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SYMMETRY RESULTS FOR A NONLOCAL EIGENVALUE
PROBLEM
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ABSTRACT. In this paper, we study the optimal constant in the nonlocal
Poincaré-Wirtinger inequality in (a,b) C R:
b
/ |u|" 2w da
a

b 2 b
Aa(p,w)(/ |u\qcl:c) < [(pdsta

where o € R, p,q,7 > 1 such that %pg g<pand I 4+1<r Sq—i—%. This
problem can be casted as a nonlocal minimum problem, whose Euler-Lagrange
associated equation contains an integral term of the unknown function over the
whole interval of definition. Furthermore, the problem can be also seen as an
eigenvalue problem.

We show that there exists a critical value ac = ac(p, ¢, ) such that the
minimizers are even with constant sign when o < «a¢ and are odd when
a > ac.
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1. INTRODUCTION

Let a,b, A € R, in this paper we study a nonlinear generalization of the celebrated
one-dimensional inequality

b b
(1) )\/ lu|?dx < / |u'|*dz Vu € C(a,b);
that is the Poincaré inequality when
(2) u(a) = u(b) =0
and that is the Wirtinger inequality when

3) /abudx_o.

The best constant A in both Poincaré [I)-([2) and Wirtinger inequality [)-@) is

obtained for
2
T
A= .
<b—a)

When both Dirichlet (@) and Neumann (B]) boundary condition holds, we speak of
twisted boundary conditions [FH]. The best constant in the Twisted inequality

@-@)-@) is obtained for
21\ 2
Ar = <b — a) )
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Given p, q,r > 1, the generalized Poincaré inequalty (see e.g. [GGR] and refer-
ence therein) states that there exists a constant Ap(p,q) such that

b a b
4) Ap(p,q) (/ |u|qu> < / |u/[Pdz Yu € WHP(a,b) s.t. u(a) = u(b) = 0.

When p = g = 2, we come back to the classical Poincaré inequality (d)-(2). More-
over, the optimal constant in () is also the minimum for the variational problem

by op
u'|Pdx
e (U tufedr )

and the minimizing functions are even functions with constant sign. It is easily
seen that Ap(p,¢q) is an homogeneous Dirichlet Laplacian eigenvalue (see e.g.
Th. 3.3]).

On the other hand, the generalized Wirtinger inequality states that there exists
a constant A\ (p, ¢, 7) such that

) p
b q b b
Aw (p, q,7) / lulfdz | < / [u'[Pdz Vu € WHP(a,b) s.t. / lu|""%u dx = 0.

When p = ¢ = r = 2, we come back to the classical Wirtinger inequality (II)-

. Moreover, the optimal constant in is also the minimum for the variationa

M th timal tant i is also the mini for th iational
problem

by p
u'|Pdx
)\W (p7 q, ’I") = min fa | |

D
WP (a,b) b q
’ q
f: |u|""2u dz=0 fa |u| dz

0

u
and the minimizing functions are odd functions. For the exact value of Ay (p, ¢, 7)
see [GN]. Tt is easily seen that Ay (p,q,r) is a Neumann Laplacian eigenvalue (see
e.g. [LEL Th. 3.4]).
Then, when both the generalized Dirichlet and Neumann boundary condition
hold, the generalized Twisted inequality states that there exist a constant Ar(p, g, r)
such that

(6)
b 7 b
Ar(p,q,r) </ |u|qu> §/ |u/[Pdz Yu € WP (a,b)
b

s.t. u(a) = u(b) = 0 and / lu|""2udz = 0.
a
When p = ¢ = r = 2, we come back to the classical Twisted inequality ({)-(2)- (3.
Moreover, the optimal constant in (@) is also the minimum for the variational
problem

b ,pd
@ Aepogr) = min el

p
WP (a,b) by g q
ff \u|T72u dz=0 fa |u| dz

uZ0
and the minimizing functions are odd functions.
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Now, let us consider a € R. The main aim of this paper is to unify and extend the
study of Poincaré, Wirtinger and Twisted inequalities by introducing a penalization
term. Specifically, we consider the following inequality:

(®)
b
/ |u|" " 2udx

b ] b
Aa (D, q,7) (/ |u|qd3:> §/ [/ |Pdz + «

It is easily seen that, when o = 0, the nonlocal inequality (8) is the Poincaré
inequality (@)); meanwhile when av — 400, tends to the Twisted inequality (6]).

The optimal constant in (§]) corresponds to the value realizing the minimum in
the following eigenvalue problem

©) No(p.q,r) = inf { Qalul, w € Wy ™ (a.b), w0,

where

r—1

Yu € WHP(a,b)

s.t. u(a) = u(b) = 0.

