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Helical trilayer graphene (hTG) exhibits a supermoiré pattern with large domains centered around
stacking points ABA and BAB, where two well-separated low-energy bands appear with different
total Chern numbers at each valley, forming a Chern mosaic pattern. In the chiral limit, the low-
energy bands become exactly flat at zero energy for magic-angle twists. Here we investigate these
zero-energy flat bands and their topological properties in the presence of a perpendicular magnetic
field. We show that hTG retains the precise flatness of the zero-energy bands, even at finite magnetic
fields. We find topological phase transitions at fields corresponding to unit and half magnetic flux
leading to an emergence of higher Chern number flat bands. Consequently the Chern mosaic gets
modified for finite magnetic fields. We further find the analytical forms of zero-energy wave functions
and identify a set of hidden wave functions, which gives crucial insights into both the topological
transitions and enhancement of Chern numbers across them. We also find topological transitions
away from the chiral limit with finite corrugations and at different magic angles.

Twisted moiré materials have opened a new avenue
for studying the interplay of correlations and topology
within their narrow energy bands [1]. In addition to
observations of various correlated phases such as super-
conductivity [2–5], correlated insulators [6–11], heavy-
fermionic phases [12–17], density waves [18, 19], moiré
flat bands (FB) are also gaining significant attention
as a platform to realize topologically non-trivial phases,
like fractional Chern insulating phases [20–24] and quan-
tum anomalous hall states [25, 26]. Though magic-angle
twisted bilayer graphene (TBG) stands out as the most
studied moiré material, there is a recent increasing focus
on exploring other configurations of twisted multilayer
graphene due to their potential for enhanced tunability
[3, 4, 18, 27–40].

One such configuration that has attracted recent at-
tention both theoretically [41–44] and experimentally
[38, 45], is helical trilayer graphene (hTG). In hTG, three
layers are twisted in the same direction relative to each
other resulting in two incommensurate moiré patterns
that interfere with each other and form a moiré of moiré
or a supermoiré pattern. This supermoiré pattern ex-
hibits local regions centered around different high sym-
metry stacking points (ABA, BAB, AAA), characterized
by distinct local topological properties [43].

Previous studies have revealed that the ABA and the
BAB centered local regions host two central topological
narrow bands with total valley Chern numbers Ctot = 1
and Ctot = −1, respectively, even with finite corrugations
[41, 42]. These regions are also favored by lattice relax-
ations allowing them to expand at the expense of the
AAA centered regions forming a Chern mosaic pattern
with large triangular domains around the ABA and BAB
stackings [36, 41, 46, 47]. These Chern mosaic structures
can be experimentally probed by measuring the local or-
bital magnetization, a technique already illustrated in the
context of TBG nearly aligned with an hBN layer [48, 49].

Remarkably, in a special chiral limit, hTG demonstrates
another characteristic feature, where the narrow bands
become exactly flat at zero-energy separated by a large
gap from the remote energy bands. These FB exhibit an
ideal quantum geometry [50–53] and a correspondence
with lowest Landau levels which extends to color entan-
gled wavefunctions for higher Chern numbers [42, 54, 55].

On a different side, twisted moiré materials have also
opened avenues for studies with magnetic fields [22, 56–
62]. This is because of relative large moiré length scale,
which reduce the unit magnetic flux quantum by sev-
eral orders of magnitude. For instance, in magic-angle
TBG the unit flux quantum per moiré unit cell with a
length scale of ∼ 12 nm, corresponds to a magnetic field
of ∼ 25T[63, 64], in contrast to above ∼ 10 000 T in mate-
rials with typical length scales of a few Angstroms. This
opens up the possibility for experimentally probing the
Hofstadter spectra and their novel topological properties
in twisted moiré materials.

Motivated by these properties, we explore an interplay
of a perpendicular magnetic field with the ideal FB of
hTG and their local topological properties. We observe
that the zero-energy ideal FB persist even in the pres-
ence of a finite magnetic field, similar to a finding in
TBG [60, 65]. We find that the magnetic field induces
topological phase transitions in these zero modes, leading
to emergence of higher Chern numbers ideal FB. By fo-
cusing on local stacking configurations of the supermoiré,
ABA and BAB, we remarkably identify two distinct crit-
ical fields for the topological transitions occurring at unit
and half flux quantum per moiré unit cell. For a given di-
rection of the magnetic field, the two transitions appear
at the ABA and BAB stackings, which modify the valley
Chern mosaic pattern, and the transitions interchange
when the direction of the magnetic field is reversed. We
also find the exact analytical forms of the zero-energy
wave functions and identify a set of hidden wave func-
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tions. We further demonstrate that these hidden wave
functions play a key role in the underlying mechanism
of the topological transitions and enhancement of Chern
numbers in the FB.

I. MODEL

hTG is described by a local continuum model where
the moiré of moiré modulation is treated parametrically
[33]. Introducing the magnetic field within a minimal
coupling of the corresponding magnetic vector potential
A(r), the resulting local Hamiltonian for K valley reads

H(r,ϕ) = 13×3 ⊗ vF [k̂ + eA(r)/ℏ] · σ

+

 0 T (r,ϕ) 0
h.c. 0 T (r,−ϕ)
0 h.c. 0

 , (1)

in a basis Ψ = (ψ1, χ1, ψ2, χ2, ψ3, χ3)
T
, where ψl, χl

live on A and B graphene sublattices with l being the
layer index. In Eq. (1) vF is the Fermi velocity in
untwisted graphene layers, σ represents Pauli matrices

in the sublattice space, and k̂ = −i∇r. T (r,ϕ) =∑3
j=1 Tje

−iqj .re−iϕj describes the interlayer moiré tun-

neling with Tj+1 = wAAσ0 + wAB [cos (2πj/3)σx +
cos (2πj/3)σy], where wAA and wAB are intra and inter-

sublattice tunnelings, and qj+1 = ie2iπj/3 are moiré pat-
tern wave vectors in the unit of kθ. kθ = 2KD sin(θ/2),
where θ is the twist angle between successive layers and
KD the Dirac momentum. Here ϕ = (ϕ1, ϕ2, ϕ3) =
(0, ϕ0,−ϕ0), with ϕ0 being the parameter that maps out
different local stacking configurations ABA, BAB, AAA
with values 2π/3, −2π/3 and 0, respectively [42]. Due
to lattice relaxations in hTG, the regions around ABA
and BAB stacking points tend to expand in size, while
significantly shrinking the regions around AAA stacking
[41, 46]. Hence ABA and BAB stackings play the most
crucial roles for determining the properties of hTG. In
this work, we mainly focus on ABA stacking in most
of our discussions unless mentioned. The corresponding
properties of BAB stacking regions can be obtained by
using the C2zT symmetry along with a reversal of mag-
netic field orientation: C2zT H(r,ϕABA,A)(C2zT )† =
H(−r,ϕBAB ,−A) (See Appendix. D). We also demon-
strate our findings mostly in valley K, noting that the
other valley follows from time-reversal symmetry up to
a sign change in the magnetic field direction Eq. (D8).
Furthermore, we neglect the Zeeman effect and therefore
assume spin degeneracy in the model.

