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Abstract—Recently, deep learning approaches have provided
solutions to difficult problems in wireless positioning (WP).
Although these WP algorithms have attained excellent and
consistent performance against complex channel environments,
the computational complexity coming from processing high-
dimensional features can be prohibitive for mobile applications. In
this work, we design a novel positioning neural network (P-NN) that
utilizes the minimum description features to substantially reduce
the complexity of deep learning-based WP. P-NN’s feature selection
strategy is based on maximum power measurements and their
temporal locations to convey information needed to conduct WP.
We improve P-NN’s learning ability by intelligently processing two
different types of inputs: sparse image and measurement matrices.
Specifically, we implement a self-attention layer to reinforce the
training ability of our network. We also develop a technique to
adapt feature space size, optimizing over the expected information
gain and the classification capability quantified with information-
theoretic measures on signal bin selection. Numerical results
show that P-NN achieves a significant advantage in performance-
complexity tradeoff over deep learning baselines that leverage
the full power delay profile (PDP). In particular, we find that
P-NN achieves a large improvement in performance for low SNR,
as unnecessary measurements are discarded in our minimum
description features.

Index Terms—Convolutional neural network, Kullback–Leibler
(KL) divergence, minimum description length (MDL), self-attention,
wireless positioning

I. INTRODUCTION AND RELATED WORK

An abundance of the today’s mobile systems rely on the ability
of devices to perceive and locate their surroundings. Popular
examples include object localization in autonomous vehicles [1],
robotics [2], and unmanned aerial vehicles (UAVs) [3], as well
as many other Internet of Things (IoT) use-cases [4]. Given the
prevalence of wireless sensors in these systems, wireless posi-
tioning (WP) has become a commonly investigated technique
for providing situational awareness in mobile applications.

WP is typically conducted using a group of wireless sensors
that exchange signals with a target of interest in order to collect
measurements that are informative for location estimation. These
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sensors form a network, and the measurements from each sensor
are collected by a data fusion center (DFC) for centralized
processing to estimate the target location. Among the types
of signals that are popularly used for WP (e.g., Bluetooth [5],
Zigbee [6], and Wi-Fi [7]), ultra-wideband (UWB) is known
to achieve high positioning accuracy, as it communicates on a
large bandwidth that provides high distance resolution [8]. In
addition, UWB is known to have a high signal-to-noise ratio
(SNR) and penetration ability, from which more reliable and
robust WP can be performed [9].

Existing WP algorithms can be categorized into two classes:
geometric methods and fingerprinting methods [8]. Geometric
methods require each sensor to take a set of informative
measurements from the exchanged signals and transfer them
to the DFC. Potential measurements include received signal
strength (RSS) [10], time of arrival (TOA) [11], time difference
of arrival (TDOA) [12], and angle of arrival (AOA) [13]. Using
these measurements, the DFC predicts the target location via a
standard estimation algorithm (e.g., weighted least squares or
gradient descent). Fingerprinting methods, in contrast, utilize
a pre-acquired set of labeled measurements (i.e., the location
information is available for each measurement obtained) to
feed data-driven approaches for estimating the target loca-
tion [14], [15]. The labeled data can be used to compare with
incoming measurements directly (e.g., through nearest-neighbor
methods [16]) or as training data for learning a parametric
classification model like a support vector machine (SVM).

While geometric methods typically involve considerably lower
complexity than fingerprinting methods, the latter approaches
usually lead to more accurate and more robust performance [8].
For example, WP using TOA measurements (a geometric
method) shows low accuracy when the channel experiences
non-line-of-sight (NLOS) conditions, calling for compensation
techniques to recover the performance [17], [18]. On the other
hand, in order to improve accuracy and achieve robustness
against varying channel conditions, fingerprinting often uses a
large dimensional input feature space – commonly, the power
delay profile (PDP) – which can lead to high complexity to
carry out the training process.

With the rapid development of machine learning (ML) tech-
niques, research on learning-based WP has recently progressed.
Deep learning frameworks have proven to be effective solutions
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to various fingerprinting-based WP approaches [19]–[21]. In
particular, neural networks have been shown to successfully
handle key tasks of WP like location estimation [22], ranging
error mitigation [23], and channel condition classification [24].
Moreover, various types of neural networks have been applied
to solve WP problems in complex channel environments. For
example, WP algorithms using convolutional neural networks
(CNN) [25], long short-term memory (LSTM) [26], and gated
recurrent units (GRU) [27] have shown improved performance
across different channel conditions and positioning environments.
Additionally, more recent works on learning-based WP have
adopted new learning mechanisms (e.g., model-agnostic meta-
learning [28] and knowledge transfer [29]) to improve the
performance further.

Although these works have shown promising results and
significantly contributed to deep learning-based WP, processing
high-dimensional features as is often required can become a
limiting factor for many mobile applications. For one, in PDP-
based approaches, this data must be measured and collected
for each positioning instance, which naturally imposes a large
bandwidth and/or a long latency on the sensor network. Also,
neural networks with high-dimensional features may require
high computational power (i.e., costly hardware) to support
the fast positioning rates [30]. These operational constraints
can be undesirable especially for devices or machines in
which both latency and cost are critical factors. While there
exist some works that utilize low-dimensional feature data
(e.g., TOA/RSS-based WP via neural networks and a linear
estimator [31]), their performance is still heavily impacted by
channel conditions, which may require additional tasks like
ranging error detection [24].

To address this issue, metaheuristic-based feature selection
methods have been recently proposed in wireless position-
ing [32], [33]. In some of these works, the feature set is refined
by an access point selection step, conducted via e.g., binary
particle swarm optimization [34] or genetic algorithm [35].
Moreover, the work in [36] adopted whale optimization algo-
rithm [37] to determine a set of effective features for intrusion
detection. While these metaheuristic approaches show effective
performance in feature selection, the algorithms in general
require careful fine-tuning of their feature size and search space,
which we aim to eliminate with our method. Also, we aim to
incorporate more wireless-specific modeling into our approach
(e.g., leveraging the channel properties) to exploit the wireless
positioning setup.

In this work, we consider WP conducted in a mobile
environment and propose a neural network methodology that
relies on a minimum description feature set to enjoy an improved
performance-complexity tradeoff. Instead of using the full PDP,
we propose using only the largest power measurements and
their temporal locations to generate a low-dimensional feature
set. We specifically design an architecture called the positioning
neural network (P-NN), which takes these features as sparse
image and measurement matrices and processes them using a
set of convolutional, self-attention, and fully-connected layers.

We also develop a method for adaptively selecting the size of
our feature set to keep the performance robust across diverse
channel conditions. The method adopts the principle of model
order selection and leverages the criterion formulated with the
log-likelihood, acquisition probability, and Kullback-Leibler
(KL) divergence. Numerical results show that our P-NN can
provide classification accuracies and robustness matching more
computationally expensive baselines and thus achieve better
performance-complexity tradeoff.

II. SUMMARY OF CONTRIBUTIONS

We summarize our contributions as follows:
• For learning-based WP, we propose a new set of minimum

description features consisting of the largest power mea-
surements and their temporal locations. Compared to using
the entire PDP set, the proposed feature set has significantly
reduced dimensions, yet still provides information needed
for accurate WP.

• We design a neural network called P-NN which takes our
proposed feature set as an input to perform the WP classifi-
cation task. The network adopts a multi-channel approach
and transforms the input into measurement matrices and a
sparse image and processes them via convolutional layers,
a self-attention layer, and fully-connected layers to improve
the efficiency in information extraction.

• We develop a method of adaptively selecting the size
of our feature space that ensures robust performance
across varying channel conditions. Our method adopts a
model order selection approach, where the cost function is
formulated based on log-likelihood, information acquisition
probability, and KL divergence metrics to evaluate the
features from both information-theoretic and classification
capability perspectives.

• We analyze and characterize the behavior of the log-
likelihood function for model order selection. We show that
maximizing the log-likelihood function leads to a desirable
size for our feature set in high SNR regimes.

• We provide a set of numerical experiments to evaluate
P-NN. The results show that our feature set provides
competitive (or better) performance against the PDP-based
baselines in high (or low) SNR regimes, and thus achieves
a desirable performance-complexity tradeoff.

The rest of the paper is organized as follows. We first provide
details of the WP system model in Sec. III. After describing our
proposed features and the architecture of P-NN in Sec. IV, we
present our feature size selection method in Sec. V. We conduct
exhaustive numerical experiments and discuss their results in
Sec. VI, and then Sec. VII concludes the paper.