P
T—1

f: [u/|Pdx + o f: |u|"2u dz

(f; |u|‘1d3:> :

This kind of problems leads in general to non standard associated Euler-Lagrange
equations, that are known in literature as non-local, because they depends on the
value that the unknown function assumes on the whole domain throughout the
integral over (a,b). Specifically

(10) Qalu] :

_ o — _ _o .
—(|y'P2y") + a7 2yl 2 = Aa(py @) [yl 9yl 2y in Ja, b]
y(a) = y(b) =0,

where v = f: ly|"~2y dx, except for some trivial cases detailed in Section 21

Problems of this type date back to at least the 1837 papers by Duhamel [Dul
and Liouville [Lio| on thermo-elasticity. Moreover, these nonlocal problems have
been treated in the study of the reaction-diffusion equations describing chemical
processes (see [F2] [S]) or Brownian motion with random jumps (see [Pin]). They
have been the object of much study over the last 25 years [F1], [F2] [FV], particularly
by considering the minimization of the nonlocal one-parameter problem, both in
n-dimensional ([BENT]) and in one dimensional ([DPP1l [DPP2]) case.

In higher dimensions, problem (@) has been treated ([BENT]) only in the case
when p = ¢ = r = 2. The authors have obtained a saturation phenomenon when
a volume constraint holds; specifically, they show that the optimal shape is the
ball (up to a critical value of the parameter «) or the union of two equal balls
(for supercritical values). Analogous result holds when a Finsler metric replace the
Euclidean one [Pis|. A subsequent research area, not investigated in this paper,
consists in the study of the existence of threshold values below or above which the
symmetry of optimal domains is broken, as e.g. in [BDNT], [BCGM], [N2].

In one dimension, the study of the nonlocal problem (@) rely on the study of
the generalized Wirtinger inequality started by the pionering work of Dacorogna

Gangbo and Subia [DGS] for ¢ < 2p and r = 2. Then in [ElBKN| [BK] N1l [CD! [GN]

variuous range has been analyzed and finally in [GGR] the issue of symmetry/non
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symmetry has been completely settled. Specifically, the symmetry of the minimizers
holds when ¢ < (2r — 1)p and no odd function can be a minimizers when ¢ >
(2r —1)p.

Our aim is the study of the symmetry properties of the minimizers of (@) and, as
a consequence, to give some informations on A, (p, ¢, 7). In order to study the full
range of the exponents p, g, 7 > 1, we recall that, up to our knowledge, the nonlocal
problem ([@) has been treated only for p = ¢ = 2 and 2 < r < 3 in [DPP1] and for
p=¢g>2and £ +1 <7 <% in [DPP2]. In these ranges, the minimizers of ()
are symmetric (even or odd) and a saturation phenomenon occurs. Particularly,
for subcritical values of the parameter «, the minimizers are even functions with
constant sign, meanwhile, for supercritical values, the minimizers are odd sign-
changing functions. It is worth investigating in which ranges a symmetry breaking
is expected to hold.

Throughout this paper, for the sake of simplicity, we will study the problem in
the interval (—1,1) instead of (a,b). The general case can be easily recovered since
the nonlocal eigenvalue admits the following rescaling

P

.
)\a(pa%r; (a7b)) = l(bfa> 1 )\d (p7Q7T;(_171))7

with & = (b_T“) <ﬁ+i)po¢.
In the present paper, we extend the range of treatable exponents and prove the
following saturation phenomenon.

Theorem 1.1. Let p,q,r > 1 be such that %p <qg<pand i+1<r<q+ %.
Then there exists a positive number ac = ac(p,q,r) such that:

(i) if @ < ac, then \a(p,q,7) < Ar(p,q,7);
(ii) If a = ac, then Aa(p.q,7) = Ar(p,q. 7).

In addition, we prove the following symmetry results for the solutions of problem
[@). We refer to Sectionfor the definition of the generalized trigonometric function
sing 4(+).

Theorem 1.2. Let p,q, v > 1 be such that %p <qg<pand i+1<r<q+ %.

(i) If « < ag, then any minimizer y of Aa(p,q,7) is an even function with
constant sign in (—1,1).

(i) If @« > ac, the function y(z) = sin, ¢(Ar(p,q,7)x), © € (=1,1), is the
unique minimizer, up to a multiplicative constant, of A\ (p,q,7). Hence it
is an odd function, f_ll ly|" 2y dx = 0, and T = 0 is the only point in (—1,1)
such that y(T) = 0.

(iii) If @ = ac, then Ao (P, q,7) admits both a positive minimizer and the min-
imizer y(x) = siny, ¢(mp o), up to o multiplicative constant. Moreover, if

r > 4 + 1 any minimizer has constant sign or it is odd.
_P

NS St
Furthermore, if r = p+ 1, then ac(p,q¢,p+1) = 2172;1 pl, (p%ﬁq) ! ™ o

The outline of the paper follows. In Section 2l we provide some recalls on the
nonlocal eigenvalue problem we are dealing with; in Section Bl we study the prop-
erties of an auxiliary function useful to give some representations of the eigenvalue
and the eigenfunctions of problem ([@); in Section @ we give the proof of the main
Theorems.
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2. THE EIGENVALUE PROBLEM

In this Section, we firstly recall some results on the generalized trigonometric
functions and then some properties of the eigenvalue problem (@).

