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FRACTAL UNCERTAINTY PRINCIPLE FOR RANDOM CANTOR SETS

XIAOLONG HAN AND POURIA SALEKANI

ABSTRACT. We continue our investigation of the fractal uncertainty principle (FUP) for random
fractal sets. In the prequel [EH], we considered the Cantor sets in the discrete setting with
alphabets randomly chosen from a base of digits so the dimension ¢ € (0, %) We proved that,
with overwhelming probability, the FUP with an exponent > % - %5 — ¢ holds for these discrete
Cantor sets with random alphabets.

In this sequel, we construct random Cantor sets with dimension § € (0, %) in R via a different
random procedure from the one in [EH]. We prove that, with overwhelming probability, the
FUP with an exponent > % — %5 — ¢ holds. The proof follows from establishing a Fourier decay
estimate of the corresponding random Cantor measures, which is in turn based on a concentration

of measure phenomenon in an appropriate probability space for the random Cantor sets.

1. INTRODUCTION

We briefly recall the setup of the fractal uncertainty principle (FUP) for random fractal sets
and refer to Eswarathasan-Han [EH|] for more background. Let 0 < h < 1 be the semiclassical
parameter. Define Fj, as the semiclassical Fourier transform

Fru(€) = \/217T_h/Re_mﬁ€u(:B) dx for u € Ci°(R).

In the case when h = 1, F := JF; reduces to the usual Fourier transform. The FUP is formulated
in the context of estimating the norm

||]1th]ly||L2(]R)—>L2(R)’ (1-1)

in which the h-dependent sets X = X (h),Y = Y (h) C R are equipped with certain fractal-type
structures. Following Dyatlov [Dyl Definition 2.2|, the fractal-type structure is characterized by

Definition 1.1 (§-regular sets). Let 0 <6 <1, R> 1, and 0 < apin < iax < 00. We say that
a non-empty closed set X C R is d-reqular with constant R on scales min t0 Qmax if there is a
locally finite measure vy supported on X such that for every interval I centered at a point in X
with amin < |I| < omax, we have that

R <wx(I) < R|IP.
Here, |E| denotes the Lebesgue volume of a measurable set E C R.

Since Fj, is unitary in L*(R), we always have that (LI)= O(1). We say that X,Y satisfy the
FUP with an exponent 8 > 0 if (LT)) = O(h®) as h — 0. The main objective about the FUP for
O-regular sets is to prove the existence of exponent S > 0 and to find the sharp one for which
the FUP holds. Here, “the sharp exponent”, denoted by £°(X,Y’), means the largest exponent
such that (LI) = O(h?) holds for all 0 < h < hy with some hy > 0. It usually depends on the
constants 0 and R in Definition [LT] of the sets X,Y in question.
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Firstly, if X and Y are d-regular on scales h to 1 with § € [0,1], then the FUP (II]) holds
with an exponent

Pvol = max {% - 5,0} : (1.2)

This exponent (L.2) is sometime referred as “the volume bound”, because it only takes the volume
of X,Y into consideration, that is, | X|, |Y| < Ch'7?, see Bourgain-Dyatlov [BD2, Lemma 2.9].

The FUP with improved exponents over the volume bound (.2)) have been proved in various
settings by Bourgain-Dyatlov [BD1] [BD2|, Backus-Leng-Tao [BLT], Cohen [C1}[C2], Cladek-Tao
[CT], Dyatlov-Jin [DJ1l, [DJ2], Dyatlov-Zahl [DyZa], Han-Schlag [HS|, Jin-Zhang [JZ], and etc.
The sets considered in these works are deterministic and the improvement of the exponent is
small (and is either implicitly or explicitly dependent on ¢ and R in Definition [I.1]). In particular,
the following theorem includes explicit estimates on such improvement, which are exponentially
small when 0 < § < % by Dyatlov-Jin [DJ2, Theorem 1] and super-exponentially small when
% < 0 < 1 by Jin-Zhang [JZ, Theorem 1.2].

Theorem 1.2. Let 0 < 6 < 1 and R > 1. Suppose that X,Y be d-reqular with constant R on
scales h to 1. Then the FUP (1) holds with an exponent 3 such that

_ 40 .
(5R) ™ 5019 if0<6<3,

B — Bvol > {exp [_ exp <C (R5_1(1 _ 5)—1>C(1—5)’2>} Zf% <d<1.

Here, C' > 0 is an absolute constant.

Remark. The FUP depends on the framework of Fourier transform JFj,. In particular, a non-
trivial function u and its Fourier transform Fj,u cannot be both compactly supported. However,
in the framework of Walsh-Fourier transform, such phenomenon is allowed. In terms of the FUP,
there are certain Cantor sets of dimension 3 < § < 1 for which the FUP (I)) does not hold
with exponents greater than Sy, = 0. This is due to Demeter [De].