III. SYSTEM MODEL

We consider the geographical layout of our WP scenario
in Fig. 1a. M single-antenna UWB sensors are placed in a
rectangular sensor space defined by the length parameters dx,
dy, and dz. We use ℓsm = [xsm, y

s
m, z

s
m]⊤ to denote the location
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Target

(a) Layout of sensor and target spaces.

Target

(b) Channel propagation with clusters.
Fig. 1: Visual illustrations of the geographical layout of positioning spaces (left)
and the channel propagation (right).

of sensor m ∈ {0, 1, . . . ,M − 1}. We aim to localize a target
positioned outside the sensor space but inside a cylindrical target
space defined by the radius dr and height dh. We assume that
both the sensor and target spaces are centered at (0, 0, 0) where
dh > dz and d2r > (dx2 )

2+(
dy
2 )

2 so that the entire sensor space is
placed inside the target space. Note that we specifically assume
the positioning layout in Fig. 1a to consider WP conducted in
a mobile environment (e.g., WP performed by vehicles, drones,
etc.), where the sensors are relatively clustered in center and
the target of interest is in general located outward.

The overall procedure of WP that we consider is illustrated in
Fig. 2. Suppose that a target located at ℓ = [x, y, z]⊤ transmits
a radio impulse signal of duration Ts that is known to both the
target and sensors [38]. After going through a bandpass filter
of bandwidth W to remove the out-of-band noise, the baseband
signal received by sensor m can be expressed as

rm(t) =

L∑
l=0

Kl−1∑
k=0

am,l,ke
jϕm,l,k ×

s
(
t− dm

c
− Tm,l − τm,l,k

)
+ wm(t), (1)

where L+ 1 is the number of propagation paths, and Kl is the
number of rays existing in each path l [39]. Here, we use l = 0
to refer to the line-of-sight (LOS) path and l = 1, 2, . . . , L
to index L NLOS paths. In (1), we use s(t) to denote the
lowpass equivalent representation of the transmitted impulse. We
use am,l,kejϕm,l,k to denote the complex channel gain, where
am,l,k and ϕm,l,k are the weight and uniformly distributed
phase, respectively. We assume that the channel weight am,l,k
follows a Nakagami distribution of Nakagami factor µm,l,k
and mean-square value Ωm,l,k. As in [39], we assume that
the Nakagami factor µm,l,k follows a log-normal distribution
of mean µ and variance µ̃, i.e., ln(µm,l,k) ∼ N (µ, µ̃). The
term wm(t) represents zero-mean complex Gaussian noise of
variance σ2

n,m, i.e., wm(t) ∼ CN (0, σ2
n,m).

In the following, we describe the delay parameters of (1). A
visual illustration of our channel model is provided in Fig. 1b.
Let us define dm = ∥ℓsm−ℓ∥2 as the Euclidean distance between
the target and sensor m. Then, with c being the speed of light
constant, dm/c represents the TOA of the LOS path. We use
Tm,l to denote the relative delay of path l with respect to the
LOS path, which is expressed as

Tm,l =

{
0 if l = 0,
∥ℓcl−ℓ∥2+∥ℓsm−ℓcl∥2−dm

c if l > 0,
(2)

Target

Wireless

Channel

Sensors

Data Fusion 

Center (DFC)

Square-law 

Device

Square-law 

Device

Square-law 

Device

Integrator

Integrator

Integrator Generate

Generate

Generate

Fig. 2: An overall diagram on wireless positioning using UWB sensors. Each
sensor uses an energy detector for the power measurement.

where ℓcl = [xcl , y
c
l , z

c
l ]

⊤ is the location of cluster that imposes
path l ∈ {1, . . . , L}. The term τm,l,k denotes the relative
delay of ray k with respect to Tm,l, where k is indexed in
ascending order, i.e., τm,l,k increases with k for given m and
l. Hence, τm,l,0 = 0 for all sensors and paths. For k > 0, we
assume each ray follows the distribution of density function
p(τm,l,k|τm,l,k−1) = κe−κ(τm,l,k−τm,l,k−1), where κ is the ray
arrival rate [39]. Based on the parameters defined above, the TOA
of each existing channel ray is expressed as dm

c +Tm,l+ τm,l,k.
We now provide the details of the channel fading model. First,

we define βm,0,0 to be the pathloss of the LOS path channel
between the target and sensor m, the expression of which is
given as [39]

βm,0,0 = E[a2m,0,0] = Ss
mPm

(
dm / dm

)−ξ
, (3)

where Pm, dm, ξ are the reference power, reference distance,
and pathloss exponent, respectively. Ss

m represents the random
shadowing that follows a zero-mean log-normal distribution
with variance σ2

s , i.e., ln
(
Ss
m

)
∼ N (0, σ2

s ). The pathloss of the
non line-of-sight (NLOS) path channels, denoted by βm,l,k for
l > 0 and k > 0, is expressed as [39]

βm,l,k = E[a2m,l,k] = Sc
l βm,0,0e

−
Tm,l

Γ e−
τm,l,k

γ , (4)

where Γ and γ are the cluster and ray decaying constants,
respectively. The term Sc

l denotes the cluster shadowing that
follows zero-mean log-normal distribution with variance σ2

c ,
i.e., ln

(
Sc
l

)
∼ N (0, σ2

c ). With (3) and (4), each pathloss
becomes strongly dependent on the channel propagation distance,
which allows the channel paths to convey spatial correlation.
To make the channel fading reflect the pathloss, we set
Ωm,l,k = βm,l,k,∀m, l, k.

We assume that the signal s(t) is transmitted within a frame
of duration Tf such that Tf > maxm,l,k(

dm
c + Tm,l + τm,l,k)

(i.e., the frame has a guard period). This ensures that each sensor
safely captures rm(t) and avoids inter-signal interference. In
each sensor, the received frame is processed by an energy detec-
tor1 that consists of a square-law device and an integrator [40],
[41]. For integration, the frame is broken down to Nb = ⌊ Tf

Tg
⌋

temporal bins, where Tg is the integration period, and the power

1Instead of applying a matched filter [40], which requires at least the Nyquist
sampling rate, and, thus, imposes a significant increase in the implementation
complexity, our work adopts a low-complexity energy detector that can operate
on sub-Nyquist rates to consider mobile applications with low-cost sensors. We
will numerically evaluate the difference between these schemes in Section VI.
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Fig. 3: Zone layouts with Nz = 8 (left) and Nz = 32 (right). Zones are created
using radius and angle for practical outward positioning settings. Red circles
indicate sensor positions.

contained in each temporal bin n ∈ {0, 1, . . . , Nb−1} of sensor
m is measured as

εm,n =
1

2

∫ (n+1)Tg

nTg

|rm(t)|2 dt. (5)

Now, we define the instant PDP vector measured at sensor m
as εm = [εm,0, εm,1, . . . , εm,Nb−1]

⊤. For a signal of bandwidth
W , (5) can be written as [40], [42]

εm,n =
1

2W

2WTg−1∑
i=0

∣∣∣∣rm(
nTg +

i

2W

)∣∣∣∣2 . (6)

Each sensor m generates a data set Dm from εm and transfers
it to the DFC. Using the collected set D = {Dm}M−1

m=0 , the DFC
estimates the target location. In this work, we frame our WP as
an Nz-zone classification task. Example layouts for Nz = 8 and
Nz = 32 are provided in Fig. 3, where the zones are created
using radii and angles for practical mobile application settings.
We pursue the zone classification task for the following reasons.
First, rather than coordinate-level localization, positioning via
Nz spatial zones is often sufficient in many vehicular operations,
as the value of Nz can be adjusted to satisfy the positioning
sensitivity and resolution. Second, it is more difficult to obtain
coordinate-labeled training data than zone-labeled data. Hence,
we define our positioning task using a function f : D → ρ̂,
where ρ̂ ∈ {0, 1, . . . , Nz−1} is the output indicating one of the
Nz zones. Letting ρ ∈ {0, 1, . . . , Nz − 1} denote the zone in
which the target is truly located, the target is correctly positioned
if ρ̂ = ρ.

IV. POSITIONING NEURAL NETWORK (P-NN)

In this section, we provide implementation details of our
P-NN, which executes the estimation function f of the DFC in
Fig. 2. In Sec. IV-A, we present our proposed set of minimum
description features and provide the motivation. Then, we
describe the architecture of P-NN in Sec. IV-B. In Sec. IV-C,
we explain the training and testing steps of our P-NN.