2.1. The p — g-circular functions. We briefly summarize some properties the p-
trigonometric functions for any fixed 1 < p < 400 (refer e.g. [LE, [Linl [Pe]). These
functions generalize the familiar trigonometric functions and coincide with them
when p = 2.

Let us consider the function F}, : [0,1] — R defined as

Tat
Fp X)) = I —
(z) [ R

Denote by z(s) the inverse function of F' which is defined on the interval [0, %],

where
/1 dt
=2 —
o (L—tr)r

Therefore, the p-sine function sin,, is defined as the following periodic extension of
z(t):
(1) if te [0, %} ,
sing(t) = z(mp —t) if te [%,Tfp} ,
—siny(—t) if t € [—mp,0].

It is extended periodically to all R, with period 2m,. Furthermore, the p-cosine
function is defined by
d
cosp(t) = —sin, (¢
;D( ) dt ;D( )
and is a 2my-periodic and odd function.
To further extend the definitions of trigonometric functions, let us consider p, g >

1 and set
1 2 11 2 7
Tp,q 5—2/ ————dt=-B (— —> = #,
o (

T I -
— 1 141
1—ta)» ¢ \pr'q qr(p,+q)

where B and I are the beta and the gamma function, respectively.
This definition coincides with m, when p = ¢. Therefore the function sin,, 4 is

defined on the interval [0, 75| as the inverse of F}, 4 : [0, 1] — R given by

T
E, (a:)—/ ——dx
Py ST

and extended to the real line by the usual process involving the symmetry and the
2my, ¢ periodicity.

Finally, we recall from Thm. 3.3], that any eigenvalue and eigenfunction of
the 1-dimensional Dirichlet p, g-Laplacian eigenvalue problem:

—(ly'[P~2y") = Aly|* %y in]—1,1]

(11)
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are of the form

An = clg (%) and  yn(x) = cosing, 4 (m;p’q (x+ 1)) Vn e N

respectively, for ¢1,co € R. Clearly, when p = ¢, we fall in the case of the p-
Laplacian problem.

2.2. The eigenvalue problem. We firstly show some properties of the solution
of the eigenvalue problem ([@)).
Proposition 2.1. Let a« € R, p,q,7 > 1 be such that ¢ <p and £ +1 <r < g+ %.

Then, problem @) admits a solution in WyP(—1,1) and any minimizer y of (@) is
a solution of the following Dirichlet homogeneous problem
(12)
(1) |P—24/1) T2y 72 = ) P—q|,|a—2 nl—1.1
(ly'[P~2y")" + aly| Wyl = Aa(py @) llyllg~ Myl "y in | = 1,1

1
0 if bothr =p+1 and / ly|" 2y dx =0,
-1

Y= 1
/ ly|" "2y dx otherwise.
-1
Moreover, y,y'|y'|P~2 € C*[-1,1].
Proof. Standard methods of Calculus of Variations prove the existence of a mini-

mizer. Let us observe that, since p > ¢ >r — < > r — 1, we have that p > r — 1.

If p > r — 1, the functional Q,[-] in (I0) is differentiable and hence the associated
Euler-Lagrange equation leads to (I2); meanwhile, when p = r — 1, the problem (@)
coincides with problem ([); hence v = 0 and we get the conclusion.

Finally, the fact that y,y'|y'[P=2 € C1[—1,1] is easily seen from (I2]). O

At this stage, we analyze the monotonicity and asymptotic properties of the
eigenvalue (@) with respect to the parameter a.

Proposition 2.2. Let a € R, p,q,7 > 1 be such that ¢ <p and £+ 1 <r < g+ %.

Then the function o € R — A\ (p, q,7) is Lipschitz continuous, non-decreasing with
respect to o € R and

Jim Aa(p,g,r) = —oo,  lim Aa(p,gq,7) = Ar(p,g,7)-
Proof. Let us fix € > 0, then by using the Holder inequality, we have

p
1 _ r—1
(f—l |u|r ! d:Z?) ' p(g—r+1)

< Qufu] + 2501 ¢,
fil lulP dz

Therefore, we gain the following chain of inequalities
plg—r+1)

Qnlu] < Qaqelu]l < Qulul+274=D ¢ Ve >0.