In an ongoing project, we investigate the FUP (L)) when the sets X,Y are constructed via
certain random procedures, and in these random settings, we aim to prove the FUP with more
favorable exponents than the ones in Theorem for the deterministic cases. In the paper [EH]
by Eswarathasan and the first-named author, we considered the FUP for the random Cantor
sets in the discrete setting. That is, let M, A € N such that M > 3 and A = M? with 0 < 6 < 1.
Then the alphabets of cardinality A from the digits {0, ..., M — 1} form a probability space

AM,A)={AC{0,..,M —1}:Card(A) = A},

which is equipped with the uniform counting measure p;. Here, Card(.A) is the cardinality of
A.

In [EH], an alphabet is chosen at random from A(M, A); then the discrete Cantor sets are
constructed using this alphabet (in each iteration step). Let 6 € (0,2). We proved that,
with overwhelming probability (that is, except on a subset of A(M, A) with exponentially small
measure depending on M, ¢), the Cantor sets with random alphabets satisfy the FUP with an
exponent 3 > % — %5 —e. It is therefore a significant improvement over the volume bound (I.2])
for this random ensemble.

In this paper, we consider the FUP for random Cantor sets in the continuous setting of R.
We use a different random procedure with the one in [EH| for the construction. See Section [Tl
for the different random ensembles of Cantor sets, as well as the comparison of approaches and

results between the discrete and continuous settings.
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Each Cantor set in R can be built via an iteration process. Let A(M, A) be as above. Induc-

tively define

B, = %A, in which A € A(M, A),

and for j > 2,
B; = U {b—i—%:aé/\(b)},
beB;_1
in which A(b) € A(M, A) with b € B,_; are independent and identical distributed (iid) random
variables. In particular, Card(B;) = A7 for all j € N.
Write

C;, = U {b,b—i—%}, and C:ijC[O,l]. (1.3)
beB; j=1
Hence, C; is a union of A7 closed intervals, each of which has Lebesgue volume of M 7. Define
also the Borel measure v; whose density function is given by
j
pi(z) = %]lcj(x) for x € R.

Finally, the weak limit v of v; as j — oo defines the Cantor measure which is supported on C.

We next set up the appropriate probability space for the random Cantor set C and the random
Cantor measure v. In the first iteration, the probability space is given by A(M, A); in the j-th
iteration for j > 2, since Card(B,_;) = A7~ the probability space is given by A(M, A)Y ™
equipped with the uniform counting measure ;. Write

A>® = HA(M, A)AF1 equipped with the probability measure pu> := H,uj. (1.4)
Jj=1 Jj=1
Then C is a random Cantor set and v is a random Cantor measure in R with respect to the
probability space A>.
It is obvious that each Cantor set C constructed in this way has Hausdorff dimension
5— log A
log M
Moreover, each Cantor set C is d-regular with constant R = 2 on scales 0 to 1, for which one
can simply choose the Cantor measure v in Definition [IT], see Dyatlov [Dyi, Example 2.6] for the
example of the middle-third Cantor set (that is, M = 3 and A = {0, 2}).
Consider the h-neighborhoods C(h) of C. Then C(h) is d-regular with constant R = 8 on scales
h to 1, see Bourgain-Dyatlov [BD2, Lemma 2.3]. Therefore, for each Cantor set C, the FUP
(LT) holds for X =Y = C(h) with an exponent  explicitly given in Theorem
However, in the case when 0 < § < %, we prove that, with overwhelming probability (that
is, except on a subset of A> with exponentially small measure), the FUP holds for the random
Cantor sets with much better exponents than the ones in Theorem

Theorem 1.3 (FUP for random Cantor sets). Let 0 < § < % Suppose that M, A € N such that
M > e and A= M°. Then for0<e < 8. there exists G C A with

p= (A% G) < CreE
such that each Cantor set C from G satisfies that

| LewyFale < Chz ¢ forall0<h< M.

€ (0,1).

(h) HL2(R)—>L2(R)
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Here, C' > 0 is an absolute constant and Cy = C1(g) > 0 depends on e.