A. Features of Minimum Description Length

Many deep learning-based WP algorithms directly use full
PDP data (i.e., D = {εm}M−1

m=0 ) to achieve high positioning accu-
racy and robust performance. Processing such high-dimensional

features, however, often increases the operation requirement
(e.g., bandwidth, memory, and power) since the data must be
measured, collected, and processed by every positioning instance.
This can be prohibitive especially for mobile applications where
the operational resources are fundamentally limited. Here, we
follow the principle of minimum description length (MDL) [43]
that the best model for describing data is one with the smallest
size, and propose to use only a small number of the largest
power measurements and their temporal locations.

Suppose that each sensor m receives the signal rm(t) and
measures the PDP vector εm of size Nb. The elements of εm
are then sorted in the descending order to yield

εord
m = [εord

m,0, ε
ord
m,1, . . . , ε

ord
m,Nb−1]

⊤,

which satisfies εord
m,0 ≥ εord

m,1 ≥ . . . ≥ εord
m,Nb−1. The sensor also

acquires the index vector

bord
m = [bord

m,0, b
ord
m,1, . . . , b

ord
m,Nb−1]

⊤,

where bord
m,n is the index of εm pointing to the entry value

εord
m,n (i.e., bord

m,n indicates the temporal location in εm where
the n-th largest power has been measured). The sensor then
takes the first F entries of both εord

m and bord
m to generate Dm =

{εord
m,0, . . . , ε

ord
m,F−1, b

ord
m,0, . . . , b

ord
m,F−1} of size 2F and transfers

it to the DFC. As a result, the feature set D of size 2FM is
collected at the DFC.

The key motivation for our feature set is an assumption that
information needed for accurate WP is more likely present in the
temporal bins of the largest powers. Effective TOA estimation
algorithms, e.g., [40], [41], are based on this assumption and
use the power threshold to detect signals of significant power.
In geometric WP algorithms, both RSS and TOA measurements
become useful information for conducting WP [8]. Therefore,
we use both εord

m and bord
m , which respectively represent RSS

and TOA, to generate our feature set.
Using the full PDP is informative because the entire NbM

measurements are perceived as an image for neural networks
to train and learn. By representing the PDP in a form of image,
the information needed to perform WP (e.g., the power and
delay of signals received over multiple channel propagation
paths) is converted to the spatial correlation across the image.
However, if only a small fraction of Nb measurements actually
convey useful information, it is more beneficial to process those
measurements only. Nevertheless, taking the largest powers from
Nb measurements (i.e., the first F entries of εord

m ) can essentially
lose information within the time domain. Hence, we directly
include the temporal information (i.e., the first F entries of bord

m )
in our feature set.

Compared to having a PDP of size Nb, using our feature
set reduces the dimension by a factor of 2F

Nb
(e.g., F =

5 and Nb = 100 yield the size reduction by 1
10 ). Since deep

learning algorithms (e.g., CNNs with per-layer complexities that
quadratically increase with feature dimensions [44]) typically
involve large data to be stored, transferred, and/or processed,
reduction in feature dimensions can result in benefits such as low
storage, small bandwidth, and low computational complexity.
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Fig. 4: Architecture of our positioning neural network (P-NN). The feature
set D is transformed into (i) a sparse image and (ii) a pair of measurement
matrices, each of which goes through a different set of layers. The separately
processed data sources are concatenated for combined processing.

B. Network Architecture

Here, we provide the architectural details of our P-NN, which
takes D as an input and outputs ρ̂ for the classification result. The
overall architecture of P-NN is illustrated in Fig. 4. We design
our network to take a set of inputs that are differently generated
from D. Our P-NN first processes these inputs individually
and then combines them for joint processing. Note that such an
architecture is based on the multi-channel approach, where input
features are processed by several different paths to increase the
information extraction capability. In what follows, we describe
the three major components of this architecture.

1) Attention-aided spatial processing on a sparse image:
The input is an M ×Nb sparse image generated from the FM
largest power measurements and their temporal locations. Note
that prior to generating the image, the power and temporal
measurements are first normalized by subtracting and then
dividing the data with mean and standard deviation values,
respectively. Here we compute both the mean and standard
deviation values from the training set. As discussed in Sec. IV-A,
PDP data is often processed as an image since the location
information is spatially conveyed across both the temporal bin
n and sensor m. Hence, as in [25], transforming the feature into
an image format and feeding it through convolutional layers,
which are particularly suited for spatial processing, is expected
to be an effective approach. Our work takes a similar approach,
but we only create a sparse image by placing FM power
measurements at their corresponding locations. We provide a
visual illustration of our sparse image in Fig. 5. From the figure,
we see that each row of the sparse image has only F non-zero
points, where the magnitude is indicated by the distinctiveness
of color.

By processing the sparse image, we can attain the following
two advantages. First, aligned with our main objective, the
number of measurements needed to be collected for conducting
WP is substantially reduced as compared to using the entire
PDP. Note that we still use our feature set D of size 2FM to
create an image. Second, as we generate our sparse image only
using a set of large powers, the measurements from noise-only
temporal bins are likely to be discarded. This allows our neural
network to concentrate only on the expressive portion of the
image and avoid being trained by the noise measurements.

Network Design: Another representation
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Fig. 5: Original PDP image generated using NbM measurements (left) and
sparse PDP image generated using 2FM measurements (right), where Nb =
100, F = 4, and M = 12.

To process the sparse image input, we use a set of convo-
lutional layers with rectified linear unit (ReLU) activation to
capture any significant correlation in the spatial domain. Note
that the key role of convolutional layers is to spatially process
a given image. Hence, to reinforce the capability of our spatial
processing, we insert an additional layer called self-attention
as shown in Fig 4. Self-attention is a layer that is designed
to detect correlations present across certain parts of an input
data. Different from the convolutional layer which focuses on
correlating a given image to its label, the attention layer focuses
on learning the correlation among different local regions within
the image. The effectiveness of using an attention layer has been
proven in computer vision and phrase recognition. Particularly,
we implement the self-attention layer introduced in [45] to create
synergy with our convolutional layers.

In the following, we describe the steps performed by the
self-attention layer. The structure of our self-attention layer is
provided in Fig. 6. We first reshape the input to 32×MNb and
process it with three individual 1×1 convolutional layers of eight
channels to generate the components: query, key and value. Each
step here can be expressed as fq(X) = WqX, fk(X) = WkX,
and fv(X) = WvX, where X is the 32 × MNb reshaped
input and Wq, Wk, and Wv are the 8 × 32 weight matrices
corresponding for query, key, and value, respectively.

The query and key are combined via matrix multiplica-
tion and activated with the softmax function to yield the
MNb × MNb attention map A, which can be expressed
as A = fsm(fq(X)⊤fk(X)), where fsm(·) is the column-
wise softmax operation. Note that this attention map A is
the key aspect of our self-attention layer as each matrix
element represents the degree of attention we need to put when
processing two specific regions of the image input together. In
other words, the value of [A]i,j indicates how much attention
the model needs to give on region i when it processes region j
of the image.

Now, the attention map A obtained from the query and key
is multiplied with our value fv(X) to yield an output of size
8×MNb. The output then goes through a 1× 1 convolutional
layer of 32 channels to generate a 32×MNb matrix O, which
can be expressed as O = Wzfv(X)A, where Wz is the 32× 8
weight matrix for the convolutional layer. As the last step, the
matrix O is combined with the original input X using a trainable
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Attention Map

Fig. 6: Structure of the implemented self-attention layer.

scalar weight ω, i.e.,

Y = ωO+X, (7)

where Y becomes the final output of our self-attention layer.
The weight ω is initialized as zero to make our neural network
to focus on local regions first (i.e., the self-attention layer has
no impact in the overall learning via ω = 0) [45]. Through
training, the self-attention layer gradually captures the attention
and feeds it to the network via (7).

By inserting the self-attention layer for our sparse image
processing, we aim to reinforce the learning ability of our P-NN.
Note that the operation of self-attention layer we implement
can be simply described using linear operations of multiple
weights Wq, Wk, Wv, Wz, and ω. As compared to adding a
recurrent layer to the neural network for extracting attention,
self-attention layer does not impose a sequential operation and
provides training models that are easier to interpret [44].

2) Direct processing of power and time measurement ma-
trices: For another input format, we separate the power and
time measurements from D, normalize them using the mean
and standard deviation values obtained from the training data,
and generate two M × F matrices

E =

 εord
0,0 · · · εord

0,F−1
...

. . .
...

εord
M−1,0 · · · εord

M−1,F−1

 and B =

 bord
0,0 · · · bord

0,F−1
...

. . .
...

bord
M−1,0 · · · bord

M−1,F−1

.
As shown in Fig. 4, we feed each E and B into a separate
neural network first to handle the data obtained from two
different domains. Here we use two convolutional layers with
ReLU activation to capture spatial correlation across both the
measurements and sensors.