In the absence of a magnetic field, the zero-energy
FB are obtained in the chiral limit, defined by wAA =
0 [66, 67], for a series of magic angles [41, 68, 69].
For finite magnetic fields, we first solve the Hamilto-
nian Eq. (1) in the chiral limit numerically by project-
ing it to low energy Landau levels [61, 70, 71] (see Ap-
pendix. A) to analyze their energy bands and their topo-
logical properties (Sec. II), focusing on the first magic

angle θ = 1.687◦ [41, 42]. The chiral limit also allows us
to analytically probe the wave functions of zero-energy
states. Hence we analytically find out the zero-energy
wave functions in Sec. III to gain further insights into
their topological properties, again at the first magic an-
gle. We then discuss the departure from the chiral limit
in the presence of finite corrugations in Sec. V. Further-
more, noting that the even and odd index magic angles
show distinct properties [68], we also discuss the case of
the second magic angle in Sec. IV.

II. NUMERICAL RESULTS

A. Energy spectrum and topological phase
transitions

We begin by demonstrating the characteristics of the
energy spectra of Eq. (1) obtained numerically. In Fig. 1
(a,b), we show the Hofstadter spectra showcasing the en-
ergy eigenvalues (E) for ABA stacking region in valley K
with varying magnetic flux Φ, relative to unit quantum
flux Φ0 per moiré unit cell. Panel (a) and (b) depict the
spectrum for positive and negative flux, respectively. We
see that the zero-energy states, denoted by red dots, per-
sist for finite magnetic flux values. They originate from
the zero-energy FB at zero flux. Moreover, we notice that
the spectra in (a) and (b) are clearly different.
Now focusing on the remote energy bands, separated

from the zero-energy states by approximately ∆ ≈ ±130
meV at low Φ, we see that for both positive and negative
fluxes, they progressively shift towards zero energy with
increasing Φ. The remote band gap closes at a critical
flux Φc in both (a) and (b). For Φ > Φc, the remote
band gap reopens. Since the magnetic field introduces
an additional length scale lB , the magnetic length, the
shift in remote band energy can be semi-quantitatively
estimated to be of the order of ∆AM/l

2
B , where AM is the

moiré unit cell area. Therefore at gap closings the shift
∆AM/l

2
B ∼ ∆, implying that Φc should be of the order

of Φ0. Notably, we find that for positive flux Φc = Φ0

and for negative flux Φc = Φ0/2.
To investigate the topological properties of the zero-

energy states, we compute the associated Chern num-
bers. In the chiral limit all zero-energy states are sublat-
tice polarised [66]. Hence Chern numbers associated to
these states can be classified as CA and CB for A and B
sublattices, respectively. For Φ < Φc, we find that the
zero energy states maintain Chern numbers of CA = 2
and CB = −1, identical to those at zero flux [42] as
they remain separated by the remote band gap. How-
ever, for Φ > Φc, we find CA = 3 (CB = −3) and no
B(A)-polarized states for the positive (negative) flux di-
rection. Hence the total Chern number Ctot = CA + CB

is Ctot = 1 for Φ < Φc (= Φ0) and Ctot = 3 for Φ > Φc

(= Φ0) in (a), and Ctot = 1 for Φ < Φc (= Φ0/2) and
Ctot = −3 for Φ > Φc (= Φ0/2) in (b). The changes
in Ctot thus indicate topological transitions happening
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FIG. 1. Hofstadter spectra at the ABA stacking configuration for positive (a) and negative (b) magnetic flux. (c,d) Change
of total Chern numbers for valley K (Ctot), K

′ (C′
tot) (c) and including both valleys (d). Energy bands in the momentum

space along (0, 0) → (k1, 0) → (0, k2) → (0, 0) at Φc corresponding to panel a (e) and to panel b (f), with k1 =
√
3kθ/2 and

k2 = 3kθ/2 defining the magnetic Brillouin zone. The zero-energy flat bands are represented by the red lines. (g) Schematic of
gap closing through Dirac cones across topological transitions.

at Φc. It is remarkable that we find two distinct topo-
logical transitions in (a) and (b), i.e., at two directions
of the magnetic field, also shown in (c). In the oppo-
site valley K ′, the sign of Chern numbers is reversed:
CA/B → −CA/B . So, for the positive flux direction, the
phase transition at Φ0/2 happens with the total Chern
number C ′

tot changing from C ′
tot = −1 to C ′

tot = 3, and
for the negative flux, the transition occurs at Φ0 with
C ′

tot = −1 to C ′
tot = −3 (c). Hence the total Chern

number including both valleys CK+K′

tot = Ctot + C ′
tot un-

dergoes changes from |CK+K′

tot | = 0 to |CK+K′

tot | = 4 at

Φ0/2 and |CK+K′

tot | = 4 to |CK+K′

tot | = 6 at Φ0, in both
directions of the magnetic field, as depicted in (d).

The change in Chern number across Φc can also be
deduced by inspecting the energy bands at Φc where the
moiré translational invariance is recovered [64]. We find
that the gap closings in Φc in (a) and (b) occur through
one and two Dirac cones, respectively, as shown in (e, f).
Each half of a Dirac cone is associated to Chern num-
bers of ±0.5 per valley. Consequently, at each valley Ctot

changes by ±2 at Φc, as illustrated in the schematic (g).

So far, we have illustrated our findings at the ABA
stacking configuration. The corresponding topological
transitions at the BAB stacking in the same valley is
exactly opposite with respect to the direction of the
magnetic flux along with an exchange of Chern num-
bers in the two sublattices: CA/B → −CB/A. Conse-
quently, for a given direction of the magnetic flux, local

Chern number pattern in the supermoiré unit cell, i.e.,
the Chern mosaic evolves with magnetic field. This evo-
lution is showcased at different positive magnetic field
values for valley K in Fig. 2, for Φ < Φ0/2 in (a), for
Φ0/2 ≤ Φ < Φ0 in (b), and Φ ≥ Φ0 in (c). The Chern
mosaic in (a) is the same as in Ref. 41 and 42 at Φ = 0. In
(b), while the Ctot for ABA stacking remains the same as
in (a), Ctot of the BAB stacking changes from Ctot = −1
to Ctot = 3 due to transition at Φ0/2. In (c) the ABA
stacking configuration undergoes a topological transition
at Φ0 whereas the Ctot at BAB remains the same as in
(b). We note that Φ0 corresponds to a magnetic field of
68T at the magic angle θ = 1.687◦.

B. Chern/Sublattice polarisation

To gain more insights into the origin of the topological
phase transitions, we numerically investigate the count-
ing of zero-energy states at each sublattice. Fig. 3 depicts
the number of zero-energy states per moiré unit cell in
the two sublattices nA/B for Φ > 0 (a) and Φ < 0 (b) at
the ABA stacked configuration in valley K. We observe
that nA/B varies with Φ as nA/B = 1 ± CA/B(Φ)Φ/Φ0

for Φ < Φc and nA/B = ±CA/B(Φ)Φ/Φ0 for Φ > Φc, fol-
lowing the Streda formula [72], with ± indicating the di-
rection of the magnetic flux. Since CB = −1 and CA = 2
for Φ < Φc, for positive flux (a) the B-sublattice gets
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FIG. 2. Valley K Chern mosaic in the supermoiré unit cell
with unit vectors a1sm and a2sm (|a1sm| = 250 nm) for positive
magnetic flux Φ.

emptied at Φ0, and for negative flux (b) the A-sublattice
gets emptied at Φ0/2, as seen from the Streda formula.
Therefore the topological transitions are attributed to the
depletion of one of the two sublattice Chern bands, and
two different Φc values reflecting different CA and CB at
Φ = 0. We further notice that nA−nB = 3Φ/Φ0 holds for
all Φ, a consequence of Atiyah-Singer index theorem for
Dirac kernels [60, 73] further discussed in Appendix C.
So at Φ > Φc, the sublattice band that remains with
a finite number of zero-energy states, acquires a higher
Chern number of |Ctot| = 3 to offset the emptied sub-
lattice band and satisfy the index theorem. The Chern
value Ctot = 3 reflects the Landau level zero modes of
the three decoupled Dirac cones to which the phase at
Φ > Φc is continuously connected.