We also prove an FUP for the random Cantor measures v:

Theorem 1.4 (FUP for random Cantor measures). Under the same conditions as Theorem[1.3,
the corresponding random Cantor measure v satisfies that

/R e u(x) du(z)

The proofs of the FUP in Theorem and [[.4] are based on the following Fourier decay
estimate of the random Cantor measures:

< ChSi™*||ull 2@ for allu € L2(R) and 0 < h < M™%,
LZ(R)

Theorem 1.5 (Fourier decay of random Cantor measures). Let 0 < 6 < 1. Suppose that
M, A €N such that M > e*" and A= M?. Then for 0 < ¢ < min %, %}, there exists G C A™
with .

p> (AN G) < Cre e
such that each Cantor measure v from G satisfies that

Fu(€)] < Clel~F for all €] = M*.
Here, C > 0 is an absolute constant and C; = C1(g) > 0 depends on ¢.

d—e
2

Remark (Fourier dimension and Salem sets). The Fourier dimension dimg £ of a Borel set
E C R is the largest number s such that there is a finite Borel measure v supported on E
which satisfies that Fr(¢) = O(|¢|~2). We always have that dimp £ < dimy £, the Hausdorff
dimension of £, because the strongest Fourier decay estimate for a measure supported on E' is
O(|¢ |_MTHE) We say that E is a Salem set if dimp F' = dimy £. Salem [S] constructed the first
example of such sets, which is random in nature and is Cantor-like. See Mattila [M|, Chapter
12] for more details.

The random Cantor measures in Theorem satisfy the (almost) strongest Fourier decay
estimates. Notice also that it is valid for the full range of 6 € (0,1). However, only in the
smaller range of § € (0, %) does it imply the FUP in Theorems and [[L4 Our construction
of the random Cantor sets is largely inspired by Laba-Pramanik [LP, Section 6], which provides
examples of Salem sets via a different random procedure with Salem’s original approach [S].

1.1. Random ensembles in the discrete setting and the continuous setting. Continue
with our notations of A(M, A) with M, A € Nand A = M° 0 < 4§ < 1. We discuss the FUP
for different ensembles of Cantor sets. The boundary points of the Cantor set in the continuous
setting of R at each iteration 7 € N naturally define the Cantor set in the discrete setting of

1 ,
Ly = NZ/NZ with N = M.

This connection allows us to compare the approaches and results on the FUP in the discrete
setting and in the continuous setting. (We shall remark that for direct comparison between the
two settings, the discrete set Zy here differs with the one in [DJ1) [EH| by a scaling factor of N.)

Ensemble I. Let A € A(M, A) be randomly chosen. For j € N, define the discrete Cantor
set of order j as

a

J
B]:{ —l:CLlGAfOl"l:L---aj}v
l:lM

for which the probability space is A(M, A).
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Ensemble II. For j € N, let A, € A(M, A) for [ = 1,...,j be iid random variables. Define
the discrete Cantor set of order j as

J
Bj:{ZMl a e A forl=1,.. ]},

=1

for which the probability space is [[._; A(M, A).

Ensemble III. Let B; = -+ A with A € A(M, A). For j > 2, let A(b) € A(M, A) for b € B;_;
be iid random variables, and define the discrete Cantor set of order j as

a
Bj: U {b‘i‘maEA(b)},
bEijl

for which the probability space is Hf;:l A(M, A)Akil.

In each of the ensembles above, the Cantor sets C in R are defined by (I.3]). The following

three figures demonstrate (the initial iterations of) examples of the Cantor sets with M = 3 and
A=2.

| | | | A={0,2}
| 0 : L : 2 | | Y : ! : 2 | A={0,2}
012 012 012 012

—— —— —— ——+ A= {0,2}

FIGURE 1. The initial three iterations and the alphabet used for a Cantor set in
Ensemble 1. (The intervals colored red are removed in the iteration process.)

: Y : L : 2 | A = {0,1)
: 0 : L : 2 : Y : ! | 2 | A ={0,2}
012 012012 012

FIGURE 2. The initial three iterations and the alphabets used for a Cantor set in
Ensemble II.

: : : 1{0,1}

LA S S {0,2},{1,2}

012 01201201

= ARV U L e {1,2},{1,2},{0,2},{0,1}

F1GURE 3. The initial three iterations and the alphabets used for a Cantor set in
Ensemble III.

Remark (The FUP for Cantor sets in the discrete setting of Zy ). Let Fx be the discrete Fourier
transform which is unitary on [*(Zy). For each j € N, the discrete Cantor set B; € Zy. The
FUP for Cantor sets in the discrete setting is concerned with the estimate of the form

H]lBJanBJHP(ZN ) =0 (NP) asj— o, (1.5)
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in which N=! = M7 — 0 plays the role of the semiclassical parameter.