By taking the minimum for any u € W, *(—1,1), we have

QaJrs[u] < Qa [U] +e€

(g—r+1)
Aoy ¢,7) € Aare(a,7) < Aa(p,g,r) + 27970 ¢ Ve >0,

that implies the desired Lipschitz continuity and monotonicity.
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Now, let us consider a positive admissible function ¢ € WO1 P(—1,1). Then, we
have that Q,[p] - —00 as a — —oo and, since A\, (p, ¢,7) < Qule], we have that

lim A, (p,q,r) = —oc.
a——o0

Finally, let us consider a sequence {«;, }neny — +00. Since A, (p, ¢, 1) is decreasing
with respect to «, we have that A\, (p, ¢,7) < Ar(p, q,r) for any o € R. Let us denote
U, = Ug, the normalized (||un||, = 1) minimizer in W, of @) when the value of
the parameter is «,,; we have that

1 1 =
Aoy (Dyq,7) = / [ul, [P dx + a, (/ |2 dw) < Ar(p,q,7).
—1

This implies that, up to a subsequence, w, strongly converges in LP(—1,1) and
weakly in W, (—1,1) to a function u € Wy’ (—1,1) such that ||u|[z» = 1. On one
hand, we have that

1 o1
A
</ |2, da:> < Ar(p,a,7) —0 asn— 400
—1 Qp

which means that f_ll |u|"7?u dx = 0. On the other hand, since u is an admissible
function for (@), by using the lower semicontinuity, we have that

' ! ! 2
M) < [l de < timing | [ ju P do+a, ( [l 2, d:v)
—1 n—-+oo 1 4

= lim )\Oln (p7 q, ’f‘) S )‘T (pu q, T)

n—-+oo

and hence the conclusion follows. O

3. THE AUXILIARY FUNCTION H

In this Section, we study the behavior of an auxiliary function on which is based
the proof of the main results (Theorems [Tl and [[2). We consider the following
integral function:

4
H(m,p,q,r): (m,p,q,7) € [0,1]x]1, +00[x {gp,p] X {% +1,q+§} — R,

defined as

1 dy
13) H(n,p,q,r):= n
(12) Hm.pqr) [;D—Mm@ﬂO—MT@%%WP

B / ! dy n / ! mdy

b (L= Rm,qr)(1—y ) —ye» S [L— Rlm,q,r)(L+mr 1y 1) — may]s
where R(m,q,r) = ﬁ‘T’Z‘fl
It will be also very useful in the sequel to consider h, the integrand function of

H, that is defined as
h(m,p,q,r,y) ==
1 " m
L= R(m,q,r)(1 =y = o] (1= Rln,q,r)(1+mr=lyr=1) —maye]s
for any y € [0, 1], except when m =y = 0.

3
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We will prove the monotonicity of the auxiliary function with respect to r
(Lemma BT) and then with respect to m (Lemma [3.2), to finally provide some
useful estimates for the function H (Proposition B.3]).

Regarding the monotonicity with respect to r, we prefer to study the function
h.

Lemma 3.1. Let p,q,7 > 1 be such thatp > q and £ +1 <r < q+ %. For any
y € 10,1] and

o for any fized m € [0,1[, the function h(m,p,q,r,y) is strictly increasing
with respect to .
e for m =1, the function h(1,p,q,r,y) is constant with respect to r.

Proof. We divide the proof into three steps: in the first step we compute the ex-
pression of the derivative of h with respect to r for any m €]0, 1] and y €]0,1[; in
the second step we study the sign of the aforementioned derivative; in the third
step we analyze the cases excluded by the previous steps. From now on, for the
sake of simplicity, we set R = R(m,q,r).

Step 1 (The derivative of h). Let us start by considering the case when m €]0, 1]
and y €]0, 1[. Differentiating h with respect to r, we have

1(1 -y Ho.R+ Ry " tlogy
arh(m7p7Q7T7y) = _( ) PEeY +
Pr1—R(A—y=t)—yi] >

m[=(1+m 'y 10.R— Rm"~'y"'(logm + logy)]
_m =Ll '

p [1— R(1+mr—lyr—1) —maya] »

Therefore, in order to compute the derivative of h with respect to r, we need to
differentiate R with respect to r. We have

1—m4

O =~

m"tlogm

and hence

(14)

arh sy Uy Ty = -
(m,p,q,7,9) P = PrS +

1 1-n? {(1 —y" " Hm ™ logn +y (1 +m" 1) logy
1—-R(1—-y 1) -y~

(L m =y ) logm — (1 +m™Y)y™ " (log m + log y)
+m FESY .