III. ANALYTICAL EXPRESSIONS OF
ZERO-ENERGY WAVE FUNCTIONS

We now look into the properties of the zero-energy
modes analytically by deriving the expressions of the cor-
responding wave functions. The analytical forms can pro-
vide more insights into our numerical results discussed
thus far. Chiral TBG exhibits a Landau level corre-
spondence [50–52], i.e. a mapping between the zero-
energy FB and lowest Landau level wavefunctions [74],
which survives at non-zero magnetic fields [60]. A sim-
ilar correspondence is also observed for chiral hTG and
extends to the concept of color wavefunctions for Chern
2 bands [54, 55], corresponding roughly to a sum of Lan-
dau levels [42]. We show below that the Landau level
correspondence continues to hold for chiral hTG at finite
magnetic fields.

CB=-1

a) b)

CA=2

CA=2

CB=-1CB=-1

Ctot=3 Ctot=-3
Ctot=1

Ctot=1

FIG. 3. Number of zero modes per moiré unit cell in A-
sublattice nA (red lines) and B-sublattice nB (blue lines), and
ntot = nA + nB (green dashed lines) as a function of positive
magnetic flux (a) and negative magnetic flux (b), at the ABA
stacking and valley K. Vertical lines denote topological phase
transitions.

Here we again focus on the ABA stacking for posi-
tive and negative magnetic field directions in valley K.
The local Hamiltonian Eq. (1) in the chiral limit can
be cast to a form which anticommutes with the chi-
ral operator in the sublattice space, by a rearrange-
ment to the “Chern-sublattice” basis [50, 66, 75–77]

Ψ = (ψ1, ψ2, ψ3, χ1, χ2, χ3)
T
, and is given by:

HABA(r, α)

vF kθ
=

(
0 Db

D†
b 0

)
, (2)

with

Db =

 −2i∂b Uω(r) 0
U0(−r) −2i∂b U0(r)

0 Uω(−r) −2i∂b

 , (3)

where ∂b = (∂ − bz̄/4), ∂ = (∂x − i∂y)/2kθ, and
z = kθ(x + iy). The moiré potential is U0(r) =

α
∑3

j=1 e
−iqj ·r, Uω(r) = α

∑3
j=1 ω

j−1e−iqj ·r, with ω =

e2iπ/3. b = p
q

2π
AM

quantifies the magnetic field as the in-

verse square of magnetic length, and is related to A(r)
in the symmetric gauge: A(r) = b

2 (yx̂− xŷ), and p and
q being coprime integers, and AM is the moiré unit cell
area. The field b generates a magnetic flux of Φ = bAM

per moiré unit call, and hence Φ/Φ0 = p/q. In Eq. (2),
we introduce a superscript ABA in the Hamiltonian and
also an additional parameter α = wAB/ (vF kθ) which
casts the Hamiltonian in a dimensionless form.
The zero-mode flat band solutions of Eq. (2) is equiv-

alent to finding solutions to following zero-mode equa-
tions:

Dbχk(r) = 0, (4)

D†
bψk(r) = 0, (5)

for all k in the magnetic moiré Brillouin zone (mBZ),
where the spinors χk(r) and ψk(r) correspond to A
and B sublattice wave functions, respectively. Addi-
tionally, the wave functions must obey the Bloch pe-
riodicity with the magnetic translations operators T q

1
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and T2 translating by qa1 and a2, respectively, where
a1 = 4π/3kθ (0,−1) and a2 = 4π/3kθ

(√
3/2, 1/2

)
are

the moiré unit vectors. The conditions are:

ψk(r + qa1) = Uφψk(r) e
bq
4 (ā1z−a1z̄)eiqk·a1 (6a)

ψk(r + a2) = Uφψk(r) e
b
4 (ā2z−a2z̄)eik·a2 (6b)

with Uφ = diag[ω∗, 1, ω]. We note that the zero-mode
solutions of Eqs. (4) and (5) can be cast to the form

ψk(r) = f(z)e−b|z|2/4ψksym(r) (7a)

χk(r) = f̄(z̄)eb|z|
2/4χksym

(r) (7b)

where z is the complex notation of r, f(z) and f̄(z̄) are
functions holomorphic and anti-holomorphic in z respec-
tively, and ψksym

, χksym
are zero-mode solutions at b = 0.

It is also possible, and we shall do it for CA = 2 bands,
to form linear combinations of these solutions. The mo-
menta ksym are arbitrary and we find it convenient to
use Γ, K, and K ′.

A. CB = −1 zero modes

We first focus on the solutions of Eq. (4) corresponding
to the B-sublattice for b > 0. We obtain the following
explicit analytical form of the zero modes:

χn,k(r) = φ̄n,k(z, z̄)χΓ(r), (8)

where χΓ is a zero-mode solution at b = 0 and φ̄n,k(z, z̄)
is related to the meromorphic function (up to a factor of

e−b|z|2/2)

φn,k(z, z̄) =
ϑ1

[
q−p
q

z
a1

− k
b2

+ ω
q

(
n+ p

2

)
, q−p

q ω
]

ϑ1

[
z
a1
, ω
]

eik1
z
ā1 e

2iπ
qa1

(n− p
2 )zeb(z

2+|z|2)/4 (9)

with φ̄n,k(z, z̄) = φ∗
n,k(−z,−z̄) and solves(

∂ − bz̄

4

)
φ̄n,k(z, z̄) = 0, (10)

with n = 1, . . . , q− p. Here k1 = k ·a1, a1 and b2 are the
complex number versions of vectors a1 and b2, respec-
tively, with b2 =

√
3kθ(1, 0) being a reciprocal lattice

vector, and ω = a2/a1 = −b1/b2 = ei2π/3. The func-
tion ϑ1(z, ω) represents the Jacobi theta functions hav-
ing the properties ϑ1[z ± 1, ω] = −ϑ1[z, ω] and ϑ1[z +
ω, ω] = −e−iπωe−2iπzϑ1[z, ω] (also see Appendix. E).
Consequently they exhibit zeros at z = n1a1+n2a2 with
n1 and n2 as integers, ensuring magnetic Bloch period-
icity in φ̄n,k(z, z̄). Note that the zeros in ϑ1 also lead to
poles in φ̄n,k(z, z̄). However, as seen in previous studies
[41, 42], the b = 0 spinor χΓ(n1a1 + n2a2) vanishes at

the magic angle. Hence the poles in φ̄n,k(z, z̄) get com-
pensated by the spinor χΓ(r = n1a1+n2a2) and χk,n(r)
become finite at the magic angle for all r.
Since index n in χn,k runs from 1 to q−p, the number

of FB consisting of zero-energy states per magnetic unit
cell is q−p. To connect to the count of zero-energy states
in moiré unit cell that we discuss in Sec. II B, we recall
that the magnetic unit cells are spanned by qa1 and a2,
and thus include q moiré unit cells. Hence the number of
zero-energy states per moiré unit cell is 1−p/q = 1−Φ/Φ0

and they are depleted at topological transition Φ = Φ0,
consistent with the Streda formula for nB , as described
in Fig. 3a.
Interestingly, even though χk,n(r) is depleted at Φ =