For the deterministic Cantor sets in Ensemble I, Dyatlov-Jin [DJI] introduced a FUP theory
and proved the FUP (L)) with exponent 8 = B(M,.A) > By, for all M, A. They also extensively
studied the sharp exponent (,(M,.A) in the FUP for different M, .A. On one hand, they found
examples of M, A for which the FUP holds with the exponent 156,
one. On the other hand, they also found examples of M, A for which the sharp exponent
ﬁs(Ma A) = /BVOl + OM(l)

For the random Cantor sets in Ensemble I, Eswarathasan—Han [EH] introduced a probabilistic
approach to the FUP and proved that for 0 < § < 2, (M, A) > 1 — 2§ — ¢ with overwhelming
probability. The proof is similar to the one used in this paper, that is, 1t is based on establishing
a Fourier decay estimate of the corresponding discrete Cantor measure ; = >, B, 0. However,
the proof is simplified because of the submultiplicativity property in the discrete setting: If
J =J1+ Ja2, then

“]IBJ'FN]]'Bj‘}l2(ZN)—>l2(ZN H]lB ‘FNl]an Hp(zN )—=12(Zn,) H]IBJ ‘FNz]anHp(zN )—=12(Zn,)

in which N = N;N, with N; = M’ and N, = M?2. Hence, the estimate of the FUP at the
initial iteration 7 = 1 implies one for all iterations 5 € N. Indeed, the Fourier transform of the
discrete Cantor measure at the first iteration,

Fii(m), in which iy = Z 0p = Z(SM,
beB1 acA
has decay for m € Zy; \ {0} for randomly chosen A € A(M, A), which is sufficient to imply the
FUP in the discrete setting.

For the deterministic Cantor sets in Ensembles II and III, one can prove an FUP with expo-
nents in Theorem [[L2] following an approach of Dyatlov-Jin [DJ2] to reduce the FUP for the
discrete Fourier transform Fy to one for F; with respect to the discrete measures ;. Moreover,
Dyatlov-Jin [DJ1] still supplies examples of Cantor sets for which the FUP holds with the best
possible exponent (by simply choosing the same alphabet at each iteration).

However, much less is known for the random Cantor sets in Ensembles IT and III than Ensemble
[. In particular, the submultiplicativity property is not necessarily true, since different alphabets
can be used in different iterations. So one has to consider higher iterations when proving the
FUP via the probabilistic approach. — This is open.

Remark (The FUP for Cantor sets in the continuous setting of R). All Cantor sets C in each
ensemble above are d-regular with an absolute constant R on scales 0 to 1 in Definition[[LTl Their
h-neighborhood C(h) are d-regular on scales h to 1. As a consequence, the h-neighborhoods C(h)
satisfy the FUP in Theorem

Our main results in Theorems [[3] and [[.4] are concerned with the random Cantor sets in
Ensemble III, which state that if 0 < § < %, then the sharp constant 5, > % — %5 —¢ in the FUP
with overwhelming probability.

However, for the random Cantor sets in Ensembles I and II, much less is known. In particular,
the Cantor measures in these ensembles do not necessarily have Fourier decay, that is, the Fourier
dimension of some Cantor sets can be zero, see again Mattila [M], Chapter 12]. The probabilistic
approach to the FUP in these ensembles is open.

Moreover, for the deterministic case in all the ensembles above, no examples of Cantor sets
are known to satisfy the FUP with the best possible exponent 1%5 in the continuous setting of
R to the authors’ knowledge.
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1.2. Organization of the paper. In Section [2, we prepare the probabilisitic tools from con-
centration of measure theory for our proof of the main theorems. In Section [B] we prove the
Fourier decay of the random Cantor measures. In Sectiondl we use the Fourier decay to establish
the FUP for the random Cantor measures and random Cantor sets.

2. PROBABILISTIC ESTIMATES

Recall that M, A € N with M > 3 and A = M? with 0 <6 < 1, and that A(M, A) (equipped
with the uniform counting probability measure p;) is the probability space of alphabets of
cardinality A from the digits {0, ..., M — 1}.

In this section, we establish the probabilistic estimates, which are used to prove the Fourier
decay estimate of random Cantor measures, see Section [3l The following function (2.1) appears
naturally in such an estimate.

Suppose that B is a finite set and A(b) € A(M, A) for b € B are independent and identical
random variables. For N € N and n € R\ {0}, define

1 iNnb
Card(D) Z Fy (A(b)) (21)
in which
1 —ina 1 =y —ina
Fn(A):ZZe —MZe . (2.2)
aceA a=0

Hence, (1)) is a random variable with respect to the probability space A(M, A)°4B) equipped
with the uniform counting measure p. The main estimate in this section is

Theorem 2.1. Let N € N andn € R\ {0}. Then
1 d(B)At?
,u( Zt) < 2exp (—M) for allt > 0.