Recall that, in our sparse image generation, the temporal infor-
mation is exploited through the F largest power measurements
being placed in specific locations. Then, we rely on the learning
ability of convolutional layers to successfully capture the spatial
correlation. Different from our sparse image processing, we
directly feed the measurement matrices so that our network has
access to the numerical values of signal powers and delays. By
doing so, we provide the network a different way to process
the features and extract information. For example, the time
measurements collected in B can be interpreted as a set of TOA
values, which is a popularly used metric in WP.

3) Concatenation for combined processing: As seen in the
latter portion of our P-NN in Fig. 4, the outputs of our two
separate networks (i.e., sparse image and measurement matrices
processing) are flattened and concatenated to be fed to a set of
two fully connected (FC) layers with ReLU activation. The very
last layer is designed with Nz neurons and softmax activation to
output a classification vector that is directly translated to ρ̂. The
latter set of FC layers is to combine the information separately
extracted from the sparse image, E, and B and determine the
output for our zone-based positioning task.

C. Network Operation

Since we design our WP in the supervised learning framework,
an offline training phase is required for collecting the labeled
dataset. To train our P-NN, we first acquire a training set of
size D, where each data point indexed by i ∈ {0, 1, . . . , D−1}
consists of the feature set D(i) = {D(i)

m }M−1
m=0 and the zone

index ρi for its label. To impose unbiased learning, we obtain
approximately the same amount of data points from each zone
(i.e., around D

Nz
data points from each zone ρ ∈ {0, 1, . . . , Nz−

1}). The network is trained offline via Adam optimizer [46].
During the online testing phase, the feature set D is obtained
from the sensors in real-time and forward-fed through the neural
network to determine the positioning outcome ρ̂.

V. ADAPTIVE FEATURE SIZE SELECTION

As discussed in Sec. IV-A, the F largest powers and their
temporal locations are collected from each of M sensors to
form our feature set of size 2FM . Here we develop an effective
strategy to adaptively determine the value of F as the number
of measurements to be taken by each sensor for accurate WP
varies by channel conditions. To select the value of F , we
adopt the principle of model order selection [47] and develop
a unique feature size selection method. Model order selection
allows to effectively determine the dimension or size of a model
by evaluating the criterion formulated to numerically represent
the objective.

In Sec. V-A, we define three parameters that are used to
evaluate the effectiveness of our feature set when the F largest
power measurements are considered. In Sec. V-B, we present
our feature size selection criterion and provide an example
demonstrating the selection steps.

A. Parameter Definitions

1) Information coming from F signal bins: Note that taking
the F largest power measurements for our feature set can be
seen as assuming F out of Nb bins to contain the signal. Since
each sensor measures the power according to (6), these F signal-
contained bins are assumed to follow non-central chi-square
distribution [42], which we approximate using central chi-square
distribution of probability density function (PDF) given as [41]

f(x;ψ2, λ, ν) =

(
1

2η2

) ν
2 x

ν
2−1

Γ(ν2 )
exp

(
− x

2η2

)
, (8)
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where η2 =
√

2νψ4+4ψ2λ+(νψ2+λ)2

ν(2+ν) with ψ2, λ, and ν being
the non-central chi-square parameters and Γ(·) is the Gamma
function. The other Nb − F bins are assumed to contain the
noise only, and we approximate them using central chi-square
distribution (i.e., we set λ = 0 in (8)).

For every data collected during the training, each sensor m
is supposed to find εord

m . Hence, using these measurements as
samples (i.e., a set of {εord

m }M−1
m=0 that are measured to generate

D data points), we can compute εord = [εord
0 , εord

1 , . . . , εord
Nb−1]

⊤,
where εord

n is the power of the n-th largest temporal bin averaged
over both the sensors and data points. We express the joint
PDF of F non-central and Nb − F central chi-square variables
using (8) (with appropriate values of λ) as

f(x;ψ2
0 , . . . ,ψ

2
Nb−1, λ0, . . . , λF−1, ν)

=

F−1∏
n=0

(
1

2η2n

) ν
2 x

ν
2−1
n

Γ(ν2 )
exp

(
− xn
2η2n

)

×
Nb−1∏
n=F

(
1

2ψ2
n

) ν
2 x

ν
2−1
n

Γ(ν2 )
exp

(
− xn
2ψ2

n

)
, (9)

where η2n=
√

2νψ4
n+4ψ2

nλn+(νψ2
n+λn)2

ν(2+ν) and x=[x0, . . . , xNb−1]
⊤.

From (9), we derive the likelihood of having εord as [41]

ln f(ε̄ord;ψ2
0 , . . . , ψ

2
Nb−1, λ0, . . . , λF−1, ν)

=

F−1∑
n=0

−ν
2
ln(2η2n) +

ν−2

2
ln(εord

n )−ln Γ
(ν
2

)
− εord

n

2η2n

+

Nb−1∑
n=F

−ν
2
ln(2ψ2

n) +
ν−2

2
ln(εord

n )−ln Γ
(ν
2

)
− εord

n

2ψ2
n

. (10)

Note that (10) is characterized by Nb values of ψ2
n, F values

of λn, and a single value of ν = 2WTg. Since we do not have
the knowledge of {ψ2

n}
Nb−1
n=0 and {λn}F−1

n=0 to evaluate (10), we
estimate each term using

ψ2
F =

1

Nb − F

Nb−1∑
n=F

εord
n ≈ ψ2

n, ∀n = 0, . . . , Nb − 1, (11)

λ(F )
n = εord

n − ψ2
F ≈ λn, ∀n = 0, . . . , F − 1, (12)

where their visual illustration is provided in Fig. 7. The
terms (11) and (12) can be respectively seen as the noise and
signal powers estimated using the observations. Using (11)
and (12), we now define the estimated likelihood of having εord

when the F largest powers are taken for our feature set (i.e., F
bins are assumed to contain signals) as

LLF = ln f(εord;ψ2
F , . . . , ψ

2
F , λ

(F )
0 , . . . , λ

(F )
F−1, ν). (13)

For a given εord, the value of (13) varies by F , and we utilize
this parameter to evaluate the expected amount of information
when F measurements are taken for our feature set. Note that
the log-likelihood is an effective metric popularly used for the
information theoretic model order selection [41], [43], [47].

In what follows, we rationalize the usage of (13) in our
feature size criterion formulation by analyzing its behavior for
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0 10 20 30 40 50 60 70 80 90 100
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5
10-6

(b) SNR = 10 dB
Fig. 7: Visual illustration of our key measurement parameters for the case of
F = 20. Two different SNRs are considered to show the contrast.

the high SNR regime. From (1), we have
∑L
l=0Kl independent

signal paths that fall across Nb temporal bins, and let us define
1 ≤ F̃ ≤ Nb to be the number of temporal bins that actually
contain these signals. Note that F̃ is deterministic but unknown.
Since we desire to take the most useful information from the
PDP but keep our feature dimensions as low as possible, F̃
intuitively becomes the ideal number of measurements for our
feature size selection.

As we vary the value of F to adaptively determine the
feature dimension, two possible cases take place regarding the
relationship between F and F̃ : (i) F ≤ F̃ with which we select
less number of measurements than desired but take a higher
chance of successfully discarding noise-only measurements and
(ii) F > F̃ where we successfully take the entire measurements
from signal-contained bins but allow our features to include
extra measurements that are potentially useless.

Recall that we utilize the sorted power measurement vector
εord to generate our feature set. Out of the Nb entries of εord, F̃
of them contain both the signal and noise, and the rest Nb − F̃
bins only convey the noise. Since the power of each temporal
bin is strictly dependent on the power of its components [41],
with high SNR, powers from the F̃ signal-contained bins are
measured much greater than the rest and most likely placed in
the first F̃ entries of εord after sorting. Hence, we apply the
following assumption to our analysis.

Assumption 1. In high SNR scenarios, the first F̃ entries of
εord are significantly greater than the rest, and those Nb − F̃
entries are negligibly small and approximately the same, i.e.,

εord
0 ≥ . . . ≥ εord

F̃−1
≫ εord

F̃
≈ . . . ≈ εord

Nb−1. (14)

Now, we remove expressions that are not affected by F
from (13) for conciseness and obtain

L̂LF =

F−1∑
n=0

−ν
2
ln(2η2F,n)−

εord
n

2η2F,n
+

Nb−1∑
n=F

−ν
2
ln(2ψ2

F )−
εord
n

2ψ2
F

,

(15)
where

η2F,n =

√
2νψ4

F + 4ψ2
Fλ

(F )
n + (νψ2

F + λ
(F )
n )2

ν(2 + ν)
. (16)

Note that, since we aim to analyze the behavior of (13) in terms
of our control variable F , (15) becomes a sufficient expression
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to draw conclusions that are also applicable to (13). Depending
on the value of F with respect to F̃ , we introduce the following
proposition regarding the behavior of (15). The corresponding
proof is provided in Appendix A.