(1= RO+ mr=1yr=1) — miye)

Step 2 (The monotonicity of h). Tt is easily seen that the numerator of the first
ratio, in the curly brackets of ([Id)), is negative. If the numerator of the second
ratio is also negative, we get the desired monotonicity. Otherwise, if this second
numerator is positive, let us observe that

mi(1—R(1 -y ") —y) <1 —R(L+m" "y ") —miy],
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that implies:
(15)

aTh(mﬂpa qu ’f', y) Z -

1 1-md (1 -y YHm ™ tlogm +y (1 +m 1) logy
5 (1 + mr71)2 alp—1) p+1

m-r [1—R(1+mr—lyr=1) —mayd] >

+m

p+1

P(L+m™ "y Y logm — (1+m"y""(logm + logy) }
[1—R(L+mr=ty 1) — may] »

Hence, by setting

g(m,p,q,m,y) == { — 1=y Hm  Mogm —y" (1 +m"" ") log y} +

_a(p+1)

+ {(yrl —1)logm + (1 4+m" 1)y ! logy] m'T

we have that (I5) can be written as
1—m?

1
(16) 8Th(m7paq7T7 y) Z -
P(1+mr—1)2m

5 9(m, D, ¢, 7, y).
P

To prove the positivity of 0,.-h, we will show that

(17) g(m,p,q,7,y) >0,

by proving that g is decreasing for any y €]0, 1[. By differentiating g with respect
to y, we obtain

@ﬂmmgmw)z@r—ny*mfﬂbyn—w—»w“ﬂu+nf*n%y—y“%1+mw]

_a(p+1)
P

+ [(T =1y Plogm + (1+m"~1)((r — 1)y"logy + yTQ)} m'

_a(pt+1) r_at+l)

=2t D o (= (14 (5 1) gy
+(mr ) (- 1)}

This derivative is negative if and only if

(m“l +m" q(ppﬂ)) logm
(18) logy < — i _
gy (1 4 mr—l) (mr7 q(p;rl) B 1) - 1.

Since the left-hand term is negative, then if the the right-hand side of ([I8) is

nonnegative, then the inequality (I8]) holds. To this aim, we wiil equivalently show
that

(19)
alp 1 alp
fm,p,q,r) == — (mr_l +m" :1)) logm——— (1+m"1) (mr_ - 1) > 0.
—
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Therefore, we have

q(p 1
f(m,p,q,r) = (m’”’l +m"” (;l)) log — +
m

=m"1 {log E + L +m" e log R + ! (1 — mz’ul*wpﬂ))
n r—1 m r—1 r—1
( 1

_a(pt+1) _1_a»+1)
T _m27‘ 1 = )

\%
3
i

o) ( apt) g < 1 1 > 1 1 >
m » mo P log— +—— | +log— — —— ).
m o r— r

Hence, then the positivity of f as in ([[3]) follows by

alp+l) 4

1 1 1 1
(20) e(mupv%'r) =m r (10g— + —) +log — — —— > 0.
mo - m T

Since e(1,p,q,r) = 0, to prove 20), we show that e is decreasing with respect to
m; indeed, we have

a(p+1) 1 M -1 1
Ome(n,p,q,r) =m  » -2 log( - >+ P —1——F
el r—1 @D 4

P m P

(p+1)
that is negative since logz < z — 1 when z > 1 and mr Tl < 1, p > q and

r>24+1.

=3

Hence ([20), (1), (I8) and ([I7) are satisfied and recalling the behavior h from
(IG)), this implies that
L dome ol dome =0
p(1+m7\,1)29 m,p,q,'f‘,y p(1+m,r.71)2.q m7p7q77‘7 - Y
when m €]0,1[ and y €]0, 1[.

Step 3 (The trivial cases) We observe that if m = 0, then R =1 and

orh(m,p,q,r,y) >

1
h(07p7Q7T7 y) = - 1>
(yr =t —yo)»
that is strictly increasing with respect to r.
Meanwhile, if m = 1, then R =0 and
2
h(lvpaquvy) = 1>
(1—yo)»
that is constant with respect to r.
Finally, when y = 0, we have
14+m
h sy Uy 70 = T
(m,p,¢,1,0) = T—F
that is strictly increasing with respect to r. 0

At this stage, to prove the monotonicity of H with respect to m, we argue using
a change of variables similarly as in [GGR]. Before providing the result, let us
explicitly note that, in the previous Lemma, we have only supposed that ¢ < p and
I4+1<r<q+ %. These two conditions implies that ¢ > % but, for the following

result, we need to suppose a bit more: ¢ > %p, that is also the assumption we use
to prove the main Theorems.
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Lemma 3.2. Let p,q > 1 be such that %p < q < p, then 0, H(m,p,q,3 +1) <0
for any m €]0, 1.

Proof. Let us consider the following nonnegative functions
T+ (1—mi)yt —yl, Y (m,y) € 0,1,
- (1= Tyf —m%y?, ¥ (m,y) €[0,1]

Moreover, let us observe that

E

R(m,q,%—i—l) =1-—m?, V' m € [0,1].