A ¢ VE, (A(D))
Card(B) bEZB K 64 + A
We estimate F, (A) for A € A(M, A) and first observe that
|F(A)] <2 forall Ae A(M, A). (2.3)
We next show that the random variable F, (A) for A € A(M, A) is concentrated near its expec-
tation at an exponential rate, which therefore satisfies a much better estimate than the above
trivial bound with overwhelming probability. It is a consequence of the concentration of measure
theory in the metric space A(M, A) established by Eswarathasan-Han [EH| Section 2].
Set the metric in A(M, A) by
d(.Al, AQ) = Card (A1AA2) = Card(./h \ AQ) + Card(A2 \ .Al) for .Al, AQ c A(M, A) (24)

Here, A;AA; denotes the symmetric difference. For a function F': A(M, A) — C, its Lipschitz
norm is defined by

|F (A1) — F(A)]
Flluip =
H HL P Az ,A2€AI(IJ}2§)7A1#A2 d(A1, AQ)
Under this setup, we have Eswarathasan-Han [EH, Theorem 2.1]:

Theorem 2.2 (Concentration of measure in the space of alphabets). Let F': A(M, A) — C and
t>0. Then

i ({A e AM, A) : |[F(A) —E[F]| > t}) < 2exp (‘ﬁ) ’
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in which E[F] is the expectation of F' with respect to ;.
To apply Theorem to F,, in (Z2), we compute that

1
BB = Gnamaray 2 B

AEA(M,A)
-1 M-1
_ M Z l Z —ina _ i e—ina
M
AcA(M,A) acA(b) a=0

a=0 AeA(M,A),A>a

-1 M-—1 M-1
_ 1 M-1 ina _ L N —ina
A A—1 M
=0 a=0
M-1 M-1
1 1 |
_ —ina —ina
T M > e M€

e

Here, we used the fact that for any fixed digit a = 0, ..., M — 1, the number of alphabets A in

A(M, A) which contain a is (Aj__ll)

To estimate the Lipschitz norm of F,, in ([2.2)), let A;, Ay € A(M, A). Then

1 —ina —ina
Fy ()~ Fy ()] = &Ym= 3 e
ac Ay ac€Az
1 .
_ = Z e—ina
A a€A;1 A Az
< %-Card(AlAAg)
1
= ;1 'd(/417J42%

in the view of the metric (Z4). Hence, ||F||Lp < 4. By Theorem 22 we therefore have the
following proposition.

Proposition 2.3. Let n € R\ {0} and t > 0. Then
At?
i (LA € AOLA) s IR 2 ) < 2ewp ().
An immediate consequence is an estimate on the variance Var[F)] of F,:
Corollary 2.4. Letn € R\ {0}. Then
3

Var [Fn] S Z

[\]

Proof. Since E[F,] = 0, compute that
Var [Fn] = E UFnﬂ
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- z/mt-ul ({A € AM, A) : |F)(A)| > t}) dt

S 2
< 4/ te= 5 dt
0

32

Z.
U

We now prove Theorem 2.T]and need the following version of Bernstein inequality from Bennett
[B].

Theorem 2.5 (Bernstein inequality). Let X1, ..., X, be independent and identical random vari-
ables with expectation zero. Suppose that for some C' > 0, |X;| < C for all j =1,...,n. Then

fort >0,
1 & nt?
Pl |- Xi|>t] <2exp | — - .
( n; J ) ( %ijl\/ar [Xﬂ —l—%C’t)
Proof of Theorem [2.1. We apply Bernstein inequality with n = Card(B) and
X(b) = ™ F, (A(b))
for which X (b) <2 from (23)) for all b € B. Moreover,

E[X (b)) =0 and Var[X(b)] <

Card(B)t Card(B)At?
>t] <2 —9 _ .
t) = eXp( o ) eXp( 61+ 1A¢

3. FOURIER DECAY OF RANDOM CANTOR MEASURES

NI

Hence,

(o

We derive the Fourier transform of the Cantor measure v supported on the Cantor set C, see

(C3). Let £ € R\ {0}. Then
1

Fr(e) = lim Fr;(€) = = lm | e pj(x) dz.

Here, the density function p; of the measure v; assigns a measure of == M to each of the A7 intervals
Wthh defines C;. Hence,

Card(B Z me

eB

Fuif6) = / e
M omilbtam )6 _ p-ibe
VA S —i
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Since Card(B;) = A7,

) (1 L)
| N —ieb . mi -
I . ve AT I;Bje =\ Vamepn | =€ mm{l’ €] }

in which C' > 0 is an absolute constant, that is, it is independent of M, A, &, j. Here, we used
the fact that
(e —1)
U]
This estimate of Fv; is not strong enough to derive a Fourier decay of v. To do so, we next

compare the Fourier transforms of C; for consecutive j’s, which requires a different way of
computing Fv; as above. Let j > 2. Then

=0(l)asn — 0, and

e " —1
% =0 (|7]|_1) as |n| = oo.