Proposition 1. Based on the approximation made in Assump-
tion 1, the value of L̂LF , which is given by (15), is a non-
decreasing function of F when F ≤ F̃ and does not change
with F when F > F̃ .

Using Proposition 1, which can be also applied to (13), we
claim that our log-likelihood metric (13) reaches to a non-
unique maximum value as F approaches to F̃ with high SNR.
Therefore, even though we do not have the knowledge of F̃ ,
maximizing (13) over a given range of F can lead us to the
most effective decision on the size of our feature set.

2) Information acquisition probability: Another parameter
we define is the probability of acquiring the useful information
when we consider the F largest power measurements. Due to
the time-varying nature of wireless channel, the power across
the Nb temporal bins are randomly measured at each positioning
instance. In other words, despite the effort to generate our feature
set using only the signal-contained bins, it is possible for the
set to include measurements from the noise-only bins. Such a
case is not desirable since data with no useful information can
degrade the performance of our P-NN.

Thus, for a given value of F , we quantify the chance of
our feature set to take measurements from the signal-contained
bins. Recall that taking the F largest power measurements is
to assume F signal-contained bins out of Nb. First, we define
P

(F )
th = (εord

F−1+ε
ord
F )/2 to be the power threshold that separates

the first F bins from the rest Nb−F bins (Fig. 7). Our logic is
that the feature set will likely include these signal-contained bins
if their power is measured greater than P (F )

th . Hence, using (11)
and (12), we define the probability of a signal-contained bin
n ∈ {0, . . . , F −1} to have the power greater than P (F )

th as [40]

p(F )
n = P

{
εord
n

ψ2
F

>
P

(F )
th

ψ2
F

∣∣∣∣ λ(F )
n

ψ2
F

}

= Q ν
2

(√
2(λ

(F )
n /ψ2

F )
2,

√
2P

(F )
th /ψ2

F

)
, (17)

where εord is the power measured in the n-th largest bin, which
follows a chi-square distribution of parameters λ(F )

n , ψ2
F , and

ν upon assuming F signal-contained bins, and Q ν
2
(·, ·) is the

ν
2 -th order Marcum Q-function [48]. Based on (17), we define
the acquisition probability of our F largest powers to include
the measurements from f ∈ {0, 1, . . . , F} signal-contained bins
as

P
(F )
f =

∑
q∈Q(F )

f

F∏
i=1

(p
(F )
i−1)

q[i](1− p
(F )
i−1)

(1−q[i]), (18)

where Q(F )
f is the set of all F -length binary vectors containing

f ones (i.e., Q(F )
f considers all F !

f !(F−f)! cases where f out of

F bins have their power greater than P (F )
th ). The product term

in (18) computes the joint probability of each case in Q(F )
f , and

the summation provides the overall probability. Note that (18)
quantifies the chance of taking f useful measurements when
we consider the F largest measurements for our feature set.

3) Inter-zone Kullback-Leibler divergence: Dissimilarity
among the class distributions is one of the key factors that impact
classification performance, and how we form our feature set
directly affects this dissimilarity. Hence, for a given value of F ,
we propose to quantify the dissimilarity across the data samples
from each zone via KL divergence and use it for our feature size
selection. To evaluate KL divergence, the PDFs must be known.
Since we only have empirical measurements (i.e., training data),
we take the k-nearest neighbors (KNN) density estimation
approach to directly estimate the KL divergence [49]. If we
subgroup the training data by each zone in terms of our feature
set and denote each group using Dz

z for z ∈ {0, 1, . . . , Nz − 1},
the estimated KL divergence between the zone z and z′ using
the KNN density estimation with u nearest neighbors is given by

D̂u(Pz||Pz′) =
F

|Dz
z|

∑
x∈Dz

z

log
ru,z′(x)

ru,z(x)
+ log

|Dz
z′ |

|Dz
z| − 1

, (19)

where ru,z(x) is the Euclidean distance between x and its u-
th nearest neighbor in Dz

z . Now we define an empirical KL
divergence upon taking the F largest power measurements as

KLF =
1

N2
z

√
F

Nz∑
i=0

Nz∑
j=0

D̂u(Pi||Pj), (20)

which we use to quantify how effectively our feature set of
size 2FM can separate the classes. Note that, regardless of
the distributions being compared, (19) yields a steady increase
with F due to the volume expression used in the KNN density
estimation. Hence, a factor of

√
F is applied in (20) to account

for the increase in the expected Euclidean distance across F .

B. Selection Criterion Formulation

Using the parameters (13), (18), and (20), we now formulate
our feature size selection criterion, which is expressed as

F ⋆= argmax
F∈[Fmin,Fmax]

(
ϵ

F∑
f=0

P
(F )
f

f

F
LLF −LL0︸ ︷︷ ︸

(a)

+(1−ϵ)KLF︸︷︷︸
(b)

)
(21)

where (·) implies the normalization with respect to maxF (·)
and ϵ ∈ [0, 1] is the weight parameter. To determine F ⋆, our
feature size selection reflects two factors: the effective amount
of information, i.e., (a), and classification capability, i.e., (b),
attainable from taking the F largest powers and their temporal
locations. Since the cost function is the weighted sum of (a)
and (b), we force the range of both (a) and (b) to be [0, 1]
by normalizing {LLF −LL0}Fmax

F=Fmin
and {KLF }Fmax

F=Fmin
. In the

following, we elaborate on our choice of these cost function
terms in (21).

First, we use the term (a) in our cost function to reflect
the effective amount of information. Recall that LLF is the
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TABLE I: Numerical values of the key parameters used in our feature size selection steps. ψ2
F , λ(F )

n , and P (F )
th are in the unit of 10−7.

F 3 4 5 6 7 8

ψ2
F 5.84 4.73 3.79 3.40 2.96 2.76

{λ(F )
n }F−1

n=2 {11.5} {12.6, 7.8} {13.6, 8.7, 5.7} {14.0, 9.1, 6.1, 2.0} {14.4, 9.5, 6.5, 2.4, 1.8} {14.6, 9.7, 6.7, 2.6, 2.0, 0.6}

LLF −LL0 0.713 0.822 0.919 0.951 0.986 1

P
(F )
th 14.93 10.98 7.41 5.04 4.04 3.16

{p(F )
s,n }F−1

n=2 {0.77} {0.96, 0.66} {1.00, 0.93, 0.65} {1.00, 0.99, 0.85, 0.33} {1.00, 1.00, 0.95, 0.46, 0.37} {1.00, 1.00, 0.98, 0.58, 0.48, 0.34}

{P(F )
f }Ff=3 {0.77} {0.36, 0.63} {0.02, 0.37, 0.61} {0.00, 0.10, 0.61, 0.28} {0.00, 0.02, 0.35, 0.47, 0.16} {0.00, 0.00, 0.15, 0.41, 0.35, 0.09}

(a) in (21) 0.657 0.744 0.842 0.820 0.815 0.798

(b) in (21) 0.921 0.990 1 0.979 0.952 0.926
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Fig. 8: Numerical values of PDP, P (F )
th , and ψ2

F
computed for the feature size selection example
when F ∈ [3, 8].

3 4 5 6 7 8
0.5

0.6

0.7

0.8

0.9

1
L
L

L
L

1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

P

P

Fig. 9: Numerical values computed for the feature size
selection example: LLF −LL0 (left) and acquisition
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Fig. 10: Numerical values computed for the feature
size selection example: (a) in (21) (left), (b) in (21)
(middle), and final selection criterion value (right).

log-likelihood representing the overall amount of information
contained in the F largest measurements. To quantify the
relative increase in information, we subtract LL0 from LLF
and normalize to compute LLF −LL0. Then, to account for the
chance that only f of our F measurements are actually useful
(i.e., the measurements are from f signal-contained bins and
F −f noise-only bins), we weight our log-likelihood expression
LLF −LL0 with a factor f

F and the acquisition probability P
(F )
f .

We compute this value for each case of f ∈ {0, 1, . . . , F} and
sum them up to obtain the term (a). Note that, as the term
reflects the likeliness of our features to include measurements
from noise-only temporal bins, taking more measurements (i.e.,
a larger value of F ) may not always lead to an increase in the
effective amount of information.

