
of growth volatility together with an OLS linear fit. In all panel the number of bins is set to 25 and volatility is computed as the
mean absolute deviation multiplied by the factor

√
π/2. Data source: Compustat.

GSE fit on rescaled growth rates. Table 11 reports the GSE estimates for this sample. The main message discussed
in the paper looks qualitatively unaffected by this change in the sample selection criterion.

Table 11: Symmetric GSE fit

C u v w z Prob. mass [−w, w]

Whole sample
homogeneous rescaling 0.768 (0.004) 0.431 (0.002) 0.015 (0.000) 0.67 (0.005) 0.416 (0.001) 0.685
heterogeneous rescaling 0.512 (0.003) 0.819 (0.005) 0.027 (0.001) 1.629 (0.017) 0.43 (0.003) 0.882

Size bin
1 0.398 (0.012) 1.111 (0.035) 0.05 (0.004) 2.594 (0.182) 0.53 (0.031) 0.954
2 0.51 (0.020) 0.632 (0.044) 0.043 (0.004) 0.762 (0.105) 0.757 (0.015) 0.612
3 0.441 (0.007) 1.028 (0.013) 0.037 (0.002) 2.447 (0.056) 0.291 (0.012) 0.947
4 0.519 (0.014) 0.755 (0.023) -0.03 (0.003) 1.324 (0.072) 0.531 (0.013) 0.818
5 0.494 (0.009) 0.874 (0.014) 0.001 (0.002) 1.829 (0.052) 0.411 (0.010) 0.903
6 0.511 (0.010) 0.836 (0.015) -0.003 (0.002) 1.716 (0.055) 0.398 (0.011) 0.892
7 0.502 (0.012) 0.895 (0.016) 0.032 (0.003) 2.036 (0.062) 0.274 (0.014) 0.927
8 0.489 (0.012) 0.892 (0.019) -0.001 (0.003) 1.907 (0.074) 0.406 (0.014) 0.915
9 0.475 (0.009) 0.952 (0.014) 0.01 (0.002) 2.206 (0.058) 0.31 (0.012) 0.939
10 0.479 (0.011) 0.95 (0.018) -0.016 (0.003) 2.204 (0.078) 0.37 (0.016) 0.945
11 0.486 (0.009) 0.892 (0.016) 0.008 (0.002) 1.888 (0.060) 0.417 (0.012) 0.913
12 0.473 (0.020) 0.868 (0.037) -0.07 (0.005) 1.713 (0.139) 0.504 (0.025) 0.892
13 0.466 (0.010) 1.006 (0.016) 0.011 (0.003) 2.521 (0.068) 0.197 (0.016) 0.957
14 0.454 (0.011) 1.025 (0.019) 0.025 (0.004) 2.579 (0.082) 0.211 (0.019) 0.958
15 0.47 (0.011) 0.972 (0.018) 0.001 (0.003) 2.312 (0.074) 0.266 (0.016) 0.945
16 0.483 (0.011) 0.923 (0.018) 0.009 (0.003) 2.077 (0.070) 0.331 (0.015) 0.93
17 0.557 (0.025) 0.595 (0.039) -0.012 (0.004) 0.795 (0.094) 0.663 (0.015) 0.631
18 0.496 (0.009) 0.878 (0.014) 0.033 (0.002) 1.886 (0.050) 0.356 (0.010) 0.912
19 0.501 (0.013) 0.842 (0.021) 0.048 (0.003) 1.693 (0.076) 0.441 (0.014) 0.89
20 0.534 (0.014) 0.714 (0.021) 0.051 (0.003) 1.207 (0.064) 0.544 (0.011) 0.8
21 0.533 (0.014) 0.726 (0.020) 0.052 (0.003) 1.259 (0.063) 0.535 (0.011) 0.815
22 0.558 (0.017) 0.671 (0.023) 0.013 (0.003) 1.1 (0.065) 0.54 (0.011) 0.773
23 0.548 (0.018) 0.654 (0.028) 0.041 (0.003) 0.995 (0.077) 0.605 (0.013) 0.739
24 0.515 (0.009) 0.793 (0.013) 0.068 (0.002) 1.566 (0.042) 0.391 (0.008) 0.876
25 0.538 (0.013) 0.732 (0.017) 0.058 (0.003) 1.347 (0.054) 0.451 (0.010) 0.843

Time window
2 years 0.451 (0.004) 1.055 (0.007) -0.006 (0.001) 2.736 (0.032) 0.276 (0.007) 0.972
3 years 0.447 (0.004) 1.117 (0.006) -0.017 (0.001) 3.237 (0.032) 0.172 (0.008) 0.988
4 years 0.45 (0.004) 1.149 (0.006) -0.019 (0.001) 3.571 (0.030) 0.034 (0.009) 0.993

Notes: estimates are obtained with a non lienar least square algorithm applied to kernel density estimates evaluated on a regular grid in the interval [−8, 8].
This procedure is applied to homogeneously rescaled growth rates, and heterogeneously rescaled growth rates in different size bins and computed over different
time windows. Data source: Compustat.
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