1 Mj_l b+Mj1*1 .
Fri_1(§) = — : / e dr
-18) \/ﬁbiji1 A1,
. M-—1 b+a+1
_ 1 M 1 MJ _ixsdq;

or A1
T beB;_, a=0 Y0+35

MI
M=t ML mi(bH 5 s omi(or i)

1
- \/_ZFZ —i¢

beB;_ a=0
i (e"g/Mj — 1) 1 Z " Af i€a/MJ
= - . — e_l — 6_7‘ a
Vv 27T£/M] AJ bEBj71 M a=0

Similarly,

1 M J b+ w}j .
Fi1). - E o —ixé
V] (5) \/ﬁ ‘ AJ /b € dx

Mj / +57 ¢
R
bGB] 1 acA(b %l
5 M Z bi5E)E _ mibt 5 )€
T Vor AT —1§

beB;_1 acA(b

1 <€_Z§/MJ — 1) 1
_ i —iéb | —iéa/ M7
- V2rE /M Ai—1 Z € Z €

bEBJ‘71 aE.A
Denoting n = £/M’, we have that
Fri(§) — Frj-a(§)

M—-1

) (6_i§/M] — 1) 1 1 1
_ . —i€b | * —ifa/MI - —iéa/M7
e P YL O D SRR, S 3P

beB;_1 acA(b) a=0
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Ciem—1) |1

M-1
S PR SR P I o

bEB; 1 aeA

Sl P DR LR D)

bEijl
= G(n).
We use Theorem 2] to estimate G(n). Firstly, compute that

/ ne~" —i(e”" —1) 1 —iMinb
G'n) = N D MR, (A())
v 2mip? At beB;

P | 3 (AR, (AB) + 0,5, (AD)

bEijl

Since a € {0,1,.... M — 1},

0,5y (AD) = | = S (—iae=m) — -

c) < [P 3 e ()
i(em™m—1) 1 LM (g
+ N ) e Z € (—iMIbE, (A(b)) + 9,F, (A(b)))

beB;
< C-min{L,[p[~'} + Cmin {1, |n|7'} - (M7 + M)
< C-min{l,[p[7'}- M/,
in which C' > 0 is an absolute constant. Here, we used the fact that
ne=m — i (e”" —1)

=i _ g (=M — 1]
=0(1) asn — 0, and e ile )

, =0 (|n|™") as |n| = oo.
; : (1) s b
Next we move on to estimating the following term in G(n):
1 1 1 —
—iMIinb - —iMInb —ina —ina
Ai-1 Z € E, (A(b)) = Ai—1 Z € ! A Z ! Z !
bGijl bGijl aGA( ) a=0

which has a period of 27r. Thus, it suffices to consider this term only in the case when n € (0, 27]
Let

0<L <A

Set K as the smallest integer such that
2 VEL
K = As My
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Then

J j J g
{7” QML”MJ <K< {7” WL“M J +1.

Divide (0,27] into sub-intervals of equal length I. Denote the boundary points of these sub-
intervals (except 0) by

m = kl, in which k=1,2,... K.
We are now ready to apply Theorem [2.1] to n,. Here, the probability space A(M, A)AJ*1 for C;
is equipped with the probability measure p1,;. Take t = LA~%. Then there is Q, C A(M, A)AF1
(depending on 7)) with

N\ 2
. A"V A (LA : 2
py (AL A\ ) <200 | - 64 + §A<(LA%)> e <_§_6>

such that for all C; in Q,

Ai-l
bEijl
Write
K
G;=J % (3.1)
k=1
Then for some absolute constant C' > 0,
K
j—1 j—1
11 (A(M, Ayt \Gj> < > o (A(M, Ayt \Qk>
k=1

VAN
Q
=
<
@
o)
S|
/T\
|
~——

and for all C; in G,

1

i > e MIEE (A(b)| < LATE forallk=1,.. K.

bEijl

Hence, under the same conditions,

ST e MR (A(b)| < C-min {1, |} - LATE.

bEijl

|G ()| =

i(e7m —1) ‘ 1
V21 At

To pass the estimate for 7, k = 1,..., K, to the one for all € (0, 27], we use the mean value
theorem of G(n). That is, for each n € (0, 2], there is n; such that nz_1 = nx — 1 < n < 7.
Thus,

|G () —G(n)| < sap [G'(Q)] -1

¢e(mmw)
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/2L
< c~min{1,|n|—1}-Mf~Aj;
2 J

< C-min {1, [y} LA™E.