Next, we use the term (b) in our cost function to reflect
the classification capability. As explained in Sec. V-A3, the
empirically estimated KL divergence in (20) serves an effective
metric to quantify the dissimilarity across class distributions.
Hence, we directly adopt this parameter into our cost function
to reflect the classification performance expected from utilizing
the F largest measurements. Note that, unlike (a) in (21), the
term (b) in our cost function relies on the statistical properties
of the dataset and thus focuses on measuring the effectiveness
of the dataset in differentiating the classes.

Example 1. We provide a numerical example of our feature size
selection using the setting of 15dB SNR and LOS condition. For
brevity, we set Nb = 10, [Fmin, Fmax] = [3, 8], ν = 2, and ϵ =

0.5. From the given setting, we assume to have obtained ε̄ord =
[53.9, 26.8, 17.4, 12.5, 9.46, 5.35, 4.72, 3.36, 2.96, 2.55]×10−7,
where the first five entries contain the signal (i.e., F̃ = 5). In
Table I and Figs. 8, 9, and 10, we display some of the key
numerical values computed for the given example.

We see that LLF −LL0 shows a non-decreasing behavior in
F (the left plot of Fig. 9), which supports our Proposition 1.
Note that the increase in LLF −LL0 is more pronounced for
F ≤ F̃ and relatively diminished for F > F̃ . This implies that
LLF −LL0 reflects the amount of useful information contained
in each temporal bin.

Moreover, despite the non-decreasing behavior of LLF −LL0,
(a) in (21) actually decreases for F > 5 (the left plot of Fig. 10).
Since a larger F reduces the gap between P (F )

th and ψ2
F (Fig. 8),

it contributes to a decrease in the information acquisition
probabilities (e.g., P

(F )
F decreases with F in the right plot

of Fig. 9) and results in a reduction in the effective amount of
information. Using the last two rows of Table I (or the left and
middle plots of Fig. 10), we evaluate our cost function values
for F ∈ [3, 8] to be {0.79, 0.87, 0.92, 0.90, 0.88, 0.86} (shown
in the right plot of Fig. 10). As a result, our selection criterion
in (21) determines F ⋆ = 5 to be the number of measurements
to be taken for our features, and this is equivalent to the actual
number of signal-contained bins F̃ = 5.

The overall process of our feature size selection can be
summarized as follows. First, for a given positioning scenario,
the required information for evaluating the objective function
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of (21) is obtained. Then, from a given search range of F ,
the most effective feature size F ⋆ is determined using (21).
Once F ⋆ is determined, we train our P-NN using the features
consisting of the F ⋆ largest powers and their temporal locations.

Note that our feature selection mechanism does not need any
prior training of the P-NN. Hence, the model training complexity
remains the same regardless of the search range of F in (21).
Moreover, our feature size selection is conducted completely
offline, which means that our algorithm can be practically
adopted into learning-based WP systems without increasing
their online operation complexity. Nevertheless, utilizing the
P-NN along with our feature size selection still requires a new
set of training data and network training each time there is a
considerable change in the localization environment.

VI. NUMERICAL EVALUATION

We conduct a set of numerical experiments to evaluate the
effectiveness of our proposed features and the performance of
P-NN. For the geographical layout, we consider a rectangular
sensor space of dx = 6 m, dy = 3 m, and dz = 2 m and and a
cylindrical target space of dr = 10 m and dh = 4 m. We place
M = 12 sensors inside the sensor space to resemble the shape
of a vehicle. Note that we use such a placement of sensors to
represent a mobile environment for WP. For wireless channels,
we consider two scenarios from the IEEE UWB standard [39]:
residential (RES) and outdoor (OUT) environment. For each
scenario, we generate L randomly located channel clusters
using Poisson distribution of mean L and set Kl = 6 for
all l. Numerical values for the scenario-dependent parameters
L, σ2

s , σ2
c are given in Table II. For each channel path, we

generate µm,l,k using the mean µ = 0.67 dB and variance µ̃ =
0.28 dB [39]. For the temporal parameters, we set κ = 1.5 ns,
Γ = 25 ns, γ = 5 ns. Regarding the pathloss, we set ξ = 2 and
consider Pm = −45 dBm and dm = 1 m for all sensors. For
signal transmission and processing steps, we assume W = 2
GHz, Tf = 200 ns, and Tg = 2 ns to have Nb = 100. For
each sensor m, we define the SNR as E[βm,0,0]/σ2

n,m, where
the expectation is over the target space. To impose the NLOS
condition, for each scenario, we remove all existing LOS paths
by setting am,0,k = 0 for all m and k. For the KL divergence
estimation, we use u = 30.

For training data, we randomly generate D = 30, 000 target
locations inside the target space. For each target location, the
feature D(i) is generated and paired with a label ρi. To train
models, we use an Adam optimizer of learning rate 0.001.
Training is performed over 50 epochs with the random batch size
256. For the testing phase, 6, 000 target locations are randomly
generated, and a pair of D and ρ is obtained for each location. A
visual illustration of our training and testing sets is provided in
Fig. 11. To evaluate the classification performance, we predict ρ̂
for each location in the testing data and compare it with ρ. We
consider that a target is correctly positioned only if ρ̂ = ρ. For
statistical significance, the result was obtained after averaging
over 20 independent simulation runs and five different scenarios.

Effectiveness of the proposed features: First, we evaluate
the effectiveness of our proposed features. For comparison,

TABLE II
Simulation parameters for residential (RES) and outdoor (OUT) environments

Scenario L σ2
s σ2

c

RES 3 3 dB 3 dB
OUT 12 3 dB 1 dB
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Fig. 11: An illustration of training (left) and testing (right) sets in a 2D plane.
For the training set, same color implies the same classification zone. For the
testing set, redder color indicates lower classification accuracy.

TABLE III: Comparison in 8-zone classification performance by different ways
of selecting features. Performance is evaluated by several algorithms: fully
connected layers (FCL) with three 50-neuron hidden layers, support vector
machine (SVM) for one-to-rest multi-class classification, and k-nearest neighbors
(KNN) with k = 11.

Proposed First Random

Channel F FCL SVM KNN FCL SVM KNN FCL SVM KNN

5 89.6 88.1 63.4 44.1 42.8 42.6 35.5 33.7 29.1
10 91.1 89.6 68.9 71.8 70.3 62.6 49.2 46.4 33.1

LOS 15dB 15 91.1 89.4 69.4 87.1 84.3 70.9 58.5 55.9 35.2
20 90.1 89.4 69.2 88.7 86.2 66.4 65.4 61.6 36.6
Nb 91.1 89.7 67.3 91.1 89.7 67.3 91.1 89.7 67.3

5 67.9 62.3 45.7 39.3 28.9 36.9 21.1 16.6 20.2
10 69.4 63.4 45.4 58.5 46.7 48.0 26.9 21.2 22.7

LOS 5dB 15 69.6 63.7 44.2 67.7 55.7 49.5 31.2 25.6 23.9
20 70.0 64.1 43.6 70.5 60.8 49.3 35.5 28.6 24.7
Nb 71.2 64.3 43.9 71.2 64.3 43.9 71.2 64.3 43.9

5 79.9 73.8 50.3 12.5 12.4 12.9 29.0 23.0 27.2
10 81.7 76.0 53.6 14.7 14.2 15.1 38.9 31.4 30.9

NLOS 15dB 15 82.1 75.9 53.7 27.3 23.7 26.5 46.0 37.4 32.1
20 82.2 75.5 53.6 45.7 36.5 39.7 51.3 43.6 37.4
Nb 82.4 75.8 52.7 82.4 75.8 52.7 82.4 75.8 43.6

5 47.4 41.0 29.1 12.5 12.6 12.6 16.3 14.7 16.4
10 48.4 41.5 27.3 13.8 13.3 13.8 19.3 16.2 17.2

NLOS 5dB 15 49.0 42.1 26.7 22.5 16.8 20.6 21.9 18.0 17.4
20 49.0 42.5 26.3 34.0 26.2 24.9 23.9 19.7 18.3
Nb 50.2 42.3 27.1 50.2 42.3 27.1 50.2 42.3 27.1

we consider two intuitive baseline approaches to reduce the
feature size: (i) taking power measurements from the first F
temporal bins (i.e., n = 0, 1, . . . , F − 1) and (ii) taking power
measurements from F randomly selected bins. We use three
classic supervised learning algorithms: fully connected layers
(FCL) with three 50-neuron hidden layers, SVM for one-to-rest
multi-class classification, and KNN with k = 11.

In Table III, we summarize the classification performance
obtained with Nz = 8 over a number of different channel
conditions. Note that F = Nb refers to using full PDP for the
features. From the table, we make the following observations.
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Fig. 12: Classification performance vs. feature size plot of different feature size
reduction methods. Solid and dashed lines indicate LOS and NLOS conditions,
respectively. Performance is normalized to the one obtained using full PDP and
averaged over three different classification algorithms: FCL, KNN, and SVM.
Feature size is normalized to Nb = 100. The proposed features provide robust
performance.