Φ0, we find one zero-energy solution for a single k value
(but notably not a flat band) from Eq. (4) that obeys the
magnetic Bloch periodicity with the analytical expression

χk0
(r) =

eik0·a1
z̄
ā1 e

iπz̄
ā1 eb(z̄

2+|z|2)/4

ϑ1

[
− z̄

ā1
, ω
] χΓ(r) , (11)

at a specific momentum k0 = (b2 − b1)/2. The sin-
gle zero-mode pairs up with another state from the A-
sublattice, as discussed later in Sec. III C, to form a Dirac
cone at k0 (also in Fig. 1e).
For b < 0, we find that the analytical form of the

wave functions have the same form as Eq. (8), but with
b → −b, and therefore the number of magnetic FB is
q+ p. Drawing similar counting argument of zero-energy
states per moiré unit cell, we have nB = 1 + p/q = 1 +
Φ/Φ0, agreeing with the Streda formula as in Fig. 3b. We
further observe that the corresponding magnetic Bloch
wave functions un,k(r) = χn,k(r)e

−ik.r Eq. (8) are k-
antiholomorphic, and hence they constitute an ideal flat
band [50, 51, 53].

B. CA = 2 zero modes

We now focus on the solutions of Eq. (5) corresponding
to the A-sublattice for b > 0. In this case, the b = 0
spinor ψΓ(0) is non zero, but ψK(r) and ψK′(r) becomes
asymptotically colinear at r = 0 at the magic angle [42].
For b ̸= 0, the wave functions of zero modes are then
found to be

ψn,k(r) = an,k+q1φ
1
n,k−q1(r)ψK(r)−

an,k−q1φ
1
n,k+q1(r)ψK′(r), (12)

Here φ1
n,k(r) is related to the basis function

φ̃n,k(r) =
ϑ1

[
s1

z
a1

− k
b2

+ 1
2 + ω

q

(
n+ p

2

)
, s1ω

]
ϑ1

[
s3

z
a1
, s3ω

]
× ϑ1

[
s2
z

a1
, s2ω

]
eik1

z
a1 e

2iπ
qa1

(n+ p
2 )ze−b(z2+|z|2)/4

(13)
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with s1 = s3 = 1 and s1 = p/q, that satisfies the mag-
netic Bloch periodicity and solves(

∂̄ +
bz

4

)
φ̃n,k(z, z̄) = 0, (14)

when s1+s2−s3 = p
q . We set the center of the mBZ to be

at Γ, and thus K and K ′ are at ±q1. The coeffcients in

Eq. (12) are given by an,k = ϑ1

[
k
b2

− 1
2 − ω

q

(
n+ p

2

)
, ω
]
,

and with ψK(0) = ψ′
K(0) we see that they cancel the sin-

gularities of φ1
n,k at z = n1a1 +n2a2. We further find 2p

independent solutions obeying the magnetic Bloch peri-
odicity, given by:

ψn,k(r) = φ2
n,k−q1(r)ψK(r),

ψn,k(r) = φ2
n,k+q1(r)ψK′(r), (15)

where the function basis corresponds to Eq. (13), with
s2 = s3 = 1 and s1 = p/q. We therefore obtain q + 2p
flat magnetic bands or 1+2p/q = 1+2Φ/Φ0 zero-energy
states per moiré unit cell at the A-sublattice, consistent
with the Streda formula for nA, featured in Fig. 3a.
For b < 0, the A-sublattice wave functions take the

form

ψk(r) =

q−p∑
n=1

[
an,kφn,k−q1(r)ψK(r)+bn,kφn,k+q1(r)ψK′(r)

]
,

(16)
where φn,k(r) are the same basis functions defined in
Eq. (9). The 2p − 2q coefficients an,k, bn,k can be ob-
tained with a set of conditions to compensate the poles
at z = n1a1 + n2a2:

∑q−p
n=1[an,kφ

′
n,k−q1

(sa1)e
isq1·a1 +

bn,kφ
′
n,k+q1

(sa1)e
−isq1·a1 ] = 0 for s = 1, 2, . . . , q, where

φ′(z) = φ(z)ϑ(z/a1, ω). The removal of the other
poles follows from the periodicity of ψk(r) with qa1
and a2. Although explicit expressions of an,k, bn,k are
not found, we can still find the independent solutions
corresponding to Eq. (16) in the following way. Form-
ing a vector with all the unknown coefficients, U =
(a1,k, a2,k, . . . , aq−p,k, b1,k, . . . , bq−p,k), the pole cancella-
tion condition can be written in a matrix form MU = 0.
where the matrix elements of M are given by Ms,m =
φ′
m,k−q1

(sa1)e
isq1·a1 for 1 ≤ m ≤ q − p and Ms,m =

φ′
m−q+p,k+q1

(sa1)e
−isq1·a1 for q − p + 1 ≤ m ≤ 2q − 2p

and it has q lines and (2q − 2p) columns. The size of
the kernel of M determines the number of independent
solutions to Eq. (15), and it is equal to the number of its
columns minus the number of lines, i.e.,

2q − 2p− q = q − 2p, (17)

Hence the number of zero-energy states per moiré unit
cells nA = 1 − 2p/q = 1 − 2Φ/Φ0, and the zero-energy
FB disappear at the topological transition Φ = Φ0/2, in
agreement with our numerical results shown in Fig. 3b.

Despite disappearing FB at Φ0/2, we find zero-mode
solutions at specific k points obeying the magnetic

Physical zero modes Hidden zero modes

χΓ(r) χh
K(r),χh

K′(r)

χΓ(r) ∼ Az̄ χh
K(r) ∼ D

z
, χh

K′(r) ∼ D
z

ψK(r), ψK′(r) ψh
Γ(r)

ψK(r) ∼ D2, ψK′(r) ∼ D2 ψh
Γ(r) ∼ D′

z

TABLE I. Asymptotic r → 0 behavior of physical and hidden
zero modes at Γ, K and K′ points in the absence of magnetic
field. ψ and χ are solutions in the A and B sublattices, re-
spectively. A, D2, D and D′ are vectors in the layer space.

Wavefunctions Correspondence

ψh
Γ(r),χK(r),χK′(r) ψh

Γ(r) = [χK(r)]∗ × [χK′(r)]∗

D′

z
= D

z
× C

ψK(r),χΓ(r),χ
h
K′(r) ψK(r) = [χΓ(r)]

∗ × [χh
K′(r)]∗

D2 = A∗ ×D∗

χh
K(r),ψh

Γ(r),ψK′(r) χh
K(r) = [ψh

Γ(r)]
∗ × [ψK′(r)]∗

D = D′∗ ×D∗
2

TABLE II. Relation between hidden and physical solutions
and associated constant vectors. C, A, D2, D, and D′ are
vectors in the layer space.

boundary condition. These wavefunctions take the fol-
lowing form

ψk0
(r) =

[
a0φk0−q1(z)ψK(r) + b0φk0+q1(z)ψK′(r)

]
,

(18)
with k0 = (n1/2)b1 + (n2/2)b2 and φk(z) corresponds
to Eq. (9) with q = 2, p = 1, and n = 0. Within the
magnetic mBZ, k0 correspond to two momenta separated
by a distance of half the reciprocal lattice vector. These
two zero modes combine with two other zero modes in
the B-sublattice, as we discuss later in Sec. III C, to form
a pair of Dirac cones that appear at Φ0/2, in agreement
with the numerical band structure shown in Fig. 1f. The
coefficients a0, b0 can be obtained from the condition
of pole cancellations at z = 0 and z = a1. We notice
that the Bloch wave functions associated to Eqs. (12) and
(16) are k-holomorphic and thus form an ideal quantum
geometry [50, 51].
We further note that the analytical expressions of wave

functions in Eqs. (8), (12), (15) and (16) featuring the
theta functions resemble to those of quantum Hall wave
functions on a torus, highlighting their correspondence
with Landau levels [78].