Finally, _
G(n)| < |G (m) = G(n)| + |G (m)] < C-min {1,]n|7"} - LA™2.
Recall that n = £/M7. We have established that

Proposition 3.1. Let j > 2 and 0 < L < A3~'. Then there is G; € A(M, A)*™" with

o A% M L?
Hj <A(M7 A \Gj> <C- 7 exp <—6)

such that for all C; in G; (that is, {A(b),b € B;_1} are from G;),

M j
| Frv;(§) — Frj—1(§)| < C - min {1, E} -LA™2  forall £ € R\ {0}. (3.2)
Here, C > 0 is an absolute constant.
Let
0<e< 1

—_— 3’

For j > 3, set _
L=1L,=M">.

Sin(fle % < % — 1 for all j > 3, we apply the proposition above. Then there is G; € A(M, A)Aj*1
wit

-1 A3 M L?
wy (801 47\ 6) <0 22 -exp(—g)
J

such that for all C; in G;, (B.2)) holds.
Set G, = A(M, A), Gy = A(M, A)*, and G; for j > 3 be given in (3.1]). Let

G = ﬁGj CA® = ﬁA(M, AV

Jj=1 J=1

Recall that A = M? with 0 < 6§ < 1. Hence,

p= (B 6) <€ D (a0z, 0"\ ;)

0 AL M 1.2
o. 2 -exp<——J)

™

INA
NE
a
S
o
o
ko)
/T\
als
~—

IN
Q
e}
3
o)
/T\
=
N———
8
<
NS
e}
3
o)
/T\
=
()
L
Y
N——

IA

Q

@

%

G
>
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Here, C' > 0 is an absolute constant and C; = C(¢) > 0 depends on ¢.
Now suppose that C is in G, that is, C; are in G; for all j € N, see (IL4]). Then

[Frl < [Fn@l+ | Fra(f)] + Z [ Fr(§) = Fria(8)]

C' - min C - min C' - min LA_%.
= { |f|}+ { |s|} Z { |s|}

Divide the summation into the cases when j < J and j > J , in which

| logl¢]
o |

0 < e <min 01
2'3

Assume further that

Then
Z C- min{ } L; A3
Tl
J—1 M :
= ZC’-min{ } LA_’—I—ZC’ mm{ } LA_%
2 Tl T
J-1
M
< 0y A“+CZM TAE
Jj=3 5 Jj=J
< Clel- 1ZM VoS v
i=J
(6—e)J
_ M~ =
< C|£|1 1_ G2 1"‘01]\4%
2 — — 2
(6—e)J (5—e)J
M~"=— M-—"—="
S C. 1 § +C. 2675
M2 —1 1-M""=
C e
< —é
1— M1
< Cl¢
for some absolute constant C' > 0, provided that M1 < =. This can be guaranteed by
M >e 4

In this case, if || > M*, then

[ Fu(€)]

IA

POl + 1Fva() + D 1Fv5(€) = Fria(©)l

CMPlgl
Clel™ + Clgl
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<

because 0 < § < 1.

Remark (Fourier decay estimates of v;). Notice that for each j € N,
[Fri ()] < 1Fn(€)] + [Fra(©)] + ) 1Fun() = Frea(€)].

The Fourier decay estimate of the Cantor measure v in Theorem also applies to the Cantor
measure v; at each iteration j € N.
Recall that the density function p; of the Cantor measure v; is given by
MJ
It then follows that r
.F]].C](é-) = Mfyj(g) for all 5 € R.

Hence, with the same conditions as Theorem [T.5]
Al .
umﬁﬂgcﬁﬁr% for all j € N and |¢| > M*. (3.3)

4. FROM FOURIER DECAY TO THE FUP

In this section, we prove the FUP in Theorems [[.3] and [[.4], following the approach to the FUP
by the Fourier decay suggested by Dyatlov [Dyl Section V]. See also Bourgain-Dyatlov [BDI,
Section 4], in which they used the (generalized) Fourier decay estimate of the Patterson-Sullivan
measures to establish an FUP for the related fractal sets (that is, the limit sets of Schottky

groups).
We first prove the FUP in Theorems [[L4] for the random Cantor measures v:
1T || 2y 22 ) < ChA~%,
in which _
Jw@:/a%m@W@ for u € L2(R).
R
Here, the Cantor set C is chosen from G C A* in Theorem so that the corresponding Cantor

measure v satisfies the Fourier decay estimate:

[

[Fu()| < Cle|™"F forall |¢] > M*.