First, taking random F measurements yields low performance in
general. This implies that there is a certain set of measurements
located across the Nb temporal bins that are important for
WP. Second, taking the first F bins exhibits a significant
performance gap between LOS and NLOS channels. Since
taking the earliest powers is suitable for capturing the LOS
path signals, the performance drastically drops for the NLOS
channel condition. Meanwhile, using our feature set yields both
high and robust performance across the channel conditions
and algorithms. Also, for all cases, taking the largest powers
can reach the peak performance (i.e., performance with full
PDP) within F = 20. Particularly, the performance begins to
saturate around after F = 10, with a maximum increase of
0.6% in classification accuracy beyond this point. Therefore,
we verify that our proposed feature selection method is able to
effectively locate the temporal bins that are significant for WP
and reach near-maximum performance with much lower feature
size. In other words, our methodology yields improvements in
the performance-complexity tradeoff for WP.

In Fig. 12, we provide a classification performance vs. feature
size plot for various channel conditions. To focus on evaluating
the performance-efficiency tradeoff, we normalize both the
performance and feature size to the case of using full PDP.
From the figure, we see that using the proposed features can
achieve performance close to one (i.e., same as using full PDP)
even when the feature size is reduced to 10%. Unlike other
baselines, which show varying performance depending on the
channel conditions, our feature set demonstrates its robustness
by keeping the performance high at all conditions.

Performance with different power measurement schemes:
Here, we evaluate the classification performance of our proposed
features when different power measurements schemes are
employed: energy detector (ED) and matched filter (MF).
Unlike ED, MF utilizes a signal template and correlates across
the received signal to achieve higher SNRs for the power
measurement. Note that MF requires the Nyquist rate (i.e.,

TABLE IV: Classification and runtime performance attained from using different
power measurement schemes: energy detector (ED) and matched filter (MF).
Presented runtime values include only the power measurement steps to obtain
εm from rm(t). Improved performance from MF comes at the cost of having
increased runtime.

Classification Accuracy
Channel LOS NLOS Runtime (s)

SNR 15dB 5dB 15dB 5dB

ED
F = 5 89.6 67.9 79.9 47.4

36.8F = 15 91.1 69.6 82.1 49.0
F = Nb 91.1 71.2 82.4 50.2

MF
F = 5 90.9 84.4 85.4 67.0

65.7F = 15 92.9 85.7 87.1 68.1
F = Nb 92.8 86.1 87.4 69.1

the sampling rate of 2W ) and an extra convolution step and
therefore yields significantly higher implementation complexities
as compared to ED, which operates on a sub-Nyquist rate of
1
Tg

[40]. With our simulation setting (i.e., W = 2 GHz and
Tg = 2 ns), MF requires an eight times faster sampling rate
than ED, which may be prohibitive for low-cost sensors.

In Table IV, we show the classification performance obtained
over different channel conditions and the values of F . Similar to
the result shown in Table III, for both ED and MF, our features
with lower values of F can approach the performance attained
when using full PDP. We observe that the overall performance
improves with MF as it relies on the correlation step to increase
the SNR after filtering. Note that more noticeable improvement
is shown for both low SNR and NLOS cases, verifying the
effectiveness of MF on harsh channel conditions.

Next, to evaluate the performance-complexity tradeoff be-
tween ED and MF, we provide the total runtime that takes for
each scheme to acquire the PDP vector εm for the entire training
data. We see that MF takes almost double the time ED takes
to measure the power of received signals, as MF involves the
additional convolution step. While MF yields better performance
than ED, ED shows a clear advantage in both implementation
and computational complexities, and therefore, constitutes a
desirable power measurement scheme in mobile applications.

Ablation study on P-NN: Next, we evaluate our P-NN
by performing an ablation study on three key components:
directing processing (DP) of measurement matrices, spatial
processing on a sparse image (SI), and self-attention layer (SA).
In Table V, we provide the classification results obtained by
five different combinations of the components, where various
channel conditions were applied for comprehensive analysis.
From the table, we make several observations. First, among
the three network components we evaluate, SI provides the
most improvement (about 10% increase as compared to DP-only
case) in the classification performance. For all cases, DP+SI+SA
alone yields the highest performance, which implies that each
component contributes the training/learning ability of P-NN in
a cooperative manner. This is also confirmed by the pattern
where a different combination shows a different degree of
improvement in the performance. For instance, DP is shown to
be more effective against harsh channel conditions as it brings
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TABLE V: Ablation study on the architecture of P-NN in terms of classification
performance. Considered components are direct processing (DP) of measurement
matrices, sparse image (SI) processing, and self-attention layer (SA). Each
component’s effectiveness is articulated over different channel conditions.

Nz 8 32

Channel LOS NLOS LOS NLOS

SNR 15dB 5dB 15dB 5dB 15dB 5dB 15dB 5dB

DP 89.37 60.41 76.60 33.87 72.53 38.29 60.85 15.68

SI 93.42 69.01 86.02 41.15 83.09 47.65 70.24 20.74

DP+SI 93.61 69.52 86.98 42.13 83.89 49.66 71.93 22.40
SI+SA 94.21 70.12 86.62 41.72 83.93 48.12 70.94 21.65

DP+SI+SA 94.51 70.62 87.43 42.66 84.33 49.85 72.62 23.17

noticeable performance improvement with low SNR and/or
NLOS condition. On the other hand, SA shows its effectiveness
when the channel condition is fairly good (i.e., with high SNR
and/or LOS condition). Hence, our P-NN is effectively trained
by our features, and shows improved classification performance
by taking different input formats and processing steps.

Impact of feature size selection: Next, we demonstrate the
effectiveness of our feature size selection method described
in Sec. V. In Table VI, we provide the performance (in zone
classification rate) of our P-NN using different values of F over
various channel conditions. We set the search range of F to
[4, 10] since we gain no significant improvement in performance
on further increasing F for this simulation setting, as shown in
Table III. To clarify, other scenarios may produce optimal F ⋆

that are outside of this range; it will vary according to the shape
of sensor/target space, the number/location of channel clusters,
the SNR, and other conditions that may impact the properties
of power delay profile. For evaluation purposes, here we are
training the P-NN and obtaining its test performance for each
value of F , though as discussed in Sec. V-B, F ⋆ can be obtained
without repeatedly training the network. We observe that, for
all channel conditions, the value of F that approaches the peak
performance varies by scenario. This implies that the desirable
feature size for conducting accurate WP is scenario-specific
and depends on the condition of channel propagation induced
by channel clusters. For each row, the numerical value in bold
indicates the performance obtained using F ⋆ from our feature
size selection method. We observe that training our P-NN with
F ⋆ can maintain high classification performance with a relatively
lower feature size. In other words, F ⋆ becomes the point where
the marginal increase in classification performance is noticeably
reduced. This verifies that taking the largest power and time
measurements constitutes minimum description features for
navigating the performance-complexity tradeoff. Overall, our
feature size selection can adaptively determine the dimensions
of our features and lead to high WP performance.

Classification performance of P-NN: Now we compare
the performance of P-NN with the baselines, for which we
consider CNN-LE [25] and NN-LCS [31]. CNN-LE is the WP
algorithm that takes PDP as input features and utilizes a set of
convolutional and maxpooling layers to perform localization. On
the other hand, NN-LCS takes both TOA and RSS measurements

TABLE VI: Zone classification rates (in percent) of P-NN with different values
of F . The rates achieved using F ⋆ in (21) are indicated in bold. We set
ϵ = 0.8(or 0.6) for the LOS (or NLOS) channel scenarios. The value of F
that reaches the peak performance varies by scenarios.