C. Hidden wave functions, Dirac cones at
criticality and zero modes above flux Φc

We now demonstrate a new set of zero-energy wave
functions that emerge at Φ ≥ Φc. These wavefunctions
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are also built upon zero-mode solutions at b = 0 same as
the previous ones. However, unlike in the previous ones,
these b = 0 zero-mode solutions are singular and hence
unphysical or hidden when Φ < Φc.

First we demonstrate the nature of the b = 0 hidden
wavefunctions. As discussed in Ref. [65] in the context
of TBG, the hidden zero modes solutions lives in a sub-
space perpendicular to the physical zero-mode solutions
which exhibit zeros at some r0. In the case of hTG, we
recall that the physical solution in the B-sublattice at
Γ point χΓ has the property that it vanishes at r = 0.
We then find the existence of two singular hidden solu-
tions χh

K(r) and χh
K′(r) at K and K ′ points at b = 0:

Db=0χ
h
K(r) = 0, Db=0χ

h
K′(r) = 0. To analyze the form

of the hidden wavefunctions we look at the Wronskian:
W (r) = χΓ(r) ·

[
χh
K(r)× χh

K′(r)
]
, which satisfies the re-

lation ∂̄W (r) = 0. Hence as per the Liouville’s theorem
W (r) is a constant. To ensure W (r) is constant, the ze-
ros of χΓ(r) must be cancelled by the poles in χh

K(r) or
χh

K′(r). We note that this can happen when the two sin-
gular solutions become asymptotically colinear at r → 0,
i.e.

χh
K(r) ∼ D/z +O(1); χh

K′(r) ∼ D/z +O(1) (19)

where D is a vector in the three dimensional space
spanned by the layers. Notably, this behavior is a mirror
to the way the physical zero-mode solutions ψK(r) and
ψK′(r) become asymtotically colinear at r = 0 (Table. I).
Now for the A-sublattice, we construct the singular

hidden solution with χh
K(r) and χh

K′(r):

ψh
Γ(r) = [χh

K(r)]∗ × [χh
K′(r)]∗, (20)

noting that a zero-mode of Eq. (4) can arise from a pair
of zero modes from Eq. (5) when the corresponding mo-
menta sum up to zero (more generally, the hidden and
physical solutions that exhibit zeros are thus related to
each other, as shown in Table. II), as proven in Ref. 68.
From the properties of χh

K(r) and χh
K′(r), we observe

that ψh
Γ(r) exhibits a simple pole at r = 0, interestingly

mirroring again the behavior of the physical solution in
the other sublattice, as illustrated in Table. I.

Using these singular hidden zero-mode solutions we
now construct the wavefunctions at finite b. For b > 0,
we build the wavefunctions with ψh

Γ(r) and obtain fol-
lowing set of solutions that satisfy the magnetic Bloch
periodicity:

ψh
n,k(r) = ϑ1

[p− q

q

z

a1
− k

b2
+
ω

q

(
n+

p

2

)
,
p− q

q
ω
]

ϑ1

[ z
a1
, ω
]
eik1

z
a1 e

2iπz
qa1

(n− p
2 )e−b(z2+|z|2)/4)ψh

Γ(r),

(21)

with n = 1, . . . p − q and hence forming p − q magnetic
FB. The pole at r = 0 in ψh

Γ(r) is compensated by the

zero of ϑ1

[
z
a1
, ω
]
. Hence the wave functions ψh

n,k(r) are

finite at all r and become physical when p > q or Φ > Φ0.
Therefore, at Φ > Φ0 we have these new p − q FB that
add up with the q+2p FB from Eqs. (12) and (15) leading
to a total of nA = 3p/q = 3Φ/Φ0 zero-energy states per
moiré unit cell with an enhanced Chern number CA = 3,
consistent with numerical findings as in Fig. 3a.

In addition to the FB at Φ > Φ0, we also find a single
physical solution at Φ0 obeying the magnetic boundary
condition:

ψh
k0
(r) = eik0.a1

z
a1 e

iπz
a1 e−b(z2+|z|2)/4)ϑ1

[ z
a1
, ω
]
ψh

Γ(r),

(22)
with the same momentum k0 as in Eq. (11). Hence this
resurrected single mode is the mirror of the zero-mode
defined in Eq. (11) to form a Dirac cone crossing the
CA = 2 flat band at k0, as seen in Fig. 1e. Notably,
ψh

k0
(r) remains distinct from the CA = 2 flat band while

forming Dirac cone, as ψh
Γ(r) is orthogonal to the phys-

ical solutions ψK(r) and ψK(r) that constitute the flat
band (Eq. (16)).

For b < 0, wavefunctions are built by using χh
K(r),

χh
K′(r) and they have the analytical form

χh
k(r) =

p∑
n=1

[
a′n,kφ̄

2
n,k−q1(z, z̄)χ

h
K(r)

+b′n,kφ̄
2
n,k+q1(z, z̄)χ

h
K′(r)

]
, (23)

with φ̄2
n,k(z, z̄) = φ2∗

n,k(−z,−z̄), where φ2 are the same

basis functions as in Eq. (15). The magnetic period-
icity of χh

k and pole cancellations of χh
K and χh

k′ at
z = n1a1 + n2a2 lead to 2p − q linearly independent
zero-mode solutions and hence they become physical for
Φ/Φ0 > 1/2. Therefore, together with the p + q zero-
energy wave functions discussed in Sec. III A, we have
2p− q additional zero modes from Eq. (23) for Φ > Φ0/2
leading to a total of nB = 3p/q zero-energy states per
moiré unit cell with CB = −3, again in agreement with
the numerical findings (Fig. 3b).

Even at Φc = Φ0/2, we find exactly two physical
zero-mode wave functions with the same k0 values as
in Eq. (18):

χh
k0
(r) =

[
a′0φ̄

2
k0−q1(z)χ

h
K(r) + b′0φ̄

2
k0+q1(z)χ

h
K′(r)

]
,

(24)
to form a pair of Dirac cones orthogonally crossing the
CB = 1 zero-energy flat band at Φ0/2 (Fig. 1f). Coeffi-
cients a′0, b

′
0 can be obtained from the condition of pole

cancellations at z = 0 and z = a1
We thus identify a set of hidden zero-energy wave func-

tions which mirror the physical zero-energy wave func-
tions to form Dirac cones at the topological transitions.
Importantly, these hidden wave functions result in new
zero-energy states at fields higher than the topological
transitions leading to higher Chern numbers in the FB.
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b) c)

Ctot=1 Ctot=3

CA=2

CB=-1

a)

FIG. 4. (a) Number of zero modes per moiré unit cell in
A-sublattice nA (red lines) and B-sublattice nB (blue lines),
and ntot = nA +nB (green dashed lines) at the second magic
angle, at the ABA stacking and valleyK. Vertical line denotes
phase transition. (b, c) Schematic of Dirac cones at different
magic angles αn at the topological transitions for Φ > 0 (b)
and Φ < 0 (c). Red lines represent the zero-energy flat bands.