Notice that
1T 2®)—r2®) = 1T7T | 2Ry r2R) -
in which 7T is an integral operator with kernel

m(&m)=45“ﬂ” J(5) = v/ - F (nhg)

The Fourier decay estimate of v in Theorem implies that if |77—;§| > M*, then

K (Em) = Va7 - (" 5)\<0\” Ut S

h
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Here, C' > 0 is an absolute constant. Whereas if |’7—_5| < M*, then the trivial estimate holds:

Ko (&) = Vor - | Fo (” . f)’ <c
||T*THL2(R —L2(R)

< \/sup/vc &)l dv(n) sup/vc G
£eR

— s / 1K, (€ m)] dv(n).

EeR JR

By Schur’s test,

Since v is supported on [0, 1], divide the integral to the ones on dyadic intervals of the form
[€+277,¢+277]  withj=1,..,/J,
in which .J is the largest integer such that 277 > M*h. Then

4 4
log ()] | _ | llog M*B |
log 2 log 2

For each I C R, v(I) < C|I|°. Hence,
el dvto)

< / 1K, (6,m)] dv(n) +
[€,6+M4h]

J

3 / K& du)
—1 J[E+277 64270+

[ J
< Olvlleerar)+ 3w <2-f>‘f-y<[g+2—j,s+z—j+l]>]
_ o
i ! d—¢
< O+ HE (27) 7T <2—f>6]
L j:1
< C’h%|logh|
< Ch*™%,

provided that h < M8 (so (M*h)’ < hz < h'z").
We next prove the FUP in Theorems [L.4] for the h-neighborhood C(h) of the random Cantor
set C:

H]lc(h Fulleen H]:hHL2 N—L2(C(h)) — Hf;:]lc(h)fh

HL2(C(h))—>L2(C(h)) )
in which Fjl¢Fr is an integral operator with kernel

1 i(E—n)z n)r n— 5
Kr(&n) = 27rh/ dx = \/_h (T)

Here, the Cantor set C is chosen from G C A®™ so that the corresponding Cantor measure v
satisfies the Fourier decay estimate in Theorem [[LBl By (B3]), for the Cantor set C; at each
iteration 7 € N,

HL?(R —IL2(R)

d—¢

A s
[Fle, ()] < Cplel7 % forall |¢] > M.
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Recall that C; at the j-th iteration is a union of A7 intervals of equal length M. Let J is the
largest integral such that M~/ > h. Then

| log h| <J< | log h| Ll
log M log M
We compare the Fourier transform of 1¢(;) and of 1¢,. Notice that

IC(M)AC;] = [C(h)\ Csl +|Cs\ C(h)| < CATh < CM*h < Ch'~°.
Then for all n € R,

| Flleg(€) = Fle,(€)] < C-[C(R)AC;| < Ch'™.
Therefore, for all |£] > M*,

| Fleny(€)] | Fle, (6] + | Flewmy(€) — Fle, (€)]

d—e

<
< Ch'7OE|~ T 4O
<

d—e

ORIl
As a consequence, if [np — &| > M?h, then

S+e S—¢

1 _
Kaleonl = o [Flea (5 )| < r- ¥ - 7

Whereas if |"T_§| < M*, then the trivial estimate holds:

1 n—=¢§ ) ' -5
Kp&,n)|=—-|F1 — || < Ch™°.
alen)l = - P (2
Here, we used the fact that |C(h)| < Ch'7?.

With this finite scale version of the Fourier decay estimate, we repeat the same process as
above: By Schur’s test,

H]:;:]:h||L2(C(h))—>L2(C(h))

< \/sup/ \Kr(&m)| dn- Sup/ \Kr(&,m)| dg
gec(h) Je(h) nec(h) Je(n)

— s / K&, m)| dn.
) JC(h)

geC(h

Divide the integral to the ones on dyadic intervals of the form
[€+277,¢+27F1]  withj=1,..,J,
in which .J is the largest integral such that 277 > M*h. Then

log (M*h) << log (M*h) 1
log 2 - - log 2 '

For each dyadic interval I above, [C(h) N I| < Ch'~°|I|°. Hence,

/ Kn(&, )| d
c(h)

J
KCh(&m)] dn+

j=1

< (K& m)| dn

/C(h)ﬂ[£7£+M4h1 /C(h)ﬁ[§+2j7§+2j+1}
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IN

J
CR=0 [(Mh)" - h™0 4+ 3 (279) - 7 (27)
j=1

IA

Ch'=%%|log h|
< Chl—%—zs
provided that h < M~ (so M*® < h=3 < h=5%).
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