Hence K(m) = fol (A(m, y)~F +mB(m, y)fi) dy and

1 1_

K'(m) = ——/1 (A(m,y)_P L9 A(m,y) + B(m,y) "7~ (—pB(m,y) +m3mB(m,y))) dy.
P Jo

For sake of simplicity, we set

K(m):=H (m,p,q,% + 1) )
Differentiating A(m,y) and B(m,y) with respect to m, we obtain
OmAlm,y) = 3
—pB(m.y) + mBu(m.y) = (3 —p)mi 1=y} + (4= p)m(y? —y?).

Hence we have

1 g q q 9
1-— 1— +1 .4
Km%ﬂﬁﬂ/ q__J&_+Q q)m( W)+O_$"w(w v 4,
0

S A,y N 22) B(m,y)r p)  B(m,y)F+

To prove the nonpositivity of the integral, we have to show that
(21)

a [t 1-y dy>/1(1—i> n(l—y%>+<1_2)”%“(y%—yq) d
2p Jo A(n,y)% ~Jo 2p) B(n,y)t p) Bn,y)rt
Following the ideas of [GGR], for all n € (0,1) and z € (0,1), we set

8(z) == [1— (1 —m?)z%]3

and

mz
It holds that £(0) = 0, £(1) =1 and

m
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The function ¢ is strictly increasing and, keeping the change of variables y = ¢(z)
into account, the inequality (1)) follows if we prove that

q 1—m2220(2)" 2 m
2p p+1 5( )%—i—l dz
b (m% +(1- m%)m%z%(;(z)*% - mqu(;(z)*q) Y s
1
_a _ s _4 41,4 _ a
e

g g

m? — (1 — m3)niy? — miy? = §(y)? (m% +(1—m?)— — —=
the conclusion follows. O

The two previous Lemmata yield to the following estimates for the function H.

o . 4
Proposition 3.3. Let p,q,7 > 1 be such that zp < q < p.
(i) If%—l—lgrﬁq—l—%, then

H (m,p,q,7) > Tpq

for any m € [0,1].
(i) fg+1<r<q+1, then

H (napu Q7T) = Tp,q
if and only if m = 1.
Proof. Case (i). It m =1, by the definition ([I3) of H, we have that

1
dy
(22) H(l,p,q,r)—2/ ———— = Tpg-
b (1—y9)»

If m =0, it is easily seen that

' dy by
(23) H(Ovpv%r) = / ﬁ > / — 1 — Tpgq-
o Wt-ynr b (1-y9)?
When 0 < m < 1, by Lemmata 3.1l and B:2] we have

(24) H(mvpaqu) Z H (mvpaqvg + 1) Z H(15p7QaT) = 7710711'
Case (ii). The sufficient condition follows by ([22)), meanwhile we the necessary

condition follows by observing that, if m = 0, the inequality in ([23) is strict and, if
m € (0,1), the first inequality in ([24]) is strict. O
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4. PROOF OF THE MAIN THEOREMS

A key role in the proof of the main result is played by the sign-changing minimiz-
ers. When this kind of solution occurs, both the eigenvalue and the eigenfunctions
admit a representation throughout the function H introduced in the previous sec-

tion.

Proposition 4.1. Let p,q,r > 1 be such that %p <g<pandi+1<r<q+ %
and suppose that there exists o > 0 such that Ao, (p, q,7) admits a minimizer y that
changes sign in [—1,1]. Then the following properties hold.

(1)

(v)

The minimizer y has exactly one mazimum point ny in [—1,1], has exactly
one minimum point Ny, in [—1,1] and, up to a multiplicative constant, sat-

isfies

y(v) =1= max y(@), y(mm)=-m= [mlirll] y(x), with m €]0,1].

If y+ > 0 and y— < 0 are, respectively, the positive and negative part of vy,
then y4+ and y_ are, respectively, symmetric about © = nyr and x = 7y, .
There exists a unique zero of y in | —1,1].

The following representations hold

q _
Aa(pu‘]7/r) = EH?JHZ PH? (m7p7q7r)7

r—1+p
q+p

)\a(pu Q7T) = )‘T(pa q, ’f‘).

2p’ a

+ (1 — R(m,q,
(1~ B(m.q.r) -

lyllg =

Proof. For the sake of simplicity, throughout the proof, we will write A = A\, (p, ¢, 7).
We can multiply the sign-changing minimizer y of A times a suitable (positive or
negative) constant such that (25) is verified.