IV. TOPOLOGICAL PHASE TRANSITION AT
THE SECOND MAGIC ANGLE

The chiral limit of hTG hosts a series of magic angles
αn with α2n+1 − α2n−1 = α2n+2 − α2n ≈ 1.214 [68],
where α = wAB/ (vF kθ). So far in the paper we have
focused on the the first magic angle. We now look into the
effect of magnetic fields at the second magic angle α2 ≈
1.197 (θ2 ≈ 0.532◦) at the ABA stacking numerically.
As shown in previous studies, in the absence of magnetic
fields at the second magic angle, the spectrum has four
degenerate zero-energy FB with a Dirac cone crossing at
Γ [43, 68, 69]. This is in contrast to the first magic angle,
where two central zero-energy FB gapped from the higher
energy remote bands. With finite magnetic fields at the
second magic angle, we find that the Dirac cone at Γ
first gets gapped out from the zero-energy FB at a small
magnetic field and then returns again at a magnetic flux
of Φ = 2Φ0. Beyond 2Φ0 the Dirac cone becomes gapped
again. The re-emergence of the Dirac cone is suggestive
of a topological phase transition at 2Φ0. To gain more
insights we look into the sublattice polarization of zero
modes in the FB expecting it follow the Streda formula,
as seen in the case of first magic angle. As shown in
Fig. 4a, we observe that for Φ < 2Φ0, the A-polarised
zero modes evolve as nA = n(0) + 2Φ/Φ0 and the B-
polarised modes change as nB = n(0)−Φ/Φ0, suggesting
CA = 2 and CB = −1. For Φ > 2Φ0, we have nA =
3Φ/Φ0 and nB = 0, indicating CA = 3. Hence the total
Chern number Ctot = CA+CB changes from Ctot = 1 to
Ctot = 3 across 2Φ0, and therefore implying a topological
phase transition at Φc = 2Φ0. Furthermore, we find the

'

'

FIG. 5. Critical twist angles for different values of corrugation
γ at Φc. αc1, αc2 represent critical twist angles at Φc = Φ0 for
Φ > 0 and α′

c1, α
′
c2 denote critical twist angles at Φc = Φ0/2

for Φ < 0.

same Φc for both positive and negative magnetic field
directions.
Notably, these findings have crucial differences from

the first magic angle. First, in contrast to the first magic
angle, CA/B for Φ < Φc in Fig. 4a are not the same
as their values at Φ = 0 [68]. Such a difference arises
due to the zero-energy Landau Level coming from the
Dirac cone present at Φ = 0 for the second magic angle,
i.e. at Φ = 0, the flat bands are not separated by a
gap from the other bands. Secondly, the same Φc for
positive and negative fields in the second magic angle is
in contrast to the case of the first magic angle. Lastly,
the critical field Φc are different for two magic angles.
This can be understood using the Streda formula. For
Φ = 0, n(0) = 1 at the first magic angle and n(0) = 2
at the second magic angle, due to the two and four fold
degeneracies of the zero-energy FB, respectively. Hence,
nA/B becomes zero for Φc = Φ0 (Φc = Φ0/2) for positive
(negative) flux in the former and Φc = 2Φ0 in the latter.
Since the properties of energy spectra at all even magic

angles are the same, we expect topological transitions at
other even magic angles to be similar to the second one.
Similarly the behavior of odd magic angles follows the
first one. The different nature of topological transitions
at even and odd αn results in an intriguing sequence of
the Dirac cones at FB, as shown in Fig. 4 for positive Φ
(b) and negative Φ (c).
In this paper we do not discuss the analytical forms of

the zero modes at the second magic angle, which will be
addressed elsewhere.

V. DEVIATION FROM CHIRAL LIMIT

Until now, we have only discussed the chiral limit. In
the presence of finite corrugations, the FB acquire a fi-
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E
(m
eV
)

FIG. 6. Energy bands in the momentum space at the topo-
logical transition Φc = Φ0/2 for twisted monolayer-bilayer
graphene at the magic angle θ ≈ 1.08◦ featuring two Dirac
cones. Red line corresponds to the zero-energy flat band.
k̃x = kx/k1, k̃y = ky/k2, with k1 =

√
3kθ/2, k2 = 3kθ/2 defin-

ing the magnetic brillouin zone, and kx, ky denoting magnetic
Bloch momenta along x and y directions.

nite dispersion but still remain narrow and separated
from the remote bands and with total Chern numbers
Ctot = 1 and Ctot = −1 [42]. We now investigate the
topological properties of the low energy FB at finite cor-
rugations γ = wAA/wAB . For finite γ, we observe that
the topological transitions at finite fields do not occur at
the magic angle. Hence we explore a range of twist angles
α. In Fig. 5 we show the gap closures occurring at Φc for
different γ and α. Remarkably, we observe two critical
values of the twist-angles αc1 (α′

c1) and αc2 (α′
c2) where

the separation of remote bands with the low energy FB
vanishes at Φc = Φ0 (Φc = Φ0/2) for positive (negative)
flux. Interestingly, at αc1(α

′
c1) < α < αc2(α

′
c2) the low

energy FB exhibit a total Chern number of Ctot = 1 at all
values of Φ, whereas for α < αc1(α

′
c1) and α > αc2(α

′
c2)

the Chern numbers associated to the low energy FB are
found to be Ctot = 3 (Ctot = −3) at Φ = Φc. Notably,
topological transitions occurring at a smaller twist an-
gle correspond to a smaller flux quantum due to a larger
moiré length scale. Therefore, the transitions that take
place at smaller twist angles, can be observed even at
lower magnetic fields. For example, in the chiral limit the
transitions occur at magnetic fields 68T and 34T. How-
ever with a corrugation γ = 0.35, transitions at lower
critical twist angles αc2 (θ ≈ 1.3◦) and α′

c2 (θ ≈ 1.1◦)
correspond to magnetic fields of ∼ 40T and ∼ 14T, re-
spectively.

VI. CONCLUSION

To summarize, we show a rich phenomenology aris-
ing from the interplay of a magnetic field with the flat

bands of hTG and their local topology at the ABA/BAB
stacking region in the supermoiré lattice. Application of
magnetic field leads to topological phase transitions that
modify the Chern mosaic and gives rise to higher Chern
number ideal flat bands. We derive the exact analytical
forms of the wave functions associated to the ideal flat
bands and identify a set of hidden wave functions that
become physical at the topological phase transitions. We
show that these wave functions are responsible for the en-
hancement of Chern numbers in the flat bands. We also
find that the correspondence of wavefunctions with low-
est Landau levels in the chiral limit continues to hold at
finite magnetic fields.
While we have focused on the ABA/BAB stacking in

this work, we also find that for the AAA stacking, the
nature of the topological transitions at the AAA stack-
ing is similar to the transitions at ABA/BAB stackings
at the second magic angle, consistent with similar prop-
erties of their energy bands in the absence of a magnetic
field. Our findings in the context of hTG also highlight
that the finite field topological transitions can be inferred
from the Chern numbers of flat bands in the absence of
magnetic field following Streda formula. Similar analysis
can be extended to other configurations of twisted mul-
tilayer graphene, like monolayer-bilayer, double-bilayer,
and n-layer structures, which also host exact flat bands
in the chiral limit. For instance, in monolayer-bilayer
twisted graphene at the chiral limit, where the flat bands
carry Chern numbers of 2,−1 or 1,−2 at zero field, we
observe that the topological phase transitions happen at
magnetic flux values of Φ = Φ0 and Φ = Φ0/2 for positive
and negative field directions at a given valley. Moreover
we find that these transitions involve emergence of one
and two Dirac cones at Φ = Φ0 and Φ = Φ0/2, respec-
tively, similar to hTG. In Fig. 6, we show the two Dirac
cones at Φ = Φ0/2. Interestingly, for n-layer twisted
graphene, since the flat bands correspond to Chern num-
bers of ±n [34] at zero field, the topological transitions
are expected to take place at much lower magnetic field
as the number of layers is increased.
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Appendix A: Details of numerically obtaining
energy spectrum