Scenario # SNR F = 4 F = 5 F = 6 F = 7 F = 8 F = 9 F=10
LOS #3

15dB

91.21 91.59 92.07 92.35 92.51 92.67 92.82
LOS #4 88.21 89.42 90.11 90.51 90.88 90.84 90.89

NLOS #3 76.31 77.25 77.79 77.80 78.14 78.25 78.41
NLOS #4 69.67 72.30 74.48 75.59 76.00 76.79 77.24
LOS #3

5dB

68.48 69.67 70.32 70.71 71.03 71.14 71.24
LOS #4 69.71 70.50 70.92 71.45 72.09 72.24 72.37

NLOS #3 44.19 44.64 44.94 45.23 45.12 45.39 45.57
NLOS #4 49.22 49.26 49.46 49.80 50.00 50.21 50.15
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Fig. 13: Performance vs. SNR of different WP algorithms with residential LOS
channels. Feature sizes for CNN-LE and NN-LCS are 1200 and 24, respectively.
Feature size for the proposed ranges from 72 to 240. The performance advantage
of P-NN becomes noticeable in low SNRs.
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Fig. 14: Performance vs. SNR of different WP algorithms with residential NLOS
channels. Feature sizes for CNN-LE and NN-LCS are 1200 and 24, respectively.
Feature size for the proposed ranges from 72 to 240. The performance advantage
of P-NN becomes noticeable in low SNRs.

and uses FC layers to obtain a set of distance estimation vectors.
Then, the least-squares estimation is applied to estimate the
target location. Compared to CNN-LE, which uses the feature
of size MNb, NN-LCS only takes 2M measurements. We
consider CNN-LE and NN-LCS as our baselines since they
respectively adopt similar channel model and positioning layout
as our work, from which we can provide an objective evaluation
and comparison. For the baselines, we determine the zone
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Fig. 15: Performance vs. SNR of different WP algorithms with outdoor LOS
channels. Feature sizes for CNN-LE and NN-LCS are 1200 and 24, respectively.
Feature size for the proposed ranges from 72 to 240.

classification output based on the coordinates predicted by the
algorithms.

First, we provide classification rate vs. SNR plots for the
residential scenario in Figs. 13 and 14. For P-NN, we determine
F ⋆ from a range [4, 10]. We observe that the performance of
NN-LCS in both plots is significantly lower, demonstrating the
difficulty of achieving good WP performance from a small-
sized feature. Compared to NN-LCS, both CNN-LE and P-
NN provide better performance. Especially in low SNR, P-NN
outperforms CNN-LE as it discards the measurements from
noise-only bins, the power of which become greater with low
SNR, and thus prevents them from being used in the network
training. In Figs. 15 and 16, we provide performance vs. SNR
plots for the outdoor scenario. We observe that the higher
performance is achieved in the outdoor scenario since there
are more channel clusters present in the channel space, which
provides more channel propagation and signals for the network
to utilize. However, the overall tendency is the same as the
residential scenario, where P-NN exhibits the best classification
performance. Given that the performance is competitive between
CNN-LE and P-NN (i.e., similar or better performance is
achieved depending on the SNR level), our P-NN, which takes
only the largest measurements from PDP, takes an advantage in
the performance-complexity tradeoff.

Accuracy range vs. input dimension: To directly demon-
strate the advantage of our P-NN in the performance-complexity
tradeoff, we provide box plots showing the range of classification
rates obtained by different WP algorithms and the number of
feature dimensions in Fig. 17. We observe that NN-LCS has
the lowest dimension, but the performance is low and exhibits a
high variance. CNN-LE exhibits steady and high classification
rate, but such a performance is achieved at the cost of utilizing
high-dimensional features. P-NN using our proposed feature
set shows a performance similar to the one of CNN-LE at
relatively low feature dimensions. This result demonstrates that
our feature set can provide positioning performance that is much
more complexity-efficient.

Regression performance of P-NN: Additionally, we evaluate
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Fig. 16: Performance vs. SNR of different WP algorithms with outdoor NLOS
channels. Feature sizes for CNN-LE and NN-LCS are 1200 and 24, respectively.
The feature size for the proposed P-NN ranges from 72 to 240.
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Fig. 17: Classification rates obtained with 10, 15, and 20 dB SNRs by different
WP algorithms (left) and the number of dimensions (right). For P-NN, we
consider F ∈ {4, 7, 10}, leading to the three middle dimensions on the right.

the regression performance of our P-NN in terms of root mean
squared error (RMSE) and compare it with other baselines.
Instead of using the classification layer (i.e., Nz-sized layer with
softmax activation), we apply a regression layer that has three
neurons with linear activation for estimating 3D coordinates. If
we use ℓ̂ = [x̂, ŷ, ẑ]⊤ to denote the estimated target location
of our P-NN, we compute the RMSE performance using the
expression RMSE =

√
E [(x̂− x)2 + (ŷ − y)2 + (ẑ − z)2]. In

Fig. 18, we provide a RMSE versus SNR plot of different WP
algorithms evaluated with residential LOS and NLOS channels.
From the figure, we make the following observations. First,
for 10 dB, 15 dB, and 20 dB SNRs, the relative performance
across the algorithms is similar to the ones shown in Figs. 13
and 14, where we evaluate the classification performance. Hence,
our P-NN provides a highly efficient performance-complexity
tradeoff for the regression task as well. Second, for 0 dB and
5 dB SNRs, performance of NN-LCS relative to CNN-LE and
P-NN is better than what is shown in classification performance.
This implies that, for a regression task, processing the features
in an image format is not an effective approach since it is
difficult to convey spatial correlation across heavily corrupted
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Fig. 18: RMSE performance vs. SNR of different WP algorithms with residential
channels. Feature sizes for CNN-LE and NN-LCS are 1200 and 24, respectively.
The feature size for the proposed P-NN ranges from 72 to 240.

measurements from low SNR. In such a case, providing only
the most dominant features in a numerical format (e.g., RSS and
TOA values from each sensor) may achieve better performance.
We see that, regardless of SNR levels, our P-NN is able to
achieve high performance since its architecture adopts both
ways of processing the features.

VII. CONCLUSION

In this paper, we developed P-NN, a novel technique for
WP that utilizes low-dimensional features in mobile settings.
Our minimum description feature set is comprised of a number
of largest power measurements and their temporal positions.
For robust performance against various channel conditions, we
proposed a method for adapting the feature size by jointly
optimizing over the expected amount of information and
classification capability, quantified through information-theoretic
measures. Numerical results have shown that using our feature
set achieves positioning performance competitive to the one
from using PDP, and has a superior performance-complexity
tradeoff compared to baseline algorithms.

There are several directions for the future work of this paper.
The feature size selection criterion can be further developed by
optimizing the weight parameter to take account the channel
conditions. Also, our feature size selection strategy can be
extended to reflect the complexity of network, and thus, can
focus on maximizing the learning efficiency. In addition, more
complex WP tasks (e.g., multi-label classification) can be of
interest, which may include additional data preprocessing steps
to further improve the classification ability of P-NN. To address
the distribution shift problem during online operation, future
work can consider integrating drift detection or data monitoring
strategies into our WP framework.

APPENDIX A
PROOF OF PROPOSITION 1

We derive the expression for the change in (15) when we
increase the number of measurements to take for our features

from F − 1 to F as
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In the last equality, we combine the terms by the index n to
separately evaluate the change in the log-likelihood for each
temporal bin.

Based on Assumption 1 and the definitions made in (11), (12),
and (16), for F ≤ F̃ we can rewrite (11) as ψ2

F =
1
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∑F̃−1
n=F ε̄

ord
n because ε̄ord

n for F̃ ≤ n ≤ Nb−1 is negligible.
Since ε̄ord
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n−1 for 0 ≤ n ≤ F̃ − 1, we find that
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always holds when F ≤ F̃ . Now, we rewrite the last summation
term of (23) as
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where the inequality holds from ln(x) ≤ (x − 1) for x > 0

and ψ2
F = 1

F̃−F

∑F̃−1
n=F ε̄

ord
n . Since (24) holds, F ≤ F̃ ≤ Nb,

and ν = 2WTg ≥ 2 by definition, we observe from (25) that
(d) ≥ (e), which makes (c) in (23) always non-negative. Same
derivation steps can be applied for (a) and (b) in (23), where
we have η2F,n ≤ η2F−1,n for any applicable n, to show that (a)
and (b) are non-negative. Hence, for F ≤ F̃ , L̂LF − L̂LF−1

becomes non-negative, and this makes L̂LF a non-decreasing
function of F .
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Next, based on Assumption 1 and the definitions in (11), (12),
and (16), for F > F̃ we have (i) ψ2

F = ψ2
F−1; (ii) λ(F )

n =

λ
(F−1)
n = ε̄ord

n for 0 ≤ n ≤ F̃ − 1 and λ
(F )
n = λ

(F−1)
n = 0

for F̃ − 1 < n ≤ F ; and (iii) η2F,n = η2F−1,n =
ε̄ord
n√

ν(2+ν)
for

0 ≤ n ≤ F̃−1 and η2F,n = η2F−1,n = ψ2
F for F̃−1 < n ≤ F . If

we substitute all these values in (23), all (a), (b), and (c) yield
to be zero for every value of n. Hence, the difference between
L̂LF and L̂LF−1 becomes zero for F > F̃ . This concludes the
proof of the proposition 1. ■
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