By multiplying equation in ([I2) for y’ and integrating in]—1,1[, we get

1 Allylly™ oz|7|
(26) =yl + —— 1yl = Iyl +e
p q
for a suitable constant c, Where = % 1.
Therefore, since y'(nar) = 0 an ynum) = 1, ¥ (nm) = 0 and y(nm) = —m, we
have

R o e A||y||f§_qmq N ap|TT Ry
q r—1 q r—1

Hence, we obtain

(27)

aly [T 72y AllyllE e
r—1 - q R (m7 q, T)

= AE 4 g, 1),

So, equation (26 can be written as

(28)
1

Ally[lg ™ Allyllg™ Allyllg ™

/\p q q __ q r—2 q
—v'+ —-—-y|! = ———R (m,q,7) |y y+ —— (1 —R(m,q,7)).
p,l | . Yl . ( ) 1yl . ( ( )
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and as

Pl

(29) ly'|P (1=R(m,q,r) (1= |y ?y) —[y|") -

It is easy to see that the number of zeros of y has to be finite, hence let
“1=0<...<G<@G1<...<¢=1

be the zeroes of y and (see also [CD]) that

(30) Yy () =0 < y(z) = —mor y(x) = 1.

If we set
:U‘(y) =1-R (m7 q, T) (1 - |y|T72y) - yqv AS [_m7 1] ’
then (29) gives

o) = A

. MW
Let us observe that pu(—m) = u(1) = 0. Being ¢ > r — 1 by assumption, it is easily
seen that for any 7 such that p/(7) = 0 then u(7) > 0. Hence, p does not vanish in
] —m, 1] and, therefore, by BI)), /(z) # 0 if y(z) # 1 and y(x) # —m, that proves
0.

This implies that y has no other local minima or maxima in | — 1, 1|, that in any
interval |¢;, (j+1[ where y > 0 there is a unique maximum point and that in any
interval |¢;, ¢j+1[ where y < 0 there is a unique minimum point.

Then the properties (i), (%) and (iii) follows by adapting the argument of [DGS|
Lemma 2.6], see also [DPPI] for the case p = 2. We remark that they can be also
proved by using a symmetrization argument, by rearranging the functions y* and

y~ and using the Polya-Szegd inequality and the properties of rearrangements (see
also, for example, [BENT] and [DP]). Specifically, one can prove that
e in any interval |(;, (j+1[ given by two subsequent zeros of y and in which
y =yT > 0, has the same length; in any of such intervals, y* is symmetric
about = = %,
e in any interval |¢;, (j+1[ given by two subsequent zeros of y and in which
y =y~ < 0 has the same length; in any of such intervals, y~ is symmetric
about = = %,
e there is a unique zero of y in | — 1,1].
In order to show (iv), it is not restrictive to suppose the order relation ny; < 7y,
between the unique maximum and the unique minimum point of y. It is easily seen

(IDGS| Lem. 2.6]) that nas — g = 1, with ' < 0 in |naz, [ Then, from 29), we
have

-y - (p’AIIyllé"q
- =

(1= R(m,q,r) (1= |y["y) —y]> q
Then, integrating between 7y, and 17, we have
(32)

1
) in |nar, 9.

1 P
q _ dz q _

A=ﬂmmﬂ/ - 1]=7mgwﬁm@%m
p —m [1 - R (m7 q, T) (1 - |y|r y) - yq] P p

that is the first part of (iv). The second part follows by integrating (28] over (—1,1)
and recalling that [|y/|[} + aly|7T = Allyll?.
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Finally, since by Proposition 2:2] we know that lim,— 400 Aa(p,q,7) = Ar(p, q,7)
and since the relation ([B2]) does not depends by «, we have

]%IIyIIZ_pHp (m,p,q,7) = Jm Aa(piq,7) = Ar(p,q,7),
that gives (v). O

At this stage, we are in position to state that each sign-changing minimizer of
problem (@) is a symmetric and zero average function.

Proposition 4.2. Let p,q,r > 1 be such that %p < g < p and suppose that there
exists a > 0 such that Ao, (p, q,7) admits a minimizer y that changes sign in [—1,1]
and satisfies the conditions in (28]).

() If§+1<r<q+1, then
1 e
(@) [, lyI""2y da =0
(b) y(x) = Csiny, o(Ar(p, g, r)z), with C € R\ {0};
(c) the only point T €] — 1,1] where y vanishes is T = 0.
(i) Ifr=4+1 and fil ly|" 2y dx = 0, then y(z) = C'siny, (A1 (p, q,7)x), with
C € R\ {0}, and the only point in T €] — 1, 1[ where y vanishes is T = 0.
Proof. In the case that 2 41 < r < ¢+ 1, we know from [CD, Thm. 1.1] the exact

value of the best constant in the Twisted inequality (and let us note that there is
no dependence by the parameter r). Therefore, by Proposition [A1l(iv) and (v), we

have
1 a 1_1 qp , N 1-2
s = [(2) (A (=22) "ol wr — g (2
,q,T) = - - s = — T
T\Psq P q P +q q P, P \p' +¢ P,q

(33) / ;) 71-2%
q |r—14+p 2p a
<=|——~v+ ({1 —-R(m,q,r
< 4| - ROmar) 2
= )\oz(pv%'r) = )‘T(pv%r)'

Hence, since by Proposition B3|(%) we know that H (m,p,q,r) = mp 4 if and only
if m = 1, the strict decrease of R with respect to m and the first identity of (21
gives that

1
(34) / " yda = 0,
—1

that is (a). To prove (b),(c), let us explicitly observe that, when (34]) holds, then y
solves problem () with A = Az (p, ¢, 7)||y[[b~?. Hence y(z) = C'sin, 4(mp 4x), with
C e R\ {0}.