To find the spectrum of Eq. (1) numerically, we project
it to a basis with low energy Landau levels (LLs). To this
end we employ, the Landau gauge: A = −yB(1, 0). We



10

then use the same methodology that has been introduced
for TBG in Refs. 70 and 71, but with essential modifica-
tions to apply it to the case of hTG.

For convenience of projection to the LL basis, we
choose a gauge where the moiré tuneling T (r,ϕ) is
explicitly periodic under moiré translations T (r,ϕ) =
e−iq1.rT (r,ϕ), T (r,ϕ) = T (r + R,ϕ). We thus intro-
duce the following unitary transformation:

U(r) = diag[eiq1.r, 1, e−iq1.r], (A1)

leading to the following Hamiltonian:

H(r,ϕ) = U†(r)Hb(r)U(r) = 13×3 ⊗ vF eA(r)/ℏ · σ

+

vF (k + q1) · σ T (r,ϕ) 0
h.c. vFk · σ T (r,−ϕ)
0 h.c. vF (k − q1) · σ

 ,

(A2)

in a basis Ψ = (ψ1, χ1, ψ2, χ2, ψ3, χ3)
T

with ψl and
χl representing A and B sublattices in layer l. Here
T (r,ϕ) = T1 + T2e

−ib1.rje−iϕ0 + T3e
−ib2.rjeiϕ0 , where

b1 = q1 − q2, b2 = q1 − q3. Here, ϕ0 = 2π/3,−2π/3, 0
maps out the ABA, BAB and AAA regions, respectively.

Now, the LL basis is given by |n, α, y, l⟩, where n la-
bels the LL index, α denotes the sublattices, y stands
for the guiding center coordinate, and l is the layer in-

dex. Employing the ladder operators a = 1√
2
(x̂+ ik̂) and

a† = 1√
2
(x̂− ik̂) the intra-layer part can be written as

HD(±q1) = −
√
vF
lB

( ∞∑
n=0

√
n+ 1 |nAyl⟩ ⟨n+ 1Byl|+ h.c.

)

∓ ivF kθ

( ∞∑
n=0

|nAyl⟩ ⟨nByl| − h.c.

)
, (A3)

HD(0) = −
√
vF
lB

( ∞∑
n=0

√
n+ 1 |nAyl⟩ ⟨n+ 1Byl|+ h.c.

)
,

(A4)

with a |n⟩ =
√
n |n− 1⟩ and a† |n⟩ =

√
n+ 1 |n+ 1⟩.

While the intra-layer part of the Hamiltonian remains di-
agonal in y, the inter-layer T2 and T3 couple the LLs with
guiding centers differed by ±∆y where ∆y =

√
3l2Bkθ/2.

In order to write the interlayer tunneling in the LL
basis, we note the commensurate flux condition which
relates ∆y to the moiré lattice unit cell generated by

a
1/2
M = Lθ(

√
3/2,±1/2) with Lθ = 4π/3kθ as:

∆y

Lθ
=

3kθ
4π

∆y =
r

s
, (A5)

where r and s are coprime intergers. This also means
that

Φ

Φ0
=

s

2r
, (A6)

where Φ is the flux piercing through the moiré unit cell
Φ = BAM and Φ0 is the unit quantum flux per moiré
unit cell. Moreover we assume the size of the system
Ly = NrLθ = Ns∆y. So the position of guiding center
of the LLs is given by

yc = y0 + j∆y +ms∆y, (A7)

where 0 ≤ y0 = kxl
2
B < ∆y, j = 0, . . . , s − 1 and m =

0, . . . N−1. Here kx represents magnetic Bloch momenta
in the x-direction, where 0 < kx <

√
3kθ/2. With a

Fourier transform in m, we have

|n, α, y0 + j∆y +mq∆y, l⟩

=
1√
N

∑
k2

e−ik2(mq+j)∆y |n, α, y0, j, k2, l⟩ , (A8)

where ky is the magnetic Bloch momentum in the y-
direction given by ky = 2π(n− 1)/Ns∆y = (3kθ/2r)(n−
1)/N , with n = 1, . . . N . The matrix elements of inter-
layer part of the Hamiltonian in this basis are then given
by:

⟨n, α, y0, j, k2, 1|T1 |n′, β, y′0, j′, p2, 2⟩ =
δy0,y′

0
δj,j′δk2,p2

δn,n′T 1
αβ , (A9)

⟨n, α, y0, j, k2, 1| e−ib1.re−iϕ0T2 |n′, β, y′0, j′, p2, 2⟩ =

δy0,y′
0
δj+1,j′δk2,p2

T 2
αβe

−iϕ0eik2∆ye−i
3kθy0

2 e−i2π r
s (j+

1
2 )Fn,n′(

−b1lB√
2

)
,

(A10)

⟨n, α, y0, j, k2, 1| e−ib1.reiϕ0T3 |n′, β, y′0, j′, p2, 2⟩ =

δy0,y′
0
δj−1,j′δk2,p2T

2
αβe

iϕ0eik2∆ye−i
3kθy0

2 e−i2π r
s (j−

1
2 )Fn,n′(

−b2lB√
2

)
.

(A11)

The interlayer tunneling term in the LL basis then
reads as

T (r,±ϕ) =
∑

n,n′,α,β,y0

s−1∑
j=0

N−1∑
k2=0[

δn,n′T 1
αβ |n, α, y0, j, k2, l⟩ ⟨n, β, y0, j, k2, l|

+T 2
αβe

∓iϕ0eik2∆ye−i2π r
s (j+

1
2 )e−i 3

2kθy0

Fn,n′(
−b̃1lB√

2
) |n, α, y0, j, k2, l⟩ ⟨n′, β, y0, j + 1, k2, l|

+T 3
αβe

±iϕ0eik2∆ye−i2π r
s (j−

1
2 )e−i 3

2kθy0

Fn,n′(
−b̃2lB√

2
) |n, α, y0, j, k2, l⟩ ⟨n′, β, y0, j − 1, k2, l|

]
,

(A12)
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with b̃1 = b1x + ib1y and b̃2 = b2x + ib2y, and

Fn,m(z) =

√
n!

m!
zm−ne−zz∗/2Lm−n

n (zz∗) , (A13)

for m > n and Lm−n
n is Laguarre polynomial. For n ≥ m

Fn,m(z) can be obtained by m↔ n and z ↔ −z∗.
The corresponding LL basis of Eq. (A2) is therefore

obtained using Eqs. (A3), (A4), and (A12). We then
diagonalize the Hamiltonian in the chiral limit to obtain
the energy spectrum.

Appendix B: Evaluation of Berry curvature in
magnetic field

In this appendix, we give the details of obtaining
the Chern numbers of the Hamiltonian in Appendix. A.
Given a set of interconnected energy bands the Berry cur-
vature is obtained first computing the overlap matrix:

Ληη′(k, q) =

q−1∑
j=0

∑
αj

∑
nn′

U∗
η,nαlj(k)[

e−iq2k1l
2
Be−i

q1q2l2B
2 Fn,n′

(
−q̃lB√

2

)]
Uη′,n′αlj(k + q)

=
[
U†(k)λ(k, q)U(k + q)

]
ηη′ , (B1)

where q̃ = qx+iqy. This result is obtained employing the
expression of the eigenstates of the Hamiltonian Eq. (A2):

Hnαlj,n′βl′j′(k) =⇒ |vηk⟩

=

q−1∑
j=0

∑
α

∑
l

∞∑
n=0

Uη,nαlj(k) |n, α, l, j,k⟩ , (B2)

and employing the overlap between two Landau levels
with different guiding center. The Berry phase is then
obtained as:

tr[F ] =
1

i
log det

[
Λ(k, duG1)Λ(k + duG1, duG2)

Λ(k + duG1 + duG2,−duG1)

Λ(k + duG2,−duG2)
]
,

(B3)

and the Chern number

C =
1

2π

∑
k

Tr[F(k)]. (B4)

Appendix C: Atiyah-Singer index theorem

In the following we discuss implications of the Atiyah-
Singer index theorem on counting of the zero-energy

states. Employing the index theorem in Hamiltonian
Eq. (2), we obtain

dim[Ker Db]− dim[Ker D†
b ] =

1

2π

∫
TrBxyds, (C1)

where Bxy = ∂xAy − ∂yAx + 1
2

[
Ax,Ay] is a curvature

associated to A, the gauge potential in the Hamiltonian.
From Eq. (2), we have

A = AI + Ã(r). (C2)

Here A = b
2 (y,−x) is the vector potential correspond-

ing to the applied magnetic field b, I is identity matrix
in layer subspace, and Ã(r) is a matrix gauge potential
attributed to the interlayer moiré tunneling. It takes the
form Ã(r) = Ãx + iÃy, where

Ãx =

 0 a1ω(r) 0
a10(−r) 0 a10(r)

0 a1ω(−r) 0

 . (C3)

Ãy =

 0 a2ω(r) 0
a20(−r) 0 a20(r)

0 a2ω(−r) 0

 . (C4)

where a10(r) = α
∑3

j=1 cos (qj .r), a20(r) =

α
∑3

j=1 sin (qj .r), a1ω(r) = α
∑3

j=1 ω
∗(j−1) cos (qj .r),

and a2ω(r) = α
∑3

j=1 ω
∗(j−1) sin (qj .r). Both matrix

gauge potentials Ãx and Ãy are traceless and hence
they do not contribute to the B. On the other hand
the applied field couples to the Dirac components of the
three layers in Hamiltonian Eq. (2) and gives rise to a

contribution of 3b in B. Since kernels Db and D†
b belong

to A and B sublattices, respectively, we finally have

nA − nB = 3
Φ

Φ0
, (C5)

which holds for all parameter range in the chiral limit.

Appendix D: Symmetry relation between different
stacking configurations and valleys

Here we discuss symmetries of hTG and resulting cor-
respondence between the stacking configurations ABA
and BAB at two valleys K and K ′ for finite magnetic
fields.
In the absence of magnetic field the Hamiltonian

Eq. (1) reads as

H(r, ϕ) = 13×3 ⊗ vF k̂ · σ

+

 0 T (r, ϕ) 0
h.c. 0 T (r,−ϕ)
0 h.c. 0

 ,

(D1)
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C2ZT T
H(r, ϕABA,A) H(−r, ϕBAB ,−A) H′(r, ϕABA,−A)
H(r, ϕBAB ,A) H(−r, ϕABA,−A) H′(r, ϕBAB ,−A)

TABLE III. Symmetry relation between different sectors of
hTG.

in the basis Ψ = (ψ1, χ1, ψ2, χ2, ψ3, χ3)
T
. Here k =

−i∇r and σ denote Pauli matrices in sublattice sector.
The corresponding Hamiltonian in valley K ′ is obtained
by time-reversal symmetry

H′(r, ϕ) = −13×3 ⊗ vF k̂ · σ∗

+

 0 T ∗(r, ϕ) 0
h.c. 0 T ∗(r,−ϕ)
0 h.c. 0

 ,

(D2)

where σ∗ = (σx,−σy).
The C2zT symmetry acts as 13×3⊗σxK on the Hamil-

tonian Eq. (D1), where K denotes complex conjugation.
With C2zT the moiré tunneling matrix in valley K then
transforms as

C2zT

 0 T (r, ϕ) 0
h.c. 0 T (r,−ϕ)
0 h.c. 0

 (C2zT )†

=

 0 T (−r,−ϕ) 0
h.c. 0 T (−r, ϕ)
0 h.c. 0

 .

(D3)

Now we couple to magnetic field and focus on the kinetic
part of the Hamiltonian. In valley K it transforms as the
following

(C2zT )
[
13×3 ⊗ vF

(
k̂ + eA(r)/ℏ

)
· σ
]
(C2zT )†

= 13×3 ⊗ vF

(
−k̂ + eA(r)/ℏ

)
· σ

(D4)

Hence the full Hamiltonian transforms as

(C2zT )H(r, ϕ,A)(C2zT )† = H(−r,−ϕ,−A), (D5)

since A(r) = −A(−r) is odd under inversion. Similarly
in valley K ′ we obtain

(C2zT )H′(r, ϕ,A)(C2zT )† = H′(−r,−ϕ,A), (D6)

Since at the ABA stacking ϕABA = (0, 2π/3,−2π/3) =
−ϕBAB at the BAB stacking, the C2zT symmetry maps
ABA to BAB in a given valley with opposite magnetic
field direction and the resulting energy spectra are iden-
tical. Under time-reversal operation the kinetic part in
valley K takes the form

T
[
13×3 ⊗ vF

(
k̂ + eA(r)/ℏ

)
· σ
]
T †

= 13×3 ⊗ vF

(
−k̂ + eA(r)/ℏ

)
· σ∗.

(D7)

Hence the full Hamiltonian with T operation becomes

T H(r, ϕ,A)T † = H′(r, ϕ,−A). (D8)

implying that the time-reversal operation maps the
Hamiltonian of one valley to the one in other valley, in-
verting the magnetic field orientation, but keeping the
stacking configuration same.
We summarize the mapping between different sectors

at finite fields in Table III

Appendix E: Jacobi theta function

The Jacobi theta functions of the first kind are defined
as

ϑ1(z, ω) =
∑
n∈Z

eiπω(n+1/2)2e2iπ(z−1/2)(n+1/2)

(E1)

Apart from the properties mentioned in Sec. III A,
some other useful properties of the theta functions are
the following

ϑ1[z̄ ± 1, ω∗] = −ϑ1[z̄, ω∗] (E2)

ϑ1[z̄ + ω∗, ω∗] = −e−iπωe−2iπzϑ1[z̄, ω
∗],

ϑ1[z + ω, ω] = −e−iπωe−2iπzϑ1[z, ω] (E3)
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