The case (ii) easily follows using the same arguments. O

H? (m,p,q,r)

At the previous results give the tools to prove the main Theorems of this paper.

Proof of Theorem 1. When o < 0, the minimizers of (@) have constant sign;
indeed
Qalu] > Qaflull,
with equality if and only if v > 0 or u < 0.
In order to prove the main result, we will show that there exists o > 0 for which
the problem (@) admits a minimizer y that changes sign. By contradiction, we sup-
pose that for any k € N, there exists a divergent sequence «ay, and a corresponding
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sequence of nonnegative eigenfunctions {yj}ren relative to Ay, (p,q,r) such that
and [lyellp = 1.

By Proposition 2221 we have that \,, (p,q,7) < Ar(p,q,r) and hence, it holds
that

P
r—1

1 1
(35) / [yl dx + oy, (/ T dw) < Ar(p,q,r).
—1 -1

Therefore, yi, converges (up to a subsequence) to a function y € VVO1 P(-1,1),
strongly in LP(—1,1) and weakly in Wy?(=1,1). Moreover |y|, = 1 and y is
not identically zero. Therefore |ly|l,—1 > 0 and, letting oy, — +oo in BH) we
have a contradiction. Therefore we have proved there exists a positive value of
a such that the minimum problem (@) admits an eigenfunction y that satisfies
f_ll ly|"~2y do = 0. In such a case, Ao (p, q,7) = M (p, ¢,7) and, up to a multiplica-
tive constant, y = sin, 4(mp ).

Since, by Proposition 2] A\, (p, ¢, 7) is a nondecreasing Lipschitz function in «,
we can define

ac =min{a € R: \q(p,q,7) = Ar(p,q,7)} = sup{a € R: \o(p,q,7) < Ar(p,q,7)},

and it is easily verified that this value of the parameter is positive 0

Proof of Theorem 4. If a < a, the minimizers corresponding to A, (p, ¢,7) have
constant sign, otherwise A\, (p,q,r) = Ar(p,q,r). When a > ac¢, then any mini-
mizer y corresponding to « is such that f_ll ly|"~2y dx = 0. Indeed, if we assume, by

contradiction, that there exist @ > a¢ and g such that fil [yl 2ydx >0, ||lyll, =1
and Qa[g] = Aa(p, ¢, 7), then

Qu—.[§] = Qali] — ¢ ( /_ 11 - dx) .

1 1
= A@(p7Q5T) —€ </ |g|7‘—2gdx> < A&(p7QaT)'
-1

Hence, for € sufficiently small, Ar(p, ¢,7) = Aac (0,4, 7) < Aa—e(pyq,7) < Aa(p,q,7)
and this is absurd. Finally, by Proposition 2] the proof of of (i) and (%) follows.
Regarding (%), it is not difficult to see, by means of approximating sequences, that
Aao (P, ¢, 7) admits both a nonnegative minimizer and a minimizer with vanishing
r-average.

To conclude the proof of Theorem [[L2] we have to study the behavior of the
solutions when r» = p + 1. When a = ac(p,q,p + 1), the corresponding positive
minimizer y is a solution of

{ Y172y + Mo, ¢, p+ DIyIE~ 997 = ac(p,gp+1)y? " in]—1,1]
y(—1) =y(1) =0.

The positivity of the eigenfunction guarantees that (refer also to (33])):

1_2
_ _ q 2p T g\ P
el a4l —ac (. 40) = Aalpa 0l = 4 () (T

P \p +4q

P

’ 1-—
hence ac(p,,p+1) = 71 & (20) " mp, D
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Remark 4.3. When the exponents p, ¢, r satisfy the same assumptions of the main
Theorems, we obtain the following lower bound on a¢(p, ¢, r):

1_P
2 —1 ¢ 2p T,

(36) ac(p7q7'r) 2 2%_,’_1)_1 17 (p/ + q 7TP7‘1'

To get the estimate ([Bl), we use the monotonicity of A\, (p, ¢, r) with respect to a,

and consider the test function u(z) = sin, 4(722(z + 1)). Hence

2
1-2 1 w21
q 2p/ q 7qu p (/ 1 >
A s 4y :Aa s s < P = - (—1) + "—d
20,0) = Aaclp.007) < Qluvac] = 4 () (Tat) g ([ wras

1_P
q ( 20 a (wp q )p 4
< = i 27‘7 .
= p/ (p/ _|_q) 2 +aC B
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